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ATMOSPHERIC IONIZATION BY COSMIC RADIATION^ 

By E. O. Hxjlburt 
Naval Research Laboratory 
(Received November 22, 1930) 

Abstract 

From Millikan’s measurements of the intensity and the absorption coefficients of 
cosmic radiation the ionization in the atmosphere is calculated from sea level to 60 km. 

The electron density is negligibly small in this region. The ion density increases with 
the height to 3.5 X 10^ ion pairs cm'”^ at about 50 km and is roughly constant above 
this to 60 or 70 km where the solar ultraviolet light ionization sets in. The 50 km 
ion bank refracts appreciably radio waves longer than 12 km and being unchanged with 
the day and night accounts for the propagation of waves longer than 12 km, which are 
known to show no marked diurnal variations. The agreement with the facts of long 
radio waves indicates that there exists in the high atmosphere but little cosmic ra- 
diation of less penetration than Millikan has already detected. 

By considering the effect of the earth’s magnetic field on high speed electrons 
the "run away” electron hypothesis of C. T. R. Wilson to account for cosmic radia- 
tion is shown to lead to a distribution most intense at low latitudes and feeble at high 
latitudes, thereby being in disagreement with Millikan’s observation of the con- 
stancy of the cosmic radiation with latitude. 

I lt is pretty generally accepted, as a result of the work of Hess, Bauer, 
® Swann, Mauchly, Millikan and others,’^ that the ionization in the lower 
atmosphere is caused primarily by a penetrating radiation of cosmic origin. 
Over the land in the levels of the atmosphere below about 2 km the radiation 
from radio-active materials in the earth may cause an appreciable part, as 
much as a half or more, of the ionization. But from levels above 2 km over 
the land, and from about sea level upward over the sea, up to the limit of 
direct observation^ at about 15 km, the measurements support the view that 
the ionization is caused by a cosmic radiation coming in from all directions 
and absorbed exponentially in its passage through the atmosphere.^-® In 
the present paper the ionization due to cosmic radiation is calculated from 
sea level to about 70 km, where the Kennelly-Heaviside layer begins, and is 

Published with the permission of the Navy Department- 
^ See Hess "The Electrical Conductivity of the Atmosphere and its Causes” (1928), and 
references cited throughout the present paper. 

® Millikan and Cameron, Phys. Rev. 31, 163 (1928). 

® Millikan and Bowen, Phys. Rev. 22, 198 (1923) ; 27, 353 (1926); Millikan and Otis, 
Phys. Rev. 27, 353 and 645 (1926): Millikan and Cameron, Phys. Rev. 28, 851 (1926); etc. 
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found to agree with certain^ facts of the propagation of long wireless waves. 
A calculation of the ionization by cosmic radiation was made by Beiindorf.^ 
he more recent observations of cosmic radiation were of course not available 
to him and he did not consider such actions as the attachment of electrons 
to oxygen molecules, etc.; the present calculation which includes these 
factois IS thought to be more nearly correct. In section 6 it is shown that the 
run away” electron hypothesis of C. T. R. Wilson is inadequate to account 
for the observed facts of cosmic radiation. 


1 Hii KATE OF 1 RODUCTIONS OF lONS IN THE 

Atmosphere by Cosmic Radiation 

The second column of Table I gives the values of ?t, the total number of 
molecules and atoms cm-, assuming no h,d„ge„ in 'the a.miphe^^ ,0° 
various heights a above sea level. The values of n are from Maris’ tables'^ 
for winter day conditions in temperate latitudes. From s = 0 to 100 km n 
liorby “ approximation sufficiently good for the present calcula- 


here no is the value of n at sea level and p = 1.38X 10-« for z in cm. Since 
the curve of log n agaimst 0 is not exactly a straight line p varies a little 
with 0 . for 0 from 100 to 300 km the average value of p is 1.21 X lO-® a value 

sliehtlv d ffJeft wi ’ and winter night conditions « is 

Slightly diffeient. U e are content, however, to use the winter day values to 

represent a rough average condition of the atmosphere. 

Table I. 


1 

z 

2 

n 

3 

g.' 

4 

2 

S' 

I 

6 

Temp. 

7 

a 

— 

8 

y 

Okra 2.68X10“ 
10 6.77X10‘s 

20 1.8SX10‘8 

30 4.00X10'^ 

40 8.59X10“ 

1.4 

21.1 

54.1 

1.4 

5.32 

3.72 

1.08 

0.24 

1.09X10-3 
1.51X10-3 
3.86 “ 
5.17 “ 
5.30 “ 

300“K 

260 

220 

220 

260 

0.766X10-23 

3.3 “ 

5.4 “ 

5.4 “ 

3.3 “ 

8.25X102 
1-55X102 
1.92 “ 
2.22 “ 
2.91 “ 

SO 

60 

70 

80 

2.26X10“ 

5.58X10“ 

1.48X10“ 

3.71X10“ 


6.26X10-2 
1.54X10-2 
4.21 X10-’ 
1.02X10-3 

5.31 “ 

5.31 “ 

5.31 “ 

5.31 “ 

300 

300 

300 

300 

2.3 

2.3 

2.3 

2.3 

u 

it 

a 

ti 

3.48 “ 
3.48 “ 
3.48 “ 
3.48 “ 


Milhkan, Bowen, Otis and Cameron^.^, by sending up apparatus in bal 
loons, made direct observations of the ionization due to cosmic radiation 
up to a height of about 15 km. They calculated^ the absor^tfon coeS^t 
M and the values of from sea level to 20 km and at the ^op" 

Waves/^pagr62 (1927).^^'**’ Pederson, “The Propagation of Radio 

Hulburt, Phys. Rev. 31, 1018 (1928). • ^ 
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mosphere, using the Gold^ tables for the case of radiation entering the at- 
. mosphere equally distributed in all directions above the horizontal plane. 

They found that the radiation became softer, i.e., less penetrating, as z 
increased, the average absorption coefficient fi per meter of water from 
to 0.9 km being 0.23 and for z greater than 0.9 km being 0.25. is the number 
cm“^ sec-^ of ion pairs which would be produced by the cosmic radiation in 
1 cm^ of air at sea level pressure placed at various heights in the atmosphere. 
The values of g' given in column 3, Table I, are taken from their Table IV, 
ref. 2. 

In dealing with the atmosphere it is more convenient to use q instead of 

where q is the number of ion pairs cm~^ sec~^ pioduced in the atmosphere 
by the cosmic radiation. Then 

q = q^nlfiQ. (2) 

The values of q calculated from g' for s = 0 to 20 km are given in column 4, 
Table I. With = per meter of water the molecular absorption coef- 
ficient /3 of atmospheric molecules, taken to be four parts nitrogen to one 
part oxygen, is 1.20X10“25, on the assumption that ^ is proportional to the 
mass of the absorbing layer. /3 is defined in the usual way by 

dl = - I^ndz, (3) 

where dl is the reduction in the intensity of radiation I erg cm"^ sec“^ in 
passing through a thickness dz cm of n atmospheric molecules cm"®. Assum- 
ing that all of the absorbed energy goes into producing ions, 

q = IfinfWy (4) 

where w is the work of ionization of the atmospheric particles. For oxygen 
and nitrogen atoms w is 2.15X10“^^ and 2.32X10"^^ erg, corresponding to 
ionization potentials 13.48 and 14.56 volts, respectively, and a little more 
for the molecules. With (4) I was calculated directly from the known values 
of q for s=0, 10 and 20 km and was continued into the higher levels by means 
of the Gold table. ^ The values of I are in column S, Table I. From I and (4) 
q was calculated for the levels above 20 km, column 4, Table L The extra- 
polation into the high levels assumed that /3 was constant throughout the 
region from s = 20 to 60 km, i.e., that there exists no cosmic radiation of /x 
• greater than 0.25. The evidence from wireless waves, section 5, indicates 

I that this assumption is probably not much in error. 

The total rate of production of electrons and positive ions by cosmic 
radiation in a 1 cm^ column of the atmosphere from 60 km to interplanetary 
space is /63‘”gj0 = 1.54 X lO^y 1.21 X 10”® = 1.28 X 10^. This is much less than 
the production of ionization by the ultraviolet light of the sun, which 
amounts to 2 X 10® electrons and positive ions sec”^ in a 1 cm^ vertical column 
above 180 km and many more below this level.®’® It is concluded that the 

7 Gold, Proc. Roy. Soc. 82, 43 (1909). 

^ Hulburt, Phys. Rev. 34, 1167 (1929). 
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ionization caused by cosmic radiation in levels above 60 km is inappreciable 
compared to that produced by solar ultraviolet light in all latitudes at all 
hours of the day and night. 



3. The Ions and Electrons in the Atmosphere 
Caused by Cosmic Radiation 

It is assumed that the cosmic radiation ionizes the air molecules and atoms 
to produce electrons and positive ions. The electron density y,, assuming 
the loss of electrons arises only from recombination with positive ions and 
attachment to neutral oxygen molecules, is given by the steady state equation 

q - a^ny/ + bn'y,, (5) 

where a. is the J. J. Thomson® recombination coefficient for electrons and 
positive ions and b is the coefficient of attachment of electrons to oxygen 
molecules, n is the density of oxygen molecules. For 2 = 0 q:«== 0.52 X10~®® 
&=pX10~i^ and putting g = 1.4 into (5) gives y. = 3X10-«. increases 
with s. but even at 2 = 60 km y. is only of order 10'®. Therefore the electron 
density m these levels due to the ionizing action of cosmic rays is very small 
being much less than 1 electron cm-®. Further, the loss of electrons by at- 
tachment to oxygen molecules exceeds by several orders of magnitude the 
loss by recombination with positive ions. For example at 2 = 0 bn'y, = 1.4 and 

“if 1.SX10-® and 10-^®, respec- 

tively. Therefore the electrons do not remain free very long but become at- 
tached to oxygen molecules almost as fast as they are formed. We may then 
take the values of q of column 4, Table I, to be the rates of production of ion 
pairs and calculate the ion densities which exist in a steady state. 

For this case y, the number of ion pairs cm"®, is given by 


where a is the recombination coefficient of positive and negative ions ® a is 
a function of the temperature and the molecular density n for n greater than 
f.nd ‘^"7 temperatures and of a are given in columns 
TaKi T ^ values of y calculated from (6) are given in column 8, 

fable I, and are plotted as abscissas against 2 as ordinate in Fig 1 The 
values of y for winter night and for summer day and night are the same as 

diffusion ^ obtained omitting 

diffusion. This is justifiable, for from Eq. (5), ref. 6, the rate of increase of 

10ns due to diffusion is small compared to q for levels below 80 km. Winds 
wou d not be ei^ected to disturb the curve very much. With the values of g 
of colunm (4), Tab e I, it takes roughly 10, 34 and 196 minutes to build up 
the steady state values of y at 2 = 0, 30 and 40 km, respectively. Therefore 
the air must move upwards or downwards with velocities of the order of 
ilometers per minute m order to change the ion curve. Such movements 
seem improbable under ordinary circumstances. 
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4. Agreement with Observation 

The value 825 Ion pairs at sea level of Table I agrees with observation 
during fine weather, although, to be sure, we can not regard the present 
calculation, which omits such well-known effects in the lower atmosphere 
as water vapor, dust, ion clustering, ionization due to the splashing of waves, 
etc., as being a very complete statement of sea level conditions. 

The ion layer of Fig. 1 will not cause appreciable absorption of wireless 
waves, even for those as long as 100 km. It will, however, refract long waves. 
The shortest wave, denoted by Xs, ref. 6, which will be turned back to the 
earth is 11 km in length, and this only when incident on the layer at as near 
grazing incidence as possible, in which case the rays leave the earth tan- 
gentially (Eq. (26), ref. 6). Waves shorter than 11 km will pierce through 
the cosmic ion layer at 50 km to be refracted in the higher lying ionization 



Fig. 1. Density of ions pairs in the atmosphere caused by cosmic radiation. 

above 70 km caused by the solar ultraviolet light. As the wave-length in- 
creases beyond 1 1 km the wave Is refracted downward at decreasing angles 
of incidence on the 50 km layer, until a 90 km wave is returned at normal 
incidence. All waves longer than this will be returned at all angles of inci- 
dence. Thus we should expect low angled rays of wave-length greater than, 
say, 12 km to be refracted downward by the cosmic ion layer and that the 
long distance propagation of these wave-lengths should be governed by the 
layer. Since the cosmic rays are fairly uniformly distributed in direction, 
their ionization is constant throughout the day and night and therefore com- 
munication with waves longer than 12 km should experience no diurnal or 
seasonal changes. This conclusion is in good accord with observation, it 
being well known that wireless waves 10 km and less in length exhibit diurnal 
and seasonal variations and that those of length 15 km and greater show no 
such variations. 
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The foregoing agreement with the facts of long wireless waves sets an 
upper limit to the amount of cosmic radiation of absorption coefii.cieiit some- 
what greater than ju = 0,25 which can be, entering the earth's atmosphere. 
Roughly one may say that the intensity of such radiation can not be as 
great as, IXIO”^ cm“^ sec^b For example, suppose that a less, penetrating 
radiation existed for which J = 10“^ erg cm“- sec"^ outside of the atmosphere 
and fx = 2.5 per meter of water or /3 = 1.2 X 10“^b Its ionization in levels below 
10 km would be too small to detect, but in levels above 40 km it, together with 
the ionization of Table I, would give y = 1.2 X 10^. Xs would be 7 km instead 
of 12 km, which would be contrary to the observation that Xs is between 
10 and 15 km. 

Finally, Hollingsworth^ ° interpreted his experiments on interference 
effects of 15 km radio waves to indicate that the waves reached an effective 
height of 70 km, although Eckersley^® thought that the experiments ac- 
corded better with a height of about 50 km in agreement with some results 
of his own.^^ These heights would agree with the curve of Fig. 1 which gives 
a real height of 40 to 50 km and an effective height of 50 to 70 km, the exact 
value depending upon the angle of incidence of the wireless ray. 

5. The Nature OF Cosmic Radiation 

The measurements of Millikan in California, Bolivia, Canada, etc., 
covering magnetic latitudes from about 0 to 78®, showed that the intensity 
of the cosmic radiation was the same in all these places within 1%, so that 
at the present time the conclusion is that the intensity is constant over the 
earth.* Recently Epstein^^ calculated that high speed electrons from an 
external source impinging on the earth would be diverted by the earth's 
magnetic field into high latitudes; electrons of 10® volt energy could not hit 
the earth at magnetic latitudes below 58®, and of 2X10® volt energy below 
50®. He concluded that in order to satisfy Millikan's observation of the 
uniform intensity of the cosmic rays over the earth the rays might be, (a) 
electromagnetic rays of cosmic origin, (b) corpuscular rays of higher energy 
than 10® volt, at least 6X10^® volt, of cosmic origin, (c) corpuscular rays of 
terrestrial origin. In later paragraphs we show that (c) is improbable. 

We may add a remark about Epstein's conclusions. If the earth were the 
target of hypothetical high speed electrons of external origin, the earth 
would accumulate a negative charge. A charge of 7.1 X 10® coulombs would 
keep 10® volt electrons from reaching the earth; if some manner of escape 
of negative electricity from the earth were postulated the accumulated 
charge would be less. A negative charge on the earth does not disturb 
Epstein's analysis. To a fair approximation the electric field due to the 
charge would merely retard the incoming electrons, so that the 10® volt 

Hollingsworth, Jr. Inst. Elec. Eng. 64, 579 (1926). 

Round, Eckersley, Tremellen and Lunnon, Jr. Inst. Elec. Eng. 63, 933 (1925). 

* Dr. Epstein kindly told me in a letter of some of Dr. Millikan’s latest results at Fort 
Churchill, Canada. 

12 Epstein, Proc. Nat. Acad. 16, 658 (1930). 
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electrons instead of hitting the earth in latitudes above 58° would be re- 
stricted to a region of still higher latitude. 

According to C. T. R. Wilson,^® in his experiments and theory of the 
electric field in thunder clouds, differences of potential of 10^ volt may exist 
between the upper and lower portions of a thundercloud, the electric field 
in the cloud being downward. For a cloud 1 km thick this meant a field of 
10“^ volt cm”h Since the sparking potential of dry air is around 2X10^ volt 
cm-b and since thunder clouds greater than 3 km in thickness are not fre- 
quent, it is probable that the total potential difference in thunder clouds 
would rarely exceed 5 X 10^ volt. Electrons accelerated in such a field might 
soon move so fast that they would experience no collisions and might finally 
acquire nearly the full energy of the field. They would be "run away” elec- 
trons, as he called them, and would constitute a penetrating radiation. 
Wilson^^ recently has suggested that run away electrons sprayed upward 
would describe helical paths of large radius around the lines of magnetic 
force and would enter the lower atmosphere at widely separated parts of the 
earth. This is case (c) of an earlier paragraph. 

In order to examine Wilson’s suggestion we use the same equations which 
Epstein^^ employed in his calculation. The radius of curvature p of the path 
of an electron moving normally to a uniform magnetic field of strength H is 

p = (7) 

where m, e and v are the rest-mass, charge and velocity of the electron, 
respectively, and c is the velocity of light. All quantities are in c.g.s. electro- 
magnetic units. The energy^® acquired by the electron in falling through a 
potential F is 

Ve = - 2 ;V^ 2 )i /2 _ i) . (8) 

Since v is nearly equal to c in the present problem 1/ (1 is very large 

compared to unity and —1 may be neglected in (8). With this approxima- 
tion we have from (7) and (8) 

p = F/Fe. (9) 

These equations are strictly valid only for slowly varying velocities. How- 
ever, it may be stated without giving the calculation that the classical radia- 
tion term makes a negligible correction and may be omitted. 

With F = SX10® volts, probably a maximum value, z; = c(l “-S.2X10'”®), 
and with Jf=0.S gauss, as at 50° magnetic latitude, p is 333 km. At the 
equator iJ = 0.3 gauss, p is 520 km and the electron moves westward in 
approximately a circle of radius 520 km. Thus, keeping in mind the fact 
that 1/jFJ and hence p is proportional to where r is the distance to the 
center of the earth, in tropical latitudes below ± 20° where H is approximately 
horizontal the 5X10® volt field, mainly vertical, of the thunder cloud sprays 

« Wilson, see Glazebrook, “Diet, of Applied Physics” 3, 84 (1923). 

Wilson, Jr. Frank. Inst. 208, 1 (1929). 

1® See Born, “Mechanics of the Atom” (1927). 
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the' run away electrons over a region not greater than about 1000 km square 
to the westward. 

For thunderclouds in high latitudes the electron spray is more spread 
out. ■ It is difficult to calculate the distribution of the spray exactly ^ but an 
approximate idea of the distribution may be obtained. In general a thunder-' 
cloud in the northern .hemisphere can. not spray its electrons northward, or 
one in the southern hemisphere southward. A northern thundercloud can, 
however, project its electrons southward. The m.agnet.ic .line of force ,wh.kh 
touches the earth at magnetic latitude 50® rises to a maximum height of. 
9100 km above sea level at the magnetic equator. At, this .height^ the .maxi- 
mum value of p for the SXIO^ volt electron is about lv?,000 km, and by fol- 
lowing out the warped helical path of the electron it is found that the electron 
descends to the earth in latitudes below 50®, swinging alm^ays to the west- 
ward. Therefore thunder clouds in latitude 50® spray their electrons into 
areas between the SO® magnetic parallels north and south, those in latitude 
40® between the 40® parallels, etc,, and the nearer the cloud is to the equator 
the more local is its run away electron spray. 

Electrons ejected by 5X10® volt thunder clouds in higher latitudes than 
50® start out approximately along the line of magnetic force and, since p 
becomes greater than f, leave the earth never to return; or at least they do so 
until sufficient positive charge has accumulated on the earth, 3.56X10® 
coulombs, to prevent the escape of any more electrons. After this has hap- 
pened the high altitude electrons return to the earth mainly in high latitudes 
but it is difficult to say exactly where they will strike. However, there are 
relatively few thunderstorms above 50® compared to the number in lower 
latitudes,^® and their electron spray will be relatively unimportant. There- 
fore it is concluded that the run away electron hypothesis would lead to a 
penetrating radiation which is most intense at low latitudes and which 
becomes feeble in the high latitudes. This disagrees with Millikan’s observa- 
tions of the constancy of the cosmic radiation with latitude. It would seem 
that of the various suggestions as to the nature of the cosmic rays only two 
are left, the rays are electromagnetic rays of cosmic origin or are very high 
speed electrons of cosmic origin. If the second possibility is considered the 
. question of the charge which would accumulate on the earth must be faced. 


Whipple, Roy. Met. Soc. Quarterly Jr. 55, 1 (1929). 
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X-RAY DIFFRACTION IN WATER: THE NATURE 
OF MOLECULAR ASSOCIATION 

By G. W. Stewart 

Department of Physics, University of Iowa 
(Received November 24, 1930) 

Abstract 

The x-ray diffraction intensity-angle distribution for water and its variation for 
a temperature of 2® to 98® C, are given. Two important periodicities of 3.24 and 2.11 A 
and a third of 1.13A at 21®C are established in satisfactory agreement with Meyer. 

The first one decreases with increasing temperature and the second increases. 

It is shown that the conception of molecular complexes explains neither the exist- 
ence of these periodicities nor their change with temperature. In fact, the description 
of “association” that involves complexes of two or three or more molecules, should 
be abandoned in favor of the molecular group conception, (cybotactic condition) em- 
phasized by the author. These groups of molecules containing hundreds and perhaps 
thousands of molecules in each, have a temporary existence as individuals, have ill- 
defined boundaries, possess an optimum size and an internal regularity determined 
by the temperature and molecular forces, and expand anisotropically. The experi- 
mental facts are in agreement with this view. A detailed description of the molecular 
arrangement in water from x-ray data is not at present possible yet it simulates the 
crystal arrangement in ice. A mathematical treatment of the forces within and be- 
tween the molecules in such groups can probably be studied with much profit only 
from the quantum viewpoint. 

T he nature of water has received a great deal of attention, not merely 
because it is the most important liquid, but because its physical proper- 
ties are unusual. The present paper is not an attempt to discuss the various 
theories^ concerning the constitution of water. Its purpose is to give the 
results of x-ray diffraction studies and to emphasize the conclusions directly 
toward which these studies, as well as those of other liquids, seem to point. 

The examination of crystals by x-rays has shed distinctly new light upon 
the structure of the solid state. Its method of examination is simple and 
direct, being based upon both classical and quantum theories, and there 
seems no doubt but that the space periodicities of concentration obtained by 
the applications of Braggs’ law is correct. During the past few years many 
liquids have been examined by x-ray diffraction and the conclusion is be- 
coming increasingly strengthened that here, too, the space periodicities may 
be determined.^ Indeed, these periodicities, which are clearly made evident 
by the diffraction experiments, seem to be caused by an approximately 
orderly space array of molecules in small groups having ill-defined boundaries 
and temporary individual existence. These groups are not sparsely dis- 
tributed, but occupy the greater portion of the volume, as can be shown 

^ For a resum6 see H. M. Chadwell, Chemical Reviews 4, 375 (1927). 

® See Stewart, Phys. Rev. 35, 726 (1930). 
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; by a comparison of intensity ill the liqiiid aod pow'dereci crystal state*’^ Their 

’j „ magnitude appears to be of the order of hiiiidreds or thousands of molecules, 

•j but no exact .measurement has been .made. .The closest approach to such 

a measurement at present is contained in the experiments of Mc'Farlai'd 
which sho.w that an electric field will produce increased orientation of mole- 
cules of nitrobenzene to an extent, that is far greater than would be expected 
.from the orientation of independent molecules. The effect is so small that 
computations should perhaps await further data. 

Experimental .Results 

A full description of the apparatus and precautions may be fouiNT in an 
earlier article. The MoA'a doublet .radiation was, used, being partially isolated 
. .by the use of a zirconium oxide filter. In Fig. 1 is shown a.n x-ray diffraction 
intensity-angle curve for powdered crystals of triphenylmethane. This shows, 
because of the comparative isolation of the line at 9°, the small amount of 



Fig. 1. X-ray diffraction curves for equal masses per unit area of triphenyl* 
methane in liquid and powdered crystal forms. 


general MoiToi radiation present. The general radiation is in evidence in the 
general elevation of the crystal curve. The maximum in the general radiation 
is about 6®, but the errors caused thereby, as indicated by Fig. 1 are small. 
A higher voltage would probably increase the general radiation to an un- 
desirable extent. It is also to be borne in mind that the thickness of the 
specimen of water used was less than 1 cm or less than the optimum thick- 
ness. By this second precaution any accentuation of the general radiation 
by differential absorption is avoided. 

2 For example, see Fig. 1 wherein the same mass of material is used. The integral intensity 
in the liquid case is comparable to that of the solid. 

^ R. L. McFarlan, Phys. Rev. 35, 12 (1930). 

® Stewart and Morrow, Phys. Rev. 30, 232 (1927). 
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Fig. 2 shows the' uncorrected results of Meyer® by the broken line and 
those of the author by a continuous line. Meyer used a strictly monochro- 
matic radiation obtained by crystal reflection. When the corrections of 
Meyer are made the alterations occur chiefly at the larger angles. Meyer’s 
method was that of photography while that of the author was the ionization 
effect. Meyer used a stream of water and the author a thin walled glass tube 
as a receptacle. His monochromatic radiation gives his curve the greater 
quantitative weight. 

Earlier diffraction experiments with water give the results presented in a 
foot note.^ But none had found more than one peak until the careful work 
of Meyer just cited. ^ 



Fig. 2. Diffraction intensity of water, giving comparison of Meyer’s uncorrected mono- 
chromatic curve with that of the author’s. Temperatures 20° and 21°C respectively. 

Fig. 3 presents the results for the change in temperature from 2° to 
98°C. The tube was heated by hot (and cold) air blasts in such a manner 
as to prevent the introduction of any scattering material in the path of the 
x-rays. The temperature as given is correct to within l.S^^C throughout the 
entire range. 

An additional experimental result must be mentioned, though it is not 
presented in detail because used only as a check experiment on known data. 
Diffraction curves were obtained with powdered ice, produced by plunging 

® H. H. Meyer, Ann. d. Physik 5, 701 (1930). 

^ Sogani, Ind. JI. Physics I, IV, 357 (1927), has one value, 3.27A; Krishnamurti, Ind. JL 
Phys. II, IV, 491 (1928) has one value, 3.26A; Keesom in Physica,' p. 118 (1922) and Keesom 
and de Smedt, Proc. Royal Soc. Amsterdam, 25, 118 (1922) and 26, 112 (1923) give the values 
3. 05 A in the first two references and 3. 04 A in the last. Prins Zeits. f. Physik 56, 617 (1929) 
gives one value, 3.1A. He raised the temperature to 80°C with no noticeable alteration. 

® The author’s experimental work preceded the publication of that of Meyer. The former 
was presented at the April, 1930 meeting of the American Physical Society and described by 
abstract only in the June 1, 1930 number of the Physical Review. Probably Meyer’s article 
appeared in print a little later, the number of the Annalen reaching the author on July 29th, 
1930, but Meyer’s work was described in full at that time. 
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the, glass tube receptacle in liquid air. The cliffractioii curves for two samples 
were in fair agreement and showed relatively prominent lines at approxi- 
mately 10.5^, 18° and 19.5°. Dennison^' used a Mo target and zirconi- 

um filter and found the most prominent lines to be at (1) 11.16°, (2) 19,86°, 
(3) 11.88° and 30.2°, (4) 15.3° and 27.16°, (5) 10,44° and 18.12° and 21.38°, 
the relative values being 10, S, 2, 1.5, and 1, respectively. It will now be 
seen that the liquid peaks at 12.5°, 19° and 31° in Fig. 3 correspond approxi- 
mately with the most intense lines found by Dennison in an extended in- 



Fig. 3, Displaced diffraction intensity curves of water at different temperatures. 

vestigation, and by the author in the brief tests described, in the same 
apparatus as was used for water. In this approximate correspondence of 
liquid to solid state H 2 O does not differ from other compounds.^® For ex- 
ample, see the liquid and crystal curves compared in Fig. 1. In case of no 
substance yet tried do the peaks of a liquid exactly correspond with the lines 
of the solid, and the difference is not a temperature one. It is evident that 
such periodicities as are found in the liquid state have strong quantitative 
similarity to the most important of those in the solid state. 

Conclusions 

There are several conclusions to be made directly from Fig. 3 and the 
foregoing assuming that Bragg’s diffraction law gives the distances of sepa- 
ration in the periodicities represented by the peaks. Further, it is simplest 
to assume that these distances, 3.24, 2.11 and 1,13A, corresponding respec- 
tively to angles 12.5°, 18.8° and 31.0° of Fig. 2, or, at least the first two, 
correspond to molecular separations. This assumption is in accord with ex- 
periments with other liquids and with the similarity of liquid to solid state, 
H. H. Meyer gives as his results at 20°C, 3.13, 2.11 and 1.34A. With the 
assumptions cited, the conclusions are as follows: 

® Dennison, Phys. Rev. 17, 20 (1921). 

10 See list of eight liquids given by Krishnamurti, Ind. Jl. Phys. Ill, II, 225 (1928). The 
present author has tested three additional ones. 
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1. The distance between molecules (scattering centers) represented by 
the most prominent peak decreases with temperature, whereas the distance 
corresponding to the next most important peak seems to increase. H, H. 
Meyer gives a decrease for the former of 0.0018A per ^C, whereas our results 
show 0.00 14A. He obtains a constant position for the second peak. 

2. The second peak disappears with increasing temperature. H. H. Meyer 
showed at 40°C a reduction to two-thirds the value at 3°C. 

3. The breadth of the large peak increases with increase in temperature. 

4. There is a quantitative similarity between the periodicities found in 
the liquid and the three most prominent periodicities found in powdered ice. 

A few years ago the reader might have concluded at once from Fig. 3 
that therein is additional evidence of the complexity of the molecules and 
of the disappearance of one or more complexes with increasing temperature. 
But the evidence of to-day would indicate at once the incorrectness of this 
position. For x-ray diffraction experiments indicate that when two liquids 
are completely miscible in the proportions used, the marked periodicity 
found in the solution is not that of either constituent alone, but distinctly 
of the solution. This has been shown by KrishnamurtF^ with glycerine, 
ethyl alcohol and lactic acid in an aqueous solution. Meyer^^ ^sed solutions 
of n-ethyl alcohol and methyl cyclohexane, n-butyl alcohol and orthodimethyl 
cyclohexane, quinoline and phenol, cyclohexane and tetranitromethane and 
phenol and water. As an illustration of results, each of the first four mixtures 
used by Meyer showed but a single periodicity and this was intermediate 
between the periodicities of the liquids examined separately. These mixtures 
were totally misicble. The phenol-water mixture showed the same effect 
when not an emulsion. As an emulsion the two peaks of the constituents were 
found. The evidence shows that, without exception, two liquids, totally 
miscible, in solution will show a grouping of molecules (a periodicity) that 
is not that of either one. It is, therefore, highly probable that, if there were 
two "complexes” in the water in our present experiment, they would be 
totally miscible and would not show their individual periodicities. Hence, 
we may safely conclude that the two peaks in the water diffraction curve 
correspond to periodicities of one kind of molecular grouping and one kind 
only. The complex molecule interpretation suggested at the beginning of 
this paragraph is not, therefore, tenable. Moreover, it cannot be claimed 
that the diffraction peaks with ice indicate several complexes. They cor- 
respond to the periodicities in one molecular grouping, one crystal structure. 
Yet the liquid peaks have a striking similarity that is not explained by the 
introduction of several complexes but rather, as in ice, by periodicities in 
one grouping. 

LangmuiH^ pointed out a number of years ago that liquids are very 
much more nearly like solids than like gases. Consider density, compres- 
sibility, temperature expansion, specific heats, refractive indices, other 


P. Krishnamurti, Ind. Jl. Physics 111,331 (1929). 

A. W. Meyer, not yet published in full; abstract, Phys. Rev. 35, 291 (1930). 
Langmuir, Jl. Am. Chem. Soc. 39, 1848 (1917). 
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Optical properties, etc. The only essential difference between liquids and 
solids is that of fluidity. This one difference has had much to do with the 
hasty conclusion, held for many years, that the arranp:ements of inoletnih-s 
in a liquid are as irregular as in a gas. Now we learn from x-ray diffra<'tinn 
experiments that the liquid does have a crude regularity in multitudinous 
groups, an irregularity of orientation of these groups, and an irregularity of 
molecules between these temporary groups. With this view it would appear 
that the simple explanation of molecular association is the association in 
groups of a relatively large number of molecules and not in complexes con- 
sisting of two, three, etc., molecules. The number of molecules in a cyl,)o- 
tactic group has not been determined, but one would expect it to be from 
several hundred to several thousand. Fig. 1 shows that these groups give as 
much scattering as powdered crystals of the same mass. The groups must 
therefore be practically everywhere present. 

The physical chemist introduced the conception of complexes to account 
indirectly for the data of vapor pressure, boiling point, latent heat, viscosity, 
surface tension, etc.^^ But the study of crystals points very clearly to a 
similarity of crystal forces and internal molecular forces, and gives ample 
reason to expect that liquid molecules in groups as described must act 
differently than molecules that are more nearly free as in a gas. Consequently, 
what formerly has been attributed to forces between molecules in a complex 
are now seen to be the forces within the groups causing the regularity of 
arrangement. 

Arrangement of molecules in the groups. In order to make the description 
of “association” more definite, a brief discussion will be given of the present 
status of the group arrangements. 

The arrangement of polarized molecules is not, for example, as suggested 
illustratively by Debye, the minimum potential configuration of two spheres 
(molecules) with idealized doublets of infinitesimal length at the centers, 
thus forming a double molecule with axes of the two doublets in line joining 
the centers of the spheres. Neither is the arrangement determined solely by 
the electrical effect of the doublets. With reference to the first point, the 
experiments in n-alcohols,^® isomers of n-alcohols,^^ and normal saturated 
fatty acids, show that when the OH or OOH group is at the end of the 
chain two groups are adjacent in two molecules having their chain lengths 
lying in the same straight line. That is, the molecules are arranged head to 
head (the polarized group) and tail to tail in parallel lines continuing over 
a group of molecules. The doublets appear at the heads and not centered 
in the molecule. Moreover, the head to head junction is arranged in an 
orderly manner with other such junctions in the adjacent parallel lines, so 

See Turner "Molecular Association” Longmans, Green and Co., 1915 and Longinescu, 
Chem. Review 4, 381 (1929). 

Marx Handbook der Radiologic VI, 597 (1925). 

Stewart and Morrow, Phys. Rev. 30, 232 (1927). 

Stewart and Skinner, Phys. Rev. 31, 1, (1928). 

Morrow, Phys. Rev. 31, 10 (1928). 
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that their location forms a definite longitudinal periodicity recognized by 
x-ray diffraction. The planes associated with these junctions are not normal 
to the chain lengths. When the polarized OH group is attached not at the 
end of a chain but removed therefrom by at least one carbon atom/^ then 
the double arrangement disappears and the longitudinal periodicity referred 
to now occurs at a distance corresponding to the length of one molecule and 
the associated planes are normal to the chain lengths. At the same time the 
periodicity caused by parallel arrangement of molecules remains. It is to be 
noticed in the above pictures, we do not have double molecules and the as- 
sociation is that in a group, indeed, similar to the situation in a crystal. The 
original papers should be consulted for the evidence of the longitudinal 
grouping and the interpretation of it. So far the grouping (or association) 
may appear to be regarded as caused primarily by the electrical forces of 
the doublets. But this is not correct, for it does not account in general for 
the parallelism of chain molecules. A direct experiment is with n-parafiins.^° 
Here the molecules lie parallel and yet they are unpolarized.^^ We are dealing 
with other intermolecular forces than those due to doublets. In geometric 
language the "shape” determines the grouping to no small extent. With 
the paraffins there is no periodicity in the longitudinal direction as with the 
n-alcohols, etc., and it is evident that this periodicity of the last named may 
be regarded as caused by the presence of the doublets. 

The detailed arrangement of molecules in other than long chain liquid 
compounds is not ascertained readily by x-ray diffraction, for the lack of 
approximately perfect regularity in the groups makes the detectable number 
of periodicities too small. Thus, in the case of water no further conclusion 
as to detail can be made than already stated. The periodicities are evidently 
quantitatively similar to the most prominent ones in ice, but this does not, 
of course, mean like arrangement. 

The above discussion states that what was formerly regarded as the 
peculiar association of two, three or four molecules, as the case may be, now 
loses its identity in the orderly group formation of molecules. If this be cor-f 
rect, then, since the values formerly computed for the average number of 
associated molecules change with temperature, there should be evidence for 
the alteration of the groups with temperature. This proves to be true. 
Skinner^^ found with a group of liquids that there were changes in the di- 
mension of the periodicity that could not be accounted for by expansion. 
Similarly, in Fig. 3, it is shown that one such distance increases with tem- 
perature while the other decreases. Since neither isotropic nor anisotropic 
expansion accounts for the effect, it may be assumed that there doubtless 
may occur temperature changes in the molecular forces caused by alterations 
in molecular "shape,” or essentially in the precise arrangement of atomic 
centers in the molecule. Skinner also showed that in certain cases the in- 

Stewart, Phys. Rev. 35, 726 (1930). 

Stewart, Phys. Rev. 31, 174 (1928). 

21 R. w. Dornte and C. P. Smyth, Jl. Am. Chem. Soc. 52, 3546 (1930). 

22 pjjys 35^ 1525 (1930). 
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tensity of the x-ray halo increased with increasing' teniperatiin*. This also 
suggests alteration in grouping. 

The x-ray study is not the only experimental <‘\‘ic!(*nce of sut:h internal 
alteration. We know, for example, that when tliere are changes in magnetic 
moment as occurs, for example, in para-azoxyanisol, there must he internal 
changes in the molecule. 

The group conception, as given above, seems to be in harmony with all 
the facts. On the otherTand, there are good reasons for the abandonment of 
the theory of complexes. Reference to, a recent contribution of G. G. Ix)ii- 
ginescu,^'"* who has been an active contributor in this field, will satisfy the 
reader upon this point. The most important reason for turning from the old- 
er conception is that It has proved unprofitable and does not longer serve 
any useful purpose in stimulating new contributions,. Its extended use 
has increased the inconsistent results and it has ceased to be even empirically 
sativsfactory. 

The new conception here proposed seems to be helpful in .several respects. 
First, it suggests that experiments based upon the theory of complexes will 
not prove profitable and recommends their abandonment. Second, it states 
that the secret of association lies in an understanding of those forces, cal! 
them chemical or physical as one will, which bind atoms together in a mole- 
cule and which cause stable configuration in crystals and unstable arrange- 
ment in liquids. If, as at present appears, such an ^hmderstanding^’ will 
only be had through the development of quantum theory, these forces being 
studied by the energy levels obtained in radiation and absorption spectra of 
constituent atoms and molecules, then a physical description of the origin 
of these forces appears improbable. They will appear to exist only because 
of atomic and molecular energy levels and the resulting energy changes. 
They cannot be understood by distributions of electricity and the application 
of electrical laws. That has proved unsatisfactory even for the simplest 
atoms. In any event, the cybotactic group conception of association removes 
the difficulties inherent in molecular complexes and will prove helpful in a 
study of the nature of the liquid state. 

I desire to express appreciation for the experimental skill of Mr. H. A. 
Zahl, research assistant, who is responsible for the observations involved in 
this report, and thanks for a supply of conductivity water to Professor 
J, N. Pearce of this University, 


Longlnescu, Chemical Review 6, 381 (1929), See also J, W. Williams, Chemical Review 
6, 589 (1929) and particularly p. 614 et. seq, 

24 See Langer, Phys. Rev, 34, 92 (1929), 
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Abstract 

Starting from the analogy between a crystal and molecule, it is shown that the 
electronic excitation, forming the first step in the process of light absorption, is not 
confined to a particular atom, but is diluted between all of them in the form of "excita- 
tion waves,” similar to sound waves which are used to describe the heat motion in the 
same crystal. Owing to the interaction between the atoms the excitation state is split 
up into substates whose number is equal to the number of atoms n (excitation multi- 
plet). By superposing several excitation waves "excitation packets” can be con- 
structed representing the travelling of the excitation state from one atom to another. 

To each excitation sub-state there corresponds a definite crystal structure (lattice 
constant, vibration frequencies) slightly different from that of the normal, and giving 
rise to slightly different vibrational states. This influence of the excitation on the 
vibrational states provides an indirect coupling between them, which allows the excita- 
tion energy to be shared between a few hundred heat-oscillators with practically no 
direct coupling nor anharmonicity in a radiationless transition which forms the 
second state of the process of light absorption. 

1. Introduction 

TN A monatomic gas the transformation of the light energy absorbed by 
an individual atom into heat, that is into the kinetic energy of the trans- 
latory motion, is effected, on the quantum theory, through a collision of the 
second kind of the excited atom with some other (usually unexcited) one. If 
we now look for the corresponding process in a monatomic solid body, where 
the heat motion is represented by the vibration of a set of "elastic oscillators” 
(Debye's waves), we at once meet a grave difficulty. This difficulty consists 
in the apparent inability of the elastic or heat oscillators, so far as they are 
assumed to be harmonic and uncoupled with each other, to take up the big 
quantum of energy stored by the excited atom. This quantum is in fact 
about 100 times larger than the largest energy quantum of the heat oscil- 
lators, corresponding to the ratio between the frequency of the absorbed 
light and the highest frequency of the heat vibrations. In a radiationless 
discharge of the excitation energy the latter must therefore be either shared 
between a great many oscillators, which is impossible if they are uncoupled, 
or be absorbed by a single oscillator jumping at one time over at least 100 
energy levels, which is also impossible if the oscillator is harmonic. 

The solution of this difficulty seems at first sight to consist simply in 
taking account of the actually existing coupling between the different oscil- 

^ This paper is an extension of two previous ones on the absorption of light in gases: see 
J. Frenkel, Zeits. f . Physik 58, 798 (1929) and 59, 198 (1930). 
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lators and their nonharm.oni.c character. It must, however, lie rejected for 
it leads to extremely .small probabilities for transitions of the ty|)e corn 
sidered. In fact' in order to get a non-vanishing proliability for a transit ion 
involving N elementary jumps, -either by N oscillators making each iin 
elementary jump, or by a single oscillator making an iV-fold jiinip, one must 
carry out the expansion of the potential energy of the oscillators as a function 
of their coordinates (or of the displacements of the atoms from their ec|ui- 
librlum positions) up to terms of the i^-th order at least.- The terms one 
would get for iV^lOO, even if this was practicable, would l>e liardly large 
enough to account for the effect we are considering. 

There seems to be a less trivial and more successful solution (}f the above 
difficulty, which is suggested by the analogy between a crystal (represeniing a 
solid body) and a molecule. The usual selection rule for the vibrational quan- 
tum number of a molecule (a diatomic molecule, say), restricting its change 
to unity, holds for such transitions only, for which the electronic state of 
the molecule remains unaltered. In case however of a combined transition, 
for instance of a spontaneous transition from an excited state to the normal 
one with emission of light, the vibrational quantum number can change 
by any amount (integral, of course) whatever. It may be noted that this 
‘Treach” of the selection rule has nothing to do with the possible presence 
of nonharmonicity, but depends upon the fact that the character of the 
vibrations in the normal and excited molecule is quite different. 

In applying this consideration to a crystal we have only to develop the 
analogy between an excited crystal and an excited molecule. At the outset 
we have pictured an excited crystal as differing from the normal one by the 
presence of one definite excited atom. Now in case of a molecule consisting 
of two identical atoms the excitation cannot be traced to one of them, but 
has to be considered as a characteristic of the molecule as a whole. The same 
must be true with respect to a crystal consisting of any number of identical 
atoms. We thus see that we must first of all revise our conception of an 
excited crystal by allowing for the identity of all the atoms, and thereafter 
investigate the influence of the "electronic state” of a crystal on its vibra- 
tional states. 

2. Excited States of a Crystal; "Excitation- Waves” 

We shall assume that the coupling between different — even neighboring- 
atoms is small compared with the forces holding the electrons within the 
separate atoms (thus excluding the case of metallic bodies). We shall further 
suppose, that the atoms — or rather the nuclei — are fixed, that is, we shall 
neglect their vibratory motion, and shall consider only their inner state, 
characterized by a function of the coordinates of the electrons with respect 
to the nucleus. Lastly we shall leave out of account the possibility of inter- 
changing the electrons between different atoms and shall consequently assign 
to a definite atom a definite group of electrons whose coordinates (relative 


2 See below, Section 4. 
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to the nucleus) will be represented for the sake of brevity by the number of 
the respective atom (1, 2, • • • , n). 

Then if and are the wave functions representing the normal and 
the excited state of an isolated atom, the stationary states of a system of n 
atoms, of which one is excited and the rest normal, will be represented to a 
first approximation by a linear aggregate of n factorial functions, 

<5^>i == ^ii(l)^i(2)t/'i(3) • • • ^i{n) 

(l>2 = ^i(l)^ii(2)^i(3) • * • 


with properly chosen coefficients Ci, , Cn^ We have here a particular 

case of an “exchange degeneracy,” which I have already considered previ- 
ously^ and which is somewhat similar to the exchange degeneracy met with 
in the problem of a single electron with n fixed identical nuclei.^ 

There are, as is well known, just n sets of coefficients (ci, ‘ , Cn), 

corresponding to the splitting up of the undisturbed state of n isolated atoms 
with the total energy TTn + (^ ■- 1 ) TTi into n different states, whose energies 
differ from the preceding value by small amounts W\ These n states will 
be denoted as the “excitation multiplet” of the crystal. The values of TF' 
for the different components of such a multiplet “TF'=lFr') and the cor- 
responding values of the coefficients Ci( = Cri) are determined by the equations 

n 

'EUkiCi = W'ct ( 2 ) 

where Uki are the matrix elements of the mutual potential energy of all the 
atoms U with respect to the functions (1). 

Now U must reduce to the form 

U= ZUia, ( 3 ) 

a<|S 

where U{a, /?; Ra^) is the mutual potential energy of the atoms a and 0 
and Ra^ = R^a their distance apart (or rather the distance between the re- 
spective nuclei). One has obviously U{a, Ra^) = Z7(j8, a; Ra^), One must 
not conclude however from this symmetry relation that Z7(l, 2, • • • , t^) is 
a symmetrical function of the respective arguments. Interchanging two 
arguments say 1 and 2— which corresponds eventually to an interchange 
of the excitation state between the atoms 1 and 2 — we must keep the dis- 
tances Ra^ fixed ^ so that the new energy function obtained by such an inter- 
change is substantially different from the original one.® 

® Zur Theorie der Resonanzverbreiterung von Spektrallinien, Zeits. f. Physik 59, 198 
(1930). 

^ This problem is treated in Bloch’s theory of metallic conductivity. 

® The theory can be easily extended to account for the interchanging of the electrons be- 
tween different atoms. In the simplest case of one electron per atom we have but to replace 
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Taking into account the orthogonality and nortnality conditions for 
the functions and 

J'^i(a)i/'ii*(Q:)dr« = 0, = j i'n(a)^n*(a)dTa ~ 1, 

we easily obtain from (3) if ky^l: 

tf*:! = J* • • • J* U4>k*4>i dri • ■ • (hn - Vu (4) 

where Vki is a function of the distance Ru alone given by 

V{h, 1; (4a) 

It may be remarked that it is in general complex and therefore different 
from 7(4 = Tfcj*. 

For k=lwe get 

T/44 = 7h= ZFh (S) 

l-piik 

wliere 


Vki = jj Uik, I- Ru) 1 d'liik) 1 ^ 1 4>ii}) 1 Hrkdn 


(Sa) 


may be defined as the average value of the mutual energy of the atoms k 
and I when one of them is in the normal and the other in the excited state. 
This is also of course a function of the distance Rki only; it is moreover sym- 
metrical with respect to k and L 

The equations (2) are very similar to those which determine the normal 
modes of vibration of a system of coupled classical oscillators with one degree 
of freedom each; in fact we have but to consider the coefficients Ck as the 
amplitudes of these oscillators and to replace the energies by the square 
of the classical frequencies (multiplied by a properly chosen proportionality 
factor). The matrix elements Ukiik^^l) can be then interpreted as the 
coupling coefficients (since they actually depend upon the distance of the 


the functions (1) by the following ones which are antisymmetrical with respect to all the elec- 
trons. 




1 

^fl/2 


v^'uCl, 1), ^Ii(l, 2), • 

’ * ^ii(l, n) 


^i(l, 1), 

’Ai(i, 2) ‘ 


^(2, 1), ^(2, 2), ‘ 

• • ^i{2,n) 
1 

1 

• 

1 

^ii(2, 1), 

*Aii(2, 2) • 

* #ii(2, n) 

to 

* • Mny n) \ 

1), 

2) • 

* * ^i(», ») 


etc. where 4>i{k, 1) and 1) denote the wave functions of the atom formed by the association 
of the /-th electron to the ^-th nucleus, in the normal and excited state respectively. Similar, 
though somewhat more complicated, results are obtained in the general case of several electrons 
per atom. 

The case of two electrons with all the atoms being in the normal state has been recently 
treated by E. Hylleraas, Zeits. f. Physik 63, 771 (1930) in connection with the theory of the 
cohesive forces in a (non-excited) crystal of sodium hydride . 
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respective oscillators only), and the Ukk^^s the coefficients of the quasi-elastic 
forces for the uncoupled oscillators. 

Until now the positions of the atoms have remained unspecified. We 
shall now assume that the nuclei are fixed at the lattice points of the crystal, 
neglecting the displacements due to the vibratory motion. We shall further 
assume that the crystal has a rectangular form (or the form of a parallelepiped 
whose edges are parallel to the crystalline axes). The normal modes of 
vibration for this case are well known. They do not depend upon the shape 
of the functions Vki{Rki) nor upon the value of the constant Vq= Vkk, thus 
coinciding with respect to the position of the nodal planes with the acoustic 
or elastic vibrations (for which Fo = 0). These vibrations can be described as 
standing waves with the wave-number components® 

= ± ri/2ai, g2 == ± gz = ± n/2az (6) 

where ai, a 2 , az are the edges of the crystal and n, ^ 2 , fs numbers specifying the 
mode of normal vibrations and taking all integral values between 0 and — 1 , 
^2 — 1, ^3 — 1, respectively, ni being the number of atoms along the i-th edged 
{n — nin2nz)- 

The triplet (rir^fz) replaces the number r which was introduced to specify 
the various solutions of the equations (2). The single numbers k and I must 
be replaced accordingly by triplets {kihh^^ (Ws) which maybe associated 
with definite ^^oscillators,” that is definite atoms of the lattice. It may be 
remarked that the coefficient Ch in ( 2 ) refers to that function in (1) which 
ascribes the excited state to the atom k. The solutions of the equations (2) 
can now be put in the form 

wd t 8 Trd 

COS —kifi COS —hn COS —kzTz (7) 

ai az 

where S is the lattice constant (for the sake of simplicity the lattice will be 
pictured as cubical), and ^iS = xi, k25 = X 2 , kz8 = xz the rectangular coordinates 
of the atom to which the excited state is assigned by the function (i>k^k^k^^ 
Ar^nrz is a normalization coefficient determined by the condition that the 
integral of the square of the function 

XrxT^rSAi 2 , • * • ^?) = 2 , * * • fl) (j^') 

kik^ki 

representing the f-th stationary state of the excited crystal (the fi, r 2 , rz com- 
ponent of the "excitation multiplet”) over the configuration space of all the 
electrons should be equal to 1. 

The energies TF'rirsr, of the different states (with respect to the unper- 
turbed energy PFii + (n — 1) TFi) are given directly by substituting in the equa- 
tions (2) the values (7) of the coefficients c. Since the matrix elements Uki 
depend only upon the differences ki—lu k%-~h, hz—lz one can put ki — k 2 ~kz 
= 0 which gives ^ 

ArW/ = LUaiCrl 

I 

® The wave number is the reciproal of the wave-length; it is a vector parallel to the direc- 
tion of the propagation of the waves. 
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or more .fully written 


' „ „ ~ trd TO TO 

w rir,r,3 “ ' 2^ 2^ 2^ t"ooo, rivals COS —lifi COS --/yrs c<xs - l^^ra (8) 

Ij <C'i 

With, increasing values of hhki that is with increassing dislance — 
■+4^+V)^^^ the values, of IRmixith in general decrease \'ery rapid\% 
The summation in (8) can be therefore extended practically o\'er a, 11 \”alues of 
the ii from — oo to If the mutual action of neighboring atoms only 

(with smallest distance apart i2==5) is taken into acccjiint, (8) reduces to 

/ t5 t§ to \ 

W nr^r, = Fo + 2Fil cos—ri + cos — rg + cos — fs 1 ' (8a) 

\ Cii (12 az / 

where Fi is the value of (4a) for neighboring atoms and Fo six times the value 
of (5a) for the same atoms. The latter value is the average of the mutual 
potential energy between an excited and an unexcited atom, whereas Vi has 
the character of an ^^exchange energy” which has no classical analogue. 

Each stationary state of an excited crystal can be described as a ^‘standing 
excitation wave” defined by (7) or by 

c(xiX 2 Xz) = A cos lirgiXi cos 2irg2X2 cos 

where = IFV^> = S/f. Such a standing wave can be obtained by superpos- 
ing eight ^^progressive excitation waves” of the type 

(^ /g) j72»a+ J'' 0 

which represent the propagation of the probability for finding the excitation 
localized in a certain plane of the crystal. By superposing a number of such 
waves with slightly different values of gi, 1 : 2 , gz (that is with slightly different 
directions of propagation and frequencies v' —w^/h) it is always possible to 
construct a wave-packet which will represent the excitation being concen- 
trated in a definite atom or its neighborhood (according to the usual picture). 
The group velocity of such an "excitation-packet” may be determined by 
the relations 

^ Vi^dv^/dgli=^ 1,2,3). (9) 

Putting 

A/ = Fo + 2Fi(cos 2Tgi5 + cos 2 t^ 25 + cos 2Tg%b) 
according to (8a) and (6), we get 


2 ;. = ^ — sin2Tfia. (9a) 

h 

For small values of gi that is for long "excitation waves” this expression 
reduces to 

8tWi 
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that is the group velocity is approximately proportional to the wave number. 
It has in general the same direction so long as the "exchange energy” Vi is 
negative. It reaches its maximum value v ^4x3 | Vi \/h for wave-lengths equal 
approximately to four times the interatomic distance S. For X =25 it falls 
down to zero and for still shorter wave-lengths becomes opposite to the 
direction of the wave propagation.^ 

To get a better understanding of the nature of the "excitation waves” 
it will be well to consider the process corresponding to them in the older 
quantum theory and in the classical theory. According to the former the 
exitation energy of an atom can and in fact must be transmitted to one of the 
other atoms of the same sort either by emission and (resonance) reabsorption, 
of light or directly in a non-radiative process. The closer the atoms are to- 
gether, the larger must be the probability of such a non-radiative trans- 
mission, that is, the larger the velocity with which the "excited state” will 
travel from one place to the other. This is expressed by the fact that the 
group velocity, according to (9a), is proportional to the exchange energy Fi. 
The ratio S/z^max which is of the order of magnitude oih/Vi can be considered 
as the shortest time that the excitation remains confined to one definite 
atom.® 

From the point of view of the classical theory an atom has to be con- 
sidered as a harmonic oscillator, whose normal state is that of rest. The 
energy of the free oscillations, replacing the excitation energy, instead of 
being concentrated in one single atom (or a small number of them in the 
general case) has to be distributed here in a more or less uniform manner over 
all the atoms, each of them possessing accordingly but a very small energy. 
The excitation waves can be represented in this case by the familiar waves of 
the electric polarization with exactly the same wave-numbers as has been 
actually done above in the discussion of the equation (2).® It should be no- 
ticed however that in the classical theory of the propagation of such waves 
the interaction between the atoms is considered to be a radiative one, that is 
proportional to their dipole moment and inversely proportional to the dis- 
tance, whereas in the wave mechanical theory we are developing this 
interaction considered as a much more powerful non-radiative (electrosta- 
tic) one.^° 


^ These results are wholly analogous to those implied in Bloch’s theory of the electrical 
conductivity of metals and discussed by R. Peierls. 

® In case of two atoms h/Vih just equal to the time in which the excited state oscillates 
from one atom to the other. 

® The situation becomes more complicated if instead of one excited atom we consider the 
case of two or more excited atoms, cf. J. Frenkel, Zeits. f. Physik 59, 198 (1930) in particular 
footnote on p. 203. 

Cf. G. Breit and E. O. Salant, Phys. Rev. 36, 871 (1930). This paper dealing with the 
propagation of light in solids contains some results of the present section. 
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' >1 The Ihflue'Nce of Excitatfon oh the C Ieomictihc: 

AND Elastic Peofeeties of a €k ystal and 
' ITS Vibratory Motion 

We can now turn to the eKamination- of tlie inHuenc'c wliirli an excited 
state of a crystal (that is a definite component of an excitation imiUiplet) 
exerts upon the heretofore neglected vibratory motion of the atoms* The 
exact way to, deal with this question would lie to consider siiiiiiltaneoiisly 
the "inner’’ and the "outer” (that is, vibratory) motion of the atoms. But 
this way is hardly practicable even in the simplest case of a diatomic molecule, 
and we shall therefore use an approximate method of the same scirt whicli is 
applied in Debye's theory of specific heats to the determination of the normal 
vibrations corresponding to the unexcited state. 

A normal vibration is described here by a system of standing sound wiives 
of just the same geometrical type as that used in the preceding paragraph to 
describe the excitation states. It can be thus characterized by specifying 
the components of the wave-number according to the equations (6) which we 
shall rewrite in the form 

gi ^ ± ri'/ 2 ai, ga' == ±^272^12, 53'= ±r// 2 az ( 10 ) 



the primes serving to distinguish the sound waves from the excitation waves.^^ 
The frequency of the vibrations v' can be determined from the equation 

( 1 !) 

where u denotes the velocity oj sound, which is considered as independent of g'* 
The velocity of sound can be calculated by means of the formula 

(/c/p)i/2 



where p is the density of the crystal, and a its elastic modulus, which has dif- 
ferent values for the longitudinal and the transverse vibrations. 

Now in order to determine k from atomic data we must consider the vi- 
brationless state of the crystal and compare its energy in the equilibrium 
state with the energy corresponding to a slightly compressed (or expanded) 
state in the case of xiong or to a slightly distorted state in the case of Ktran®. 

Denoting the volume of the crystal with v and its energy — that is the 
mutual potential energy of all its atoms — in the normal (non-excited) state 
with Wq we have, expanding PEo in a power series with respect to the incre- 
ment of volume v—v^{v^—v in the equilibrium state) 

PFo = W + — )(v-v^)K 

2 \ dv^ / 

The second term represents the elastic energy 

I KQ(v—V^y * 

We shall drop the primes later on when there will be no danger of confusing the sound 
waves with the excitation waves. 
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whence it follows 


or putting v — 


Kq 


4^) 

\ dv^ ) 


Ko 


5o2 1 /aWQY_ 1 /dWoY 
9 Vq\ dd^ ) 


(13) 


9^5o\ db^ ) 

This formula determines the modulus of compressibility for the normal 
(unexcited) state of the crystal — as denoted by the subscript zero — and hence 
according to (12) and (11)^^ the frequency of the vibrations associated with 
this state. It may be remarked that the corresponding equilibrium value of 
3 == § 0 ^ = h is given by the equation (d Wo/dv)^ == 0 or 

(dWo/db)^=^0 (13 a) 

and that So is related to the density p =:po by means of 


Po 


ni/Bo 


il3b) 


m being the mass of an atom. 

The above method can now obviously be applied to the determination of 
the vibrations associated with an excited state of the crystal. To do this we 
have but to replace in the preceding formulae the energy Wo by the energy 
Wr= Wo+W'r of one of the components of the excitation multiplet. In this 
way we shall get for the lattice constant of the crystal S^ its density p^ and 
its elastic modulus Kr values depending upon the character of the excitation 
substate and slightly different from those corresponding to the normal one. 

Since the difference dr — Bo-Adr is very small, we have to a first approxi- 
mation 

dbr ) \ db /5=3o \ db^ /s==So \ db /3=.5o 

whence since the first term vanishes (according to 13a) 

dW/ /dWo 


ABr 


(d = Bo) 


(14) 


db / db^ 

The energy Wq is proportional to the number of atoms whereas W^r ac- 
cording to (8) or (8a) depends upon it in a practically unimportant way. 
Putting in (8a) 

ai 

(where Uin^fh = n) we have 

tttA 

) 


W/ = 

and consequently 

dVo ,dW 
db / db^ 


Abr 


Vo + 2F,(^ 
— 2^ cos 


> ^2 

— n^Bj Q'Z 

^ fizB 


TtTi 

wr2 

COS 

1_ COS 

1 _ cos 


ni 

n2 

TTfi 




-f cos 

+ COS — 

ni 

fl2 

nz , 


nz . 




'dWo 

dS^ 


(15a) 


which is of the order of magnitude of l/n, since Vi does not depend upon n. 

In the case of longitudinal vibrations. 
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1e .the same way we get from (13) 







/ Wfi 

71- > -iX ' 

■ + i 

f cos 

+ cos—'-- + cos ) 

^ as- 

\ 

fh nz /.. 


(72 r I 


1 15ii) 


The relative change of AiCy being again of the onic^r of luagnituflo of 1 

' These results seem very natural indeed. We should exfHH't tliat the change 
of the geometric and dyna.mic properties of the crystal lattice, due to t.he 
excitation of a few atoms depends upon their niai-ive nunilier, tliat is upon 
the ratio n'/n, which in our case is' equal to J/;o So long as w/ is small com- 
pared w.ith n the effects due to the excitation of the separate atoms must 
obviously behave additively (which would no longer !)e the case if were 
comparable with n), so that to get the total change of b or k we would have 
but to add the expressions (ISa) or (15b) for all the excited atoms. It 
seems however that even with the largest values of that can be obtained by 
illuminating the crystal with intense light of the resonance frequency, the 
change in the elastic properties will be too minute to be detected by direct 
measurement. 

This change must however manifest itself in an indirect manner by mak- 
ing possible the radiationless transitions of the crystal from an excited 
state into the normal one with conversion of the excitation energy into that 
of the vibrational motion, and also of course transitions of the inverse 
direction, leading to ^Thermal excitation” of the crystal and corresponding 
to "inelastic collisions of the first kind” or "activating collisions” in the case 
of a gas. 

4. TheRelationbetweentiie Variables AND Func- 
tions DESCRIBING THE HeAT OSCILLATORS IN THE 

Normal and the Excited Crystal 

In order to determine the probability of such transitions we must intro- 
duce first of all the “normal coordinates” characterizing the individual 
heat oscillators, which represent the different modes of vibration (standing 
elastic waves) of the crystal. Let these coordinates for the unexcited state be 
denoted by I 2 , • • • In • • ■ Isn (their number being equal to the number 
of degrees of freedom) ; we shall think of the first n as referring to the longitu- 
dinal vibrations and the rest to transverse ones. 

We have to introduce in the second place the relations between these 
coordinates and the normal coordinates |ri, |r 2 , • • -which correspond to the 
r-th excited state. These relations must be derived from the condition that 
the equilibrium positions of the atoms in the excited state are specified by 
zero values of the new coordinates (l,.^ = 0) on the one hand and by definite 
non-vanishing values Is = 1/ of the old ones on the other. 

For the sake of simplicity we shall limit ourselves to the consideration of 
a unidimensional case, that is of a set of n atoms situated on a straight line 
and capable of moving along this line (that is to perform longitudinal oscilla- 
tions). Such a set can be conveniently treated as a “bar.” In order to allow 
for the change of length L = Snoi the bar, due to the excitation of one of its 
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atoms we shall imagine one of its ends to be fixed and the other free.^^ The 
normal modes of vibration of such a bar correspond to wave-lengths X=Xi 
determined by the equation 

21 -f 1 

L Xz = (16) 


where / — O, 1, 2, • • • n — The displacement of an atom whose equili- 
brium distance from the fixed end is Xk — kS can be represented by the sum 


«— 1 

(17) 

l=Q 

where . 

2TrXk T / 1 \ 

cjci = y sm = 7 sin — | / d ]k (17a) 

X; n\ 2/ 

7 being determined by the ^^normality condition” 


= 1 


(Hb) 


and denoting the normal coordinate, which characterizes the /-th mode of 
vibration. 

Using the formula 

w— 1 n-~l n—l ^ian 

--- ^ ak + sin ak = 7- 

/c=0 fc=sO k~0 1 


which is equivalent to 


1) 


1 + cos a( 

2^ csak = 

A ;=0 2(1 — cs a) 


cs an 


cs a 


71—1 

z 

k~Q 


S sn ak 


sin a(n — 1) — sin an + sin a 
2(1 ~ cs a) 


1 sn sn a 

— (1 — cs an) d 

2 2(1 - cs a) 

1 sn q:( 1 — cs an) 

— sin an d , 

2 2(1 — cs a) 


we get with the abbreviations {l+\)7r/n=^^, {l'+i) 7 r/n—^^ 

n—l n—l ^ p n—l n—l 

L^kiCw = 7“ Z sin pk sin ^'k = — 7^ Z) cs (|8 - (S') ^ - Zcs (|3 + ^')k 

A=o ;£=o 2 L k=Q 

= # — 1 if /' = / and (— 1)^^^'+^ if V = L 
We thus see that 

7 = (^ - 

and morever that the coordinates are not exactly orthogonal as they would 
be in the limiting case »oo , wS = L = const. 

^3 Similar results would be obtained by fixing the middle point of the bar and leaving both 
ends free and in the opposite phase. 
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Squaring (17) and summing up with respect to k we have in fact: 

The mutual potential energy of the atoms which in the simplest case is repre- 
sented by the sum 

n— 2 

y(Axj:+i - Axty 

k^Q 

also will not be reduced exactly to a sum of squares of the type 

w— 1 


vi being the vibration frequencies, but will contain cross terms vanishing in 
the limiting case of a continuous bar. The problem of finding the exact 
normal coordinates that is the exact transformation coefficients Cui in the 
equations (17) for a given finite value of n is rather complicated and we shall 
therefore use the "nearly-normal” coordinates defined above. 

Since the coefficients cu do not depend upon the equilibrium spacing be- 
tween the atoms S, the same formulae (17) could be used both for the ^^nor- 
mal” and for the '^excited” bar; it should be remembered however that /\xk 
has in both cases a different meaning, the equilibrium position of the ^-th 
atom in the excited state being displaced by Mrk with respect to that corre- 
sponding to the normal state. The same position of the atoms which in the 
normal state is specified by the displacements (17) will be specified from the 
point of view of the excited state r by the displacements 


whence 


AXyfc — A,X}c ^ ki^ri 

n—l 

— 1 ^) = — kMf. 


If Cki were the correct transformation coefficients then these equations would 
be immediately solved by 




n-l 


‘I ^rl == A^rf = ^CklkAdr. 
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that is according 
sin an — (--1)^ 


to the summation formula given above, with cos an = 0, 

Adr 


A^rl = (~ 1 )^ 


11 


n — ^ ^ — 


^ 1 ™ cs a. 



The second term in the brackets represents probably the error due to the fact 
that we have been using inexact values for the coefficients cu- It would have 
an important influence only in the case of very small values of a correspond- 
ing to very long wavesd^ 

Dropping it we get finally 

= (- = (_ i)ji_ ^ (18) 

2 2 


where AZ, = raA5r denotes the change of length of the whole bar in the r ex- 
cited state. Since this change is actually due to the presence of one single 
excited atom, it must be practically independent of the total number of atoms, 
whence it follows that A5, must be inversely proportional to n, a result which 
we have derived above from somewhat different considerations for the case 
of the real three-dimensional crystal. The preceding formula which we can 
safely extend to this case^® thus means that the change of the normal coor- 
dinates, produced by the excitation of one atom out of n is inversely propor- 
tional to the square root of n. The coefficient of proportionality |A5 ,m is 
determined by (ISa) and can be shown to be of the order of magnitude of 
atomic dimensions. 

Having established the relation between the normal coordinates of the 
nonexcited and those of the excited crystal we must now turn to the considera- 
tion of the Schrodinger wave functions of the corresponding “heat oscilla- 
tors.” These functions will be denoted hy for the iV* quantum state 

of the 5-th oscillator in the case of the unexcited crystal and by /j,jv/(?ra) 
in the case of a crystal in the r-th state of an excitation multiplet. The gen- 
eral form of the functions //^(^) is given by the formula 

MS) = (19) 

where Hn is Hermite’s polynomial of the iV-th degree and a is a constant 
proportional to the natural frequency of the oscillator v. If the coordinate | 
is normalized in such a way that the energy of the oscillator is represented by 

0 ’+ 

^Mn this case we should have 

1 - cos a ^ |a2 = (/ 4-1 )2 

and : ■ ■ 


m 

2 


Replacing I by the sum k +/2 -h/s. 
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JnK^i) = /iV'(^l) and = /iV ( — ) §ra . (20) 

LVo«/ J 

The function /ivr(^) can be defined here and in the sequel by formula (5) with 
a = l, 

5. Determination of the Probability of the Individual Tran- 
sitions OF a Crystal from the Excited to the 
Normal State (or vice versa ). 

The stationary states of the crystal, including the vibratory motion of the 
atoms can be described to a first approximation by a wave function T equal 
to the product of an electronic function x(l, 2 • • • n) specifying the inner 
states of the atoms and of the functions (20) for all the Sft oscillators. We 
thus get for the r-th excited substate 


^x(l)^i(2) ‘ • • ^lin) 


then^^ 

a - 4:7rhnvlh. (19a) 

The absolute value of a does not play any role since we can always replace the 
' coordinate ^ by If however we have to compare the behavior of the 

same oscillator for two different values of the frequency parameter and 
p = Pr then we must take into account the relative value of a which gives us 
two different wave functions of the form 


3n yi/2 “I 

iv = xr(i,2,....i)n/v,, 

«“1 L \?^ 0 a / J 


and for the normal state 


= Xo(l, 2, ■ • • n) (22) 

with 


which is obviously the same approximation to the electronic function of a 
number of atoms in the same state, as the functions Xr defined by (8), are for 
the case when one of them is excited. 

It must be remarked that whereas the factorization of the oscillator 
functions corresponds to the assumed absence of any direct coupling between 
them, the multiplication of these functions with the electronic function x 
does not mean that there is no coupling between the vibratory and inner 
motion of the atoms, this coupling being in fact expressed (in an approximate 
manner of course) by the dependence of the vibration frequencies upon 
the electronic state. Through this interaction of the electronic (inner) and 
the vibratory (outer) motion the different oscillators are actually coupled 
each other — in a rather indirect way- — and it is just this indirect coup- 
ling that enables the simultaneous transition of any number of oscillators 


Cf. A. Sommerfeld, Wellenraechanisches Erganzungsband, p. 18 . This normalization 
«S(Ax)«* or = l used above. 
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from one state, specified by the quantum numbers iVoi, iVo 2 • * * iV'osn to 
another Nri, Nr 2 • * • N^zn, if this transition is combined with an electronic 
one, that is with a transition of the crystal from the normal state to an 
cittdon^ or vice versa. 

The probability of such a combined transition is determined by the ma- 
trix element of the perturbation energy with respect to the functions (21) 
and (21a). This perturbation energy seems at first sight to be identical with 
the mutual potential energy of all the atoms 27, which has been considered 
above in connection with its influence on the electronic motion. It will be 
remembered however, that this influence has been examined on the assump- 
tion that the atoms were at rest at the lattice points of the crystal, which 
corresponds to definite equilibrium values of the interatomic distances 
Ra^ entering as parameters in the expression (3) for U. 

Since we are now concerned with transitions due to the interaction of 
the electronic and vibratory motion it is necessary to take account of the 
change of the Ra^'s and consequently of U which are due to the displacements 
of the atom from their equilibrium positions. This could be done by expand- 
ing 27 in a power series with respect to the differences Ra^—Ra&^ and express- 
ing the latter through the normal coordinates fi, $2 • • • -Ssn. 

The series so obtained would contain next to the equilibrium value of U 
■ a sum of squares of the coordinates ^ which must be dropped out, since it 
represents nothing else but the potential energy of the oscillators (accounted 
for separately) and further higher powers of the ^’s which should represent 
a certain degree of anharmonicity and of direct coupling between the oscilla- 
tors and at the same time a certain alteration of the electronic states as a 
result of the vibrational motion. 

If we did not take into account the indirect coupling (and anharmonicity) 
expressed by the dependence of the vibration frequencies on the excitation 
state, we should have to carry out the expansion of U up to terms of the 
100-th (or even higher) degree in the ^’s in order to get a nonvanishing prob- 
ability for transitions involving a 100-fold jump of the oscillators (cf. Intro- 
duction). As a matter of fact, however, this is not necessary and we can safely 
stop at terms of the third order (as is done in the theory of the thermal 
expansion and thermal conductivity of solids) thus putting 

U ^ U^+ U'" (23) 

where ■ ■ 

~ ^Aklrrikh^m (23a) 

k a tin 


the coefficients Akim being certain functions of the electronic (inner) coordi- 
nates 1 , 2y • ' : n. 

The probability of radiationless transitions from the r-th excited state 
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Of course only such states have to be considered which have the same 
or, nearly the same energy (the corresponding transitions are usually denoted 
as ^Vesonaiice” ones). The energy of the crystal in the normal state is equal 
to the sum of the energies of the separate atoms nWj plus the equilibrium 
value of their mutual potential energy 


If o' = f ' ' f ■■■ dr n 

- L f ( /5; 1 ^i(a) ! M 1 ^drjrg 

a<0 ^ 


(25) 


plus the vibrational energy 

Zn 

£o= + 1). (25a) 

8«1 

The energy of the same crystal in the excited state r is represented simi- 
larly by the sum 

+ 1)HT + lfV + £r 

where W/ is given by (8) and 

3n 

+ D* (25b) 

The condition for the radiationless transition to be a resonance one is thus 
expressed by the equation 

3» 

Wn - Wi + W/ -- Wo' + + i) - hPu(N,, + i)]-0. (26) 

«*sl 

This equation can be approximately satisfied for a given r in a number of 
different ways corresponding to different jumps of the vibrational quantum 
numbers M,. The total probability for the crystal to pass from the excited 
state into the normal one will be proportional to the sum of the squares of 
the matrix elements (24) (or rather their moduli) for all such “nearly reso- 
nance” transitions (see next paragraph). 

In computing the matrix dements (24) we must express the normal coor- 
dinates of the excited crystal through those of the unexcited one by means of 
the relation (18). It is however to be kept in mind that these relations hold 
for the case when the ^s’s are so normalized that = which corre- 

sponds to the value (19a) of the parameter a in the functions (19). If we put 
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a = l in (19), that is replace by then in using the relations (18) we 
must multiply the right hand side by Putting further = 1 +Ai',/yo 

and noticing that i^Vr/va is a small quantity of the order of \/n we can expand 
/«'[(j'r/»'o)’^"?r»] =/a' [(*'>■/ *' o)*'H^s+A^,s)] in a series of powers of I/k^/^ 

fN[{Vr/v,yi%.,] = JnH,) + hkrjN'iQ + 0(l/») (27) 

0(l/w) denoting the sum of terms of the order of magnitude \/n, etc. 

We shall presently see that all these terms can be dropped, their contribution 
to the total value of the transition probability (for all the possible individual 
transitions) decreasing with increase of n (as \/n at least), whereas the 
contribution of the terms proportional to that is to turns out to be 

independent of w (see below). 

The change of the vibration frequencies connected with the excitation of 
the crystal is thus immaterial for the transitions we are considering, these 
transitions being due practically solely to the minute change of the equili- 
brium distance between the atoms. 

We shall first consider that part of Mr which corresponds to £7“ that is 

^ ■ J V\,*xrdrr • • • dr„ n f (28) 

The contribution of each oscillator to is given according to (27) by the 
factor 

== f + A^r ff^,(mr(M + (29) 

If — this factor reduces practically to 1. If Nr = JVo ±l the first term 
on the right side vanishes but the second is different from zero, so that 
Ir = 0(1/ If [iVr — iVo I > 1 the second term vanishes too and Ir turns out 
to be of the order of 1 / n or still smaller. 

We thus see that only such transitions have to be taken into account Jor which 
each oscillator either remains in the same state or jumps to the next one. 

From the well-known relation for Hermitian polynomials 

■ ^Eu(i)^2NEu^i{i) ■ 

di ■■ ■ 

it follows, according to (19) (with a = 1) : 

whence for iV'r— Wo ±, 1 

Ir= - Mr J fNMNrUm = - MriNr,N, 

This result applies to some extent to the case of diatomic molecules, where however the 
frequency shift also plays a marked r 61 e. 
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Cisr^jiVo being the matrix element of ■ This matrix element is ecfiial to 
(iV/2)^^^ where iV Is the larger of the two numbers Nr anr! We thus get for 
the 6'-th oscillator being independent of s) 

- -- AUN,/2y^^ {Ns = No,, Nr, if - ± 1). (29a) 

(The same result can be derived directly from the well-kiiown forniiila for 
the matrix element of the momentum, that is of the operator (h/2iri) 3/50. 
Hence it follows that in case of a transition in which p of the 5n osrnllutors 
jump simuitaneously (to one of the next states), while the rest remain in the 
same state, 

(30) 

where N is the geometrical mean of the p numbers iV. and 

= j UOxoXrdTi ■ ■ ■ dr,,. 


We shall now briefly examine the second part of Mr, corresponding to U'" 
(23a) 

= X) f ' I * * • dTn(l>''klmll^klm (31) 

klm d J 

where 4>^kiM denotes the integral with respect to the coordinates 0, 0, con- 
taining their product as a factor. This integral is a product of three simple 
ones with respect to the separate coordinates if the latter are all different, or 
of two simple ones if if k = l=^m, it reduces to an integral with re- 

spect to one variable 0- containing its cube as a factor. II denotes the 
product of factors (29) for all the other normal coordinates <j>ki 7 n is different 
from zero In that case only if the corresponding oscillators make together 
three elementary jumps ( \Nrk+Nri+Nr 7 n-NQk-Noi-Nrm | -3), one jump 
each if they are all different, or a double jump and a simple one if k — 
or a single triple-j ump if ife = / = 

If the total number of jumps performed by all the oscillators in the transi- 
tion considered is to be equal to p, then in the product only factors 

of the type (29a) must appear, so that M/^' may be written in the form 



Mr"' = 'EaL<I>L[- AUN/iyi^]"-^ (31a) 

klm 

Ahim being the matrix element of Akim (1, 2, • • • n) with respect to xo and 
Xr- One can say that in the product (k^kim H^kim the first factor refers to jumps 
which are due to the direct coupling between three or two oscillators (or their 
anharmonicity) and the second one to the indirect coupling provided by the 
dependence of the vibrations on the excitation state. 

The coefficients Akim can be obviously defined by the formula 

dXa dX0 dXy 

dU 


R 
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where denote the coordinates of the atoms (a, jS, 7 = 1, 2 • • -Sw), 

and the differential coefficients dx^/d^h, etc., are the transformation coeffi- 
cients which in the unidimensional case considered above were denoted by 

equation ( 17 ). Since these coefficients are of the order of magnitude of 
we see that so far as its dependence upon n is concerned, is of 

the order of magnitude jg^ same 

order of magnitude as Mr^ given by ( 30 ). 

Now Mr^ contains as factor the matrix element Ur^ of the mutual poten- 
tial energy of all the atoms in their normal equilibrium positions with respect 
to the functions xo and Xr, and this factor can be easily shown practically to 
vanish for all excited substates r with the exception of the one fi==r2 = r3 = 0 
for which Xr is symmetrical with respect to the inner coordinates 1, 2 • • • n 
of all the atoms, that is representing an excitation wave of infinite length 
(having the same phase throughout the whole crystal). In fact using the 
expressions (8) for Xr = Xrir2rs and (22a) for xo = 0o, we have 

= Lcrk ( ■■■ ( U°<l>Mri ■■■dTn 

where <? 5 >o==i/'j(l)\^j( 2 ) • • • t/'/(^), and <^/c is obtained from c^o by replacing the 
factor ^/(ife) by fc(^). Introducing here the expression ( 3 ) for U= we get 
/ • • • JU^<t>(i^<i>kdri • • * ^Zrn== sum of integrals of the type 

JJ v{k, h 

with respect to all values of 1 . Now this sum must obviously be practically 
independent of k, that is of the location of the atom k within the crystal— so 
far as surface effects can be neglected. Thus the preceding expression for Ur^ re- 
duces to the product of a constant by the sum hkCrk which vanishes (practi- 
cally, again neglecting surface effects) unless ri = ^2 = ^3 = 0. 

It seems questionable whether the excited substate ri==r2 — rz = 0 has 
actually to be taken into account or not. But even if we do not exclude it, 
we see that the probability of a transition from this state to the normal one, 
so far as it is determined by Ur^ need not be much larger than that deter- 
mined by C/r'" for similar transitions from all the other excited substates, 
that is transitions involving the same number of heat oscillators or rather 
of elementary jumps. The matrix component ili'r for such transitions having 
the order of magnitude the corresponding probability will be propor- 

tional to (1/ nff. The coefficient of proportionality cannot be determined accu- 
rately unless we restrict ourselves to transitions from the substate ri = r2 = rz 
= 0 and neglect f/"/ with respect to In this rather fictitious case (which it 
will however be well to consider for the sake of illustrating that part of the 
theory which is connected with the dependence of the resulting total prob- 
ability upon the number of atoms n)y the probability of a transition involving 
the cooperation of p heat oscillators, or rather the square of the corresponding 
matrix element/\sgiYen,2.ccordmg to ( 30 ) and ( 18 ), by 
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Mr^ = 1 [/.“I Vr*’ 

(32) 

where 

ociALrY N 

Mr — 

8 n 

(32a) 


ir being an abbreviation for the product and a being defined by (19a), 
a is the reciprocal of the square of a distance which depends upon the fre- 
quency Pa of the corresponding oscillator. For oscillators of the maximum, 
frequency in the acoustical spectrum this distance is equal to 

3 X cm where Mh is the atomic weight of the crystalline element w^e 

are considering with respect to hydrogen. We thus see that the product 
aiALrY must be of the order of magnitude 1, at least for the higher frequency 
oscillators. For oscillators of lower frequencies it must however be smaller, 
so that these oscillators must be less effective in the transformation of the ex- 
citation energy into heat energy not only because their share is smaller, but 
because they have a smaller probability of getting this share. 

In (32a) a and N denote certain (geometrical) mean values for all the 
p oscillators participating in the transition. Denoting the value of a for 
oscillators of the highest frequency with ao, we can put 


Mr 


aoiALrY^ 

8n 


( va 


(32^) 


TT 

where p denotes the product over all the p oscillators we are considering. 


6. The Resulting (Statistical) Value of the Prob- 
ABILITY OF Radiationless Transitions 

The minimum value oi p==pQ is obtained if only oscillators of the highest 
frequency or next to it are taken into account. This minimum value is given 
by 

Eo Er - Wi + W/ - IFo' 

^0 = = ^ (33) 


hvQ 


hvn 


according to (26) , and as was mentioned above is of the order of magnitude 
of 100. Now these oscillators can be picked up from a much larger number Q 
of oscillators whose frequencies are enclosed within an interval pq — p = Dp 
which can be extremely small with respect to v but at the same time large 
enough to make Q exceedingly large compared with p. Limiting ourselves 
to longitudinal waves (which for the same wave-length possess a higher fre- 
quency than the transverse ones), we have 


4:TrV 


-vq^Dv 


where v is the volume of the crystal and u the velocity of the longtitudinal 

waves, or since z; = n 6® and (z^/i'o)^ =W = 47r5y3 


Q = ZnDv/v^, 


(33a) 


TRANSFORMATION OF LIGHT INTO HEAT IN SOLIDS 


37 


It must be emphasized that for a given value of Dv (or Dp/pq) Q is propor- 
tional to the total numher of atoms forming the crystal. Taking (which 

corresponds to a crystal with a volume about 1 cm^) and 10~^^ say, 

we get Q = 3 X 10^' which is still a million times larger than ^o. 

Our pQ oscillators can be picked up from the set containing Q of them 
in a numher of different ways, this number being equal to 

/Q\ _ j^o+1) 

xpQ/ 1-2 ' • • po pol 

that is according to (33a) proportional to the ^o“th power of the total number 
of atoms n. 

The total probability of a transition of the crystal from the excited state 
to the normal one, in which the excitation energy will be shared by any po 
of the Q high frequency oscillators will thus be proportional to the product 



Uf 

pol 


'3 Dv\ 

—aiALrYN I 

.8 vj 


Pi) 


( 34 ) 


that is, will be independent of n. 

The fact that it turns out to be dependent upon the choice of the interval 
Dv is naturally explained by our having restricted ourselves to this interval. 
We can obtain some approximation to the value of the probability of any 
transition from the excited state to the normal one, or rather to the total 
value of determining this probability by taking, in the above formula 
Dv/vq'^1/2 and replacing pa by a somewhat larger number p-2po say. 

The problem of the determination of the resulting transition probability 
Pr can be solved exactly by a method which we are presently going to de- 
scribe. It must be remarked however that in deriving this probability we 
must not restrict ourselves to the consideration of such transitions only, for 
which all the participating oscillators jump to a higher level. On the contrary 
we must take account of such transitions (which are under some circum- 
stances by far the more frequent) in which some of the oscillators jump to 
a higher level and others to the lower one, adding, so to say, their energy 
to the excitation energy. 

Further it must be remembered that the ^hesonaiice condition’^ expressed 
by the equation (26) or 

Eo- Er = Wii -Wi + Wf 

need not be exactly satisfied. In fact we have to consider, theoretically, transi- 
tions for which the difference E^ — Er has any value whatsoever. Let us de- 
note the sum lliMf for all transitions for which the value of Eq—Et is enclosed 
between jE and by S{E)dE, Then the transition probability which is 

actually observed referred to unit time is given by 


Pr 


47r^ 


-S(E) 


( 35 ) 


See, for instance, J. Frenkel, Einfiihrung in die Wellenmechanik p. 2 11, formula (72a). 
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E being the resonance value of that is, the excitation energy of the 

crystal, defined by the right hand side of equation (26). — Br can be 

expressed as the sum over all the Zn oscillators, where — are the 
corresponding energy quanta and = +1? or —1 for an oscillator not 

partaking in the transition, jumping to the next higher level, and the next 
lower level respectively. The total number of oscillators participating in the 
transition p is thus equal to S [^s | , and the excess of oscillators gaining energy 
over those loosing it J/ps. It must be remarked that for low temperatures, 
and in the case of the high frequency oscillators even for room temperatures 
jumps of the second kind (down) may not be possible, the corresponding 
oscillators being in the lowest state {Nrs ~ 0) 

We shall first neglect these downward transitions, that is, restrict our- 
selves to the non-negative values of pg (0, 1). We shall further, for the sake 
of simplicity, take the same value of (Xr given by (32a) for all the oscillators 
(see below) . 

Our problem then reduces to the determination of the value of the sum 
Lv = 5(6)&/U^<>1 = 

for all values of the psi = 0, 1) satisfying the condition 

E ^ ^E + dE (36) 

p being equal to the sum This problem is quite similar to the familiar 
problem met with in the Pauli-Fermi statistics of a gas with a given total 
energy E the ps representing the possible numbers of particles in the s-th 
state. From the physical point of view they differ by the fact that instead of 
calculating the number of states of the whole system, that is the sum SI under 
the restriction (36) (the logarithm of SI being defined as the entropy), we 
have to calculate the sum SjUr^, and further by the fact that E does not ac- 
tually represent the energy of the system of oscillators but the change of this 
energy, the states thus being replaced by the transitions. 

The restriction (36) can be removed by considering instead of the sum 
S V/ the sum with suitably adjusted parameter j8 (corresponding to 

the reciprocal of the temperature), extended over all possible values of the 
ps. The second (unrestricted) sum is of course different from the first (re- 
stricted) one, but there exists a simple approximate relation between them. 
Writing the unrestricted sum in the form 

= I S(E)e-^^dE 

Jq 

(the factor l/\ Ur^ \^ is dropped for the sake of brevity), we see that the 
integrand 5(£)e~^^ must have a maximum for some value of E, which by a 
suitable choice of ^(>0) can be made to coincide with the given value Em 
lying in the interval (36). If this maximum is sharp enough, which is actually 
the case when Em is not too small, we can replace the function S{E)e'^^^ by a 
Gaussian function 
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where the parameter y measures the width (or sharpness) of the maximum. 
This gives 

- E„) = 

J_eo 

or 

£^JSm 

S{E„) = (37) 

where the (unrestricted) summation on the right hand side has to be carried 
out exactly. 

The specified value of the parameter /? can be easily determined from 
the condition that the ^^average” value E for the curve S{E)e'"^^ practically 
coincides with the extremal value This gives 

r ES{E)e-^^dE 

_ J dr 

E = = log S{E)e~^ dE = E^ 

J dB 
S{E)e-^^dE 

or 

Em - dlogZ/dfi (37a) 

I where 

z= (376). 

is the analogue of the "state-sum” (Zustandssumme) of the usual statistical 
theory. The determination of the parameter y requires some approximate 
knowledge of the function S(E) and can be effected after the evaluation of 
S{Em) according to (37). 

We have 

Z “ )g-^(Piei4*P2e2+*-*) — JJ 

J>1 ,332* * • » pS 

= n(l + Fre~^‘‘) 

whence 

logZ == X) log (1 + = r log (1 + iJ.re-^^^)g{€)de (38) 

g(€)E€ being the number of oscillators whose energy quanta e^hv lie between 
€ and e+ie. Restricting ourselves to longitudinal waves we have 


g{e)d€ ^ 
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Now jir being a very small num.ber (of the- order of i./n) we can put with suffi- 
cient accuracy 

log (1 + 

which gives 

Sniir 

logZ-— (38a) 

Jo 

This formula shows at once that Z is actually independent of n; the same 
follows from (37) and (37a) for j8 and for S{Em), the quantity which deter- 
mines the probability for which we are looking. 

The above results can be easily generalized to allow for the difference of 
the factor for different oscillators. Replacing by the product we 
get formulae of the same type as before. In evaluating log Z according to 
(38) or (38a) we have to consider jUr as a function of the index s or of the energy 
e( = €«). 

Denoting the value of for e = eo and = 1 with ptr we have 

Ptrs = tlr^aN's/eo 

so that instead of (38a) we get 

SniJLr 

iogZ = (39) 

Jq 

The average value oi N{t) at the temperature T under the assumption of 
statistical equilibrium is given by Planck’s law N{e) == 1). If we as- 

sume this distribution to hold for the initial (excited) state of the crystal 
‘then (since Nrs = Nos—l) the preceding expression has to be increased by 1, 
the average value of N{€) thus being 

N(e) = ^ 1) + 1 = i/(i ^ (39^) 

The above theory can be applied to the estimation of the probability of 
transitions of the opposite character, that is from the normal state to the 
excited one, so far as all the participating oscillators jump in the same sense, 
that is downwards, their energy being converted into the excitation energy. 
In this case we have to put of course 

(39b) 

It can be easily shown that our simplified theory, which takes into account 
jumps of the same sense only, holds for the limiting case that the product 
nfXr (which is independent of n and which is a measure of the change of atomic 
distance produced by excitation) is very small. The probability of transitions 
in whichj? oscillators take part being approximately proportional to (ixny/pl 
(cf. equation (34)) a strict economy in the use of the different oscillators will 
be observed in this case, their number being reduced to the minimum pQ 
= {Eq— E r)/hv Q = Em / €o and "useless” jumps in the wrong sense practically 
excluded. 
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To get a rough idea of what will take place in the opposite case, that is if 
pLfi is large, we have to sum up the preceding expression for all values of p 
starting with p = pQ. If fifK^po this sum will still practically reduce to the 
first term. If however ixrLS>p^ it can be replaced by the sum i iixn) V p ! 

giving The same result is obtained by replacing the sum by its maximum 
term, which corresponds to p=ixn and putting p\~(p/e)^. 

The method applied above for the approximate evaluation of the re- 
stricted sum of the products fXrs | ^« | is no longer applicable when the numbers 
ps are allowed to take negative values (-*-“1), for the simple reason that the 
function S(E) has no tendency to increase in this case with increase of E. 
To the contrary it has a very flat maximum for E = 0 and vanishes for 
I E I >S€ 5 , One could get rid of this restriction E<'I:pses<E+dE in this case 
by a more general method, involving the use of Dirichlet’s disruptive multi- 
plier.^^ It does not seem worth while however to develop this method at a 
greater length here and we shall satisfy ourselves by making a direct cal- 
culation for the simplified case €« = e = const. Our problem can then be stated 
as follows: The number n is expressed as the sum of three numbers 
denoting respectively the number of positive, negative and 
zero values in the sequence pi, pi ‘ ■ pn] to determine the sum 

under the restriction that — n" = pQ = E/e. 

Since each ^^partitio” n = can be effected in n\/n'ln''ln"^\ 

different ways (by permuting the numbers pi) we get 

= 2 ' = n" + po, n'" = n - 2n" - p^). 

The ratio of the w"-th term of this sum to the preceding one is equal to 
{n - In” + Po + l)ix ^ + p^ 

or approximately so long as n” is small compared with n 

+ ^o)* 


The maximum term is that for which this ratio is equal to 1, the condition 
n"<^n being obviously satisfied for n"(w"+^o) = {njiy. Replacing the sum 
by its maximum term we have 


YJ ^ / n' \n” \ 

This gives if n"^\ using Stirling’s formula 




27rn”^"{n” + po)^"+Po 


where 


n" = [{nixY + {p,/2Y]^l^ - p,/2. 


(40) 


(40a) 


That is the integral /(i'°w a :)C cos which is equal to x/2 fora>6, — ?r/2for o<i 

and x/4 for a ==&. 
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If n/x is much larger than po we can put n"-nfi and reduce the above sura to 

In the opposite case (nfji.<K.po) we have n” ^(nfx)ypo, the result given by (40) 
being practically the same as in the case n" = 0 which corresponds to one- 
sided jumps, that is 

^Vn'+n" ^ {n^)P,/p,l 

Which case is usually met with in practice, is difficult to say. 

7. Radiative Transitions (Absorption and Emission of Light) 

We have considered heretofore only radiationless transitions of the 
crystal from the excited state to the normal one or vice versa. We must 
now briefly examine such transitions which are connected with the absorption 
or emission of light. As has been pointed out in the introduction the excita- 
tion of a crystal by incident radiation forms the first stage of the process of 
light absorption, the second stage being provided by the radiationless tran- 
sition to the normal state. 

The energy levels or spectral terms which have to be considered in this 
connection are those that have been discussed already in the preceding sec- 
tions, the energy of one of the excited sub states with respect to the normal 
state being given by (26). Since there are ?^-substates, corresponding to one 
single excitation state of an isolated atom, there must appear in the spectrum 
of a solid body in general n lines, corresponding to one single line in the spec- 
trum of the gas, so far of course as the initial or the final state is the normal 
one. The frequencies of these lines, which can be described as forming an 
^^excitation multiplet” are given by 

Vr = il/h)iWn --Wi- ILo') + W//h (41) 

if vibrational transitions are not taken into account. Allowing for these 
transitions we get a still larger number of spectral lines with frequencies 
differing from the preceding ones by the amounts 

AVr = X)brs(iV’r« + |) “~ J'0s(^08 + 1)]. (41a) 

The spacing between the main lines (41) is determined approximately by 
the expression (15) or (8a). It is the smaller, the larger the number of atoms 
in the crystal. The total width of the multiplet formed by all these lines, 
is however independent of and equal approximately to F0+6F1, where 

1 (42) 

and (for the case of a simple cubical lattice) 


(42a) 
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k and I denoting two neighboring atoms. This width is of the same order of 
magnitude, or perhaps just a few times larger, than the shift in the spectral 
levels of two atoms, produced by their combining together into one mole- 
cule. The maximum spacing between the lines of such a multiplet is of the 
order of 2Vi/n, that is, so small that they should appear in practice as a 
continuous band even if they had no satellites due to the accompanying 
vibrational jumps and no natural width, which is measured by the proba- 
bility of radiationless transitions we have examined before. This natural 
width (equal to the ^^mean life” of the corresponding excited substate), 
being independent of n must be much larger than the spacing between the 
consecutive lines. We thus see that the resolution of the continuous (band) 
spectrum of a solid body into single lines, which has been observed by J. 
Becguerel in the spectra of some rare earths at the temperature of liquid air 
and recently by W. Obreimow^^ in iodine and other substances at very low 
temperatures (of liquid hydrogen or helium) cannot be explained without 
special assumptions about the separation of the lines of an excitation multi- 
plet or their intensities. 

It can occur, namely, that for some excitation state II the exchange 
energy” (42a) is abnormally small, so that the whole multiplet will appear 
as a single line, accompanied by satellites due to the vibration jumps. Since 
the coupling of the electronic states with the vibrational ones is determined 
partially by the same energy Fi, as the width of the excitation multiplet 
(see for instance formula (15a) for the change of the crystal lattice 6), these 
satellites will be rather faint. This may account for the lines observed by 
Becquerel, which were not very much influenced by the temperature. 

Another possible explanation is that only a few of the excited sub-levels 
can combine with the normal one, these combinations forming a series of 
more or less widely spaced lines. Now the natural width of these lines due to 
radiationless transitions will be the smaller the lower the temperature, for 
as we have seen the coefficients ixrs which determine the probability of such 
transitions are proportional to the average values of the quantum numbers 
Ns and must therefore decrease as the temperature decreases. At the same 
time and in the same measure will the intensity of the satellites decrease 
due to vibrational jumps. It can thus happen that for sufficiently low tem- 
peratures the continuous spectrum of the solid body will be resolved into 
separate lines, in accordance with Obreimow^s observations. 

It is however hardly possible to substantiate the above explanation by 
actual calculation of the intensities of spectral lines, that is of the probabilities 
of transitions connected with absorption or emission of radiation. 

In the simple case of an atom or a molecule these probabilities are de- 
termined by the matrix elements of the resulting electric moment of the 
system. In the case of a molecule consisting of n identical atoms this sum is a 
symmetrical function of their electronic coordinates 1,2, • • • n. Replacing 
the molecule by a crystal and considering pure electronic transitions not 
accompanied by vibrational jumps, we get for the matrix element of this 

20 W. Obreimow and Proc. Amsterdam Acad, de Kaas 31-3, p. 353 (1928). 
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symmetrical function P{1, 2, • • • n) with respect to the functions Xr and 
Xo a, value which can be tshown to be zero for all the excited sul)states with 
the exception of the symmetrical one (by the same argument as in Section 5). 
It thus seems that, as a matter of fact, the whole multiplet will l)e reduced to 
one single line, or there will be no lines whatever if the symmetrical excitation 
state cannot be realized. 

This argument is however fallacious, for in the case of a crystal whose 
linear dimensions are large or even comparable with the wave-length of the 
absorbed or emitted light the probability of absorption or emission will be 
determined not by the resultant electric moment P(1 , 2, • • • n) but by a sum 
of the moments of the separate atoms Pk{k) multiplied with certain phase 
factors, which depend upon the positions of these atoms Ru. In case of a system 
of plane electromagnetic waves (of resonance frequency) propagated within 
the crystals in the direction x, say, with the phase velocity w, these factors 
would be so that the probability of absorption of a vsiogle light 

quantum, that is of the excitation of a single atom, would be measured by 
the matrix elements with respect to the functions Xr and xo of the sum 
There is no reason why these matrix elements should vanish 
for most of the substates r, remaining different from zero for a few others. 

The computation of the excitation probabilities by the above method 
can hardly give perfectly correct results, a more consequent quantum- 
mechanical treatment being necessary in order to obtain them, but it seems 
fairly certain on the basis of these crude considerations, that nothing like a 
selection rule for the different terms of an excitation multiplet can be expected 
to exist. 

It is possible that the phenomenon observed by Obreimow is limited to 
the case of compound substances, which lie outside the scope of this in- 
vestigation. Preliminary results which I have obtained for such compound 
crystals, seem to support this conclusion. 
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BAND SPECTRUM INTENSITIES FOR SYMMETRICAL 
DIATOMIC MOLECULES. II 

By Elmer Hutchisson 
University of Pittsburgh 
(Received November 10, 1930) 

Abstract 

In a previous paper the writer derived an approximate expression for intensities 
in the electronic vibrational bands of symmetrical diatomic molecules, based upon the 
Franck-Condon theory of transition probabilities. In the present paper the approxi- 
mation is carried further, by removing the restriction that the oscillations be linear. 

An extended formula is given making use of the Schrodinger theory of perturbations. 

Calculations using this perturbation theory formula are carried out for the hy- 
drogen absorption band spectrum. It is shown that the agreement with experiment 
is much improved over that obtained on the assumption of harmonic oscillations. 
Calculations are also made using Morse’s potential function in which case the agree- 
ment is still further improved, especially for the higher transitions. 

1. Introduction 

I N A recenU paper the writer derived a formula expressing the intensities 
of the electronic-vibrational bands of symmetrical diatomic molecules 
as a function of the change in separation of the atoms and the change in the 
binding force between the atoms caused by the electronic transition. Since 
the present paper is essentially an extension of the results there obtained, 
the above paper will be referred to as Part 1. The formula developed in 
Part I was used to calculate the intensities in the absorption spectra of 
several molecules and approximate agreement with experiment was obtained. 
Exact agreement was not to be expected due to the fact that the experimental 
temperatures were unknown and because of the approximations which had 
to be made in order to carry through the calculations. Three essential as- 
sumptions in deriving the intensity formula were; (1) that the complete 
wave function could be expressed as a product of a function of the electronic 
coordinates only and a function of the nuclear coordinates only; (2) that the 
electric moment could be separated into two parts, one of which was constant 
over the electron integration and the other constant over the nuclear integra- 
tion and; (3) that the oscillations of the nuclei were simple harmonic. The 
last assumption was made not because of any theoretical necessity but merely 
to simplify the algebraic evaluation of the integrals involved. It is the pur- 
pose of this second part to extend the formula developed in Part I to the case 

in which the nuclear oscillations are nonharmonic. 

11. Application OF THE Perturbation Theory 
In order to take care of the deviation of the nuclear oscillations from 
simple harmonic motion, the potential energy between the nuclei may be 

1 E. Hutchisson, Phys. Rev. 36, 410 (1930). 
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expressed as a power series in a factor depending upon the displacement of 
the nuclei fiom their equilibrium separation fe*. The Schrodinger equation 

In this case is : 

V^'i' + StWHW - + • • • } (1) 

where the Schrodinger wave function, 1T= total energy, /i = the equiva- 
lent mass, A = Planck’s constant, ^ = (r— re)/?-,, /c = moment of inertia at 
equilibrium separation and We, Ca and Ci are constant coefficients in the poten- 
tial energy. The radial part of the wave equation then has the followine 
form^ : (letting ^ = [h^iy2irio}J,) ]n) 


F" -h {{2W/}m, - kK{K -f 1) - r,^} + k^l^{2kK{K -f 1),, - can^} 
■+ k{~ 3kK{K -f l)i}^ — ari*] ]p = 0 


where A and iT is the rotational quantum number. 

The normalized solution of this equation in the first approximation, in 

which only the first term is considered since k usually has a value less than 
0.01, is: 

P.o = i2^vh^n)-^lh-^^im,{n) and (3) 

= ktieiv + 1) -f ^K{K -f- 1) (4) 

where v is the vibrational quantum number and H is the Hermitian poly- 
nominal. ^ ' 

The perturbation terms in the radial waves equation are therefore: 

Pi = (mico,/2)[2M(JL'-f 1)^ - (5) 

Va — (khuff2)[ 3kK{K -f- l)r;^ — Cii?'*]. (6) 

According to Schrodinger’s perturbation theory ,3 we have for the complete 
wave function: 


P. -- + P.I -h 2?,,2 -f . . . == i 7 ^o 4. 'EFvjF,o+- 

where * 


and 


Avi — ^ ViF^^FAdr) ^ — Wi^) 

f VaF,0Fi°dv ^ f ViF,OF,odv f ViFJ^FiHri 

b V - 

~ fP/ ^0 iW,o - wmw.<^ - fP.o) 

- J ViF^Wi^’dv J ViF^0F^«d7i^(W^° - IP, •0)2 


^ that the notation conform with 

M“trd 

* E. U. Condon and P. M. Morse, Quantum Mechanics, pp. 118 ff. 
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wherez^T^iandz^T^iand the limits of integration are taken from ?j= — co to 
+ 00 instead of from — 1 to since the addition of the region from — 1 to 
CO will not appreciably affect the value of the integral for small quantum 
numbers. Also we have: 

A^v = 0 and ^ (10) 

i 

To evaluate the integrals in the perturbation terms we make use of the 
recursion formulas 

= [{v + i)/2YlWAi + [v/2y<^FvU 
= [(® + Div + 2)/22]i/2FAa + [(2» + l)/2]i?.» + Hv - 
= [(0 + l)(s + 2)iv + 3)/2=>]i/!=F43 + [3Kv + iy/2>YiWAi 
+ [3V/2^yiWJLi + [t)(» - l)(n - 2)/25 ]i/2/?,L3 
7,*F.^ = [(i; + 1)(0 + 2)(^ + 3)(^ + 4)/2^YiwJ<+, 

+ [iv + l)(t) + 2)Y'^[i2v + 3)/2]FA2 + 3[(® + 1)^ + v^]/2W,o 
+ [7)(» - 1)Y'^[{2v - 1)/2]F,»_2 + [(?) - 3)(a - 2)iv- 1 )v/2*YiW,U. 

The values obtained from these recursion formulas are now substituted 
in the integrals occurring in (8) and (9). The terms in Vi and Fj which 
depend upon the rotational quantum numbers may be neglected if we apply 
our results to only transitions between the first few rotational quantum states, 
since for actual molecules k is much smaller than or C4. We then obtain 
the following values for the constants : 

= C.,.+4 = (1/128) [hcH^v + 7) + Uc] [(a + l)(a + 2)(a + 3)(a + 

^.,.+3 = C ...+3 = {h^ihz/n-2^i^)[{v + l)(a + 2)(a + 3)]'/^ 

jB u , 'd-i-2 “ C T) (1/64) [kcs^Ov^ + 33a + 27) + 8M2a + 3) ] [(a + 1) (a + 2)^1^ 

= C„,.+i = (9Ai/V12-2i/2)[a+ 1]*'^ 

B,., = C.,. = - (/fec3V576)[l64a3 + 246a2 + 256a + 87] 

= - (9^i/V12-2i/^)[a]*/2 

= C.;.-2 = (l/64)[^C3K7a2 - 19a + 1) - 8(2a - l)][a(a - l)]i/» 

^.,.-3 = C..._3 = - (^i/Vl2-2i/2)[a(a - l)(a - 2)]i/2 

J5„,._4 = Cv,v-i = (1/128) [^CsK^a - 3) - 4^4:4] [a(a - l)(a - 2)(a - 3)Yl^. 

Since all the and B^s except those given above are equal to zero ’we 
may write the complete wave function in the simple form 

, tJ+4 

F. = 'ZCvjF/. (11) 

' j==u— 4 

To obtain a complete expression for the intensity amplitudes it is only 
necessary to substitute our new wave function into the final expression 
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hardly worth while to make tlie suhslitution ex- 
plicitly since the resulting expression would take up l{)f) much space and 
would be too cumbersome to use efficiently. However if we have a set of 
values calculated from the formula of Part I we mav immcdialelv obtain 
the corrected intensity amplitudes from: 

Iv'v" - Yh ID Cv'fX^v"jhf- (12) 

k=^v'~il js/csV^'—i 

This expression contains in general 81 terms and therefore require.s long 
calcu ations to get the required corrected intensities. The expression may be 
greatly simplified in many cases of absorption since then the lower electrimic 
level IS usually in a low state of vibrational excitation and may therefore be 

quite accurately represented by a harmonic wave function. In this case the 
expression becomes 

~ X) Cv'khv"^ ( 13 ) 

which contfiLins only nine terms 

III. Application to Hydrogen Absorption Bands 

pnniiiN ^bsoiption spectrum measurements which are precise 
of vihrnt^ e ermine how nearly Eq. (12) represents reality for the intensities 
by removing However, to see what changes are introduced 

out for V, A ’’^^triction of linear oscillations, computations are carried 
oSaSres ntT"']! especially suitable because at room tem- 

the Hiir h t ^ f molecules are in the first vibrational level so that 

furthermSrEt wT„3t?dT/Ea‘a2r° calculations and 

Tn 4- instead of Eq. (12) may be quite accurately applied. 

reqn 1 t <5 fin ^ some comparison between the calculated and observed 

TcWe I. Thny 

in PariT from those given 

Show the intensities are given for each rotational transition and 

Schaafsma and Diet** between theory and experiment. 

estimateTfor hvdro emphasize the difficulty of making intensity 

that region to the strength of the continuous spectrum in 

The constants used in the harmonic oscillator calculations are: 

“''-Imn = 1-300 a = o.557 

We -4376.0 r," = 0.750 5= -0.209 

^n^ewharfrolTL^m ^^rt I. These values differ 

in these constants whl Hyman® but small changes 

nese constants will not change the calculated intensities very much. 

of Part I. It should read [2/«(l ]i/^ 

of the relative intensities. ^ transitions and therefore has no effect on the value 

’ ' Rev. 36, 187 (1930). 
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Table I. Intensities in hydrogen absorption. 


A. Experimental (Schaafsma and Dieke) 

Rotational 

Transition 

A 0 """Bq 

Aq—Bi 

4.0 — B 2 

A q—Bz 

A 0 — B 4 

Aq—Bz 

Ao—Ba 

4o 7 

1 

0 

4o — 

R( 0 ) 

0 

3 

4 

2 

2 

4 

1 

3 

2 

3 

R(l) 

2 

3 

4 

3 

2 

4 

2 

3 

2 

3 

R(2) 






4 

1 

3 

2 


R(3) 




0 

0 

0 

1 

1 

1 


R(4) 








0 



P(l) 

2 

3 

4 

5 

4 

4 

2 

3 

2 

3 

P(2) 

2 

2 


0 

00 

0 

1 

1 

1 


P(3) 

2 

2 


0 

00 

0 


0 



B. Calculated 

Harmonic 

Oscillations 

1.00 

7.19 

22.2 

37.7 

37.0 

19.4 

3.58 

0.05 

1.32 

0.03 

Perturbation 

Theory 

1.00 

6.6 

14.1 

5.2 

4.7 

27.4 





Morse’s 

F unction 

1.00 

4,28 

10.7 

15.5 

16,4 

12^.5 

6.96 





The above table gives the estimated relative intensities of many lines in the Ha absorption 
bands which have a common initial level Ao. Below are given the corresponding calculated 
intensities obtained from three different approximations. The occurrence of many gaps in the 
experimental part of this table is probably due to the intensity of the continuous spectra in this 
region. 

To determine the coefficients in the power series expansion of the poten- 
tial energy, formulas may be derived if one assumes the relation between 
the total energy and the quantum numbers as given by Fues.^ If the potential 
energy is given by 

u{^) = + ^ 4 ?^) 

we have 

k = 0.1774-10"iia),2/^ergs 

- (0.2179a'coJe'+ 1) 

C 4 , = 1 . 250 (; 3 ^ — l.AlOoJe^Je 

where a and x are the band spectra constants occurring in the expression 
for energy as a function of the quantum numbers; (the prime on the is 
used merely to distinguish it from a used in Part I). We then obtain for the 
potential energy expansions^ 

27'(?) = 0 . 459(^2 _ i.560f + 2.380^0 X ergs 

U"i^) = l.S87(|2 - l,56ie + 1.770g^) X ergs 

in which the following constants are used 

// = 1.404 X gm cm2 = 0.96 cm“^ co/x' = 19.54 cm""^ 

= 0.467 X 10"4o gj^ cm 2 = 2.7 cm-^ oj/'x" = 113.5 cm“i. 

^ These expressions are approximately the same as those given by 0. W. Richardson and 
P. M. Davidson, Proc. Roy. Soc. A125, 23 (1929) in which higher powers are included. 
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From the values of Ca and Ci obtained above for C7' the coefficients in Eq. (13) 
are calculated and finally the values given in the table are obtained. 

It is desirable to obtain analytical expressions for the intensities calcu- 
lated by using the wave functions derived from the potential energy given 
by Morse.® The writer has been unable to carry through the necessary 
integrations in this case. However in order to determine the effect of assum- 
ing such a potential function the integrations were carried out graphically 
and the results are given in Table I. The potential energy function in this 
case has the form : 

C /(0 = 

where D==cu,%/iu^ and a = ^he same band spectrum 

constants are used in this case as before. The fundamental constants are 
taken from Birge.® 

It is apparent from Table I that the extremely high intensities given by 
the harmonic oscillator calculations are reduced in both of the more exact 
calculations in agreement with experiment. The power series calculations 
are only given as far as the transition Bt-Ao since even for the last two 
given the perturbations are so large that scarcely any faith can be placed 
in the results. When the coefficients C 3 and C 4 in the power series expansion 
are large as they are in hydrogen, the perturbation theory, even when carried 
out to two approximations, gives reliable results only for transitions between 
the lowest vibrational quantum levels. 

The calculations based upon Morse’s potential energy function are 
probably more accurate than those using the perturbation theory. This is 
partly due to the fact that the “A” level as well as the “B” level is corrected 
for deviations from simple harmonic oscillations. It is probable also that 
Morse’s function approaches reality nearer than a three term power series 
for the higher transitions. Higher calculations than those given involve small 
differences between large quantities and are therefore subject to large errors. 

These calculations were carried out at the University of Michigan and 
the writer wishes to express his gratitude to Professor H. M. Randall for the 
opportunity of spending an extremely interesting and profitable summer in 
Ann Arbor. The writer wishes also to thank Professor Ruark of the Univer- 
sity of Pittsburgh for many helpful suggestions in the preparation of the 
manuscript. 

Note added in proof: J. L. Dunham (Phys. Rev. 36, 1553 (1930)) has 
pointed out that since the electric moment does not change nearly as rapidly 
as the eigenfunctions, the results of Part I and hence Part II, do not need to 
be restricted to symmetrical molecules for small quantum numbers. The 
correction given in footnote 4 is noted in his article also. 


« P. M. Morse, Phys. Rev. 34, 57 (1929). 

* R. T. Birge, Reviews of Modern Physics 1, 1 (1929). 
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DERIVATION OF HYPERFINE STRUCTURE FORMULAS 
FOR ONE ELECTRON SPECTRA 

By G. Breit 

Department of Physics, New York University 
(Received November 24, 1930) 

Abstract 

A short but rigorous derivation is given for the energy level separations caused 
by a nuclear magnetic moment in a one electron spectrum. Formulas (5) and (7) are 
general. For weak coupling between the orbital angular momentum and the electron 
spin formula (6) may be used. 

P'ORMULAS for the hyperfine structure of one electron spectra have been 
J- derived by numerous authors.^ The calculations are in most cases very 
lengthy and are carried out for special cases. The results may be obtained 
by the following short and yet rigorous consideration. The interaction energy 
of a nucleus with an electron of charge — e may be represented by 

S' = gy-aiA-y) (1) 

where y is the angular momentum matrix vector of the nucleus in units 
h/2-K and gyoy is its magnetic moment, /to is the Bohr magneton and g is a 
numerical factor to be determined by comparison with experiment. Here 

A = 2/io[r~®L — <}r“® + 3r(r(i)r~®]/[l +-{eAt^/2mc^)] 

+ 2/to[dr“^ - r{r6)r -^] — [l + (eAo/2«tc*)]-i (2) 

dr 

L is the orbital angular momentum in units h/2ir, 2d is Pauli’s spin vector 
so that {h/2Tf)i is the angular momentum of the electron spin, r is the 
distance from the nucleus and Ao is the electrostatic potential. Expression 
(2) may be derived from the Dirac equation by eliminating two wave func- 
tions. The first part of (2) is the only important one except for 5 terms where 
the second part is responsible for all of the effect. The total angular momen- 
tum is 

E = / -[- y = L -f- d y . (3) 

The quantum number of F, /, L, y we write as /, j, I, i. By well-known 
theorems about angular momenta we have for the perturbed energy 

® ,•[/(/ + 1) - i{i + 1) - j(j + l)]/[2j{j + 1)]. (4) 

Here (A/)/ is the value of any diagonal element in the matrix (A/) in that 
part of it which belongs to the quantum number j. Substituting /= L+d 
into (A/) we have except for 5 terms 

J. Hargreaves, Proc. Roy. Soc. 124, 568 (1929); 127, 141, 407 (1930). E. Fermi, Zeits.f, 
Physik 60, 320 (1930). Unpublished calculations of Casimir quoted in Pauling and Goudsmit’s 
book. 
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(AJ)/2^n 


+ 3 (rL)ir 4 )r •* + r' 


The d,enominator of the first part of (2) being set here - 1 since r?.4:o/2wiC" is 
in this case small. We note that rL = 0 and that 3 {rd)“ — ?'“# = (). We have 
then 


moKr-^L^-)Afif+ 1) - Ki + 1) - JU + 1.) I \jU -f 1 ; 1- 


This is exact since the coupling to the nucleus is weak. If in addition the 
coupling of L and d is weak we may write ==l(l + 1) so that 


1(1 T I) r T 

: --[/(/ + 1) - + 1) - j(j + !)](»'■'*) 

jO + 1) 


For s terms the denominator 1 + (evl o/2mc-) insures the disappearance of the 
first part of (2) in the approximation of formula (5). In this case 


{AJ)i = 2 mo J^ ^Kr)(l/2r0|^[l + (e^o/2m^)]-i| 


s 4tmo'^^(0) (6') 


in the same approximation as Fermi’s.^ If therefore we add to (6) the state- 
ment that for /=0 


l(r-=>)l(l + l)]i.o = 2^2(0) 


formula (6) becomes complete. 

These results in the approximation of equation (6) are in complete 
agreement with the statements made in Pauling and Goudsmit’s book 
where the calculations of Casimir have been used. 


2 The exact formula for a Coulomb field is found in G. Breit Phys. Rev. 35, 1447 (1930). 
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THE DIFFRACTION OF AN ELECTRON- WAVE AT 
A SINGLE LAYER OF ATOMS 

By M. V. Laue* 

(Received October 20, 1930) 

Abstract 

This paper undertakes to estimate the influence of the gradual transition be- 
tween the field exterior to, and in the interior of a crystal, on the diffraction of elec- 
trons. This gradual transition is required by electrostatics. The result is, that this 
influence may be neglected for electrons whose energy is two hundred volts or more. 

One can then treat the transition as discontinuous. In the case of slower electrons 
it seems doubtful, if such a treatment is permissible. 

Introduction 

T he theory of the diffraction of electrons by a space-lattice has been 
discussed by Bethe and later, under simplifying assumptions by Morse.^ 
These authors integrate the Schrodinger-equation for the internal field in so 
complete a manner, that little more is to be said. Their treatment of the 
incidence and reflection at the surface cannot be considered as equally satis- 
factory. They treat the triply periodic internal field as though it ceases 
suddenly at a certain plane. This is in complete contradiction to electro- 
statics, as one may not consider this plane as charged without coming into 
conflict with the atomistic foundations of the whole theory. The field cer- 
tainly dies off asymptotically as one proceeds outward. This is doubtless 
a lack in the theory which, as it seems to us, — might cast doubt on its ap- 
plicability to the experiments. At least it should be examined to see if and 
under what circumstances this approximation is justifiable. As a matter 
of fact it will appear that this is not always the case. 

Properly one should treat the atoms as having a finite extension but 
then the calculations based on the Schrodinger-equation would encounter 
a difficulty which is only too well known in optics, namely the reflection and 
refraction at a plane plate with continuously variable refractive index. Of 
necessity, then, we will treat the atoms as point charges. The order of magni- 
tude of our results will probably not be influenced. 

To obtain a comparison let us glance at the theory of Rontgen-inter- 
ference which is similar to Bethe's in many points. In this treatment one 
considers the space-lattice of diffracting centers to be bounded by a definite 
lattice-plane; one can also object to this since the atoms in the boundary 
planes actually do not occupy exactly the position which they would have if 
the crystal were continued beyond the boundary. But since a single layer of 
atoms contributes very little to the resultant intensity of Rontgen-rays this 

* Translated from the German by C. Eckart. 

I H. Bethe, Ann. d. Physik 87, 55 (1928); P. M. Morse, Phys. Rev. 35, 1910 (1930). 
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assumption can have little influence. In the case of electron-dilTraction 
things are essentially different. 

Let the primitive periods of the lattice-plane lie the vectors a; and a-y. 
the reciprocal vectors by, 62 which lie in the same i»Iane arc defined l,y the 

equations 

(ail?i) ~ 1, (aifoa) = 0, (a2&i) = 0, (ag&2) = 1. (1) 

The surface-density of electricity in this plane will be 

P “ ( 2 ) 

'1 

wheie r is the vector drawn from an arbitrary origin in the lattice-plane to 
the point of consideration, and 




( 3 ) 


The coefficient po is zero, since the total charge must vanish. The other 
coefficients are given by the equation 




in which F is the area of the parallelogram subtended by ai, ag, and the 
integration is to be extended over such a parallelogram. If a positive pole 
of charge Z lie at r4. = 6iai+82a2 a negative pole of the same strength at 
r..- •“(5iai+52a2) then according to 1): 


2Z€ 


Pm = 


l sin lieimibi -f- . 


( 4 ) 


We assume that the lattice plane has the equation z = 0. Then these 
charges produce the potential 


4 '= 


in whicW 


( 5 ) 


<l>m = 


( 6 ) 


The coefficient (f>o vanishes. It would have to be — because of A 6 = 0 — a 
hnea^fuiKtion of z and this must vanish because of the boundary conditions 

It would be otherwise if we had, e.g., two parallel planes of which the 
one had a net positive charge, the other an equal negative: then 4 >o would 
be different from zero between the two planes. Also if the atoms were not 
aken to be point-charges there would be regions in which <j>o did not vanish. 
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The Schrodinger-equation of the free electron 


SttV 

Ai' + = 0 


is integrated by the function 


^ (Xo) = 

h 


(7) 


in which R is the three-dimensional vector to the point under consideration 
(Aufpunkt); r is the component of R parallel to the plane s = 0, ^ the mass 
of electron. We also resolve the vector Kq into a component ko parallel to 
this plane and one parallel to the z axis — z the magnitude of the latter is 
/co = Then Eq. (7) becomes 

( 8 ) 


t/' = ^ 0 ( 2 ) = 

We assume that kq is positive; the wave than proceeds from positive to 
negative 2 -values. 

The Schrodinger-equation of the electron as perturbed by the lattice- 
plane 

SttV 


+ {E - = 0 


we attempt to resolve in the form 

It then reads 

' d^tn 


== X/ 4'r^(Ao 4* (>^7ri(kQ+bm, 

\ dz^ / 


(9) 


from which we can cancel the factor The remaining equation is then : 


fd^. 


dz^ 


+ 4x2(Xo2 - (iCo + braY)^m 6 


)' 


»2iri(6 r) 


8t^€/X 


7^2 




According to Eq. (3) 


K + ^>* = bp+q* 


Since this equation must be true for every value of the vector r, the 
separate terms on each side which have the same exponential factor must 
be identical, i.e. 


iir\Ko^ - {k, + bMm = ( 10 ) 
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To solve this system of infi.nitely many differential-eriualions witli infinitely 
many unknowns we use a method of approKimalioiu As first approxi- 
mation one will substitute for the value (8) of the wave-fuiKiioii fjf tlu 
nil perturbed incident wave, and retain only the term in on tlie sick, 
of (10). The weaker the inteOvsity of the diffracted waves comes out, the 
better will be this approximation. Since = 0 we llum obtain the ef|uation 










of which the solution satisfies the condition that it must represent emergent 
waves at 0 = ± go is 


Pm{^) == 27ri 


(j), 

I 


02TUmZ i: 


4" iS~ 


The abbreviation 


6n. = (Ko^ - (Ao + 


has been used. That this is a solution of Eq. (11) will be seen on substitution. 
For 3 = + 00 we obtain from (12) : 


¥ e. 

At 2 = — CO correspondingly 
.«M <l>i 


- ,eiJ. <t>m . 

2Tri 6 I lt!g+2iri«mr^^ 

•'-a 


'Pm = 2iri 


'¥ 


r+“ 

-e+iritmZ I ,^0(f)e-2i^l6»llfle-2jri.„,f^^_ 
% 00 


These are the emergent waves required by the boundary conditions, at 
least, if em is real and positive. 

The latter may always be assumed to be the case, as the sign is not 
defined by (13). The former is not always true according to (13). In ad- 
dition to the diffracted homogeneous waves there are also inhomogeneous 
ones which are propagated along the lattice-plane and die off asymptotically 
in a direction perpendicular to this plane. For every pair with indices m with 
real there are always two emergent waves on each side of the lattice-plane. 

It will be remarked that Eq. (12) is still valid for such inde.v pairs, m, 
for which lem is positive and real.® If one draws the factor under the 

integral sign, than the bracket in (13) has the value 




! 1 1 f 1 g-2 V um 


5 Negative real values may be left out of account since the sign of the root in (13) is -ar- 
bitrary; they must be left out of account, because Eq. (12) is not longer valid when Um <o. 
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in the first of these integrals s — f is negative, in the second positive. They 
both exist therefore. Only Eqs. (14) and (15) must be changed for this 
case; but our interest is only for the homogeneous waves, i.e., real values 
of €jn* 

For the justification of this calculation it is essential that Eq. (11) applied 
to the index pair 0,0 possesses the solution ^o(z) as given in Eq. (8). This 
would not be the case, if did not vanish. In that case we would encounter 
the problem of the plane parallel plate as remarked in the introduction and 
would have to use its solution in evaluating the other xj/m- 

The integrals in (14) and (15) are to be evaluated for real values of €m 
and t/^o as in (8). They are 


I 

I 


+00 

^2Tri(xQ±em)i"^~2Trl 6mi Ifl 

-00 


00 


^2ri(KQ±em)tg—2irlbm 



g2xi 


(Kq ± fg+S T 1 6/rt 1 f 


= 2 





1 I 

IT (kq + em)^ + 


VV 


If we now use the value of (f)m given by (6) and pm given by (4), 
sin 27r(mi5i + ^ 2 ^ 2 } e^ 2 rt€mz 

^ for^ == ±00 (16) 

h‘^ F €,n[(/C0 ± +bn?] 


in which the abbreviations 

Ko = (Ko^ - 1 Ko 1 cos d, 1 Ko 1 = 4(2 m-E)''" 

h 

€„ = - (*o + br.Yyi^={K^^ cosH- 2(icob„) - 


have been used. The angle d is the angle of incidence of the original electron 
wave. Only the last of the three fractions in (16) depends on the energy of 
the electrons, and it diminishes with increasing E approximately as 
For sufficiently fast electrons the amplitude of every i/'„-wave is so small, 
that the diffracting-power of the single atomic layer is insignificant. The 
neglect of the surface layers is then justified. To obtain an estimate of the 
lower limit above which this is true we will later evaluate Eq. (16) numeri- 
cally. 

One can best estimate the strength of an inhomogeneous wave if one 
determines its amplitude in the lattice-plane itself (2 = 0). We designate 
the real positive quantity itm by r/m. From (12), (6) and (4) it then follows 
without difficulty that : 
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i'miO) — — isin 2 x(oti5i + 


One notices the diminution of the amplitude %vith increasing indices nii, m-z. 

For numerical purposes we suppose the vectors a,, perpendicular the 
one to another and both of length 4X IQ-Scm. Then the recipiTK-al \-cctors 
bu &2 will also be perpendicular and of the magnitude 2 . 5 X 10’’ cnr-'. In each 
square formed by ai, as we suppose one positive and one negative c.liarge -- 
each of Z — 1, but we do not determine their positions more definitely, i.e., 
the numbers Si, Sa are thus undetermined. Then the first factor in (16) is 


1.25X10“ cm-’. 


We suppose an electron beam of 150 volts energy to be incident normally 
(OT this lattice plane. The de Broglie wave-length is 10-® cm, also ico= jifeo'| 
= 10* cm-h Then only those homogeneous waves can appear, for which the 
indices mi, ms are any combination of the numbers ± 1 and 0. This results 
m 8 emergent beams from each side of the lattice plane. If one index is 0 
the other ±1 Eq. (16) gives * 


— 1 — ^ _ j_Q-6 1 ^ 

+ m^h)) ' ^ 


If both indices are 4; 1, then one finds 


+ m^h)) 


l.S X 10-5, 


\ 2 T{mibi + ^ 2 ^ 2 )) 


3X10- 


1 1 structure factor and obviously depends on the position 

of the two pointcharges in the elementary parallelogram. Since we set the 
intensity of the inadent wave equal to 1, the foregoing numbers represent 
hyelative intensity of the diffracted rays. As they are small compared 
ith 1, one will conclude firstly, that the present approximation is sufficient 
and secondly, that the diffracting-power of the single plane is so small that 
It IS justified to neglect the surface fields as Bethe and Morse have done. 

1 he result IS quite different if we consider electrons of energy 37.5 volts 
other things remaining the same (wave-length \ = 2xl0-« cm). Then the 
only possible homogeneous waves are those for which one index is 0 , the 
other ±1. At 0 - -boo the fraction [^jVsinS ( ) has a sufficiently small 
value, namely 10 ; but for 0 = -oo it becomes even greater than if which 
naturally means that the present approximation is useless. In this case it 
~ that spaca lattice theoriea of Beth, and Mo™ require ettensLTby 
considei ations regarding the surface layers. 

despite the fact that the case here con- 
sidered IS far from the real one, that for electrons of 200 or more volts energy 
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the neglect of the surface action in the space lattice theory of electron dif- 
fraction is justified, but that this is not obviously true at smaller velocities. 

In the experiments of Stern and his collaboraters on the diffraction of 
atoms and molecules by crystals, the plane-grating-action of the surface 
is the only thing observed, no space-lattice effects. The theory of these 
phenomena one must probably attempt to carry through in a similar manner 
to the above. The essential difference will be in a different value of the 
coefficients of the Fourier-series for the potential energy. The form (9) 
for the wave-function and the approximation introduced in (11) may prob- 
ably be retained. 
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SOME PHOTOELECTRIC AND THERMIONIC PROPERTfFS Oi.’ 

RHODIUM 

By E. H, Dixon 

Department of Physics, University of (;f,okoia 
(Received November 19, 1 MO) 

Abstract 

of rhodium was subjected to rigorous heat Ireatmenl at OSO'-- 
1450 C for 1050 hours m a final vacuum of 10"* mm of Ifg i„ order to pul it in a .stable 
condition for photoelectric and thermionic measurements. During tliis period the 
long wave limit shifted from about 2S30A to 3150A and then shifted back to >51)9 A 
where it remained during the latter 375 hours of heat treatment. 

The photoelectric current was found to increase about 130% as a result of increas- 
ing the temperature of the rhodium from 25°C to OSON'. A rather sudden increase 
took place at about 240°C. mcreast 

I"*" T"'' determined from the final long wave 

9^0 ^ ±0.06 volts. The long wave limit at 240°C was 2652- 

./5-A which gave a photoelectric work function of 4.57 ±0.09 volts for this tempera- 
ture. jNo further change in long wave limit was observed up to 650®C 

An anomaly was observed at llOOX where the thermionic current was irregular 

resistance of the rhodium with temperature 
changed on increasing the temperature. ^ 

with determined from observations and 

with Richard^n s equation, was 4.58 ±0.09 volts. This value agrees with the photo- 
electric work function at 240°C. ^ 

tube whhertfZr ‘"‘'•°d“ced separately into the experimental 

dm! rhodium was m its outgassed equilibrium condition. In tlie case of hy- 

drogen the wave limit was changed from 2482-2536A to 2378-2482A In the case of 

not bTdlt® "'ave limit was changed from 2482-2536A to a value so low that it could 
not be determined by the method used in this work. 

A MONO the photoelectric and thermionic studies of metals which have 
_been_ subjected to rigorous heat treatment, or distillation, there are- 

S^Matlnum f thermionic and photoelectric properties 

b Cardwell s- work with iron and cobalt; Martin’s-’ thermionic 
and photoelectric study of molybdenum; Warner’s^ work with tungsten - the 
work ofKazda, Dunn,’ and Hales^ on mercury; and Goetz’s’ study of tin. 

electric nn^H^tb ^as been (1) to investigate the photo- 

electric and thermionic properties of rhodium during and after subjection 

961 (19°28b^^'’ ''' ^'^28): Phys. Rev. 32, 

! 439 (1928): Nat. Acad. Sci. 15, 544 (1929). 

® Martin, Phys, Rev. 33, 991 (1929). 'v b 

^ Warner, Nat. Acad. Sci. 13, 56 (1927) ; Phys. Rev. 33, 815 (1929) 

® Kazda, Phys. Rev. 26, 643 (1925). 

® Dunn, Phys. Rev, 29, 693 (1927). 

Hales, Phys. Rev. 32, 950 (1923). 

* Goetz, Phys. Rev. 33, 373 U929), 


60 


PHOTOELECTRIC AND THERMIONIC PROPERTIES OF Rh 


61 


to rigorous heat treatment and (2) to introduce known gases in order to 
determine their effects upon the photoelectric properties of rhodium in the 
outgassed condition. 

Apparatus 

The experimental tube was similar to that used by DuBridge® with a few 
exceptions. Charcoal was not used in this work. Potential leads, spot- 
welded about a quarter of an inch below the ends of the filament, permitted 
the measurement of the P. D. across the filament. A grounded guard ring 
was installed between the collecting cylinder lead and all of the other leads 
of the experimental tube. The fact that Pyrex was sufficiently conducting 
at 100° C to prevent an accurate measurement of the photoelectric current 
immediately after cutting off the heating current made this device compul- 
sory. The rhodium, purchased from the American Platinum Works, Newark, 
N. J. in the purest state that they could furnish, was in the form of ribbons 
10 cm long by 0.4 cm wide by 0.004 cm thick. Each ribbon, bent in the form 
of a loop, was suspended inside a molybdenum collecting cylinder from two 
fifty mil tungsten leads through which current could be sent to heat the 
specimen to any desired temperature. All of these devices were enclosed in 
a Pyrex tube which was connected through two liquid air traps, a mercury 
cut-off, and a water-cooled mercury diffusion pump to a ^^Cenco” fore pump. 
The molybdenum cylinder was provided with two one half inch holes, one for 
illuminating the specimen and the other for pyrometric measurements of the 
temperature. A shutter, operated by an external magnet, could cover the 
opening through which the photo-active light had to pass. A quartz window, 
attached to the experimental tube by means of a graded quartz-Pyrex seal, 
served to admit radiation from a Cooper-Hewitt quartz mercury arc which 
was operated by a current of 3.1 amperes. The vertical arc was enclosed 
in a metal housing. Pressures lower than 10~® mm of Hg were measured with 
an ionization manometer which was calibrated by extrapolating from data 
obtained by means of a McLeod gauge. The extrapolation was based on the 
work of Dushman and Found. The photoelectric currents due to the full 
radiation of the mercury arc were measured by means of a Compton^^ 
electrometer shunted with a resistance of 10® ohms, thus permitting the use 
of the steady deflection method of measuring current. The sensitivity of the 
electrometer was determined at the time of each observation. The rate of 
charge method of detecting current was used in getting the long wave limit. 

OuTGASsiNG Treatment 

For 48 hours the molybdenum collecting cylinder was heated by electron 
bombardment in an auxiliary vacuum system at 800-1000°C before it was 
introduced into the experimental tube. When the experimental vacuum 
system was apparently free from leaks and the pressure was as good as could 

® DuBridge, Phys. Rev. 29, 451 (1927). 

Dushman and Found, Phys. Rev. 23, 734 (1924). 

Compton, Phys. Rev. 14, 85 (1919). 
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be read on the McLeod guage (of the order of ICr^ rnin of Ifg), tlie ionization 
manometer, the experimental -tube,' and the second liciiad air Irafi were 
heated for 94 hours at approximately 400, 500, and 500 di^grccs V rt*.spec- 
tively. At the. end of this period the pressure was again nf ilie ordiT of 10“”^ 
mm of Hg while the tubes were hot. Then, in order to avoid ex(‘essive evap- 
oration of the specimen, it was heated by a cairreiit at linnpcrat un^s wltirh 
were gradually increased from about 90CrC to I250*^C and finrill}’ tr) MSO'^C, 
The high vacuum end of the system up to the first liquid air tnii) was heated 
with a torch. 

Fatigue- 

In Fig, 1 the photoelectric current due to the full arc is |>Iottc<i as a func- 
tion of the time of rest after cutting off the healing current. After fifty hours 
heating of the specimen there is a marked fatigue which b{‘conK*H more pro- 
nounced until 250 hours of heating. Then it becomes rapidly less marked until 


b 1 J i ! t i i 

■ X i : 6 . li J6'. ■ - Zi . 

a. TIME OF RESTING CMINUTES) 

Fig. 1. Decrease of photoelectric sensitivity with time, using full arc. 

Curve taken after 50.5 hours of heat treatment. 

Curved, « " 116.5 « . « « 

Curve j?3, « « 250.5 « « « 

Curve #4, « “ 276.9 “ « “ 

Curve #5, " “ 372.2 « « 

there is practically no fatigue except for the first four or five minutes after 
cutting off the heating current. The drop in sensitivity during this short 
interval can be reasonably attributed to the fact that it required four or 
five minutes for the filament to cool to approximately room temperature. 
That this is the probable cause of the rapid initial change wms shown by cor- 
relating the rate of cooling of the filament, as determined from resistance 
measurements, with the temperature change of photo-sensitivity. In deter- 
mining a fatigue curve the first photoelectric observation was taken one min- 
ute after the heating current was stopped, and from the above mentioned 
comparison it was concluded that the filament was at this instant at a tem- 
perature of about 240® C. The change in the photo-current during the next 
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few minutes is associated with a phenomenon discussed in the next para- 
graph. 

Variation of Photoelectric Sensitivity with Temperature 

Rhodium, like Pt, Co, W, and Fe in the y form, has a positive tempera- 
ture coefficient after it has been subjected to severe outgassing conditions. 
There is an increase of 130% in the photoelectric current in going from room 
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HEATING CURRENT CAMPERESJ 

Fig. 2. Total photo-current as a function of heating current. 

temperature to a temperature of 950°C. In Fig. 2 the photoelectric current 
due to the full arc is plotted as a function of the heating current. The tem- 
perature was decreased slowly from llOO^C to 950^^0 and then readings were 
taken as indicated in Fig. 2. The data for this curve were taken after the 
filament had been heated for 640 hours at approximately 12S0°C. The pres- 
sure was 10“*^ mm of Hg. For each reading five minutes were allowed for 



Fig. 3. 


Fig. 4. 


attaining temperature equilibrium. The photo-current variation with tem- 
perature between 240°C and 950°C can be reproduced without serious diffi- 
culty. The difference between the two curves in Fig. 2 between 240°C and 
9S0°C is due to the fact that the specimen was cooled slowly from 1100°C 
where rhodium exhibits an unusual characteristic. This will be discussed in 
connection with the thermionic current as a function of temperature. The 
factors affecting the behavior of rhodium below 240^ C are complicated and it 
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different. In the case of the curve in Fig. 3- -the more frt^queni type oi rur\'e 

■“the final photo-current observed with zero heating (iirrent was not stable, 
but decreased in approximately one hour from the value al A to llic* value at 
B. Under the conditions of Fig.^ 4 on the other hand a staiile condition was 
reached at once by the same gradual reduction of the healing (Ujrrent to 
zero. If the heating current was instantly reduced to zero when the tilament 
was at about 1250°C (heating current of 12 amperes) the stable (ajudition 
represented by 5 would always be reached in al)out 10 minutes. As men- 
tioned above, almOvSt half of this delay is accounted for by the lime rerjuired 
for the filament and its surrounding cylinder to cool to room temperature. 
The behavior in the range from 240^C clown depends also upon the vacuum 
conditions, a seciuence such as that of Fig. 4 occurring only under tlie best 
conditions. The complicated situation which these curves suggest will be 
discussed later. 

The Photoelectric Long Wave Limit 
During the early stages of outgassing, the long wave limit was obtained by 
means of Corning glass filters. The final value, however, was located by us- 
ing various solutions of tartaric acid, acetic acid, and the glass filters. Spec- 
trograms of all filters were made at the same time that they were used. The 
wave limit was between 2378A and 2482A before any heat treatment. The 
specimen was heated for five hours at SOO^C after which the long w^ve limit 
was between 2S36A and 2752A. During the baking period of 94 hours it de- 
creased to about 2536A. Then, on heating the rhodium at temperatures 

Table I. 


varying from 900°C to 1450°C, its long wave limit varied with time of out- 
gassing as indicated in Table 1. During the latter 375 hours the long wave 
limit remained between the 2482 A and 2S36A lines. Both of these lines are 
very intense and the limit could be very definitely located between them. 
If this limit is taken to be characteristic of outgassed rhodium, ElinsteinV^ 
photoelectric equation gives for its photoelectric work function at 25°C 
Einstein, Ann. d. Physik 17, 132 (1905). 


Time of heating specimen 
(hours) 

Heating temperature 
(degrees C) 

Long wave limit 
(angstroms) 

25- 

900 

2967 

59 

1025 

2804-2967 

81 

1025 

2804-2967 

144 

1025 

2967-3341 

190 

1250 

2967-3341 

213 

1250 

(2536)-2752 

267 

1250 

(2536)-27S2 

419 

1250 

2652-2752 

676 

1250 

2482-2536 

1051 

1450 

2482-2536 
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chvQ c^h 12335 

F == —-==—-- === = 4.92 ± 0.06 volts, 

€ e\Q Xo 

where Birge's^® values for the constants are used and Xq is (2482 + 2536)/2A. 
The long wave limit for the rhodium at approximately 240°C (corresponding 
to a heating current of 2.5 amperes) was found to lie between the 2652A and 
2752A lines. The average of these values gives for the photoelectric work 
function at 240°C 

12335 

F = 4.57 ± 0.09 volts. 

2702 ± 50 

No further change in long wave limit has been observed up to 650°C. Never- 
theless, the photo-current continues to increase up to 9S0°C. An increase 
in temperature, therefore, appears to increase both the surface work func- 
tion and the quantum efficiency. 

Thermionic Current as a Function of Heating Current 

The thermionic current was measured with a Leeds and Northrup gal- 
vanometer which had a sensitivity of 1.57X10"^° amperes per mm deflection 
at a scale distance of 1.5 meters. In Fig. 5 the thermionic current is plotted 



Fig. 5. Fig. 6. 


as a function of the heating current in amperes. The most interesting part 
of the curve is at approximately 10.7 amperes (about llOO'^C) where the 
thermionic current is irregular. In the case of gradually decreasing the heat- 
ing current and observing the thermionic current at short intervals of heating 


Birge, Phys. Rev. Supplement 1, 1 (1929). 
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current, the writer has been 'able to obtain at abcnit 1(1,7 a,niperes of heatini;- 
current a gradual increase in the thermionic eiuissifui riieatiiig current kept 
constant) until it reached a maximum value corresponding to an iiicrc^ase of 
temperature of approximately 25‘^C and then a gradual decnacist.^ in enii>sion 
until equilibrium was reached at a value very close to what it was before 
the gradual increavse began (see Fig. 6). This phemmienon iiHlkaites that at 
about llOO'^C a change which liberates heat takes place on cooling liuKliuiu, 
Cardwelh^ published a similar thermionic curve for iron in whicli the 
thermionic current was irregular at 91(fC, where the crystal striKiure 
changes from the body centered cubic to the face centered cubic type. One 
would think that the similar break in the thermionic cur\’-e for rhodium is 
due to the same cause; that is, to a change in the crystal striu'ture. However, 
it is possible that the break is due to absorption or evolution of gas at tliis 
temperature. Nevertheless, it must be remembered that this specimen of 
rhodium had had more than 600 hours of heat treatment at al:)out 125U'^C 
in a final vacuum of 10””^ mm of Hg when the data for this curve were taken, 
and also that it has been impossible to detect any change in pressure peculiar 



Fig. 7. 

to this particular temperature while increasing or decreasing the heating 
current. The crystal structure of rhodium at various temperatures is now 
being determined in this laboratory by means of x-rays. 

Mendenhall and IngersolP observed an anomaly at about 1()50°C, con- 
sisting of an easily reversible change in the radiation of the surface of a small 
sphere of rhodium heated on a Nernst glower. They reported further that, 
as the temperature was lowered, the sphere became rather suddenly brighter 
— the change being seen to spread rapidly over the globule— and that, if 
the temperature was raised again, the reverse change took place. The fact 
that these observations were in air at normal pressure, while the present 
observations were in a very high vacuum, favors the view that the cause is a 
structure change rather than a gas action. 

Resistance as a Function of Heating Current 

^ In Fig. 7 the resistance of the specimen of rhodium is also plotted as a 
function of the heating current. It is interesting to observe that, at about 

Cardwell, Nat. Acad. Scl 14, 439 (1928). 

^ Mendenhall and Ingersoll, Phil. Mag. 15, 205 (1908). 
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10.3 and 10.7 amperes of heating current, a definite change in slope occurs 
in the resistance curve. It is reasonable to suppose that the two breaks are 
due to uneveness of the temperature of the filament, because this curve was 
taken after the filament had been heated for 575 hours at approximately 
1250°C. The fact that the slope of the resistance curve changes abruptly 
suggests the idea that a change in the structure may be taking place in the 
rhodium. 

The Thermionic Work Function 

The black-body temperatures of the rhodium strip were measured with a 
disappearing filament type of optical pyrometer which had been calibrated 
at the gold and palladium points and sectored down from the palladium point 
to the gold point. The readings were corrected for the transmission of the 
Pyrex window by means of data taken before it was sealed to the experi- 
mental tube. Then the true temperatures were computed from the relation 

1/r - 1/5 = X log e/c 2 log e, 

where T is the true temperature, 5 the apparent temperature, X the wave- 
length used, e the emissivity,^® Ca a constant in Wien’s equation, and e the 
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Naperian base. Fig. 8 gives the relation between (logf — 2 log r)/(log e) + C 
and 1/r. The slope of this curve is the b in Richardson’s relation 

where i is the thermionic current and 4 is a constant. 

6 = 53,100° iC. 

Hence, the thermionic work function is 

bk 53100 X 1.371 X 10-“ X 299.8 , 

V = — = = 4.58 volts. 

e 4.770 X 10-“ 


“ Bulletin of Bureau of Standards 11, 595 (1914-15). 
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From other curves it Is estimated that the result c!an he reprodured easily 
within 2%. Therefore, the thermionic work funcii^ui is 4*5KiJM)d volts. 
This value agrees with. the value given for the pilot oekTtric: work fimctioii 
at 2.5 amperes of heating current (approximately 24()'k"d. 


The Effect of Pure Hydrogen and ()xvGr:N 
ON OUTGASSED RhODIUM 


. Extreme care was given to the purification of the In^drogen and oxygen 
used in this work. Hydrogen, admitted to the exi'Kirimenta! tiil.ie after 5d0 
hours of heat treatment for the rhodium, changed tlic long wave limit from 
the equilibrium, value of 2482~2S36A (a value chara<,1eris1i(! of rhodium after 
1000 hours of heat treatment in a final vacuum of 10”^ nim of Hg) to 2378" 
2482A; that is, the limit was changed to approximately the original value 
characteristic of the specimen before it had received any heat treatment. 
The photO“Current was decreased very quickly from 100 mm deflection to 
2 mm. Heating the specimen at lOOO^C for one minute in Iiydrogcn at a 
pressure of one mm of Hg increased the photo-current from 2 mm to 100 mm 
deflection, but the photo-sensitivity dropped to 3 or 4 mm in 4 minutes after 
reducing the heating current to zero. Allowing the pumps to remove as 
much of the hydrogen as possible without heating the rhodium increased 
the photo-current from 2 mm to 4 mm. Light from the mercury arc in* 
creased the photo-current from 2 mm to 4 mm in two hours. The long wuive 
limit characteristic of the rhodium after 1000 hours of heat treatment was 
attained in 100 hours of heating at 1250®C after this exposure to hydrogen. 
It is evident that rhodium occludes and adsorbs hydrogen quite well since 
its photoelectric properties are radically affected by the presence of hydrogen. 

Oxygen, admitted to the system after the specimen had regained its 
stable condition after the Introduction of hydrogen, changed the long wave 
limit from its equilibrium value of 2482'~2536A to a value below 23 00 A. 
Oxygen was more effective in decreasing the long wave limit than hydrogen. 
Heating the specimen at lOOO^C for one minute in oxygen at a pressure of 
1 mm of Hg did not restore the photo-current to its original 100 mm de- 
flection. In order to attain stable conditions again it was necessary to heat 
the specimen at for 100 hours and to heat by means of a torch the 

high vacuum end of the system several times during this interval. 

The following peculiarities of the photoelectric behavior below 240^C 
require further consideration: 

(1) The stable value of the work function at room temperature is 4.92 
volts; at 240®C this has changed to 4.57 volts, but no further change is ob- 
served from there on up to 6S0°C. 

(2) When the rhodium was cooled as rapidly as possible from 1250°C to 
room temperature, the stable condition would be reached in 10 minutes after 
stopping the heating current. 

(3) When the temperature was varied slowly from above 240^C, the more 
usual form of ascending and descending photo-current curve is shown in 
Fier, 3. Condition A is not stable, but changes to B in the course of an hour. 
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(4) Under the best attained vacuum conditions (10"“® mm of Hg) a differ- 
ent cycle is observed (Fig. 4) and with the same rate of change of tempera- 
ture as in Fig. 3, the stable condition (B) is reached at once. 

(5) It is to be noticed that the better the vacuum (Fig. 4) the more sudden 
are the changes in photo-current with temperature. 

The question is, are these peculiarities caused by changing surface con- 
tamination, or do they indicate a structure change in the rhodium occurring 
at or below 240°C? A simple calculation shows that with a pressure of 
mm of Hg and assuming no molecular reflection, it would take from one-half 
to several hours to form a monomolecular layer on the metal, according to the 
density one assumes for the gas layer. Hence from (2) above it does not 
seem likely that condition B is due to a gas covered surface, unless the gas 
layer is stable at high temperatures (1250°C) as well as at room temperature, 
being perhaps a hydride. Furthermore, in order to account for (1) and (3) 
this gas layer or hydride must be assumed to be unstable from 240^^0 up to 
some higher temperature, the relatively rapid rise in the ascending curve of 
Fig. 3 being due to the breaking up of the layer. But this does not fit (5), 
for the sudden drop in the descending branch of Fig. 4 would have to be 
attributed to the partial formation of the layer, and such rapid formation 
would be less likely to occur under the extremely high vacuum conditions 
of Fig. 4 than under the somewhat lower vacuum conditions of Fig. 3 — which 
is contrary to fact. The sudden changes so prominent in Fig. 4 strongly 
suggest that there is an allotropic change at 240°C, and that the structure 
stable above this temperature can be carried down to lower temperatures 
in an irregular way, depending upon circumstances. A comparison of Figs. 
3 and 4 suggests furthermore that the influence of this change in structure 
can be easily obscured by changing contamination except under the very best 
vacuum conditions. This is, however, not a completely satisfactory inter- 
pretation of the results. 

In conclusion, the writer wishes to express his sincere thanks to Dr. C. E, 
Mendenhall, under whose direction this work has been done, to Mr. J. B. 
Davis, the glass-blower, and to Mr. J. P. Foerst, the mechanician. 
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^ of ELECTRONS IN (;AS|{S 

By R* Ronald Pal^iee 

Defartmeht of Physics, Uniyek.sity of MiNNESfJiA 
(Received November 26, : 

Abstract 

The absorption coefficient of electrons has lK*en stiaiitMi as a fnmajfm of t he resf>lv» 
iiig power of the experimental apparatus. An electron heJHii of O.-l mm radius wms used 
in a Mayer type of apparatus in which the tjpening at the end uf the scattering cliani» 
her was of variable aperture. Values of the absorption coefficsrmt were obtained in 
helium and in mercury vapor for 20, 40, 80 and 135 volt t;lectrons ovvr an angular 
aperture range of from 2® to il° as measured from the end of tiie electron gun. A!! 
curves showed a definite decrease in the absorption coefficient witli increase in angular 
aperture. These curves were corrected for the jx^sitive ion current, from the efficiency 
of ionization data of Bleakney and Smith, to give curves for the total number af elec- 
trons collected as a function of the size of the opening. I'hese showed also a <lefmite 
decrease with increase in aperture, corresponding to a preference for scattered electrons 
to be deflected through small angles. In helium the cur^’es were steeper tlie higher 
the electron velocity, indicating that this preference is more decided for fast electrons 
than for slower electrons. In mercury vapor the cur^'es were more nearly alike. The 
results do not indicate as decided a preference for small angle scattering as is indicated 
by the angular distribution curves of Arnot in mercury \'apQr. lids discrepancy is not 
explained. 

Introduction 

XPERIMENTS designed to determine the angiilar distribution 
^ of electrons after collision with gas raolecuies indicate a decided prefer- 
ence for small angle scattering. In fact, most of the published curves show a 
a continued increase in the probability of scattering with decrease in angle, 
down to as small angles as have been obtained. Such curves for slow iiicident 
electrons are not so steep, in general, as are those for faster electrons, but in 
all cases the scattered electrons show this definite tendency to be concen- 
trated about the forward direction. 

The term ^^absorption coefficient” as applied to electron scattering by 
gas molecules has concerned itself with a cletermination of a from the relation 
/= In snch experiments electrons of a definite velocity are caused 
to move in a beam (whose size and shape depend on the defining electrode 
system) through a scattering chamber of length x which contains a gas at a 
known pressure, p. On passing through this scattering chamber certain 

1 E. G. Dymond and E. E. Watson, Proc. Roy. Soc. A122, 571 (1929). 

2 G. P. Harnwell, Phys. Rev. 33, 559; 34, 661 (1929). 

^ F. L. Arnot, Proc. Roy. Soc. A125, 660 (1929). 

H. McMillen, Phys. Rev. 36, 1034 (1930). 
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encounters with gas molecules cause some of the electrons to leave the beam, 
and so the beam of initial current strength, /o, is reduced to the value I as 
given above. Experimentally two general methods have been used to deter- 
mine a. The path of the electron beam may be a straight one as in a Mayer^ 
type of apparatus, or the beam may be focused over a semicircular path by 
means of a magnetic field as was first done by Ramsauer.® 

If = is the current to the scattering chamber, then, for low 

pressures, from the exponential relation given above, a is proportional to 
J'/Jq. Thus a determination of a for a particular apparatus is equivalent to 
measuring the fractional current to the scattering chamber. For low velocity 
electrons this current is composed merely of those electrons which have 
been deflected through an angle greater than some average minimum angle, 
0. This angle Is a function of the size of the opening at the end of the scat- 
tering chamber and of the length of the path. For electrons with a velocity 
greater than a certain value there may be ionization at an encounter which 
will result in at least three charged particles. A certain fraction of these will 
be collected, depending on the apparatus. If ^e{0) and ^i{d) are the 

probabilities that the initial electron, the ejected electron and the ion, re- 
spectively, will move in the direction 6 after such an encounter, and if 
is the probability of ionization taking place, then for a Mayer type of appara- 
tus the fractional current to the scattering chamber is 

J'/Zo- (1) 

where the integral is taken over the possible angles of collection.^ If it is as- 
sumed that the ion has an equal probability of moving in any direction, $,• 
is a constant and the integral of the third term does not change much with a 
small change in the lower limit of integration, 0. The second term, represent- 
ing the angular distribution function for the ejected electrons has not, to the 
author’s knowledge, been investigated. This distribution may be uniform 
but it seems more probable that it would be somewhat similar to the distribu- 
tion for the scattered primary electrons. The first term in the integrand is the 
probability function, F(0), which is measured in angular scattering experi- 
ments. As has already been mentioned this function is one which in general 
increases with decreasing 0, being of particular weight for values of 6 near d. 
Hence one would expect that a small change in the lower limit of integration 
would produce a large change in the value of Eq. (1). Any distribution of the 
ejected electrons other than a uniform distribution would enhance this effect. 
Thus the current collected by the scattering chamber is very decidedly a 
function of the resolving power of the apparatus. In the Ramsauer type of 
apparatus the integrals of the second and third terms of Eq. (1) will probably 
just balance each other. Both the ejected electron and ion will have such 
energies that their paths will have a smaller radius of curvature than that of 



® H. F. Mayer, Ann. d. Phys. 64,451 (1921). 

® G. Ramsauer, Ann. d. Phys. 66, 547 (1921), 
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the main electron beam, and hence even if initially tliey were directed along 
the electron beam they would soon leave it and Iialaiire eacdi other at the 
walls of the scattering chamber* At such an encounter, or any encounter in 
which the initial electron loses an appreciable amount of energy it, trio will 
be removed from the beam regardless of its direction of inotitm immediately 
following the encounter.- Thus a Ramsauer type of apparatus iiieasiires not 
only the integral of the first term of Eq. (1) but also an addilir>iial negative 
current due to those electrons which lose energy even thougli they arc de- 
flected through angles less than I. On the other hand, in ii Mayer type of 
apparatus the integral of the first term is partially balaiictal by a part of the 
positive ion current* 

From- these considerations one would expect that the magnitude of the 
absorption coefficient as obtained by various observers using apparatus with 
different resolutions should exhibit quite a wide range of values. But this does 
not seem to be the case. .Recent mea-surenients by Maxw'ell/ Jones^ and 
Brode*’^ on the absorption coefficient for electrons in mercury vapor agree 
much better than wmuld be expected* The author* has also carried out a 
determination with a Mayer type of apparatus (separate from that used for 
the work reported in this paper) in which electrons scattered through angles 
down to 3*^, on the average, were counted as having collided. The absorption 
coefficient was determined for electrons of from 5 to 100 volts velocity and 
the values agreed within a few percent wdth those obtained by Erode w4th 
■ a Ramsauer apparatus. These values are but 25 percent greater than those 
reported by Maxwell. His apparatus defined a collision only if it resulted 
in a very much larger deflection of the electron. Arnot^ has obtained an 
angular scattering curve for electrons in mercury vapor, and a numerica! 
integration of this curve as applied to each individual apparatus indicates 
that there should be a much greater divergence in the results. Similarly for 
other gases various observers obtain results more in accord with each other 
than would be expected. 

It was then decided to build a Mayer type of apparatus in wiiich the 
opening at the end of the scattering chamber could be changed in size, so 
that the absorption coefficient could be studied in one particular apparatus 
as a function of the resolving power. Such a study should throw light on the 
probability of angular scattering, and should enable a check of existing curves 
Recently Metta Clare Green^^ carried out a similar investigation, but found 
no consistent variation of the absorption coefficient with opening. Inasmuch 
as such a result is so definitely in opposition to the results of angular distribu- 
tion experiments and as the magnitudes of the values obtained for the ab- 
sorption coefficient differed, in most cases, so radically from accepted values, 

^ L, R. Maxwell, Proc. Nat. Acad. Sci. 12, 509 (1926), 

» T. J. Jones, Phys. Rev. 32, 459 (1928). 

® R. B. Erode, Proc. Roy. Soc. A12S, 134 (1929). 

* Work not published. 

Metta Clare Green, Phys. Rev. 36, 239 (1930). 
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such a study should still be fruitful. Measurements were accordingly made 
in helium and in mercury vapor. 

Apparatus 

The apparatus used is shown diagrammatically in Fig. 1. It was con- 
structed of copper. Electrons from the tip of the filament, F, were acceler- 
ated to a definite velocity between the plates Di and A, and made to travel 
in a beam of small cross-section through the scattering chamber, sc^ and 
into the Farady cage, FC. The diameters of the circular openings in the gun, 
{j, were 0.75, 0.50, 0.50 and 0.75 mm for A, A, A and A respectively. A 
was about 1.5 mm in diameter, and less than 1 mm from A* The distance 
from Di to A was 5.0 mm and from A to the end of the gun. A, was 45 mm. 
The scattering chamber, from A to A, was 4.0 cm in length, and the Faraday 
cage was 16 cm in length. The hairpin filament was a small tungsten wire 
bent sharply at the opening Du It required about 1.5 amperes for satisfac- 
tory electron emission. All diaphragms were slightly bevelled, and important 
surfaces were given a light coat of soot. 


D. Da U. aOj 
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Fig, 1. Diagram of apparatus. 

The variable aperture at A was obtained by the use of a 30 cm strip in 
which were cut a series of holes of different size. The strip could be slid freely 
back and forth by means of a special magnetic control, which was constructed 
such that all magnetic material could readily be removed for each reading. 

The apparatus was sealed in a Pyrex tube free from wax joints, and vac- 
uum conditions were such that a pressure of less than 10"® mm mercury 
would build up in 24 hours when the tube was cut off from the pumps. For 
the measurements in mercury vapor, a trap containing mercury was main- 
tained at a definite temperature, and the calculations were based on the vapor 
pressure corresponding to that temperature as recorded in the International 
Critical Tables, Pressures corresponding to various temperatures up to 
about 20®C were used. The gas pressures for helium were determined from 
McLeod gauge readings. A side' tube containing carbon which had been 
baked out for several hours at 500®C was used in conjunction with the helium 
measurements. This tube and the mercury trap were kept at the tempera- 
ture of liquid air. 

A pair of large Helmholtz coils was used to neutralize the earth’s field, and 
the tube was mounted such that the electron beam traveled along the axis 
of Jthe coils. 
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. Methop 

In a determination of a from the exponential cltH'rease in the* of 

an electron beam a constant, JT, must be introduced to for tiiose 

electrons which would be collected by the scmlterinj^- charnfier n*yard!ess of 
gas pressure. This constant should depend only on tlie gt’onieiry of \\w 
apparatus. The beam of initial strength is then rediice(i to /»- A7„ 
after traveling a distance x in a gas at pressure /;. T!ie rummt ratio /■ /„ 
was measured by the galvanometers, and 6*i (lag. 1 ) fur different gas pres- 
sures and for different openings at the end of 1,he scattering cliajnhcra h'rorii 
the above. equation 

log J//o = log K — axp/2.3 (. 2 ) 

in which the logarithms are taken to the base 10. If K is a ccmst.ant, inde- 
pendent of the pressure and electron current for a |)art!<'ular resolution, the 
log J/Jo should exhibit linearity when plotted against the firessiire. The 



Fig. 2. To show linearity between log ///o and pressure, (80 volt electrons in mercury vajvir.) 

slope of such a straight line relationship being ax/2.3 makes it possible to 
calculate a. If the pressure used is the observed pressure corrected for thermal 
diffusion and reduced to the corresponding pressure at 0®C, a is obtained in 
the usual units, cmycm® per mm pressure at 0°C. 

Fig. 2 shows the relation between log I/Iq (plus an arbitrary constant) 
and the pressure for 80 volt electrons in mercury vapor; each curve was ob- 
tained with a different opening at the end of the scattering chamber. These 
curves indicate that K was independent of the pressure in each case. The 
value of log i^=Iog I/Iq when ;^==0 shows that K was greater than 0.99 for 
all openings. Thus at least 99 percent of the original beam was collected by 
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the Faraday cage when no gas was present. This means that the number of 
secondary electrons reflected into the scattering chamber from the end of the 
gun or the end of the Faraday cage was at a satisfactory minimum. 

By applying a retarding field between the Faraday cage and the scattering 
chamber (Fig. 1) the velocity distribution of the electron beam was found 
to be quite satisfactory. For a 40 volt electron beam, over 95 percent of the 
electrons had velocities within a few tenths of a volt of the mean. Though 
this differed from 40 volts by a small amount, the beam will nevertheless be 
designated as a 40 volt electron beam. The correction will also be disregarded 
for the other velocities used. 



Fig. 3. “Absorption coefficient,” a, as a function of the resolving power of the apparatus, 
in mercury vapor. (X-values given by Metta Clare Green for 37.5 volt electrons.) 

The values of a in mercury vapor were for the most part obtained from 
such curves as those in Fig. 2, which in turn had been determined by four 
different pressures. Those for helium and some of the mercury values were 
obtained with but two pressures, one of which was usually zero. The path 
length value of ic = 4.0 cm was used for all the calculations. 

Results and Discussion 

The results of the measurements in mercury vapor are given graphically 
in Fig. 3, and those for helium in Fig. 4. a is plotted for 20, 40, 80 and 135 
volt electrons against the limiting angle, 0o» giving curves I, II, III and IV 
respectively. Referring to Fig. 1, this limiting angle is defined as ^o = tan ^ f/l 
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where r is the radius of the opening and I is the length of the scattering cham- 
ber. If any electron is deflected through an angle less than this it will not be 
counted as having collided. The range of values for On ctorrespruicls to a range 
of diaphragm radii of from 1.4 to 7.6 mm. The experimenta! f)oints for mer- 
cury are averages of two complete sets of readings, differing from each other 
in most cases by less than 2 percent. The values for heliiirn axe averages of 



Fig. 4. "Absorption coefficient,*^ of, as a function of the resolving power of the apparatus, 
in helium. (Z-values given by Metta Clare Green for 97 volt electrons.) 

four sets of readings with a somewhat larger experimental error. All of the 
curves show a definite decrease in the absorption coefficient as the size of the 
opening increases. This, of course, corresponds qualitatively to the tendency 
for scattering to take place in the forward direction. 

If = 1, which has been seen to be practically the case, the current to the 
scattering chamber is J' = Jo“~ J = /o(l — For low pressures this be- 
comes 

I'/h = (xxp (3) 

or, a is numerically equal to the negative current to the scattering chamber 
in terms of a certain number of electrons per primary electron per cm path 
per mm pressure at 0®C. Thus the curves of Figs, 3 and 4 give the relative 
negative current collected by the scattering chamber when the size of the 
opening is changed. As has already been seen, this negative current is the 
resultant of a positive ion current combined with the scattered and ejected 
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electron current, the fraction which is due to positive ions depending on the 
probability of ionization. Hence if these curves are to be discussed with 
regard to the characteristics of electron scattering they must be corrected 
for the positive ion current. This correction is made possible by the recent 
work of Bleakney^^ and of Smith^^ who have determined the efficiency of 
ionization of electrons in various gases. If F+ is this efficiency of ionization 



Limiting Angle, 6^ 


Fig. 5. Number of electrons collected by the scattering chamber, per cm path per primary 
electron per mm pressure at 0°C, as a function of the resolving power, in mercury vapor. (Curve 
A predicted, as the number of primary electrons scattered, by Arnot’s results for 80 volt 
electrons.) 

(given in terms of the number of units of positive charge formed per cm path 
per primary electron per mm pressure at O^C) and we assume that the ion 
has an equal probability of going in any direction,* the positive current to the 
scattering chamber can be obtained by a simple integration. It is of course 
a function of 6q and is found to vary from 1.10F+ at = to l,0SF^ at 

Walker Bleakney, Phys. Rev. 35, 139 (1930). 

P. T, Smith, Phys, Rev. 36, 1293 (1930). 

* This assumption seems valid providing the interior of the scattering chamber is a field- 
free space, A recent investigation by Arnot (Proc, Roy. Soc. A129, 361 (1930)) indicated that 
the positive ions tend to move out perpendicularly to the electron beam. It is doubtful whether 
his results may be applied here, for they were obtained under different conditions* Intense 
electron beam currents up to 25 micro-amperes were used, whereas in the work reported here 
this current did not exceed a tenth of a micro-ampere. However, the results to follow would 
be substantially the same, even though we accepted Arnot’s distribution for the positive ions. 
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00 = 10°. The values of given by Bleakney for 20, 40, 80 and 185 volt 
electrons in mercury vapor are 12.0, 21.2, 25.0 and 22.5 respectively; those 
given by Smith for the respective voltages in helium are 0.00, 0.().t, 1.18 and 
1.24. With these values the corrections can be calculated and applied to the 
curves of Figs. 3 and 4. The corrected curves, representing the total num- 
ber of electrons collected by the scattering chamber (per primary electron 
per cm path per mm pressure at 0°C), are given in Figs. 5 ami 6, for mercury 
vapor and helium, respectively. Since these curves deal only with the elec- 
trons which are collected they may be used in a coinpariscui of electron 
scattering. 



Fig. 6. Number of electrons collected by the scattering chamber, per cm path per primary 
electron per mni pressure at 0°C, as a function of the resolving power, in helium. 

To get a better idea of the relative dependence of this scattering on 
angular aperture for the different primary velocities, the 20, 80 and 135 volt 
curves in helium (Fig. 6) have been multiplied by the proper factors to make 
them coincide with the 40 volt curve at giving the new curves F, 

III' and IV' respectively. From this set of curves we notice that as the 
velocity of the primary electrons becomes greater, the curves become rela- 
tively steeper; i.e., a small change in the size of the opening cuts out a rela- 
tively greater number of the scattered electrons if the primary electrons have 
high velocity than if they have a lower velocity. This indicates that scatter- 
ing of fast electrons is more definitely concentrated in the forward direction 
than that for slow electrons, and corresponds to the decrease in steepness 
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of the angular scattering curves with decrease in primary electron velocity, 
as observed by McMillen.^ Mercury vapor however, does not exhibit such 
a marked relative preference. The curves in Fig. 5 show about the same 
relative change over the range of angles used, being much more alike than 
are those in helium. This indicates that the angular distribution of scattered 
electrons in mercury vapor is quite similar over the velocity range of from 
20 to 135 volts. This does not imply, however, that the angular distribution 
for the scattering of primary electrons would be the same over this velocity 
range. To say anything about this, the distribution of the ejected electrons 
must be taken into consideration, and it is not likely that this distribution 
would be the same for primary electrons of different velocities. These 
relations cannot be checked with existing data for, aside from our lack of 
knowledge of the behavior of the ejected electron, no investigation has as 
yet be published in which the angular distribution has been studied as func- 
tion of electron velocity in mercury vapor. 

From the angular scattering curves of Arnot for 80 volt electrons in 
mercury vapor it is possible to predict the number of primary electrons which 
should be collected by the scattering chamber for any size opening. He de- 
termined the angular distribution for electrons which had not lost energy 
and also for those which had lost energy. He assumed that these electrons 
were all primary electrons, even though there is the possibility that an ejected 
electron may be given sufficient energy such that it will be confused with 
the group of primary electrons which had lost energy. The calculation for 
the number of primary electrons collected according to his results can be 
done in the following way. 

Let Fid)dd be the number dt electrons scattered between 6 and d+dd per 
primary electron per cm path at a definite temperature and pressure. The 
effective length of path over which electrons deflected through angle 0 are 
collected is L = /-r/tan d, as can be seen from Fig. 1. Then for No primary 
electrons the number of electrons deflected between 6 and d+dd which are 
collected by the scattering chamber is NopF (d)ledd for a gas pressure p 
which is sufficiently small. The total number collected will then be 


iy' = Nop f F{e) (/ - r/t3Xid)de. 

dBo 


It may be noted that this includes all electrons scattered into the chamber, 
even those which are deflected through angles greater than 90° giving for 
them the proper effective path length which is greater than 1. If F{6) be 
known, the function F{ff) {l—r/tan 0) can be plotted against d for different 
values of r, and the areas under the resulting curves will represent the rela- 
tive numbers of primary electrons collected by the scattering chamber for 
openings of different size. Xhe only assumption which has been made is that 
the scattering takes place along the axis of the apparatus. 

Compton^ has tabulated Arnot’s values for the scattering of 80 volt 



K. T. Conipton, Rev. Mod. Phys. 2, 123 (1930). 
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electrons in mercury vapor in terms. of the nuinher of elect tohn sratterec! per 
■ unit solid angle at angle 6 per primary e!ect.ron per cin |>at!i at 2if ( ' and 0.001 
mm pressure. Fid) is then this function multiplied hy 2 t sin 0, By using 
these values for F(0) and perfo.rming the iiuniericul intt'gra, lions outlined 
above, NYNqP was obtained for different values of tht^ diapliragiii radius. 
(3n correcting this result to 0®C and .1 mm pressure (siiua’ FiO) was giviui for 
a temperature of 20^C and a pressure of 0.001 mm) and dividing by tlie patli 
length, x — A.Q cm, one obtains the predicted values bn* the number of primary 
electrons which should be collected by the scattering chamber for \'aricms 
apertures. Curve A of Fig. 5 is the result of this work, plotted in terms of 
^o^tan""^ r/L Curve Ilf of the same figure represents the actual number 
of electrons which were collected experimentally. Assuming the validity of 
both curves, the difference between their ordinUt<‘s for a particmlar value 
of 00 would represent the number of ejected electrons collected by the scattca*- 
ing chamber for that value of Bq. This difference increases with increasing 0u 
which means that a larger ejected electron current would be collected the 
larger the diaphragm opening. Such a result can be interpreted only if the 
ejected electrons obey a distribution which favors scattering in the 1.)ackward 
direction, which does not seem reasonable. It is of interest to compare the 
curves if we assume a uniform distribution for the ejected electrons. The 
correction to be made to curve III will be practically the same as (hut op- 
posite to) the correction which was made for the positive ions, and the result- 
ing curve will be similar to the curve for a. This is given in Fig. 5 as curve 
.III'. To compare this curve with Arnotks the latter has been plotted to a 
different scale giving curve /!'. Both curves, of course, show the preference 
for small angle scattering, but Arnot's cur\^e makes this preference much 
more decided. If w'e had assumed an angular scattering for the ejected 
electrons favoring scattering in the forward direction, curve III' would have 
differed much more decidedly from Arnot’s predicted curve. It is to be men- 
tioned that Arnot's results were obtained with primary electron currents of 
several micro-amperes, whereas in the present work no currents greater than 
a tenth of a micro-ampere were used. As was noted above, the only assump- 
tion made in the calculation was that the scattering should take place along 
the axis. This was approximated quite well, for tests at the end of the 
scattering chamber indicated that the beam was but 0.8 mm in diameter and 
hence all of the scattering took place within 0.4 mm of the axis. Thus there 
remains a definite discrepancy between the two curves which is difficult to 
explain. 

It is of interest to note that the procedure we have just outlined may be 
reversed, and Fid) may be obtained from the experimental curve. Thus, if 
the experimental curve gives the result 

fido) = f Fie) ■ {1 - r/tan e)dd (6) 

then Fid) can be determined by differentiating this equation twice. This 
gives 
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F{Oq) — sin 6(s/l{ cos da 


d^fiea) 


2 sin da 


dfida) 


This equation, however, is rather impractical of application for the second 
derivative bears too much weight. A small error in the experimental de- 
termination of /(0o) is amplified in the calculation, which makes F{d) very 

uncertain. 

The results of Metta Clare Green^° which were previously mentioned are 

given by the crosses in Figs. 3 and 4, for certain electron velocities in mer- 
cury vapor and helium. These values are also plotted in terms of do = ta.n~h/l 
where 1 = 7.5 cm in her apparatus. For a given electron velocity she found 
no definite variation in the absorption coefficient with change in aperture, 
all the values for a given curve lying within the experimental error of the 
mean of that group. However such a result is in direct opposition to all 
angular scattering experiments. In addition, the magnitudes of the values 
obtained for the absorption coefficient differed in most cases so radically 
from those obtained by any other observer that it is difficult to place much 
weight on the results. This may, in part, have been caused by the penetra- 
tion of electric fields into the scattering chamber at both ends. Such experi- 
ments necessitate that the scattering be studied in a field-free space. Other- 
wise it is difficult to determine the cause of this discrepancy. 

This investigation has given further evidence that when electrons are 
scattered by gas molecules they exhibit a preference for deflection through 
small angles. It has also been shown that, over the velocity range studied, 
fast electrons show a greater relative tendency to be deflected through small 
angles than do slower electrons. This is quite definitely the case for scattering 
in helium, whereas it is not so marked in mercury vapor. Further, the results 
in mercury vapor do not indicate as decided a preference for forward scatter- 
ing as do those of Arnot. 

The author wishes to express his gratitude to Professor Tate for his many 
helpful suggestions and continued interest throughout this work. 
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HIGH FREQUENCY DISCHARGES IN MERC'URY, liKIJUM 

AND NEON’'^ 

By Charles J. Brasefield 
University of Michigan 
(Received November IS, 1930) 

Abstract 

Measurements were made of the potential drop at the electrodes ami Ihe elect rie 
force in the positive column of high frequency discharges in nun'cury, helium and in-on 
for a large number of gas pressures and for frequentdes of < jsciliat ion I letween t .2,i ami 
22.5 megacycles. The results showed that in general, the magnlt udt? t he (‘Icjet ri(’ foret? 
was too small to produce electrons whose velocity wTuihl be sutiieieiit to ioniite or ex<‘it<^ 
the gas. It was observed that as the frequency of oscillation increases, the poUuitial 
drop at the electrodes decreases. Considering the total voltage betweiui electnjdes it 
was found that the high frequency discharge in mercury has its maKimu ni comiucti\'ity 
when operated at a frequency of 17.5 megacycles (17.15 meters) and at a pressure of 
0.002 mm; the discharge in helium has its maximum conductivity at 17.5 megacycles 
and 0.33 mm pressure; the discharge in neon has its maximum conductivity at /.5 
megacycles (40 meters) and 1.0 mm pressure. 

Introduction 

P REVIOUS worki on the conductivity of a high frequency discharge in 
hydrogen showed that a knowledge of the variation of the total voltage 
across the discharge with the gas pressure and the frequency of oscillation 
is not sufficient to determine the mechanism of the discharge, for the potential 
difference between electrodes consists of two parts. The first is the drop in 
potential in the body of gas. The second is the drop in potential at the elec- 
trodes which includes the dielectric loss in the glass under the electrodes 
and the drop in potential at the electrodes due to the accumulation of posi- 
tive space charge, if any. In order to compare experimental results with any 
theory of the mechanism of the discharge, it is necessary to study the elec- 
tric field in the positive column of the discharge, in particular, its variation 
with gas pressure and frequency of oscillation. 

The apparatus used and the experimental procedure followed were essen- 
tially the same as in the work on hydrogen. Measurements were made of the 
voltage between electrodes necessary to produce a current of 100 milliam- 
peres in the gas, the distance between electrodes being varied from 40 to 100 
cm in 10 cm steps. If the values of the total voltage between electrodes are 
plotted against the corresponding distances between electrodes, a curve is 
obtained which, in general, approximates a straight line. Assuming that as 
the distance between electrodes increases, the drop in potential at the elec- 
trodes remains constant, then the slope of the line gives the electric field in 

* Publication of the Research Organization of the Grigsby-Grnnow Company, Chicago, 
Illinois. 

» C. J. Brasefield, Phys. Rev. 35, 1073 (1930). 
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the positive column which when multiplied by 2^/® gives the amplitude of 
the electric force. Extrapolating the curve to zero distance between elec- 
trodes, the potential drop at the electrodes is found. Values of the electric 
force in the positive column of the discharge as well as the potential drop at 
the electrodes were in this way obtained for a large number of gas pressures 
and for ten frequencies of oscillation between 1.25 and 22.5 megacycles. 

Results 

i. Experiments on mercury. The discharge tube used was 120 cm long, 
5.2 cm internal diameter while the electrodes surrounding it were of sheet 
copper 5 cm wide. Except for a mercury reservoir at one end, the whole tube 
was surrounded by an electric furnace which kept it at a temperature of 
about 1S0°C. To regulate the vapor pressure of the mercury, the reservoir 



Pressure in mm of mercury 

Fig. L The variation with pressure of the electric force (solid curves) and the potential 
drop at electrodes (broken curv^es) in a high frequency discharge in mercury operated at 5 and 
15 megacycles. 

was immersed in a water bath which was kept at a constant temperature 
within 0.2*^C during a given run. Measurements were taken at 5° intervals 
from 0° to 95°C. 

Fig. I shows, for two typical frequencies of oscillation, the variation with 
pressure of the electric force and the potential drop at electrodes when a 
current of 100 miliiamperes is passing through the tube. It was observed that 
as the frequency of oscillation increases, the potential drop at the electrodes 
decreases from approximately 800 volts at 1.25 megacycles to 200 volts at 
15 megacycles. This, without doubt, accounts for the fact that the spark 
spectrum of mercury was quite pronounced in the region under the electrodes 
when the discharge was operated at frequencies below 5 megacycles. Con- 
sidering the total voltage between electrodes, it was found that the discharge 
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we find Eomm = 0*34XiO'“®X/ volts per cm. For 25 volt electrons (helium 
and neon) we find £omm==0*53XlO’*®X/ volts per cm. A glance at Figs. 1 , 2, 
and 3 shows that the majority of the experimental values efi* Hn are still less 
than these minimum values. It appears, therefore, that in tlie higli frecfuency 
discharge, electrons whose velocity is sufficient to ioni/.e (or even excite) 
a gas molecule cannot be produced in the positive column of llic‘ discliarge. 

. Of. course, it is .not necessary that ionization processes in the high fre- 
quency discharge be very efficient since the only way ions (’an disappear is 
by recombination or diffusion to the walls. The same cannot be said of the 
excitation processes, however, for the intensity of the light produced in the 
positive column is quite comparable with the intensity of tlie light emittc‘d by 
the positive column of an ordinary. Geissler tube carrying tlie same current. 
The only source of high velocity electrons imaginable is tlie region under the 
electrodes; but it is hard to believe that these electrons should lie responsible 
for all the ionization and excitation in the positive column of the discharge. 
The writer confesses that he is unable to suggest any reasonable vsolution of 
the problem from a consideration of the mechanics of individual elec.tn>ns; 
whether or not an explanation of the phenomena can be w'orked out by con- 
sidering the volume of ionized gas as a plasma has not as yet been deier- 
mined. 

The writer is indebted to Professor 0. S. Duffendack and Professor R. A. 
Sawyer for advice rendered and also to Mr, J. S. Owmns who assisted in the 
experimental work. 


JANUARY /, 1931 
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The Diffraction of Hydrogen Atoms by the Mosaic Structure of Crystals 


The de Broglie wave spectra of a beam of 
hydrogen atoms produced by reflection from 
a crystal of lithium fluoride have been photo- 
graphed under conditions of improved tech- 
nique with the primary features described in 
abstract No. 2 of the 1930 Chicago Meeting 
of the American Physical Society. Still more 
recent plates with higher resolution show an- 
other type of spectrum which will be referred 
to as the secondary spectrum. Although the 
resolution is still too low in this spectrum to 
separate the maximum of its wave-length dis- 
tribution from the specularly reflected zero 
order beam, it is sufficient to show that the 
secondary spectrum has four branches lying 
in the directions corresponding to diffraction 
by a grating whose lines are parallel to the 
cleavage planes of the crystal. The fact that 
the maximum of the wave-length distribution 
is not resolved permits it to be said that the 
spacing of the secondary lattice is greater than 


50A, and the observations are not in disagree- 
ment with a spacing of more than lOOA. 

These facts are believed to support Zwicky’s 
theory of the mosaic structure of crystals 
(Helvetica Physica Acta III, 269, 1930). Al- 
though the writer is not familiar with any cal- 
culations applying to the structure of LiF the 
spacing of the secondary lattice of these crys- 
tals should not differ in order of magnitude 
from that of rock salt for which Zwicky calcu- 
lates llOA. 

In the experiments the crystals were heated 
before the exposure was started to the point 
that the secondary structure of the crystal 
might well have been developed on the sur- 
face by evaporation, 

Thomas H. Johnson 

The Bartol Research Foundation of the 
Franklin Institute, 

Swarthmore, Pa., 

December 2, 1930. 


On Some of the Hew Ultra-Ionization Potentials of Mercury Vapor 


In view of the recent interest in the ultra- 
ionization potentials of mercury vapor (A. L. 
Hughes and C. M. Van Atta, Phys. Rev. 36, 
214, 1930, Philip J, Smith, 166th Meeting of 
the American Physical Society and Curtis R. 
Haupt, 167th Meeting of the American Physi- 
cal Society) I would like to call attention to 
some observations of Mr. R. D. Potter, made 
at Duke University under my direction and 
published in the Journal of the Elisha Mitchell 
Scientific Society, 44, 31, 1928. Inasmuch as 
the results of the experiment described in this 
paper do not seem to have come to the atten- 
tion of other workers in this field, a brief 
statement of the results may be of interest. 

Electrons from a tungsten filament were 
projected parallel to the axis of a tube and 
were collimated by means of a coaxial mag- 


netic field of approximately 250 gauss. Col- 
lisions between electrons and mercury atoms 
occurred in a space midway between two rows 
of parallel and plane electrodes symmetrically 
placed with respect to the electron beam. A 
small electric field between these plates served 
to draw out positive ions formed in the region 
of the beam. The electrons after passing be- 
tween the sets of parallel plates were collected 
by an electron trap. An accelerating potential 
of 125 volts inside the electron trap made it a 
good absorber of electrons. Since the primary 
electrons were collimated into a beam by the 
magnetic field they did not strike the edges of 
the slits in the accelerating plates. This pre- 
vented the formation of secondary electrons. 

The procedure was to measure the satu- 
rated positive ion current and total electron 
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current for successive values of the acceler «• 
ating potential, observations being taken at 
0.10 volt intervals. 

A plot of the ratio of positive ion to total 
electron current showed a series of abrupt 
changes in slope which resembled the familiar 
ones of Franck and Einsporn rather than those 
reported by J. C. Morris (Phys. Rev. 32, 447, 
1928). Critical potentials were observed at 
10,40, 10.66, 11,00, 11.41, 11.72, 12.06, 12.40, 
12.80 and 13.25 volts. Ilie values given have 
been corrected for initial thermal energies, 


etc., by assuming the potential at which ions 
were first detectable to lie 10.40 volts. 

An examination of tfie results iudica,l€‘.s timt: 
in the main there is gcHjd agnH*mc.?rU: l>etween 
the above critical ultra-ioiiizalion potentials 
and those reported in subHiffiucnt work nien- 
tioned at the beginning of this letter. 

Walter M. Xjelsf.x 
Bartol Research Laboratory of the l•'r;ink^in 
Institute, 

Swarthiiiore, Pa., 

December 2, 1930. 



Projective Relativity and the Quantum Field 



A recent paperi by 0. Veblen and the pres- 
ent writer showed that the ^hive-dimensional” 
relativity theory of Kaluza and 0. Klein is to 
be regarded as a four-dimensional projective 
theory; a natural generalization of the formal- 
ism from this point of view led to a set of 
field equations which contained not only grav- 
itational and electromagnetic field equations 
as in the usual relativity theory but also the 
relativistic Schrodinger equation. 

The formalism w’-as based on the symmetric 
projective tensor which may be decom- 
posed as 

G'otjS = 7a/34>- = 

as explained in P. R. 

I hai^e been able to obtain a set of four- 
dimensional projective field relations which is 
to the field relations of P. R. w'hat the Dirac 


the tangent spaces^ and a basi.s cfjnsisting td 
five four-rowed square matrices satisfying'’ 

Denoting the components of the vectors of an 
eimuple by we set 

h^t ^ hataE(j‘ 

Realization of the ITs is effected by the in- 
troduction of a one-columned four-rowed mat- 
rix, 'F, by 

Ha - 

together with a suitable definition of matrix 
multiplication. 

With the above realization the field Eqs. 
(3) can be shown to contain' Dlrac*s wave 
equation for a single electron as a special case 
{i.e. when gravitation is neglected) of the 


wave equation is to the relativistic Schrod- 
inger equation. 

The basic quantity of space-time is taken 
to be a projective vector, of index iV with 
which is associated one of zero index denoted 
by ha> The components of these vectors are 
not assumed to obey the commutative law of 
multiplication; they may be regarded as mat- 
rices. The restrictions are imposed that 

HctH^ + H^Ha = (1) 

hcch^ + h^ha = 2ya0 ( 2 ) 

where Ga^ and commute with everything 
they multiply, are now associated tenta- 
tively with the similar quantities of P. R. 

Indices of the h's are raised by means of the 
7 *s and the field equations are taken to be 

, /dH^ aE«\ 

h^( — ) = 0 . ( 3 ) 

A realization of (1) and (2) may be obtained 
in terms of projective ennuples of vectors in 


scalar part of the projective set. 

If we inserted the relations , 

Ga^ =»’ , (4) 

together with (1) and (2) we would be unable 
to obtain a satisfactory realization on account 
of the difference between spatial and temporal 
coordinates. A realization in terms of eight- 
rowed square matrices for the E's avoids this 
difficulty but introduces the new difficulty 
that although the scalar part is still equivalent 
to Dirac's wave equation the whole set of 
equations numbers forty and we have merely 
twenty-eight functions entering them. 

The Dirac equation is obtained as a special 

^ O. Veblen and B. Hoffmann,' Phys.' Rev. 
36, 810 (1930) ; referred to as P. R* 

®See the ^ffive-dimensional” formulation 
due to Zaycoff, Zeits. f. Physik 58, 833 (1929). 

* See for example Eddington, Proc. Roy. 
Soc. A126, 696 (1930). 
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case of part of a system of field relations con- 
structed in close analogy with the system of 
P. R. There is thus a possibility that the com- 
plete system will constitute an improved unifi- 
cation within the relativity theory of the 
gravitational electromagnetic and quantum 
aspects of the field. 


The complete set of field relations (1), (2) 
and (3) (and others not mentioned here), can 
be shown to be invariant under general rel- 
ativity transformations. 

Banesh Hoffmann 
Princeton University, 

December 8, 1930. 


Thermal Fluctuations of the Surface Potential of a Cathode as Affecting Electron 

Emission 


There are at present two groups of ther- 
mionic phenomena in which theory and ex- 
periment lie rather far apart. These are (1) 
the departures of the constant A from the 
theoretical value, particularly in the case of 
surface films, and (2) the anomalously large 
values of the Schottky effect (increase of emis- 
sion with field) which are also most marked 
for surface films. The following considerations 
offer a possible explanation of these diffi- 
culties. 

Let us select a conductor, one of whose ends 
is a circular patch of radius r on the surface of 
the electron emitter, the other end being the 
surrounding surface. Current may flow from 
the patch into the underlying material and out 
again to the surrounding surface. We shall 
suppose the surface layers of the emitter to 
have much higher resistance than the under- 
lying material, partly because the surface is a 
discontinuity, and partly because the surface 
may be covered purposely with contaminating 
layers. The resistance of our conductor will 
then be where R# is the surface 

resistance per cm* encountered by electrons 
flowing through the surface. Our conductor 
is shunted by the capacity C across its end sur- 
faces (infinite for a perfect conductor) which 
may reasonably be taken as of the form jSr. 
Hence the expression for the effective resis- 
tance of our conductor at a frequency w radi- 
ans per second is 

. = .h 

i + irr^ + |32(wV7r)R/ 

Johnson^ has shown that as a result of ther- 
mal agitation there will be a mean square 
e.mi. across the ends of our conductor given 

by 

f 2 = 3.48 X 10-“rj?(volts)= 

where T is the absolute temperature. 

We shall take r approximately equal to the 
critical distance (xm) which an electron must 
reach in order to escape from the surface. 


Hence the fluctuations of the potential of our 
patch will change appreciably the work func- 
tion {<!>) for the escape of electrons from the 
patch. These fluctuations are equally positive 
and negative, but since the emission (i) is an 
exponential function of 4>, they will give rise 
to a net increase in emission (a sort of rectifi- 
cation action). 

If io is the “normal” electron emission from 
the patch (including the normal Schottky cor- 
rection), the relative increase in emission pro- 
duced by the fluctuations is found to be 

2.41 X = (1) 

T T 

The surface may be regarded as made up 
of a number of such patches, so that the emis- 
sion from the whole surface will be given by 
an expression like that above. 

For the fluctuation effect to make an ap- 
preciable change in emission, the term aR/T 
must be at least of the order one tenth. If we 
consider the pure resistance part of R only, 
and remember that r is of the order 10~® cm, 
we find that R, must be of the order 100 
ohms/cm*. There appears to be no definite 
experimental evidence against the existence 
a surface resistance of this order in vacuum. 
Experiments are projected for measuring this 
surface resistance and its temperature coef- 
ficient. Ionization effects at the surface must 
modify this resistance in the case of anodes in 
gas discharges. 

The anomalous Schottky effect has been 
discussed recently by Langmuir.* To compare 
our theory with this effect we form the partial 
derivative 

dlni _ 4.39 a dR 

a(i?)i/2 "" r + aR. * 

For weak fields the critical distance is large, 
f is large, and R approaches zero. Hence 


1 J. B. Johnson, Phys. Rev. 32, 97 (1928). 
* I. Langmuir, Reviews of Modern Physics 
2,150 (1930). 
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dR/d{FY^^ is zero, and we have the nonna! 
Schottky slope. This is the region in which 
Nottingham's’* emission measurements at zero 
field lie, and also Langmuir and Kingdon’s*^ 
measurements of contact potential. The effect 
we are considering is absent in this range. As 
the field is increased, the critical distance de- 
creases, r decreases, R increases, and the in- 
crease in dR/d(,F)^^^ gives an increased Schott- 
ky slope. Finally for very large fields the term 
involving r in R becomes negligible, and the 
effective resistance of our conductor becomes 
independent of the field. Hence dR/d(F'F^^ 
approaches zero, and the slope approaches the 
normal Schottky value, as observed. 

If we measure the Schottky slopes for ThW 
at moderately strong fields and for different 
filament temperatures, we find that the de- 
parture from the normal slope is greatest at 
the lowest temperatures (reference 2, page 
156). This is in agreement with the occurrence 
of the factor {T-{-aR) in the denominator in 
Eq. (2). 

It is evident that the introduction of a sur- 
face resistance, which will vary with tempera- 
ture, may be made to account for the observed 


In conclusion we itiay note that iIkihc ther- 
mal fluctuations of surface^ |Ma-eiitiiiI am |H'r- 
haps connected with the ‘Ticker" It is 

evident that such a theory uonhl bear scune 
resemblances to the theory of this eitect ad- 
vanced by JohiisoirTiiid de\'elope(l by Srhotl- 
ky,® which ascribes the llit'ker to iluclu.it ions 
in the composition cd tin; smCai’e. In our c’ase 
the frequency variation <tf tin* effect vould be 
introduced by the variatlun of R with fre- 
qiHuicy, the fluctualJons of smiace potential 
presumably approaching a !ua,ximijrn value as 
<*) is decreased. 

It is hoped to discuss tiiese questions in 
more detail later, particailarly if s«)mc t;xperi- 
mentai evidence can be obtained ainaut tin? 
surface resistance ami its temperature coef- 
ficient. 

The writer is indebted to Dr. Langmuir and 
to Dr. Tonks for discussion of tljese ideas. 

K. IL Klnguon 

Research Laboratory , 

General Electric Co., 

Schenectady, New ^'ork, 

December 3, 1930. 




vagaries of the emission constant A by a suit- 
able choice of the temperature coefficient of 
this resistance. It is hardly profitable to dis- 
cuss this point without some experimental 
knowledge of these surface resistances. 


® Nottingham, Phys. Rev. 3d, 386 (1930). 
* I. Langmuir and K. H. Kingdon, Fliys. 
Rev. 34, 129 (1929). 

5 J. B. Johnson, Phys. Rev. 26, 71 (1925). 

6 W. Schottky, Phys. Rev. 28, 74 (1926). 


Mean Value Theories in Quantum Mechanics 


It is known^ that in some cases there exists 
a close connection between the equation of 
classical dynamics and corresponding relations 
between mean values of quantities in quan- 
tum mechanics. Thus, for instance, it has 
been shown by Ehrenfest that according to 
Schroedinger's non-relativistic equation the 
mean momentum p is related to the mean po- 
sition g by — and also that the rate of 
change of the mean momentum p is equal to 
the mean of— grad V where V is the potential 
energy. This theorem has also been general- 
ized to more dimensions by Ruark. While it 
is satisfactory to see the similarity of classical 
and quantum relations in such special in- 
stances it is nevertheless desirable to bear in 
mind also a somewhat more general point of 
view. It is readily seen that according to the 
transformation theory the reason for the va- 
lidity of mean value theorems is that the equa- 
tions of classical theory hold, in the above in- 
stance, also in the quantum theory between 


corresponding matrices. Thus as a conse- 
quence of the Hamiltonian form II=^p-/2m 
+ y(q) we h&ve p^mq, p^ --{dV/dq) holding 
as equations between matrices. If we refer all 
the matrices to the same reference system e.g. 
that of q and if we write the probability ampli- 
tude as S(q*) then we also have 

J S*{q')p(g', q")S(.q')dq'dq" 

= mWdt) J S*iq’)qW)S(q")dq'dq" 


We are allowed to' use here the equation . 

jJs*(q')q{q',q'')S(q'')dqW' 

= / S*(q')^q(q', q")S(q")dq'dq" 

^ P. Ehrenfest, Zeits. f, Physik' 45,. 455 
(1927); A. E. Ruark, Phys. Rev. 31, 533 
(1928). 
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because (1) we may work with S^qJ) indepem 
dent of t provided the matrix q’^) involves 
t as a parameter, (2) the eciuation is obviously 
true in the reference system of the , energy 
where qnnM exp [(27rV/0( Wn ■“ Wm)t] 

(3) the values of the integrals on the right and 
left of the above equation are indepedent of 
the reference system used for matrix represen- 
tation. In a similar way we have 

dp _ "T _ 

li~ ^ ~ aq 

The way in which we use the matrices 
q(q\ q'^) is explained very clearly in Schroed- 
inger Sitzungsberichte der premssischen Akad- 
emie XXIV p. 417, 1930, and is treated in 
Weybs book, chapter II section 15. Remem- 
bering that Schroedinger’s i/{0) is o ur 5, it is 
seen that at any time the averages dVd/q is 
taken weighing every element of the configu- 
ration space in proportion to at that 

point at the particular time i.e. the average is 
taken in the same way as by Ehrenfest and 
Ruark. The same can be done for any other 
equation which holds between matrix as well as 
classical quantities. The only doubtful point 
of this shorthand proof lies in dealing with 
singular matrices w^hich must be expressed by 
means of the B function. This however, is 
usually only a formal objection since throwing 
away the ‘‘surface integral” contributions of 
partial integrations is also a necessary part of 
the purely wave- mechanical proof such as that 
of Ehrenfest quoted above. 

Although the above statement is simple 
enough to be called trivial it seems that its 
physical implication is not always realized. 
Thus for instance the motion of a non-relativis- 
tic spinless electron in a magnetic field is gov- 
erned by the same equations in quantum and 


in classical dynamics. The center of mass is 
therefore moving as the classical center of 
mass under the action of the mean electro- 
magnetic field in the wave package. This has 
already been proved a long time ago by Ken- 
nard and elucidated by Eckart in connection 
with a recently suggested explanation of dis- 
crepancies between the values of ejm. Simi- 
larly with the relativistic Dirac equation the 
rate of change of the mechanical momentum 
is known to be given by a formula having the 
same structure as the classical formula, the 
classical velocities being replaced by —rat. 
Again the mean value theorem holds. The 
equation which proves this is the one derived 
by Fock.® 

e — 
dXi 



Here is the momentum in the direc- 

tion Xi, i4o is the scalar potential, (^li, ^ 2 , ^s) 
is the vector potential and ai, az, as, on are 
Dirac’s four-row matrices. The equation 
proves that the rate of change of the average 
of pi-\-eAi/c of a wave package is related to 
the average force on the wave package by the 
equation of classical electordynamics 

f = p{e+ [vh]/4- 

G. Breit 

Department of Physics, 

New York University, 

December 12, 1930. 

2 Fock, Zeits. f. Physik 55, 127 (1929). 
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Block Structure and Ferromagnetism 


In the following a model is proposed for 
ferromagnetic substance baseds on the assump- 
tion of the existence of a “block structui'e” in 
solids as postulated by Smekal and Zwicky, 
and some of the properties of this model are 
pointed out. In a future communication it is 
hoped to give a more detailed and comprehen- 
sive account of the derivations and results 
indicated below, 

A block, according to Zwicky ,1 is a region 
having the properties of a perfect crystal, sur- 
rounded by a surface physically different from 
the volume. This difference is connected with 


a local rearrangement of atoms such that 
along the surface the average interatomic dis- 
tance is not that prevailing inside of a block. 
If such blocks exist, it is not unreasonable to 
assume that each one is spontaneously mag- 
netized as predicted by the Weiss-Heisenberg 
theory 


— = tank 

h 


^ibNIt 

KT~' 


( 1 ) 


1 F. Zwicky, Helvetica Physica Acta 3, 269 
(1930). 
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In this expression the dependence on H is 
omitted as it is negligibly small for the held 
strengths used in most experiments, and its 
inclusion would add nothing to the following 
discussion. fiB is a Bohr magneton. The as- 
sumption is now made, and this is the only 
assumption, that various blocks may be 
magnetized in various directions, or what 
amounts to the same thing, any particular 
block may change the direction in which it is 
magnetized, and its magnetic moment need 
not be parallel to those of its neighbors. This 
is equivalent to saying that the electrons on 
opposite sides of a block surface are not ferro- 
magnetically coupled to each other. Such a 
situation is not unthinkable, as such a coup- 
ling depends on Heisenberg’s resonance in- 
tegral which is known to be extraordinarily 
sensitive to variations in inter-atomic spacing, 
and such variations actually define the surface 
of a block. 

Our model, then, is a group of permanent 
magnets, having primarily a thermomagnetic 
interaction. For the present, surface phe- 
nomena are neglected. In order to simplify 
the problem, the blocks are assumed isotropic, 
so that there are no ^‘directions of easy mag- 
netization.” These last two assumptions 
should be dropped in a more exhaustive dis- 
cussion. Under these conditions the blocks 
may be expected to interact in such a way 
that the magnetization is approximately given 
by 

f = coth - i * = ^(H + LI). (2) 

if ^ 

Here fx is the block moment and is given 
by Itv, the saturation intensity at the tem- 
perature T multiplied by the volume of a 
block. X is a factor varying between 0 for 
long thin blocks whose axis is parallel to H, 
and 47r for disk shaped blocks. LI represents 
the internal field. Eqs. (1) and (2) define the 
behaviour of our model. 

The first point of interest is that this model 
is essentially that of Ewing, with the excep- 
tion that the elementary magnets, instead of 
being of atomic dimensions, are somewhat 
larger. T^hus the model is fundamentally ca- 
pable of describing a magnetization curve and 
a hysteresis loop, as Ewing demonstrated exr 
perimentally. The details are determined by 
the only two arbitrary constants, appearing 
in the equations, and X. To get an idea of 
their order of magnitude it is possible to assign 


values to them which will give oliserved values 
for JTo, the initial susceptibility. Using ex- 
perimental data obtained fjn iron, nickel and 
cobalt for A"o and h, amd subst it ul iug (-xtreme 
values of X, we find that the Idcjck volume 
contains between lO-and UP atoms. An inter- 
mediate value of X woiiM give an iotermccli- 
ate block size. 

The next point of interest is tliat this model 
gives the approach to sat urat ion <*orrertly. I n 
a very thorougli investigation Weiss*^ showed 
that most substances approach saturation a<'-' 
cording to tlie formulae 

/ - afll) (T) 

It ^ /fl(1 Ur). (4) 

The first of these formulae follows immedi- 
ately from Efp (2), and from the constant a 
it is possible to compute the number of atoms 
per block. (a--==KT/fx; — With Weiss’s 

data for nickel and iron we get apiua^ximalely 
10® atoms per block. Weiss examined the ap- 
proach to saturation 'as a function of tire tem- 
perature between 10C)®K and 300^K. In this 
region Jy/Jo as given by Eq, (1) is very ap- 
proximately a straight line if plotted as a func- 
tion of P. From the constant A It is possible 
to compute the molecular field constant N, 
and the values obtained are rpiite reasonable. 
It is true that an extrapolation of (4) for 
leads to somewhat too high values for Ji, but 
in general '■■the error so, committed will be 
small.' ■ ■ ■ ■ ■ ' 

' Further, this mode! has two Curie-points, a 
property of most ferromagnetic substances as 
pointed out by Forrer.® Op the paramagnetic 
Curie-point is defined by the modified Curie 
Equation x==c/{T—0p) for T>0p. 0/, the 

, ferromagnetic Curie-point is in general less 
than dp, and is the temperature at which 
spontaneous magnetization disappears. 0p is 
given in the usual way by Eq. (1). On the 
other hand Eq. (2) wall itself have a Curie- 
point 



That is, for T>0f the spontaneous mag- 
netization of the whole material will disap- 
pear, whereas for r>0|, the blocks themselves 
lose their moments. From this it is evident 

:■ . , ® 'P. Weiss, Ann, de Physique 12, 20^ (1929)', 
■■ *,R.'Forrer,. Journ. de Ph.'et'le ,Rad. 1, ''49:' 
(1930). 
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that as it is actually observed in 

most substances. , A detailed examination 
shows that s= approximately 1 5®C is con- 

sistent with blocks containing about 10® at- 
oms. 

Such an interpretation of 0/ brings with it 
the necessity of a new explanation of the ther- 
mal phenomena at the Curie-point. Such an 
explanation it is impossible to give until more 
.definite assumptions can be made regarding 
the surface energies of the blocks, the effect of 
strains, etc. The fact that acceptance of the 
proposed model %voukl require the abandon- 
ment of oiir present explanation of thermo- 
magnetic phenomena at the Curie-point, 
would be a telling argument against such a 
model, were it not that just here the Weiss 
Theory is in part not quite satisfactory (in its 
interpretation of the change in specific heat 
for T—6) and in part purely thermodynamic 
(in the relationship it establishes between the 
specific heat and the magnetocaloric effect). 


In conclusion I wish to point out that blocks 
containing approximately 10® atoms, as here 
postulated for the explanation of three ferro- 
magnetic phenomena, are of the same order of 
magnitude as those postulated by Smekal and 
Zwicky to explain certain mechanical and elec- 
trical phenomena. 

Francis Bitter 

Research Laboratories, 

Westinghouse Electric & Manufacturing 
Co., 

East Pittsburgh, Pa., 

November 19, 1930. 

^ Spontaneous magnetization of the sample 
need not, of course, include the whole sample. 
It may be spontaneously magnetized in differ- 
ent directions in different regions. It would 
be sufficient that large groups of units, in this 
case larger groups of blocks, should possess a 
resultant moment in the absence of externally 
applied fields. 


Secondary Electrons from Molybdenum 


The writer has continued work begun by 
Seller (Phys. Rev. 36, 664, 1930) on the dis- 
tribution in energy of electrons emitted by a 
molybdenum target bombarded by a narrow, 
homogeneous beam of electrons of relatively 
low energy (20 to 100 volts). 

The apparatus was a modification of that of 
Soller, emplo^dng the method of magnetic 
analysis. The target was heated by electron 
bombardment for a total of 700 hours. Ob- 
servations were taken at intervals throughout 
this outgassing period. With the primary 
energy held constant, measurements were 
taken of the number of secondary electrons 
{NO of energy «. By changing the magnetic 
field, e was made to vary in steps of 0.1 to 0.2 
volts from zero up to the primary energy. 
Curves were plotted for iVc/iVX const, as a 
function of e where N is the total number of 
primary electrons. 

Curves plotted from the results obtained for 
a cold target show, in addition to the usual 
large group of secondary electrons with energy 
approximately that of the primaries, a low 
maximum in the region 5 to 15 volts and a 
second very broad and somewhat higher maxi- 
mum at an energy approximately one-half 
that of the primaries. For low primary ener- 
gies these two groups become merged. In 
addition there are three well defined maxima 
corresponding to electrons possessing ener- 


gies 4.7, 11.2, and 23.2 (±,4) volts less than 
the energy of the true reflection maximum. 
These last maxima are similar to those found 
by Rudberg (Proc. Roy. Soc. A127, 111, 1930) 
for various metals and indicate the presence 
of reflected primary electrons which have lost 
a discrete amount of energy in the process of 
reflection. The height of these peaks increases 
as the velocity of the primary electrons de- 
creases. These peaks appeared only after con- 
siderable outgassing and became more and 
more marked with further heating. 

In attempting to eliminate the effects due 
to gas occluded on the surface of a cold target, 
the following procedure was adopted. With 
the magnetic field set to correspond to a given 
value of 6 the target was heated to a bright 
yellow for thirty seconds and Ne measured 
thirty seconds after the bombarding current 
was cut off. (The target ceased to be visibly 
red after about 20 seconds.) This procedure 
was followed through the whole range of 
values of e. A typical curve obtained from 
these data was that for a primary energy of 
60 volts. Observations taken in this way 
show a very large group of low velocity secon- 
daries of energy from three to twenty-five 
volts, and N^/N now reaches a maximum 
value at 8 volts which is 27 times as great as 
the corresponding maximum at 8 volts for a 
cold target. For higher values of e the values 
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of Nf/N are more nearly alike for the hot and 
the cold target, the ratio being 2 at a point 
just short of the full velocity maximum. The 
three discrete peaks are greatly enhanced in 
the case of the freshly heated target. 

The large low velocity group disappears ra- 
pidly with time, the value of Ne/N at eleven 
volts changing from 27 to 3 during the first 
three minutes but there is no such rapid 
change for higher values of €. After the first 
three minutes there is no further change for 
as much as thirty minutes, following which 
there is a gradual decrease over a period of 
three or four hours. The gradual decrease af- 
ter 33 minutes is believed due to the occlusion 
of gases. The first rapid decrease is of un- 
known origin but, since it is independent of 
pressure and occurs in such a short time, it 
does not seem possible that it can be due to 
the adsorption of gas. The best vacua ’were 
of the order of lO”’ mm of Hg. 

In addition curves were plotted for the 
height of the full velocity peak as a function 
of the primary velocity. These show marked 


minima at 9.3 and 20.6 volts. The difference 
between these is 11.3, about the same ;is the 
difference between the values of c tor t\w 11.2 
and 23.2 volt discrete energy-loss maxima. 
Corrections for work finiciions etca, net'es- 
sary to bring 9.3 and 20.6 iulo agreement 
with 11.2 and 23.2 are not mireasonable. I1ie 
full velocity data were not reliable for primary 
voltages below 6 volts so tfjat no dieck was 
obtained for the 4.7 discrete loss group. It is 
suggested that these minima in the number 
of elastically retlectcf! electrons are <iiie to 
some sort of excitathm within the metal, the 
efficiency of which increases a,s the energy of 
the primary electrons at»pr<»ac!u‘s that neces- 
sary for the excitation. On tins assumption 
the three discrete groups <4 secondaries are 
composed of rellccted primary electrons which 
have lost a definite amount af energy in the 
process of reflect ion. 

Leland J, Haworth 
Laboratory of Physics, 

University of Wisconsin, 

December 20', 1930, 


On Collisions of Photons 


According to the modern concepts of matter 
and energy, practically all the properties 
which are usually attributed to matter, can be 
associated with radiation. The source of solar 
and stellar energy can be traced to the *‘an- 
nihilation” of matter. However it is not cer- 
tain that energy is transformed into matter, 
but with the help of this hypothesis it is pos- 
sible to calculate correctly the relative mass 
of the elementary particles of matter. The 
identity of matter and energy would thus ap- 
pear to be almost complete and the principles 
of the conservation of mass and of energy to 
be but two aspects of one universal principle. 

Following up these considerations one would 
naturally be led to expect the existence of 
mutual collisions of photons. Thus the paper 
^Attempt to Detect Collisions of Photons” by 
Hughes and Jauncey, which appeared in Phy- 
sical Review 36, 773, 1930, is of special inter- 
est. 

About two years ago this same idea occur- 
red to me and I communicated it to Professor 
G. Angenheister, Director of the Geophysi- 
kalisches Institut, Gottingen, in whose labora- 
tory I was working at the time. But the re- 
sources of that institution were not adequate 
to an experimental verification of the idea. 
The nature of the effect which I expected was 


similar to tliat expected liy Hughes and Jaim- 
cey. In the calculations regarding the possi- 
bility of observing the effect, the faintest star 
clearly visible, by the naked eye, was taken to 
be of the sixth magnitude, as is usually as- 
sumed, Using Zollner’s estimate of the ratio 
of the magnitude of the sun and Capella (mag- 
nitude 0.2) and using Exner’s value for the 
vertical illumination of the sun, the limit of 
■ human , vision w^as calculated to be 3 milli- 
microlux. The sensitivity of the eye is maxi- 
mum for the frequency O.SSXIO^®, the quan- 
tum of which is 3 . 8 ^rg. So the num- 
ber of quanta received by the eye when re- 
ceiving the minimum visible light is about 360 
per second. This nu,mber seemed to be too 
high to be obtained by the scattering of pho- 
tons due to the mutual collisions which one 
would expect at the point of crossing of two 
beams of light under ordinary conditions. I 
concluded that the expected effect could not 
possibly be 'detected with certainty by an op- 
' tical method, visual or ph'Otographic. (A' 'Se- 
lenium detector might be better suited '.for the 
purpose). My plan, therefore, was to look for 
the theoretically expected effect with the help, 
of some instrument that , would re'Cord th^e ele- 
mentary effect of single photons and not sim- 
ply the integrated effect of a multitude. Such 
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an instrument I recognized in the "Elektro- 
fienzahlrohr” or even in the so-called ^^Glimm- 
lampe.’’ For this purpose I wanted to utilize 
the ‘'Elektronenzahlrohren,” which I had con- 
structed (with the collaboration of K. Wolck- 
en) primarily for the investigation of gamma 
and cosmic rays. 

instead of using ordinary light (as Hughes 
and Jauncey have done) my intention was to 
use. x-rays or gamma-rays, but I could not 
put my intention into practice for lack of 
necessary equipments. The negative result of 
Hughes’ and jauncey’s experiment need not 
necessarily lead to the conclusion, that mutual 
collisions among photons do not occur. Those 


who have the advantage of a good physical 
laboratory, may find it worthwhile to try the 
experiment on the lines indicated above. 

In conclusion, I would like to mention that 
sometime ago I found out that the theoretical 
possibility of the existence of the nature of the 
effect in question was pointed out by L. de 
Broglie as early as 1926 in his book "Ondes es 
Mouvements” pp. 96-98 (Gauthier-Villars, 
Paris). 

A. K. Das 

Alipore Observatory, 

Calcutta, 

November 11, 1930. 
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optical Rotatory Power A general discussion held by the Faraday Society. Pp. 198. 

Aberdeen University Press, 1930. Price 10s 6d. 

The contributions to this discussion cover practically all phases of the subject and are 

grouped under the following headings: 

I. The Physical Basis of Optical Rotatory Power (8 papersj 

II. Apparatus and Methods (2 papers) 

III. The Rotatory Power of Solutions (7 papers) 

IV. The Chemical Aspects of Optical Rotatory Power (4 papers). . ^ , 

A considerable portion of the discussion centers about the physical theories of optical ac- 
tivity which are presented in articles by Kuhn, Malleinan, Ewald, Temple, and others, llie 
wave mechanics of rotatory polarization is shown to be at present in an unsatisfactory state, 
the principal short-coming being the lack of a connection between optical activity and struc- 
ture. Experimental methods especially applicable to the ultra-violet region of the spectrum 
are reviewed by Descamps. As is shown by Cotton and others, this region of the spectrum is 
an important one in the study of rotatory dispersion and circular dichroisra. Many interesting 
compounds are discussed in the chemical part of the report. 





RBntgenographie der Metalle und ihrer Legierungen. M. C. Neoberger. Pp. 278, figs. 

66. Price RM 25. • j ^ ^ 

This book is a fit companion volume to the author’s excellent Mntgenograplm ies 
und seiner Legierungen, which appeared about a year ago. Because of this previous work, the 
author confines himself in the present volume to- a treatment of the non-ferrous metals and 

alloys in the light of x-ray data. • ,„t 

The present work supplies a long-felt want in that it renders available at hand in o"® 
ume a mass of x-ray data relating to metals and alloys, which is widely scattered, and which 
can otherwise be obtained in case of need only by an extensive searching of the literature. These 
data are critically discussed by the author and, wherever a structure is in dispute, he gives not 
only the result which he considers as probably correct, but also the conflicting results of other 
workers. A liberal use of tables of x-ray data and reproductions of original x-ray photographs 
add to the value of the book. WiLLiiVM P. Jesse 

Les AppHcations des Rayons X. J. J. Trill.-vt. Pp. 298, figs. 108. Les Presses Universi- 
taires de France, Paris, 1930. Price, 85 francs. 

This book, as the title indicates, is written for the benefit of the rapidly growing group 
who would know something of the recent developments of x-rays as a tool in physics, chemistry 
and metallurgy. With this practical end in view, the author avoids as much as possible all 
theoretical aspects of the subject which do not bear directly on the technical uses of x-rays and 
frequently discusses in detail manipulative methods which may prove valuable to one contem- 
plating work in this field. ■ . r v 4 

The book is divided into two sections. In the first of these, which comprises the first third 
of the book, the author has an introductory chapter on the elementary principles of crystal 
structure and of x-ray diffraction. Then follows an extended discussion of various types of 
X-ray tubes and apparatus and a survey of the different methods of x-ray spectroscopy* 

The second part of the book deals with recent advances in the use of x-rays in widely 
different fields* The first chapter on the metals, while not entirely comprehensive, is probably 
as complete as the enormous mass of work on the subject will allow in such a limited space. 
This chapter is followed by a very good account of work on the long chain carbon compounds, 
the material for which is in a large part taken from the author’s own researches. The following 
chapters deal with cellulose and its derivatives, rubber and resins, the diffraction of x-rays by 
liquids and a short discussion of colloids. The last section makes a very brief mention of radio- 
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graphic applications to metals and of chemical analysis by x-rays. A very good bibliography 
at the end of each chapter is a valuable feature of the book. 

The book is clearly written and is by an author who has added something to almost every 
field discussed. It should prove valuable to anyone interested in the technical uses of x-rays. 


William P. Jesse 


The Principles of Quantum Mechanics. P. A. M. Dirac at the Clarendon Press, Oxford, 

1930. Pp. 257. 

A book on quantum mechanics written by Dirac must be of great and in many ways unique 
interest to physicists. l,he quantum mechanics of today is not the work of one man; but since 
the foundation of the theory by Heisenberg and Schroedinger, there have been few cardinal 
advances which have not been made by Dirac; and in his papers alone one may find the key 
to the solution of almost any problem which the theory is competent to treat. The fact that a 
book on quantum mechanics must necessarily be largely an account of Dirac’s own work, 
assures us that his account will be unitary and coherent, and that it will be given in just those 
terms which have shown themselves most useful to the understanding and the development of 
the theory. 

The title of the book tells us that we shall not find here the detailed solution of many spe- 
cific problems; what we do find is the development and exposition of the methods by which 
such problems may most simply be attacked. In this respect Dirac’s book is very complete — 
for so short a book, astonishingly complete. In many cases the methods used by Dirac are con- 
siderably simpler and more direct than any to be found elsewhere; this is true of his treat- 
ment of angular momentum, of the theory of collisions and of radiation, and of the theory of 
systems containing similar particles. In this last problem, it is true, Dirac’s method does not 
give Wigner’s complet e reduction of all matrices; and this renders the application of his method 
to many problems unnecessarily laborious. A few developments of theoretical significance are 
not included in the book; of these omissions, possibly the most important are the theory of 
quantized waves for systems satisfying the exclusion principle, the unitary theory of electro- 
magnetic field and matter, and the theory of the electron in a gravitational field. But these 
things belong perhaps rather to the quantum mechanics of the future; and their omission will 
hardly be found to diminish the value of the book. 

In some very fundamental respects Dirac's book is like Gibbs’ “Elementary Principles of 
Statistical Mechanics” ; it is clear, with a clarity dangerous for a beginner, deductive, and in 
its foundations abstract; its argument is predominantly analytical; the virtual contact with 
experiment is made quite late in the book. The difficulty which this would present for many 
readers is largely reduced by Dirac’s introductory descriptive chapter, and by conscientious 
efforts to translate all results into physical terms. But physical ideas are seldom used to ad- 
vance the argument, and occur chiefly as an aid to exposition. The book remains a difficult 
book, and one suited only to those who come to it with some familiarity with the theory. It 
should not be the sole text, nor the first text, in quantum theory, just as that of Gibbs’ should 
not be the first in statistical mechanics. Every part of the theory may be understood from more 
than one point of view; to see it always and only from one point of view, even if that be the 
most general, is to understand it only partially. 

We must say a few words of Dirac’s quasi-postulate-theory foundation of the quantum 
mechanics. Dirac begins his argument by introducing certain symbols, said for picturesque- 
ness to “represent” states and observable variables of a system, and by laying down axioms 
for the manipulation of these symbols. These symbols do not represent, as do those more cur- 
rent in mathematical physics, a class of numbers defined by some specific measurement on a 
system; they represent the class of such classes of numbers, defined by any measurement on 
the system. Thus Dirac’s axioms, — ^and, in fact, most of his earlier chapters — have an extreme 
generality; but because the meaning of any equation, in physics, is ultimately to be derived 
from the numbers given by specific observations, they have also a higher grade of abstractness. 
This is the prico that must be paid for the generality. And Dirac’s book will be for many of 

us so satisfying, that we shall be glad to pay it. t t> n 

J. fv. v/PPENHEIMER 
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PROCEEDINGS OF THE AMERICAN PIi\SlCAI, SOClEI\ 

Minutes of the Chicago Meeting, Nomcmbeh 2>S anh 20, 1930 

The 166th regular meeting of the American i’hysical Socu.-tv' was held 
in Chicago, Illinois, at the Ryerson Physical Luhorafnry and hn-khaiT Hall 
of the University of Chicago on Friday and Saturday. Novcml.cr 28 and 29, 
1930. The presiding officers were Professor Henry ( 1. C.ale, Presulent of the. 
Society, Dr. W. F. G. Swann, Vice-president and Profe.ssor O. M. Stewart. 

On Friday evening the Physical .Society had a dinner al the Hotel \\ in- 
dermere. There were one hundred and ten present. President < ‘.ale presidi-d. 
The after dinner speakers w-ere Dr. A. J. Dempster, Dr. Paul D. Poote, Di . 
Herbert E. Ives, Prof. R. Ladenburg, Prof. M. von Laue and Prolessor R. 
ScliGrr^Gr* 

At the regular meeting of the Council held on Friday, November 2S, 19o() 
at 10:30 a.m. seventy were elected to membership. Idfclcd to Memhcixhip. 
John M. Aitchison, Gerald M. Almy, W. N. Arn(|uist, J(din Y. Atanasoff, 
Michael Balas, Willard H. Bennett, J. C. Betz, Paul H. Boots, Robert A. 
Boyd, James M. Bradford, Maurice J. Brevoort, H. T. Byck. R. W. Carson, 
Lawrence H. Cook, Winston Cram, C. F. DeVoe, Launuice H. Uonnally, 
J. S. Evans, Robley D. Evans, George Forster, Amelia Frcink, Wendell H. 
Furry, Otto Halpern, R. R. Hancox, Helen Harms, II. Harcild Haitzlei, Ar- 
thur B. Hersey, D. M. Hill, Joseph O. Hirschfelder, Winston L. Hole, Walker 
Kinkaid, John R. Kerry, Wdlliam S. Klein, Emeran J. Kolkmeyer, M. Iv. 
Krasno, Jules A. Larrivee, Rose LeD. Mooney, Robert Morgan, John M. 
Nordquist, M. Ostrofsky, Ralph G. Owens, Lyman C.. Parratt, R. Wa B. 
Pearse, W. D. Phelps, Lloyd B. Phillips, E. R. Piore, Frank W. Pote, Kurt 

F. Ritzau, Edward R. Schmid, Frederic A. Scott, Robert Serber, K<)l>ert S. 
Shankland, J. A. Sharpe, J. H. Simons, Albert Smith, Chauncey G. Suits, 
Shinji Togo, Philander B. Taylor, Melvin C. Ferry, Raven W . lyler, Oliver 

G. Vogel, John H. W’‘anamaker, Mary D. WVber, Donald F. WVekes, George 
L. Weil, M. F. Weinrich, Lester V. W’hitney, Violet Wu, H. M. Zenor and 
George E. Ziegler. 

The regular scientific session consisted of fifty four papers, eight of which 
—Nos. 17, 18, 20, 26, 32, 33, 43 and 46— were read by title. The abstracts 
of these papers are given on the following pages. An Author Index will be 
found at the end. 

.. . SEvmimMAm, 
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1 . Measuring the Inteaslty of molecular beams. A. Ellett and R. M. Zabel, University 
of Iowa, A sensitive Pirani gauge has been developed and used to measure the intensity of a 
molecular beam defined by 0.5 nim circular openings 22 mm apart. The gauge is situated 35 
mm from the last opening, A beam of air gives a galvanometer deflection of 1000 cm with a 
pressure of 1 mm behind the first opening. H 2 produces a deflection of 2000 cm. The galvanom- 
eter sensitivity is 11.6 mm per micro-volt. The time lag of the gauge is less than the period 
of the galvanometer (7 seconds). The limits within which the beam forming system may be 
expected to give a Maxwellian distribution of velocities are discussed. The final pressure in 
the gauge clue to a given beam depends upon the size of the gauge opening as kinetic theory 
predicts. Tlie reduction in intensity of beams of air and Hg by collision with either air or Ha 
present in the experimental chamber at various pressures has been measured. The data show 
that the gauge may be used to measure mean free paths and to obtain more detailed informa- 
tion that has previously lieen possible as to the probability of scattering through various angles 
by collision. 

2. Diffraction of atomic hydrogen. Thomas H. Johnson, Bartol Research Foundation, 
Stvarikmore, Pa, Improvements in the technique of photographing the de Broglie wave dif- 
fraction patterns, produced by the reflection of a beam of atomic hydrogen from a cleaved 
crystal of lithium fluoride, have considerably increased the intensity of these patterns over that 
of the patterns previously reported. In consequence, new features have been recorded. The 
patterns obtained by reflection at normal incidence consist (a) of four intense lines radiating 
from the central specularly reflected spot in directions perpendicular to the two mutually 
perpendicular sets of rows of similar ions on the surface of the crystal and (b) of four relatively 
weak, but plainly visible, lines radiating from the same point but perpendicular to the two 
sets of diagonal rows of alternately dissimilar ions. The gradation of intensity along the “a’’ 
lines corresponds to the dispersion of the various wave lengths of the Maxwellian velocity dis- 
tribution by the grating whose lines are the rows of similar ions spaced at intervals of 2.83A. 
The "6” lines have a greater dispersion corresponding to the closer spacing of 2.00 A between 
the rows of alternately dissimilar ions. Similar patterns observed at 45° incidence appear with 
branches corresponding to the various combinations of the values of 0, —1, -fl for m and n 
in the plane grating formulae cos ““Cos ^ = m\/d and cos “"COs 6 = n\/d, 

3. The value of Vm by deflection experiments. G. E. Uhlenbeck and L. A. Young, 
University of Michigan. To clarify the discussion as to whether or not a quantum mechanical 
treatment of the motion of electrons in magnetic fields will lead to a formula for ejm, differing 
from that obtained by classical electrodynamics the following problem was solved. A uniform 
magnetic field in the s-direction exists in the half-space x>0. A plane monochromatic de 
Broglie wave, travelling in the positive 3c-direction representing electrons of arbitrary energy, 
impinges normally on the plane x=0. Solutions of the wave equation were found fulfilling 
appropriate boundary conditions at the plane x=0. Currents are calculated quantum me- 
chanically and compared with the corresponding classical expressions. It was found that for 
electrons possessing energies of the order of magnitude used in deflection experiments, no 
observable deviations from classical results are predicted. Another quantum mechanical effect 
is diffraction at slits. Simple approximate calculations show that this effect can produce a 
fractional error in e/m of the order of the de Broglie wave-length divided by the slit width. 
These results are opposite to the conclusions reached by Page (Phys. Rev. 36, 444). We may 
remark that he solved a problem of "stationary states” which does not represent the actual 
experiments. 

4. Tbe diffraction of an electron-wave at a single layer of atoms. M. v. Laue, Visiting 
Professor from the University of Berlin, (Introduced byA.H. Compton). This paper undertakes 
to estimate the influence of the gradual transition between the field exterior to, and in the in- 
terior of a crystal, on the diffraction of electrons. This gradual transition is required by elec- 
trostatics. The result is that this influence may be neglected for electrons whose energy is two- 
hundred volts or more. One can then treat the transition as discontinuous. In the case of 
slower electrons it seems doubtful if such a treatment is permissible. 
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5. Frequency variations due to the electrodeless discharge. J. T. Tykcx-i.ver ako J 

KUNZ Vniversity of Illinois. Experiments were carried out 1» Miou iha! an osuluior uluch 

-xcites eiectrodeless discharges undergoes variations of its frcKiuency due to uu; rwicUun of t m 
discharges. These variations were measured by means of a heleradyne nioth<id and tin* n‘.-.ults 
were applied for'a study of the intensity and character of the (dcctroilekss discharge c:ii^ 

The fact was thus disclosed that contrary to a relation calculated on the l)asis of J . j honisiui 9 
theory of the ring discharge w^hich demands an increase of frequency, the ruig disc large 
causes a decrease of frequency. An extension of the theory was umlertakeii winch takes mto 
account the effect of the capacitance of the excitation coil itself and of tlie iniliieiice of the 
ionized dielectric in the discharge tube subjected to the action of electrostatic fielda. It can 
thus be shown that due to the electrostatic forces always predominating over tfie electro- 
magnetic induction, a decrease of 'frequency must result, whenever the inner conductance 
of the discharge is small enough to suppress the formation of ring discharges. 



6 Interpretation of negative volt ampere characteristics of neon positive column. Clif- 
ton G. Found, General Electric Co., Schenectady, N.Y. The vol^rge gradient m the iwsitiye 
column of a discharge in neon decreases rapidly with increase in current. I he decrease in 
gradient runs parallel to the increase in concentration of metastuble atoms and to the increase 
in light efficiency. Moreover, observations show that tlie electrons in tlie |)ositive column have 
velocities corresponding to a Maxwellian distribution in which electrons with a velocity greater 
than the resonance potential are absent. This deficiency of electrons with energy sufficient to 
produce ionization indicates that the positive ions are not formed by a single electronic col- 
lision but must be the result of a two stage process such as ionization of metastable atoms by 
slow electrons. These characteristics indicate that the negative resistance of the positive 
column is connected with the presence of metastable atoms. This assumption permits an 
explanation of the inductne impedance of a hot cathode neon tube as measured by W, h. 
Westendorp by a method which will be described in the near future. 


7. The efficiency of ionization of mercury vapor by electron impact near the Ionization 
potential. Philip T. Smith, University of Minnesota. Direct measurements of the efficiency 
of ionization by electron impact, using an electron beam with a very narrow velocity distribu- 
tion show a series of discontinuous changes in the slope of the efficiency curves as the energy 
of the impacting electrons is increased. Most of these discontinuities or "^ultra-ionization 
potentials” agree with those previously observed by E. 0. Lawrence, (Phys. Rev. 28, 947 
(1926)) and A. L. Hughes and C. M. Van Atta, (Phys. Rev. 36, 214 (1930)), although several 
new ones have been observed. Lawrence's values w*'ere 10.40, 10.60, 11.29, 11.70, 12.06 volts, 
Hughes’ and Van Atta’s 10.40, 10.62, 10.88, 11.28, 11.40, 11.77, 12.16, 12.76. Our values, 10.40, 
10.60, 10.76, 10.88, 11.07, 11.27, 11.40, 11.55, 11.70, 1L7S, 11.90, 12.06, 12.17, 12.38. 

8. Doppler effects in hydrogen with canal rays of uniform velocity. H. F. Batho akd 
A. J. Dempster, Vniversity of Chicago. Positive ions w’ere produced by bombarding hydrogen 
with low voltage electrons from a hot cathode. The ions formed passed beside the cathode into 
a strong field where they were accelerated by potentials up to 15,000 volts. The ions then 
passed into an observation chamber, where the light emitted by the accelerated particles was 
photographed with a large three-prism spectrograph. With the usual canal-ray tubes broad 
displacements are obtained as Doppler effects due to the velocity distributions in the ions, 
maxima are sometimes present suggesting ions of various masses, and the observed displace- 
ment is always considerably less than that calculated from the potential difference on the tube. 
With the present tube sharp displaced lines of the Balmer series are obtained indicating homo- 
geneous velocities, the displacements agree with those calculated from the potential for atomic 
ions, molecular ions and triatomic molecular ions. These ions break up in the observation 
chamber giving hydrogen atoms which emit the Balmer series lines with Doppler effects cor- 
responding to the velocities of the ions. At low pressures the displaced line due to the molecule 
ion becomes the strongest as suggested by previous experiments on the positive-ray analysis 
of ionization products. 
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9. A stiidy of the velocities of Ions formed In nitrogen by electron Impact W. Wallace 
Lozier, Unimrsity of Minnesota.— In a recent paper (Phys. Rev. 36, 1285 (1930)) there was 
described a method which is suitable for a measurement of the velocities of ions formed in 
molecular gases by electron impact. This method is employed in a study of nitrogen. Above 
35 volts electron velocity there are two groups of ions, these being N 2 + and N+ The N 2 + ions 
possess very little kinetic energy while the majority of the N+ ions possess about 3.0 equivalent 
volts velocity, these latter ions resulting from dissociation of molecular ions. The number of 
N+ ions increases so rapidly with electron velocity that at about 60 volts electron velocity 
they actually occur in greater numbers than the N 2 + ions, a fact which is in striking contrast 
to the results obtained in hydrogen. 

10, The effect of resolving power on the absorption coefficient of electrons in gases. 
R. Ronald Palmer, University of Minnesota, — The absorption coefficient of electrons in helium 
and ill mercury vd^ixtr has been studied as a function of the geometry of the experimental 
apparatus. An electron beam of 0.4 mm radius was used in a Mayer type of apparatus in which 
the opening at the end of the scattering chamber was of variable aperture. Values of the 
absorption coefficient were obtained for 20, 40, 80 and 135 volt electrons over an angular aper- 
ture range of from 2° to IT as measured from the end of the electron gun. All curves showed 
a definite decrease in the absorption coefficient with increase in angular aperture. These curves 
were corrected for the positive ion current, from the efficiency of ionization data of Bleakney 
and Smith, to give curves for the total number of electrons collected as a function of the size 
of the opening. These showed also a definite decrease with increase in aperture, corresponding 
to a preference for scattering to take place at small angles. In helium the curves were steeper 
the higher the electron velocity, whereas they were more alike in mercury vapor. From Arnot’s 
angular distribution results it is possible to predict such a curve for 80 volt electrons in mercury 
vapor. The predicted curve is much steeper, showing a sixty-five per cent decrease as against 
a thirt}’«two percent decrease over the same range experimentally. This discrepancy is as yet 
unexplained. 

IL The motion of electrons in argon. H. B. Wahlin, University of Wisconsin . — The 
mean free path X of electrons in argon has been determined for the case where the electrons are 
in thermal equilibrium with the gas, using the alternating potential method for determining 
mobilities. The value thus found is X —0.385 cm at a pressure of 1 mm. This value is 9.2 times 
the kinetic theory value (4(2)^^^ times the atomic free path). The mobility curves obtained 
when the current is plotted against the alternating voltage definitely show the influence of the 
Ramsauer effect. 


12. Specific resistances of zinc single crystals. E. P, T. Tyndall and A, G. Hoyem. 
University of Iowa. — Measurements made on fourteen single crystals prepared from Kahl- 
baum^s best zinc by the Czochralski-Gomperz method yield values of specific resistance which 
verify the Voigt-Thomson symmetry relation wdth considerably more accuracy than has been 
the case previously. The scattering of results of previous observers (Bridgman, Ware) appears 
to have been avoided here by more careful attention to experimental conditions, particularly 
in the determination of cross-sectional area and its variation along the crystal rod, and in 
temperature control. The increase in resistance due to slight strains found by Bridgman does 
not exist for these crystals. The specific resistances, perpendicular and parallel to the vertical 
axis are: px— 5.88X10"*®, ps — 6.20 X 10*”® ohms/cm®. For a series of 22 crystals prepared from 
“spectroscopically pure” zinc (from the New Jersey Zinc Co.) the values px^S.SSXlO""®, 
pi! = 6. 15 X 10~® are obtained. The results, however, are more scattered than for the Kahlbaum 
crystals, but it is believed that this may be due largely to increased experimental difficulty in 
handling these much more easily deformable crystals. Thus, the purer zinc shows lower values 
of specific resistance throughout, but the ratio pi/px, is the same for both 1.055. 

13, Electromotive force of paraffin membranes. Karl Lark-Horovitz and J. E. Fer- 
guson, Purdue University . — With the method developed by Horovitz some time ago (Proc. 
Vienna Acad. Sci. 134, 345(1925)) thin films of paraffin were sealed to glass tubing of known 
electrode function. These paraffin films are used as one electrode in aqueous solutions*of dif- 
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ferent ionic concentrations. Measuring the change of eiectro-inotive iuroe of tin.; I'iaraliin film 
as a fimction of the concentration of ions in the solution liy using a hinaia -elrclromt'ter 
(Dokzalek), the following results were obtained: Paraffin acts as a reversiblii eivcirofle iii re- 
spect to cations only. It beha\^es,in solutions of HCI, KCl, NaCI, AgNO.i am1 XaOH like a 
reversible electrode in respect to any of the cations contained in llie solutmu afu-r a ct'rtain 
range of, concentration has been reached. In srdiitions of mixtures of elertrul^’tes, paraffin be- 
haves like a mixed electrode, its behavior being in all respects similar Ui tin* beha^ i*)r of glass 
as described before by Horovitz and collaborators. 

14. Contact potential between iron and nickel. G. N. Glasof., Vnivenity oj IVisam.sin 
{Introduced hy C, E. Mendenhall). -—Speclmem of electrolytic iroii and eh.'Ctrolytic nicffiel were 
outgassed by intensive heat treatment in a high vacuum and the contact potiintiai between 
them was meiasured by the Kelvin null method. Photoelectric long v a\'<^ limits of tin; spei'iniens 
were measured by using filters in the path of the light from a cjuartz nnnxury ar<\ I he light 
transmitted by each filter w^as photographed with a quartz spec.'lrograph inimediatcdy after 
each determination of the photoelectric effect, 'fhe results of llie measurements made after 
the Fe and the Ni had been heated for 300 hours were the same as those ‘ibtained after some 
750 hours of heating. The plates were heated at a temperat ure of abinit ^>00 'G at first ami thi‘n 
the temperature of the Fe was raised to 1000®C and that of the Xi to U00"(" with rm measur- 
able change in the values obtained for the contact jx>tential and long wave limits. The cquiiilo 
rium value of the contact potential was Fe-N 1*4-0.20 volt 1:0.01 volt. 'Fhe long wave limit of 
the Fe was found to be 2646A and that of the Xi to be 25.17 A. I'he work functions of the 
specimens corresponding to these long wave limits are: Fe 4.662 volts, and Ni 4.862 \ oits. The 
difference in these values gives the contact potential Fe-Ni 4-0,20 vidt. 

15, On the electrical resistance of contacts between soEd conductors. J . Frekkel, VtsiL 
ing Professor from Leningrad, University of Minnesota, {Introduced by II, A. Erikson ), — A 
contact between twx solid conducting bodies is visualized as a small gap lietween them. This 
gap can be described as a potential hill, over which the electrons, according to the wave me- 
chanical theory, can pass even with insufficient kinetic energ■3^ 'Fhere must l>e in general a 
steady flow of electrons across the gap in both directions, the difference between the two flows 
being the actually observed current intensity J. The genera! expression of I as function of the 
applied potential difference .is obtained and discussed for the. case of two identicai bodies in 
connection wdth the resistance of granular structures (thin metallic films, obtained by cathodic 
pulverisation) and for the case of two different bodies in connection with the rectifying (valve) 
action. 

Id. Photoelectric properties of oxide cathodes. \¥. S. Huxford, Grigshy-Grimow Research 
Staff, Department of Engineering Research, University of Michigan.— -The effect of applied fields 
on the photoelectric work function of barium-strontium oxide cathodes has been investigated 
in the light of recent theories on electron emission from adsorbed metallic films. Photo-currents 
of the order of 10*"^Uimpere were obtained when the cathodes were illuminated by light from a 
glass monochromator. The potentials employed were of the order of magnitude of those com- 
monly applied to the electrodes of radio receiving tubes. As the activation of the cathode is 
carried to a maximum the photoelectric threshold, as measured at room temperatures, moves 
towards the red end of the spectrum, and the tendency to a condition of non-saturation in the 
emission increases. The currents due to the electrons emitted under the action of blue light 
saturate better than those caused by red light. A striking dependence of the photoelectric 
work-function upon the applied fields has been found. In the case of one cathode, the long wave 
limit of the photoelectric effect occurred at 9200A with a field of 40 volts per cm and at approxi- 
mately 10,800A with a field of 8000 volts per cm, A quantitative estimate is made of the 
modification of the intrinsic surface fields by the impressed fields. 

17, Photovoltaic effects in Grignard solutions, II. R. T. Dufford, The University of Mis- 
souri.— Nm observations are reported which bring out several new facts about the Becquerel 
effect in Grignard cells. Most important among these are the behavior on closed circuit, and 
the remarkable effect of certain depolarizers in increasing the current obtainable; and the 
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evidence that at ieast two types of response may occur with platinum electrodes. The effect 
is noted in several compounds not before tested. The work was done at the Research Lab- 
oratory, Iiicandescent Lamp Department of General Electric Co., Cleveland, Ohio. 

18. The dielectric polarkation of castor oil, linseed oil and tung oil. W. N. Stoops, West- 
inghotm Research Laboratories^ East Pittsburgh, Pa. {Introduced by C. F. Hill).— Th^ dielec- 
tric constants and densities of castor oil, linseed oil and tung oil have been measured over the 
temperature range between 100°C and their freezing points. The dielectric constant and 
polarization data indicate the presence of polar molecules in the oils. Accordingly the dielec- 
tric constants and densities of their dilute solutions in benzene have been measured, and the 
electric moments calculated by means of the Debye equation. They are 3.7, 3.0 and 2.8 XIO"^® 
e.s.u. respectively for castor oil, linseed oil and tung oil From the standpoint of their molecular 
structure, these oils may be considered as derivatives of the triglyceride of stearic acid. The 
above values of the electric moment agree well with what would be expected on the basis 
of the accepted chemical composition of the oils. 

19. Orientation of hydrocarbon crystals by an electric field. Ralph D. Bennett, Univer- 
sity of Chicago.— -Ewing has shown (Phys. Rev, 36, 378 (1930) that as regards scattering power 
for x-rays an electret consisting of a mixture of different waxes is anisotropic. The writer has 
obtained results in agreement with his. Further, paraffin shows a similar anisotropy when 
allowed to crystallize in an electric field. Muller and his collaborators (Proc. Roy. Soc. A120, 
437 (1928); Jour. Chem. Soc, 127, 599 (1925) ; et al.) have shown that the normal hydrocarbon 
crystals have the form of thin flakes, the long axes of the molecules being perpendicular to 
the face of largest area. The writer’s x-ray measurements indicate that the effect of the elec- 
tric field is to align these crystals edgewise, i.e. the hydrocarbon chains are perpendicular to 
the electric field. 

20. Change of frequency of x-rays scattered by bound electrons. D. P. Mitchell and 
A. J. O’Leary, Columbia University. — -in the Physical Review of June, 1929, one of us (D.P.M.) 
reported changes in \vave-length of the molybdenum Kai line scattered at 90° from graphite, 
berylliuiii and aluminum. These were interpreted as due to the transfer of the binding energy 
of K and L electrons in the scattering substances. Further investigation of this phenomenon 
with improved apparatus employing a background compensation method failed to disclose, 
in addition to the unmodified line, any of the lines previously reported. The line MoiTai was 
scattered from paraff.n and graphite at an average angle of 90° and beryllium 154°. The ex- 
perimental conditions for producing the scattered radiation were as nearly as possible like 
those of the earlier work. The measurements were made by means of ionization apparatus as 
before. However, the sensitivity and stability of the new measuring apparatus was sufficient 
to have disclosed such lines if their intensity exceeded 10 percent of the unmodified MoiTai 
line scattered from paraffin and graphite. The result is in complete accord with similar ex- 
perimental work already reported by J, A. Bearden and N. S. Gingrich. Unmodified scatter- 
ing by beryllium was definitely observed although quite weak. No "anti-Stokes” line was 
observed as previously reported. Such a line should have appeared if its intensity was 50 per- 
cent of the unmodified MoiTai line. 

21. Scattering of x-rays in the neighborhood of 90 degrees. G. E. M. Jauncey and G. 
G. Harvey, Washington University, St. Louis. — X-rays from a tungsten target tube excited 
at 90 and 125 kilovolts were scattered by paraffin. The x-rays were filtered through aluminum 
so as to produce some degree of homogeniety, and the distribution of intensity amongst the 
wave-lengths still present was determined by an absorption method. The intensity of the 
x-rays scattered at the above angles by a thin slab of paraffin was calculated for each wave- 
length present in the primary beam, using the formulas of Dirac and Jauncey. Each wave- 
length was assumed to be changed on scattering by the Compton value and the proportion of 
the intensity of each wave-length which was absorbed in the methyl iodide in the ionization 
chamber was calculated. The total intensity absorbed in the ionization chamber was then 
found by graphical integration. In the experiment, the ratios of the intensities scattered at 
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75® and 120® to the intensity scattered at 97®30' were determined. These ratios were com™ 
pared, with, the two theoretical ratios. The agreement is much better with Dirac's than with 
Jauncey’s formula. At the wave-lengths used Dirac's formula is not sufrnricntly different from 
the formula of Klein and Nishina for this experiment to discriminate l)etwecn them. 

22 . Scattering of x-rays by gases. E. 0. Wollan, University of Chicago.— 

ments of the scattering of x-rays by gases are in progress using a molybdenum target, with 
Seller slits and matched filters of ZrOa and SrD. This arrangement makes fKissible the use of 
more homogeneous radiation and more definitely defined scattering angles than have hitherto 
' been' reported. The intensity of scattering of hydrogen at 90® has lieen used as a standrifc! 
with,, which the scattering of other gases has been compared. Due to the small intensity of 
scattering from hydrogen, oxygen was used as a seco.ndafy standard, witii which direct com- 
parisons of intensity with other gases was made. Measurements of the intensity of scattering 
from argon at angles from 10® to 90® were obtained, and put on an absolute scale by compariscio 
with oxygen. The scattering per electron for argon was considerably greater than for hydro- 
gen and oxygen over the whole range of angles. This indicates a strong concentration of elec- 
trons near the center of the argon atoms. 

23. Electron distribution in argon, and the existence of zero point energy. Aethur H. 
Compton, The UtiiversUy of Chicago. — Data on the scattering of x-rays liy argon, reported by 
Wollan are analyzed by the method recently described by the writer (Ph}'s. Rev. 35, 925 (1930)) 
The resulting electron distribution curve (U curve) shows a maximum electron density at 
about 0.10 A from the center of the atom. The data of James and Firth (Proc. Roy. Soc. 
A114, 181 (1927)) on rock salt at 0°K give a maximum electron density of chlorine atoms at 
about 0.19A from the center, for 900®K at about 0.58A. The difference between the latter 
two values is due to the thermal motion of the atoms in the crystal. Similarly, the large differ- 
ence between the radius of maximum electron density in the atoms of argon gas and of chlor- 
ine in rock salt at 0°K must mean motion of the chlorine ions in the crystal lattice. The 
amplitude of this motion is of the order of magnitude predicted on the quantum theory of 
zero point energy. This confirms the conclusion of James Waller and Hartree, who however 
based their conclusion on a theoretical rather than an experimental electron distribution for 
argon and chlorine. 

24. Absorption of x-rays in gases. W. W. Colvert, University of Chicago, {Introduced 
by A. II. Compton.) — X-ray spectral lines reflected from a platinum surfaced mirror and by 
a calcite crystal have been used for absorption measurements with neon, sulphur dioxide, 
chlorine and argon. The double reflection gives a more nearly homogeneous beam, since the 
mirror greatly reduces the higher orders of the shorter wave-lengths. The results are sum- 
marized in the following table. 


Mass absorption coefficients 



0.496A 

0.S61A 

0.631A 

0.7 lOA 

1,389A 

1.539 A 

2.288A 

Ne 

.84 

1.20 

1.69 

2.50 

16.0 

23.4 

7S„5 

A1 

1.96 

2.71 

3.82 

5.32 

37.3 

50.7 

149.6 

SOa 

1.92 

2.67 

3.60 

5.55 

38.5 

51.8 

162.6 

S(Calc) 

3.40 

4.64 

6.89 

9.96 

66.4 

S8.4 

284.0 ■■■ ■' 

Cl 

4.14 

5.76 

8.18 

11.52 

76.9 

■102.7" 

. 315.0 ■'■: 

A 

5.06 

6.89 

9.80 

13.0 

85.7 

■114.0 

■ 339.4. „■' 


25. The absorption of the Ka line of carbon in various gases. Elmer Dershem and Mar- 
cel ScHEiN, University of Chicago ^ — ^The mass absorption coefficients of a number of gases 
for the Ka line of carbon (X ='44.6A) have been measured with the aid of a specially designed 
x-ray vacuum spectrograph in which a ruled gating was used to isolate the 'Ka line. A photo- 
graphic method was used and the densities of the photographic images obtained with and 
without gas in the chamber were compared by means of a photoelectric photometer. Pre- 
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Hminary values of the mass absorption coefficients (m/p) of the gases used are as follows 
He 3050; CO2 4750; Nj 3950; Oj 5800; Ne IISOO; SOj 13000. Work on these and other gases 
is being continued and the above values may be slightly revised but are believed to be Quite 

accurate. 

26. Tlie absorption coefficient of 7-rays from raditim C and the effect of the rays on films. 
Charles S. Barrett and Roy A. Gezelius, Naval Research Laboratory, Washington, D.C. 
—The curve of film density vs. exposure is of the same type for 7-rays as for x-rays. The use 
of commercial screens of calcium tungstate reduce the exposures required in radiography with 
7 -rays to about O/i those required without screens; lead foil effects a reduction to about 0.75. 
The rapid increase in effectiveness of calcium tungstate screens with increasing hardness of 
rays in the x-ray region does not continue into the region of hard 7-rays. Recoil electrons from 
an aluminum sheet (optimum thickness about 2 mm) placed on the radium side of a film are 
not as effective for the above purpose as the electrons (chiefly photoelectrons) from lead foil. 
1 he linear absorption coefficient fi of 7-rays in iron was determined by densitometer measure- 
ments on films exposed under conditions similar to those of radiography, with precautions 
taken against scattered rays reaching the films from the rear. With blocks 30 cm square and 
5-15 cm thick as absorbers and with films directly behind them, placed 45 cm from 250 milli- 
curies of radon, /x=0.30 cm“"b This is in agreement with previous ionization measurements 
made under conditions where comparable amounts of scattered rays were present. A quan- 
titative technique for 7 -ray radiography has been worked out and is being published else- 
where. 

27. A simple derivation of the formula for the half-width of the Debye-Scherrer lines. 

N. Rashevsky, Research Laboratories, East Pittsburgh, Pa. — In 1918 P. Scherrer 

published without proof the following expression for the half-width of the Debye-Scherrer 
lines: 

h ^2{ln2f Tryi“ {\/l cos $) — 0.94(X// cos P) 

X being the wa\"e-length of the x-ray beam, I the size of the crystallites and $ the glancing 
angle. Seljakow and v. Laue independently gave later on rather elaborate analytical deriva- 
tions of the above formula, their results differing from Scherrer^s and from each others only 
in the value of the numerical factor (Seljakow — 0,92; v. Laue — 0.9). In the present paper a 
very simple and short derivation of the above formula is given, showing particularly clearly 
the physical cause of the broadening of the lines, and giving for the numerical factor the value 

O. 89. 

28. Tbe structure of some groups XOj. W. H. Zachariasen, University of Chicago (In- 
troduced by H. G. Gale). — Through determinations of the crystal lattices of KBrOs, KClOa, 
NaCIOs and Na2S03 the size and the shape of the groups (Br03)~b (ClOa)"^ and (SOs)"^ were 
examined. These 3 groups show the same type of structure. This special type is also found 
for the groups (AsOs)""^ and (Sb03)~^ in the crystal lattices of AS2O3 and SbaOs as determined 
by Bozorth. The structure type of the above 5 groups is distinctly different from the one of 
the groups (BOs)"*, (COg)"'* and (NOg)'*^ The cation is displaced an amount A out of the plane 
of the three oxygens, and this displacement can be expressed by: A =* a/12 (6)^^*, where a is 
the oxygen to oxygen distance in the equilateral triangle. Due to the existing relation be- 
tween A and a, we can describe our type of groups as tetrahedral groups with one tetrahedral 
corner removed. Common for all groups of this type is that the cation has got only 2 electrons 
in the outer shell. The asymmetry which characterizes the configuration around the cation 
may be explained as due to deformation in the outer shell of the cation, where the charge dis- 
tribution is very diffuse. 

29. Tbe btiiidlng of atoms as related to nuclear abundance and stability. W. D. Harkins, 
University of C/ifcago,— Recent investigations emphasize the importance of the rule that the 
elements of even atomic number are much more abundant than those of odd number. This and 
other evidence mdicate that the most stable nuclei are those whose charge is represented by 
an even number. An even more important rule is that the most stable nuclei are those which 


106 


THE AMERICAN PHYSICAL SOCIETf 


contain an.even number of negative electrons. If the atomic species are di viflec! into four classes 
according to the evenness or oddness of 'the number of nuclear t-leclrons and prc^oiis, tlie 
most stable species are found to belong to Class I, for which these iiinabers, amd the atomic 
number also, are even. The nuclear spin of all of the species of this class ufiich havts htm in- 
vestigated have been found to be zero. The nuclei of complex atoms in geiitaml seem to ex- 
hibit such relations as to indicate that with the possible exception of the alpha particle, they 
are built in steps. The particles wbich seem most likely to take pari in iiicreasing the mass of 
a nucleus are: the alpha-particle, the proton* the electron, the half al|>ha-fiarticlc and 

possibly the neutron, although the last of these may not exist since the ratio negative to 
positive electrons in a neutron is unity, which is abnormally high ftir a omiphix nucleus. The 
increase of mass by the addition of an electron may be negative on account (4 the packing 
effect. 

'30. Time lag in the formation of the latent image. LiC'^tee L Zimmeeman, SL Lmds 
University. {Introduced by F\ E. Poindexter) r—Scths oi constant energy exposures were made 
on Hammer Extra-Fast plates at high and lo"w light intensities l.?y iiujansof llas!ies«)f ligiit 
from a rotating mirror for a range of mirror speeds. The time of illuniifiatioii of the enuslsion 
grain in each ffash x^aried from 10~® to SXIO""*^ seconds. It was found that tliere was a gradual 
dimin'ution of image density with decreasing time of Hash until a critical ilasli ifUtawal was 
reached, after wiiich the density-flash curve fell rapidly, I'he breakiiig i>oint of the graph for 
high intensities was at a time of flash of approximately i XtO' “ seconds wiiiie that for the low 
intensity was 3X10^^ seconds. Assuming that the breaking o\'er of the den-it y-llasli graphs 
is real, and not due to some undetermined characteristic of the apparatus, the c<mclusion is 
indicated that the formation of the latent image is a resonance process. 

3L A study of the latent image at low intensities. Feanki.en K. INun'oexiek and Louis 
E. Jam'ES, SL Louis University,--Aiiimmer Extra-Fast plates were exfxxsed to light of very 
low intensities— the times for normal exposures ranging from thirty to twc,? hundred and forty 
minutes. Two sources of light were used on each plate. A series of exposure.^ was made with 
each 'Source separately, a series of each on top of the other and, finally, a series was made when 
both lights were shining on the plate. It was found that the densities for the simultaneous 
exposures were in ail cases greater than those formed by imtting the image due to one source 
on top of the other. The difference between these densities, however, decreases with iocrea'Si'iig 
intensities of the light sources. The results show that tlie failure of the reciprocity law is 
very appreciable even for fast plates at low intensities. 

32. The band spectra of^ scandium-, yttrium-, and lanthanum monoxides. \\'’illia'M 'F, 
Meggers and J'OHN A. Wheeler, Bureau of Standards.-— New data on wave-lengtlis and re- 
lative intensities of band heads in these three molecular spectra have been olitained and have 
been classified in a number of band systems resulting from transitions between various vibra- 
tion levels of initial and final electronic states. For ScO 137 Ixind lieads are observed; these 
belong to S systems, the O, 0 transitions of which are at I, 4S57.79 ami 4858,09A; 11, 60 17.07 A; 
III, 6036.17A; IV, 6064.31 A; V, 6079.30A, The YO spectrum closely resembles that of ScO; 
126 band heads were obseiwed; these are assigned to 5 systems with 0, 0 transitions at I, 
4817,38 and 48i8,20A; H, S939.08A; III, 5972.04A; IV, 0096.78A; V, 6132.a6A. In the LaO 
spectrum, more than 300 band heads have been measured; they appear to belong to 9 different 
systems. Our analysis of the LaO bands agrees in the main with that given by Jevoiis (IVoc. 
Phys. Soc. London 41, 520 (1929))* All of the bands in these spectra are degraded to red 
except two groups of LaO which are degraded to violet. 

33. Regularities in the second spectrum of xenon. C. J. Humphreys, T, L. deBruin and 
W. F. Meggers, Bureau of Standards . — A new description of the spectrum of ionized xenon 
(Xen) has been completed; it gives wave-length and intensity data for about 1600 lines be- 
tween the limits 2230A and 8716A. The ground doublet {^Pim.m) in this spectrum has been 
identified among lines observed in the Schumann region by Abbink and Dorgelo (Zeits. f. 
Physik 47, 221 (1928)); the levels are separated by 10540 wave-numbers. This spectral term 
has been connected with others w^^hich combine so as to give lines in the visible Xen spectrum, 


AMERICAN PHYSICAL SOCIETY 


107 


and the absolute values of the terms have been fixed by extrapolating series-forming terms to 
their limits. I. he ionization potential is found from these spectroscopic data to be 21.1 volts. 

34« Hyperfine structure patterns. S. Goudsmit and R. A. Fisher, University of Michi- 

Ilyptuiioe structure separations obey the interval rule very accurately. This enables 

one to construct simph; graidis which represent ail possible line patterns for given quantum 
numbers. Such graphs are useful in the interpretation of hyperfine multiplets especially in 
cases wliere not all components are resolved. They were successfully applied to preliminary 
measurements of Wi 11 Iryperfme structure, recently obtained by us. Application to the partly 
resolved In’perfme multiplets of Mn 1 (H. E. White and R. Ritschl, Phys. Rev. 35, 1146 
(1,930)) gives results w iiich differ considerably from those obtained by White. 

35. The transfer of energy between molecules during collisions: quenching of mercury 
resonance radiation by admixed thallium vapor. 0. S. Duffendack, John Simon Guggenheim 
Mernoriiil Iuilou\ iJnk'crsity of Michigan. — The quenching of mercury resonance radiation 
X2537 by admix(.*d thallium vapor was measured. At 0.8 mm mercury vapor pressure and 
750'’C the radius of the excited mercury atom has an apparent value 30 times greater than the 
norma! kinetic thitory radius. Previous measurements on quenching by permanent gases give 
a maximum radius 3 times normal The addition of helium to the Hg-Tl mixture at 750°C 
permits the measurement of the quenching at 0.001 mm mercury vapor pressure and gives a 
radius of the excited mercury atom little greater than normal. When N 2 is substituted for He, 
the radius is somewhat greater. The differences are attributed to differences in the concen- 
Iratifui of exciterl mercury atoms in the ^Pi and ^Po states. The presence of metastable ®Po 
atoms makes the wdiie of the average Hfe of the excited atom uncertain. 

The experiments indicate the possibility of isolating the effects of the ®Pi state, in which 
case a radius very little greater than normal is probable: a result in agreement with estimates 
made from the (juantum-mechanical theory of Kallmann and London (Zeits. f. Phys. Chem. 
B2, 207 (1.929] j. This iiu'estigation was carried out under the direction of Professor J. Franck 
at Gottingen. 

36. The energy of dissociation of mercury molecules. J. G. Winans, University of Wis- 
consin. —Tht absorption spectrum and the electrodeless discharge spectrum of mercury vapor 
between wave-iengths 2200 and 1550 were photographed with a fluorite vacuum spectrograph. 
In the absorption spectrum, three apparently continuous bands were observed with maxima 
at 1849, 1807, and 1685. With increasing pressure the 1849 band broadened symmetrically 
until it o\'er"Iapped the 1807 band. With further pressure increase the 1849 band broadened 
toward longer wave-lengths but retained a sharp short wave limit coinciding with the short 
wave limit of the 1807 l>and. In the electrodeless discharge excited by a low voltage Tesla coil, 
the bands at 1849 and 1685 were emitted, but not the one at 1807. Assuming that this failure 
of 1807 indicated that molecules which absorb 1807 are dissociated, potential energy curves 
for Hga can be constructed to explain this. These same curves explain also the peculiar 
limitation of the 1849 band at the 1807 band. From these curves the energy of dissociation of 
Hg 2 is found as 0.20 volts. It is necessary to ascribe the 1807 band to an electron transition 
from a molecular energy level to an atomic energy level. This constitutes a new type of photo- 
chemical dissociation. Similar explanations have been made for the band spectra of zinc and 
cadmium, (Phil Mag. "7, 555 (1929).) 

37. A spectroscopic study of the decomposition of organic vapors by the electrodeless 
discharge. David IM. Cans and William D. Harkins, Department of Chemistry, University 
of Chicago . — W’hen subjected to the electrodeless discharge, the vapors of organic compounds 
at pressures of several tenths of a millimeter of mercury are rapidly decomposed into mon- 
atomic and diatomic, neutral and charged fragments, with emission of light. Thus, for benzene, 
acetylene, and naphthalene, the spectrum reveals the presence of H and C atoms, C+ ions, and 
C 2 and CH molecules. With aniline, the spectrum shows, in addition, the violet cyanogen 
bands, the bands of NH, and the second positive (N 2 ) and first negative (Nz"^) groups of 
nitrogen. The spectrum for phenol contains the water vapor bands, due to OH, and the third 
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positive group of carbon, due to CO, as well as tbe decompositioit s|K?ctrurii tyf)ical hinvimt. 
These very reactive fragments unite with each other to foriu !?rcHvti to i^ack of high 
molecular weight. Sufficiently unsaturated hydrocarbons are coinplelely t ransfonn».‘d into 
insoluble solids as rapidly as vapor enters the flask. Saturated liydroearbons, like adiepfane, 
form little solid, since hydrogen is liberated, which raises the pressure* and fcnals to extinguish 
the. discharge. Besides dark solids, substituted benzene derivaiivtis gein*rally also gi\i.i gaseous 
products, as water for phenol, ammonia or lower amines fur unilint, and liydr<)gen chloride 
for chlorobenzene. Further work is in progress. 

38* A continuous fluorescence emission spectrum which accompanies a change of color 
and the Raman spectrum. William D. Haekins ahd If. E. Boweks, fLikr,rsiiy r#/ Ckimno.-- 
In the study of the Raman spectrum of certain liquids a cuutinuuus eruission spectrum lias 
been found to .appear, together with the Raman line spectrum, in each ctse. in which the 
liquid becomes colored by the action of the radiation from the nu*rr.ur>‘ urr light. ‘Fhe con- 
tinuous spectrum was always absent when no such change of color occyrr«*d. Hie coaiinuoiis 
spectrum was given by eight organic bromine derivatives of the jinr.iUin, series am! by a solu- 
tion of ammonia in methyl alcohol. The continuous spectrum is femod I’et ween an<j 
S200A, and between 5500 and 5800A. 

39. Further study of the absorption of infrared radiation by water vapor. K. K. !h,.YmiR 
AND W. W. Sleator, Universtiy of Michigan,- — By making use of Ih:iK*h'tte gratings, a Moil 
thermal relay and the spectrometer constructed by lever and «!(fscribed, the 

authors have re-examined with increased resolution the alisorplitm bands of water vaiKir whose 
centers lie near L38g, 1.87p, 2.66//, 3.17// and 6.26//, The new study has greatly increasitd the 
number of measured lines. Especially, near 6,26// and 3.17/i the number lias b(Hm more thiin 
doubled. The new lines are mostly w'eak ones, but the work has resulted in better determi- 
nations of the wave-lengths of many strong lines which now appear as sharp single effects 
freed from the former confusion due to overlapping. The center of the liannonic of the great 
band near 6.26// is seen to be better placed at 3.168// than as it was formerly at 3.11//. It also 
appears that the band has .no absorption at the center, and is of the doublet type like the 
fundamental. 

: 40. Progressive relationships in the near infrared absorption spectra of the halogen 
derivatives of benzene. F. .S, Brackett and Urner I.4»del, Stmihsonim InsHtuiwn md 
Bureau of Chemistry and SmlSf Washington^ D,C, — Automatic reconls of tfie near infrared 
absorption spectra of benzene and its halogen, derivatives at an average resfdution of 12A to 
the slit-wudth are offered. These spectra have been analyzed with resriect to the second over- 
tone of that fundamental vibration of benzene occurring in the region of 3.25//, which prol;:»abiy 
approximates a linear oscillation of hydrogen with respect to carbon. In the progression ben- 
zene 8772 cm“b iodo-ben.zene 8780 enr"^, brom-benzene 8787 und chlfir-lxuizene 8800 
a progressive shift to shorter wave-lengths of this secoiul o\'erttuie occurring in benzene 
at the frequency 8772 is observed. An explanation Is offered based on the further reduc- 
tion of electron density about the carbon centers resulting from the substitution for a single 
.hydrogen of an increasingly electro-negative halogen, in each case. Further shifts to shorter 
wave-lengths ivere predicted for the higher halogen derivatives. Sfiectra are offered of the three 
di-cMor, 1, 2, 4, and I, 3, 5 tri-chlor, penta-chlor, and para- dibrom-benzenes, which in a 
general way substantiate these predictions. The general idea of relative decrease in saturation 
as correlated withJncrease of frequency is borne out. In the case of benzene, satellites are 
observed at frequencies occuring at multiples of 162 cm^b The presence of such a low fre- 
quency mode is consistent with the fine structure observed in the visible bands of benzene 
vapor. 

41. Absorption bands of hydrogen halides in the liquid state. E. 0. Salant and W, West, 
Washington Square College, New York University. — The (0, 2) bands of HCl, HBr and HI 
liquids and the (0, 3) of liquid HI, measured with quartz prism spectrometer, thermopile and 
galvanometer, show no rotational structure, centers of HCl and HBr bands being displaced 
to longer waves as compared with corresponding gas bands. The frequencies, with gas-liquid 
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displacements given in parentheses are, in HCl 5543 (125), HBr 4850 (180), HI 4262 

and 6262. IH al)Sorpt.i(np particularly, is strongly itensified in the liquid. With these values 
and the Raman lines (Salant and Sandow, Phys. Rev. 32, 214 (1930)), the vibration frequencies 
and anharmonic coelhciciits of the vibrational terms are calculated for the liquefied hydrogen 
halides (the constants fur the gaseous molecules, in parentheses, are from Birge, International 
Critical 1 aides, \Vd. V) ^ HCI 2800 (2991), PIBr 2587 (2647), HI 2262; HCl 8.5 
(54), HBr 54 (44), HI 44. Difierences between spectra of vapors and liquids are discussed. 
The freciuency shifts of the hydrogen halides must be attributed not to a Lorentz-Lorenz 
force, but to some other, quantum mechanical interactions of the molecules (Breit and Salant, 
Phys. Rev. 36, 871 (1930)). 

42. Some effects of intense audio-frequency sound. Newton Gaines, University of Texas 
—Audible sound of great intensity is produced by magnetostrictive vibration of a nickel tube, 
two 25()-watt radiotron tubes being employed in the apparatus. This sound is used to produce 
phenomena hitherto obtainable only with piezoelectric crystals vibrating at thirty or forty 
times the frequency and also entirely new phenomena. The nickel tube itself is vibrated so 
strongly as to rupture eventually at the middle. A five centimeter mound forms on the surface 
when the rod oscillates beneath water; this mound is not the result of radiation pressure. An 
air bubble released under water in the neighborhood of the vibrating rod becomes white, and 
under certain conditions moves against a strong stream of water. Carbon deposited on the 
sides of the nickel tube goes into colloidal solution when the tube is vibrated under water. 
The reaction of sonic radiation upon the radiator is demonstrated. Striations in a Kundt tube 
that are parallel to its axis are produced. Larvae are killed immediately by the sound; colon 
bacteria are killed, dying off in accordance with a simple logarithmic law. The irradiation of 
seed by the intense sound changes the rate of growth of the seedlings produced, usually re- 
tarding the growth but in certain cases accelerating it as much as 25 percent. 

43. Supersonic interferometers. Elias Klein and W. D. Hershberger, Naval Re- 
search Laboratory t Bellevue, D\C » — The methods of applying high frequency sounds to small 
scale measurements are discussed. An interferometer was constructed and used to measure 
the velocity of sound in gases, liquids, and solids at frequencies ranging from about 10 to 
700 kc. Three types of sources were tried, viz: quartz and rochelle salt crystals and magneto- 
strictive rods. The determination of the velocity of sound in solids are based upon (1) optimum 
transmission of sound through a partition whose thickness is an integral number of half wave- 
lengths: (2) relative displacement of the nodal planes in a given liquid due to the immersion 
of the solid slab in the acoustical path. In the same manner, a small quantity of an unknown 
liquid is placed in a parallel w-alled cell and the latter is immersed in a liquid of known acoustic 
properties. Or, the variation in the velocity of sound with concentration of solution may thus 
be determined. Reactance and effective resistance of the interferometer (with a liquid medium) 
as a flmction of the reflector distance from the sound source were investigated. Approximate 
values of the impedance, power factor and watts dissipated in the instrument were thus com- 
puted. The use of the interferometer as a device for measuring supersonic frequencies is 
explained. 

44. Sound absorption determined by transmission measurements. F. R. Watson, Uni- 
versity of Illinois, — A. H. Davis, (Phil. Mag. 50, 75 (1925); 2, 543 (1926)) has developed a 
formula for transmission of sound, ^ — V fl—kW/as, where I is the intensity of the sound in- 
cident on a partition, I' is the transmitted intensity, k is the coefficient of transmission, W, 
the area of the partition and as, the absorption of the surfaces in the receiving room. By suit- 
able measurement of the ratio I VI, it is thus possible to determine the absorption as^ Pre- 
liminary tests by means of electrical instruments for the generation and reception of sound 
have given promising results, thus giving an instrumental substitute for the determination of 
the time of reverberation by the ear, as required by Sabine^s method. 

45. The rotating fluid in the relativity theory. Edward L. Akeley, Purdue University, 

“^The Emstein equations associated with the quadratic form 


Adxi+lCdxdxi+Bdxi^^J{du^-\'diP) 
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where A, B, Cand /are functions of ua.nd nonly, have been treated by a inethod which is a 
generalization of Weyl’s theory of the axially symmetric field. Tht,' foliowing traiisfoniiatiim 

was used 

yi = cos 
^s= cos ^ 

The theory of the rotating fluid was developed in this way. A power series tixpiussior! of the 
typQ d-dt}-i-dip+d2fy^ was used, where fi2=ff2o4*(w“/p)dm; p and 

w represent respectively the density and the angular velocity of the lloid, and dr, represents tlie 
coefficient of in a double power series expansion in t*) and p. I'he first approximation corrt;™ 
spends to the Newtonian theory... It is shown that there is a one to one cm'resffondence hc;t\\vcn 
the figures of equilibrium in the two theories, and that the first ap|>ro,\iiiiatir>n of Uu^ Minstein 
solution can be obtained fro.m the Newtonian one. The second appri«iiiiati^)o prediicts (‘ifetts 
not included in the Newtonian theory. The field corresponding to that of the Maci.aurin 
ellipsoid is developed to a second approximation. The relation of this treatment to the work 
of others is discussed. 


46. Some physical properties of nitrogen. W. Edwahds UEMixci axo 1.ol\ K. Sin fh, 
Bureau of Chemistry and Soils, U. S. Depatinient of Agriculture, Wnskiugian, lKi\- 'file com- 
pressibility data on nitrogen obtained by Bartlett and coworkers are i‘Xtrap{)lated to cover 
the range —70 to 600® up to 1200 atmospheres. A sensitive graphif'al scheme has been devisc‘d 
for obtaining (dv/dp)Tt {dv/dT)p, {d^v/dT^)p at any point, it iiepends on the fact tliat the 
derivatives of a^RT/p—v or is^v{pv / RT -- 1) enter as correction terms to the tlerivatives of v, 
just as a and A enter as corrections to v itself. Specific volume, <iensit\’, coeihcumts of expan* 
sion (-~p/v)(dv/dp')T «it^d {i/v){dv/dT)p, fugacity, Cp, C, Cy, — Ck, p are calculatcfl for the 
various temperatures and pressures. The calculations of Cp agree within c).2 cal./'niole deg. 
with the experiments of Mackey and Krase (J. Ind. and Eng. Chain. 1930) who 

worked to 700 and 800 atm. from 30 to ISO®. The agreement is prol>al)ly v ithin the experi- 
mental error, but the trends of the two sets suggest that a real difftfrence may exist. Cv de- 
creases below 0®C at pressures up to 100 atm.; at higher pressures it increases. Experiment 
show's that along an isotherm Cp^^CiAA'hp^A'CpzA" * ‘ , the first power of p lieing absent. 

It is found that Cp increases fairly uniformly from 10 to 100 atm, along isotherms between 20® 
and 200®. 


47. The specific heat of methane. P. C. Ludolph, University of Illinois. {Inlrodumd by 
Jakob KunzI ) — The specific heat of methane has been calculated far the tetrahedral model 
advanced by Dennison and for the symmetrical pyraniid as worked <nit by Guiilemin. The 
curve for the values obtained from the tetrahedral model has the same sha|.ic (linear) as the 
experimental curve but falls below it (as much as 5 cal./mole at S73®K). 'i'he values for the 
pyramidal model are still low'er (9 cal./mole at S73®K). Another curve w’as ol)tained for the 
tetrahedron by redistributing the dimensions of the oscillators so as to get the largest possible 
values for the specific heat with the given frequencies. This curve is again linear but it still 
falls below the experimental curve. Some of the discrepa.ncy may be due to an error in the 
experimental values which would tend to make this curve too high. It may be stated that 
the specific heat calculations of methane favor the tetrahedral structure. 

48. Jouie-Thomson effect in belium. J, R. Roebuck and H. Osteeberg, Universtiy of 
Wisconsin. — ^Aftet' completing the .w'ork- wdth air (Proc. Am. Acad. 64, 2S7 (1930)), the^ap-' 
paratus required extensive modification for use wdth helium. The effect of s,mail proportions 
of air as an impurity w'as measured first, and as this proved very interesting the measurements 
were extended to the whole range of mixtures, all at the bath temperature 51.68®C, and inlet 
pressure 201 atm. The isenthalpic curve for pure helium is a straight line of negative slope, 
rising about 12®C per 200 atm. drop. As small quantities of air are added the curves do not 
change observably till possibly 10 percent air. With further increase in air the curves shift more 
and more rapidly over to about 2S®C drop for pure air. Simultaneously the straiglit line for 
pure helium shifts over to the line, strongly concave toward the pressure axis, for pure air. 
The surprising result is the very small effect of the first addition of air and the increasing effect 
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of the equal later additions. Its pleasant aspect is that it effectually removes any worry as to 
the corruption ol the helium data by air impurity. The isenthalpic curves for pure helium have 
been taken between the temperatures -lOOT and -flOO^C. They are all straight lines of 
negative slope, and over this range the small erratic variation in the values of the slope exceeds 

any systematic variation. This value of /i is '-0.060°C per atm. ' 

49. A convenient laboratory source of hydrogen. G. W. Sargent and Wheeler P, 
Davey, School of Chemistry and Physics, The Pennsylvania State College.— Ctvtddn lines of 
research require considerable quantities of a reducing gas at rather infrequent intervals. In 
such cases the use of tanked or electrolytic hydrogen becomes unduly expensive. We are 
using a 1 to 3 mixture of nitrogen and hydrogen obtained by cracking NHa. By slightly raising 
the outlet end of a 150 pound tank of liquid NHg, gaseous NHg can be boiled off at room tem- 
perature, metered through an ordinary dry gas meter and cracked. We find it best to crack the 
gas in a nickel tube about 1/4 inch in diameter and about 12 feet long, coiled to fit inside an 
altindum tube which is heated to 1000°C by a nichrome winding. Slight traces of uncracked 
NHs are removed by passing the gas over about six feet of P2O6. The gas meter helps determine 
how much liquid Nllg is left in the tank. A mercury relief valve by-passes any excess NHg into 
running tap water. A similar valve by-passes any excess H2 into a pipe leading outdoors. These 
relief valves prevent dangerous pressures in the hot nickel coil. The apparatus is cheap and 
compact and gives a large storage capacity of H2 in the form of liquid NH3. 

50. The deposition of dust on walls. W. J. Hooper, Battle Creek College.— kn apparent 
uncertainty exists in literature dealing wdth the cause for the peculiar deposition of dust on 
plaster and lath walls wherein the course of the laths and rafters behind the plaster is outlined 
in dust, popuiariy called “lath marks.” Conclusive experimental proof of a thermal cause is 
given which is in agreement with the general theory of the behavior of small particles suspended 
in an atmosphere in which a temperature gradient exists. 

51. Particle size of the disperse phase of nitrocotton solutions. Wheeler P. Davey, H, 
B. De Vore, The Pennsylvania State College and E. L duPont de Nemours and Co. — It is the 
purpose of this paper to report measurements made in 1927 on the particle size of nitrocotton 
in lacquer solutions, using the water-spreading method. (Davey, Science 1926, Eighth Colloid 
Symposium, 1930). Solutions of a given batch of nitrocotton in a mixture of ethyl acetate and 
ethyl alcohol w^ould not spread satisfactorily on water at concentrations greater than 0.001 
gm per cc. Measurements were taken dowm to concentrations of 7.8X10“® gm per cc. The 
corresponding particle diameters were 3.69X10“'^ cm and 1.54X10"'’' cm. Over a considerable 
range the graph of particle diameter against logarithm of concentration is a straight line. 
Particle diameters at the low'est dilution are equal to about 20 atomic diameters of carbon, i.e. 
a maximum of about 140 nitrated glucose groups on the assumption of 2/3 complete nitration. 

52. Oa the determination of principal stresses from crossed Nicol observations. R. V. 
Baud, Wesiinghouse Research Laboratories, East Pittsburgh, Pa. {Introduced by N. Rashevsky).— 
The information obtained from crossed Nicol observations, combined with the differential 
equations expressing equilibrium requirements, is sufficient to obtain on basis of a graphical 
integration, the tw^o principal stresses separately at all points of a “two-dimensional” model. 
When orthogonal curvilinear coordinates are employed, the differential equations contain the 
curvatures of the principal stress direction lines. Filon's method consists of expressing the 
curvatures by certain angles which he takes from the map of isoclinic lines. The author 
proposes that an additional map with lines constant be drawn, which procedure has certain 
advantages. When the paths of integration have one or more inflections, Filon’s method is not 
entirety satisfactory. As an alternative, it is suggested to express the curvatures by the gra- 
dients dd>/dSf or to measure the curvature by a curvature scale. A new method is suggested fur- 
ther, which consists in the use of polar coordinates. Crossed Nicol observations and “polar 
integration” combined appear to be the only existing method of studying stress distribution in 
rotating models. Even for static conditions preference will eventually be given to the “polar 
integration” in cases where the models have circular contours. 
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S3. The, effect of pressures up to 20,000 atmospheres upon some op^ca! properties, 
Thos. C. Poultes, Iowa Wesleyan College,— This is a preliminary rf|'H»rt hikI srirue of the data 
are of a qualitative nature. The rotatory power of a water solution of three sugars lias been 
studied as effected, by pressure, A rotatory power of ice VI has als<j Ijcen observed. I'he effect 
of pressure on the index of refraction of glass and of a paraffin oil has lieen siiniietL 

54,. On the change of the spectra! composition of quasi-monochromatk radiation caused 
fey scattering. Otxo Halperk, New York UniversUy, {Intradueed by Rkhurd 7\ Cox,} it is 
shown that according to both the classical and quantum theories, tiiere shouhi a|)f)ear in the 
scattered light from an ordinary^ quasi-monochroniatic source frequencies corresponding to 
the proper frequencies of the scattering system- and with an intensity of tlie fcHirne order of mag- 
nitude as that of the light scattered .with unchanged frequency. 'Fhc effect describeci affords a 
method of determining the spectral intensity of a line at an appreciable distance from its cen- 
ter of gravity. Reference's made to certain changes in hardness in the scattering of x-rays. 
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EFFECTS OF CATHODE-RAY DIFFUSION ON 
INTENSITIES IN X-RAY SPECTRA 

By D. L. Webster, H. Clark, and W. W. Hansen 

j . Stanford University 

(Received December 5, 1930) 

! Abstract 

Rediffiision of cathode rays. — The available evidence is reviewed and conclusions 
formulated on the rediffusion constants and distribution functions needed for the cal- 
culation of effects on x-ray emission intensities. 

Thin-target x-ray intensities. — A previous paper gave the intensity of the K lines 
from very thin Ag supported on Be, as a function of voltage, in terms of the intensity 
at twice the excitation voltage as a standard. In the same terms after correction for 
I two opposing effects, diffusion of cathode rays within the thin target and rediffusion 

I beryllium, the corrected values differ from the originals by not over 2 percent. 

I Possible sources of error are reviewed, and it is concluded that none can increase this 

percentage very greatly. This answers a criticism on the theoretical significance of 
; these data. 

I Comparison with theories. — Present wave -mechanics theories involve approxima- 

t not valid at low voltages, but subject to this qualification Bethe’s theory com- 

I pares very favorably with these data. The best classical-mechanics theory is Thomas’s. 

I Empirically, the intensity == const. X log Z7, where O'^^ftube voltage) /(excita- 

; tion voltage). 

I Thick-target e:ffects. — For line intensities percentage corrections for rediffusion, 

again taking the intensities at Z7 = 2 as standard, are more than twice those for thin 
targets at all voltages in the above range, and are of opposite sign. On continuous 
spectrum intensities averaged over all directions, these calculations confirm Kramers’ 
suggestion, that most of the non-linear term in the intensity formula is due to rediffu- 
j sion. 

i ■ ■ 

' I 'HE effects of diffusion of cathode rays on the intensities in x-ray spectra 
I have become important recently, on account of improvements in research 

, technique. Such improvements, in themselves, do not necessarily increase the 

i effects of diffusion, but as the sources of larger errors of interpretation are 

' eliminated, diffusion comes next in line for treatment. The larger errors, in 

I this case, occur in the study of intensities as functions of cathode-ray energy, 

and come from two sources. One is the variety of speeds with which the 
cathode rays strike the atoms, even though they all enter the anode at one 
speed. The other is the difficulty of separating the parts of the measured 
radiation coming from atoms ionized by cathode-ray impact and by x-ray 
absorption. Both these sources of error have now been reduced to negligible 
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amounts, by the use of targets so thin that the cathode rays ixuietrate them 
without serious loss of speed, and that x-rays penetrate them witlioiit afipreci- 
able absorption. Thus the largest errors remaining may wel! be those due to 
cathode-ray diffusion. 

In a recent paper^ on measurements of x-rays from thin target's, w(‘ esti- 
mated these errors tentatively as "a few percent^’; and suice the rkn'iations of 
all the available theories from our data exceeded this amount, the exact cal- 
.culation of the corrections for these errors was postponed until fiirtlier data 
were available. Still more recently, however, Wisshald^ has questioned our 
estimate, stating his belief that the correction %¥ouk! firove to be so great as to 
reverse completely the relations between our data and the leading tlieories of 
impact ionization. Evidently the status of these theories deixmds on the order 
of magnitude of these corrections. Therefore a calculation of them, at least 
with sufficient accuracy to make sure of the relation of the data to tlie theo- 
ries, becomes imperative. 

It is therefore the purpose of this paper to report the results of siicli a cal- 
culation, and incidentally we shall include some by-products, of interest in 
the interpretation of other data on x-rays and cathode rays. 

The Laws of Rediffusion 

The effects to be calculated arose from two types of diffusion of the 
cathode rays, one type occurring within the thin targets themselves, and the 
other in a block of beryllium used to support the thin targets and to conduct 
away the heat produced by the cathode rays. Diffusion within a thin target, 
making the paths of the cathode rays deviate from straight lines normal to 
the surfaces, causes a slight increase in the number of atoms struck by an 
average cathode ray. Diffusion in the beryllium must be considered in order 
to take account of the small percentage of the cathode rays which deviate so 
far as to be ^Tediffused,’^ that is to return to the surface of the block and thus 
to make second impacts on the thin target. The effect of diffusion within the 
thin target is readily calculated from well-known laws, but to calculate the 
rediffusion effect we must first examine the available evidence and formulate 
as well as possible the laws of the phenomena concerned. 

The rediffusion constant. First of all, we must find the best value for 
beryllium, of the "rediffusion constant” p, or fraction of the incident cathode 
rays that are rediffused. Since none of the data we have found in the literature 
refer directly to beryllium, we must get the value for it from the data, through 
the law relating to the atomic number Z. 

To measure p, one must measure the current carried by the rediffused 
electrons, but not include any of the slow secondary electrons leaving the 
metal at the same time. The theoretical reason for separating these two 
classes is that their causes for leaving the metal are different : rediffusion and 
and ejection by the cathode rays, respectively. The practical reason, for the 

^ D. L. Webster, H. Clark, R. M. Yeatman, and W. W. Hansen, Proc. Nat, Acad. Sci. 14, 
679(1928). 

2 F. Wisshak, Ann. d. Physik 5, 507 (1930). 
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present purpose, is that the secondary electrons are too slow to produce x-rays 
as hard as those used in most intensity measurements. 

Data on p, for various primary-ray energies, have been obtained by 
several investigators: Becker,^ at 35 kv.; Schmidt,^ with beta rays of about 
800 kv.; Sclionland,^ at 10 to 100 kv.; and Stehberger® at 2 to 12 kv. The 
term ^Vediffusion constant,” and its symbol p, do not mean the same quantity 
in all these papers. In Schonland's it refers to incidence along the normal, in 
Stehberger’s at 50® from it, in Schmidt^s and Becker’s, at least as recomputed 
by Lenard"^ and quoted by Stehberger, to incidence ‘‘im Normalfall,” that is 
with the cathode rays already completely diffused before they strike the 
metal. For present purposes, the most important case is that of incidence 
along the normal, so we shall adopt the definition for that case. 

One of the most striking conflicts of values is between those of Becker as 
recomputed and quoted (A1 0.28, Au 0.68) and those of Schonland (0.13 and 
0.50 respectively). A part of this conflict is due to the difference in definition, 
since Lenard finds for A1 along the normal the value 0.23, and this reduces the 
discrepancy considerably. Another part, however, is probably due to the 
theory underlying the recomputation, which involved the assumption of sud- 
den absorption of cathode rays by individual atoms. Since this assumption 
has later been disproved,® we may remove this part of the discrepancy by 
going back to Becker’s original values. Thus we obtain Table I. 


Table L Rediffusion constants for incidence along the normal. 


Metal 

A1 

Cu 

“Blattmetall” 

Ag 

Au 

Becker 

Schonland 

0.172 

0.13 

0.29 

0.407 

0.433 

0.39 

0.496 to 0.56 
0.50 


Considering the general improvements in cathode-ray technique between 
Becker’s work in 1905 and Schonland’s in 1925, we must indeed congratulate 
Becker on the smallness of the discrepancy, even though we shall use Schon- 
land’s values of 

A more serious question is presented by Stehberger’s data. His values of p 
at 50® incidence on A1 are from 2.5 to 5.5 times Schonland’s at normal in- 
cidence. This ratio seems far too great. Furthermore, Schonland found p 
independent of primary voltage, whereas Stehberger found it to decrease 
rapidly with increasing voltage. To be sure, their ranges of voltage barely 
overlap; but Schonland gives theoretical reasons for believing that p should 
be constant, and an important question is, whether Stehberger’s data make 
Schonland’s theory unreliable. 

3 A/Becker, Ann. d. Physik 17, 381 (1905). 

4 H. W. Schmidt, Ann. d, Physik 23, 67 1 (1907). 

» B. F.J. Schonland, Proc. Roy. Soc. A108, 187 (1925). 

^ K. H. Stehberger, Ann. d. Physik 86, 825 (1928). 

^ P. Lenard, "Quantitatives uber Kathodenstrahlen aller Geschwindigkeiten” ed. 1925. 
p.226. 

8 W. Bothe "Handbuch der Physik’^ ed. 1927, VoL XXIV, Chap. 1, See especially Sec. 25. 
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The answer to this question appears to us to lie in the rnelhod of seimra™ 
tion of secondary electrons from rediffiised. Both obser^'crs foiiiu! a consider- 
able fraction of the electrons to have energies below 10 or 20 (‘C|ui valent 
volts; both adopted a voltage basis for the separation, Stehberger drawiiig 
the line at 36 volts and Schonland at 200; and both agreed that any such 
basis was somewhat arbitrary, and might be incorrect. 

On this point, we may use a line of reasoning similar to that of Bothe,’^ 
about the distribution of velocities among cathode rays transmitted through 
metal films. Here the Thomson-Whiddington law of retardation makes it 
impossible for many of the rays to emerge with very small energy, simply 
because the range of a cathode ray of small energy Is so short. For example, 
if an electron has been retarded until its kinetic energy is only 10 percent of 
that at incidence, it has only 1 percent of its range still l:)efore it, and the 
chances are very much against that short vsection of its range intersecting the 
surface. The same reasoning applies to rediffusion. Many cathode rays re- 
diffuse with half their initial energy or more, so there is no question of any 
grave difficulty for a cathode ray to return to the surface w’'itli a long range 
still before it, and it is therefore highly improbable that any large fraction of 
the rediffusion will be in the last 1 percent of the range. 

Drawing the line between secondary and rediffused electrons at 36 volts, 
however, with a primary voltage of 8 or 12 kv., Stehberger found over 30 
percent of his ‘‘rediffused’' electrons to have less than 10 percent of their 
initial energy. Evidently in view of these considerations of range, there is 
good ground for belief that these were not rediffused, but secondary. 

Furthermore, the distribution of energy among secondary electrons, as 
calculated by Bothe,® should be nearly independent of the primary energy; 
but their number should decrease rapidly with increasing primary energy, as 
in fact Stehberger found it did. Thus it may well be that Stehberger’s data 
are not inconsistent, after all, with Schonland's data, or with his theory of the 
constancy of the rediffusion constant. And so long as we are not concerned 
with secondary electrons in the x-ray problems at hand, we shall use the 
values of obtained at the higher voltages, where secondary electrons were 
less abundant and the probable error from them was therefore smaller. 

Incidentally, if we had adopted the alternative of accepting Stehberger’s 
values of at low voltages and Schonland’s at high, with a graded compromise 
for the intermediate region, the corrections to the x-ray data would not have 
been as greatly affected as the values oi p, since the influence of the deriva- 
tive of p with voltage would have largely offset that of the increase in the 
values of p. The chief difference would have been in the complexity of the 
problem. 

For the thin-target problem, we shall need the rediffusion constant of 
beryllium, the material of the block supporting the thin targets in some of our 
own experiments. Since Schonland finds for atomic number Z — 29,p = 0.29, 
and for Z = 13, ^ = 0.13, a reasonable guess for Z — A is p = Q,0A, But for a 

® W. Bothe, reference 8, Section 42. 
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more careful estimate, we shall use an equation from Wentzel’s^^ theory, 
which predicts that 



where bi and &<> are constants, Z and A are atomic number and weight, and 
ao/p is Lenard's ^^pure” mass absorption coefficient. Since this theory de- 
pends on the hypothesis of absorption, now disproved, this equation must be 
considered on a semi-empirical basis; but at that, since Lenard found ao/p 
practically constant for light elements, for which also A = 2Z, we may extra- 
polate to low atomic numbers by assuming that 

P=-piZ + p^ZK ( 2 ) 

This fits all of Schonland’s data pretty well, with ^^1 = 0.011 and p 2 =- —6.0 
XlO""®, and for Be it predicts ^ = 0.043. 

The rediffusion energy distribution. The next problem is to find the best 
formula for the distribution of the rediffused electrons on a scale of kinetic 
energy. The data available are far from complete or accurate, but fortun- 
ately the answers to the x-ray problems at hand are changed so little by rela- 
tively great changes in this distribution function that even a very rough 
approximation will prove sufficient. 

First let us consider some theoretical evidence. Schonland explained the 
constancy of his rediffusion constants by noting that for cathode rays of all 
speeds, in any one element, the distance required for a probable deflection of 
one degree, and the distance required for a loss of kinetic energy of one per- 
cent, bear a constant ratio. Thus, although any two cathode rays of different 
speeds of incidence must have different ranges, the shapes of their paths may 
be geometrically similar, and the probabilities that they come back to the 
surface must be the same. Extending this reasoning, their probabilities of 
coming to the surface with any given fraction of their initial kinetic energy 
still left, must also be the same. Or in algebraic terms, calling this fraction 
W, and this probability pF{ W)d W, with 

r F{W)dW = 1 , (3) 

Jo 

F{W) should be independent of F. 

Another theoretical point about F{yV) is the one discussed above, about 
the scarcity of electrons of very low energy. Quantitatively, as one may read- 
ily prove from the Thomson-Whiddington law, this means that F(0) =0, and 
that its first d 

Turning now to the experimental evidence, we have some velocity spectra 
photographed by Wagner^^ for Al, Cu, Ag and Au at primary voltages from 16 
to 40 kv. While an exact translation of the densities in these photographs into 

G. Wentzel, Ann. d. Physik 70, 561 (1923). 

P. B. Wagner, Phys. Rev. 35, 98 (1930). 
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numbers of electrons is impossible, they do appear to give at least a qualita- 
tive confirmation to the theoretical deductions just stated. And without any 
exact translation, they prove some other points more definitely: first, FCIFj 
is a continuous function, without any sharp peaks; second, tliere are no elec- 
trons rediffused with full primary energy, so that /'(V) third, reducing W 
from i, F(W) rises rapidly to a maximum and then declines, f)rol)a]dy more 
slowly than it rose; and fourth, that the value Wu), where tlie niaximiim 
occurs, is higher for heavy elements than for light. Taking the densities litei*- 
ally, as a rough approximation, Wo for A1 would be about 0.85, for ( u 0.90, 
and for Ag and Au 0.94. 

Confirmatory evidence appears in the spectra of the x-rays produced !,)y 
the rediffused electrons, investigated by Nicholas^-' with copper and Lorenz^-^ 
with tungsten. While this evidence is not so direct, it indicates the same 
general sort of preponderance of high energies as Wagner’s photographs, and 
again with no notable change in F{ W) with F. 

A third line of evidence is on W, the mean of the values of IF for ail the 
rediffused electrons. This may be calculated from measurements l)y W'issliak'^ 
on the ratio of the power absorbed by the anode of a gas-filled tulje to the 
whole power input. If it is permissible to neglect the power given to positive 
ions, this ratio is {l—pW). According to Wisshak, it is independent of F, 
from about 3 to 35 kv., having the value 0.8 for Co and Cu, and 0.6 for Mo 
and Ag. These data, with Schonland’s p's, would make IF = 0.7 for Co and 
Cu, and nearly 1 for Mo and Ag. The correction for positive-ion power would 
reduce these values of IF. 

Finally, there is evidence from the total intensity of the x-rays from the 
back and stem of the target of a Coolidge tube. Assuming the V- law of total 
x-ray intensity, the ratio of this ‘^stem-radiation” to the radiation from the 
whole target, including the focus, should be ^IF^* Coolidge, with one of his 
standard tungsten tubes, found this ratio to be 2/11, both with a 2-iiich al- 
ternative spark gap and with a 10-inch; Ledoux-Lebard and Dauvillier^*^ 
found 20 percent; and Rump,^® on the basis of this latter figure and some 
measurements of his own, considered 20 percent correct for any voltage from 
43 to 150 kv. at least. For tungsten at normal incidence, equation (2) would 
make F=0.48, so that IF^ would be about 0.4, and therefore IF probably 
about 0.6; but for these 45"^ targets, p must be somewhat greater and IF^ 
correspondingly less. This estimate is lower than those given above, but it 
agrees in making quantities dependent on p and F(tF) independent of 1% as 
required by theory. 

All this evidence is still far from a quantitative formula for F(IF), but all 
that is really needed for present purposes is a rough approximation, in a rea- 
sonably convenient mathematical form. To satisfy this latter requirement 

12 W. W, Nicholas, Phys. Rev. 29, 619 (1927). 

E. Lorenz, Proc. Nat. Acad. Sci. 14, 582 (1928). 

W. D. Coolidge, G. E. Review 20, 272 (1917). 

P. Ledoux-Lebard and A. Dauvillier, “Physique des Rayons X” p. 45. (quoted by Rump), 

W. Rump, Zeits. f. Physik 43, 254 (1927). 
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we shall neglect that about the behavior of F(W) at W=0, where we shall 
never need to use it. All other requirements are then satisfied by either of the 
following formulas : 

Fi{W) = G(1 - 

withG = gV {l — (g + ; | 


Fi{W) = < 2(1 - W)W^, 

with 2 = (9 + l)iq + 2). 


/ / 

// Vs 

// \ 
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Fig. 1. Graphs of Fi{W) and Fi{W) from equations (4) and (5) respectively. 
Table IL Parameters of F{W) in Fig. 1, 
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Graphs of these, functions, for several values of each parameter, g or 
shown in Fig. l;and corresponding values of Wq, IF ami WL us<*in select- 
ing the best value of g or q, are listed in Table 1 1 . ^ 

Briefly, for heavy elements, the evidence on PFo and IF seeiiisjx) favor the 
higher values listed here for these parameters, and that from IF‘^ the bwer 
ones; for light elements, the values must be lower than for heavy. In Yiew of 
this uncertainty, it is indeed fortunate that the quantities we must calculate 
for the comparison of x-ray data with theories change so slowly with these 
parameters that even such rough information as this will suffice to place them 

within probable limits of experimental error. 

The directional distribution of redififused cathode rays. In the fjroblem of 
the effect of rediffusion on the intensity of x-rays from a thin pirget supported 
on a block of another metal, it is important to know the ratio of the average 
number of atoms in the thin target, struck by a rediffiised ray on its way out, 
to the number struck by a primary ray on its way in. Since all the corrections 
for diffusion and rediffusion effects are reasonably small, we shall neglect 
small quantities of the second order, i.e. in this case, the effect of diffusion 
within the thin target itself on the ratio of these numbers of atoms, riius we 
shall assume that for cathode rays rediffusing at the angle B from the normal, 
this ratio is simply sec The directional distribution need then be found 
only with enough accuracy to get a reasonably accurate estimate of the mean 
value of sec ©, which we shall call S. 

Rediffusion can happen only to cathode rays deflected through more than 
a right angle, and indeed considerably more unless the paths after deflection 
through a right angle are much longer than those before. Thus rediffusion 
comes fairly near to involving complete diffusion, and the assumption of 
complete diffusion should give a first approximation for S. With this assump- 
tion, the probability that any infinitesimal segment of the path of a ray will 
intersect the surface of the block would be proportional to the sine of the angle 
this segment makes with the surface, and so the number escaping in a given 
solid angle dQ would be proportional to cos QdQ, This deduction was indeed 
verified, for beta rays transmitted through reasonably thick aluminum, by 
Kovarik and McKeehan.^^ Assuming it to hold for rediffiised cathode rays, a 
simple integration gives S = 2. 

For a better approximation, still with normal incidence, but with incom- 
plete diffusion, we may assume that at any point within the metal, the number 
of paths in a solid angle dO is a function /(0)dO. Then the number emerg- 
ing in this solid angle will be proportional to/(©) cos QdQ, and/(©) may be 
measured directly by catching the emergent rays from an area varying in- 
versely as cos ©. 

It was in this way, but with incidence at 30"^ from the normal, that Kova- 
rik and McKeehan verified the simple cosine law for transmitted rays. I heir 
rediffused rays, however, showed a minimum in the direction backward to- 
ward the source. From a typical graph which they published, it seems prob- 

A. F. Kovarik and L. W. McKeehan, Phys. Rev. 6, 426 (1915). 
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able that if the incidence had been along the normal, the rediffused rays would 
have been represented well enough for present purposes by the formula 

/(©) = const. X (1 + (6) 

with l+a(T/2)^ = 1.4. 

A simple integration then gives 


1 + 1.14a 
1 + 0.73a 


( 7 ) 


If the diffusion had been complete, a would have been zero, making 5=2, 
as above ; with a as in equation (6) , 5 = 2. 1 1 . For present purposes, the differ- 
ence is immaterial, and as the foil from which these data were taken was not 
thick enough for complete diffusion of its transmitted rays, the difference for a 
thick block may be even less. So in all probability 5 is somewhere between 
2.0 and 2.1. 


The Thin-Target Effects 


We are now in a position to solve the problem of the effects of diffusion 
and rediffusion on the intensities of x-rays, and we shall consider first a thin 
target supported by a thick block. Since targets of this type are useful prim- 
arily for line spectra, the intensity will be considered to be that of a line, for 
example one belonging to a Z series, of excitation potential Vki and we shall 
write all functions of the tube potential V in terms of the ratio i7= F/Fjr. 
Letting Xq stand for the thickness of the target, the intensity of the line, with 
neither diffusion nor rediffusion, is Xoio(C7), where h{U) is the intensity per 
unit length of path. Then with rediffusion, the intensity due to the rediffused 
rays alone will be called Xor( U), and the total intensity will be called X^i{ U), 
Now with diffusion within the thin target, the paths of the cathode rays are 
no longer straight, and the mean length of path of an incident ray within the 
target is slightly greater than Xo. As it is a function of voltage, we shall call 
it X(f7), and we shall replace X© in each of the above expressions by X{U). 
Strictly speaking, this is not quite accurate for the rediffused rays, but as the 
error is a small quantity of the second order, we shall neglect it. 

Calculation of the effect of rediffusion. With these definitions and the 
formulas on rediffusion deduced in the preceding section, it is evident that 

r(JJ) = pS C F{W)H{UW)dW. (8) 

Jiiu 

We do not know ioC&'IF) accurately, of course, until after r{U) has been 
calculated. But as will be proved later, we may safely replace it here by either 
of two functions, used previously in empirical formulas for i(l7), and shown 
graphically in Fig. 2, along with some data. Strictly speaking, these data 
refer to the function =X([/)i(C7)/X(2)i(2), but X changes very little 
with Uy so this is nearly (2); thus an empirical formula lor j{U) will do 

well enough for i(Z7), if we can use it with an unknown constant factor. One^ 
of the formulas thus obtained is 
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-X I rr ' 

mi + u 

with ki the unknown constant and nii about 3.0. The otlier^-^ is 
iiiU) = hU~'''‘^log U if U > 1, or 0 if U < 1, 
with I 2 unknown and m 2 about 0.77. 


Fig. 2. Uncorrected data and empirical formulas. Black circles, 28()A Ag Elm; white cir 
cles, 170A film; black and white circles, data from these films practically coincident. 


To see whether the departures of these formulas from io are of any impor- 
tance here, we have also calculated r with two other functions, departing 
farther from the corrected graph than either ii or ^* 2 , and in opposite direc- 
tions. One of these functions, suggested by Davis’ theory, is 


the other, from Rosseland’s theory, is 


D. L. Webster and W. W. Hansen, Phys. Rev. 35, 635 (1929) 
B. Davis, Phys. Rev. 11,433 (1918). 

20 S. Rosseland, Phil. Mag. 45, 65 (1923). 
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The resulting values of f agree with those from and 4 to better than half of 
one percent of i, for any value of U in the range covered. So ii and h are well 
within the limits of accuracy needed for this purpose. 

For F(W) we use either of the functions Fi and F 2 obtained in the pre- 
ceding section, Eqs. (4) and (5), and tests with the simple intensity functions 
iE and in show that it makes no notable difference which F is used. For con- 
venience in integration, however, we have used Fi with ii, and F 2 with 
Thus we obtained two formulas for r , namely 


rt(JJ) = pSkx 


G 


■[(mi + l)ye~^{Ei y Ei z} 


MlgU 

ge-«{Eig- Eiig/U)] - m,{l - e^-y}], 


(13) 


where y = g{nii-{-TJ)/U and z = g{m\-\-\)/U, and 

logt/ 


ri{V) = pShQU-’-^ 


.(? + 1 — + 2 — Mi) 


(g + 1 




{q + 2 — m 2 ) 


:]• 


(14) 


For comparison of x-ray data with theories, we should like to find the 
function 

h{U) ^ i{U) - r{V); (15) 

but as we have already seen, the data give i, and therefore r also, only with an 
unknown constant coefficient. To eliminate this coefficient, in our first paper 
this subject,' we plotted the “reduced intensity” 


m 


X(U)i{U) 

X(2)i(2) 


(16) 


as an empirical function; and now likewise we can compare with theoretical 
predictions the function 

UU) = UU)/Hi2). (17) 

As an intermediate step, correcting for redififusion only, we shall make use 
of the function 

X(U)HiU) _ 1- 

X(2)f„(2) ^ 1- {r(2)/i(2)} ’ 

_ 1 + |K2)A-o(2)} 

^ 1 + [r{TD/k{U)\’ 

and this coefficient of j*(^) will be called rr(if7). 

To compute Cr we need numerical values of pS B,nd either g or g. It ap- 
peared above that p for beryllium was probably about 0.043, and S 2,0 to 2.1. 


!: I 

! I 

i i 
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Thus i>5 is probably about 0.086 to 0.090, though it may well be outside these 
limits. So we shall tentatively use the rounder number, 0.090, and if a better 
value of either p or S is found later, new values for r,. may be found by chang- 
ing ,(cr ~ 1) in proportion to pS, 

For g and. since there is considerable doubt as to the best .values to as- 
sign to them, we have left room for later improvements in accuracy by mak- 
ing calculations with all the values used in Fig. 1 or Table IL The results are 
..given in Table III. 


Table HI. Values of 100 (rr-1). 



i 

g 

7/-1.0 

1.5 

2,0 

2.5 

3.0 

3.5 

0.90 

10 



+7.4 

+2.2 

0 

-1.0 

-i.6 

-2.0 

0.90 

— 

9 

+7 .9 

+2.0 

0 

-0.8 

-i.2 

-1.5 

0.80 

5 



+4.5 

+1.9 

0 

-1.3 

-2.0 

-2.9 

0.80 

— 

4 

+5.6 

+2.5 

0 

-1.3 

-2.2 

-2.8 

0.67 

3 



+3.1 

+1.6 

0 

-1.2 

-2.2 

-3.0 

0.67 

— 

2 

+3.7 

+2.0 

0 

-1.4 

-2.5 

-3,3 

0.50 

2 



+2.3 

+ 1.4 

0 

-1.0 

-2.0 

-2.8 

0.50 

— 

1 

+2.5 

+1.5 

0 

-1.3 

-2.2 

-3.0 


The changes actually made in the reduced intensities, by the use of these 
corrections, are shown in Table IV, for values of U from 1 to 3.3 the limits 
of the data in Fig. 1. Here, for simplicity, we have averaged the corrections 
for all of the values of g and q from Table III, that have any reasonable chance 
of applying to such a light element as beryllium, that is, for IFq = 0.80, 0.67 
and 0.50. And to give a rough indication of the probable error due to the un- 
certainty in these parameters, we are tabulating with each averaged correc- 
tion the mean of the deviations from it, given by the six values of g or q. 


Table IV. Reduced intensities, corrected for rediffusion. 


- E 

1.0 

1.5 

2.0 

2.5 

3.0 

3.3 

Average of 100 (cr— 1) 

+3.6 

+1.8 

0 

-1.3 

-2.2 

-2.7 

j{U) from empirical graph 0 

+0.727 

+1 

+ 1.117 

+1.148 

+1.144 

Average of corrections 

0 

+0.013 

0 

-0.014 

-0.025 

-0.031 

Mean deviation of cor- 







rections 

0 

0.002 

0 

0.001 

0.002 

0.002 

Ave. corrected intensity 






>(C0 

0 

+0.740 

+1 

+1,103 

+1.123 

+1.113 


From this table it is evident that it makes no appreciable difference what 
value of g or 5 we use, within the range covered here; and even if the dis- 
tribution of kinetic energy is not exactly like any of these functions F(l¥), 
one could probably represent it pretty accurately by some linear combination 
of them, and even such a change would make no notable change in the cor- 
rections to be applied to 

Calculation of the effect of diffusion within the thin target. To calculate 
the reduced intensity jo(tf), of Eq» (17), corrected for both rediffusion and 
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diffusion, we must not only correct the factor i{U)/i{2) in jiU) for rediffu- 
sion, but also the factor X{U)/X{2) for diffusion. The basis for this correc- 
tion is a formula given by Bothe®^ "zum praktischen Gebrauch,” namely 


8.0 F-fSll 

^ [ 2^ 

V V + 1022 ' ' 


< 5 )"’ 


(19) 


Here X is the most probable deflection of a cathode ray by multiple scattering 
in a thickness x of an element of atomic number Z, atomic weight A and den- 
sity p; and X must be expressed in radians, V in kilovolts, x in microns and p 

in. gm/cc. 

Letting © represent the deflection of any individual cathode ray at the 
depth X, the contribution of a layer dx to the mean path X will be the mean 
value for all cathode rays, of sec © dx. For a thin target, therefore, since 
sec © is nearly enough (1 + J©^), and the mean value of ©^ is 2X^ we have 


X{U) 




(1 + \^)dx = Zo(l + W). 


( 20 ) 


where Xo is the value given by equation (19) for X at x = Xo‘ 

The correction factor for diffusion, analogous to Cr(U) for rediffusion, is 
now obtained from Eqs. (16), (17) and (18), as 

( 21 ) 


so that 


cJU) - X(2)/X(U), 


MU) =^jiu)criu)MV)- 


( 22 ) 


As an illustration, and also for more definite use in the next section, the 
effect of diffusion in one of our own Ag targets is shown in Table V. 

Table V. Effect of diff-usion in a Z80A Ag target. 


u 

= 1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

X(U)/X, 

100 ia-l) 

1.076 
= -5.2 

1.034 

-1.4 

1.019 

0 

1.013 

-f-0.6 

1.009 

-fl.O 

1,006 

+L3 


Results, Combining the corrections for diffusion and rediffusion, as ap- 
plied to our data on thin silver, we obtain the reduced intensities in Table VI. 
Here as in Table IV, the values of j(tO, for the round-number values of U 
used in the computations, were read from the empirical graph in our previous 
paper, and the values of jo(t7) were computed from them. 

Table VL Reduced intensities, corrected for diffusion and rediffusion. 


U 

jiU) 

100 (CrCd-l) 

MU) 


1.0 

0 

- 1.8 

0 


1,5 

0.727 

-hO.4 

0.730 


2.0 

1 

0 

1 


2.5 

1.117 

-0.7 

1.109 


3.0 

1.148 

- 1.2 

1.134 


3.3 

1.144 

-1.4 

1.128 


Bothe, reference 8, Section 9. 
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' For the other values of U at which data are given in Fig. 2, we have got 
the correction factors by interpolation, using Table VI for the 2 80 A target, 
and a similar table for the 170A, differing only in the smaller coiTectioii for 
diffusion. The results, with the theoretical graphs- with which they are to be 
compared, are shown in Fig. 3. 

With regard to the empirical intensity functions, ii and of eqs. (9) and 
(10) resp., these corrections are so small that they come within the limits of 
error of ii, but for it is best to change from 0.77 to 0.80. 



Reliability of these corrections. In a recent paper on thick-target x-ray 
measurements, Wisshak^ reported data differing radically from our thin- 
target data in their relations to the theories. To compare our data with his 
he calculated a thick-target intensity function from our thin-target function 
iiiU)j of Eq. (9), by the same formula that Rosseland had applied to his own 
theoretical function. The relation between this new thick- target function for 
Ag and Rosseland’s was therefore much like that between the corresponding 
thin-target functions, shown in Figs. 2 and 3, i.e. the empirical graph was be- 
low Rosseland's at low voltages and above at high. Wisshak's empirical 
graph for the average of Cr and Cu, on the contrary, crossed Rosseland’s 
theoretical graph in the opposite direction, at an angle of the same order of 
magnitude. Therefore Wisshak concluded, not only that there was a serious 
discrepancy between Rosseland^s theory and his data, but also that the still 
larger difference between our graph and his must have been due to rediffusion 
in our target. 
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The prevseiit calculations, however, do not alter the relation between our 
graph and Wisshak's by anything like the amount indicated by this con- 
clusion. Ill fact, to bring our graph into agreement with Rosseland’s would 
require the correction, at i7 = 3 for example, to be about 10 times as large as 
our calculations indicate, and for agreement with Wisshak’s graph this factor 
would have to be nearer to 20. This raises the question : Can any of the un- 
certainties in the quantities or functions we have used be such as to make 
I . possible an increase of this order in our corrections? 

Any change of g or q, in either direction, would reduce the corrections. 
Any other change in the energy distribution, keeping within the requirements 
of the evidence reviewed above, could hardly be such as to render impossible 
a good approximation by some linear combination of the functions we have 
used, and this would keep the corrections much as calculated here. A change 
in the parameter a, of the directional distribution, even to a = co , which would 
be so extreme as to make the probability of normal emergence zero, would 
still introduce only a factor of about 1.5. A change in p, keeping it independ- 
ent of F, would certainly be limited by the fact that p for Be must be con- 
siderably less than for Al, and thus it could not go beyond a factor of 2 or 3. 
And finally, if p were assumed not independent of F, it could only decrease 
with increasing and this would reduce the correction. Altogether, there- 
fore, any great increase in these corrections appears highly improbable. 
Evidently we must look elsewhere for the cause of the disagreement between 
our conclusions and Wisshak’s, and in view of the great difficulties in the 
interpretation of thick-target data, it is our opinion that the cause is proba- 
I bly there. 

This conclusion is of especial importance for the major question, which of 
the theoretical graphs in Fig. 3 is the best; but there is also the question, 
whether any of them is exact, so it may be well to note here some additional 
points about the accuracy of these data, not related to these corrections. 
Three possible sources of systematic error were mentioned in our first paper 
on these data. One was rediffusion (we had not realized the importance of 
diffusion within the thin target); another was the presence of some fluores- 
cence radiation, never more than 0.2 percent and therefore negligible; the third 
was an unexplained darkening of the focal spot during use. This has since 
been explained, through the kindness of Dauvillier, who pointed out to us by 
« letter an investigation of his,^*^ proving such darkening to be due to carbon, 

which in our case could have come from the carbonization of adsorbed grease 
vapor by cathode rays (not by heat, because the block was oil-cooled and the 
. power input was low). If this carbon were thick enough to retard the cathode 

rays appreciably, it might cause serious errors, especially at low voltages. 
Fortunately, however, after finishing the measurements shown in Fig. 2, we 
made a very careful study of the intensity function in the first 2 kilovolts above 
Fir. Here we found effects exactly such as one would predict for a 2 80 A silver 
target assuming that it retarded the cathode-rays at 25 kv. by about 200 


2=^ A. Dauviliier, Journ. d. Physique 8, 1 (1927). 



130 D. L. WEBSTER, H. CLARK AND W. W. HANSEN 


volts, as predicted by the Thomson-Whiddington law, and that an infinitely 
thin target would give an intensity starting from zero at 17 = 1, with a finite 
derivative. These measurements will be reported in more detail later, along 
with others with improved apparatus. For the present, the important point 
is, that if there had been any appreciable retardation in the carbon, it would 
almost surely have been evident here. So there can hardly have been any 
serious error from that source. 

A similar possibility is that of a deposit of tungsten. But this is ruled out, 
not only by the above test, but also by the absence of the tungsten K lines at 
80 kv. 

There may of course be sources of systematic error still unsuspected, and 
there are the erratic errors, whose magnitude can be judged by the departures 
of the points from the empirical graph in Fig. 3. But for the present, we shall 
assume that Fig. 3 is accurate enough to serve as a basis for conclusions about 
the theories now at hand. 

Comparison with Theories 

Of the theoretical graphs in Fig. 3, those for Davis and Rosseland are 
plotted from Eqs. (11) and (12) respectively, and that for Thomas** from 

1 - 1/C7 + (2/3)mr(l - l/tf“) 


iriU) — kr- 


1 -f- <7 + wr 


where the parameter mx is the ratio of the kinetic energy of an atomic elec- 
tron in a Bohr orbit to its ionization energy. 

While these theories based on classical mechanics give definite formulas, 
the wave mechanics, so far as we know, has been applied only through ap- 
proximations that become invalid at voltages near the ionization voltage. 
On this basis Bethe** gives a formula, in which the dependence of intensity 
on U may be expressed by 

hiU) = hU-HogiAU/B) (24) 

where BcVr is a quantity of energy, “of the order of magnitude of the ioniza- 
energy,” eV^. 

Comparing this function with Wisshak’s data, which cover about the 
same range of U as ours, Bethe states that it is probably unsatisfactory for 
this range, “because the rise of x-ray intensity with increasing excess of the 
bombardment energy over the ionization energy must be even steeper than 
in the Thomson [or Rosseland] theory, whereas experimentally it is somewhat 
more level.” Comparing the theories with our experimental graph, however, 
we should exactly reverse this last clause. In view of the approximations in 
Bethe’s theory, it must of course become invalid as V is reduced toward 
unity, but in most of this range it apparently agrees with the thin-target 
data better than with the thick. 


“ H. Bethe, Ann. d. Physik 5, 325 (1930). 

« L. H. Thomas, Proc. Camb. Phil. Soc. 23, 829 (1927). 
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111 the absence of any theoretically calculated value of B, beyond the 
order-of-magnitude estimate quoted above, we may treat it tentatively as 
an empirical parameter, and choose a value such as to make the equation fit 
the data as far down the scale of f/ as possible. Since i must be zero at i7 = 1, 
this is J3 =4. We have therefore plotted a graph on this basis in Fig. 3, but 
in view of the arbitrary character of this assumption, we cannot call it exactly 
a graph for Bethe’s theory, and so we are not giving it any name. 

A suggestion as to the direction in which a true graph for Bethe’s theory 
might differ from this one is given by his calculation of the effective cross- 
section of a hydrogen atom for inelastic collisions (including excitation as 
well as ionization). Here there is a quantity h, analogous to B. At high volt- 
ages, b is constant at 0.638; but inspection of the equations froin which it is 
obtained shows that with reduction of voltage it must begin to increase. If 
B behaves likewise, the true graph for Bethe’s theory may run somewhat 
steeper than the nameless graph of Fig. 3, and thus perhaps agree even better 
with our experimental graph. 

Another interesting aspect of Bethe’s equation is its agreement in mathe- 
matical form with i-i, at least ii Wa is set equal to 1, as well as B to 4.^ This 
function fa was suggested first by a study of an empirical relationship be- 
tween line and continuous spectra; and there some of the data indicated 
that m 2 = l. Thus perhaps Bethe’s theory may suggest theoretical connec- 
tions, to match the empirical one between these spectra. 

Thick-Target Effects 

Effect of rediffusion on line intensities. In a thick target, the effect of re- 
diffusion, removing some of the cathode rays from the target before they have 
made their quotas of impacts, is to diminish the intensity of the x-rays.^ Let 
laiU) be the intensity of the rays that would be emitted in a K-series line if 
there was no such loss, and I{U) the actual intensity. Then the loss, 

h{U)-IiU) = R{U), (25) 

is equal to the intensity of the rays that the rediffused electrons would emit 
if they struck another target of the same element and did not rediffuse from 
it. Thus 

R{U) =p FiW)h{mV)dW . (26) 

To calculate i2( 17) we shall proceed much as with the analogous equation, 
(8), for r(U). The chief difference in the two cases is that the sign of the cor- 
rection for rediffusion here is opposite to what it was there, because the effect 

is a loss of impacts rather than a gain. 

For Jo in this integrand, we shall use either of two simple empirical formu- 
las. One^^ of these is 

h{U) = Ki{U - iy\ (27) 

» D. L. Webster and H. Clark, Proc. Nat. Acad. Sci. 3, 181 (1917); A. Jonsson, Zeits. f. 

Physik 43, 845 (1927): S. K. Allison, Phys. Rev. 30, 245 (1927). 
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where n is between 1.3 and 2.1, and Ki is a constant. The other-*'® is 

hiV) = - 1), (28) 

where also is constant. 

Neither of these formulas is very accurate, but in view of other correc- 
tions, less definitely known than the one for rediffusion, we shall go no farther 
with this case than to find the order of magnitude of this correction. And for 
that, we may use either function, simplifying matters still further by letting 
K neither 1 or 2, although h with re = 1 is very far from correct. 

The constants Ki and Kz are not so little known as those of the thin-target 
functions, but there is enough uncertainty here also to make it better for most 
purposes to use a “reduced intensity,” which we shall call 

J{U) = I{U)/Ii2). (29) 


The corrected reduced intensity is now 
l-f- {R{U)/I{U)\ 


MU) = J{U) 


1 -h {2?(2)/7(2)} 


J{U) 


1 - {j;(2)/Jo(2)} 

1 - {RiU)/im} 


(30) 


and this correction factor for JiU) will be called C([/). 

Values of C(!7), corresponding to the Cr{U) of Table III, are shown in 
Table VII. 

Table VII. Values of 100 {C{U)-1) for Ag, p=^0JP mid Wo^OSO. 



1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

Ih n-1, g>^10 

-23.8 

-7.2 

0.0 

+3.3 

+5.0 

+6.1 

/i, w = l, g=9 

-26.0 

-7 A 

0.0 

+3.0 

+4.5 

+5.5 

A,S=10 

-21.5 

-5.9 

0.0 

+2.3 

+3.4 

+4 , 1 

A 2=9 

-23.7 

-6.1 

0.0 

+2.2 

+3.2 

+3.8 

Ii, n = g~10 

-17.0 

-6.0 

0.0 

■fS.l 

+4.9 

+6.1 

Ji, n—2y g«9 

: -19.0 

-6.6 

0.0 

+3.2 

+5.0 

+6.2 

Averages 

-21.8 

-6.5 

0.0 

+2.8 

+4.3 

+5.3 

100 (cr’-l) from 







Table 4 

3.6 

1.8 

0.0 

-1.3 

-2.2 

-2.7 

(C-l)/(cr-l) 

-6.1 

-3.6 

-2.6 

-2.2 

-2.0 

-2.0 


From this table it is evident that the rediffusion correction factors for 
thick-target line intensities are about 2 to 4 times as far from unity as those 
for thin. This raises anew the question of the cause of the disagreement be- 
tween our conclusions and Wisshak’s,^ about the status of the theories of ioni- 
zation by impact. In Wisshak’s interpretation of his data, the allowance for 
rediffusion consisted in substituting for the measured tube current, the cur- 
rent computed from the voltage and the heat in the target. But as the ratio 
of these currents was found to be constant, the difference affects only the con- 
stant coefficient in /(U), and does not affect J(Z7) at all. So it appears to 
us that the correction factor C(U) would be useful here. And just as the cor- 

Simplified from a formula used by G. Kettmann, Zeits. f. Physik 18, 359 (1923); and 
E. C. Unnewehr, Phys. Rev. 22, 529 (1923). 
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rection ev for thin targets shifted our graph toward Wisshak's, this opposite 
correction C shifts his graph toward ours. Nevertheless, both corrections to- 
gether move the graphs only about a seventh as far as is necessary to bring 
them into agreement. Evidently there is some other cause for the difference. 

The most obvious suggestion is that there is a real difference between the 
elements used here by Wisshak and by us, namely between his average of Cr 
and Cii and our Ag. Another possibility is that the other uncertain factors in 
the interpretation of thick-target data are responsible for the discrepancy. So 
it is significant, though ambiguous, that recent data of ours (not yet pub- 
lished) on thick targets of Ag with corrections for target absorption by Kulen- 
kampfEs method and for fluorescence radiation by ours,^^ give a far better 
agreement with the function calculated by Wisshak from our thin-target 
formula for Ag than do his data on Cr and Cu. 

To put this statement into a more quantitative form, we may express all 
these intensity functions *with enough accuracy in terms of the function Ji( i7), 
of Eq, (27), namely KiiU-iy, Wisshak’s graphs for Cr and Cu make n be- 
tween 1.3 and 1.4, and his function calculated from our thin Ag makes n 
about 1.85. Our data on thick Ag make n about 1.65 before correction for re- 
diffusion, and about 1.73 after. The remainder from 1.73 to 1.85 is in the 
direction one would expect from Kiilenkampff’s^® comparison of his continu- 
ous-spectrum intensities for thin A1 with the intensities calculated from his 
thick A1 by a method the inverse of that which Wisshak used here. So this 
discrepancy may be ascribed tentatively to the errors in the Thomson-Whid- 
dingtoii law of retardation of the cathode rays, which has been used, for lack 
of anything more accurate, in all such calculations. The net result, then, is 
that the apparent discrepancy between the thick and thin-target data may 
well be no greater than can be expected from the uncertainties in the relations 
between them. 

Details of these comparisons would be beyond the scope of this paper, 
however, and will therefore be reserved for later consideration, in connection 
with more data. In the meantime, the values of n given here for thick Ag 
must be regarded as somewhat provisional, as we are making still further im- 
provements in our apparatus, but they are fairly good up to about 100 kv 
(4 Vk) ; and for rays corrected only for target absorption, an exponent 1.6 will 
serve moderately well up to 180 kv. 

Continuotts spectra. Turning from the line spectra of thick targets to the 
continuous, we are rid of the complications of fluorescence, but we run into 
another complication, arising from the fact that the intensity emitted by a 
single atom (or a thin target) is not the same in all directions, as proved 
by Kaye Duane, Kulenkampff^® and Nicholas.^^ As it concerns us here, 
this means that the diffusion of the cathode rays within a thick target will 

D. L. Webster, Proc. Nat. Acad. ScL 14, 330 (1928). 

H. Kulenkampff, Ann. d. Physik 87, 597 (1928). 

G. W. C. Kaye, Proc. Camb. Phil. Soc. 15, 269 (1909). 

W. Duane, Proc. Nat. Acad. ScL 15, 805 (1929). 

W. W. Nicholas, Bureau of Standards Jour. Res. 2, 837 (1929). 
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tend to annul the directional differences that would have occurred with- 
out it.. This effect has been discussed by Kulenkampff and Nicholas, who 
have shown that it is practically complete except near the high-frequency 
limit of .the spectrum, and that the directional effects near the high-frequency 
limit are such as one might expect from the data on thin targets. Having no 
new contribution to make on this point, we may treat the effect of rediffusio.n 
alone by neglecting the directional effects and comparing theoretical predic- 
tions, not with intensities in any particular direction,, but with the average, 
so far as it is known, for all directions. 

, .This treatment of the rediffusion effect amounts practically to putting on 
a somewhat more nearly quantitative basis an idea advanced by .Kramers^^ 
in a paper on his theory of the continuous spectrum. First neglecting rediffu- 
sion as well as all directional effects, Kramers found for the thick-target in- 
tensity in a range di'. 

/o(F, y)dv = KoZ(vo - v)dp - KnZPnU, (31) 

where Kq is a constant, Vo — eV/h, and u = {vq—v)/pq. Observed intensities are 
not far from obeying this formula, but they are given more accurately by 
adding a non-linear term,'^^ so that the empirical formula is something like 

/(F, v) = K'Zv,[u + BZ{1 - (32) 

where A is a function of Z, v and pq, and B of v and pq, though perhaps not of 
Z, and both A and B change only slowdy. K' will be defined more explicitly 
below. Kramers explained the presence of a non-linear term, of this general 
sort, as an effect of rediffusion. 

A calculation of I, based on Kramers' theoretical intensity Jo and the re- 
diffusion formulas used in the first part of this paper, gives, when Fi(W') is 
used, 

li(Vj v) = KqZvq[{1 — i^)^ + j5>f(l W){1 — (33) 

at least if < <1, and when F%{W) is used, 

l 2 iV, v) = Ka Zv^[{\ - p)u + p{{l-W){l- ], (34) 

where y = l — 

Each of these functions is much like the empirical function of Eq. (32), in 
that the larger term, (1— ^)w, is proportional to u\ while the smaller, non- 
linear, term increases from zero at u == 0, more or less like (1 — Further- 

more the ratio of these terms, as a function of Z, contains p/{l-p), which is 
not far from proportional to Z, like the corresponding ratio in Eq. (32). 

With regard to the dependence of the linear term on Z, it is usually 
said to be simply proportional to Z, with Z' in Eq. (32) constant. The best 
evidence on this point, however, comes from the data of Wagner and Kulen- 

^2 H. A. Kramers, Phil. Mag. 46, 836 (1923). 

23 Webster, Phys. Rev. 9, 220 (1917); E. Wagner and H. Kulenkampff, Phys. Zeits. 
23, 503 (1922); D. L. Webster and A. E. Hennings, Phys. Rev. 21, 312 (1923); W. W. Nicholas, 
Phys. Rev. 29, 619 (1927). . . 


INTENSITIES IN X-RAY SPECTRA 


135 


kampff who made an. approximate allowance for rediffusion by defining in- 
tensity, not as x-ray energy per incident cathode ray, but per unit current as 
measured by heat in the target. It is in these terms only, that the iT' of 
Eq. (32) is approximately constant. To convert to the intensity definition 
used here, we must let 

K' = K{1 - pW), (35) 

wdth K constant. This new factor (1 —pW), is not far from the (1 ■— i^) of Eqs. 
(33) and (34). ■ ,, 

Likewise on integrating to get the total intensity, unresolved, we find 

El = Ea = iKo Zv,%l - pW^), ' ,(36) 

and. from Eq. (32), neglecting the second, term, 

E = = iKZv,%i - pW), • (3.7), 

agreeing fairly well with El or E 2 . 

Thus these formulas describe the main facts of thick-target continuous 
spectra to a first approxim.ation, confirming Kramers’ qualitative predictions. 
We cannot expect great accuracy here, because the basic formula for Io(F, v) 
was derived by the Thorason-Whiddington law from a theoretical thin-target 
formula which agrees only approximately with Kulenkampff’s data, and so 
/o(F, v) itvself may be as good as it is, only because of a cancellation of errors. 
An approximate verification of these thick-target formulas is therefore as 
much as one can expect. ' 


^ E. Wagner and H. Kulenkampff, reference 33, 
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EXPERIMENTAL EVIDENCE FOR ELECTRON VELOCITIES AS 
THE CAUSE OF COMPTON LINE BREADTH WITH THE 
MULTICRYSTAL SPECTROGRAPH 
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California Institute of Technology, Pasadena 
(Received December 1, 1930) 

Abstract 

The main purpose of this research was to test the correctness of the assumption 
that the initial velocities of electrons in the scattering body cause the observed breadth 
of the Compton shifted line. The test consists in observing the natural breadths of the 
Compton line for different scattering angles and primary wave-lengths and comparing 
these with the functional dependence of breadth on scattering angle and primary 
wave-length deduced theoretically on the basis of the assumption under test. It is 
shown in this paper that if electron velocities are the cause of the breadth then this 
breadth should increase with the scattering angle according to the approximate for- 
mula hX^KcoslQ where AX is the breadth, Q the scattering angle and K a constant 
depending on the primary wave-length and the scattering substance. For the same 
scattering angle and substance the breadth should be proportional to the primary 
wave-length. 

The experimental test was made with the multicrysta! spectrograph of fifty units 
herein briefly described. Three scattering angles were used, 63J°, 90®, 156®, the in- 
homogeneity in each case being less than one degree. The spurious breadth due to this in- 
homogeneity is negligible compared to the observed breadths. Three very clear cut 
spectrograms are reproduced representing IsHoK radiation scattered from graphite 
together with raicrophotometer curves taken from them. The increase of shifted line 
breadth with scattering angle is clearly visible and compares favorably with the theo- 
retical prediction. The increase of line breadth with increasing primary wave-length 
comparing the breadths of shifted ai and shifted jSi lines seems just detectable. The 
unshifted lines are very sharp, the a. doublet being clearly resolved. Incidentally the 
cause of the heavy background so frequently observed on Compton effect spectro- 
grams has been found to be non-selective scattering at the crystals and a great reduc- 
tion of background and improvement in contrast has been effected by the use of baffles 
to diminish this effect. 

The observed shift of the Compton line supports Compton’s formula 5X = {h/mc) 

(1— -COS0) where 24. 2X.U. 

The shifted line breadths are greater than those reported by Gingrich and Bear- 
den and possibly Ross but seem to be in general accord with previous breadths ob- 
tained at this laboratory and wdth those of H. M. Sharp and of If., L. Nutting, The rea- 
son for these discrepancies is unknown. The possibility of doubleor higher multiplicities 
of scattering is being investigated. (See note added in proof at the end of this article.) 

Purpose OF THE Investigation 

"^JEARLY all investigators have observed that the Compton shifted line 
^ is broader than either the unshifted line or the primary line. Jauncey/ 
WeiitzeP and DuMond^ have each attributed the observed breadth of the 

1 Jauncey, Phys. Rev. 25, 314-322 (1925); 723-736 (1925). 
nVentzei, Zeits. f. Physik 43, 188 (1927); 43, 779-787 (1927). 

3 DuMond, Phys. Rev, 33, 643-658 (1929). 
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Compton line to the velocities possessed initially by the electrons in the scat- 
tering body. DuMond^ and almost simultaneously, Chandrasekhar^ have ap- 
plied the above assumption to the conduction electrons in the interatomic 
spaces of the crystal lattice in the case of electrically conducting scatterers 
and the former has shown that the results compared with his observed Comp- 
ton line structures seem to support favorably the new Fermi, Pauli, Dirac, 
Sommerfeld statistics for such conduction electrons. It is important to test 
the correctness of the assumption that the velocities (or more accurately the 
momenta) of electrons bound in atoms or in the interatomic spaces of the 
crystal lattice are responsible for Compton line broadening. 

We have attempted to test this assumption by observing the dependence 
of Compton line breadths on the scattering angle in the case of MoK radia- 
tion scattered by graphite and comparing this with the theoretical functional 
dependence to be expected if the assumption be correct that electron veloci- 
ties cause the breadth. The theoretical considerations will be dealt with first. 

Part I. TiiEORETiCAL 

General Non- Mathematical Discussion 

Before passing to the analytical argument we venture to offer a verbal 
discussion of the cause of Compton line-breadth regarded as a Doppler effect 
of the random-moving electrons scattering the radiations in order to serve as a 
guide to the reader through the cold formality of the analysis. The use of the 
words “Doppler effect” we insist shall not be naively interpreted as commit- 
ting us to any mechanism (classical, undulatory or otherwise) to “explain” 
'the wave-length modification associated with scattering of radiation by a 
moving scattering agent. It is now an old story that the Doppler effect from a 
moving scatterer can be equally well derived on either the extreme undula- 
tory hypothesis or the extreme corpuscular hypothesis — the latter derivation 
requiring only the quantum application of the laws of conservation of momen- 
tum and energy to the elementary scattering process. Furthermore the inter- 
pretation of the broadening of the Compton line as a Doppler eff ect of the motion 
of weakly hound electrons here presented is a perfectly valid first approximation 
to the quantum mechanical treatment of the effect as given by Wentzel, Gordon and 
others. The condition for such validity is that the binding energy of the elec- 
tron shall be small compared to the energy imparted to the electron in the 
scattering process. This condition is fulfilled in the present case. 

When x-radiation is scattered by the electrons in a scattering body the to- 
tal effect of the motion of the electrons may be thought of as a superposition of 
two “Doppler effects” — one caused by the initial motion of the electrons, the 
other caused by the motion imparted to the electrons by the radiation in the 
scattering process. The first Doppler effect can in the case of random electron 
motions have either a positive or a negative sign, depending on whether the 
electron’s initial velocity before scattering has a component directed toward 
or away from the vector expressing the change in momentum suffered by the 

^ Chandrasekhar, Royal Soc. Proc. A125, 231-237 (1929), 
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radiation in the vscattering process. The second Doppler effect can have only 
one sign (corresponding to an increase in scattered wave-length over incident 
wave-length) because the momentum imparted, to the electron in the scatter- 
ing process must always be opposite in direction to the vector change in mo- 
mentiim of the radiation. Both Doppler shifts will vanish for zero scattering- 
angle and be a maximum for a scattering angle of 180 ^. 

.The first Doppler shift having either positive or negative sign accounts 
for the broadening of the Compton modified line. The second Doppler shift 
accounts for the justly famous shift of the Compton line toward longer wave- 
lengths. 



Fig. 1. Schematic illustration of Compton scattering by randomly directed moving elec- 
trons for three scattering angles together with idealized spectra of the resulting scattered radia- 
tion for each case. The constancy of the initial momentum and the increase in the momentum 
imparted to the electron with increasing scattering angle is shown. In this diagram the ran- 
domly directed initial momenta are much exaggerated relative to the imparted momentiim. 

Let US define the relative breadth AX^ as the breadth at any scattering 
angle divided by the breadth at 180 ® scattering angle (maximum breadth). 
Let us also define the relative shift in an entirely analogous way. The 
relative breadth and the relative shift will be shown to be given by’*^ 

® It is interesting to note that the relative shift is the sgtiare of the relative breadth. This 
is because the shift increases with the scattering angle due to kvo causes, (1st because the Dop- 
pler effect from any moving scatterer increases with the scattering angle, 2nd because the veloc- 
ity of the moving scatterer itself increases with the scattering angle in the case of the Compton 
shift) while the breadth increases with the scattering angle due to only the first of these causes 
alone, the velocity of the scattering electron accountable for the breadth being independant of 
the scattering angle. 
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Case of one free scattering electron only. The solution of this case in the 
form of Eq. (5) was obtained by de Broglie in his ^‘Ondes et Mouvements 
Fasicule” 1. pp. 94-9S. The primary radiation is taken as travelling in the 
positive x-direction. 6 is the angle of scattering; vi is the initial frequency; 
pic the speed of the electron before scattering, ai, bi, Ci, the direction cosines 
of its velocity and a i = cos 0 1 so that 0 1 is the angle between the initial electron 
momentum and the initial light momentum, is the frequency of the scat- 
tered quantum and its direction of propagation has the direction cosines p, q, 
r, making angle with the initial velocity of the electron and angle 0 with 
OX. Fig. 3 shows the relations of the various vectors and angles. 

Evidently, 

cos (j> — aip + biq + cif 
P cos,.- 

The recoiling electron has a final speed 02^ in the direction defined by the 
cosines, a 2 , & 2 , (^ 2 - 

The following four equations express the conservation of energy and of the 


Breadth' AXr = sin p approximately 
Shift d\r == sin^P 


Fig, 1 shows diagrammatically the vectors of light momentum, random initial 
electron momentum and momentum imparted by the scattering process to 
the electron for three scattering angles together with an idealized Compton 
shifted line spectrum for each case. In Fig. 2 the relative breadth and relative 
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Fig. 2, Relative breadth and relative shift computed for molybdenum K radiation using 
Eqs. (10) and (8). The relative breadth is the quotient of the breadth at any scattering angle 
by the maximum breadth which occurs at 180°. The relative shift is similarly defined. 


shift are plotted as functions of the scattering angle. In this case the more 
accurate formula derived below has been used for the computations of rela- 
tive breadth. 


Analytical Solution 
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three rectangular components of momentum before and after the scattering 
process. 

hvi + Wo^VCl = hv2 + nhcyil - ^22)1/2 

hvi/c + = (kv2/c)p +(woftr/(l -- (2) 

(wo/5ir/(l - iSi2)i/2)5i = (hv2/o)q + (3) 

{nh^ic/(l - = {hv2/c)r + (wo/^2^/(l - (4) 

Eliminating 62, ^2 and ^2 and letting a = hpi/nt()C^ we obtain on solving for 
the change in wave-length, 


^i(cos 61 “ cos <t>) 

X2 Xi ’ ^ Xi “f- 

1 — /5i cos $1 


2aXi sin^ |i9 
1—fii cos di 


(5) 


where the second term accounts for the simple Compton shift and the first 
term represents the modification caused by the electron’s initial speed /Si, 



fig. 3. lllustraOng the various angles and vectors involved in Compton scattering hy an 
electron possessing initial momentum. The initial electron momentum is eMaggerati'd. The 
sectors are shown radiating from a sphere at the origin on which the angles brtween ^■ectu.- 

thTerdirnTiLl. " 

As we are particularly interested in the breadth of the shifted line we de- 
fine a wave-length coordinate, /=X.-Xi-2aXi sin=> -p so chosen that I has its 
origin at the “center” of the shifted line (shifted position for scattering by free 
Zlfl "'ff trons) and measures the wave-length deviation given 

by the first term of the right hand member of Eq. (5). Then 
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I = 


X. 


cos di — Xi cos (j> 
1 — /3i cos 6i 


( 6 ) 


in which Xc is the Compton shifted wave-length for the simple case of an 
initially stationary electron 


Xc == Xi + 2a;Xi sin^ ^ 0 , 

Equation (6) can be much simplified by describing the direction of the 
initial electron momentum in terms of a new angle "4^ measured from a ref- 
erence axis® taken in the direction of the change in momentum which the ra- 
diation would suffer for the simple Compton case of a stationary electron 
scattering radiation at the angle 6, 

In Fig. 4 let OA be the direction of the incident quantum, OB the direction 
of the scattered quantum, OC the direction of the electron’s initial velocity. 
Make the vector OA equal in length to Xc, the vector OB equal in length to 





Fig. 4. Illustrating the definition of the "natural” reference axis and of the angle It 
should be emphasized that Xc is the simple Compton shifted wave-length for the case where 
vector C vanishes (^i=0) and that therefore K is constant for a given primary wave-length 
and scattering angle and the direction of the natural reference axis is a constant. Note that 
Xc is taken along the incident direction and Xi along the scattered direction. This inversion is 
caused by the fact that the momenta are inversely as the wave-lengths. 

\i and the vector OC equal in length to /3i. We define a new wave-length X* 
represented to the same scale by the distance AB. Now note that the numer- 
ator of Eq. (6) can be represented in terms of the vectors of Fig. 4 (designated 
by their terminii) as the difference of two scalar products 

CA-CB 


or what is equivalent C- (A — B) 
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The vector whose length is X* is precisely (A B) hence if is the angle 
between OC and AB-we rewrite Eq. (6) as follows 


1 — ^1 cos 01 

where 

2X* = (X„2 + Xi^ - 2XoXi cos 0)1/2. (8) 

The denominator is nearly unity ii most practical cases. Thus it is evident 
'* that the wave-length deviation I frym the simple Compton shift caused by a 
scattering electron having an initi 4 velocity 3c (instead of zero velocity) is 
proportional to the projection |3i ccs^ of tiit .ilectron’s initial ^•elocity along 
the direction of the vector representing the lange in momentum which the 
radiation would suffer if scattered by an initially stationary electron through 
the scattering angle 0.® 

This latter direction is a stationary axis in space independent of the direc- 
tion of the electrons’ initial motion and the projection on it in question can 
be either positive or negative, i.e, cos'Jf may have either sign. Thus the ex- 
treme values of I are given (if ^ is considered negligible compared to unity) 
by the inequality 

- 2^iX* -H 2^i2X* cos l{ic-d) <l< 2Pik* -t- 2/3i2X* cos - 0) (9) 



or if the first power of be considered negligible compared to unity 

- .jSiX* < I ^ (9.1) I 

In either case therefore I can vary over the wave-length range 

AX = 4l3iX* (10) 



P{il/)d4' = I sin . 


The probability P{1) of a given deviation I from the Compton shift is then to 
be obtained from Eqs. (7) (11) and the derivative of (7), by eliminating and 
dAfA This gives 


® The vector change in light momentum for scattering at angle 6 by an initially stationary 
electron constitutes the natural and appropriate reference axis for the problem of scattering at 
angle 9 by moving electrons. 

This operation is much simplified if the denominator in Eq. (7) be first set equal to unity. 
This amounts to neglecting ^ in comparison to unity, 9i is a complicated function of the colati- 
tude and the azimuth (f>. Taking the above defined natural reference axis as polar axis and 
the plane of the scattering angle as reference plane we have 


for electrons of constant initial speed /Si and all possible directions of motion. 

Case of ensemble of electrons of speed and random direction. Since the 
velocities are uniformly distributed as to direction over the surface of a sphere 
the probability of scattering by an electron whose velocity makes an angle ''F 
to^+d^ with the above defined natural reference axis*^ is 
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P(l)dl — (4/3X*) ^dl (approximately) (12) 

in this formula is of the order of For 
X - 740 X.U. ; = 25 X.U. the error committed is about 3 percent. For nar- 
rower parts oft the line structure it is even much less. From Eq. (11), since 


|^mcO-<^os0) . 


Ac 

i ^ 


A-0X* 


fhrr.P^ curve of originally monochromatic radiation after scattering 

throug. ^ angle 6 by an ensemble of electrons of initial speeds 0c and random directions. 

‘ ■ t 

the right hand member is independent of I, it is evident that all deviations I 
are equally probaole within the limits placed by inequality (9). Outside these 
mits the probability is nihil. Thus (see Fig. 5) a good approximation to the 
line structure contributed by the randomly directed ensemble of electrons of 
between jS and /3+«f/3 is a rectangular spectral distribution of breadth 
proportional to the population of the speed class P to P+d^. 

( 1 his distribution is not quite centered on the Compton shifted position but 
as can be seen by reference to inequality (9) is displaced toward longer wave- 
lengths by a slight amount 2/3 A* cos This shift is wholly inapprecia- 

ble however for values of /3 of importance in the experimental case). 





Fig. 6. Illustrating the relation between spectral intensity distribution in the Compton 
me (left) and population of electron speed states (right). Each elementary rectangle on the 
left IS equal m area to a rectangle on the right while the spectral breadth 4|SX* of each rectangle 

on the left is proportional to the abscissa ^ of the rectangle on the right. 

Case of ensemble of electrons with random directions and any speed dis- 
tribution, $(/3). The line structure in this case is to be thought of as built 
up out of an assemblage of rectangles of infinitesimal height each having its 
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dimensions determined in the same way as the rectangle of Fig. 5. For conven- 
ience in adding spectra! intensities the rectangles must of course be piled on 
top of each other in order of decreasing breadth, that is to say decreasing val- 
ues of Referring to Fig. 6 the curve i>(/3) on the right represents the popula- 
tions of the states or speed ranges /3 to iS-fdjS required by the dynamics of the 
electrons in the solid scattering body while the curve on the left represents 
the resulting Compton line structure. The elementary rectangular area 2ldy 
in the left hand curve is to be kept proportional to the elementary rectangular 
area in the right hand curve. If the constant of proportionality is k we 

can express the differential equation of the line structure curve in terms of 
the speed distribution function thus 

- 2ldy = (13) 

since the half breadth of each rectangle is Z = 2^X* we can replace by dl/2'X* 
and by l/2\*. Dividing Eq. (13) by —21 and integrating from y = 0 , Z= oo 
to y=y, l=lwe obtain the equation of the line structure curve for continuous 
functions which vanish as Z-^oo 

J .i=i 

Z-i#(Z/2X*)dZ. (14) 

i=» 

Definition of line “breadth.” For the purpose of the present investigation 
we are especially interested in the spectral “breadth” of curves such as shown 
in Fig. 6 and defined by Eq. (14) and in particular we wish to study the de- 
pendence of the breadth on the scattering angle 6. There is no ambiguity 



Fig. 7. Illustrating terminology of line breadths. 


about the breadth of a rectangular spectral distribution such as is shown in 
Fig. 5 but real Compton lines resemble more nearly Fig. 6, the scattering elec- 
trons being without doubt distributed over a wide range of speeds. We shall 
speak of the “breadth” AX^ e.g. AX^, AX| meaning the spectral breadth meas- 
ured across the line structure at a specified proportion of its height. Thus we 
mean by ^6X} the spectral breadth of the line measured at a point half way 
up from the background to the peak. See Fig. 7. 

Dependence of line breadth on scattering angle. Consider what happens 
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to the Compton line as the scattering angle is varied, keeping the primary 
wave-length and the material of the scatterer (and therefore $(j3) ) always 
the same. Under these conditions the only quantity that suffers change is X* 
^ evident that all the elementary rectangles of 
breadth 4/3X' going to make up the line structure will be horizontally extended 
or contracted in the same proportion. The breadth just defined above, AX,, 
will always measure the spectral breadth of the rectangle contributed by one 
and the same class of electrons of speeds between 0 and 

Now X^ defined in Eq. (8) can most easily be visualized graphically. In 

8 we construct triangles for the values of the scattering angle 6 == 0°, 22.5°, 

so^ 


HZy^ 



45 , 67.5 , 90°, 112.5°, 135°, 157.5°, 180° and make the sides adjacent to d 
equal respectively to Xi and X. where Xc=Xi+(V^c)(l -~cos 0). The third 

side of this triangle is 2X*. Since X, and Xi are nearly equal an approximation 
to X\is 

X* == Xi sin p (approximately) 

Hence it follows that the relative breadth as we have already asserted with- 
out proof is 


AV _ ^'3X* 

~ AX. “ (approximately) . 

The reader is referred to Fig. 2 which shows the dependence of relative 
breadth on scattering angle along with the relative shift. The accurate form- 
ula for X*, Equation (8), has been used in plotting this curve. 

Recapitulation of Assumptions 
The theory here outlined assumes 

1. Conservation of momentum and energy in elementary processes. 

2. Electron binding energy negligible compared to energy transferred to elec- 

tron m scattering process. 

3. The initial electron velocity small compared to the velocity of light. 
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4. Probability of scattering by a given class of electrons proportional to popu- 
lation of the class. 

Assumption 1 is in accord with quantum as well as classical mechanics. 

Assumptions 2 and 3 are most applicable to precisely those cases of interest 
for the Compton effect from radiation of about the hardness of radia- 

tion. Assumption 4 is probably valid for most of the scattering electrons.® 

Part II. Experimental 

Importance of Homogeneity of Scattering Angle 

Because the wave-length shift of the Compton modified line depends on 
the scattering angle the breadth of that line is increased if the scattering angle 
is not sharply defined in the experimental set up. This spurious breadth due 
to inhomogeneity of scattering angle was thought by many physicists to be 
the sole cause of the observed diffuseness of the Compton modified line. At 



Fig. 9. Illustrating the spurious breadth introduced by a given inhomogeneity of 
scattering angle at different scattering angles. 

only one scattering angle (0 = 180°) a considerable angle inhomogeneity pro- 
duces very little spurious breadth because the shift has an analytic maximum 
there. See Fig. 9. Hence several experimenters® have studied the breadth of 
the modified line at large angles of scattering and concluded that a natural 
breadth exists. There is some disagreement as to its size however. 

For our present purpose it is not possible to resort to the convenient de- 
vice of working at scattering angles near 180° thereby escaping from the 
necessity of maintaining a very homogeneous scattering angle. Since we are 
to examine the dependence of modified line breadth on scattering angle it is 
necessary to work at a number of angles other than 180° and to maintain 
these angles very homogeneous in each case. As all who have worked in this 
field are aware, the requirement of homogeneity of scattering angle is antagon- 
istic to the equally pressing requirement of a large solid angle of radiation 

® See Compton’s “X-Rays and Electrons, ” page 291. 

® Sharp, Phys. Rev. 26, 691 (1925); DuMond, Phys. Rev. 33, 643 (1929), Proc. Nat. Acad. 
14, 875 (1928), Gingrich, Phys. Rev. 36, 1050 (1930); Nutting, Phys. Rev. 36, 1267 (1930) 
Bearden, Phys. Rev. 35, 1427 (1930). 



STUDY OF COMPTON LINE BREADTH 


147 


from the source incident upon the scatterer to give sufficient energy in reason- 
able exposure tunes. ^ Unfortunately there are no x-ray lenses to collect x- 

radiation and render it parallel. 

To circumvent these difficulties the authors have constructed the multi- 
crsjtal spectrograph. This instrument has been described in detail elsewhere” 

and will be touched on but briefly here. 

Description of Multicrystal Spectrograph 

The instrument consists of fifty small cylindrical units each a Seemann 

M Tbonr'^r - horizontal circle 

of about a half meter radius. Let us call this circle the “major circle” of the 

instrument. Each unit contains a brass wedge standing at about 0.1 mm 



crystal spSrotrr'J t 1 homogeneity of scattering angle in the multi- 

ystal spectrograph, e., and 0^ show actual positions of Ka line in the first second and third 

distance from the cleavage face of a small slip of calcite. The units are orien- 
tated so that each calcite will reflect the Ka doublet of Mo to exactly the 
same point on a photographic film coinciding with an arc of the major circle 
on the opposite side from the bank of crystal units. The geometry of the in- 
strument is such that if one such wave-length coincides or focusses at one 
point on the circularly curved negative all other wave-lengths and orders will 

DuMond and Kirkpatrick. Review of Scient. Insts. 1, 88 (1930). The principal imnrove- 
ment xnadyn this instrument since the above article was written consists in the addition of 
fifty individual adjusting levers for the crystals as well as fifty permanently attached inirrors 
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also focus at other points on the negative. In Fig. 10 a wave-length Xi is 
shown focussed from all fifty crystals at the point 0i. The crystal reflecting 
planes if produced would all intersect at the point (3 on the major ciiclc. d he 
incoming radiation, if it were not reflected by the crystals to the point Oi, 
would converge in a point «i also on the major circle. ai and 0i are distant 
from /3 on opposite sides by an arc 20 where 0 is the Bragg angle f<jr the wave- 
length in question. We utilize the fact that the directions of incoming rays 
are concurrent at ai. A second circle is described so as to pass through both 
the focal spot of the x-ray tube and through a i. The scattering body is shaped 
to coincide with this circle as shown in Fig. 10. Thus the scattering angle is 



Fig. 11, Geometrical dispositions of x-ray tube, scatterer and 
1 spectrograph for the three scattering angles studied. 

very nearly homogeneous over all parts of the scatterer. Fig. 11 shows the 
positions of scatterer, tube and spectrograph for the three angles of scattering 
which have so far been studied. The principal sources of inliomogeneity of 
scattering angle are the size of the focal spot of the x-ray tube and the thick- 
ness of the scattering body. The use of SO crystals instead of one permits the 
tube to be placed much farther away from the scatterer without necessitating 
unreasonable exposure times and thus permits a great reduction in the in- 
homogeneity of scattering angle due to the two above mentioned causes. 

Precautions as to Planeness of Crystals and Focussing 

At first sight the instrument just described seems fantastically difficult to 
construct and adjust. As a matter of fact however once a set of fifty good 
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crystals had been obtained and tested for planeness and a satisfactory orien- 
tation method was worked out the task of adjusting them to focus accurately 
took only about two months. We have been pleasantly surprised to find that 
the crystals have remained in good adjustment for a period up to the present 
of about three months. 

One of the most exacting and difficult requirements was to get good slips 
of calcite plane over their entire length. In studying the Compton effect it is 
absolutely essential that the crystals he plane over the entire length used in reflect 
ing x-rays. This is because the scattering body constitutes an extended source 
so that the entire length of the crystal reflects x-rays to each point on the film. 
Thus a twisted crystal will give blurred diffused spectral lines with an ex- 
tended source whereas the same crystal would give sharp but Inclined or bent 
lines with a point source. See Fig. 12. Our first care was therefore to insure 
that all crystals should be ^^plane.^^ This we tested by means of primary radia- 
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Fig. 12. Illustrating how a warped crystal gives a sharp line with a 
point source but a blurred line with an extended source. 


tion from an x-ray tube placed a short distance from the front of the spectro- 
graph. As. the tube was much nearer the crystal than was the negative and 
had a rather small focal spot only a small portion of the length of the crystal 
was used in forming the lines on the negative. By moving the x-ra^^ tube up 
and down parallel to the wedge of the Seemann spectrograph any region in 
the height of the crystal could be used to reflect spectral lines to the negative. 
Our practise was to compare in this way the position of lines reflected from 
four points along the height of the crystal with the lines as reflected from the 
midpoint of the crystal. Crystals that failed to reflect lines to the same point 
to within less than half the breadth of a line (or about half an x-unit on our 
spectrograms) were discarded. The backs of the crystals had to be ground to 
fit into their holders before such tests had any significance and on account of 
the numerous discards this constituted one of the most tedious features of 
the experiment. We take a pardonable pride therefore in calling attention to 
the great sharpness of the unshifted lines we have obtained. This sharpness 
bears witness to the planeness and perfection of each and every one of the 
fifty crystals used as well as to the accuracy with which they are focussed. 
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The focussing of the crystals was accomplished photographically. After 
fifty good crystals mounted in the cylindrical Seemann units in the spectro- 
graph had been obtained, one of these near the center was permanently 
clamped in a predetermined orientation so as to reflect the MoiTo: lines in a 
convenient position on the film. This was called the reference crystal. I he 
other forty-nine units were first roughly orientated by means of a flouroscopic 
screen so as to reflect their lines at the same point on the film to within a few 
millimeters. Direct radiation was used, the Mo tube being mounted in a lead 
box in front of the spectrograph on a large wooden sector turning on a pin 
directly under the point ai. Divisions marked on the circular edge of this sec- 
tor made it possible at a moment’s notice to align the tube with any desired 
crystal. A lead shield was used to isolate all but the crystal under test. The 









(hjf p0/7 

Fig. 13. Plan and elevation of multicrystal spectrograph, 


fine adjustment of the crystals by photography consisted in taking a photo- 
graph of the Ka lines with the reference crystal and then without disturbing 
the negative taking the Ka lines with the crystal to be adjusted. Shields were 
used in front of the negative so that the reference lines appeared in the middle 
of the height of the negative while the lines from the crystal under test ap- 
peared just above and below. When the focussing of a crystal was acceptable 
its lines joined those of the reference crystal forming continuous lines across 
the negative with no perceptible break or jog at the two junction points. 
Forty-five seconds sufficed to give a good exposure. A complete set of forty- 
nine such pairs of exposures was made testing the state of adjustment of all 
crystals against the reference crystal. These exposures appearing on ten 
pieces of film were all developed, fixed and dried at one time in an especially 
designed holder, thus economizing enormously on the time over what would 
be required for separate development. Each crystal was then orientated 
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through the angle demanded by the error in adjustment indicated in the 
photographs. This could be done with considerable accuracy, thanks to a 
small gilded plane mirror permanently mounted on top of each crystal holder. 
The reflection of a scale 3 meters distant from the mirror was observed with 
a telescope as a means of measuring the angles through which the crystal must 
be turned to correct the error indicated on the photographs. After making 
the indicated orientation adjustments a second set of forty-nine pairs of com- 
parison photographs was taken. A few of the crystals were already found to 
be in perfectly acceptable focus with respect to the reference lines. These 
were eliminated from the remainder of the work by dropping small brass 
covers over their adjusting screws. The cycle was then repeated and each 
time more and more crystals came into acceptable adjustment until after 
eleven cycles all had been satisfactorily adjusted. 

The fine orientation of the crystals is accomplished by means of a small 
steel lever, one for each crystal unit, which can be clamped at one end to the 
projecting shank of the crystal holder. The other end of this lever is given a 
slight sidewise motion to right or left by two conical headed screws pressing 
on opposite sides of two conical holes in which they enter loosely. Fig. 13 
shows a complete plan and elevation of the entire spectrograph. 

Part III. Results 

Breadth Not Due to Poor Resolution or Instrumental Defects 

The unshifted lines on the Compton effect exposures play the role of a control 
on the resolution of the spectrograph. Some workers in this field are under the 
impression that even the unshifted lines in scattered radiation are broader 
than the primary lines. Such however is not the case as can be plainly seen 
on our three spectrograms reproduced in Fig. 14. It is quite evident from an 
inspection ol Fig. 14 that the unshifted lines are very much narrower than the 
broad diffuse distribution of the Compton modified radiation. It therefore 
cannot be claimed that the observed breadth of the modified line is caused 
either by poor resolution, poor focussing of crystals, or any other defect in 
the spectrograph since this latter quite evidently gives on the same negative 
very sharp lines. The Ka doublet in the unshifted position is completely re- 
solved. 

No intensifying screens have been used in the exposures with the multi- 
crystal spectrograph. This eliminates any possible blurring due to poor con- 
tact between the intensifying screen and the negative and any falsification of 
relative intensity that such screens might cause. 

X-Ray Intensities and Exposure Times 

An ordinary molybdenum target Coolidge water-cooled x-ray tube placed 
in a lead housing was used as the source of primary radiation. The radiation 
passed out of the lead housing through a hole of the right size and shape to 
give a beam which would just illuminate the whole scatterer with about a 
centimeter to spare all around. The tube was run at from 20 to 25 m.a. and 
50 k.v. continuously 24 hours a day. The exposure times were respectively 
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360 hours, 223 hours and 897 hours for the scattering angles 63”. 90”, and 
156”! Th^long exposures were necessitated by the great distance trorn tne 


Molybdenum K Radiation Scattered from Graphite 


do iSl Oil 



20 m.a. 50 k.v. 

897 hrs. 

70 to 120 cm dist. from 
tube to scatterer. 


155^1 2 | 56 " 42 ' 


(32 (3i (ic «i «« 

Fig. 14. Spectra of molybdenum A" radiation scattered at three very homogeneous scat- 
tering angles from graphite, taken with the multicrystal spectrograph. AAjte sharpness ol un- 
shifted lines and increasing breadth of shifted lines as the scattering angle increases. 

tube to the scatterer. In the case of.the 156° exposure the tube was 120 cm 
from the far end of the scatterer and 70 cm from the near end. The large dis- 
tance however gives a huge improvement in homogeneity of scatteiing angle. 


20 m.a; 50 k.v. 

360 hrs. 

18 to 77 cm dist. from 
tube to scatterer. 




20 m.a. 50 k.v. 

223 hrs. 

14 to 53 cm dist. from 
tube to scatterer. 


;89°30'<^K90^’30' 



Homogeneity of Scattering Angle 


The greatest inhomogeneity of scattering angle in any case is one degree. The 
inhomogeneities are indicated in Fig. 14. These inhomogeneities could not 
possibly produce the observed shifted-line breadth but would on the contrary 
give a breadth of about the same order of magnitude as the width of the nar- 
rower unshifted lines. 

To insure this homogeneity of the scattering angle the positions of tube 
and scatterer were accurately located by means of a radius arm capable of de- 
scribing the circle on which they and the point ai must lie. This radius arm 
carries a plumb-bob at its outer end which can be lowered into close proximity 
with the curving scatterer and the point a^. The x-ray focal spot is aligned 


with this plumb-bob by sighting from two directions with auxiliary plumb- 
lines. By measuring the angle through which this radius rod must turn in 
pasvsing from ai to the x-ray focal spot the angle of scattering can be and was 
measured with more than adequate accuracy. In the general view Fig. IS of 
the experimental set-up this radius arm is clearly visible. 
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Fig. IS. 


General view of experimental set-up. Note the radius arm for locating the tube 
and scatterer, also the baffle plates to reduce background. 


Modified Line Breadth Increases With Scattering Angle 


Even a cursory glance at the spectra of Fig. 14 shows that the modified 
line breadth increases with increasing scattering angle. In order to test this 
quantitatively we have made microphotometric analyses of these spectra. A 
few of the microphotometer curves are reproduced in Fig. 16, and in Fig, 17 
the theoretical curve of relative breadth is plotted for comparison with the 
points corresponding to observed breadths. The adjustment to the theoret- 
ical curve is made for the grand average of the points corresponding to the 
largest scattering angle, the other points falling where they will. The agreement 
is seen to be as good as the reproducibility of the breadth measurements. 

In measuring the breadth of the shifted /3i line the effect of ^2 is probably 
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negligible. In the case of the 
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Fig. 16. Microphotometer curves of the spectra shown in Fig. 14. 

in all) Le obtained for each scattering angle by running the the 

lines in different regions of their height. The three curves here shown aie fan 1> typical tl.e 

entire set. 

let Fix) be the function representing the observed line structure. Le^ (x) be 
the curve representing the contribution to F(x) rnade "^^"4 

the contribution made by the line will evidently s/Cx ^ , 

X.U., the known wave-length separation of «i and as. have then t 

F{o^ = /(^) + ““ 
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where F{x) is experimentally given and f{x) is to be found. From the experi- 
mentally known function F{x) subtract the known function \F{x-F) 

F{x) — \F{x — 5) = j{x) -f \f{x — S) — \f{,x — 5) — \f{x — 23). 

To this in turn add the known function iFCsc — 25) 

F{x) - iF{x - 5) -1- \F{x - 25) = /(x) - \J{x - 25) + lf{x - 25) -f i/(x - 35) . 

Evidently if this process be continued indefinitely we shall have 

F(x) - - 5) -h iFix - 25) etc. = f{x) 

because the last term neglected will vanish both due to its rapidly decreasing 
coefficient and due to the diminution infix— n8) as n becomes large. 



Fig. 17. Measured relative breadths of shifted lines compared with theoretical prediction 
based on initial electron velocity as the cause of breadth. The full line is the theoretical curve. 



Fig. 18. Illustrating the method of decomposing line structure curves from the Kot doublet. 

In practise the decomposition can be very rapidly effected graphically by 
the following procedure. Construct the curve F(x) representing the observed 
shape of the Compton line to scale and erect equally spaced vertical ordinates 
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with the spacing 8. The value of the ordinate say is corrected by subtract- 
ing from it half the value of ft, its first neighbor to the left, then adding a 
quarter of F 2 , subtracting an eighth of Fu etc., etc., until the amounts to be 
added' to or subtracted from ft become negligible. All the ordinates are 
treated in this same way. By actual trial on curves of the type of the Comp- 
ton line structure this method has been found to work very well. It is of 
course an easy matter to check the work b'y adding the two components ob- 
tained in the decomposition process and comparing the. s'lim with the original 
curve. 

In Table I the observed breadths of aue and at half maximum height 
are recorded for the three scattering angles studied. Measurements on five 
microphotometer curves taken across the spectral lines in different regions of 
their height are recorded for each scattering angle. The tabulated breadths 
of au were obtained graphically by the decomposition method described 
above. 

Table I. Breadths in x-units AX|. 



634" 



90" 



156" 


Micro- 

photo- 

meter 

Rim 

ai2fi 

aic 

(Sic 

«12c 

aic 

(Sic 

mu 

«-lc 

(Sic ' 

13.0 

12.1 

12,0 

16.2 

15.6 

13.3 

22.4 

22.8 

22.4 

1 

12.4 

1 11.5 

10.9 

16.4 ' 

15.75 

16.0 

21.8 

21.2 

19.4 

2 

13.0 

12.1 

11.5 

15.75 

15.15 

15.75 

23.0 

23.0 

20.6 

3 

13.0 

12.1 

12.1 

16.4 ' 

15.75 

16.0 

23.0 

23.0 

20.6 

4 

13.0 

12.1 

10.9 

16.4 

15.75 

15.2 

22.2 

21.9 

21.5 : 

5 

12.9 

12.0 

11.5 

16.2 

15.6 

15.2 

22.5 

22.4 

20.9 

Average 


11.8 15.4 21.6 Grand average of 

au and 

51% 69% 97% Theoretical relative 

Breadths 

Modified Line Breadth Increases With Primary Wave-Length 

Attention is called to the fact that in Table I the average breadths of au 
are systematically higher than the average breadths of We do not feel 
that the precision of our breadth measurements justifies more than a claim to 
a qualitative agreement with theory in this respect. It is interesting to note 
however that in each case the longer primary wave-length gives the broader 
shifted line and that the breadths are in about the same proportion as the 
wave-length in agreement with the formulae 

AX = 4i6X* 

X* = (Xi^ + x/-- 2XiX,cos0)^/^ 
h 

Xc = Xi d ~(1 — cos d) 

me 

Cause and Elimination of Heavy Background 

It has been noted by many observers that the background intensity rela- 
tive to the line intensity in the .spectra of scattered radiation is much stronger 
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than in the case of the primary radiation. Many explanations have been 
offered for this, all of which probably contributed to the effect in some small 
measure. We believe that we now have unquestionable evidence however that 
the great bulk of this enhanced background effect is due to non-selective scat- 
tering at the crystals and crystal wedges. General, amorphous, or non-selective 
x-ray scattering by the crystal in a spectrograph is due to scattering of the 
modified Compton type. Such scattering is incoherent and hence non-selec- 
tive as to wave-lengths. It is also non-specular, i.e. the conditions of equality of 
incidence and reflection angles is not imposed. This means that a given point 
on the negative can receive radiation of all wave-lengths by this scattering 
process from all parts of the scattering body. This same point on the negative 
can by spectrally selective Bragg reflection only receive one wave-length 
scattered from one very small portion of the scattering body. Hence, though 
the modified scattering may be small, it is greatly favored by the fact that 
it is integrated over a wide range of continuous spectrum and over a broad 
solid angle as large as the scatterer can subtend. With these considerations in 
mind we have tried the effect of introducing a set of baffle plates in front of 
the spectrograph in such a way as to greatly limit the solid angle of radiation 
which can be collected at the crystal and wedge. With these baffles in place 
each crystal can only '^see” a very small segment of the scatterer about three 
centimeters long at most whereas without the baffles each crystal was exposed 
to scattered radiation from a large part of the entire 55 cm length of the scat- 
terer. The baffles leave plenty of room for the formation of the entire shifted 
and unshifted K spectrum however which only covers a range of about three 
degrees. These baffles can plainly be seen in the general view Fig. 15. See 
also Fig. 10. 

The result of introducing the baffles was most striking. Whereas without 
the baffles the back-ground fogging of our negatives was so strong as to nearly 
obscure the unshifted and shifted lines, rendering the negatives quite hope- 
less for reproduction this background was entirely suppressed as soon as the 
baffles were introduced. We feel certain therefore that the non-specular, non- 
selective scattering at the crystal faces and wedges is responsible for the 
heavy background. 

Measurements of Shift 

As a check on the Compton formula for the shift, SK={h/mc) (1—cos d) 
we have plotted in Fig. 16 the positions predicted for the shifted lines by the 
above formula assuming h/mc = 24.2 X.U. as computed from present accepted 
values of these constants. The agreement is good and seems to eliminate the 
possibility of a 9 percent deviation from this value reported recently by other 
observers.^^ ' 

Critical Discussion OF Results 

The line breadths which we have observed and reported in this paper are 
not in accord with the observations of two other observers, namely J. A. 

Davis and Mitchell, Phys. Rev. 32, 331 (1928). 
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Bearden‘S and N. S. Gingrich*^ both of whom have studied the breadth of the 
modified line at large scattering angles (to reduce the broadening from angu- 
lar inhomogeneity) using the double crystal spectrometer. These experi- 
menters obtain lines broader than the unshifted lines but still sufficiently nar- 
row to show partial resolution in the case of the shifted Ka doublet. P. A. 
Ross, using his ingenious balanced filter method, also seems to observe a 
partial resolution of this doublet. This method however does not give very 
distinct evidence as to the breadth of the shifted line. Ross’ and Bearden’s 
primary wave-lengths were somewhat shorter than those used in the present 
investigation and Ross’ angles of scattering are smaller. Both these condi- 
tions would, if the theory presented in this paper is correct, tend to give these 
observers a somewhat narrower shifted line“ than that here reported. N. S. 
Gingrich however reports narrower lines than ours under conditions nearly 
identical to ours. Indeed his scattering angle is larger and is inhomogenity of 
scattering angle about twenty times as great as ours. His modified MoKa 
radiation observed with the double crystal spectrometer appears as two 
sharply pointed peaks partially resolved at the base. We are completely at a 
loss to explain the discrepancy between our results and his. Examination of 
our photographic spectrograms (here reproduced Fig. 14) shows not the slight- 
est suggestion of resolution of the shifted Ka doublet although the resolution 
of our spectrometer as proved by our well resolved unshifted lines is amply 
sufficient for this purpose. The principal difference between Gingrich’s con- 
ditions and ours was the use of the double crystal (high resolution) spectro- 
meter in place of our multicrystal spectrometer, the use of much greater 
x-ray intensities incident on his scatterer than ours and the presence of much 
greater inhomogeneity of scattering angle in his case than in ours. 

On the other hand however recent photographic results published by F. L. 
Nutting*® show a broad modified jSi line in good agreement with our modified 
line breadths and much too broad to permit of resolution of two lines as close 
as MoKai, 2 . Our present modified line breadths are also in good qualitative 
agreement with those obtained previously by DuMond*® for aluminum and 
beryllium scatterers with a photographic method at large scattering angles. 
(As the scatterers are different no more than qualitative agreement is to be 
looked for here). Finally our line breadths agree with those obtained photo- 
graphically by Sharp*' under large and homogeneous scattering angles and 
with primary radiation and scattering substance substantially the same as 
ours. 

We cannot understand why the photographic methods iised with adequate 
resolution should yield broader modified lines than the double crystal spectro- 
meter. Perhaps some hitherto unsuspected parameter affects modified line 

“ J. A. Bearden, Phys. Rev. 35, 1427 (1930). 

“ N. S. Gingrich, Phys. Rev. 36, 1050 (1930). 

“ J. W. DuMond, Phys. Rev. 36, 146 (1930). 

“ F. L. Nutting, Phys. Rev. 36, 1267 (1930). 

“ DuMond, Phys. Rev. 33, 643 (1929); DuMond, Proc. Natl. Acad. 14, 875 (1928). 

n Sharp, Phys. Rev. 26, 691 (1925). 
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breadth. Such parameters might be the x-ray intensity incident on the scat- 
terer or the electrical potential of the scatterer. These seem highly unlikely. 

We are now carefully investigating the possibility that multiple scattering 
may exaggerate our line breadths. Our method of doing this is to make an 
exposure at 156° with a scatterer cut up into small pieces with intervening 
properly orientated lead baffles which will almost entirely eliminate the pos- 
sibility of multiple scattering. There are two reasons why we can almost cer- 
tainly predict a negative result from this control experiment. 

First, the scattered radiation from the entire scatterer at a point outside 
the direct beam but not far distant from the scatterer itself can be faintly 
seen on a fluorescent screen. At this point it is certainly less than one percent 
of the intensity of direct radiation incident on the scatterer. It seems then 
unlikely that the ratio of intensity of scattered radiation from the scatterer 
incident a second time on the scatterer to primary intensity should be more 
than one percent and this is too small to account for the discrepancy between 
our modified line breadth and that of Gingrich. 

Second, our present modified line breadths are in agreement with those 
above mentioned of Sharp, Nutting and DuMond, each of which was obtained 
under conditions which should give if anything less double and multiple scat- 
tering than Gingrich had. 

Absolute breadths of shifted lines. Our purpose in this article has been 
especially to test the Junctional dependence of the natural breadth of the 
shifted lines on scattering angle and primary wave-length and to compare 
this with the functional dependence to be expected if the initial velocities of 
the scattering electrons cause the breadth. We hope to present in the near 
future a careful study of the electron velocity distributions to be expected 
from the shapes of our line structure curves. We will state at the present time 
merely that the breadths of our lines do not seem inconsistent with the ve- 
locities to be expected in the carbon atom. A very considerable task of theo- 
retical computation and reduction of our experimentally observed curves re- 
mains to be performed before we can definitely draw a favorable or unfavor- 
able comparison between observation and theory on this point. Our observed 
breadths at half maximum recorded in this paper correspond to a class of elec- 
trons the ratio of whose velocities to the velocity of light is /3 = 0.0076. This 
is equivalent to about IS volts. 

In conclusion we wish to express our appreciation of Dr. Millikan’s sup- 
port of this research and of the patience and skill of Julius Pearson, our in- 
strument maker, who developed the technique and did the tedious work of 
grinding and fitting the small calcite units into their holders. 

Note Added to Proof: We have just developed a 900-hour exposure at 
156° scattering angle with a graphite scatterer divided into fifty parts by 
lead baffles so orientated as to permit the entrance of the incident radiation 
and the exit of the scattered radiation, but arranged to prevent any multiple 
scattering by exchange of radiation from one unit to another. The units 
have smaller dimensions than the scatterer used by N. S. Gingrich. We be- 
lieve therefore that our multiple scattering should be less than his. The 
Compton line howemr on this exposure appears with the same breadth as the 
one reproduced in this paper. 
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: ^ REVISED VALUES OF O I TERMS, NEBULAR AND CORONAL 

LINES OF OXYGEN 

By J. J. Hopfield 

Department of Physics, University of California 
(Received November 14, 1930) 

Abstract 

The chief. triplet of oxygen X1302 has been measured in the third. order of a 
vacuum grating spectrum having a dispersion of 1.7A per mni. 

On the basis of these measurements, the ground triplet term of oxygen 2s''2l/'\F2, 

®Pi, ®Po has the revised values 109837.1, 109679,17, 109610 .52 giving the ionizatiofi po- 
tential of oxygen a.s 13. S50 volts, 

Nebulium lines have been produced in the laboratory for the first time. The two 
lines X6300 and X6364 have been remeasured, and their values, together with the new 
values of the term, are used to give more accurate values of the nietastal)Ie 
levels of oxygen. 

The coronal line X6374.2 is pointed out as being identical within limits of experi- 
mental error with the oxygen line X6374.29. This would indicate the presence of oxy- 
gen in the solar corona. 

Introduction 

T)UNGE and Pascheii^ made the first classification of the spectrum of 
oxygen. On the basis of their analysis we have known of two types of 
multiplicity in the terms of this spectrum, namely, those now known as 
quintet multiplicity and triplet multiplicity. The next extension of our knowl- 
edge of this spectrum was the discovery of the ultraviolet triplet series by 
the author.^ These series arise from the combinations of a new triplet ground 
term 2s^2p^, ^Poi 2 with some of the triplet and quintet terms already known. 

At about this time the development of Flund’s theory of complex spectra 
made it manifest that the electron configuration {2s^2p^) of the normal oxygen 
atom gives rise not only to the 2snp^ 3Poi2 term already found, but also to 
the 2s'^2p^ 2s^2p^ ^Sq terms as well. These latter terms became as impor- 

tant as the ®Poi 2 ground term, since they arise from the same electronic con- 
figuration. 

The first important discovery in the search for these terms was that due 
to McLennan^ and his co-workers, who first reproduced the green auroral line 
X5577 in the laboratory and showed that it was due to oxygen. This was 
confirmed in a quite different manner by the author^ who found that its 
wave number was exactly the frequency difference of two strong oxygen 
lines XI 21 7 and X999 which were unclassified at that time. 

1 Runge and Paschen, Ann. d. Physik 61 , 641 (1897) ; Astrophys. J. 8, 70 (1898). 

2 J. J. Flopfield, Astrophys. J. 59, 114 (1924). 

3 J. C. McLennan, J. H. McLeod, and McQuarrie, Proc. Roy, Soc. AIM, 1 (1927); McLen- 
nan, McLeod and R. Ruedy Phil. Mag. 6, 558 (1928). L. A. Sommer Zeits. f, Physik SI, 451 
(1928). 

^ J. J. Hopfield, Phys. Rev. 29, 923 (1927). 
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|]()\veii s"' discovery that the prominent nebular lines represent transi- 
tions between nietastal}le terms of atoms or their ions suggested at once that 
the auroral line X55/ 7 might arise in such a transition in neutral oxygen. This 
was a(Muall\’ loimd to be the case by McLennan, Sommer^ and others by the 
magnetic splitting ol the line showing it to belong to the singlet system, and 
presumably to the transition Is^lp^ ^5*0. The discovery that the 

two ultraviolet lines At 217 and X999‘^ involve a new and common term added 
another to the list ol singlet terms. Too few of these terms were as yet known 
to form a Ryd!)erg series, and no combinations of them with the known 
oxygen terms had been found. 

Frerichs*’ made a most important contribution to our knowledge of these 
terms wdien he found a sufficient number of them to form such a series and 
thus (ivaluated the limit ol the series the 2s-2p^ metastable term. This 
fixed the position of the singlet terms with reference to the known scheme 
of oxygen terms. 

His evaluation of the 2s-2p^ term, however, contains two sources of 
error, 1 irst the rather large error in the measurement of ultraviolet lines, and 
sec'oiid, the error of fitting these lines into a none too accurate formula when 
relatieeh' few lines of the series are known. The experimental errors cannot 
be ob\ iated. but the\' (‘an be reduced l:)y using more precise instruments. The 
secr)nd error, although it may be large, is an additive one and is of no conse- 
quence when one is dealing with lines of the same system. It becomes a seri- 
ous difficulty when one is dealing with lines forming intersystem combinations 
when these systems of terms have been independently determined. If, how- 
ever, such combinations are once identified and measured, this source of error 
immediately drops out and there is left only the experimental values to be 
irnprox'ed. Happily, PascheiF has now" found such combinations in new lines 
on plates whicli I took of the oxygen spectrum w"hile working in his laboratory 
and Sommer’^^ has also found them in the spectrum of the aurora. I have 
now' remeasured these lines, fixing the terms more accurately, and I have also 
redetermined tlie v'alue of the 2s-2p'^ '"‘Pm ground term from new data. These 
improved values conjointly give a correction of 7.5 cm“^ to be added to all 
the singlet terms. It should be borne in mind that all the singlet terms are 
not fixed with the same accuracy by this correction. Fortunately, the 2s^2p'^ 
^D‘> term is accurately' fixed l)y these corrections, and also the 2s^2p^ term 
wiiich is linked to the former by^ the aurora line. Although the same correc- 
tion has been added to the remaining singlet terms, they still contain the rel- 
atively large error of the original ultraviolet measurements. The remaining 
terms of the table given by^ Frerichs are alreadyHinked to the Paschen-Runge 
terms of oxy'gen and need no correction. 


I. S. Bowen, Ast. Soc. of the Pacific F^iib, 39, 295 (1927). 

PR. Frerichs, Phys. Rei'. 36, 398 (1930); Phys. Rev. 31, 1239 (1929), 
' F. Paschen, Die Naturwissenschaften, 34:, 752 (1930). 

^ L. A. Soniiner, Die Naturwissenschaften 752 (1930). 





1. Oxygen line spectra, (a) Nebular lines and coronal line 
triplet in the third order of spectrum. 
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: Experimental 

(a) Meastiremeiits of the X1302 triplet of oxygen. The X1302 triplet of 
oxygen was photographed in the third order of a 3-meter vacuum grating 
spectrograph with iron lines of the first order as standards. The spectro- 
graph was designed by the author and built in this laboratory. The disper- 
sion in the third order is 1.7A per mm. Fig. lb shows these spectra. It is 
noticed from the figure that the oxygen lines are longer than the iron lines 
used for comparison. This, of course was due to an adjustable shutter before 
the plate that limited the comparison spectrum. It was rather fortunate for 
this purpose that such a shutter had been provided, because two of the lines 
XX1305— 6 are blended with weak iron lines. X1302 is quite free from iron 
lines. The unblended line XI 302 was measured with the iron lines as stand- 
ards, and a considerable number of iron lines were measured in each direction 
in order to calibrate the plate. The measurements were obtained from two 
plates, the one mentioned above and another in which the shutter was not 
used with the comparison spectrum. The other two lines, XXI 305-6, were 
measured at the portions showing below the iron spectrum. In this case the 
plate had not been disturbed from its previous setting in the comparator. 
XI 302 was used as the reference line and the correction curve already deter- 
mined for this plate from the iron spectrum was applied. 

Since the light from the iron arc was shined through the discharge tube 
that generated the oxygen spectrum, it is quite certain that the same portion 
of the grating was illuminated in both cases. Whether the reflecting power of 
the grating for the regions X1300 and X3900 which are here superimposed 
remained relatively constant for both spectra was of course not determined 
and would remain as a source of error if the spectra were not exactly focussed. 
The focus was very sharp, however. The wave-length of these lines, as well 
as those of the comparison spectrum are given in Table I. 


Table I. Ground triplet term of 0 I 


X (vac) 

V (cm~^) 

Classification 

Av 

1302.185 

76794.00 

2snp^ 3P2-2s22^Wi 

158.13 

1304.872 

76635.87 

2snp^ ^Fi-2snpWi 

68.65 

1306.042 

76567.22 

2snp^ ^Pn-2snp^s^Si 


Improved values of ®Poi 2 ground term. 

Lines used as standards. 

»Pi 

109837.3 

109679.17 

X(I.A.) 

X (I.A.) 




109610.52 

3897.898 

3906.484 

Ionization potential of 0 1, 13.550 volts. 

3899.713 

3920.266 



3902.950 

3924.916 


(b) Nebular Hues XX6300, 6354, coronal line X6374. Since the two oxygen 
lines X6300 and X6364 are the only "nebulium’^ lines yet produced in the labo- 
ratory, it seems worth while to relate under what laboratory conditions they 
appeared^ The discharge tube was made of quartz. It was Il-shaped, had an 
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internaidiameter of .about 8 mm and a total length of about 80 cm. It, con- 
tained large nickel electrodes in the two legs. The horizontal part of t.he tube 
faced the slit .of the spectrograph end-on. The whole tube was immersed, in 
a bath' of running water for, cooling. Pure oxygen was obtained electrolytio 
ally. It was dried by passing it over phosphorus pentoxide. The gas was 
allowed to flow through the discharge tube continuously, being admitted by 
a torsion capillary valve of glass and pumped out by oil and mercury vapor 
pumps. The pressure in the discharge tube was not measured but it was esti- 
mated to be between 1 and 2 cm. A 5000 volt 5 kilowatt transformer was 
used without auxiliary inductance or capacity, and the current employed was 
between 1 and 1.2 amperes being regulated by a flowing water rheostat in 
series with the discharge tube. After the discharge tube was well cleaned by 
long running, the spectrum, a part of which is shown in Figure la, was photo- 
graphed. The spectrograph used for making the picture was a Zeiss 3-prism 
instrument giving a dispersion of 29A per mm at X6300. Neighboring oxygen 
lines were used as standards, and the Flartmann interpolation formula with 
a correction curve was used in measuring the plate. Visual observation of the 
appearance of the discharge might be of interest. When the tube was viewed 
end-on through the plane quartz window the discharge formed a red core 
down the axis of the tube, and this core became gradually more diffuse off 
the axis. When viewed with the spectroscope the green aurora line was very 
prominent, being about as strong as the neighboring green triplets. Besides 
the oxygen lines the only visible lines were Ha. Long exposure photographs 
also showed traces of the Angstrom CO bands. 

The plate used was a panchromatic plate sensitized for infrared as well. 
The duration of exposure was twelve hours, although two hours^ exposure 
was sufficient to give the ^^nebulium” oxygen lines. 

Table II gives the wave-lengths of the nebular lines and the previously 
unidentified coronal line X6374. 

Table ll» Nebular lines and comialUne of oxygen. 


X I y Classification tp 


Nebular 6300 . 23 4 15868.05 {^S)2snp^ - {W)2s^2p^ Wt 

158.70 

Nebular 6363.88 1 15709.35 {^S)2snp^^Fi-(fD)2snp^W2 

Coronal ’*'6374.292 6 15683.64 Unknown 


MetastaUe ground terms. 


Term 

Term values 

Distance from 


(revised) 

ground level ^P% 

(fD)2snp^m^ 

93969.5 cm-< 

1.95 7 volts 

{^P)2snp^^S^ 

76044.5 

4. 168 volts 


Oxygen lines used as standards. 


X(I.A.) 

6256.616 

6323.283 

6264,346 

6324.682 

6266.692 

6366.282 


* This value is that obtained from Frerichs’ table (loc. dt). The value which I obtain is 
X6374.24, and is less accurate than his. 


Table III is a list of revised values of the terms of oxygen. The table is 
copied from Frerichs' work. The corrected terms are indicated by asterisks. 
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Table II I Terms {corrected). 


2snp^ 

2p 

*^Pi: 109837.3 

*^Pi: 109679.17 93969.5 *i5o: 76044.5 

*=Po 109610.52 


2snp^: ^S 

2snp^: W 

2s22i>3: 2p 

2s2p‘ 

3s 

'Ps; 36069.0 

33043.3 

‘Ps: 8702.9 

‘Di: 8690.9 

‘Pi: 8683.0 

*‘P2: 7168.5 

3 P 2 : -4072.1 

3Pi: -4082.5 
3Po: -4088.8 

^•iPi: -6083.5 


3p 

sPi: 23211.9 
®P2: 232G9.2 
sPs: 23205.8 
sPo: 21207.7 
sPi: 21207.7 
sPa: 21207.2 

3 P 4 : -3876.1 

sFa: -3883.0 
sPa: -3888.7 

^Pl23 

sPa: -3456.4 
sPi: -3459.8 
1 P 3 

^Di 

3 ^ 3 : -17443.8 
Pt: -17449.5 
sPi: -17452.9 
^Poi- 
^‘S’l 

Pi 

Po 


Sd 

5^01234: 124 1 7.3 

^Din: 12350.0 

®<^346 

^P234 

^Pl23 

^P012 

’'iPs: -14487.5 

^Pi 

P2Zi 

^Pl23 

P0V2 

P, 

W 2 

Pi 


is 

14358.5 

13612.5 

®Pl23 

* 1 ^ 2 : -12964.5 

P 0 I 2 

‘Pi 


ip 

‘Pi: 10742.5 
‘Pa: 10743.7 
I'Pa: 10744.3 
‘Pou 10157.5 

^P234 

sPs: -15936.6 
3^2 : -15944.0 , 
-15949.0 
^P0I2 ! 

^P3 ^ 

W, 

Pi 

‘P 123 

‘P 012 

‘Pi 

‘P 2 

‘Pi 

‘Po 


5s 

‘Pj: 7720.8 

‘Pi: 7425.6 

‘Pias 

*'D2-. -19295.5 

‘P 012 

‘Pi 


6s 

‘Pi: 4817.9 

‘Pi: 4672.8 

‘P 123 

♦iPi: -22088.5 ; 

‘Pni2 

‘P‘ 


7s 

®52: 3291.9 

®5i: ' , 3210.2 

‘P 123 

*‘P2: -23574.5 

‘P 012 

‘-Pi 


2sp* 

2p 


' 


P 2 : -13458.0 
2Pi: -13516.9 
»Po: -13548.9 


* Altered values of terras: § numerical error corrected. 


Tables I and II give excellent agreement of the spacing 2s^2p^^P^— 
2s^2p^ ground terms. This confirms also the identification of the lines 
X6300 and X6364 with even greater precision than that given by Paschen. 
The accuracy of the measurement of these two nebular lines as produced in 


In 
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« Campbell and Moore, Publications of the Lick Observatory Bulletin 318, 8 (1918). 


oxygen together ' with the more accurate evaluation of the 25'^2/?^, ;®Poi 2 ground 
term justifies the revision of the term values given in Table III. 

It is rather remarkable that these nebular lines can be produced in the 
laboratory when the conditions for their production are extremely low pres- 
sures according to Bowen. The pressures in the nebulae are undoubtedly very 
small, but the pressure in the discharge tube was, as already mentioned, rel- 
atively high. 

The wave-length of the red coronal line X6374.2, as given by Campbell 
and Moore,® seems to be identical with the unclassified oxygen line X6374.29 
which is shown as a strong line on the plate, Figure la. This line is not en- 
tirely new, as Kayser records it in his ^‘Tabelle der Hauptlinien— ” as X6373 
and due to oxygen. Frerichs has it in his list of unclassified lines as X6374.292 
This coincidence in the wave-lengths of the oxygen and the coronal line and 
also the fact that the line occurs in an isolated position in the oxygen spec- 
trum when only lines of 01 were present would seem to indicate their identity, 
and is strong evidence of the presence of oxygen in the sun's corona. Really 
to prove the identity of these two lines a more accurate determination of 
the line in the corona is necessary. 

Since this line is one of the brightest in the coronal spectrum, being second 
only to X5303 of the corona, the terms in oxygen which give rise to it become 
of great interest. The most promising lead in their identification would be a 
study of the Zeeman pattern of this line. This, so far as I know, has not yet 
been made. 

This investigation has been greatly assisted by the grant of a fellowship 
by the John Simon Guggenheim Memorial Foundation that allowed the 
author the privilege of a year's study in Germany. I am also greatly indebted 
to Professor F. Paschen, President of the Physikaiisch-technische Reich- 
sanstalt, for putting every facility of his excellent spectroscopic laboratory 
at my disposal. 
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lA'IDI^NCl': I'OR A Be ISOTOPE OF MASS 8 AND FINE 
S'rRFO'ri’RE MEASUREMIiNTS IN THE BeH BANDS 

By Wiluam W. Watson and Allan E. Parker 
Sloan 15 Physics Laboratory, Yale University 
(Received December 2, 1930) 

Abstract 

Ah inti'iise spectrognun of the X4991 BeH band has been obtained in the third 
I trdor of a 2 1 -foot conca.ve grating with a dispersion of 1.286A per mm. Every P and R 
lint* of the (0, 0| band in the strong interval K"=^6 to 20 is accompanied by a very 
weak line in the position calculated for Be^H, except where a strong line of another 
branch prevents ineasurement. The relative intensities of the Be^H and BeH-i lines are 
about 1 :2()0U, 1 liscussion shows this to be a reliable indication of the presence of a 
small amount of a beryllium isotope of mass 8. 

'Fhis Ihdi band system is composed solely of the AtJ=0 sequence, with the band 
origins innuing a head at the 14, 4) band, thus accounting for band origins on both 
sides nf tho dl. 0 ) origin in this same sequence. The doubling of the branches at the 
origin is obsfrwd, the relative intensities of the components' being in complete agree- 
ment with those predicted for case b doublet states. The system represents a TI— 
transition with J “• 1.07 cm * for the ^11 state. Peculiar A-type doubling relations and 
the re\orse bending of the liranches for high K \'alues are discussed. 


Introduction 

AL/rilurr, H any table showing the cv-particle plus proton and electron 
^ ^ content of kninvn nuclei^ leads to the prediction that the nucleus of 
mass 8 should iie foumi as an isotope of beryllium, the mass spectrograph has 
failed to reveal it. This has led xA.tkinson and Houtermans- in their theoretical 
consideration of the possibility of the building-up of the elements in the stars 
by the penetration of protons into the nuclei to postulate that the Be® nucleus 
is unstable, disintegrating into two a-particles. But it is not certain that 
niu'lei which are integral multiples of a-particle units are necessarily com- 
])osed soleh' of o;-particles.*^ However, Lord Rayleigh has pointed out^ speci- 
mens of the mineral ber\i have been found to contain an unexplained amount 
of helium. If this helium originated from Be®, it would indicate that this Be 
isotope ‘dias existed within geological times, and subsequent to the formation 
of the mineral.’' And since nothing is really known about its instability, some 
may very well still exist in Be minerals, as existing temperature condi- 
tions would not cause its disintegration. If so, the band spectrum method of 
isoto])e st inly should detect its presence. 

Ikind .systems due to the diatomic molecules BeO, BeF, and BeH have 

' Cf. for example W. D, Harkins, Chem. Reviews 5, 371 (1928); G, Beck, Zeits. f. Physik 
47, 407 ( 1928); H. A. Barton, Phys. Rev. 35, 408 (1930). 

- R. <rE. Atkinson and F. G. Houtermans, Zeits. f. Physik 54, 664 (1929), 

^S. Aleycr, Sitz. /\kad. Wiss. Wien, n A, 138, 431 (1929). 
laird Rayleigh, Nature 123, 607 (1929). 
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been obtaiiied bi emission from an arc. The arc is not a ^-oud ,so„rre for (1,0 

Irr in 7 ° 7' satisfactory produmion of these spec - 

tia m dbsoiption would seem difficult because of the hieh temperatures nee 

essanly myolved. Of the emission spectra that of BeH at Xddhl is the be<l for 
this investigation because it can be obtained with very great iniensitv at hi-di 

hvdiides. This band system has been previously examined In- one of us ami 
a piehminary investigation' of one of these spectrograms fo'r possible Bed I 

77717 ti the:calculated po'sitions. I, 

. _e ltd kely that more intense spectrograms at still higher dispersion would 



A-A r jiKiMiir'JTAL rROCEDU RE 

in al7liraf7t7ra^rbolllcl 

about 5 amperes. Wffh this reduced hydrogen pres,sure the Be arc rml nmcl 

p y R 


4S0I 


5110 




Fig. 1. Reproductions of the X4991 BeH bands „ 
arrangement of the P, Q, and R branches and thn fn ’ v 7 exposure. .Shows the relati\'e 
hour euiwsure measured for isotope effect *Note the’^hUl iT “ h. The 10- 

pheric pressure of hydrlg7l^leT'77ll''l'llhl^ 

iound necessary to interrupt the exposure at frequent interval ’ 

thirltdTll^Totlol"^^^^ in the 

Sion being 1.286A/mm. For the lost intLV "counting, the disper- 

time was 10 hours, but of this we esHmate l^hH i 

actual exposure time. In Fie lb whtb ^ ^ 

the great intensity of the principal bralhVsTslvlelt" ^P<="t™grani, 

connection «-ith their discovery of C>^ in t£ spell ofl c7Ld c7 

; 32, 600 (1928). 

\\ - \V . .W atson, Phys. Rev. 36, 1019 (1930). 
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Isotope Effect 

D su isotope shift of the possible weak lines originating in 

Be H the procedure is as follows. Assuming the masses of the two isotopes to 
be partly 9 and 8, and taking the mass of hydrogen as 1, the usual isotopic 

coefficient p= [(l/8+l)/(l/9 + l)]i = i.0O625. If the values of these Be nu- 
clear weights are computed by interpolating between Li and B on the known 
packing-fraction curve* one obtains 9.013 and 8.013. These masses, together 
with H 1.008, give a value for p identical with that just mentioned. We 

have, then,p-l = 0.00625,p2-l = 0.01250,p»-l = 0.0187, andp*-l = 0.0256. 

The vibrational isotope shift is given by 

Af,- = (p - 1) [co/(/ -h I) - -fl)] 

- (p* - 1) [cee'x'iv' -f- i)“ - ooj'x"{v’' ■+■ 1)2] 

which, as we shall concern ourselves only with the P and R branches of the 
(0,0) band, becomes 


Kp - l)(co/ - co/') - i(p2 - l)(«/x' - (aj'x"). 

Since the bands in this BeH system compose the Az;=0 sequence only, the 
values of the vibration frequencies (xj and a," cannot be exactly determined. 
However, it is certain that these quantities are almost equal for these bands,® 
and that therefore their difference will be small. Hence the constants a o' 
— 2053 cm * and Wo" = 2025 cm~^ computed in the earlier work from the rota- 
tional data for the (0, 0) band will suffice in their place. These, together with 
the Wo'x' —O3o”x" difference given in reference 6, placed in this vibrational iso- 
tope effect equation gives Ay” = -fO.l 1 cm~h 

The rotational isotope effect has been computed after the accurate manner 
recommended by Birge,® using the coefficients of the rotational energy term 
from reference 6. Even the sixth powered term in the rotational energy with a 
mass factor p®- 1 becomes appreciable in this case for IT > 15, and is equal to 
0.05 cm~‘ at ir = 20. Since the Be* isotope is lighter than the main Be®, the 
the rotational istope effect is (towards higher frequency) in the i? branch 
and - (towards lower frequency) in the P branch. The vibrational contribu- 
tion of 0.11 cm-i is then to be added to the rotational shift for the R branch 
lines and subtracted from this shift for the P branch lines. 

Calculations of the expected positions of Be*H lines have thus been made 
for all of the stronger P- and P-branch lines of the (0, 0) band. Measurement 
of the plate reveals a very weak line at the calculated point for every P and R 
line in the interval K" = f> to 20 except where an overlapping or adjacent 
strong line of another series makes measurement impossible. Table I gives the 
comparison of the calculated and observed displacements of these weak lines 
from the corresponding Be®H lines. The average discrepancy between the 
calculated and observed shifts is 0.04 cm~^ in the P branch and 0.05 cm~^ in 



» F. W. Aston, Proc. Roy. Soc. 115, 487 (1927). 
• R. T. Birge, Trans. Faraday Soc. Dec. 1929. 
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thei? branch, which is of the order of magnitude of the, possible electronc 
isotope shift. 

The relative intensities of these weak and main-branch lines are rather 
difficult, to obtain. Fig. 2 is a copy of a microphotometer trace of the P(17), 
P(18) line region taken with the 40:1 magnification ratio of a Koch-Goos 
registering microphotometer. Since the deflection for the strongly over-ex- 
posed main lines as against that for the background on the plate is no measure 
of the intensity of these lines, such a trace serves merely to indicate the char- 
acter and relative positions of these very weak lines among their stronger 
neighbors. To get some idea of the correct relative intensities of these lines, 
spectrograms were taken of the bands under identical conditions for various 


£2 r- ^ 

w O O 



Fig. 2. Copy of microphotometer trace of the region of the BeH bands including the P(17) 
and P(18) lines showing the very weak lines attributed to 

very short times in order to determine the time of exposure which would give 
the Be^H lines with the same intensity as noted for the weak Be^H lines with 
the long exposure time. An exposure of but IS seconds, which is approxi- 
mately 1/1000 that of the 4 hour time for the main exposure, produced the 
P(i7) and P(18) lines with about the same intensity as these Be®H lines. 
Comparison of the areas under a microphotometer trace of these IS second 
lines and the 4 hour Be®H lines verified their approximate equality in inten- 
sity. Then making allowance for the fact that general background on the 
plate for the long exposure tends to increase the intensity of very weak lines, 
the conclusion is reached that the correct relative intensity of the Be^H and 
Be^H lines is more nearly 1 :2000. 

The Reliability of this Indication of a Be^ Isotope 

The most cogent argument against the conclusion that these measure- 
ments indicate that a small amount of a Be isotope of mass 8 really does exist 
would be that since there are such a large number of lines in this system, the 
agreements with the computed Be^H positions may be all just chance coin- 
cidences with lines of bands representing transitions between higher vibra- 
tional levels. Impurity lines such as H 2 can be ruled out, because there are no 
indications of them on the portions of our plates beyond the extremes of this 
band system. Now in the discussion of the fine structure in these bands given 
below, it is shown that vibrational states as high as (9, 9) are probably pres- 
ent. Since the lines in question are of very low intensity they could belong 
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only to say the (8, 8) and (9, 9) bands. But the lines of the P-branches of 
these bands would have in the P-branch region examined a spacing more 
nearly like that of the (0, 0) band R branch — about 20 cm~^ as compared to 
about 14 cm"i for the (0, 0) band P branch — because of the fact that the (0, 0) 
band order P'>P" is just reversed. Just the opposite is true of the line spac- 
ings in the R branch. The sequence of weak Be®H lines then could not pos- 
.sibly belong to any one branch of these weaker Be®H bands. And the proba- 
bility that if all of these weak lines belong to several different main band 


Table L Comparison of calculated and observed displacements for Be^H isotope effect in 
the \4:99X BeE[ hand (in cm'^^ units). 



«Be=H obs. 

obs. 

Obs. shift 

Calc, shift 

PdO) 

19844.47 

19842.38 

-2.09 

-2.12 

Pdl) 

28.24 

25.94 

-2.30 

-2.32 

Pin) 

12.51 

09.88 

-2.63 

-2.50 

Pd6) 

755.15 

752.09 

-3.06 

-3.07 

P(17) 

42.16 

9.05 

-3.11 

-3.17 

^(18) 

29.72 

26.47 

-3.25 

-3.28 

Pirn 

17.97 

14.52 

-3.45 

-3.47 

7?(8) 

20223.81 

20226.29 

■ +2.48 

+2.47 

R{9) 

45.75 

48.39 

+2.64 

+2.73 

R{n) 

1 89.92 

93.19 

+3.27 

+3.24 

R{n) 

311.91 

315.29 

+3.38 

+3.50 

Ri\6) 

99.26 

403.73 

+4.47 

+4.45 

Pd9) 

462.82 

' 68.00 

+5.18 

+5.09 

P(20) 

83.61 

88.90 

+5.29 

+5.28 


Note: For every line between K'^^6 and 20 missing in these sequences measurement is 
impossible because of overlapping stronger lines of other branches. 


branches, the totality of agreements indicated in Table I could happen by 
chance is negligible. It should be emphasized again in this connection that 
the isotope line has been found for every P and R line of the (0, 0) band for K 
values from 6 to 20, the interval of maximum intensity, except where a 
stronger line of some other branch interfered with the measurement. 

It would of course be desirable to check these conclusions by the finding 
of the Be^, Be® isotope effect in some other Be band system. With this in 
mind we have obtained an intense exposure of the BeO bands at high disper- 
sion. The source was merely a 220-volt d.c. arc between Be metal electrodes 
in air. A Be®0^® (1, 0) head should lie 10.34A to the violet from the Be®0^® 
(1, 0) head at X4427-3, while a Be®0^^ (0, 1) head should be found 7.40A to the 
violet from the Be®0^® (0, 1) head at X50S4.4. These main heads are strongly 
developed on our plate, but unfortunately the regions on their violet sides are 
overrun with weak lines representing high rotation levels of the BeO bands in 
the adjacent sequences due to this form of excitation. Nevertheless the exact 
points for these calculated weak isotope heads are sufficiently clear, and not a 
trace of either of them is apparent. In view of the fact thatO^® is definitely 
established with an abundance ratio of 1 :1075 to 0^®, our failure here merely 
means that such an arc is not the proper source for the detection of faint iso- 
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tope lines. It will apparently be necessary to develop some Be band system, 
either in absorption or in the electric furnace in order to obtain further evi- 
dence of the Be® isotope. 

■ New Fine Structure Measurements, in the B,eH Bands 

It is the object of this section to present some new details of the Be.H sys- 
tem together with their probable interpretation. The earlier work*’ led to the 
logical assumption that these bands are due to the transition ‘'^11— with the 
state approximately pure case &, because of the apparent lack of observable 
spin doubling of the lines near the band origins. All of the lines in the bands 
with the exception of the first Ri line ) are thus to be considered as the 

coalescence of the two members of a spin doublet having the same and 
values but differing by one unit in J' and values. In this event the c|iian- 
tum number J has no significance, and the lines are to be designated by their 
iC" values. 

The higher resolution of our third order plates, however, reveals the ex- 
pected doubling of the lines near the origins. These have only been measured 
for the F and Q branches of the main (|, |) band, all the first i?-branch lines 
being so close to strong Q-branch lines as to make acurate measurement of 


Table II. Frequencies near the origin in the X4991, (0,0) hami of Bell. 


K 

i R,{K) R^{K) 

P^iK) 

P>{K) 

Q^iK) 

Qm 

0 

20050.78 





1 

72.00 



20030.18 

20031.97 

2 

93.27 93,98 

19989.55 

19991.16 

31.26 

32.15 

3 

115.04 

70.47 

71.40 

1 ■ 32.89 

33 Aid 

4 

135.97 

51.30 

51.89 

i 33.41 d 

33.76 

5 

158.11 

32.46 

32.84 

i .. 34 

.82 

6 

179.94 

13.96 

14.25 

36.36- 

7 i 

201.76 

896.08 

38 

.19 


the doublet interval impossible. Table II gives these new data to i?:" = 7 
which should replace the corresponding part of Table I of ref. 6. This earlier 
table is then quite correct from K" = 7 to 45, and is to be supplemented by the 
additional lines for iiC^^ = 45 to 51 of Table III below. The doubling of the 
lines P(2), P(3), and P(4) is clearly to be seen in Fig. Ic. 

To evaluate the coupling constant measuring the interaction energy 
between L* and 5*, it is only necessary to substitute our observed doublet 
intervals in the equation^® 

A/(ir) = + 1) + 7](A^ + ^ 

given by Mulliken for case b states.^^ The mean value of .4 so obtained is 
R. $, Mulliken, Reviews of Modern Physics 2 , 60 (1930), Eq. (36), p. 108 ). 

As Mulliken has recently pointed out, (Reviews of Modern Physics 2, 507 (1930)) this 
equation is only adequate for a very limited range of A/B^ values close to A =0. These BeH 

bands happen to be the one good example of this situation. 
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1.97 cm 1. Application of the Hill and Van Vleck formula yields practically 
the same result.^^ 

Our observation of the relative intensities of the components in the J*- 
branch doublets gives good confirmation of the assignment f i > for the 
order of the rotational energy levels in this m state with an A/B^ lying be- 
tween 0 and -1-4.“ The high frequency component is always the stronger, as 
in the case of the bands for the^n state of which ^/5„ = +2, where- 

as for the similar MgH, CaH, etc. bands the high-frequency component is the 
weaker, in fact much weaker for the lowest rotational levels than is predicted 
by the theoiy. For these BeH bands, however, the relative intensities are in 
very good agreement with the ratios computed with the aid of the intensity 
equations for case b doublet states developed by Mulliken“ from the Honl 
and London and Sommerfeld and Honl equations. These intensity ratios for 
the first three P-branch lines are: 


Line Pi:P 2 (calc.) (obs.) 

-P(2) 1:0.56 1:0.51 

1:0.70 1:0.83 

PW 1:0.77 ■ 1:0.74 


The observed intensity ratios were obtained from a comparison of the areas 
under a microphotometer trace obtained with the Koch-Goos instrument. 
The larger discrepancy for the P(3) ratios is due to a photographic disturb- 
ance produced by an adjacent Fe line of the comparison spectrum. 

The comparison of the observed doublet intervals in the first P- and (2- 
branch lines, together with combination differences, fix definitely the K- 
values of the lines of the (3-branch, and show that the relative numbering of 
the lines of the three branches in Table I of the previous work is correct. To 
evaluate the A-type doubling in the state we form the differences 

i{ [P(Z) - QiK)] - [Q{K + 1) - PiK -f 1)]} ^F,'iK + f) - Fa'iK+i). 

This doubling starts at = 1 with a very small negative value, goes through 
zero at if = 4, and increases slowly with to a value of approximately 10 cm”^ 
at ir==42. After this it begins to decrease with further increase in the rota- 
tional quantum number. For ir'>5, where the spin doubling becomes neg- 
ligible, and for the A-type doubling is proportional to 1), as 

predicted by Van Vleck^^ for case b states. The average value of the factor 
of proportionality is about 0.014, Now Van Vleck shows that with the as- 
sumption that the L vector precesses uniformly about the electric axis in the 
molecule, and for the case A = l, this proportionality factor would be of the 
order of magnitude 45^^. For BeH this quantity is4(10.16)y2 X 10^ ^0.02. If 
this same doubling law held for the highest rotational levels, the A-type dou- 

This value for .4 should replace the tentative value assigned in Fig. IS of reference 11. 
Also the value of B ~ 7.82 there given should be 10.16, the value of Bq" given in reference 7 
ifCL.R. S. Muliiken, Phys. Rev. 32, 3^^ 

'^^'R. S. Muliiken,Thys. Rev. 3D,785;a^^ ■, 

J- H. Van Vleck, Rhys.' Rev..'' 33,. 467' ,(1929)., ■ . 



CL reference 6 and W. W. Watson, Phys* Rev. 34, 1013 (1929) for diagrams, 

E. Bengtsson, Nature 123, 529 (1929). 

F. A. Jenkins, Phys. Rev. 31, 539 (1928) has shown that the tail bands in the violet CN 
system are produced by this same phenomenon; i.e, of the bands in a sequence forming a head 

and returning into the region beyond the first band head in the sequence. 
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bling would,, be about '23 at AT = 40, whereas actually it remains almost 
constant at 10 cni™^ from K = 35 to 42 and then begins to decrease. This de- 
parture from the normal doubling law begins at about ir = 20 where' the re- 
versal in the direction of shading of the branches also becomes apparent 
Both of .these phenomena indicate a marked distortion of the molecule with 
increase in rotational energy and are evidence for an uncoupling of L froiii 
the internuclear axis. 

On the long wave-length side of the origin of the (0, 0) band (main ()- 
branch head) in Fig. 1 two weaker (2-branch heads are to be seen. This may 
at first seem puzzling, because with the (0, 0) band Q-hrmch. degrading ini- 
tially toward the violet, successive (2-branches of this Aj? = 0 sequence should 
normally be found on the violet side of the (0, 0) origin. The explanation of 
this unusual feature lies in the fact that in this band system the vibrational fre- 
quencies 0 )/ and ojo" are almost equal (about 2053 and 2025 respec- 
tively). Hence the slight differences In the course of the vibrational energy as 
a function of v in the two states are sufficient to actually produce a change in 
the sign of the vibrational energy contribution to the radiated energy for 
= That is, the successive Q-branch heads rapidly converge to zero 

separation at the (4, 4) head at about 20064 cm““^ as shown in Fig. 1, and then 
return to lower frequencies. This would make the two weaker (J-branch heads 
on the red side of the main Q head probably the (8, 8) and (9, 9) ^-branches. 
The order also reverses at about the (4, 4) band, since these quanti- 

ties are given approximately by^’' 

= 10.45 - 0.325/; B/' = 10.25 - 0.275/'. 

Therefore the spacing of the lines in the weak R branches of the bands from 
(4, 4) to (9, 9) should become closer, comparable to that of the P branches 
in the strong (0, 0) band, thus accounting for the lack of corresponding R- 
branch heads. Similarly, the weak P-branch for these higher vibrational 
bands should have a larger spacing more like the (0, 0) P-branch. All of these 
P and P branches have not been examined in detail, but sufficient measure- 
ments have been made to indicate definitely that this is the correct explanation 
of the rather complex fine structure in this unusual band system.^® 

Table III, Additional frequencies for the X4991, (0,0) Bell hand. 
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R{K) 

P{K) 

Q{K) 

45 

20824.26 

19581.18 

20192.79 d 

46 

25.32 d 

79,08 

92.93 d 

47 

25.32 d i 

76.51 

92.45 

48 

(24.75) ’ 

74.00 d 

90.71 

49 

23.40 

70.24 

,'87.83 d 

SO 

21.20 

67.36 


51 

17.14 
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EVIDENCE FOR Be ISOTOPE 

- is be noted in Fig. 1 that the i2-branch of the (0 0) band thP 
imes of wh.ch at the origin start out with increasing spiingl aituaJly 

nlie °r PO^ion are observed on ourstrong- 

est plate Corresponding lines in the Q and P branches have also been meal 
ured Table III giving these data supplements Table I of reference 6. 

newou ®^psct to find distortions such as those observed in these BeH 

bands due to large accretions of rotational energy of rather common occur- 

renortedT r f spectra. Actually, however, similar phenomena have been 
reported only for some He. and H. levels** and for the red CaH bands-'* 
Possibly the investigation of the rotational structure of molecular spectra ly- 
ing m the Schumann region and representing predicted higher electronic 
levels reveal other examples of irregularities of the same nature. 




Gf* particularly W. Weizel, Zeits, f. Physik 56, 727 (1929). 

E. Hulth^o, Phys. Rev. 29, 97 (1927). 

W. W. WatsoE and W. Bender, Phys. Rev. 35, 1513 (1930) 
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AN APPLICATION OF THE RESONANCE RADIOMETER TO 
THE REFLECTION SPECTRUM OF QUARTZ 

By J. D. Hakdy and S. Silverman 
Johns Hopkins University 
(Received December 1, 1930) 


Abstract 

The reflection spectrum of quartz has been previously studied by means of both 

the rock-salt prism spectrometer and the echelette grating spectrometer. Early 
investigators have shown that for crystalline quartz, with the reflecting surface per- 
pendicular to the optic axis, there is a double rejection maximum, one lying at 8.4^ 
and the other at 8.9^^; and that fused quartz exhibits a single maximum at 8.8/^. These 
regions have been studied under high dispersion by the authors using an echelette 
grating spectrometer. The high resolving power that was obtained was due to the sen- 
siti^ty of the radiometric device, the resonance radiometer, which was first described 
by A H . Pfund.i The complete theory of the instrument was developed by one of us ^ 
By the use of this large resolving power and dispersion it has been possible to show 
that these spectra are considerably morecomplex than were found previously. The use- 
fulness of magnesium oxide as a filter for excluding the higher orders of lower wave- 
lengths has been tested with gratifying results. 


INTRODUCTIONT 

PREVIOUS investigators have studied the reflection spectra of quartz 
^ w:th particular attention to crystals cut perpendicular to their optic axes 
Among the various investigators Rubens and Nichols, sCoblentz,-* and Gorton'* 
employed a prism spectrometer; Wood and Trowbridge® used an echelette 
grating. The results show some agreement as to the wave-lengths of the re- 
flection maxima, which are located at 8.V and M,x respectively, but there is 
an apparent marked difference in the depth of the minimum which separates 
e maxima. Closer examination of these dissimilar curves shows that they 
actually represent very approximately the same structure. The work done 
with the prism spectrometers shows the ratio of the reflecting power of the 
quartz surfaces toThat of a silver surface, while the work done with the grat- 

qu^rtz^^Mq m curve of the source after three reflections from 

S fb difficult to compare directly the results of the grating 

with those of the prism. Also, it should be pointed out that as very few work^ 
ers have restricted themselves to similar crystal forms or similar geometrical 

vSrs'resuIts""Tte ^ attempting any comparison of the 

various results. The conditions for observation in the present case are as 

' A. H. Pfund, Science 69, 11 (1929). 

D. Hardy, Rev. Sci. Inst. 1,429 (1930). 

^ Rubens and Nichols, Phys. Rev. [ 1 ] 4, 314-324 (1897). 

Coblentz, Carnegie Publications, 1906. 

' Gorton, Phys. Rev. 7. 66 flQIrtV 
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follows; the angle of incidence was measured to be very close to 30°; the crys- 
tal surface was polished smooth and cut perpendicularly to the optic axis; the 
results are the ratios between the reflecting power of quartz surfaces and that 
of clean silver. It is thought that if these conditions are approximated it 
should be possible to use the positions of the reflecton maxima and minimum 
for calibrating prism spectrometers in the 8 m region. 

_ In the early part of this year, Professor A. H. Pfund made some observa- 
tions on the reflection from crystalline quartz (not published) and found re- 
sults differing markedly from those of Coblenz and others. He found, using a 
very narrow slit, a much lower minimum at 8.6 and some indication of un- 
resolved fine structure. It was decided, therefore, to examine this spectrum 
with an apparatus whose sensitivity and resolving power would far surpass 
anything yet applied to this region. The diagram of the spectrometer is 
shown in Fig. 1. 


4 = 



Fig. 1. Spectrometer arrangement for observing the reflection spectra. 

Apparatus 

The source of light, Ni was a Nernst glower, run at 0.8 amp. from a stor- 
age battery. This light is interrupted periodically by the pendulum of the 
resonance radiometer; the period of which is adjusted to be equal to twice the 
optimum period of response of the first thermocouple. The light is then ad- 
mitted to the spectrometer periodically with the time of admission exactly 
equal to the time of darkness, and the slit is alternately illuminated and dark- 
ened. Light from the Nernst glower is reflected from a concave mirror on to 
the first quartz plate i?i which is covered with a layer of MgO. This plate acts 
as a filter and purifier. The beam is then reflected from a second plate of 
quartz i ?2 to the first slit. This second plate is set in place with a strong spring 
so that it may be replaced exactly by a silvered surface. The beam then passes 
through the spectrometer and is focused upon the receiver of the first thermo- 
couple. The grating used was a 5 inch, 1312.5 lines per inch echelette pre- 
pared at this University by Professor Wood, and ruled to throw its blaze, or 
maximum concentration, at 8.Su. The thermocouole was a Bi-Sb- ■ Bi-Sn 



I 
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splashed., filament type, with a'Silver receiver which .was covered with bis- 
muth black. It was mounted behind a rock-salt window and evacuated to a 
non-conducting vacuum. The grating had a dispersion ratio o.f 570; i.e. at a 
scale distance of 3.2 meters, 1 mm represented 50A., The calib,ration was done 
by: means of the higher orders of -the 5461 line of the mercury arc, and was 
accurate to 15A. The slits of the apparatus were 0.07 mm wade, yielding an 
effective ^^slit-width” of 15A. This width of slit is the most advantageous in 
this region both for resolution and intensity giving a .resolving power of 80 
percent of the theoretical value, or about 4000. 

. Inasmuch .as the resonance radiometer has been recently described in de- 
tail, it will be necessary here to outline only its salient pointvS.*^ The first ther- 
mocouple is connected to tuned vibration galvanometer 1, w-hich is so con- 
structed that it is highly underdamped with a half-period equal to the time 
of response of the thermocouple. Galvanometer 2 is identical with 1 except 
for a device permitting accurate tuning with 1. The two galvanometers and 
the pendulum are kept in as exact tune as possible. The amplifier light source 
is a tungsten filament bulb burned at about 3.6 amp. from a storage battery. 
It lies behind the first grid Ru and is focused on the concave mirror of galvan- 
ometer 1. This mirror then throws an image of Ri coincident upon a second 
grid Rtr which is identical with J^i, except that it has a double spacing at the 
center. Then the beam of light which is transmitted by R 2 is broken into two 
halves, which are exactly out of phase as regards luminosity. As the mirror of 
galvanometer 1 rotates, the image of Ri slides across i?: 2 , darkening one half 
whilst illuminating the other half. These two beams are then focused by 
means of a split lens upon a compensating thermocouple T 2 , which is in turn 
connected to the second galvanometer. There wdll then be two amplifying 
factors: First, the resonance amplification arising from the periodically 
interrupted beam falling upon Si. Secondly, the motion of Gi causes the image 
of Ri to oscillate across R^, so that the intensity of the light falling upon the 
junctions of Tz varies periodically and sets G 2 in turn into a resonance vibra- 
tion. This second factor may be varied by changing the intensity of 
Throughout this experiment the total amplification was kept at about 4000, 
and deflections which could not be detected on an ordinary high-sensitivity 
galvanometer ranged as high as 30 centimeters on this instrument. 

Method OF Procedure 

The actual readings were taken as follows : The spectrometer Avas set for a 
given wave-length, and the first quartz d'piirifying” plate was held over a 
brightly burning ribbon of magnesium. It was coated with a fine, white 
powder of magnesium oxide. The thickness of the coat was judged sufficient 
when the whole plate appeared uniform when held against a brilliant back 
ground. The plate was then placed carefully in its holder, and thereafter left 
undisturbed. The second quartz plate was put in, and the shutter was re- 
moved, allowing the second galvanometer to build up to a maxinrium. Three 
or four deflections on each side were noted, with an average deviation, at a 
scale distance of 1 meter, of about 1 percent. The second quartz plate was 
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removed, and replaced by a silver surface; the readings were then repeated. 
The direct ratio of the readings yields the relative reflecting power of quartz 
and silver. To get the absolute reflecting power, one must correct for the small 
deviation of the i eflection coefficient of silver from that of a perfect reflector. 
However, this correction is smaller than the experimental error. Inasmuch as 
direct ratios are taken, it is unnecessary to take any account of water vapor or 
any other absorbant present in the air path. The magnesium oxide’' was used 
with the hope of cutting out the higher orders of lower wave-lengths; an ideal 
filtei would be one which was opaque to 4/x, and perfectly transparent from 
7.5 to 9.5fi. As a test for the usefulness of MgO, the first slit was covered by 
a piece of thin cover-glass, which transmitted fairly well up to 4/^, and which 



1' ig'. 2. Reflection spectrum of crystalline quartz. Circles, 
Hardy and Silverman; crosses, Coblentz. 


was Opaque to With the grating set for 8ju, and with two silvered plates in 
place, one covered with the oxide, no resonance deflection was detected. In 
passing, it might be noted that even with such a high amplifying factor, the 
zero unsteadiness was never greater than 2.0 cm in the daytime, and usually 
around 5 mm at night. Moreover, with an unsteadiness of 2 cm, it was pos- 
sible to measure deflections of less than four centimeters to an accuracy of a 
millimeter. In general the deflections were of the order of ten or more centi- 
meters so that the resultant ratios shown on the curves are judged to be ac- 
curate to about one percent. The curves shown are the results of several sets 
of observations which were found to agree among themselves exceedingly 
well. 

. TA. H.^Pfund, 'Fhys. Rev. 3d, 71 (1930).' ■ . ■ 
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The position of the grating was checked several times and the wave- 
lengths plotted are accurate to 0.0015/r. 

Results 

The spectrum of crystal quartz shows a rapidly increasing reflectivity at 
S.lju- Between 8.3 and 8.4 there is considerable fine structure, and a sharp 
maximum at 8.506/i. The minimum immediately following is triple, showing 
dips at 8.612, 8.628 and 8.662fi respectively: and peaks at 8.61 7ju and 8.646//. 


Handy and Silverman, angle of incidence 30” 
Gjblant 2 ., angle of incidence 25” 


CXJ 04 00 50 00 ■' 

W&vG- length 

Fig. 3. The reflection spectrum of fused quartz. Circles, 

Hardy and Silverman, squares, Coblentz. 

There is a rise to a maximum at 8.931, a small decline to 9.024 and a shorter 
rise to 9.125. Following this last maximum the intensity falls off steadily. 
Dr. A. H. Pfund had previously found indications of the structure at 8.4/i, 
although he was not able to resolve it, and also of the dip at 8.9//. 

The spectrum of fused quartz is less regular, and nowhere shows any of the 
regular smoothness attributed to it in the literature.®’® It rises from 16 percent 

* Schaefer and Matossi, “Das Ulrtarote Spektrum,” p. 317. 

* J. Lecompte, “La Spectre Infrarouge,” p. 145. 
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particularly sharp. The intenshv on I 8.904 is 

Lep-wise Lhion. off in a 
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RECOMBINATION IN MERCURY VAPOR 

By Harold W. Webb* and David Sinclair 
Physics Laboratories,. Columbia University, New York City 
(Received December 6, 1930) 

Abstract 

The afterglow in ionized mercury vapor was studied as a recoml;>iiiation plicnoirie- 
non, to determine how its intensity varied with concentration of electrons am! of posi- 
tive ions, vapor pressure and the mean energy of the electrons, the last expressed as a 
temperature, T, The afterglow was observed in a region outside of the arc to which 
positive ions and electrons were carried by a stream of vapor, auxiliary electrodes 
being used to control the electron temperatures. The total number of electrciiis, 
was assumed closely equal to the number of |R>sitive ions. The intensity of the \'isi!)k; 
part of the afterglow radiation was shown to be closely proportional to the total in- 
tensity under the experimental conditions, and was therefore used as a measure of the 
rate of recombination. This intensity, /, was found to be proportional to the first 
power instead of to the square of the electron concentration, with possible exceptions 
at low concentrations and low electron temperatures, i varied with vapor pressure, 
increasing roughly as the fourth power of the pressure. With increase in electron tem- 
perature from 1300° to 5600°K, I decreased by a factor of 2500. From this rapid 
change in I it is concluded that the afterglow cannot !:)e due to a simple recouiluna- 
tion process, since work of other authors with caesium and helium has shown that I 
should then vary not more rapidly than the reciprocal of the temperature. The results 
were found to fit either of the following empirical equations: /-const AT’ AN or 
/ = const A/y Ni, where No is the number of fast electrons having energies greater t haii 
a determined value and Ni the number having a definite energy, 'i'hc values of the 
critical energies corresponding to these two equations were found to l)e 1.15 volts and 
1.35 volts, respectively. 

The results suggest that the recombination in mercury vapor takes place in two 
stages, of which the second is responsible for the radiation of the series lines, and that 
the effect of the fast electrons is to reionize from the first stage. 

Considerable difficulty was experienced during measurements as the result of 
changes in the contact potential of the exploring electrodes used for measuring electron 
temperatures and concentrations. These changes were apparently due to traces of 
oxygen. 

'' I mE recombination of ions and free electrons has been studied in various 
A ways but the nature of the process is still very obscure. The results of 
these studies have been well summarized in several recent publication.sd and 
only a few outstanding points need be reviewed here. Especially have the 
simple recombination of an ion and an electron accompanied by emission f>f 
radiation and the converse process of photoionization been investigated in de- 
tail. The most e.xtensive quantitative experiments in this field liave been 

* The appointment of the senior author as Ernest Kempton Adams Fellow enaldcd him to 
secure the collaboration of Mr. Sinclair. 

1 .Seeliger Phys. Zeits. 30, 329 (1929); Mohler, Phys. Rev. Supp. 1, 216 (1929); Comoton 

and Langmuir, Rev. of Mod. Phys. 2, 191 (1930). 
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made by Mohler,'^ who found in caesium vapor and in helium continuous spec- 
tra extending from near the series limits to higher frequencies. These spectra 
are interpreted as due to the recombination of ions with electrons, in which 
process an electron falls into the lowest energy level of one of the series the 
difference in frequency between that of the radiation observed, v, and that 
corresponding to the series limit, r,-, being due to the kinetic energy of the 
election befoie impact, mv“/1. The relation between these frequencies is given 
by hv = hvi+^mv\ In these experiments the mean energy of the electrons was 
about 0.3 volt. Mohler found that the intensity of the radiation varied as 
a function of the electron velocity, ei, and determined the value of the coeffi- 
cient of recombination; « = const. or a is proportional to l/vv\ 

I heoiclical studies'’ of the process give a proportional to 1/v, i./vv, or similar 
expressioms in fair agreement with experiment. It is of particular interest to 
note that, in these experiments, the rate of recombination of electrons and 
positive ions was found to vary very slowly with the kinetic energy of the 
electrons, that is inversely as the first power of the velocity, in marked con- 
trast with results to be described later. 

Hayner^ has shown that the afterglow in mercury vapor is due to some 
process of the nature of recombination. In her experiments the voltage on a 
lew -voltage arc in meicury vapor was abruptly cut off and the behavior of 
the radiation which persisted, called the “afterglow,” studied in the post-arc 
pei iod immediately thereafter. The cutting off of the arc voltage extinguished 
the spectral seiies lines practically instantaneously, but after a brief transi- 
tion period of about 10"“ sec. the series lines reappeared gradually increasing 
in intensity, reaching a maximum in about 2 X 10“^ sec. and then gradually de- 
creasing. The behavior of the ionized gas in the experimental tube in the 
post-arc period gave every evidence that the afterglow was the result of a re- 
combination process involving electrons and positive ions. The dark transi- 
tion period following the cut-off of the arc voltage was explained as due to the 
fact that the velocities of the electrons were too great to permit recombina- 
tion. The sub.sequent gradual growth of the intensities of the series lines cor- 
responded to the gradual decrease in these velocities due to impacts with 
neutral atoms, while the decrease following the maximum was the result of 
the disappearance of ions and electrons due to their recombination and to 
diffusion to the walls of the tube. The nature of the spectrum of the afterglow 
furnishes additional evidence that it is produced by a recombination process. 
In it the ratio of the intensities of the higher members of the spectral series 
to the intensities of the lower members is very much greater than in spectra 
resulting from direct impact excitation as are observed in the arc. 

Kenty* in a similar experiment in argon found like results. The mean 
energy of the electrons at the time when the afterglow was most intense in the 

MoWer, Phys. Rev. 31, 187 (1928); Mohler and Boeckner, B. S. T. of Res. 2, 489, 3, 303 
(1929). 

* Seeliger, reference 1 , p. 356. 

< Hayner, Zeits. f. Physik3S, 365 (1926). 

‘ Keiity, Phys. Rev. 32, 624 (1928). 

'' ■ ' ' 

i ' ■ ■ - ' 
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post-arc period was determined -by the Langmuir probe method as 0.4 volt, 
confi:rming the explanation 'that the recombination in the arc period and in 
the dark transition period was prevented by the high speed of the electrons 
and that radiation from recombination only became observable after the elec- 
trons had lost most of their energy. 

Measurements on gases highly ionized, subject to no impressed field, liave 
ill, general shown that the distribution of velocities among the electrons is 
Maxwellian and that a definite "temperature” may be assigned to the dis- 
tribution. The Langmuir probe method gives a means of determining this 
temperature and gives also data for computing the concentrations of ions and 
..electrons. The fact that the electrons have such a distribution, or one nearly 
approaching it, makes it very difficult to reconcile Hayner’s results with the 
theory that the observed afterglow was due to simple recombination of posi- 
tive ions and electrons, in which the probability of electrons of given velocity 
recombining with positive ions depends only upon the concentration and ve- 
locity of those electrons and the concentration of the ions. For, as we have 
seen, the most effective electrons in recombination are the slow ones. Now 
the number of these in a Maxwellian distribution varies with the temperature 
approximately as the total number being kept constant. Now on 

liberal estimates the total change in the electron temperature from the transi- 
tion period, when the intensity of the afterglow was too small to observe to 
the moment of maximum intensity, was in Hayner’s experiment not greater 
than a ten-fold decrease; on the other hand the change in intensity during 
this time appears to have been of a different order of magnitude, estimated as 
at least a thousand-fold increase. The intensity could not therefore have 
varied as the number of electrons moving slowly enough to have high proba- 
bility of recombination, unless the velocity distribution was not Maxwellian 
but one in which the slower electrons were relatively very much scarcer at the 
higher temperatures. There is every evidence that this was not the case. Con- 
siderations of this difficulty in interpreting these results lead to the experi- 
ments described in this paper, in which the intensity of the afterglow was 
studied as a function of electron temperature, concentrations of positive ions 
and electrons and vapor pressure. 

Apparatus and Method 

To avoid the difficulties of making precise determinations of electron tem- 
peratures and concentrations under the rapidly changing conditions in the 
"post-arc” period following the cut-off of an arc, the investigations of the 
afterglow were made in a region outside the arc to which the positive ions and 
electrons were carried by a stream of vapor. The apparatus used was similar 
to that described in an earlier paper.^ The essential parts of the experimental 
tube, drawn to scale, are shown in Fig. 1. The mercury in the pool below the 
cathode iT, was heated by a furnace, H, and the vapor streamed rapidly past 

^Rayleigh, Proc. Roy. Soc. A108, 262 (1925). 

nVebb and Wang, Phys. Rev. 33, 329 (1929), 
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the cathode and the anode, A, into the branch tube through the gauze,' G, 
past the observation point, P, and was condensed in the region marked d 
The cathode was an internally heated nickel cylinder with oxide coating * 
The gauze, G, was of nickel wire, 0.03 cm in diameter and 0.6 cm. spacing. At, 
P, ill the center of the tube, was placed a vertical probe, consisting usually of 
a platiniim wire 0.0025 cm diameter exposed for about 0.5 cm. Opposite 
the probe was a quartz window 1.2 cm in diameter attached by a graded seal. 
A side tube 0.7 cm in diameter and 7 cm long closed at the end extended out 
at right angles near P, and was used in estimating the vapor pressure in the 
tube at this point. The condenser, C, was cooled by a coil of lead tubing car- 
rying circiilating water. This coil could be adjusted as to length and position 



or replaced by air cooling to control the flow of mercury vapor in the tube. 
Premature condensation in the tube between the furnace and the condenser 
was prevented by secondary heaters. 

The piimping tube, 2b passed first to a McLeod gauge, then to a magnet- 
ically operated cut-off and finally to a mercury diffusion pump. During ob- 
servations this pump was in constant operation. 

The arc current was varied up to 10 amperes, with an average potential 
drop of about 8 volts. From below the anode was emitted the usual low- volt- 
age arc radiation with the higher members of the series relatively weak in in- 
tensity, while beginning a little above the anode and extending throughout 
the branch tube and the condenser was the afterglow in which the higher 
members of the series were relatively much stronger. The intensity of the 

b* For this cathode we are indebted to Mr, L. J. Buttolph of the General Electric Vapor 

■Lamp Co. 
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afterglGw at the point P was . measured by a : specially constructed 'visual 
photometer sighted through, the quartz window. The radiation thus meas- 
ured was practically all contributed by the sharp triplet XX5461. 4358, 4047, 
and the intensities of these lines were taken as a measure of the total radia- 
,tion, of the afterglow. To justify this assumption spectrograms of the glow 
at different electron temperatures were made and compared and it was found 
that at least up to the 11 D and 7 S members the ratios of the intensities of 
the above triplet to those of the higher members varied only slightly, not suf- 
ficiently to introduce serious error. Rayleigh^ reports considerable variation 
in these ratios with age of the afterglow, but presumably the conditions in the 
present investigation were not so widely varied as in his. Furthermore, as will 
be seen later, small errors resulting from this method of measuring the inten- 
sity of the afterglow would not have affected appreciably the nature of the re- 
sults. 

Simultaneously with the intensity measurements observations were taken 
with the probe to determine the corresponding concentration of the electrons 
and their temperature. It was assumed that the iiuniber of positive ions was 
practically equal to that of the electrons, which for concentrations of the 
order observed is probably closely true. The usual logarithm of current to 
probe vs. probe- voltage plot gave, after deducting the current due to the posi- 
tive ions, a straight line for voltages below the space potential, the slope of 
which determined the electron temperature. The concentration of electrons 
was computed from the space potential, as determined by the break in the 
curve, and the probe dimensions in the usual way. It should be noted that 
under the conditions of this experiment the distribution of electron velocities 
could be followed only up to about 0.7 volt (in a few cases to 1.0 volt) owing 
to the masking by the positive ions of the electron currents to the probe at 
greater negative potentials. Therefore the presence of the fast electrons is 
indicated only by the fact that the Maxwellian distribution holds very closely 
for the slow electrons and we assume it to hold for higher speeds. 

Considerable difficulty was experienced with the probe owing to changes 
in its contact difference of potential in the course of a measurement. This was 
evidenced by a gradual shift in the voltage corresponding to a given current 
to the probe. The curve taken with increasing voltage did not coincide with 
that for decreasing voltage. The direction and amount of the drift were not 
always the same but depended upon the material used for the probe, its size 
and the presence of small amounts of impurities in the tube. In general one 
to two minutes were required for any phase of the change. When, however, 
the currents to the probe were large the resultant heating caused more rapid 
changes. A complete discussion of the many tests made cannot be given here, 
but it may be noted that similar effects were found with platinum, tungsten, 
iron and carbon probes; a tungsten probe continuously heated to a tempera- 
ture of about 1700*^ C was equally unsteady; a trace of sodium accidentally 
introduced into the tube resulted in a characteristic fluctuation. 

It is probable that this drift was due to traces of oxygen in the tube. To 
test this an artificial leak was introduced near the cathode, as the result of 


RECOMBINATION IN Hg VAPOR 


187 


which the changes in the contact potential of the probe became very rapid, 
confirming this conclusion. It was further found that, although all metal 
parts were pre-outgassed and the tube baked at 500° C for many hours be- 
fore introducing the mercury, considerable gas was evolved when the arc was 
running even after many hours of operation. Tests, made by closing the cut- 
off and measuring the rate of accumulation of gas in the gauge, indicated that 
there was a gas pressure in the stream of mercury vapor of about 10~" mm at 
the times when marked drifting occurred. This drifting was never wholly 
eliminated, but, by continued baking and pumping, conditions were attained 
under which the drifting was sufficiently small to permit satisfactory measure- 
ments. 

It is probable that many of the troubles experienced by other observers 
were due to this cause. The difficulty which Mohler and Boeckner^ found 
with a probe in caesium vapor is not surprising, especially the increased un- 
steadiness when approaching large values of the probe current. It was found 
also in our work, as in theirs, that a large probe gave less trouble, since it 
suffered less rise of temperature. Other authors have obtained curves deviat- 
ing from the expected straight line, or curves which are interpreted as made 
up of several straight lines indicating several groups of electrons each having 
a different temperature. Some of these complexities may have been due to 
effects similar to those described here. 

The vapor pressure in the tube at the point of observation depended upon 
the temperature of the lower furnace and upon the use and position of the 
cooling coils on the condenser. The magnitude of this pressure was deter- 
mined approximately by measuring the temperature at which liquid mercury 
was in equilibrium with the vapor at the end of the small side tube opposite 
the point of observation. 

The electron temperature at the point of observation, though it depended 
to some extent upon the vapor pressure and the velocity of the vapor stream- 
ing from the region of the arc, was usually controlled by the gauze G. A posi- 
tive potential on G, with respect to the anode, accelerated the electrons in the 
vapor stream and increased the temperature of those passing through the 
gauze and down the tube. Temperatures ranging from 1000° to 6000° could 
be obtained. The application of the positive potential to the gauze also de- 
creased the concentration of the ions and electrons, in some cases as much as 
70 percent. The concentration could, however, be brought back to its original 
value by increasing the arc current. 

Results 

In determining the relation between the intensity of the afterglow, J, and 
the electron temperature, T, the vapor pressure was held constant for each 
series of measurements. It was assumed that the only other variable was the 
concentration of the electrons, which was equal to that of the ions, and this 
was kept as nearly constant as possible by adjusting the arc current. As this 
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concentration could be held only approximately constant the relation be- 
tween intensity and concentration, was determined by a series of measure- 
ments in which the vapor pressure and electron temperature were kept con- 
stant. The results of these determinations are shown in Fi,t;iire 2, in which 
the intensity of the afterglow is plotted as a function of the ele<iron concen- 
tration. Three typical curves are shown, the differences in the s1o|K's liaving 
no significance. ThevSe curves show that the intensity is closel}' proporlional 
to the first power of the electron concentration, and not to the sc|uare of this 
concentration as might be expected if ordinary recombination processes were 
in question. Therefore, before studying the relation between intensity and 



Fig. 2. Intensity of afterglow vs. electron concentration; electron temperature 
and vapor pressure constant. Scales are arbitrary. 

electron temperature the intensities observed were divided by the first power 
of the corresponding number of electrons. Furthermore throughout any 
set of measurements of the relation of I to T the variation in was not large 
and since the variation of the intensity with electron temperature was very 
rapid, errors arising from small departures from the first power relation were 
well within the limits of measurement. 

^ It is interesting to note that Mohler and Boeckner® found a similar result 
with caesium. Contrary to expectation the intensity varied more nearly as 
the first power than as the square of the concentration of electrons, which was 
again equal to the number of positive fons. They noted, however, that at low 
currents the square law held. In the present experiment, also, there was in- 
dication that, for small concentrations especially at low electron tempera- 
tures, the square law more nearly described the results than the first power 

law. These results were however, not very dependable. 



RECOMBINATION IN Hg VAPOR 189 

The relation between the intensity of the afterglow and the vapor pres- 
sure, the temperature of the electrons and the number of ions and electrons 
being held constant, was not precisely determined, owing to experimental dif- 
ficulties. The results showed, however, a large increase in intensity with in- 
crease of vapor pressure. To a rough approximation the intensity varied as 
the fourth power of the vapor pressure within the limited pressure range ob- 
served, 0.06 to 0.10 mm. It is interesting to note that Mohler and Boeckner 
found in the recombination spectrum of caesium that the intensity increased 
surprisingly rapidly with vapor pressure, the rate of increase being compara- 
ble with that found in the present work. 



Fig, 3. Intensity of afterglow as a function of electron temperature; vapor pressure and 
electron concentration constant. Curve a: log / vs. T (lower temperature scale). Curve b: 
log / vs. r (upper temperature scale), Curvec: log vs. l/T. Curved; log I l/T. 


The experimental results giving the relation between the intensity of 
the afterglow, I, and the electron temperature are shown in Figure 3. Curve 
{a) shows the results for a vapor pressure of 0.06 mm. The ordinates are the 
intensities, corrected for variations in iV', plotted for convenience as logio/. 
The abscissas are electron temperatures in °K. In these measurements N was 
of the order of 10^^ per cc. 

Curve {b) Figure 3, shows the results for another set of measurements at 
approximately the same vapor pressure. Owing to the fact that in this case 
no determinations of iV were made, this curve has not been corrected to N- 
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constant. The variation of N over this curve may have been as great as three- 
fold. The intensity scale is furthermore not the same as in Curve (a), owing 
to the use of a different photometric standard. This curve shows, however, 
that at higher temperatures the variation of J with J' follows roiiglily the 
same law as in the lower temperature range. The striking feature of these 
curves is the very large decrease in / with small relative increase in tempera- 
ture. Curve (a) shows a decrease in J of about 400 times as T increases from 
1300° to 3600°K. Including the data of Curve (b) we see a decrease in / of 
about 2500 times as T changes from 1300° to 5600°. 


Discussion 

As pointed out earlier the rapid change of intensity, /, with electron tem- 
perature, T, observed in the afterglow cannot be e.xplained by any simple 
process of recombination in which the decrease in the rate of recomlhnation 
depends simply upon the increase in the average velocity of all the electrons. 
For, if the recombination is similar to that observed in caesium, with the coef- 
ficient of recombination approximately proportional to l/v (a = electr(jn ve- 
locity) and the electrons have a Maxwellian velocity distribution as seems 
to be the case, to a first approximation I should be proportional to the inte- 
gral taken over all velocities of the number having a velocity v divided by v. 
This is equal to const Nyx^ where N is the total number of electrons con- 
sidered here as held constant. The total change in l/Ti over the entire range 
ot electron temperatures measured was not greater than 3, while I changed bv 
a actor of nearly 2500, a different order of magnitude. Now, on the other 
hand, if we consider No, the number of electrons having energies greater than 
some given value, Eo, we see that this can be made to vary with the electron 
emperature as rapidly as we please, by proper choice of Eo. We have 

No= N[eTi(Eo/kr)Oi + ( 2 /w^!^){Eo/kr) 02 e-^,ikrj 

in which expression, if Eo is not too small, the second term containing the 
exponential factor is the controlling one. (In the present work neglectinj the 
rst term introduces only an inappreciable error.) Now the simplest empirical 
relation between J and T which fits the results was found to be 1= 

Setahie if Th ^ constants and n is small. Because of the 

arge value of the exponent the exponential term was found to be the impor- 
tant factor m determining the form of the curve and the preci.sion of the 

valSTr Th? differentiate between small 

values of The agreement between experiment and equation (1) can be 

^en from Curve (c), Fipre 3, in which the data of Cur^e (^^^0 be^n 
p Ted, with ordinates logio(//r*) and abscissas l/T. The points fall well 
within the experimental error on the straight line, logio(J/r®) = const/ F 
+Iog.a. In this plot . was taken as f for reasons to be given be ow 0^ 

from mri 
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Now if I be taken proportional to N, as was found to be approximately 

true, equation (1), after rearranging, becomes: 

I = const m -f- [N{2/Tt^i^){E,/kTYi^-^.ikT] ^ ^onst m N, (2), 

where ^ is Boltzmann's constant. Thus we may express our results very well 
in the simple form, that the intensity of the afterglow varies directly as the 
square of the total number of electrons and inversely as the number of elec- 
trons having energies greater than Eq. If instead of iV'o, we consider the num- 
ber, Nu of electrons having an energy equal to Eo, we arrive at a similar re- 
sult.^ Ni varies as and if in equation (1) we put ^ = 3/2, we 

obtain the result, J = const N'^/Ni. This results in a linear relation between 
and 1/3, as shown in Curve (d) Figure 3, in which the data of 
Curve {a) are expressed in these coordinates. We therefore find that we are in 
equally good agreement with experiment if in equation (2) we substitute iVi 
for iVo, which gives the result that the intensity is inversely proportional to 
the number of electrons having their energy equal to Ea. The part played 
by the fast electrons is thus to prevent the afterglow, the effect of electron 
temperature on the intensity depending primarily upon the change in the 
number of such electrons. It should be remarked that this general conclusion 
does not rest solely on the close fit of the results with the relations given above 
but seems to be a necessary conclusion from the observed rapid change of 
I with r, so long as we assume that the effect of each electron on the process 
IS a function of its energy and not of the mean energy of the whole group of 
electrons. 

The value of £o as determined from the data of Curve (c) is 1 . 1 5 volt, from 
Curve (d) 1.35 volt. The values found from other series of measurements, 
when computed as in the case of Curve (c), range from 0.95 to 1.20 volt. The 
lowest value was obtained from a set of measurements covering only the 
lower temperatures and was probably affected by the fact that the intensities ^ 
were often found to be less than those corresponding to the above equations 
when the electron temperatifi-e was below 1400°. Considering the precision 
of the measurements it seems probable that Eo is a constant, independent of 
the vapor pressure and other conditions and that the best average of the 
values determined is 1.15 volt when computed assuming J to depend upon 
iVo, and 1.35 volt if it depends upon iVi. Furthermore, unless the efficiency 
of this preventative action of the fast electrons rises very rapidly as their 
energies approach the value Eo from below, it seems that we must assume 
that Eo is a minimum or a critical value for the energy of an electron which 
can so function and not an average value. 

There has been found no evidence that metastable or excited atoms of 
the 2^ P states play any major part in the afterglow phenomenon. 

Our results suggest that we are dealing with a process more complex than 
that of a simple recombination in which only a single electron and an ion 
take part, possibly a recombination process involving two electrons and an 
ion. The form of equation (2) suggests that this process is of the type illus- 
trated by the following hypothetical picture, suggested by Mr. George Dean. 
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Assume, that -under the conditions in question complete recombination is 
accomplished in two stages, a first stage in which a slow electron falls into an 
outer level of the positive ion, and a second stage in which the electron makes 
a transition from this outer level to a lower level with the emission of scries 
line radiation.^ The first stage may be assumed to be accompanied by con- 
tinuous radiation and to be governed by the laws similar to tlsose governing 
the recombination observed in caesium and helium discussed above. Assume 
further that fast electrons having energies greater than a certain nilniinuin 
value Eq (or electrons having exactly the energy Eo) to be capable of reioniz- 
ing the atom which has experienced only the first stage of recoiiibination. 
Let he the concentration of such ^^partially recombined” atoms. The rate 
of formation of these atoms is A N'^f(T) 'where Af(T) is the coefficient of re- 
combination, A being constant. The rate at which these atoms would change 
into normal atoms is given by jRA', where iJ is a transition proljability, Tlte 
rate of reionization of the partially recombined atoms would be {7A'LVo, 
where No is, as above, the concentration of electrons having energies in ex- 
cess of £o* Now we are observing a steady state in the vapor stream and .V' is 
constant. If we neglect a small term giving the diffusion rate of into the 
space observed, we get 

AN\fiT) - RN' - CN'No = 0 (3) 


N' ^ Amf{T)/{R + CNo). 


Now except for the smaller values of T, R may be neglected with respect to 
CNo in the denominator of equation (4), since for larger values of 7\ RN^ is 
negligible with respect to ANy{T) and therefore with respect to CN^No- 
This follows since i?iV' is proportional to the intensity of the afterglow, J, 
which decreases very rapidly with increase in temperature while AN^f{T) 
varies not faster than 

If /(T) is taken equal to a constant we have from (4) I==const NyNiu 
agreeing with the empirical equation (2) which expresses the experimental 
results. If/(r) is taken equal to as suggested in the first paragraph of 

this section, we have J=*const (l/T^^^){NyNQ) which gives equally good 
agreement with experiment. The value of Eq in this case is about 7 percent 
lower than in the case of f{T) = constant. 

In the above iV'i, the number of electrons having exactly the energy Eo, 
may be substituted for No without further change except that the correspond- 
ing values of Eq would be increased by about 15 percent. 

For the smaller values of T at which observations were taken and for 
small values of N , i? may be no longer negligible with respect to CNo and we 
should then find the intensity less than would be expected from equation (2), 
and would further find for diminishing iNT that the intensity would vary more 

Compare this with the ‘'initial recombination” postulated by J. Franck (Zeit. f. Physik 

47,509 (1928)): see also L. R. Maxwell (Phys. Rev. 32, 715 (1928)). 
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nearly as the second power of N, The experimental results give evidence that 
this is the case, but are not sufficiently reliable to test this in detail. 

It is obvious that the first stage of recombination assumed above may not 
necessarily involve an electron and a positive ion but may be the formation of 
some kind of molecular state, which in breaking up leaves the atom with 
sucli^ excitation as is necessary for the radiation of the arc lines. Recent 
studies by Mohler and Boeckner^ of the photoionization of caesium indicate 
that the molecule ion plays a major part in that process and it is therefore 
probable that it is also an important factor in recombination. The picture 
given above represents only the type of process which the experimental re- 
sults seem to indicate as necessary to account for the properties of the after- 
glow radiation in mercury vapor. 

Lawrence^ ° and other investigators have found a series of ultra-ionization 
potentials lying above the normal 10.4 volts ionization potential. The first 
four of these lie 0.20, 0.89, 1.30 and 1.66 volt, respectively, above 10.4 volts. 
It is suggested that the critical potential Eq may be related to one of these 
ionization potentials. 


831 J* Res. S, 13 (1930); Mohler and Boeckner, B. S. J. of Res. 5, 51, 399, 

Lawrence, Phys. Rev. 28, 947 (1926); Jarvis, Phys. Rev. 27, 808 (1926); Hughes and 
Van Atta, Phys, Rev. 36, 214 (1930). 
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Abstract 

I he present paper attempts to explain some observations on the exchanvc of 
vibrational and rotational energy of molecules on the basis of the laws of impart Vi i- 
mg into account the postulate of quantisation. It is pointed out that when one <',[ the 
bodies involved in the impact is much lighter than the other the exchange of eneiyy 
becomes improbable. The persistence of rotation of HgH molecules in an exces.s (if 
nitr<)gen, sugpsted by Beutler and Rabinowitsch, is discussed. A related phenoim'-. 
non IS found in some chemical activations produced by Hj molecules Imt not b\- any 
other molecule. The resonance rule for the probability of impacts of the second kind 
ne^s some modification for the exchange of vibrational and rotational energy between 

Td^fscls^ In elect™ 

s discuss^. In elertron impact, the rotation of the molecule does not change but the 
atdTo‘2 ° W- Tr introduced by Fninck 

JN THE present paper, an attempt is made to explain some observations 
molecular vibration and rotation from a classical standpoint’ 
tS^thifl^torr quantisation. It should be emphaked,’ 

picture which may be of value as a starting point for experimental work. 

1. Rotation OF HgH IN Ns 

„ I" a recent paper, Beutler and Rabinowitsch^ offer an interesting inter 
S e^penment carried out several years ago by Wood and Gavi 

ola.^ These authors investigated the “sensitized fluorescence mdltion” of H^ 
vapor wiA the addition of very little hydrogen and a considembleTmount of 

3‘"7 ‘T- ' *1“= band 

elusion 11113,1; flip pvr'tf'Ari T-T/-»-Tj It coine lo tlic con* 

steos Tht fl ! f ^ molecules are produced in the following two 
4 -H ^^"^entary process consists of the exchange reaction Hv' 

+H2 -HgH+H. In this reaction the 0.62 volt excess atomm^nA.^ tion Hg 

required chemical energy changes oartlv inVn rnto? , 

molerjiU ■fi.FFc j ^ ii<inges partly into rotational energy of the H£»*H 

molecule, thus producing a rotation far e.xceeding the normafvalu^ In a 

! “"‘I Rabinowitsch, Zeits. f. Physik. Chem (B) 8 403 

- E. Gaviola and R. W. Wood, Phil. Mag. 6, 1191 (1928) ’ 
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later process, this HgH molecule is excited by an impact of the second kind 
with another excited mercury atom. There are, however, only a very few of 
these excited mercury atoms. Therefore the authors assume that the anoma- 
lous rotation of the molecule HgH, produced in the first process, persists until 
the HgH collides with an excited Hg atom, in spite of a great many (more than 
1000) collisions, most of them with N 2 molecules. It is possible of course, 
that the HgH molecule is formed with a still higher energy of rotation and 
gives part of it away. At any rate it is unexpected that the great number of 
intermediate collisions should fail to reduce the rotational energy to the 
normal value before the excitation of the molecule takes place. Are we able 
to understand this apparent persistence of rotational energy by the laws of 
impact? 

An essential feature of the experiment is the heavy molecule HgH, having 
but a small moment of inertia, colliding with the molecule N 2 , which is heavy 
compared with the H-atom. A reasonable picture of the collision is that the 
HgH molecule consists of the heavy mercury atom at rest and the H atom re„ 
volving about it with highest speed because of its small weight and the ab. 



normal rotation produced by the excess energy of the reaction. This system 
collides with the N 2 molecule, supposed to be comparatively slow and not 
rotating. This impact is evidently related to the ordinary impact between a 
light and a heavy particle: the light particle is unable to give away any con- 
siderable fraction of its energy on account of the laws of impact.® In colli- 
sion, the rotational energy and the moment of momentum given up by the 
HgH, split up generally into two parts, one of them going over into rotation 
of the N 2 , the other into translation of the N 2 , knocked away from the heavy 
system HgH in the direction of the arrow (Fig. la). 

Since the general discussion of this collision is complicated, it will be 
sufficient to treat two extreme cases. First, we assume that the fast H atom 
in its circular orbit collides in a head-on collision (Fig. lb) with a rigid body, 
representing the N 2 molecule. Thus from classical mechanics, we come to the 
result that the H atom is able to give away 1/7.5 of its energy (or less if the 
collision is not head on). 

Let us next consider the other extreme case, in which the rotational energy 
of the HgH goes over as much as possible into rotational energy of the N 2 mole- 
cule (Fig. Ic). The fast H atom hits the left N atom, while moving toward its 
nucleus and perpendicular to the nuclear axis of the N 2 molecule. This col- 

® Cf. J. Franck, Zeits. f. Physik 25, 312 (1924) and G. Joos und H. Kulenkampff, Phys. 
Zeits. 2S, 257 (1924), 
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lision accelerates the left N atom in a direction, in which it can move an in- 
finitely small distance, without accelerating the right N atom. Therefore, we 
are allowed to compute the resulting motion of the whole Nj molecule in two 
separate steps. In the first step, only the left N atom is accelerated by the 
fast H atom; and after the collision, in the other step, the kinetic energy of 
this N atom produces such a translation of the whole Na molecule that its 
center^of gravity keeps its velocity constant and in addition the molecule 
starts its rotation. The result is that the HgH molecule can give away 1/4, tii- 
probably less, of its rotational energy. The same reasoning should hold for 
thepersistence of vibrational energy, although no observation of the phenom- 
enon is known. 

_ Since collisions are not head on in general, we understand that the rota- 
tional energy of HgH is given away in collision with N. molecules only in 
^all steps— or with small probability if only large quanta are available. 
Thus we understand a persistence over let us say 10 or 20 collisions, but not 
OTer many thousand collisions, as suggested by Beutler and Rabinowitscli. 
This smaller amount of persistence, however, seems to be sufficient if we 
assume a slightly different process of excitation. We assume that the metas- 
table atom Hg' excites a HgH molecule with normal rotation, but with con- 
Mderable vibration. This type of transition is understood by the Franck- 
London rule. When the H atom, vibrating as a part of the HgH molecule, 
collides with a comparatively heavy body, e.g., the N, molecule, its energy 
may change easily into its own rotational energy. On account of the laws 
o impact, the heavy Ns molecule takes away only a small amount of energy, 
ihus a HgH molecule is produced with strong rotation which may collide, 
before it radiates, several times with Ns without losing much of its rotational 
energy. When in^a mixture of molecules containing light and heavy atoms 
some light atoms have a preferred energy, the general tendency is that equi- 
p rtition of energy is reached first among the degrees of freedom of the light 

Whin n’ freedom of the heavier particles, 

and vih ^ we expect a rapid dissipation of the rotational 

ent^ TV account of the numerous H atoms pres- 

from that of Beutler and Rabinowitsch in 

citS tSTf n- of tho ex- 

^ collisions, but Hot ovcr the long period between 

formation and excitation of the HgH molecule. 

2. Relation TO Activation Energy 

preted nol; as^a bjnda^°^^+ persistence of vibration and rotation is inter- 
+L,. ° • foo'f^oiental quality of these degrees of freedom but as due to 

the speaal .nteraction of light and heavy bodies in collisl ’ Therefte 

discharge by W. Kapu^skland the HgH bands, observed in theelostric 

by the ime phenomenon Snwl f. Physik S4, 2S2, 1929) is to be explained 

well understood asTflu; rSleT^ln tted ' 'k electric discharge is not so 

elementary process as the f ■" the d,scharp, excitation could take place in the same 
ment. the formation of the molecule HgH, contrary to the fluorescence experi- 
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should be expected that this persistence plays a part in chemical activation, 
because it may happen that some molecules are able to give away activation 
energy, as far as it is vibration or rotation, not to any partner but only to a 
selected' type of molecule. 

Professor G. B. Kistiakowsky has pointed out to me, that possibly this 
type of selection plays a part in the ^^mono-molecular” decomposition of some 
organic compounds. From a thorough experimental and theoretical discus- 
sion, HinvShelwood® has drawn the conclusion that hydrogen, but no other gas, 
has a special power to activate the vapors of diethyl ether, dimethylether, 
propionic aldehyde and acetaldehyde by thermal impact. These organic 
molecules contain groups of H atoms. It might be assumed that the energy of 
activation consists largely of vibration of these H atoms. According to the 
present argument, their vibration should show a persistence in collision with 
heavier molecules but not with the lightest molecule Hg. This ability to give 
away vibrational energy should correspond, according to the principle of 
microscopic reversibility, with the ability to take up vibration from a colliding 
H 2 molecule, but not from heavy molecules. 

It remains to explain, however, why helium fails to show the same effect, 
although it has only two times the weight of H 2 . As in the interaction between 
HgH and N 2 , we assume again that the vibration of an H atom, belonging to 
the organic molecule, is excited by ordinary collision with the H 2 molecule 
or the He atom. Both of them are somewhat heavier bodies which must have a 
sufficient excess of energy in order to give the energy of vibration to the bound 
H atom. From the Raman effect this energy level of vibration of the H atom 
attached to carbon is known® to be approximately 3000 cm“^. According to 
the laws of impact, the H 2 molecule must have 12.5 percent more energy, 
whereas the He atom must have 69 percent more energy. Assuming a temper- 
ature of S20°C as in Hinshelwoods experiments, we come to the conclusion, 
that the number of H 2 molecules, able to activate, is ten times larger than the 
corresponding number of He atoms. This ratio, calculated only from the 
masses of H 2 and He, seems to be not quite sufficient to explain the observed 
difference. It should be taken into account, however, that the H 2 molecule 
with its five or six degrees of freedom contains on the average much more to- 
tal energy than the He atom with its three degrees of freedom. 

3. Probability Rule for Impacts of the Second Kind 

On the basis of a group of experiments, Frank and Jordan^ have estab- 
lished the general rule that in impacts of the second kind most probably the 
smallest possible amount of energy of translation is produced. Kallmann and 
London® derived the same rule from wave mechanics, describing the transfer 

® C. N. Hinshelwood, Proc. Roy. Soc. A114, 84 (1927) and C. N. Hinshelwood and P. I. 
Askey, Proc. Roy. Soc. 115, 215 (1927) and 116, 163 (1927). 

® D. H. Andrews, Phys. Rev, 36, 549 (1930). 

7 Gf. J. Franck und P. Jordan, Anregung von Quantenspriingen durch Stosse, Berlin 
1926, p. 226. 

® Kallmann und F. London. Zeits. f. physik. Chem. (B) 2, 207 (1929). 
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of excitation energy by a resonance phenomenon without introducing the 
translation in their equations explicitly. Corresponding to this rule, Beutler 
and Rabinowitsch discussed the persistence of rotation assuming that the 
rotational energy of HgH should change in collision mainly into rotational 
energy of Na, only the smallest possible fraction going over into energy of 
translation • 

Franck and Jordan based their rule on experiments in which the initial 

state of the energy is represented by an excited electronic level. It is doubtful 
if this rule applies without modification to the exchange of vibrational and 
rotational energy between molecules. However, this exchange can lie repre- 
sented to some extent by classical mechanics.^ The mechanical treatment of 
exchange of vibrational and rotational energy between two colliding mole- 
cules leads necessarily to the formation of a considerable energy of transla- 
tion, {cf. Fig. Ic) thus violating the rule that no energy fo translation is pro- 
duced. Hence the rule seems to apply strictly to a limiting very important 
case i.e. the exchange of energy between electronic levels.^ For the motion 
of heavy masses, however, it requires some modification. 

4. Rotation and Vibration of in He 

Some related phenomena are known. Beutler and Rabinowitsch refer to 
the iodine fluorescence radiation, e.xcited by monochromatic light and 
changed, according to the experiment of Franck and Wood,” by the addition 
of helium. This experiment shows a transfer, although a rather slow one, of 
rotational enerp of the iodine molecule. Some persistence of rotational 
enerp is in this case probably due to the large mass of each iodine atom 

iTgh^t "firtom''^ ^ in a single collision with a 

Wood and Loomis'2 describe the transfer of vibrational energy from h to 
He, observed in the same experiment. It takes place very seldom, although 

the dotation than 

andSrratil T^e ^^" a general distinction between rotation 

and vibration. The rotational energy is in any moment kinetic energy, where- 

compIkhmenroTth^th^J^^^^ he seen in the ac- 

St » « “r ! r s: 

R. W. Wood and F. W. Loomis, Phil. Ma? 6 231 110281 Ti,' % ■ 

the colliding H atom takes uo onlv a email f' t ^ ^928). This phenomenon m which 

related to L pheno^Tn d'esSed bT *he heavy I. is 

turn, defines the degree to which a reflertprf m i coefficient” which, in 

fleeting surface (Ann. d. Physik. 34, 519 (mn Po^p! to that of the re- 
creases with the molecular weight of the gases ’ ^ ^ surfaces this coefficient in- 
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as in vibration the energy changes continually between the kinetic and poten- 
tial for rn. It is available for impact only in the short time interval in which 
rnost of it is kinetic and in which the atoms are moving apart. Hence in colli- 
sions with a monatomic gas, vibrational energy should show a greater per- 
sistence than rotational energy. 

In order to explain Wood’s and Loomis’ observation (the comparatively 
persistence of vibration) still another difference between vibration and 
rotation should be taken into account. Let us consider the inverse process. 
He atoms of high speed colliding with I 2 molecules, which may be considered 
to have no appreciable energy. How probable is the transfer of the kinetic 
energy of the fast He atom into vibration or rotation or translation of the I 2 
molecule? For exciting vibration, the most favorable direction is along the 
line of the nuclear axis (Fig. 2a). For exciting rotation, however, 


Hs 

.--O 

i Oho 





a b 

t ig. 2. Excitation of vibration and rotation of the I 2 molecule b}^ the He atom. 

the most favorable direction of the He atom is any direction within the two 
planes, represented by dotted lines in Fig. 2b. Finally, for the transfer of 
energy of translation from the He to the I 2 , there is no direction preferred 
within the whole spherical angle. Therefore the chance for translation is larger 
than for rotation, and this again larger than the chance for vibration. We may 
conclude, that in the inverse process, where the He atom takes up energy, the 
vibration of the I 2 molecule should be more persistent than the rotation, in 
agreement with Wood’s and Loomis’ observation. 

5. Excitation of Vibration and Rotation by Electron Impact 

Similar considerations may be applied to the excitation of molecular vibra- 
tion and rotation by electron impact. From his experiments, Harries^® drew the 
conclusion, that a 5-volt electron is able to excite vibration of the N 2 molecule, 
but that it cannot excite rotation at all. It has been pointed out by Franck 
and Jordan, that this excitation of vibration cannot be understood by an 
ordinary elastic collision of the fast electron hitting the molecule head on 
(Fig. 2a), because the light mass of the electron is not able to give away this 
large fraction of its energy in elastic collision. The same inability of the elec- 
tron holds for rotational energy, although the rotational quanta of N 2 are 
much smaller than the vibrational ones.^^ 

W. Harries, Zeits. f. Physik 42, 26 (1927). 

J. Franck and P. Jordan, Anregung von Quantensprangen durch Stosse, pp. 255 and 244. 

W. Rasetti, Phys. Rev. 34, 367 (1929); the 5-volt electron giving away 1/1400 of its 
energy to an N atom, cannot excite the rotational quanta of the Ng molecule. The same result 
holds in collision with a Hg molecule; 
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Instead of the ordinary elastic collision between the 5-volt elect ron and 
the Na molecule, Franck and Jordan assume that the approaching electron has 
some influence by its ekctric field on the law of force keepiag'tlie N atoms 
together. The main difference between both pictures of collision is the fol- 
lowing: in the ordinary elastic collision, the impinging electron would trans- 
fer part of its energy and impulse directly into translation or viljration or 
rotatmn of the molecule. In the hypothesis of Franck and fordan how- 
ever, the electron penetrates the structure of the molecule. Without excitin'. 

a higher electronic level of the molecule — the first level requiring 8 \ olts 

Ae electron modifies by its field the law of force keeping the atoms togel her 
Thus by its mere presence, the electron may shift the equilibrium iMrsbion of 
the nuclei,_ represented by the minimum of the potential curve. The nuclei 
start the vibration, accelerated not directly by the impact of the elect run 1 uH 
indirectly by the modified law of force. If the passage of the electron acimss 
the molecule takes an appreciable time compared with the period of vibra- 
tion. It may happen, that the electron leaves the molecule in the vil.ratincr 
state. From our point of view, the main feature of this hypothesis is that the 
acceleration of the nuclei is produced indirectly by the modified law of force 
This can give rise only to vibration, not to rotation on account of the conscr- 
vation of moment of momentum. Therefore in collision with 5-volt electrons 
we should expect an energy transfer in vibration only, but a strong riersistence 
o rotation This conclusion is in full agreement with Harries’ experiments 
(It would be hard to introduce the corresponding assumption that in the 
collision between and He discussed above, the nezitral He atom, rnfliding at 
room temperature with an energy as low as 0.03 volt, causes an appreci aide 
change m the law of force of the I 2 molecule. In this collision between heavv 
Son!)''' '' ordinary mechanical picture of the 

6. Exchange of Vibration and Rotation Within Ordinary Gase.s 
In the examples discussed above some c n ■ 

C»£ of .he it ° N Th T ?' ‘"c mole; 

ao. .he^foee „o taisti 

Cc„cer„.„, these co.Iisions, there are atoos. „o op.icatt available 

TliPi marL’-Arl . 


... 

or StwirieS 1 “f T" 

:monstrates that no appreciable translation is ''' 


demonstrates that no appreciable translation is produS iSor'e th'”' 

ferent from a mechanical impact, as should be exocrtcU ul P™‘-'ess is very dif- 

•h. «ci.«l «... ,ie „ Meet h'’““ ? Tt! Vf 

a similar picture as Franck’s and Jordan’s i e it « ” f ’ ‘iescribed by 

cited Hg atom modifies the electronic level and therefr^D,*^^^*^ contact with the ex- 

in wi.„ 
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Professor A. Eucken called my attention to the fact, that we may draw a 
conclusion from thermal measurements. It is consistent with our expecta- 
tion that the ratio of specific heats, measured from the velocity of sound, does 
not change at the highest frequencies^® which means that, even for the quick- 
est change of temperature, equipartition is maintained among all degrees of 
freedom of the diatomic molecule. It should be concluded that vibration and 
rotation are taking their full share in the exchange of energy. The great ex- 
perimental difficulty, however, in these experiments should be emphasized. 

The classical treatment of impact applied in the present paper is intended 
to serve only as an approximate picture which may be good as a starting 
point for experiments. An experimental investigation is under way. A more 
thorough treatment of these processes on the basis of wave mechanics is being 
developed by Dr. C. Zener. Some interesting results, published recently by R. 
Rompe^^ lead to the conclusion that some specific influence of the electronic 
term takes place. This kind of influence does not lend itself to representation 
by a classical picture. 

Our main conclusion is that the persistence of vibration and rotation can 
be explained largely by classical ideas. Especially in the complicated inter- 
pretation of the HgH fluorescence given by Beutler and Rabinowitsch, the 
most doubtful detail, i.e., the excitation of abnormally rotating molecules, 
is understood by a general rule, the equipartition of energy being reached at 
a rate depending largely on the ratio of the weights of the particles. This 
result supports the other steps of the interpretation given by Beutler and 
Rabinowitsch which are of importance in photochemistry. 

The author greatly appreciates the criticisms of Professor J. Franck, Pro- 
fessor E. C. Kemble and Dr. C. Zener. 


“ C. D. Reid, Phys. Rev. 35, 814 (1930) and M. Grabau, to be published in spring 1931. 
R. Rompe, Zeits. f. Physik 65, 425 (1930). 
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Abstract 

TL f calculation of the average internal field in a dielectric is carried out 


1 


Air N pa 


« + 2 3 1 

where Fis the molal volume, p is the density and 


■ X{)p 


^0 


32Tm^Pa^ 

45B 


V 3 BRTJ 


Here A and B are the constants of a van der Waal tvne eointinn nf cc , f n-i • 

Introduction 

These facts were formulated in the following equation: 

^ = (1) 

“ ‘ho field 

constant Z dielectric 

the measured field £ is an average val Tf Use dielectric, it is clear that 
are incapable of detecting the flLtnaG ’ measuring systems 

space and time assoc It/d with ^ T ^ 

fluctuations in the mowlv 1. J ^ molecules. The 

portantpartin nevertheless, play an im- 

constituting the dielectric. ^ tfle moving molecules 

“'“■‘“'•'■e average value Of the 

** Contribution No. 253. 
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field effective in polarizing a molecule. Moreover, it is evident that the aver- 
ap internal field, referred to the moving molecule will not be identical with 
the field £ referred to a point fixed relative to the external measuring system. 
^ 1 he C ausius-Mosotti relation is usually accepted as giving the relation 

between the dielectric constant of a substance and the polarizability of its 
cOTstouent molecules. The computation of the internal field which leads to 
this formula purports to be based upon molecular considerations, but in the 
analysis, use is made of the device of a spherical cavity excised about the 
molecule. This seems justifiable only when the dielectric material is con- 
sidered to be a continuum. The empirical success of the resulting formula in 
no wp ansprs the logical objections to this analysis. For this reason, the 
use of the Clausius-Mosotti relation except in the case of gases at low density, 
where it has received adequate empirical confirmation, has been attended by 
great uncertainty. • 

There is here presented a statistical calculation of the average internal 
field leading to a formula which becomes identical with the Clausius-Mosotti 
relation in the limit of zero density, but which deviates somewhat from it at 
higher densities. 



Limitations ok the Case Considered and Derivation 
OF Dielectric Constant Formula 

The considerations to follow will be restricted to the relatively simple 
case of a gas of sufficiently low density so that the probability of molecular 
encounters involving more than two molecules is insignificantly small; and to 
temperatures sufficiently high so that an inappreciable fraction of the mole- 
cules are in quantized collision states such as may occur in molecular aggrega- 
tion. Under these conditions the molecules may be regarded as continuously 
distributed in configuratip, and moreover, the potential energy may be ex- 
pressed as a sum of terms involving the relative coordinates of only two mole- 
cules. 

It is desired to investigate the effect on the molecules constituting the fluid 
of an homogeneous external electric field. Take for consideration the region 
between the parallel plates of a condenser assumed to be filled with a fluid in 
equilibrium consisting of n+ 1 molecules of identical polarizability. Select for 
o^bservation a molecule 7 not in the immediate neighborhood of the bounda- 
ries. The instantaneous and total field F,- acting on j may be written, 

F, = D+F/ ( 2 ) 

where, as before, £», the dielectric displacement, is the field arising from the 
external charge distribution on the condenser plates and F/ is the field arising 
from the other molecules of the dielectric. If, however, Ff^' is the field arising 
from an arbitrary molecule k we may write. 

Pi =iFi,/. 



( 3 ) 
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The average value of any Fi/ term may be written : 

I ■ ■ ■ f F,-i:'e-‘^*/^^dTt ■ ■ ■ dT„ 
= 1 

/ •/ e • ■ • dr,. 


(4) 


where u* is the total potential energy of the system and dr^ is an element <jf 
the complete configuration space of a single molecule. The integration is to be 
extended over all of configuration space available to the moleailes. 

It will occasionally be convenient to consider F,;/ as averaged only (AX‘r 
the orientations of the molecules, designated by F,/, while the final average 

of Fjk over all configurations of the centers of gravity of the molecule will be 
denoted by F/;. '. 


/////// 



y- cr 


We proceed to calculate F,-.', the molecular field acting on the molecule ; 
originating in an arbitrary molecule k. Choose a system of rectangular co- 

to the vector y h '' 

to the vector D. Similarly choose a second system {x', V, s'), with oriein at 
the center of gravity of k with axes parallel to (x, v, s) see Fig 1 

Suppose molecule k to consist of an assembly of charges c,' ■ • • whose 
a jage pos...„ns .a_.h. isolated n,„lec„,e are given by the coordinate a,.’', 

J^lo f Xi.n . Xnn . ■ \A/n<an O L "a ^ 


r. ' ^ f WJU r: 1J * — wwuiiiaxes , 

, Zio . When a field is present it will be assumed that the 


perturbed positions, x/, y/, s/ are given by 

®io' + fiXk 


Xi 


y/ = yii + fiYk 

Zi’ = + fiXk 


(5) 
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where thefi s are constants and Y/c, are the components of the field 
acting on k. By expanding the potential at the center of j due to all the 
charges constituting In a series of powers of x/, yY, z/ there results for the 
potentialcj^jv/. 


, 1 r X 

4>jk = 2^ ; 

r 


Lr r f ^ 


( 6 ) 


“h 6 — 


+ 


of which the first term is zero for a neutral molecule. Here x, y, and z represent 
the coordinates of the center of gravity of k relative to j and r is the separation 
of the centers. We assume that the field, F,-,', defined by this potential may 
be regarded as homogeneous over the small region occupied by a molecule. 
For its z component we may write 



Using this expression for Z/*' in Eq. (4) and integrating over all possible 
molecular orientations^ we obtain 



I -I 


• • • I Zj’Ye ^'^'^dxidyidzi • • • dxndyndzn 


J • ■ ■ J e '^"‘‘^dxidyidzi ■ ■ ■ dxndy^dz^ 


( 8 ) 


where M is jthat part of the potential energy dependent upon the configuration 
of the centers of gravity of the molecules, Xi ■ ■ ■ z„. With the aid of Eq. (4) 
we may express Z,*', the value of Zj^.' averaged over all orientations of the 
molecules with respect to their centers of gravity as 


I 

I 


I 

I 

i 


^ P. Debye/ Polar Molecules, 27 (1929). 
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/3i 

' - T + T + 


.1 


( 9 ) 


where 


/32 


^0 [(3sVr^ - l)2)i + 3;vs X,/r‘^ + 3>'s7,/V^ j 
iAo[(lSsV>-*’ - 9z/r)Z^^ 4- (lS.v‘4/V" ~ 3s/r)r;- 

+ (15/z/f'> - 3z/r)n^ + (30.vs'-,'r« - 6.r,, nX,/.; 
+ i30yz^/r^ - 6y!r)nl'k - 30.rvs:V/.r//’4 j 

and po^a-j-ptySkT 

2/4 


^0 ~ + 


« , ^ 4“ 

3kT IS/e^P ^ 


iO' 


■ Here a is the sum of the electronic and atomic polarizabilities, Ee,-/*, /i is the 
permanent electric moment of the molecule, f,o the distance of the charge 
from the center of gravity ofjhejnolecule k is Boltzmanrris constant and 'f 
the absolute temperature. X^-, Yk, Zkt etc., are the components of the field 
acting on averaged over all molecular orientations. 

We shall write Eq, (9) in a slightly different manner : 

j 

lyZ 


Zi, 


Xr’ r‘ / \ H 


" BJ' 

+ —■ + 


...I 

/ 


( 10 ) 


where /3i', ^ 2 ' • _■ are formed by replacing Z*. Xk, ¥k etc. in jSi, 13^, by their 
average values Zk, Xk, Y k- Likewise, ft", ft", are formed by replacing these 
quantities in ^i^ft — • by the fluctuations from their average values, Zk 
-Zk, Xk-Xk, Yk-Yk, etc. It is apparent that_the first series on the right 
hand side of Eq. (10) gives the magnitude which ZjY would have if the mole- 
cule k remained rigidly polarized by the average field Fk throughout all con- 
figurations of the ceirters of gravity of the molecules. I'he second series gives 
the coitiribution to ZjF resulting from the fluctuation of Fj. from its average 
value Fk. 

From Eqs. (2) and (3) we have 


k«aii 


and 


Zi 




( 11 ) 


Moreover, it is evident that all of the Z,-/ must be identical, since the mole- 
cule k was selected at random from the n molecules surrounding j. Therefore 
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From Eqs. (8), (10) and (11) we obtain 

Zj == Ji + 


where 


h = n 


/ ■/( /r”‘+^'^e '‘"’'‘'dxidyidzi ■ ■ ■ dxndy^c 

J' ' ' ' J" ^~'‘'’°'’'d^idyidzi ■ ■ • dxndyndzn 
f J [ E/3m"/r“+2 e-^i’^i'd-Xi ■ ■ ■ dZn 

j f ■ ■ ■ dzn 


I he potential energy of the system may be written 


1 22 + tijk) 

j=^i k^i 


where is the normal potential energy of two molecules j and k which has 
been assumed to depend only upon the relative coordinates of the two, and 
u jk is the additional energy when there is an external field present. 

It is easily shown that for weak fields, Ujk' is always so small relative to 
kT, that it may be neglected in the evaluation of the integrals of Eq. (10). It 
will therefore suffice to consider u as given by the normal potential energy 

Uik^ 

Note 1. If and w* designate the electric moments of j and k along the z axis, averaged 
over all niolectilar orientations, then there may be written approximately, neglecting a term 
which is constant throughout the region considered. 




where 

fJij = pail) + F/) nik — Pq{D 4 - Fk)> 

We may anticipate the result of the calculation of Fi' by assigning to it the approximation 
— (8?r/3)(}A';&(i/'), where pis the density. Also approximately 

o \47riW"/ 

where o- is the distance of nearest approach of two molecules. It may therefore be safely assn inpH 
that nij and nik are in general of the order of magnitude of poD. Thus from Eq. (a), the maxi- 
mum value assignable to lajj' | is the order of magnitude of 

I (2pi)‘IF/tr^)(2 + a/ff^). 


kT = 4.11 X 10-“ ergs 
po = a = 8X 10-“ cc 
cr = 2.3 X 10”"® cm. 


For hydrogen at 300® K. we have 
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For a value of D of 900 volts/cm, there results : 


Since the series 

depends only upon the relative coordinates of j and k, the first integral I'l 
becomes 


/ / /( l?-H 




Ill 


e " ’‘"i xt dy d z * 


In evaluating the latter integral it will be sufficient In eniiiioy the \ aii der 
Waal’s or rigid-sphere molecular model It is assumed then, that the mole- 
cules have spherical symmetry relative to the coordinate system fixed in space 
by the vector D. Lack of spherical symmetry resulting from tlie orientation 
of a permanent dipole in the molecule, as well as from the induced deforma- 
tion of the average configuration of the charges c(mstituling the molecule, 
will be negligible unless the external field is very large. It will be further 
assumed that a distance of nearest approach, cr, exists sucli that 

=: X' for < cr 

When r^k><T, is to be expanded as 


1 + 1: 1/ 

Kt) 

The evaluation of Ii leads to the result 

h - 

li I^ —\Zk there results, 


Sir po„ 
3 V 


/Sw n \ 

z/=. xj. 


physical distinction between molecules, j and k and accordiii:,giy 

d Zk must be equal.^^ 

Note I L First make the approximation 

of the condenser. It will differ from the above 
of the- volume of a single molecule.- ..After., 
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^ r’^ 1 (ft' , ft' ) 

LJ„ I + Li JI7+7+ ••■ i 

where Si and S 2 are the distances of the molecule j from the two plates of the condenser. 

It is possible to expand Ujk^ in powers of i/r of which the dominant term is a/r^? 

It is therefore obvious that when the multiplication indicated in the integrand is carried out, all 
terms except /Si'/r will contain 1/r to the second or higher powers. The contribution of these 
terms to the integral will decrease so rapidly with r that we may safely take the upper limit in 
the integration over r as co . We then may write 

'' -f r[rr+ £7( -s' 


+ + . . . j j 1 + |1( _ j sin 0 ded 4 dr. 


It is to be remembered that is independent of 6 and since it has spherical symmetry around 
j because of the avex'aging over all mutual orientations of j and k. Moreover, each of the coeffi- 
cients pli', jSii • • • satisfies the relation 

r r ^ni' sin dddd4> = 0. 
d n do 

It follows that through integration over the angles the second integral vanishes term by term 
and there remains when we insert the value of /3i' 

+J J J - 1) + 3X* sin e cos 4> 

^ ) dr ^ 

+ 3 F/^ sin d sin <f> h sin Odd — d(f> 

Integration over r and yields 


irn « ( O' 

— paZk i — I (3 cos-d — 1) log cos 6 sin Bdd + | (3 cos^fi — 1) log — 

F c do do Zl 

cr } Stt uPiiff 

+• j {$cos^9 — 1) log — sin<?d(9[ == — — ■— Zfc. 
dw2 Sa ) 3 V 


Sir 

' J "f 


It is to be noted that this quantity is independent both of Zi and sj as well as of a. 

The subscripts may therefore be neglected and the average value of the Z- 
component of the internal field becomes, if it is remembered that Z = Z'-{-D 
(Eq. 4). 

f = (13) 

Sir n 

1 H — pz X 

3 F 

A similar calculation shows that F, and X,- vanish, and the average value of 
the resultant internal field F is merely. 


It 




Swn 

- Eisenschitz and London, Zeits. f. Physik, 60, 491 (1930). 
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■ This equation when combined with the usual classical relations^ 

D - eE 
D = E + AttF 


-pfF 


gives.; 


e — 1 At 1 

F - 

€ + 2 3 1 X 


flSj 


where v is the molal volume and e is the dielectric constant* Equation (IS) 
reduces to the familiar Clausius-Mosotti relation 


■ € — 1 At / 

-V = —Npu 


e + 2 


m 


only if X is identically zero for all temperatures and pressures. 'Fliis is not in 
general true. The quantity X is a measure of the contribiitiun of the fluctua- 
tions in jP. It will be shown that X is proportional to the densil y as long as only 
binary molecular encounters need be considered. I'or very dense gases, on the 
other hand, the effect of the fluctuations is less important and X will be smaller 
than the formula indicates. 

In evaluating the quantity X it will be sufficient to retain only the dipole 
term in the Z/// series. It will be conveneint to make use of the identity 

- lu') + z,/ - z,/ 


X may then be written 


n 

I 


j* ' ‘ J ’ (k,i 

Tl 




i * 


dSn 


where 


po (/3s2 




^{Zkl — Zid) + (Zi^/ Zk'/}: 

i— f-SK-i ... 


+ ■ 


3x2 


EUu - AV) + (^a./ - Xa-/} 

L M ■" 


+ 




I 

L 


YkiT) + (Fa/ - Y. 


a/)]}. 


If the integration over the coordinate of ail the I molecules is carried out 
under the assumption that each of the Zai terms is independent of the relative 
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positions of j and k, there results (consistent with the original postulate of 
binary encounters) 

where Xk/ , Yk/, Zk/ now denote the values of these quantities when the 
average field from the other molecules is acting on both j and k» It is obvious 

that 

Zki^Zik^. 

Transformation to polar coordinates and integration over the azimuthal angle 
(p yields, since Xk/ and Yk/ are obviously independent of p. 


iTfl f /* r— =1 

J j ^\Zhi Zki\^ V® 




=: — (3 cos^ 0—1), 

^3 

It will be seen immediately that the contribution arising from Z&y' may be 
ignored since it amounts to 

Sirnpo Zki 

V T 

a quantity of the order of magnitude of \/n since Z^ — nZ'kj- Moreover, it is 
obvious that after the integration over p 


Zh/ = KZi 


( n~l 

Yj- 


n + Zjk 


'^Zjk differs from Z by a quantity of the order of magnitude of 1/n. Since 

i-i _ " _ 

Zjk =Zk/ the expresvsion for X becomes, after solving for Zkj\ 


I 1 — K 


sin Bdr, 


When Ipo/a^ is small relative to unity and only the first two terms are retained 
in the expansion of the above expression is closely approximated by^^^ 

1 A \ 

'~45SF~\V’^T BRt) 
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where A and B are the constants of the van der Waal type of equation of 
state and v is the molal volume. The condition that 2/>»,/o-'‘ be small relative to 
unity is in general fulfilled by non-polar substances, (hydrogen ; 2/;,/ o'" = l)T 2). 
For polar substances where 2^o/(T® often exceeds unity (anniuana; 2pu/a" = 
1.6), it is probable that the above expres.sion is still a fair repre-cntation oi X. 


Note HI. If A/l-ic is expanded and only the first term of the 
expression for X becomes 


If is expanded and only the first two terms 


are retained, and further if it is assumed that 


one obtains 


Since the van der Waafs cohesive pressure constant, A , is given by 
ttW r*” ti ,,'iAuik 2vNH , 


and the volume constant is 


It is found approximately that 


If the aggregation effect is ignored and one sets ec|ual to iinily 

. 2ir» Ctt r“ M3 cos=9-1) 


This integral may be exactly evaluated as 


where 


The quantity remains finite as long as Ipo/a^Ki, When the logarithm is expanded the first 
term is 

l6wpQ^ n 


which, agrees with the previous result. Moreover when Pq/^^ Is in the neighborhood of 04, the 
error introduced by neglecting the remaining terms is found to be less than 3 percent represen- 
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tation of X, Even in this case 'Ipalr^ remains small until very small values of r are reached. Thus 
for ammonia Ip^jr^ <SSII when r>2(x. For smaller values of r, the formulation of the integral 
ceases to be exact. Here the intensity of the mutual field of j and k becomes so great that an 
electrical saturation sets in and the electric moments of the two molecules are no longer propor- 
tional to the field intensity. If in a very rough manner one replaces ^0 by 


pQ + 


iZk KkTJ SkT) 


where L(x) is the Langevin function, it is seen that while 1 — /c may differ appreciably from 
unity, it never becomes extremely small. Moreover, the effect will produce a corresponding 
diminution in so that it should not strongly affect the magnitude of the factor kV(1 -I) in 
the integrand. 


If one sets X = Xo p where p is the density in moles per cc and designates 
47r Np(i/3 by Pq, Eq. (15) becomes 


where 


€ — 1 4:TNPq 1 
6 “h 2 3 1 Xop 


Xo 


— (l + — ) 

5B\ 3 BRTl 


(18) 


Equation (18) becomes identical with the Claiisius-Mosotti formula only in 
the limit of zero density. When p is small, they may, however, approximate 
each other very closely over a considerable range of density. A calculation of 
Xo for air, nitrogen and hydrogen indicates that the factor 1/1 — XoP gives rise 
to a deviation of less than .05 percent from the Equation (16) at 100 atm. and 
20®C. This is in accord with the experimental results of TangP who found no 
measureable deviation from the Clausius-Mosotti law for these substances. 
Measurements of the dielectric constant of carbon dioxide^ at high densities 
indicate that the Clausius-Mosotti function, (e — l/€+2)y, increases with in- 
creasing density as Eq. (18) demands. However, the rate of increase is about 
twenty times that to be expected from the value of Xo calculated from the 
equation of state constants. It is probable that this gas may not be treated as 
an assembly of molecules of identical polarizability at the temperatures of the 
dielectric constant measurements.^^ 

Note IV. [Suppose a mixture of several molecular types corresponding to various vibrational 
states of the molecule. It is easy to see that if these various states differed in polarizability, a 
shift in the distribution among them due to a change in density, might well increase the mean 
molecular polarizability in such a manner as to give rise to the observed effect.] 



■ii 

I 

1 


Measurements of the dielectric constant of ammonia^ yield values of (e — 1) 
7/(€*+'2) which to 30 to 40 atm. follow Eq. (14), with a value of Xo calculated 
from the equation of state constants. In the higher pressure region the slope 
of the experimental curve decreases rapidly and a negative deviation from 


* K. Tang!, Ann. d. Physik 29, 59 (1908). 

^ F. G. Keyes and J, G. Kirkwood, Phys. Rev. 36, 7S4 (1930). 
« F G. Keyesand J. G. Kirkwood, Phys. Rev. 36 (1930). 
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Eq. ( 14 ), occurs. This.is not surprising since tlie assiiiiiivtioiis iiiicliulyiiig tlic 
whole of the present analysis are highly siniplifit.‘d. 

Ill the present clisciissioii it has been assiimf‘d that ihv iHJiindaries of tlie 
dielectric material consist of two planes pc‘rpendiciilar to tlu* direction an 
homogeneous external field. It seeiiis probable that il the* iKiuiidary surface of 
the dielectric is of an irregular clKirader, iiihoinogenit v in tin* a\tnage iiitenial 
field will arise and Eq. ( 18 ) will no loiigvr be strictly valid. Such 
tions would of course not be of iinportanc’c at Irnv dt'iisilie- wlurre /*' is small 
compared to D, Under the latter conditions t hc‘ simple ion 


I 


4ir 

—XpD 

3 


is valid, regardless of the character of the boiinda.r\' siirfactc 

It is a matter of great interest that the ohser\'ed fh/viatioiis from the 
Glausiiis-Mosotti relation at high densities are much lower than Eq. (!H) pm- 
diets. This is not difficult to unclerstai'id when it is observed that collisions 
involving more than two molecules will decrease the \’ahie ol X, tlic* mceisiire 
of the contributions of the fluctuations to tlie average iriokuailar field. I n fact, 
’ barring effects due to quantized vibrations or rotations, the (dausiiis-XIosotti 
function would be expected, on the Ijasis of the preM*nt fheory, to a|jproaeh 
absolute constancy when the raoleciiles were at all iimtants continuously 
under one another's mutual influence. The dielectric constant data for liquid 
carbon dioxide under various pressures proves the supposition tentatively, 
for the computed Clausius-Mosotti function shows no variation. 
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SvM,BOi:,.s 

Mean field Intensity. 

Dielectric displacement. 

Number of molecules. 

Dielectric constant. 

Total field (sum of molecular and external, fields) acting cin a molecule j' in a dielec- 
tric. 

Molecular field acting on j. 

The component of FJ arising from a single ntolemile k. 

Average value of over all molecular oriental kms. 

Average value of FJ over ail configurations of the €c‘nters of gravity of the 
molecules. 

Element of configuration space of a single molecule /e. 

Rectangular coordinate system with origin at center (jf gravity of the nioh^cule j 
and with s axis parallel to 1). 

Rectangular coordinate system with origin at center of molecule k. 

The charges con.stituting the molecule 

Average coordinates of the charge Ci when there is a perturbing field, 

Elastic constant for linear displacements of ei from its average position in the 
molecule. 

Potential in the interior of the molecule j due to the molecule k. 

Separation of the centers of gravity of j and j<!. 

Components of Fj along the axes of the coordinate system [.\y y, s]. 


XJ, F/, Z/ Components of F/ along the axes of the coordinate system [x, y, z]. 
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m Total potential energy of the ensemble of molecules. ‘J. 

Mutual potential energy of the two moleculesi and | 

Ujk That part of dependent only upon the configuration of the centers of gravity ' 

ofjand^. 1'; 

Wjk The value of when there is no external field.. i 

pa Polarizability of a molecule. ' 

a Sura of electronic and atomic polarizabilities. 

M Fixed dipole moment of a molecule, 

cr Distance of closest approach of two molecules. 

V Volume of the system. 

V Molal volume. ; 

p Molal density. 

r. 

I 

i 
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LETTERS TO THE EDITOR; ' 

Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department* Closing dates for this depart- 
ment arejor the first issue of the month, the twenty-eighth of the preceding month; 
for the second issue, the thirteenth of ike month* The Pocird of liditors does not 
hold itself responsible for the opinions expressed by the correspondents, 

■ Hyperfine Structure and Polarization of Mercury Resonance Radiation 


In a letter to the Editor appearing in the 
November 15th issue of this Review, S. Mro- 
zowski has described certain experiments on 
the polarization of the X2537A resonance ra- 
diation of mercury which he finds difficulty in 
reconciling with the previous work of Mac- 
Nair and the author.^ We showed that the 
low polarization of this resonance line was due 
to the two outer of its five hyperfine structure 
components, not the —25.4 m.a. component 
alone, as Mrozowski appears to assume. He 
concludes that resonance radiation excited by 
the —25.4 m.a. component only should show a 
lower polarization than that excited by the en- 
tire pattern. This he finds is not the case. 
This in itself involves no contradiction, for 
whether excitation by part of the pattern will 
produce a polarization different from that due 
to excitation by the entire pattern depends 
upon whether the relative population of the 
upper hyperfine structure levels is changed. 
For example if all five components originated 
in a single upper level no change would occur. 
Other arrangements might lead to the same 
conclusion, and as the levels are unknown 
there is no essential contradiction here. 

However Olson^ showed that this reso- 
nance radiation excited by an arc run on very 
low current might be as high as 86 percent 
polarized instead of the usual 79-80 percent. 
He supposed this change in the polarization 
was due to a change in the relative intensities 
in the h.f.s. pattern, and in fact there appears 
to be no other possibility. Olson also showed 
that the product of mean life into Larmor pre- 
cession frequency did not change. This shows 
that the polarization is not then independent 
of all relative intensity changes and raises the 
question why Mrozowski observed no change. 
The writer has carried out these experiments. 

Light from a mercury arc is passed through 

^ Ellett and Mac Nair, Phys. Rev. 31, 180 
(1928). 

2 Olson, Phys. Rev. 32, 443 (1928). 


an absorption cdl 8 cm long cuntaioing mer- 
cury vapor at a pressure of lig 

(20''C) placed in a magnetic field of 2000 
gausses intensity. The light passing througli 
this cell polarized %vith its electric vector par- 
allel to the field was used to excite resonance 
radiation in Hg vapor. The resonance i>ulb 
was placed in a magnetic field of 50 gausses 
parallel to the electric vector of the exciting 
light. The resonance radiation so excilcMi 
showed a polarization very much less than 
80 percent. This was shown cleiirly by two 
photographs of the resonance radiation taken 
through a Wollaston prism, one of four mi- 
nutes duration with the alisorption cell in 
place as mentioned above, and one of one mi- 
nute with no absorption. In the one minute 
exposure the strong image was 

stronger than the strong image in the four nu- 
■ nute exposure, while the weaker image in the 
' four, minute’ exposure was stronger than the 
weak image in the one minute picture. No^ at- 
tempt was made to measure accurately the 
polarization of the resonance radiation so ex- 
. cited. ■ It is safe to say that it was not greater 
than 60 percent. 

Precisely similar results were obtained with 
a magnetic field of 50 gausses parallel to the 
exciting light beam. Here the excitation is by 
ELII. No attempt w-as made to excite reso- 
nance radiation in zero field with this filtered 
radiation. In order for such results to be signi- 
ficant the stray field of the magnet used on the 
filter must be very exactly compens«ited and 
time for this is not at present available. .Spec- 
troscopic stability would lead us to expect the 
same polarization in zero field as in a field 
parallel to the electric vector of the exciting 
light, unless such a field produces a Paschen- 
Back effect upon the hyperfine structure. I f th is 
were the case such a field should also affect the 
polarization wdiere the excitation isbythe entire 
line, and it is known that this is not the case. 

It may be noted further that resonance 
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radiation excited by the iinfiltered light from 
an arc polarized with E parallel to a magnetic 
field of 1700 gausses shows all live h.f.s. com- 
ponents. This resonance radiation after pass- 
ing through 7 cm of Hg vapor at 2X10"~'^mm 
pressure consists of both the outer h.f.s. com- 
ponents and these very little reduced in in- 
tensity, while the central three are too weak 
to appear in the Lummer plate pattern, which 
seems to require that both outer components 
are shifted by the field, though MacNair ob- 
served a shift of only the short wave-length one. 


On this account I think that the excita- 
tion in the experiments described above was 
by both outer components. I have not been 
able to devise a filter to transmit the —25.4 
m.a. component only, as Mrozowski has done, 
though I have tried fields of various values 
from 1000-3500 gausses. When —25.2 comes 
through it is accompanied by +22.1. 

A. Ellett 

Department of Physics, 

University of Iowa, 

January 3, 1931. 



Application of the Fermi-Thomas Model to Positive Ions 


Recently, Baker’' has attempted to apply 
the Fermi-Thomas method to the calculation 
of positive ions. He gives a general discussion 
of the solutions of Eq. (1) (For notation see 
Baker’s paper) including those which do not 
satisfy the usual Ijoundary condition v{ x ) =0. 
There are solutions of this equation abo\'e 
and l:>el(n\' that given by Fermi and Thomas, 
and Baker applies the above functions to the 
physical problem of a positi\'e ion. We be- 
lieve, however, that these functions have no 
physical meaning, and that one gets the po- 
tential distribution in an ion with the aid of 
the functions below, which intersect the ^tvaxis. 
This can be seen from the following argument: 

One gets the usual Fermi-Thomas equa- 
tion by assuir.ing that every cell in phase 
space for which the energy p^/2m — ev lies be- 
low a given vailue Eu contains two electrons 
and those with higher energy are empty. The 
v^alue of £o is then delined by the total num- 
ber of electrons. In the case of a neutral atom, 
the necessary value of Eq is zero (i.e. equal to 
the potential at r= 'x ) and therefore one never 
introduced it as a parameter. In order to make 
the number of electrons less than Z, one has 
to choose a negativ’e value of Eo, so that the 


number of electrons per unit volume will be 
given by 

29 / 2 ^^„ 3/2 

n = — - EqY^'^ if r < zo 

and n ~ 0, if r > Zo 
where Zo is defined by evir^) =Eo. The function 

W(r) = vir) - —Ea 

e 

then again satisfies Eq. (1) for values z < Zo and 
AIF = 0 

for z>Z(). It vanishes at z = zo and is continuous 
together with first and second derivatives. The 
potential distribution of a positive ion can 
therefore be obtained from one of the curves 
designated by <t<0 in Baker’s Fig. 1, up to the 
point where it intersects the AJ-axis. Beyond 
this point one simply has a Coulomb field. 

Eugen Guth 
Rudolf Peierls 
Physical Institute E.T.H. 

Zurich, Switzerland. 

December 12, 1930. 

^ E. B. Baker, Phys, Rev. (2) 36, 630 
(1930). 



Diffusion of Metallic Vapor in Condensed Spark Discharges 


Recently, Beams’ in a paper on “Spectra in 
Spark Discharges,” referring to the diffusion 
of metallic vapor into the spark gap during 
the process of discharging, remarks: “These 
streamers have been previously observed by 
several experimenters* but whether they are 
jets of luminous vapor or pulses of luminosity in 
the vapor has not yet been completel}^ settled.” 

’ Beams, Phys. Rev. 35, 24 (1930). 

* E. C. C. Baly, Spectroscopy 2, 153, Long- 
mans (192:7). 


The writer^ begs , to submit two shadow- 
graphs of sparks taken by him at Indiana Uni- 
versity in 1926 which suggest at least one mode 
by which this process takes place, namely, that 
of vapor pulses. Referring to the accompany- 
ing figures, both sparks were photographed un- 
der the same circuital conditions with the ex- 
ception that in the case of Fig. 2 which exhibits 
a spark somewhat older than that of Fig. 1, the 

2 Zinszer, Phys. Rev. 29, 752 (1927); Phil. 
Mag, 5, 1098, (1928). 
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retarding capacity of the illuminating gap was 
about 1.4 times a>s great as that under which 
Fig. 1 was photographed. 

A characteristic of the diffusion as noted 


Fig. 1 


Fig. 2 


if) I"ig. 2, iHie that is quitt* general in all of in^ 
plates, is the iiH‘pualit\ of lelnt-sis' ol posit3\e 
and negative di^^ll^Ktn. d’his I'l proven li\ t lu* 
fact that ht*re the dlifusion Imni the !ieeati\'f 
electrode has almost arri\'f’d at the < ent**? of 
the gap spa(’e u Idle I frit fnan the po-df i\ e dci 
trode is much less mobile. 

Other tiiodes of \af)or ditfusion a.- intii- 
cated by m\- (’olleetion of nogative- shou i?i 
some cases depending fjjHUi the n’rruital ar- 
rangement a diseont inuous dilfusiofi, that 
diffusion in the form of small discrete (’loutls of 
vapor superimposed on the heatt-d air (if ih< 
‘‘pilot” spark; also a forced diffusion in tin 
form of tiny globules of vapor correspond ini- 
probably to the “jets” mtuiti<ined abo\ e. A 
more eompr(*hensi\'e diseus.^ion td' thiN matter 
will follow later. 

H \R\ i‘.v A. 

Kansas State 'IViiehers i 'oiiege, 1 la^^-, Kams. 

Deeember Jd, l‘MO. 


Positive Ions Emitted by Iron and Copper 


A mass spectrograph study of the positive 
ion emission from Fe and Cu has shown that 
at temperature slightly below the melting 
points of the metals singly charged atoms of Fe 
and Cu are emitted. In both cases the metals 
were supported and heated by a tungsten fila- 
ment. The accompanying curve, Fig. 1, is 
typical of data obtained from Cu and shows 
its two isotopes at atomic weights 63 and 65. 
The Cu used was at least 99.99 percent pure 
and the gas pressure in the mass spectrograph 
was kept at or below 10”® cm Hg. The values 
of the positive ion currents are only relative 
but the values of the atomic weights are abso- 
lute, having been computed from the poten- 
tials and magnetic fields used to accelerate and 
deflect the moving ions, and from the radius of 
the ion path. 

No absolute measurements of the positive 
ion currents from these metals have yet been 
made but the mass spectrograph measure- 
ments indicate that the currents produced at 
temperatures very near the respective melting 
points of these metals are of the order of one 
one-hundredth of the value of the positive ion 
currents of potassium which are produced 
when these metals are first heated. 

In an abstract of a paper to be given by 
H. B. Wahlin at the December meeting of the 
American Physical Society in Cleveland, there 
appears a list of metals which it is claimed 


“give only alkaline ions.” Aiiioug tin/ metals 
thus listed are I'b' and C'u. "1 lie discrepancy 
between the two rejMnis Jiiay la; due to a dib 
ferenct* of seii.siti\'ity in (airreut ineahureinents 
or to a dilTerence in tlie temiieralures tji which 
the metals were rai.sed. 


S8 m &s m m £s 

Atotnit Wetjht 

Fig. 1. Positive ion current from (’u 

Preliminary measurements indicate that it 
is possible to obtain positive ions of nickel by 
raising its temperature to a value just below 
its melting point. 

LeRoy L. , liARNt:s 

Cornell University, 

December 24, 1930. 
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Spark Spectrum of Rubidium (Rb II) 


The resonance lines of the first spark spec- 
trum of rtibkliuni have been excited in a hol- 
low cathode in helium and photographed with 
a 1 m vacuum spectrograph. The excitation in 
helium is only about, three volts rao,re than 
sufficient to excite the resonance. lines (Sawyer, 
Phys. Rev. 36, 44, 1930) so that all difficulty 
with higher spectra Is avoided and' only the 
resonance lines appear in the vacuum region. 
The three resonance lines are, X741,43, ?/134875, 
X711.17, 1^1406.12, ^0-4; and X697.04, 
1^143464,7^0 — ^2 10 the Paschen-Meissner nota- 
tion. . 

With the separations of the resonance lines 
as a guide, it has been possible to classify a 
large number of lines given l>y Reinheimmer 
(Rcinheimnier. Ann. d. i^iysik 71, 162, 1923} 
and Otsuka (Otsuka, Zeits. f. Physik 36, 786, 
1926) in the rubidium spark spectrum. The 
energy le\'€l scheme given by Reinheimmer is 


correct but incomplete. It is to be interpreted 
as transitions from the 4:p^Sp levels to the 47)^5x 
and Ap^4rd levels. The Ap^Ss levels show hyperfine 
structure which led to their identification. The 
ph and pH levels overlap as in K 11 (Bowen, 
Phys. Rev. 31, 494, 1928). 

It is interesting to note that the positions 
of the resonance lines are in good agreement 
with the excitation potential measurements of 
Mohler (Mohler, Phys. Rev. 28, 46, 1926). 
The calculated resonance potentials are 
X741.43, 16.65 volts; X711.17, 17.36 volts; 
X697.04, 17.71 volts, while Mohler gave 16.0 ± 
0.5 volts. 

George R. Miller 
Otto La forte 
Ralph A. Sawyer 
Department of Physics, 

University of Michigan, 

December 27, 1930. 


The Optical Spectra of Rhenium 


Although the discovery of rhenium (75 Re) 
was announced^ in 1925, and its characteristic 
Rontgen spectra were described'^ several years 
ago, 1 a.m. not aware that any details con- 
cerning its optical spectra have been pub- 
lished. The arc and spark emission spectra of 
rhenium have recently been photographed in 
the interval 2300-8000 A with the large con- 
.cave grating at the Bureau of Standards. A 


sharp division between lines characterizing 
neutral atoms and those belonging to ionized 
atoms has been made, and preliminary values 
of wave-lengths and relative intensities have 
been obtained. The spectra are of consider- 
able complexity and it appears that the ma- 
jority of lines have hyperfine structure. A 
partial list of principal lines of the Re I spec- 
trum is as follows: 


Wave-length Intensity Wave-number Combination 


3424.6 

40 c 

29192.2 


3451.9 

50 c 

28961,3 


3460.5 

200 c 

28889.3 

a^S2\’-h^Pz\ 

34^4.7 

100 c 

28854.3 


4133 ..4 

40 c 

24186.4 


4136.46 

50 

24168.5 


4227.4 

100 c 

23648.6 


4394.4 

40 c 

22749.9 


4513.3 

200 c 

22150.5 


4522.70 

50 

22104.5 


4791.4 

50 c 

20864.9 


4889.2 

500 c 

20447.6 

a'^S2\—cb^Pz\ 

4923.92 

60 

20303.4 


5271.0 

100 c 

18966.5 

a^S2\'-a^P\\ 

5275.6 

200 c 

18946.3 

a^S2\-a^P2\ 

5834.31 

80 

17135.2 


6307,7 

40 c 

15849.3 

b^P2^-Z^S2} 

6321.9 

60 c 

15813.7 

¥Pz\'-z^S2^ 

6350.7 

20 c 

15742.0 

h^P\\—z^S2\ 


'.The lines marked c are co.raplex. and have 
from 2,tO' 6 or more .components; for such lines 
the 'mean" '.'wave-length of the group is 'here 


rounded off to the nearest 0.1 A. The com- 
ponents of the widest lines extend over an in- 
terval of about 2 wave-number units; for some 
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the intervals and intensities diminish toward 
the red and for others to the violet. The hy- 
perfine structure of many of the lines has been 
resolved; 4889. 2 A has 6 components, 3460.5 
has 6 also while 3451. 9A has 4 and 3464.7A 
has 5. : ■ 

The strongest line in the Re spectrum is 
4889.2 A; it is undoubtedly the raie ultime for 
the spectro-chemical identification of rhenium. 
This blue line and the green ones at 527 1 .0 and 
5275.6A are the most brilliant tines in the 
visible spectrum. The ultraviolet lines at 
3451.9, 3460.5 and 3464.7A are also very in- 
tense and persistent. 

An analysis of the spectrum is in progress; 

Note on the Heat Capacity 

In a paper by the writers that appeared 
in the program for the Chicago meeting on 
November 28 and 29, 1930, the results of cal- 
culations on various physical properties of 
compressed nitrogen were given. These physi- 
cal properties are the specific volume, density, 
ingSicity, —{p/v) {dv/dp)T, (l/v) {dvldT)p, 
Cp— Cv, Cp, Cv, and /x, all calculated at twelve 
temperatures and fourteen pressures between 
— 70° and 600°C and between 20 and 1200 
atm, mainly from the compressibility data 
taken by E. P. Bartlett and his collaborators. 
The calculations were made possible by a sen- 
sitive graphical scheme for determining de- 
rivatives, which will be described in a com- 
plete article that will appear soon. At this 
time we wish to discuss one of the conclusions 
that was published in the abstract of the pa- 
per, viz, the one that says that the power series 
expressing Cp along an isotherm at pressures 
not too high must be of the form 

Cp - Cp* + bp^ + • 

These calculations of the change in heat 
capacity with pressure along an isotherm de- 
pend on the evaluation of — Tid^/dT^)p along 
that isotherm, through the thermodynamic 
relation —T{d^v/dT^)p~(dCp/dp)T, Experi- 
mental data below 20 atm throughout this 
temperature range are lacking and it is there- 
fore impossible to decide definitely from them 
just what course the —Tid^v/dT% vs. p iso- 
therms should follow as p approaches zero. 
At first we thought our determinations of the 
second derivative indicated that —T^dHj 
dr^)p~>0 as for at least some of the tem- 
peratures. However, Dr. P. H, Emmett of 
this laboratory, and Professor Beattie of the 


it appears that the normal state is represented 
by a sextet S term, Both 

and violate the interval rule but the 

relative intensities and the hyperfine struc- 
ture of combinations indicate that the levels 
are correctly identified. 

William F. Meggers 

Bureau of Standards, 

December 23, 1930. 

1 Noddackand Tacke, Sitzb. Preiiss. Akad. 
Wiss., 1925, 400 (1925). 

2 Berg and Tacke, Sitzb. Preuss. Akad. 
Wiss., 1925, 405 (1925); Beuthe, Zeits. f. Phy- 
sik. 46, 873 (1926) ; 50, 762 (1928). 

of Gases at Low Pressure 

Massachusetts Institute of Technology, have 
pointed out to us that our curves do not defi- 
nitely prove this. We wish to discuss the 
consequences of the course of these curves in 
the region of zero pressure. 

Since most of the direct calorimetric meas- 
urements of Cp have been made at 1 atm, it 
is necessary that the —T{dPv!dT‘'-)p vs. p iso- 
therms be extended below 20 atm to 1 atm. 
We have no experimental points in this re- 
gion, but Professor Beattie has kindly showed 
us that here an equation of state can perform 
a great service. This is true if it actually 
takes account of physical phenomena, for 
then, by using in it parameters determined by 
compressibility data from (say) 20 to 100 atm, 
extrapolation to low pressures can probably 
be accomplished. It seems likely that the van 
der Waals' pressure and the tendency toward 
association should exist clear down to the 
lowest pressures where they may«be identi- 
fied as and cjvT^ in the Beattie-Bridge- 
man formula, which gives 

- T{dHldV)p = 2A o/RP-f I2c/RT^ when /> = 0. 

This does not vanish at finite temperatures 
unless Aq and c are both zero, or unless the 
exponents of v in A^/v"^ and c/vT^ are both 
changed and made greater than 2 and 1 re- 
spectively. The van der Waals’ and Callendar 
equations of state, and possibly many others, 
likewise give expressions for -^T{dH/dT^)p 
that are not zero. 

Accepting the implications of these equa- 
tions of state, {dCp/dp)<p3^^ -whm #=0, and 
the first power oi p in the above series fox Cp 
would be present; C/ would then be the heat 
capacity at zero pressure. If {dCp/dp)f-^fl as 
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>0, the first power of p would be absent and to p = 20, 40, 60, . . . . atm. is not much af- 

would then be sufficiently defined as the fected by its course in the region of a few at- 

heat capacity at very low pressure, that is, mospheres pressure. Our calculations were 

there would exist some low pressure beyond first made assuming {dCp/dp)rp-^Q as ^-^0, 

which further expansion is not accompanied and were then repeated using the intercept 
by a comparable change in Cp. at most temperatures as given by the Beattie- 

The two ideas are different in principle; Bridgenian formula, and the two sets do not 
in the former case there is a property of the differ by more than a few hundredths of a 
gas that is realized only at complete zero pres- calorie/mole degree, which is well below the 

sure; in the latter case the property is realized probable error of any calorimetric measure* . 

at some sufficiently low pressure. Apparatus ment. 

for compressibility or direct calorimetric meas- The calculations on nitrogen will appear 

urements at low pressures might be devised to shortly. 

settle this matter experimentally. W. Edwards Deming 

It should be noted that for the calcula- Lola 'E. Shupe 

tions of the physical ]>roperties mentioned Bureau of Chemistry and Soils, 
above, it is not essential to decide between U. S. Department of Agriculture, 

these two points of \dew, because the area un- Washington, D. C., 

der a ~ vs. isotherni from December 26, 1950. 

The Entropy of Hydrogen 

The writer(Proc. Nat. i\cad. 15,678 (1929)) do this the entropy of every other state of the 

calculated tlie exact x'aliie for the entropy substance which can be reached by a r ever si’- 

of h}'drogen at 29S"K l.vy (iimritum statistics hie transformation is defined. Tlie difficulty 

using the partition funct ion with intercom- with the analogy between a mixture of hydro- 

bination of odd and even states. Previous gen and helium and a mixture of the two kinds 

to this, Fowler (Proc« Roy. Soc. USA, 52 of hydrogen is that ortho and para-hydrogen 

(1928)) and Giaiic|ue and Johnston (J. Am. do transform into each other and that the 

Chem. Soc. 50, 3221 (1928)) had discussed equilibrium will be attained, if the writer is 
i theentropyof hydrogen. Fowler neither made correctly informed, in any ordinary chemical 

himself dear nor, apparently, reached the reaction involving hydrogen. The only en- 

right conclusion. Giauque and Johnston did tropy that can have significance for chemical 

not state the exact numerical value to be e(|uilibrium therefore is the entropy of the 

expected for the entropy of hydrogen, but d is- equilibrium mixture. The non-equilibrium 

cussed the method by which the entropy mixture of hydrogen at low tem;peratures is 

should be calculated. The witer regrets that not a pure substance and yet its entropy must 

he misunderstood their proposed method of be calculated as a pure substance to have any 

calculation, and assumed that it would, lead meaning. 

to a value differing from the one he had ol> Two other points require brief comment. It 
tained. In a recent note (Phys. Rev. 36, 1592 is certainly not consistent with the current 

(1930)) they have pointed out that it leads idea of a molecule in chemistry or physics, to 

to the same result. Since we are in agreement say that there are ten varieties of molecules in 

^ thereneed be nofurtherdiscussionon this point, hydrogen. There are at most two varieties of 

The writer expects to discuss elsewhere the molecules. Also the choice of a value of 31.23 
conditions under which the entropy of matter E.U. for the entropy of hydrogen seems hard 
in a metastal'de state can be calculated by sta- to justify since it is neither a theoretical value 
? tistics, but, there should be no conf usion on thiS' , nor yer an experimental value. On the 

point. other hand it is entirely probable that the 

I Giauque and Johnston are entirely cor- value of 33,98 E.U, can be verified experi- 

rect of course in saying that the entropy of mentally if the heat data are obtained on 
hydrogen can be calculated without reference hydrogen with a suitable catalyst present, 
to a possible equilibrium between hydrogen W. H, Rodebush 

and heHum. We can define arbitrarily the Chemistry Department, 
entropy of any metastable state of a sub- University of Illinois, 


stance, e.g.; monodinic sulfur. As soon as we December 26, 1930. 
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ERRATUM 

Magnetic Susceptibility of Gases. Part I, Pressure Dependence 
By Francis Bitter 
(Phys. Rev. 36, 1572, 1930) 


On page 1572 of the above mentioned paper 
a gas mixture is discussed whose composition 
is given as 89% C02+ll% O 2 . This is ob- 
viously an error in transcription, and should 
read 98.9% C02+l.l% O 2 . That this is so 
follows from the fact that, as stated, the con- 
centration of the mixture was calculated from 
the ratio of the susceptibility of the mixture to 
that of pure CO 2 . This ratio is given as —0.83. 
If a represents the fraction by volume of O 2 in 
the mixture, the following relation must be 
satisfied 

{l-ci)Kc02AoLKo^ 


In all references to this CO 2 — O 2 mixture, the 
O 2 content should consequently be divided by 

10 . 

The experiment involving this mixture was 
undertaken to repeat observations made by 
Glaser, and the intention was to produce a 
mixture containing about 1% of O 2 , as was 
actually done. I wish to express my indebted- 
ness to H. Buchner^ for calling my attention 
to the above error. 

Francis Bitter 

Westinghouse Research Laboratories 
East Pittsburgh, Pa. 

January 9. 


and substituting KCO 2 ~ 8.3 X 10"^® and 
i?02==*9‘14XlO”® this gives for a 1.1X10"2. 


1 H. Buchner, Ann. d. Physik. 7, 728(1930) 
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BOOK REVIEWS 

Sammltmg Goschen: Nr. 698, Algemeine und Physikalische Cliemie, Zweiter Teil; von 
Professor Dr. Hugo Kauffmann, Nr. 804, Grandbegrifife der Chemie, von Dr. E. Rabino- 
wiTSCH. Published by Walter de Gruyter and Company, Berlin and Leipzig, 1930. Price R.M 
geb. 1.80 each. 

These volumes of the Sammlung Goschen present in a brief but clear manner the funda- 
mental ideas and principles of the subjects which they cover. The volume on “Algemeine und 
physikalische Chemie” covers the following subjects in 145 pages. (1) Chemical Constitution (2) 
Thermochemistry (3) Electrochemistry (4) Photochemistry (5) The Properties of Atoms (a) 
atoms and electrons (b) radioactivity. The little volume on “Grundbegriffe der Chemie” has 148 
pages of subject matter divided into two parts. In the first section the elements and chemical 
compounds are discussed under the headings (a) Constitution, Kind and State of Matter (b) 
Structure of Matter. Section two is devoted to chemical reactions. Here are discussed reactions 
and their symbolic representation, heats of reaction and chemical equilibrium. While the con- 
sideration of the subject matter must necessarily be brief, the material is correctly and carefully 
presented. Students in other fields of science should find these volumes especially useful in giv- 
ing them a brief but clear picture of the field of theoretical chemistry. Students of chemistry 
wishing to review the subjects will also find these volumes very satisfactory. 

L. H. Reyerson 

The Theory of The Potential. W. I). MacMillan. Pp. xhi 4-469. Figs. 112. McGraw- 
Hill Book Co., New York, 1930. Pidce $5.00. 

A short chapter on the calculation of the force of attraction between finite bodies of con- 
stant density and simple form is followed by a longer chapter on the Newtonian potential func- 
tion. Next comes a chapter on vector fields, in which the theorems of Green, Gauss, and Stokes 
and Poisson’s equation are developed. Chapter IV deals with the attraction of surfaces and 
lines with particular attention to cases where the attraction is not well-defined. This is followed 
by a chapter on surface distributions of matter in which Green’s problem is developed, and 
one on two-layer surfaces such as are involved in electrostatics and magnetostatics. The last 
two chapters are on spherical harmonics and ellipsoidal harmonics. A brief bibliography and 
index close the book. A few problems, more of a mathematical than of a physical nature, are 
placed at the end of most of the chapters. 

Scalar notation is employed throughout, and the potential is taken with the opposite sign 
to the potential energy in the major part of the text. While this question of sign may not be of 
much importance in gravitational theory, the confusion necessitated by the change of sign when 
two-layer surfaces are treated could easily be avoided if the potential were always taken with 
the same sign as the potential energy, as is the general usage in electrostatics and magnetosta- 
tics. 

The subject is clearly and logically developed, and only a reasonable amount of mathemat- 
ical preparation is required of the reader. The book is excellently printed and very free from 
printer's errors. 

Leigh Page 

Mechanics for Students of Physics and Engineering. Henry Grew and K. K. Smith, Pp. 
xvi4“371. 215 figures. Macmillan Co,, New York, 1930. Price $4.00. 

Although an outgrowth of the senior author’s “Principles of Mechanics,” published a quar- 
ter of a century ago and for some time out of print, this text is more than a revision of the earlier 
work. Not only is the arrangement new, but chapters on statics and wave motion have been 
added, and the historical setting, which the senior author is so skillful in portraying, has been 
given a more prominent position than before, 
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By beginning with statics and its applications, the authors are able to defer the use of the 
calculus until a quarter of the text has been covered. This makes the book especially suitable 
for use with elementary students who are starting calculus and mechanics at the same time. The 
authors point out the value of vector methods at the very beginning, and introduce the vector 
product as soon as they have occasion to deal with torques. This simplifies the analysis and 
puts the emphasis where it belongs, that is, on the physical concepts involved instead of upon 
the auxiliary mathematical methods required for solution. 

Statics is followed by kinematics and kinetics, particular emphasis being laid on the paral- 
lelism of the dynamics of translation and that of rotation. The concepts of force and mass are 
analysed more carefully than is customary in elementary texts, a careful distinction being 
drawn between gravitational and dynamical mass. The applications chosen to illustrate the 
mechanical principles presented have been most happily chosen, as regards both the stimula- 
tion of the reader’s interest and the exemplification of the particular point under discussion. 
Kinetics is followed by chapters on friction, properties of elastic bodies, hydro-mechanics, and 
wave motion. 

The historical rather than the logical method of approach has been followed in the main. 
While this method of treatment may be subject to criticism in a more advanced text, it doubt- 
less possesses pedagogical advantages in an elementary book. Unquestionably the historical 
atmosphere which pervades the whole of the treatment is a source of much added interest, par- 
ticularly to the student who does not intend to specialize in physics. 


Leigh Page 
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PROCEEDINGS 

OF THE 

AMERICAN PHYSICAL SOCIETY 

Minutes of the Los Angeles Meeting, December 12-13, 1930 

The 167th regular meeting of the American Physical Society was held in 
Rooms 29 and 137 of the Physics-Biology Building of the University of Cali- 
fornia at Los Angeles, jointly with the Acoustical Society of America, on 
Friday, December 12th and Saturday, December 13th, 1930. The meeting 
was called to order by the local secretary of the Pacific Coast at 10:15 on 
Friday morning. On vote of the members of the Society Professor S. J. Bar- 
nett, chairman of the Physics Department, University of California at Los 
Angeles, presided. 

The morning session was devoted to papers on spectroscopy, while the 
afternoon session consisted of a joint session of the Acoustical Society of 
America and the American Physical Society dealing with problems of mutual 
interest. On Saturday morning the program of the Physical Society was con- 
tinued, dealing largely with topics of general interest exclusive of spectro- 
scopic and mathematical-physical subjects. On Saturday afternoon at four 
o’clock the meetings resumed for the presentation of papers on mathematical- 
physical subjects and on x-rays. The meetings adjourned at 5 :30. 

The members of the Acoustical and Physical Societies attended a joint 
luncheon on Friday noon in the Y.W.C.A. building of the Llnivensity of Cali- 
fornia at Los Angeles. There was a subscription dinner on Friday evening 
for both societies at the Beverley Flills HoteL At noon Saturda}^ the mem- 
bers of both societies were entertained at a luncheon given by the members 
of the Acoustical Society of America resident in Los Angeles, which had been 
kindly arranged by Professor Vern Knudsen, the luncheon being given at 
the Hotel Roosevelt. 

There were some sixty members of the American Physical Society in at- 
tendance, covering representatives from the Pacific Coast as far north as 
Oregon. 

As there were no cpiestions of importance to come before the society at 
this time the meeting adjourned without holding a business session. 

The regular scientific session consisted of thirty-one papers. The ab- 
stracts of these papers are given in the following pages. An Author Index 
wilhbe found at, the end. 

Leonard B. Loeb 
Local Secretary for the Pacific Coast 
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ABSTRACTS 

1. Optical constants of CS 2 -gasoline mixtures, at approximately 20°C, over the whole con- 
centration range. L. E. Dodd, University of California at Los Angeles. — Optical constants, par- 
ticularly WD and dispersion values, are obtained with a refractometer of the Abb6 type, having 
heatable prisms. The gasoline used is of the commercial type, and the CS 2 is commercial. 

2. Metastable molecules and active nitrogen. Joseph Kaplan. University of California 
at Los Angeles. — Strong uncondensed discharges through mixtures of nitrogen and mercury 
vapour at pressures of about 5 cm, yielded spectra of the first positive group of niti'Ogen with 
intensity distribution remarkably similar to that observed in the nitrogen afterglow. The 
bands originating on the B 7 and B 9 levels were strongly enhanced whereas in active nitrogen 
the bands arising on B$, Biq^ Bn and B 12 are the unusually intense ones. The difference Co—ylo 
in nitrogen is almost equal to the energy of the mercury atom in the 2^Pi level and the difference 
Cq—Ai equals the energy of the 2^Po state of mercury. Thus collisions of the second kind 
between nitrogen molecules in the Co or Ci levels (which are plentiful in the discharge) and Hg 
atoms, would account for a high concentration of metastable nitrogen molecules in the Aq 
and Ai levels. A second method for producing metastable molecules in these levels arises from 
the fact that the Xn and X 19 levels of N 2 agree almost exactly with the PPo and 2 ^Pi levels of 
Hg. An accumulation of nitrogen molecules in these levels would yield a large number of 
metastable N 2 molecules and nitrogen atoms in the electric discharge. The relationship of this 
experiment to the auroral spectrum is discussed. 

3. The ultraviolet band system of sulfur monoxide, a transition. Emmet V. Mar- 

tin AND F. A. Jenkins, University of California. — ^The SO bands discovered by Henri (Jour. 
Phys. Rad. 10, 81, (1929)) in the region XX2500-3500 have been photographed in the first order 
of the 15 -foot Rowland grating. The source was a quartz discharge tube containing SO 2 at 
30 mm pressure, actuated by a condensed discharge with spark gap and inductance. The 
spectrum appears to be closely analogous to the Schumann-Runge system of O 2 (Holtgreven 
and Dieke, Ann. d. Physik 3, 937, (1929)). The characteristic structure found there for a 
32-^32 transition is clearly shown in the SO bands. Thus each band contains only P and R 
branches, in each of which the lines split into narrow doublets with increasing K, The short- 
wave component is stronger (in contrast to O 2 ) and at the highest K values this in turn splits 
in two, giving clearly resolved triplets. The components of these are of equal intensity and 
correspond to the triplet levels and K — 1. This structure is best shown in the 

bands with =0. In the v'^l progression, the P and R branches are usually almost superposed, 
and irregularities are present which must be ascribed to a number of small perturbations in the 
rotational levels of the upper state. 

4. Zeeman effect of the hyperfine structure in thallium II and III. R. F. Bacher 
{National Research Fellow), California Institute of Technology.— Th.t positions and intensities 
of the Zeeman components of lines which have hyperfine structure can be calculated for inter- 
mediate field strengths. This has been done for several of the lines of the first and second spark 
spectra of thallium which have recently been studied experimentally by McLennan and Durn- 
ford. (Roy. Soc. Proc. A129, 48, (1930)) The line {6s1s ^Si-^sIp^P^) X5949 of Tl II and the 
line (7^ ^Sm-lp ^Pim) X4110 of Tl III have been studied particularly. For field strengths 
between 20 and 25 kilogauss the former shows an intermediate type of Zeeman effect while the 
latter shows an incomplete Paschen-Back effect. A comparison shows that there is agreement 
between the calculated results and experiment, although the observed patterns do not seem to 
be completely resolved. 

5. Preliminaiy report on an investigation of the spectrum of columbitan. Arthur S. King, 

Mount Wilson Observatory and William F. Meggers, Bureau of Standards.— kn 3 Xya&& of the 
structures of the very rich spectra of neutral and ionized columbium, although partly successful 
(Meggers, Jour. Washington Academy of Science 14 , 442, (1924) Meggers and Kiess, J.O.S.A. 
and R.S.r. 12, 431, (1926)), could not be extended without new descriptive data and improved 
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wave-lengths. A comparison of the furnace spectrum with the arc and spark spectra has there- 
fore been made, and has resulted in the temperature classification of 650 of the stronger 
lines. The wave-lengths of more than 4000 lines have been measured in the arc and spark 
spectra from X2640 to X6900. Tested by "constant differences” between wave-numbers, 
the average error appears to be less than one part per million, or about 1/10 of the tolerance 
on values heretofore available. A feature of special interest is the large proportion of colum- 
bium lines showing hyperfine structure. Such lines are plentiful in the spectra of both neutral 
and ionized columbium, and are not confined to groups requiring high excitation. Much variety 
in width of patterns is found. While some lines are more than one wave-number in width, 
the components are so closely spaced that high resolution will be required for a study of 
their structure. 

6. New data on the absorption bands of atmospheric oxygen. H. D. Babccx:e: and 

W. P. lioGE, Mount Wilson Observatory, — From numerous new spectrograms and further meas- 
urements of earlier plates, revised wave-lengths are derived for 382 oxygen band lines. Signifi- 
cant differences from previous Mount Wilson results occur only for lines most difficult to 
measure. Principal lines in the A band, strong in solar spectrum, were observed with inter- 
ferometers as fine sharp lines in 30 meters of air. Solar grating spectra of dispersion ranging 
from 0.8 to 0.12 A per mm and resolving power 200,000 to 400,000 were used for other bands. 
Due to the variety of instrumental equipment available and amount of measurement done, 
observational errors were reduced to approximately O.OOIA for the best material. Improved 
resolution has thus been obtained and band structure extended to higher rotational states. 
Accurate wave-lengths are determined for 241 lines in 5 bands of 116 lines in 2 bands of 

Ol6-Ol^ and 25 lines in 1 band of For the A band our results differ from those of 

Badger and Mecke by amounts far exceeding our observational errors. Following a rigorous 
theoretical study of the isotope effect in band spectra by Birge, a full discussion of the new 
data will appear in a joint paper giving precise relative masses of 0^® and 

7. Precision determination of atomic mass ratios from band spectra. Raymond T. Birge, 

University of California, ---With, sufficiently extensive data available, it is preferable to calculate 
directly the band constants of two isotopic molecules (such as 0^® and 0^^- 0^®), rather than 
to use the customary method of calculating each line of • 0^® from the observed constants of 
Qi6.Qi6^ Each pair of constants involves p to some power, and massiz^massv^l {2(>^ --X) . Two 
important relations are (vibrational isotope effect), and Bf — pWe (rotational effect). 

These relations should be theoretically correct to the extent that the electric field is identical 
for the two molecules (as indicated by the proportional size of the electronic isotope effect). 
Other relations such as and xf—pxe should be correct only to the extent that the old 

mechanics is true (as contrasted with the new mechanics). An independent calculation of 
(or of al) requires data from two bands, and .V (or Xe) requires three bands. These constants 
(a« and Xe) are needed for the extrapolation to Be and coe from the observed Bv and co». A 
precision method for calculating Bv has been published, and a similar method for obtaining 

is now devised. This method is being applied to new data on oxygen obtained by Babcock 
and Floge. 

8. The rotational Raman effect in carbon dioxide. W. Y. Houston and C, M. Lewis, 
California Institute of Technology,— By the use of a large, water-cooled mercury arc, and a highly 
polished reflector, we have been able to reduce the exposure time necessary to secure a spectrum 
of the light scattered by gases. This has made it possible to use a large spectrograph and to 
resolve the rotational Raman band of carbon dioxide. The results indicate that, for rotation 
about an axis perpendicular to the line joining the two oxygen atoms, the spectrum is similar 
to that of O 2 , and indicates a moment of inertia of about 7X10“'®®. The rotational quantum 
number jumps by two units, which shows that there are no Q branches in the transitions from 
the ground state to the upper electronic state which is active in producing the Raman spectrum. 
Alternate lines are very weak, and it seems probable that they are missing altogether. There 
is a slight indication of another very much smaller moment of inertia. 
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9 A determination of from to Zeeman effect J. S. Campbell and W.V. Houston, 
California Institute of Tecknology.-V^ln^ of e/m have been obtained from the Zeeman separa- 
tions of the Cd line X6439 and'the Zn line X6362. Magnetic fields up to 7500 gauss are produced 
in a solenoid giving less than 0.1% departure from uniform field stren^h over a length of 6 cm 
at the center. The current-field ratio of the solenoid is evaluated by ba,lancmg its field against 
those of single layer standard solenoids. Evaporation of Zn and Cd in the short (6 cm) positive 
column of a helium discharge at the center of the solenoid gives the desired lines, the Zeeman 
patterns of which are photographed with a Fabry-Perot interferometer crossed by a prism 
spectrograph. Measurement of the separations at orders of interference in theaei^borh 
of 100,000 gives the following values of e/m: Zn X6362, seven exposures: 1.7577X10^ e.m 
units per gram with a mean deviation of ±0.0005. Cd X6439, eleven exposures: 1.7573X10 
with the mean deviation ±0.0015. 

10. Emission and absorption spectra of CaE. A. Haevev {Common-wealth Fund Fellow)^ 
University of California.— High dispersion spectrograms of these bands have been studied for 
the purpose of (1) searching for possible evidence of the isotopes of Ca, (2) interpretmg the ap- 
pearance of the two visible systems in terms of the known structure types of an 

transitions. The observed heads and their intensity distribution have been accounted 
for in detail in terms of the above transitions, by an approximate evaluation of the molecular 
constants. Due to the near equality of these constants in the upper and lower states, the heads 
are in general formed at very high J values. This results in two important modihcations in 
passing from emission to absorption. (1) Certain heads disappear, or are greatly weaken ec , 
due to the lower temperature; (2) the intensity maximum in a sequence is shifted toward 
earlier members. The remarkable appearance of the sequence in absorption is a 

natural consequence of these factors, as are also the presence of only one set of heads the 
2 Xl 3 / 2 C®+i)— sequence, and of a new set — shaded toward the red in ^ , which 

had previously been thought to be absent. Support for these conclusions has been found m a 
study of the analogous SrF spectrum. 

11. An apparatus for the evaporation of various materials in vacuo. John Strong and 
C. H.A.WLEY Cartwright, Calif ornia Institute of Technology,— The evaporation process is much 
easier and requires less time than sputtering and permits the deposition of many more mate- 
rials. Moreover, the thickness of the deposited film can be brought under more delicate control. 
The method is useful for making fine reflecting mirrors of many inetals and these can be pro- 
tected from tarnishing by depositing onto them an extremely thin transparent film of some 
non-metal such as quartz. Charcoal cooled with liquid air was satisfactoi y for maintaining 
the necessary high vacuum. The metallic elements deposited were Al, Sb, Be, Bi, Ca, Cr, Co, 
Cu, Au, Fe, Pb, Mg, Mn, Ni, Se, Ag, Te, Sn, and Zn. Some alloys may be deposited, such as 
speculum rnetal. Some non-metals deposited were quartz, fluorite, the alkali halides, and silver 
chloride. These materials may be deposited on any surface that is not affected by the high 
vacuum, such as glass, metal, paper, cloth, rubber, and nitrocellulose. 

12. Effects of phase and time shifts on binaural sensation of direction. A. W. Nye and 
A. K. Steunenberg, University of Southern California. — ^Experiments were made to test the 
effect of phase and time shifts of pure tones on the binaural sensation of direction. Separately 
generated tones were led to two ears via independent telephone receivers. Sources consisted 
of a metal disk rotated by a variable speed motor. Periphery was cut in sine wave and located 
in front of slits through which light passed to photoelectric cells and associated amplifiers. 
Two slits were used, one being adjustable so that any desired location with respect to the 
phase of the sine wave could be obtained. Means for interrupting the two light beams in- 
dependently were provided. Between 180 dv and 725 dv, 27 observers consistently judged 
direction as that of the leading phase, with tendency toward greater angle shift at higher 
frequencies. Interrupted tones gave effect of sound origin on side where sound first arrived. 
Phase shift exaggerated this if in same direction; if opposed, the temporal ruled first and effect 
shifted later in favor of phase. 
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13. On the measurement of galvanometer or radiometer deflections which are ordinarily 
masked by Brownian movement Sinclair Smith, Mount Wilson Observatory. — Under certain 
conditions the following technique enables one to measure galvanometer or radiometer de- 
flections which are small compared to the mean amplitude due to Brownian motion. A beam 
of light from the instrument mirror is brought to a focus on a photographic film and the in- 
tensity of the light is reduced to such a value that a relatively long time interval, M, is required 

^ to record the image on the film. Ai should be several times the average “period” of the Brownian 

'excursions. 

When a measurement is made, the instrument is set at the zero position and the recording 
lamp is turned on for a time M. The “effect” is then allowed to act, the photographic film is 
given a displacement, and when the instrument has had time to reach full deflection, the light 
is again turned on for a time At. The actual deflection is determined later on a comparator. 
If the damping factor of the instrument, and At are properly chosen, and the instrument is 
free from drift, the photographic image builds up in such a way that it has a sharp maximum 
making possible excellent comparator settings. 

14. Ionization of helitim, neon, and argon by alkali positive ions. Richard M, Sutton 
AND J. Carlisle Mouzon, California Institute of Technology.— A more extensive investigation 
of the ionizing properties of several positive ions from Kunsman sources has been carried 
forward by a method previously reported (Phys. Rev. 33, 364, (1929) and 35, 694, (1930)). 
Evidence of ionization of the three lighter noble gases by alkali positive ions from lithium to 
caesium has been found, setting in at accelerating potentials in the neighborhood of ISO volts 
and increasing steadily to the highest potential used, 750 volts. Comparison of the relative 
efficiencies of the process indicates that, for a particular gas, ionization is produced most 
intensely by that alkali ion which lies closest to the gas in atomic number; i.e., Li+ ions in 
helium, Na*^' ions in neon, and K'^ ions in argon. Moreover, the maximum of ionization 
increases markedly with the atomic weight of gas used, being greatest for argon. Similar results 
have been determined by Dr. Otto Beeck, (Ann. d. Physik 6, 1001 (1930)) using a magnetic 
analysis method well adapted to the purpose. Experiments are now in progress to determine 

^ whether mass or electron configuration plays the predominating part in the process. Neither 

energy nor velocity of the positive ions, or ballistic transfer considerations appear sufficient at 
present to account for the striking results obtained. 

15. Nuclear scattering of high velocity electrons. H. Victor Neher, California Institute 
of Technology. — -A homogeneous beam of fast electrons, two millimeters in diameter and equal 
to a current of 1.5 (10“***) amperes, is allowed to fall normally upon a thin foil. The thickness of 
the foil is such that single scattering predominates in the angular range through which the 
scattered electrons are collected. Secondary electrons up to one-fourth the voltage of the pri- 
mary beam are eliminated by interposing an absorbing foil of known stopping power which 
allows 98-99% of the electrons scattered by nuclei to pass through. The majority of the 
secondary electrons from the interposed foil on the collector side are stopped by a retarding 
potential of 1500 volts. Scattering is obtained as a function of various angles between which 

* the electrons are collected, thickness of foil and voltage of the primary beam. A range of 

voltage from 45 to 145 K.\h is used. Results show that for aluminum, the absolute value 
for scattering is from 25 to 50% lower than that obtained by previous workers in this field, and 
^ from 20 to 30% higher than the predicted value of wave mechanics with spin and relativity 

’ corrections. The large experimental value may be due to radiative effects, which would tend 

to increase the scattering at larger angles and which have not been incorporated into the 
I',.: theories of' scattering to date. 

16. The probaMlity law goveramg ionization by electron impact in mercuiy vapor. 
CvwtJS R.. Hkwt {Introduced by Ernest 0. Lawrence) University of California.— In order 
to detect any fine structure in the ionization probability function, such as that observed by 
Lawrence in mercury vapor, it is necessary to employ electron beams of a high degree of 
homogeneity. The method of magnetic separation, with Faraday cylinder type of ionization 
chamber used by Lawrence is open to the objection that magnetic orientation of the atoms or 
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spurious effects arising from electron reflection at the walls of the ionizing chamber might 
account for the results. With an electron gun type of ionization tube which eliminated the 
above sources of error, and which permitted realization of a rather high degree of homogeneity 
in the electron beam, the ultra-ionization potentials discovered by Lawrence were com- 
pletely checked. In addition, his probability law was verified to within the limits of experi- 
mental error and new ionization potentials in the mercury atom were found at 12.3; 12.45; 
12.85 and 13.2 volts. On account of striking numerical agreements with spectroscopic data, 
it is suggested that these new critical potentials are connected with the ionization of metast- 
able mercury atoms. This suggestion is supported by the current- voltage characteristics of 
the tube itself. 

17. Photoelectric properties of atomic layers of potassium on a silver surface. James J, 
Beady, University of California, {Introduced by Ernest 0. Lawre^ice). — In this work atomic 
layers of potassium were deposited on a silvered glass surface which was maintained at liquid 
air temperature. By means of a specially designed vacuum tube a well defined beam of potas- 
sium atoms could be obtained. The film thickness was determined from the vapor pressure of 
the heated potassium and the length of time taken for the deposit. The pressure, in turn, was 
determined from the table given by H. Rowe (Phil. Mag. 3, 540 (1927)); the temperature of the 
heated potassium being determined by means of a thermocouple. Spectral distribution curves 
were taken for various thicknesses of film. The threshold was found to be at a longer wave- 
length for a monomolecular layer (3X10^® atoms per cm^) than for any other thickness. The 
maximum emission, however, occurs at about 5 atomic layers. The curves approach the wave- 
length axis quite steeply for thicknesses of a monomolecular layer or less, in contrast to an 
asymptotic approach for a greater number of layers. The curves are identical for thicknesses 
greater than 12 atomic layers. 

18. A visual study of the initial stages of spark breakdown in air. Frank G. Dunnington, 
University of California. {Introduced by Ernest 0. Lawrence). — With the Kerr cell electro- 
optical shutter it has been found possible to observe visually the breakdown of a single spark 
at any stage of its development. This provides a means of determining the initial regions of 
breakdown (as indicated by their luminosity) and the manner in which the breakdown pro- 
gresses. At atmospheric pressure in an initially homogeneous field a faint diffuse path first 
appears connecting the electrodes. A bright spot then develops at the cathode and a con- 
ducting filament builds out from it meeting a filament of later origin which has come from the 
anode. The entire process requires slightly over sec. for a gap of 6 mm. Initially non- 
homogeneous fields give various types of breakdown, the initial breakdown region being in the 
central part of the gap in some cases instead of at the cathode. Space charges that can produce 
field distortion sufficient to cause localized regions of luminosity can form within fiXlO"”® sec. 
In general the effect of moisture in the air increases the field distortion. The low capacity 
nitrobenzene Kerr cells developed for this study have a time of cut-off less than 10~® sec. In- 
creasing the capacity of the Kerr cell, keeping other factors the same, causes a retardation 
in cut-off (2.5 times the capacity gave a delay of 2 X10“® sec.). 

19. The mobility of aged ions in air. N. E. Bradbury, University of California. {Introduced 

by L. B, Investigations by Marshall (Phys. Rev. 34, 618, (1929)) and Luhr (Phys. 

Rev. 35, 1394, (1930)) on the recombination of ions produced by intense x-radiation have shown 
that the coefficient of recombination decreases continuously as the age of the ions increases 
after the sharp initial drop due to non-random distribution. An investigation by Luhr and 
Bradbury (Phys. Rev, 35, 1398, (1930)) using the same source of ionization and ionization 
chamber on the mobilities of air ions aged over the same lengths of time using a Langevin 
method of low resolving power gave negative results. In the present investigations the value 
of the mobility of air ions produced in pure air by x-rays has been studied for ions between the 
ages of 0.04 sec and 1 sec. An absolute method devised by Tyndall and Grindley (Proc. Roy. 
Soc.j 110, 341, (1926)) is used which consists essentially of the application of an intermittent 
alternating field to parallel plates immersed in a gas. The frequency of the alternations may 
be varied by means of a commutator system, and at a critical frequency a maximum occurs 
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in the electo meter current-frequency curve from which the mobility may be calculated. For 
new ions of age less than 0.08 sec the average of all determinations gives 2.21 cm./sec/volt/cm 
for the mobility of the negative ion and 1.59 cm/sec/volt/cm for the positive ion in agreement 
with absolute values obtained by Loeb and Tyndall and Grindley. By varying the constants 
of the commutator system the ions could be aged for varying lengths of time. Mobilities 
measured after ageing show a decrease whose magnitude increases with increasing age until 
values 10 percent lower than the normal are reached at ages of 1 sec. This effect can be par- 
tially correlated with the decrease in the coefficient of recombination. 

20. The collision cross-section of thallium atoms for slow electrons. Robert B. Erode, 
University of California, — The average collision cross-section of thallium atoms has been 
measured by sending a beam of electrons through thallium vapor and observing the decrease 
in intensity of the beam as a function of the pressure of the vapor. From these data the ab- 
sorption coefficient, a, i.e. the sum of the collision crosvs-sections of the atoms in one cubic 
centimeter of the gas at 1 mm pressure, has been calculated, a plotted as a function of the 
velocity of the electrons shows a sharp minimum at 1.4 volts, a = 15, a maximum at 4*5 volts, 

O' = 51, and then sloping off gradually with a = 31 at 25 volts and a — 20 at 100 volts. The 
thallium atom appears to have about I of the effective collision cross-section of a mercury 
atom for 100 volt electrons. The numerical magnitude of a depends on the density of the 
thallium vapor which is calculated from the vapor pressure, using the equation, T log ^ = 8890 
-1-8.55 T. However, the data from which this equation was obtained can not be relied upon 
sufficiently to attach much significance to the difference in size of the Hg and T1 atoms as 
measured by their effective collision cross-sections. The precision with which the relative 
values of the absorption coefficients can be observed is independent of this uncertainty of the 
vapor pressure. 

21. The production of high speed mercury ions without the use of high voltages. Ernest 
0. Lawrence and David H. Sloan, University of California, — ^For studies of collision processes 
involving high speed charged particles we are developing methods for the production of such 
high speed particles which do not require high voltages. A method for obtaining high speed 
protons was described at the September meeting of the National Academy of Science (Science 
72, 376, (1930)). For heavier ions we are using a succession of cylinders arranged in line and 
connected alternately to the inductance of an oscillatory circuit. High frequency voltages of 
proper amount and frequency accelerate successively ions traveling through the tubes. This 
method has been demonstrated in principle by R. Wideroe (Ark. F. Elektrot, 21, 387, (1929)). 
Our initial experimental arrangement has yielded with little difficulty mercury ions of about 
90,000 volt electrons energy using a high frequency exciting voltage of 11,000 volts at a wave- 
length of 70 meters. A tube capable of much greater voltage amplification is under construction. 

22. Polarization of light scattered by H-atoms. Boris Podolsky, Los Angeles,— In the 
solution of the dispersion problem, if the size of the atom is not neglected in comparison with 
the wave-length of light, the scattered light is found to have a component of the electric 
vector in the direction of propagation of the incident light. The relative intensity of the two 
components of scattered light, when observed at right angles to the direction of propagation 
of the incident light, is computed as a function of the frequency. 

23. Seiectioii rules and the angular momentum of light quanta. J. R. Oppenheimer, 
California Institute of Technology, — One may deduce the selection rules for angular momentum 
from the conservation laws for angular momentum by applying these laws to the system atom 
plus light quantum held. This is done most readily by taking a linear Hamiltonian for light 
quanta: this gives an angular momentum for the quanta which is in part orbital, and in part 
a spin momentum which is determined by the polarization of the quanta. In this way one 
obtains very simply the probability of a violation of the selection rules by the multipole radia- 
tion of the atom, 

24. On the theory of the scattering of high velocity electrons in hydrogen- Hugh C. 
Wolfe {National Research Fellow)^ California Institute of Technology, — The scattering of 


232 


THE AMERICAN PHYSICAL SOCIETY 

electrons by free protons and by free electrons at rest is investigated, using the Dirac tran- 
sition probability method. The wave functions used are Darwin’s solutions for a free particle 
of Dirac’s linear wave equation. The interaction energy is the perturbation causing transitions. 
Random distribution of spins is assumed. The relativistic variation of mass with velocity is 
taken into account. It is found that spin and retardation effects are negligible in the protonic 
scattering, Mott’s formula for nuclear scattering being therefore the best. For the scattering 
by electrons, three interactions are treated (1) electrostatic, (2) the Gaunt-Eddington form, 
including spin, (3) the Breit form, including also retardation. The resulting formulae are dif- 
ferent from each other and from Mott’s non-relativistic formula by terms of order {v/cY, 
differing in symmetry as well as in absolute magnitude. These formulae apply to scattering 
in hydrogen for velocities high enough to treat the proton and electron in the atom as in- 
dependent but not high enough to require keeping higher powers of (i^/c), a good experimental 
region being from 125,000 to 200,000 volts. 

25. Dependence of Compton line breadth on scattering angle with the multicrystal 
spectrograph. Jesse W. M. DuMond and Harry Kirkpatrick, Calif ornia Institute of 
Technology. — Jauncey, Wentzel and DuMond have each attributed the observed breadth of 
the Gompton line to the velocities possessed initially by the electrons in the scattering body. 
To test the correctness of this assumption the authors have obtained photographic spectro- 
grams of the Compton effect with the multicrystal spectrograph with extremely homogeneous 
scattering angle for three scattering angles 63-|°, 90°, 155° (inhomogenity less than one degree). 
DuMond has shown (Phys. Rev. 33, 643, (1929)) that the Compton line breadth for a given 
scattering material and primary wave-length should increase with the scattering angle if the 
initial electron velocities cause the breadth. If AX is the line breadth at say half maximum and 
B the scattering angle then, according to DuMond’s theory 

AX ==X sin approximately. 

The spectrograms and microphotometer curves show an increase in breadth of the Compton 
shifted line in agreement with this formula. The Compton line breadths however appear to 
be larger than those observed with the double spectrometer by Bearden and Gingrich and by 
the balanced filter method of Ross. Further investigations are in progress to determine if 
possible the cause of this discrepancy. 

26. Intensity of monochromatic x-rays rejffected from platinum in the neighborhood of 
the critical angle. Hiram W. Edwards, University of California at Los Angeles. — X-radiation 
from a water-cooled tungsten tube, operated at 50,000 volts, is made monochromatic by re- 
flectian from a calcite crystal. The monochromatic ray (X=0.69A) is reflected from a platinum 
sputtered mirror at various small glancing angles in the region of the critical angle. The 
intensity of the ray reflected from platinum is measured by an ionization chamber and string 
electrometer. Experimental values of intensity are found to agree closely with those calcu- 
lated by the Fresnel classical formula as extended by Thibaud. 

27. The natural widths of some x-ray lines in the L-spectrum of uranium. John H. 

Williams, University of California. — The double x-ray spectrometer, with previously examined 
crystals, has been used to measure the natural widths of the more intense lines in the L- 
spectrum of uranium at 50 kv. Most of the widths are observed in the (1, 1) anti-parallel 
position. Geometric corrections arising from the vertical spread of the beam have been applied. 
A broad focus tube has been used in order to insure a true measure of the wddth. These widths 
have been found to be greater than those observed for the MoX^ doublet. The half widths 
at half maximum of the following lines are: (in 3 orders), 0.44 X.Z7.; UZ,« 2 , 0.50 X.U.; 

UZ^j, 0.32 X.U.\ X.U.- 0.25 X.U. Possible correlations with the transitions 

involved are suggested. 

28. JNTote on the statistics of nuclei. J. R. Oppenheimer, California Institute of Tech- 
nology. — Consider two similar stable configurations, each with p protons and e electrons. It 
is then possible to give a simple purely analytical proof that the exclusion principle for the 
electrons and protons requires that the total wave function for the two configurations be 
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symmetric or antisymmetric in the coordinates of the center of gravity of the two configurations, 
according to whether p plus e is even or odd. To establish this it is necessary to assume that 
the configurations are so stably bound that the interaction between the two systems does not 
appreciably distort their internal motion. This condition, which may be made precise, is 
necessary and sufficient for the validity of the theorem. 

29. Precision determination of the mass ratio of oxygen 18 and 16. H. D. Babcock and 

R. T. Birge, Mount Wilson Observatory and University of California. The theoretically simple I 

upper level (^2) of the atmospheric oxygen bands has alone been used in this analysis. Each of 

the four series (Pi, Pa, Pi, and Rf) gives an independent evaluation of the vibrational interval 
AGi/aof the /I and P bands (similarly for AGh /2 of the and P' bands). One thus has an invalu- 
able criterion for the detection of inconsistent data due to blended lines. 54 consistent lines of j 

the A and B bands, and 54 of the .4' and B' bands are thus revealed. Using also the results of ^ 

an analysis of the a and a bands, we obtain from the vibrational isotope effect, mass I 

18.0065 (assuming 0^6 = 16 exactly), with an apparent probable error of about one part in a ! 

hundred thousand. For the rotational effect only the Pi and Pi series are available, and it is j 

more difficult to detect inconsistent data. From the four bands A,A\B and P', mass values ' 

varying from 18.002 to 18.016 can be obtained, depending upon the data included. The final | 

results of this rotational isotope effect, -—as calculated from consistent data by different methods, 

— are 18.0064 and 18.0074. These are in complete agreement with the vibrational result, when 

their greater probable error is considered. . 

30. A tungsten surface with a dual work function. A. H. Warner, University of Calif ornia 
at Los Angeles.— In a previous paper (Phys. Rev. 33, 815 (1929)) the author has attempted to 

explain certain photoelectric characteristics of a tungsten surface by making the assumption | 

that contaminations occur in patches, which have a different work function than that of the 
metal. This assumption has been tested by means of a new tube in which one filament of com- 
mercial tungsten has been evaporated onto the walls to form a contaminated surface for which 
the photoelectric properties have been determined. Another filament of the same material has 
been used to measure the thermionic work functions of the clean and contaminated surface. 

It also acts as the anode for the photoelectric measurements. 

A photo-current first appears at 5800A. The current, though extremely small (about 10“^^ - 

amps) exhibits maxima and minima corresponding to the illuminating source. It suddenly in- 
creases in the vicinity of 2650A, and beyond this point is characteristic of a clean tungsten ■ 

surface. , I 

It has been possible to activate the filament until it had a work function of 2.29 volts ■ 

(5400A). It is well known that for pure tungsten the work function is 4.54 volts (2690A). | 

These values are obtained by the use of the equation i = A TH~^tK ! 

I 

31. Airresistanceof high velocity projectiles. Paul S. Epstein, California Institute of 
Technology.— ThOi resistance of a rigid body in a current of air is, for high velocities, due almost 

exclusively to the inertia terms of the hydrodynamic equations. It is, therefore, permissible to ' 

neglect viscosity, and then the problem can be solved rigorously, in the two dimensional case, I 

for polygonal contours. Th e resu lt is that in the limiting case of extrknely high velocities v 
the resista nce is given by pv^cos^aSi where p is the density of air, S the cross section of the pro- ! 

jectile and cos^« the mean square of the cosine of the angle between v and the normal to the j 

surface of the projectile. For lower velocities the resistance is considerably above this limit. j 
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IONIZATION-DEPTH CURVE, AND THE PRESENT 
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California Institute 
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Abstract 

The cosmic-ray mnimHon-depth curve has been extended at both its upper and 
lower ends and made more accurate throughout. The absorption coefficients obtained 
directly from the slope of the curve run from ju==0.35 per m. of water at the top 
(Pike’s Peak) to ju = 0.028 at the bottom (80 m, or 262 ft. of water below the top of the 
atmosphere, thus bringing to light both softer and harder components than the au- 
thors had before found. Strong quantitative evidence is presented, on the basis of the 
Klein- Nishina formula, that the strongest and most absorbable cosmic-ray band 
arises from the act of formation of helium out of hydrogen. Striking qualitative evi- 
dence is found that the three more penetrating bands are due to the formation out of 
hydrogen of the only other abundant elements oxygen (C, N, O) silicon (Mg, Al, Si, S) 
and iron (Iron group). Two independent proofs are given that the cosmic-rays enter 
the earth’s atmosphere as photons, namely, (1) they are quite uninfluenced by the 
earth’s magnetic field, and (2) the ionization produced by them in a closed vessel does 
not increase continually in going to the top of the atmosphere but passes through a 
maximum. It is shown to follow that the cosmic rays, in coming from their place of 
origin to the earth have not passed through an amount of matter that is appreciable in 
comparison with the thickness of the earth’s atmosphere and that they must therefore 
originate in interstellar space rather than in the atmospheres of the stars. Some par- 
ticipation of the nucleus in the absorption of cosmic-rays is brought to light. 

T. Objectives 

T he new series (3f measurements presented herewith on the relation be- 
tween cosmic-ray ionization and depth in equivalent meters of water be- 
neath the surface of the atmosphere was undertaken for two very specific 
reasons. 

First,~Our preceding experiments, published in full in 1928,^ had brought 
to light what seemed to us very striking evidence that the cosmic rays have 
their origin in the acts of formation "in the depths of space” of the atoms of 
the celestially common elements helium, oxygen (C, N, O), and silicon (Na, 
Mg, AI, vSi, S) out of hydrogen. This evidence consisted: 

^ Millikan and Cameron, Phys. Rev. 32, 533 (1928). 
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(a) In our experimental proof that within the limits of our observational 
uncertainty these rays show a uniformity of distribution, i.e., an independ- 
ence of both latitude and of sidereal time. Both of these conclusions had been 
established by our trip to the Bolivian High Andes^ in 1926, the first point 
not having been previously tested at all by other observers, the second having 
been so tested but with opposite results, though subsequent more careful ex- 
perimenting by Hoffmann and Lindholm,*"^ Steinke,^ Hess,^ and by one of us^ 
has confirmed our conclusion; 

(b) In our proof shown unambiguously by the curve itself, of the banded 
character oi the Tdiys\ 

(c) In the general rough agreement between our observed sequence of 
band-absorption coefficients and intensities, and the sequence of energies re- 
leased, in accordance with Einstein’s equation and Aston’s curve, when the 
celestially most abundant elements helium, oxygen, and silicon are formed 
out of hydrogen; and 

(d) In the rough agreement between the observed absorption coefficients 
and those computed from Dirac’s formula connecting ray-energy with ray- 
absorption. 

If our interpretation of our cosmic-ray results is correct, rays of vStill 
higher penetrating power should exist corresponding to the formation of still 
heavier elements oufof hydrogen. Iron, at least, is abundant enough so that 
our theory suggested that we might find a cosmic-ray band, or cosmic-ray 
bands, of higher penetrating power than any we had thus far definitely ob- 
served. Such rays could be brought to light only by working at still lower 
depths in snow-fed lakes with electroscopes still more sensitive than any we 
had thus far used, and this new series of experiments was started in the spring 
of 1928 in part to test this point. 

Second, — Our 1927-8 ionization-depth curve‘s showed characteristics at 
its upper end, i.e., at the highest altitudes at which we had ionization-depth 
readings, which seemed to be a bit out of line with the theory. Thus, our 
analysis, by means of the Gold tables, of our curve into its “monochromatic” 
absorption coefficients yielded as the strongest and most absorbable com- 
ponent M=b-35 per meter of water, while the Dirac formula gave for the coeffi- 
cient of rays due to the formation of helium out of hydrogen ju = 0.30. While 
this was of the right order of magnitude, indeed quite close in view of our ac- 
curacy, divergence was in the wrong direction^ for our computated value 
0.30 had applied to a monochromatic beam, but the actual beam, even if it 
entered the atmosphere as monochromatic would, where observed, have sec- 
ondary, tertiary, etc., components, due to Compton encounters with elec- 
trons, and all such encounters tend, the beam has got completely into 
equilibrium with its secondaries, to push down the observed iU, i.e., the jU ob- 

2 jviiiiikan and Cameron, Phys. Rev. 31, 163 (1928). 

® Lindhoim, Gerlands Beitrage zur Geophysik 22 , 141 (1929). 

\E. Steinke, Zeits, f. Physik42, 570 (1927) and 48, 647 (1928). 

^ Hess and Mathias, Wien. Ber. 137, 327 (1928). 

« R. A. Millikan, Phys. Rev. 36, 1595 (1930). 

^ Millikan and Cameron, Phys. Rev. 31, 925 (1928). 
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tained from the observed slope. The theory, then, shows no way by which 
the computed absorption coefficient of the pure radiation due to the formation 
of helium out of hydrogen can be less than the observed coefficient. It rather 
requires that the computed ix be at least as large as, and if equilibrium has not 
yet been obtained at the observation point, appreciably larger than the ob- 
served /X. We thought that our observations at high altitudes showed some 
slight indications that our uppermost lake-readings were accidentally high 
and we therefore wished to repeat these observations with more sensitive 
instruments and under better conditions, and to extend them, if possible, 
to still higher altitudes, hoping that a crucial test of our theory might come 
out of such more accurate high-altitude readings. In a word, then, we under- 
took the t)resent series of observations to extend and improve our observa- 
tional data at both the upper and the lower ends of the ionization-depth 
curve. 

2. Techn[QUE 

Our mode of procedure was precisely the same as that used in obtaining 
the last ionization-depth curve published in 1928, save that in order both to 
bring out weak effects at greater depths under water, and to obtain increased 
precision in high altitude observing, we were obliged to increase still further 
the sensitivity of our electroscope. To do this we built a new spherical in- 
strument of steel, wall-thickness 3 mm, internal capacity 1622 cc, and filled 
it to a pressure of 30 atmospheres. (See Fig. 1.) This procedure, according 
to direct observational data to be presented later, multiplied our electroscope 
sensitivity 13.82 fold over that obtained under a pressure of one atmosphere. 
It represented, too, a sensitivity more than double that used in our published 
1928 observations.^ We determined the capacity of this electroscope with 
much precision by the method heretofore described,^ finding it to be 0.979 ab- 
solute electrostatic units. Although we have not reached with this instrument 
the extreme limit of possible electroscope sensitivity, since increases in vol- 
ume, slight decreases in fiber-capacity and still higher pressures are possible, 
yet, for the purposes for which it was to be used, this instrument came close 
to the limit of possible efficiency as a high frequency radiation detector. 

In order to test the insulating properties of our quartz supports, before fill- 
ing with air under pressure we pumped the chamber entirely free of air and 
found that it then leaked, to cite one particular test, from 226.5 volts to 226.0 
volts in four hours. The support-leak was thus not as much as one-tenth of 
the slowest rate of discharge ever observed in this work, and a small fraction 
of a percent of the average rate. Further, it disappears entirely in our com- 
putations on rate of ion-formation because it is included in what we call the 
zero of our electroscope. Such minuteness of the leak of the supports, how- 
ever, shows the completeness with which this source of error has been pushed 
into the background in these experiments. 

As in all of our cosmic-ray work we followed here the procedure of reduc- 
ing the fiber-deflection to volts at the instant at which it is read. This is done 

8 Millikan and Cameron, Phys. Rev. 31, 922 — 5 (1928). 
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iust before or after each reading. This 
mperature effects on the fibers or on 
under-water work our procedure is to 
* i deflection to be used under quiet reading-con- 
then to sink the electroscope to the desired depth and 
twelve hours, then to bring it quickly to the surface, read and 
applied for the discharge during lower- 
‘ ^ and at once rais- 
observable change is detectable, or by doing so re- 


by calibrating the scale in the eyepiece 
procedure eliminates completely all te 
any of the electroscope parts. Thus in 

calibrate the scale for the c 

ditions at the surface, 

leave it for say t 

calibrate again. A small correction is 
ing and raising by going through the operation of loweiing 
ing and seeing whether an <_ . 


peatedly for the sake of magnification and then computing the correction for 
a single operation. These corrections are small and quite accurately obtain- 
able. In some of our earlier work we used self-registering electroscopes, but 
for this work we considered them of no advantage. 

The electroscope with which all of the results herein reported were ob- 
tained is shown in Fig. 1. It was pumped up to a pressure of 30.14 atmos- 
pheres, one atmosphere being reckoned from the conditions existing in the 
Norman Bridge Laboratory at the time of filling, namely, 24®C, 74 cm pres- 
sure, and this pressure has held with no trace of leak for now two years since 
the time of filling. 
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The ^^electroscope constant” of this instrument in ions per cc per sec. is 


I cc/sec 


volts 0.979 
X X 


10 - 


liours 


300 


4.770 X 1622 X 3600 


1.172- 


volts 

hours 


For observations on land this electroscope was provided with an accu- 
rately fitted, sphericcil lead shield 7.64 cm thick consisting of four layers of 
carefully shaped and fitted hemispherical shells, and two layers of shells 
divided into quadrants so as to fit closely the exterior electroscope wall, with 
its flange and bolts, and to facilitate the entrance of the necessary leading-in 
wires. The ^Vater equivalent” of this lead shield as obtained by multiplying 
thickness by density was 85 cm. On account of the space occupied by the 
steel flange about which the inner layers of lead were fitted, the water equiva- 
lent was actually a trifle less than 85 cm, but in any case by careful experi- 
ments with radium and thorium in about the proportions in which they occur 
in surface rocks the percentage of local rays getting through this lead shield 
was found to be 2.4 percent, and save for this small correction-factor, always 
determined and applied to all readings, the rays inside the lead were pure 
cosmic rays and could be compared, as shown below, with readings at the 
same equivalent depth in water beneath the top of the atmosphere. 


3. Readings in Snow-fed Lakes 

The results reported in this section were taken partially during the sum- 
mer of 1928 and partially during the summer of 1929 in the two different Cali- 
fornia lakes 250 miles apart, Arrowhead Lake (altitude 5100 feet) and Gem 
Lake (altitude 9120 feet). Since we showed in our first work in snow-fed 
lakes in 1925 that the measured intensity of the cosmic rays is a single valued 
function of the depth of the superincumbant atmosphere, it of course follows 
that it depends upon the barometric pressure, as has since that time been 
many times noted. Accordingly, in Table I the barometer height is given for 
each observation, or group of observations. At the higher levels, i.e., down to 
about sixteen meters beneath the top of the atmosphere, where readings at 
the same depth beneath the surface of the lake are made at different baro- 
metric pressures, the results are reduced to a common pressure by applying 
a small correction, which is computed from the Gold tables,'^ for the value of 
the absorption coefficient shown by the ionization-depth curve at the eleva- 
tion considered. This computation, however, checks nicely with the observed 
slope of the curve and this slope is of course independent of any theory, so 
that these small barometric corrections may properly be said to be purely em- 
pirical, and hence free from any other than observational uncertainties. This 
correction is negligible below sixteen meters but amounts at Gem Lake to 
slightly more than l^/o and at Pikes Peak to about 2% per tenth-inch of mer- 
cury. The under-water readings, taken in two lakes and over the period from 
August 1928 to September 1929, are all collected in Table 1. It will be seen 
from columns 7 and 9 that these readings extend from a level equivalent to 
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8.25 meters of water beneath the top of the atmosphere down to a level of 80 
meters, or 262.5 feet, beneath the top, and that in that range of levels, or 
depths, the observed rate of discharge of the electroscope changes by more 
than thirty fold, namely, from a value represented by an intensity of ioniza- 
tion within the electroscope of 64.1 ions per cc per sec. down to 2 ions per cc 


Table I. Ionization-depth readings in snow-fed lakes. 


Year 

Date 

Lake used 

Depth in 
Water 

Depth 

lielow 

Barometer Top of 
Reading atmosphere 

Ions per Mean 

cc per J cc/sec 

: second 

1928 

Sept. 

11 

Gem 

.85 m 

21.45 

8.25 

64.1 

64,1 

tc 

it 

9 

it 

1.00 “ 

21.48 

8.42 

59.81 


u 

ti 

9 

it 

1.00 

21.48 

8.42 

60.4 

60,1 

a 

ti 

11 

it 

1.00 “ 

21.48 

8.42 

60.21 


u 

a 

11 

tt 

2.00 

21.46 

9.41 

43. 8\ 

/I 7 Q 

u 

it 

11 

it 

2.00 

21.41 

9.40 

43.8/ 

trO . O 

1929 

Sept. 

6 

Arrowhead 

.82 ‘‘ 

24.81 

9.40 

43.8 

43.8 

u 

« 

7 


1.50 " 

24.77 

10,06 

37.5 

37.5 

u 

it 

6 

it 

2.00 " 

24.82 

10.58 

33.5 

33.5 

1928 

it 

12 

Gem 

4.00 “ 

21.65 

11.48 

30. 7\ 

2A A 

u 

ti 

13 

it 

4.00 “ 

21.65 

11.48 

30.2/ 

oU .4fc 

1929 

it 

4 

Arrowhead 

3.00 " 

24.94 

11.59 

29.61 

00 tc 

tt 

it 

5 

it 

3.00 

24.94 

11.59 

29.4/ 

zy .0 

a 

it 

6 

a 

4.00 " 

24.79 

12.56 

25.5 

25.5 

ti 

it 

5 

it 

5.00 “ 

24.87 

13.56 

23. 0\ 


u 

it 

6 

a 

5.00 

24.87 

13.56 

23.2/ 

16 . 1 

ti 

it 

7 

it 

6.00 

24.74 

14.55 

21.1 

21.1 

1928 

Aug. 

22 

it 

6.25 “ 

24.92 

14.86 

20.21 



a 

23 

ti 

6.25 

24.93 

14.86 

20.8^ 

20.6 

<( 

it 

25 

ti 

6.25 “ 

24.81 

14.82 

20.9] 


« ' ■ 

it 

23 

ti 

8.25 

24.92 

16.85 

17.101 


a 

it 

24 

it 

8.25 

24.89 

16.84 

17.S7J 

17.33 

a 

it 

25 

tt 

10.64 “ 

24.81 

19.21 

14.721 

f 14.52 

it 

ti 

27 

it 

10.64 “ 

24.89 

19.24 

14.331 

it 

it 

25 

a 

15.90 “ 

24.81 

24.47 

10.221 


it 

tt 

26 

a 

15.90 

24.83 

24.49 

10.24, 

> lu.zo 

tt 

ti 

22 

it 

21.10 

24.91 

29.70 

7.811 

1 

it 

it 

23 

tt 

21.10 

24.93 

29.71 

7.961 

p 7.89 

it 

it 

20 

it 

26.25 

24.81 

34.82 

6.071 

1 

a 

tt 

21 

tt 

26.25 

24.81 

34.82 

6.08J 

> 6 .07 

it 

it 

19 

it 

30.35 " 

24.79 

38.91 

5.341 


' it 

ti 

18 

it 

30.35 

24.80 

38.91 

5.08J 

p 5.21 

tt 

u 

9 

it 

37.05 “ 

24.86 

45.64 

4.331 


it 

a 

10 

tt 

37.05 

24.86 

45.64 

4.09) 

- 4.25 

it 

« 

11 

it 

37.05 “ 

24.86 

45.64 

4.34 


tt 

Sept. 

9 

Gem 

43.00 “ 

21.48 

50.42 

3.681 


tt 

it 

10 

tt 

43.00 " 

21.39 

50.41 

3.561 

p 3 . 62 

it 

Aug. 

17 

Arrowhead 

42.78 “ 

24.91 

51.38 

■ 3.90 


ti 

it 

15 

it 

42.78 " 

24.91 

51.38 

3.88 

3.79 

it 

it 

12 

ti 

42.78 

24.89 

51.38 

3.60j 


it 

Sept. 

8 

Gem 

50.00 

21.42 

57.40 

3.30 

3.30 

ti 

it 

12 

ti 

60.00 

21.36 

67.38 

2.49 

2.49 

a 

it 

10 

« 

72.5 

21.39 

79.90 

1 .951 o AA 

tt 

it 

11 

it 

72.6 “ 

21.45 

80.00 

2.05/ ^-^0 


per sec. The absorption coefficients as computed from the Gold tables at suc- 
cessive points along this curve are given in Table II. 

The curve starts a little higher up than does the 1928 curve, analyzed on 
page 927, Physical Review, Vol. 31, and it is significant that the absorption 
coefficient at the top is now a little higher than it was there, namely 0.27 in- 
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stead of 0.22, i.e., it is larger, not smaller, then before. Also, in keeping with 
this fact the bend, or knee, at about 10 meters is sharper than ever, as shown 
by the change from /z==0.27 to m = 0.16 between 9.5 m and 10,5 m, when on 


Table 1 1. Absorption coefficients at various depths, in meters of water, below top of atmosphere. 


Depth in m. of water 
beneath top of atnios. 

Absorption 
coef. /X 

Depth in m. of water Absorption 
beneath top of at mos. coef. yu 

8.25-9.5 

0.27 

20-30 

0.045 

9.5 -10.5 

0.16 

30-40 

0.038 

10.5-11.5 

0.11 

50-40 

0.028 

11.5-12.5 

0.095 

50-60 

0.028 

12.5-15.0 

0.067 

60-80 

0.028 

15.0-20.0 

0.058 




the old curve we got m = 0.20 between 9.5 and 10.5. Of course this means that 
the most absorbable cosmic-ray band springs into view from these figures more 
insistently than before. 

4. Land-Readings up to Great Altitudes 

The highest altitude snow-fed lake used for the foregoing readings was 
Gem Lake (altitude 9120 feet) and for the sake of being free from the possi- 
bility of effects due to the radioactive emanations of the atmosphere (though 
over large bodies of water these effects are actually very small) we used no 
reading nearer the surface of Gem Lake than 0.85 m, a level corresponding 
to 8.25 m of water beneath the top of the atmosphere. At this level, as in- 
dicated above, the curve was already beginning to show departures in the 
wrong direction for satisfactory explanation from the standpoint of the Dirac 
formula. However, in accordance with the second of the objectives discussed 
in §1, the most significant data were to be expected at still higher altitudes, 
and in order to obtain accurate data at least a meter of water higher up we 
arranged for a series of land observations as follows: 

With the aid of the radiations emitted by known quantities of radium and 
thorium set up at suitably chosen points, from 2 to 10 meters away, and all 
around our 7.64 cm lead screen we took readings when the screen was in place 
and when it "was removed from our electroscope, and thus found that about 
2.4% of the local radioactive rays from surface rocks and soils get through 
the lead screen and produce ionization within our electroscope. We then took 
a series of land observations in various localities, situated in widely different 
latitudes and at varying elevations from sea level up to 14,100 feet (the top 
of Pike’s Peak), half a dozen or more readings being in general taken at each 
locality over a period of several days, first, when the lead screen was in place, 
then when the screen was removed. By comparing these observations with 
those taken at the same levels beneath the surfaces of snow-fed lakes the 
water equivalent of the lead screen was quite accurately determined, as shown 
below, and in this way the depth-ionization curve was reliably extended up- 
ward the equivalent of about a meter of water above the highest point ob- 
tainable in Gem Lake. This last meter proves to be of great significance for 
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the purposes of the second objective (§1) and in general for the interpretation 
of the cosmic radiations. Table III contains the record of these land-readings, 
which were taken during the summer and fall of three consecutive years, 
1928, 1929, and 1930. The two readings on Pikes Peak taken two years apart 
are rather noteworthy. They differ by 2%, but in view of the difference in 
the barometer reading this difference is not only in the right direction but of 
the right amount. 

The figures given in the lUvSt and the third from the last columns are in all 
cases the means of from three to nine different readings, the fluctuations in 
which are illustrated, for example, by the nine consecutive readings taken on 
Mt. Manitou at about two hour intervals beginning at 10:30 a.m. These nine 
readings, in ions per cc per .sec, run 54.7, 52.8, 55.5, 54.3, 52.5, 53.7, 52.4, 52.2, 
54.3. Mean = 53.6. 

5. The Depth-Ionization Curve and Its Significance 

The graphical representation of the results in Tables I and III is given 
somewhat inadequately in Figs. 2 and 3, — inadequately because no small 
scale graph can reflect the consistency and precision of these readings. For 
this reason the readings themselves have been given in Tables I and III so 
that the reader may plot his own large-scale graph if he so desires. However, 
two important results stand out immediately and conspicuously from the 
graphs : 

1. At great depths, i.e., between 40 m and 80 m (see Fig. 3) the readings 
are so consistent as to show that even a blanket of 80 m or 262 ft. of water is 
insufficient to absorb completely the cosmic rays. The curve has here reached 
a value of 2 ions per cc per sec., not a fiftieth of its value at Pike’s Peak, but 
it is still falling. In order to find the zero of the instrument, or the ionization 
when all external rays have become absorbed and at the same time the absorp- 
tion coefficient of these hardest rays, we analyzed the curve by the trial and 
error method between 40 m and 80 m with the aid of the Gold tables, and 
found that with a zero of 1.2 / percc/sec.and an absorption coefficient of 0.028 
per meter of water, the whole long stretch of curve between 40 m and 80 m was very 
accurately reproduced. In a word, our curve shows at its lower end just such a 
band of hard rays as we had been looking for, and a single coefficient is adequate 
for the whole range between 40 ni and 80 ni. 

The significance of the value of this coefficient will be discussed presently, 
but the very existence of such a coefficient means that a hundred meters 
farther down, i.e., at 180 m, an ionization of about 0.03 I per cc/sec. should 
be observable by an instrument capable of detecting such an amount. We 
checked this conclusion C|ualitatively in 1928 by taking our electroscope and 
its lead shield down intoa shaft 185 m deep, beside Lake Arrowhead, and find- 
ing, after allowing for the local rays, a fraction of an ion still left for the cosmic 
rays, though, on account of the location of the shaft beside the lake we could 
not reliably estimate the equivalent water depth. 

However, RegeneH^ has reported more dependable deep water observa- 

E. Regener, Die Natiirwissenschaften 15, 183 (1929). 
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tions which are in substantial agreement with the results here given. He re- 
ports his results in volts per hour, which is nearly the same as our ions per cc 



per sec. , since the multiplying factor of 1 . 1 7 1 reduces in our case I volt/hour to 
I per cc/ sec. His lowest really detectable reading is at 186 m, though he takes 
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both of us, would bring our coefficients into fairly good agreement. His value 
is 0.018 per meter of water. However, for reasons which we shall presently de- 
tail, the precise value of the coefficient for this most penetrating cosmic radia- 
tion is not particularly significant. The important result that appears both 
from Regener’s deep water work and from our own is merely that there exists 
a component of the cosmic rays which can penetrate as much as 180 meters 
of water and which is therefore approximately twice as hard as the hardest 
component we had before directly observed on our former curve namely, 
/x = 0.05 per m of water. 

2. The second immediately striking result that appears from our curves 
is that the quite accurate observations we have now taken at high altitudes — 
up to 14,100 feet, show that the absorption coefficient now rises far above 
anything the Dirac formula will in any way permit. The absorption coefficient 
shown at the top of our 1928 curve was 0.22 per m of water, that at the top 
of our present curve taken in water is 0.27 per m of water, and that at the 
top of the land-curve is 0.35 per m of water. This new curve then brings out 
more strikingly than ever the banded structure of the cosmic rays. 

We have analyzed this new curve with the aid of the Gold tables precisely 
as we did the former one in our 1928 article. We at that time found that the 
peculiar sharp bend in the curve at between 10 and 12 meters could not be 
reproduced without invoking three definite bands having roughly the relative 
frequencies 1, 4, 8. The new curve revealed the same necessity through the 
shape of its upper and middle portion, while its shape at great depths requires 
the introduction of a fourth band, as indicated above. Fearing that we might 
have become special pleaders for our banded structure, we asked Dr. Bowen, 
who had not thus far helped in this kind of analysis, to start from first prin- 
ciples with our curve and see, without any suggestions from us, what kind of 
structure it demanded. He proceeded without reference to any theory to 
build up with the aid of the Gold tables our observed curve out of four com- 
ponents -no smaller number would do — and in such a way that the syn- 
thetic and the observed curve fitted exceedingly nicely from one end to the 
other. 

The components from which the synthetic curve was thus built up to 
yield the ionization observed in our electroscope were as follows: 

Table IV. Assumed absorption coefficients and intensities of synthetic curve. 


Assumed absorption 
coefficients 

Assumed Jo at 
top of atmosphere 

Total I = Jo/ju 

0.03 

33 

1100 

.10 

80 

800 

.20 

130 

650 

.80 

141,000 

176,250 


The foregoing of course assumes that the ionization has its maximum 
value Jo at the surface of the atmosphere (see below, where this is shown to be 
incorrect), and the last column then shows that the total energy of formation 
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of the iron group, the silicon group and the oxygen group is of the same gen- 
eral order of magnitude. This checks reasonably well with that we know of 
the relative abundance of these elements, and it would probably check better 
if suitable corrections could be made for the foregoing incorrect assumption. 
Table V then gives a comparison of the calculated and observed ionization. 


Table V. Comparison of synthetic and observed curves. 


Depth 
in meters 

Calculated 

I 

Observed 

/ 

Difference 

7.5 

89.7 

90.8 

-1.0 

8.0 

70.6 

70.6 

0 

9. 

48.2 

48.1 

- .1 

10. 

37.1 

36.9 

- .2 

12. 

26.4 

26.5 

+ .1 

15. 

19,1 

19.1 

.0 

20. 

12.53 

12.55 

+ .02 

25. 

8.87 

8.75 

- .12 

30. 

6.58 

6.56 

- .02 

40. 

3.93 

3.83 

- .10 

50. 

2.49 

2,62 

+ .13 

60. 

1.63 

1.88 

-b .25 

70. 

1.11 

1.29 

+ .18 

80. 

.74 

.80 

H~ 0.6 



Not only can the observed curve not be fitted accurately with less com- 
ponents than four, but also the four must be roughly of the foregoing type, 
though of course the lower bands can be split up into a finer structure if de- 
sired, i.e., 0.03 can easily be replaced by 0.02 and 0.04, for example. Not very 
much liberty, however, can be taken with the upper bands. 

We shall now compare the results of this purely empirical study of our 
curve with the results computed by the Klein-Nishina formula, the Einstein 
equation mc^ = E, and Aston’s curve. This formula has the form 


I a- 


+ — log (1 + 2..) 
2a 


■2(1 + a) 1 

log(l + 2a) 

. 1 + 2a a 


1 + 3a -j 
(H-2a)=i ■ 


Where a - hv/mc", N-no. of electrons per cc. The values of a for the atom- 
building processes, according to Aston, are 

= 0 . 029 -f- 5.479 X 10-^ = 52.9 
JJ-H.0 = 0 . 1245 ^ 5.479 X 10-* = 227 
= 0 . 232 4- 5.479 X 10-^ = 423 
= 0 . 48 4- 5 . 479. X 10-^ = 876 

5.479 X10~* is the atomic weight of an electron obtained from e/m spectro- 
scropically determined. The numerical value of the constant factor is then 




“ Nature 122, 399 (1928). 
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ItNc^ 2TrNeyeY 


m‘c* 


(-) 


2 X TT X 6.064 X 10 ^^ X 10 
(2.998)4 X 1040 X 18 
= 0.16614. 


X (4.77 X 10-"“4o)2 X (5.279 X 10^^) ^ 


Then Table VI is the comparison of ju obtained from the Klein-Nishina form- 
ula and those of the synthetically obtained curves. The closeness of the agree- 
ment at the top is most significant. The progressive departures as the atoms 
become heavier look at first sight like a difficulty, but the next section goes 
into possible causes of this behavior. 

Table VI. fi, in meters of water. 


Computed 


Observed 


H->He 
H-^0 
H->Si 
H— >Fe 


0.7957 

.2409 

.1418 

.0754 


0.80 

.20 

.10 

.028 


6. Conditions of Equilibrium between a Beam of Photons and its 
Secondaries Produced by the Compton Process 

When a beam of photons strikes matter it is obvious that a certain thick- 
ness of matter must be traversed before the beam gets into equilibrium with 
its secondaries, tertiaries, etc., this condition of equilibrium being attained 
when as many of each kind of secondary is disappearing per second from the 
beam as is forming per second in it. While this process of getting into equi- 
librium is going on, the absorption coefficient of the beam, as measured by the 
rate of change with distance of the ionization produced per cc, is obviously 
smaller than it can be after equilibrium has been reached. Further, the ab- 
sorption coefficient of the pure photon beam when it first strikes matter 
must be the same as that of the beam after it has got into equilibrium with its 
train of secondaries, provided the secondaries are more absorbable than the 
primaries, 42 for the reason that in this equilibrium condition the percentage of 
these secondaries is not changing at all as the beam moves on, the only ele- 
ment that Is so changing being simply the number of primaries; but this is pre- 
cisely the situation in which the beam found itself when it first entered mat- 
ter. 

The apparent absorption coefficient when equilibrium is reached is equal to the absorp- 
tion coefficient of the primary or the secondary, depending upon which has the smaller coeffi- 
cient, the general relation being 

Ion f , 




— Ml 


Of the last two terms that having the larger coefficient will die out, leaving the effective coeffi- 
cient the one having the smaller value. It is practically certain from Bothe and Kolhorster’s 
work that the coefficient of the beta-rays at sufficiently high frequencies approaches that of the 
photons, and it is entirely possible that it may even fall below it for the hardest rays. 
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One of has recently shown that the cosmic rays enter the earth’s at- 
mosphere as streams of pure photons. This means that the ionization in a 
closed vessel should not be a maximum at the top of the atmosphere, but 
that there must be an optimum position somewhere beneath the top where 
this maximum ionization is reached This is precisely what the 1922 high 
balloon flights of Millikan and Bowen, when taken in conjunction with Hess 
and Kolhorster’s earlier and lower ballon flights proved experimentally to be 
the case. For in the 1922 flights a recording electroscope rose to a hight of 
15.5 kilometers, at which height 0.92 of the earth’s atmosphere had been left 
behind, and the total ionization recorded by the self-registering mechanism 
proved to be only about one-fourth of that calculated from the absorption 
coefficient of 0.57 per meter of water, which had been found by Hess and Kol- 
hdrster in rising in manned balloons to from 5 to 9 kilometers. The discrep- 
ancy seemed to be eliminated in 1923 when Kolhorster in experiments in the 
Alps got a coefficient only about 0.25 per meter of wmterja value not in con- 
flict with Millikan and Bowen’s high flight. But up to the present day, 
though the lower value has been accepted, it has remained a mystery why the 
earlier European flights yielded such high values. This is now quite clearly 
explained, for the completely reliable curve shown in Fig. 1 is at the top rising 
quite as fast as did the Hess-Kolhorster curves, while the 1922 work shows un- 
mnbigtmisly that it cannot continue to do so up to 15.5 kilometers. In other 
words, the coefficient has passed through a maximum somewhere between 
these two levels, and at 15.5 kms. has fallen back again to low values. This 
is obviously what, from the foregoing considerations, it must do if the cosmic 
rays enter the atmosphere as pure ether waves. 

It will be seen from the foregoing that the Klein-Nishina formula, com- 
bined with Aston’s measurements and EiiivStein’s equation, yields quite accu- 
rately the observed absorption coefficient of the most absorbable band, when 
it is assumed that that band arises from the synthesis of helium out of hydro- 
gen. Also there is good reason to assume that at the level corresponding to 
the top of our curve this radiation has already reached a condition of equilib- 
rium with its secondaries, so that the comparison is probably here legiti- 
mate. The less absorbable the radiation, however, the farther must it tra- 
verse matter thus to get into equilibrium with its secondaries, and it is most 
illuminating to see how the absorption coefficients computed by the Klein- 
Nishina formula (see Table VI) for the formation of oxygen, silicon, and iron 
out of hydrogen are progressively higher than the observed coefficients .as ob- 
tained from the curve, thus indicating that these progressively harder rays 
are farther and farther removed from the situation in which they have tra- 
versed enough matter to get completely into equilibrium with their seconda- 
ries. Further, such attainment of equilibrium should become more and more 
difficult the nearer the absorption coefficient of the beta-rays released by 
Compton encounters with photons approaches that of the photons them- 
selves, and Bothe and Kolhorster’s recent experiments^^ show that this condi- 

: :R,. A.' Millikan, Phys. Rev. 36, 

Bothe and Kolhorster, Zeits. f. Physik 56, 751 (1929), 
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tion is somewhat nearly approached for the harder rays, though it is probably 
not so for the softer components. It may be that for these very penetrating 
radiations the secondary electrons are more penetrating than the primary 
photons and consequently even when equilibrium is reached a loAver absorp- 
tion coefficient should be observed than that called for by the Klein-Nishina 
formula.^^ 

7. Evidence for Atom Building 

In a word, then, the general qualitative evidence that the cosmic rays are 
due to the formation out of hydrogen of the only four abundant groups of ele- 
ments that there are, namely, helium, oxygen (C, N, 0), silicon (Mg, Al, Si) 
and iron (the iron group), which elements, barring hydrogen, constitute more 
than 99 percent of ail matter is quite extraordinarily good, but this evidence 
only becomes quantitative in the case of helium. That this band, however, 
which contains within itself probably more than 90 percent of all the cosmic- 
ray energy, has so closely the absorption coefficient predicted for it by the 
Klein-Nishina formula, taken in conjunction with Einstein’s equation and 
Aston’s curve, is exceedingly significant. By a process of exclusion we are 
well-nigh forced to adopt the synthesis of helium out of hydrogen as the 
origin of this cosmic-ray band; for the Einstein equation and Aston’s curve 
leavfe us no other alternative, provided the Klein-Nishina formula yields a 
result of even the right order of magnitude for the relation between absorp- 
tion coefficient and photon frequency or energy. The only other act that has 
been suggested, namely, the falling together of a positive and negative elec- 
tron, actually releases an energy 35 times that observed as obtained through the 
Klein-Nishina formula. This formula has been proved by Millikan and 
Bowen, by ChaOj^bby Tarrand® and by Meitner^^ to be approximately 
correct for the gamma rays from Th C" while the cosmic ray band under 
consideration, in accordance with our direct measurement, is but five times 
as penetrating as these gamma rays, so that wholly apart from its theoretical 
credentials, the extrapolation from Th C" up to the least penetrating cosmic- 
ray band is not a very long one. In other words, the Klein-Nishina formula 
ought to hold reasonably well for this softest cosmic-ray band. 

8. Participation of the Nucleus in Cosmic-Ray Absorption 

The Klein-Nishina formula, however, cannot be rigorously correct, for it 
makes the absorption proportional to the number of extra-nuclear electrons. 
We reported at the fall meeting of the National Academy in 1928 our definite 
evidence that the nucleus plays a role in cosmic-ray absorption. This evi- 
dence is found in the two curves of Fig. 2. If the mass absorption law held, the 
water equivalent of our lead screen would be 0.85 cm, this being obtained 

15 N. Russell, Astro. Phys. Jr. 70, 11 (1929). The enormous abundance of H and He 
is the most striking feature of this article. 

15 Millikan and Bowen, Proc. Nat. Acad. 16 , 421 (1930). 

1^ Chao, Proc. Nat. Acad. Sci. 16, 426 (1930) and Phys. Rev. 36, 1519 (1930). 

IS Tarrant, Proc. Roy. Soc. 129, 342 (1930). 

1® Meitner, Naturwissenschaften 18, 534 (1930). 
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merely from the thickness of the screen (7.64 cm) and the relative densities 
of water and lead. The actual water equivalent of the lead screen for the 
softer cosmic rays is seen from the distance apart, on the x-axis, of the upper 
parts of the two curves, to be 122 cm. This distance would of course be ex- 
pected to increase for harder rays, and the curves show that this is indeed the 
case, since for rays of the hardness that are found at sea level (10 m) the water 
equivalent of the lead has become 170 cm. Chao^’^ has recently brought to 
light a similar behavior for gamma rays, though of less magnitude, thus sug- 
gesting again the identity in nature of the gamma rays and the cosmic rays. 
The existence of such nuclear influences on absorption means that the Klein- 
Nishina formula mUvSt itself be but an approximation. 

9. The Uniformity of Distribution of the Cosmic Rays 

One of us has recently presented at length new evidence that the small 
fluctuations that have been reported in the intensity of the cosmic rays are 
due merely to changes in the thickness of the absorbing atmospheric blanket 
which surrounds the earth, and that the cosmic rays themselves are streaming 
into the earth with entire constancy and uniformity of distribution over the 
celestial sphere. The correctness of this conclusion with respect to latitude 
could scarcely be more beautifiilly attested than by the left-hand curve of 
Fig. 2. The observations there presented were taken with the same instru- 
ment under identical conditions as to observational technique, but at times 
extending over three different summers and in widely different altitudes and 
latitudes, the latter ranging from 34 to 59 degrees north. Yet they jit with quite 
surprising exactness one single ionization-depth curve. The observations at 
Lake Louise in Canada, latitude 51^, at Colorado Springs, latitude and 
at Lake Arrowhead, latitude 34, are especially comparable because taken aC 
about the same heights, as are also the near sea-level observations at Pasa- 
dena (latitude 34) and Churchill, Manitoba (latitude 59). 

This entire constancy in distribution of the cosmic rays is their most sig- 
nificant as well as most amazing property, and must mean, when taken in 
connection with their absorption coefficient, first, that the temperature exist- 
ing even in the atmosphere of the sun, whence alone they could get to us 
from this star, and the same is true for other stars, is inimical to the union of 
hydrogen into the heavier elements, for hydrogen is present in enormous 
quantity in the sun’s atmosphere. In the second place, these facts must mean 
that the cosmic rays do not originate in any places in the universe from which 
they are obliged to come to us through any apprecia ble amount of matter what- 
ever, If they had done so they would on entering the earth be partly beta-rays 
and partly photons, and, on account of the earth’s magnetic field, the beta- 
ray part would of necessity be stronger near the magnetic pole than at lower 
latitudes. But no trace of such an influence can he discovered! That, however, 
all about us the depth of space^^ hydrogen is somehow uniting into helium 
at least seems to us to be convincingly shown by the foregoing data, and that 
it is also uniting into the only other measurably abundant elements, the oxy- 
gen group, the silicon group, and the iron group, is strongly indicated, though 
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precise quantitative proof becomes here impossible because of the change — 
always a decrease— in the absorption coefficient of a beam of highly penetrat- 
ing photons while it is getting into equilibrium with its Compton secondaries. 
This phenomenon — the existence of which was demonstrated by the 1922 
Millikan and Bowen experiments — renders futile a more precise analysis of 
our curve than we have given above. 

10. Summary 

The foregoing results may be summarized as follows: 

1. Much the most dependable ionization-depth curve which we have thus 
far presented, especially at very high and very low elevations, has been ob- 
tained and analyzed. 

2. This curve shows, as did its predecessor, an unmistakable banded 
structure, and it further presents excellent quantitative evidence that the 
most intense and least penetrating band is due to the particular photon re- 
leased when four hydrogen atoms unite to form an atom of helium. 

3. Excellent evidence has been presented that these cosmic-ray bands 
enter the earth’s atmosphere as ether waves and must penetrate far Into it be- 
fore getting into equilibrium with their secondaries; also, that until such equi- 
librium is attained the observed absorption coefficient is smaller than that of 
the initial monochromatic radiation. This means, as shown in the 1922 Mil- 
likan and Bowen experiments that there is a level beneath the top of the at- 
mosphere at which the ionization due to a pure cosmic-ray beam is a maxi- 
mum, this maximum moving rapidly farther down as the frequency of the 
initial photon increases. 

4. The observed cosmic-ray curve has been shown to be consistent with 
’ the theory that it is made up of four bands due to the formation out of hy- 
drogen of helium, oxygen, silicon, and iron the only atoms of sufficient abun- 
dance to render the radiation released by their formation detectable anyway, 
and it has been shown that the differences between the calculated and ob- 
served absorption coefficients of the photons produced by the formation out 
of hydrogen of oxygen, silicon, and iron are very nicely explained by the non- 
equilibrium theory given in (3), the departures all being in the right direction 
and increasing with frequency in the right way. 

5. The constancy and the uniformity of distribution of the cosmic rays 
over the celestial sphere has been again brought strikingly to light, and the 
significance of this for the place and mode of origin of the cosmic rays has been 
again pointed out. 

6. Some participation of the nucleus in the absorption of cosmic rays has 
been experimentally established. 

We wish to express our appreciation to Professor Bowen for assisting, as 
indicated above, in the analysis of the curve. 
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RADIATION OF MULTIPOLES 
By Karl F. Herzfeld 

Department of Physics, The Johns Hopkins University 
(Received December 23, 1930) 

Abstract 

The radiation of nuiltipoles formed by putting together elementary dipoles is in- 
vestigated according to the classical theory and wave mechanics. It turns out that the 
radiations are of two kinds: 

The first part has the same frequency as the dipoles and is present only if 
the multipole structure is present even without vibration. 

The second part is always present. If w, the order of the multipole, is even then 
the frequencies are 2v, up to nv. If n is odd then the frequencies are v, Zvy up to nv. 

The relative intensities of subsequent multipoles are proportional to the square of 
the ratio: dipole amplitude to wave-length, as has been found in other cases. This cal- 
culation would apply to the infrared radiation of molecules. 


R ecently there have appeared a number of papers on the radiation of 
higher poles this radiation seems to explain the presence of forbidden 
lines.^ Although e.g. Rubinowicz^ paper gives rather complete general for- 
mulas for the classical theory, it seems not useless to bring out the physical 
facts as clearly as possible by considering the case of a combination of linear 
oscillators, as they are present in molecules like CO2 (two) or CCU (four). 

I. Classical Theory 


We consider quadrupoles, but there is no difficulty in generalizing to 
higher poles. The simplest quadrupole consists of two equal dipoles vibrating 
in the direction of the line joining them but with opposite phases. 

If the direction of vibration is the 0-axis, the field of one dipole can best 
be described by a Hertz-vector Z 

Z* = Z,, = 0 


r 


z, = z = 


cos ItvU — r/c) 
^ 

r 


( 1 ) 


1 1 az 

£ = AZ F = — rot (2) 

c dt 


■ If we have now the two dipoles the distance I apart along the Z axis and 
vibrating with the same amplitude but opposite phase, we will get the re- 


* I. Pladnteanu, Zeits. f. Physik 39, 276 (1926). A. Rubinowicz, Phys. Zeits. 29, 817 
(1928); Zeits. f. Physik S3, 267 (1929); 61, 338 (1930); I. Blaton, Zeits. f. Physik 61, 263 (1930); 
I. Bartlett, Phys. Rev. 34, 125 (1929); A. F. Stevenson, Proc. Roy. Soc. A128, 591 (1930); L. 
Huff and R. W. Houston, Phys. Rev. 36, 842 (1930). 

“ I. Bowen, Proc. Nat. Ac. 14, 30 (1928) ; Astrophys. J. 67, 1 (1928); R. Frerichs and I S. 
Campbell, Phys. Rev. 36, 1460 (1930). 
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sultant Hertz vector at any point by taking the difference between the con- 
tributions from the two dipoies. The resultant Hertz vector will consist of 

three parts: 

a cos 2Tv{t — f / c) I 




■ cos Q . 


(3) 


This part will not contribute to the radiation in distant places on account of 
the factor IJr 


Z 2 = 2 t 


asm2Trv{t — r/c) I 


■ cos 


( 4 ) 


This part does give radiation which will represent a spherical wave of the 
scifiic fvc^ucficy as the one which would be emitted by a dipole, although its 
intensity varies in a different manner with d and its amplitude is diminished 
by the factor 2tI/\. The formula is 


2ir^ ( 47r^ sin 27cv{t 

+ = a = cos e\-^a 

X \ f 


r/c) 


• sin 


’}■ 


(4a) 


The total intensity emitted is the fraction (SttVS) {P/'h?) of that emitted 
by one dipole. 

The third part is the most interesting one; it is always present, even if the 
two dipoles are not apart (/ = 0) when at rest, that is to say if there were 
e.g. two negative charges vibrating on opposite sides of a positive charge 
with the same position of equilibrium. It arises from the difference of posi- 
tion caused by the vibration itself. That is to say, we have to take r now not 
as the distance from the point of observation to the dipole, or quadrupole, but 
to the vibrating charge. If we call the deviation from the equilibrium posi- 
tion in a given moment z', we have to put in (1) 


f = ro -h z' cos 0 

and have for the dipole 

cos 2'Kv{t — Zo/c) -f- I-kIXz' cos 0 sin lrv{t 

rw _ 


(5) 


Zo/c) 


a cos 2xv{t — Zo/c) 


z 

2Tra^ 


■ cos 6 


sin 2irv{t — r/c) cos 2Tp(i — r/c) 


a cos 2Trv{t 
r r 


zo/c) 


+ 


X r 

2'ko?‘ cos % sin 2Tt2v{t — r^/c) 


(6) 


If the two dipoles of opposite phase are present, the first member drops out, 
and we have 

2x cos 0 sin 2 x2j'(^ — ro/<^) 

Zs = , 


( 7 ) 
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That reprevsents a spherical wave, with the same angular distribution as 
Z 2 , but With the double frequency and an amplitude proportional to the square 
of the amplitude of oscillation. The total amount radiated is (47ryXo'^(tt^)2/5) 
times tlie amount radiated by one dipole. 

Generalization to higher poles will give the following result: Assume that 
we have a pole whose order is n. n ivS defined in this manner: Let the unit 
vector pi indicate the direction of one of the constituent unit dipoles which 
make up the higher pole. Let r be the unit vector in the direction of observa- 
tion. 

Then a pole of order n is one for which 

Tipiry = 0 


for all rand and for somei*. In fact the left hand side is a 

spherical harmonic of order fz. With this definition, a dipole has w = l, a 
quadrupole w = 2, a tetrahedron = 

Let us now define a vector which will depend only on the orientation of 
r to a system of coordinates fixed in one pole 


we will need later besides a scalar, defined by 


where r' is a unit vector perpendicular to r. 

We find then two different kinds of radiation. 

(1) If there is a ^Statical” multipole structure of order n and strength pn 
present, we get a radiation (Hertz vector) of the same frequency as the fre- 
quency of the constituent dipoles, but with the factor 


n\ \ X 


(2) If the miiltipole has its origin only in the motion (that is if the field in 
equilibrium corresponds to a pole of higher order), part (1) is absent. But 
there is always present a radiation with a Hertz vector 

1 ^n—\ 

Z = —Lfi cos’^~*^27rz'(^ — r/c) cos 27rr(^ — f/c). 

n\ r . , dr” ^ 

If fz is odd, we have 

2 ' = — cos^2wv{t- {r/c)) 
zz! r \Xo/ 


r(n~~l)/2 /,n /9, 


.2””"bz'! 


r \Xo- 


i 28^0 \ S 


cos 2Tr{n — 2s)v{t — (r/c)) (8) 
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If n is even 
Z 


(_l)n;2 ffiY 27 rY‘-i^ I 


2n~-l;^! r\Xo/ 


n 

S'-! 


sin 2ir(M — 2s)v{t — (f/c)) j” 


(8a) 


Accordingly we get radiation which has the frequency (w 2s)v. 

The only similar case where this seems to have been stated explicitly® is 
the case of n equal particles moving equidistant on a circle, which arrange- 
ment of course forms a pole of n fold multiplicity. 

II. Wave Mechanics 

In this case it is simpler to treat absorption instead of emission. The 
transition to emission is always easily made by using as external field the 
Lande-Dirac ghost field. 

We assume a harmonic oscillator, whose Schrodinger equation is 


(9) 


Stt^M „ 47r jJ/ di^ 

-L Ivmvh^ = T- 

dz® h h dt 

with the solution 

4' = 'Pk = 

with the abbreviation 

Hn is a Hermitian polynomial, 

/ 1 MttMAI'AI'® 

)• 

If there is now a perturbation function present of the form 

. y = £i^rrispt^f 

we find 

dck+s 2Ti r 

— Ck I y 

dt h J 

If we have a light wave polarized parallel to s and propagated parallel to x, 
its electric field will be 

Ez E cos2wvs{t — x/c) . ( 11 ) 

The perturbation function is then given in the first case (of a statical mul- 
tipole structure) by 

y :::::: 


( 10 ) 


nl 


dx^ 


~Ez 


® J. J. Thomson, Phil. Mag. (VI) 6, 673 (1903); G. A. Schott, Electromagnetic Radiation, 
Cambridge 1912, p. 102. 

^ See f. e. E. U. Condon and P. M. Morse, Quantum Mechanics, New York, 1930, p. 47. 
A. Sommerfeld, Wellenmechanischer Erganzungsband, Braunschweig 1929 p. 17. 
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from, which we get/’ 

dCn\-H 

df 


2iiti /It 


Ch 

h \Xo, 


.\n~l I p 

•) pn(XnE~ I Zpjcpk+adz, 

)/ n\J 


The latter integral gives of course the same selection rule as for a dipole s= ±1 
and only modifies the intensity of the absorption by the same factors as in 
the corresponding classical example. 

More interesting is the case arising from the existence of the oscillatory 
We will put the perturbation function multipole. 

1 

V = * Eg 

ul 

which leads to ' 

dck^s liri eE / 27 r\^~^ 
dt 


— j a, 

h 'w l \Xo, 


ti j 1 


n+l 

___ \ b hb k-usT 


kOjc-i-sk k ,8 


n]\Md 


+ 5) 1)1/2 


where 


f = f re-^"EkH,^8d^. 

kbk+s U J 


To evaluate this integral, we use first the following formula,® where an 
upper index j indicates j fold differentiation in respect to the argument 


and therefore 

If we write 


= 2kIIk~-i 

= 2k-i2k - 2) • • • (2^ - 2j + 2)E,„/. 
Hk = EoW 


we have 

= l^'kik - 1 ) • • • {k -j + 
But/on account of the formula"’ . 


^ Of course, we have been quantizing not the motion of one charge, but of a characteristic 
vibration (normal coordination). As these are independent (no natural interaction), there are 
only transitions between different states of the suwe vibration possible, as G. Dieke has kindly 
pointed out. 
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we have 


0 for k 


j even 


% even 


= 0 for k — i odd. 
We now use Sommerfeld’s method^ 

^oo / ^/H-. 


0 for ^ 5 ^ or ^ > n 


aP\i + n){i ^ n - V) - ^ {i + n- k- for 5^ n 


if we now put 


ih) 


The integral is 0 if Z is odd and tt^^' 

Accordingly, we have 

= 0 if 5 — n odd 


'(2j -f" 


j+(s— n) /222j+fc+s+n^ I- 


® Condon and Morse, I'eference 4, p. 50, 
^ Sommerfeld, reference 4, p. 59. 
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" (4/)' 1 

= 1) (—)/22 Y. (- 1 )’ — i2i+k+s)[ 

(2i)!^ 4’ ■ 

(//-j)! (2J+k-g)l^ 


(17) 


with = 2g. 

That means that for n odd the transitions 1, 3, 5 ■ ■ and n even the transi- 
tions 2, 4, 6, • • o? are permitted, and accordingly the frequencies z^, 3 i7, 5?^ • • • 
nv or 2v, • * -nv absorbed and emitted, in analogy to the classical theory. 

In normal cases, the formula are not as terrible as they look. For example, 
for n = 2 (quadriipole) we have s-2 

ik + 2)\ 

j, ,ci) = + \){k + 2). 


If w. = 3 (tetraeder) there are possible two transitions 
frequency p 






((^>+1)12! 4! 

\Tr-i)p ~ ^ 


(^V/22/c+2i 2kHk + 1) - 

' 4 


1 Jlil: 

(2!)- 4 (/5 + 1)!2 
1 {k + 2)ik + 3) 


k + 1 


I 


s = 3 frequency iv 


h.Z = (7r)>'-2'^ 


k\(k + 3)! 
'kO 


iTyi-Kk + l){k + 2){k + 3). 


In general, we have for s=n, frequency nv 

k\(k + s)l 




k':^ 


(t)>'22*(A + 1) • ■ • (& 4- 2) 


(18) 


which will make the factor in (12) proportional to [^-(^ + 1) • • ■(^+^)]^ or 
if this corresponds to the fact that the amplitude of light emitted 

classically is proport ional to a” as a-~^ ~the energy of one dipole. 

The relative transition probability from ^+5 to ^ for a pole of the n order to 
the same probability of a pole of {n — \) the order is 

1 — Yf— 

kj» 

hv/Mc^ is the ratio of the energy of vibration to the intrinsic energy and can 

be rewritten 

M/2rmL _ 1/ Y_ - 9x2— V 

"" 2\ c ) 2\ c / \xo/ 

Rubinowicz^ has found a similar result for atoms. 
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THE MOTION OF ELECTRONS IN ARGON 
By H. B. Wahlin 

Department of Physics, University of Wisconsin 
(Received December 27, 1930) 

Abstract 

The motion of electrons in argon containing 1.53 percent N 2 has been investigated. 

For low fields the mobility is a constant, but rises rapidly as the field is increased due 
to the increase of the electron free path with increasing thermal velocity. 

The mean free path of electrons in pure argon and in thermal equilibrium with the 
argon is 0.385 cm at 1 mm pressure. 

I N A series of earlier papers^ results of investigations on the motion of elec- 
trons in N 2 , H 2 , He and CO have been presented. The method used was 
the alternating potential method of measuring mobilities. Since in the case 
of the electron motion through a gas the mobility is in general not a constant, 
this method does not lead to a direct determination of the mobility. It is pos- 
sible, however, as was done in this earlier work, to make an indirect compari- 
son of the experimental results with the theoretically calculated mobilities. 
In all the cases presented so far, with the exception of N 2 , a good agreement 
with the theory proposed by K. T. Compton^ was shown to exist, provided it 
is assumed that the energy loss of an electron on impact with a molecule is 
greater than it would be if due to momentum transfer only. In N 2 the varia- 
tion of the electronic free path with the electron velocity enters into the ex- 
perimental results to such an extent that a check is impossible. Compton’s 
theory takes no such variation into account. 

In the present paper results on argon corresponding as much as possible 
to those on the other gases, are presented. 

The argon used in these experiments contained, after being freed of oxy- 
gen, 1.53 percent nitrogen. This was not removed, but instead, as shall be 
seen, corrections were made for its presence. All the measurements were made 
at a pressure of 760 mm. 

When the mobility is a yonstant, it may be calculated exactly from the 
voltage intercept of the mobility curves by the expression 

Trndy{2yiW^ (j) 

If the mobility is a function of V as it will be for electrons, this equation 
gives an average value determined by the relation 


Compton’s theory gives 


[1 + (1 + i5F2)l/2]l/2 

1 H. B. Wahlin, Phys. Rev. 23 , 169 (1924); 27 , 558 (1926) ; 35, 1568 (1930) 

2 K. T. Compton, Phys. Rev. 22, 333, (1923). 
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In Fig. 1 the average values of K calculated from Eq. (1) are plotted 
against the field strength (V/d) in which they were determined. For very 
low values of the field the mobility is a constant, and over this range the 
values calculated from Eq. (1) are nearly exact. In fields above 2 volts/cm 
the mobility rises sharply. The values found for this range serve merely to 
illustrate qualitatively the rapid increase in the mobility. 



An examination of Eq. (2) shows that according to Compton's theory one 
should expect a decrease in the mobility with increasing voltage due to the 
increased thermal velocity of the electrons. In order to account for the dis- 
crepancy between theory and experiment it is necessary to assume a very 
rapid increase in the electron free path in argon with increasing thermal veloc- 
ity. This is in agreement with the free path determinations of Townsend and 
Bailey^ and others. 

The results shown in Fig. 1 serve in one way as a check on Compton’s 
theory. The equation giving the mobility as a function of the field strength 
(Eq. (2)) demands that for low field the mobility shall be a constant; i.e. 
that for low field the electrons shall be in thermal equilibrium with the gas. 



10 20 30 HO SO 60 10 BO 90 HXO 


The fact that the molality is nearly a constant as V approaches zero shows 
that apparently the thermal velocity does not vary sufficiently to produce 
any appreciable change in the free path. 

In Fig. 2 two typical mobility curves are presented. The curve taken at a 
frequency of 14,100 cycles/sec is of the same character as those found for 
other gases. The one taken at the higher frequency is characteristic for argon. 
This frequency gives two values for the mobility. The variation in the shape 
of the mobility curve is due to the Ramsauer effect which in argon is much 
more pronounced than in other gases studied. 

3 J. S, Townsend and V. A- Bailey, Phil. Mag. 44, 1033 (1922). 
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The limiting electron mobility in argon containing 1.53 percent N 2 is for 
low fields 59,600 cm/sec/volt/cm. The mean free path calculated from this 
value assuming 

K = 0.75e\/mc 

is 0.363 cm at 1 mm pressure. 

To correct for the presence of N 2 the following expression may be used 

760 _ ^ 

where is partial pressure of N 2 , Pa the partial pressure of argon, the 
mean free path at 1 mm in mixture, the mean free path at 1 mm in N 2 and 
Xa the mean free path at 1 mm in pure argon. This expression was used by 
Townsend and Bailey with a mixture of H 2 and A and was justified by them 
for this case. The corrected value for the mean free path when the electrons 
are in thermal equilibrium with the argon atoms is (assuming X„ = 0.0996 cm) 
0.385 cm at 1 mm pressure. 

In Fig. 3 the author’s value of X (indicated by X) together with Townsend 
and Bailey’s values are plotted as a function of the thermal velocity c. This 



-I 1 L—J I 1 I 1 I l__J l—J 1 
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Fig. 3. 

curve shows the prominence of the Ramsauer effect in argon, and also serves 
to explain the shape of the mobility curves obtained at high frequencies. 

Summary 

The results of the determinations of the mean free paths of electrons in 
gases, together with the values calculated from kinetic theory, are shown in 
Table 1. 

Table L 



Obs. 

KT 

Obs. /i^r 

H 2 

0.041 

0.0741 

0.553 , 

He 

.066 

.117 

.565 

CO 

.069 

.0391 

1.75 

N 2 

.0996 

.0393 

■ 2.53 

A 

.385 

.0417 

9.2 


As is seen there is no systematic agreement between the observed and the 
kinetic theory values. 


1 

- 
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DISPERSION AND REFRACTIVE INDEX OF NITROGEN 
MEASURED AS FUNCTIONS OF PRESSURE BY 
DISPLACEMENT INTERFEROMETRY 

By Clarence E. Bennett 
Department of Physics, Brown University 
(Received December 15, 1930) 

■ Abstract 

I'ljc LorenlZ" Loren/ relalion has never been satisfactorily checked by experiment 
for pressures above atmospheric, because of a lack of trustworthy data on the refrac- 
tive inilices of pure gases us functions of pressure. Such data would also be particularly 
valuable in the study of polar molecules on account of Maxwell’s law connecting the 
refractivi! index \v ith the dielt.'ctric constant. Due, however, to the difference betw^een 
optical and electrical frecp.iencies the refractive index must be reduced to zero fre- 
quency before Maxwell’s law can be applied. This necessitates a precise knowledge of 
dispersion which is not a\'ailable for many pure gases. In the present paper a method 
of measuring simultaneously the dispersion and refractive index of a gas is discussed. 
The method is justified on theoretical and experimental grounds and applied in a 
practical way to the measurement of dispersion and refractive index of nitrogen over a 
range of pressures and at two different temperatures with a high degree of precision. 

The results show that over a seven atmosphere range the Lorentz-Lorenz relation 
is followed and that the dispersion is a linear function of pressure. The value of the 
Cauchy constant B is found to be 1,95 X per cm of mercury pressure. The index of 
refraction for nitrogen is measured for three wave-lengths at 0°Cand 30®C with a limit- 
ing error in (m 1 ) of one third of one percent. The dispersion information enables the 
values to be reduced to irdinite wave-length with the result that a value for the dielec- 
tric constant is obtained which differs by less than two-thirds of one percent from that 
measured directly by Zahn. The values of m under NTP conditions for the wave- 
lengths 4811A, 5893A, and 6362A are L0002991, 1.0002969, and 1.0002967 respec- 
tively. 


Introduction 



T he problem of measuring the index of refraction of gases has been at- 
tacked by many observers in the past, but precise results have been ob- 
tained with only a few substances. The most accurate determinations have 
been made for air, an admittedly complex substance, and in. practically all 
cases the observations have been made at atmospheric pressure. .The data'on 
air .obtained, by Meggers , and Peters^' with, a P'abry- Perot interferometer over 
the . whole visible, spectrum range, undoubtedly .represent the Test work , .of 
this, sort ever attem,pted. ■■Trustworthy d.ata'.o,.n'theindex of .refraction', of pure^ 
gases, .as a' function of pressure., , however, we.re scarce at the time the present 
.research was started. Gale^ i,n 1902^ worked on air, about the constitution of 
which he knew \"ery little, up to a few atmospheres with a Jamin interferom- 
eter, and MagrP in 1905 went up to fourteen atmospheres with air also using 

^ Meggers and Peters, Bulletin of the Bureau of Standards, No. 14, 1918-“19, p. 697. 
.■2'H..G. .Gale, Phys. .Rev. 14, ■1.(1902).. ■■ .■ 'i-'" 

■' ■'.■■^®L.Magri,Phys.Zeits..6,629 (1905). ■'■ ■ : . 
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a Jamin interferometer. Cheney,^ using pure gases, in 1927 measured the re- 
fractive indices of nitrogen, ammonia, carbon dioxide, sulpliiir dioxide and air 
over a temperature range of a few hundred degrees at one atmosphere by 
means of a Fabry-Perot etalon, but so far as can be ascertained, no one with 
the exception of Phillips^ who worked with carbon dioxide, has published any 
reliable data on pure gases at pressures higher than one atmosphere. 

In the light of the Lorentz-Lorenz®'’’' equation such information should be 
particularly significant. Furthermore as a result of the work of Debye® and 
others in which dipole moments have been coordinated with dielectric con- 
stants, data on refractive index become especially valuable because of Max- 
welhs law connecting the dielectric constant with the refractive index. This 
necessitates a knowledge of the dispersion of the medium because dielectric 
constants are measured at very low frequencies compared with optical fre- 
quencies. 

Some years ago Carl Barus^ made a few preliminary observations on the 
index of refraction of air with his displacement interferometer, as a result of 
which, it appeared possible to measure both refractive index and dispersion 
simultaneously. This work was only qualitative and no attempt was made 
to secure high precision, yet the experiments showed that such precision 
might be expected if the instrument were properly developed. It was the 
particular good fortune of the writer to be able to assemble an instrument of 
this type with the personal assistance of Professor Barus, and to adapt it for 
this sort of work. 

Displacement Interferometry 

The optical arrangement of the displacement interferometer is shown In 
Fig. 1. When the system is properly aligned so that the mirror if' is made 
accurately parallel to the virtual image of the mirror if as seen through the 
half silvered mirror HS, the interfering light beams, if viewed through the tele- 
scope T on the front of which is mounted a ruled grating, display a beautiful 
interference pattern consisting of black concentric oval fringes superposed on 
a continuous spectrum. The optical path difference necessary to produce this 
result is a known function of the thickness, the index of refraction, and the 
dispersion of the glass half silvered mirror. 

These frinps are very interesting. They have been studied at length by 
Barus,® and Birchby^® has more recently described and explained fringes of a 
similar nature. Like Michelson fringes they expand or contract with every 

^ E. W. Cheney, Phys. Rev. 29, 292 (1927). 

^ P. Phillips, Proc. Roy. Soc. London 97A, 225 (1920). 

® H, A. Lorentz, "Theory of Electrons.” 

2 Peters, reference 1, credit Magri, reference 3, with preferring (^a^-l)/ 

4-l)/(p) == C but this is a mistake resulting from a typographical error in Magri^s publica- 
tion as anyone can see by checking the calculations. 

® P. Debye, "Polar Molecules,” 1929. 

Barus, Carnegie Foundation of Washington Publications, No. 149, L IL in- No 
229;No. 249, 1, II; 1911 to 1917. ^ ’ * 

W. N. Birchby, Proc. Nat. Acad. 10„ 452 (1924) also 13, 216 (1927). 
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motion of the micrometer screw, but continuous motion causes the whole 
system to move bodily along the spectrum from violet to red as the path from 
the micrometer mirror to the half silver is made shorter. Using for a half 
silvered mirror a plate of glass 0.25 inches thick, a motion of the micrometer 
mirror of 0.17 mm corresponds to a shift of the fringes from the red to the 
blue-green region of the spectrum. This means that movements of the fringe 
system along the spectrum corresponding to displacements of the mirror can 
be calibrated with a good micrometer. Hence the instrument is particularly 
well suited to measure displacements greater than can conveniently be meas- 
ured with a Michelson interferometer, because it is unnecessary to count 
fringes, yet the accuracy is about the same. 



Fig. 1. Optical arrangement of a linear displacement interferometer. 



The fringes are visible simultaneously in all spectrum orders and remain 
so even for very wide slit openings, the visibility however, being generally 
best for reduced illumination. When sunlight is used as a source, the dark 
Fraunhofer lines constitute fixed lines of reference by means of which meas- 
urements of the displacement of the fringe system can be made. Ordinarily 
with a carbon arc the yellow sodium line is bright enough to stand out against 
the continuous spectrum background and serve as a reference line. 

By a geometrical consideration of the reflected and refracted rays Barus 
derived the fundamental relations of displacement interferometry. But let us 
now consider in quite an independent manner how the instrument can be 
used to measure the index of refraction of a gas. Suppose the interferometer 
to be so adjusted that the oval fringes are centered on a given spectrum line, 
for example the sodium D line, when a column of gas of length e is in one arm 
of the interferometer. Assume /xi to be the index of refraction of this gas, jiA 
to be the index of refraction of the medium in which the micrometer mirror 
is displaced (air), and if there are any other substances in the path let their 
refractive indices be 'denoted by ■ ' ' 

With the gas in the path, the optical path difference from the half silver 
to the mirrors and iV is 



■n\ = )xie + F(jU 2 * • * Mn) — P 


( 1 ) 
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where X is the wave-length of the spectrum line on which the fringe system 
is centered, is the optical path length of gas, Ffe • ‘ • pL„) is the path 
length of all remaining substances in the path, and P is the optical length of 
the opposite path. F and P are absolutely independent of the nature of the 
gas in question and are not affected by evacuating the tube. 

When the gas is removed from the path (by evacuation of the containing 
tube) and the micrometer mirror is displaced to recenter the fringe system on 
the given spectrum line 

n'\ = e + + F(m 2 * * • P (2) 

where /x for vacuum is of course one, and Ax is the air displacement of the 
micrometer mirror. 

The radial distance between the central spot and the first fringe ring is 
observed to be greater than that between any two successive rings. Hence in 
accordance with Cornu’s principle, the fraction of a fringe shift for the change 
of one wave-length must be a minimum at the center of the system, I.e. 

dn' dn 

ax ” ax ” * 

Thus the fringes near the center of the configuration are relatively coarse and 
far apart, whereas the outermost ones are very fine and close together. 

Dividing Eqs. (1) and (2) by X, differentiating each with respect to X, set- 
ting the resulting equations equal to zero, subtracting one from the other, and 
solving, we get ' 

r a /X p 

{<*“ ’ ” ‘ 

A* = (3) 

fJ^A — A 

ax 

The denominator for all practical purposes is one, whence 

^ ^ Ax d/jLi 

(mi - 1) = h • (4) 

e d\ 


Dispersion 

Eq. (4) shows that before the index of refraction of a gas can be deter- 
mined by displacement interferometry some knowledge of its dispersion is 
necessary. Further considerations, however, show that the dispersion can be 
obtained directly with the instrument from the values of the displacement Ax 
taken for two different wave-lengths in the spectrum. 

Consider the Cauchy dispersion relation 

B C 

fi — A -\ -| 

X2 
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The data of Meggers and Peters* show that for air, two arbitrary con- 
stants A and B are sufficient to represent the facts. The writer has taken 
these data for three different temperatures 0°, 15°, and 30°C and plotted 
(iji-i) aginst 1/M on a very large scale (a graph 50X70 cm) as shown in a 
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Now consider again Eq. (6) rewritten so as to read 


• Experiments on nitrogen which will be described later, show conclusively 
that Ax is a linear function of pressure when values of Ax are plotted against 
pressure. Therefore, since e is a constant, [(/x— l) +25/X2] must be a linear 
function of pressure, meaning that either each term separately varies directly 
with pressure or that there is some involved relation connecting the two terms 
in such a way that their sum varies directly with pressure if separately they 
do not. Since Kjix — l) is a first approximation to (ju^ — l)/(/x^ + 2) we should 
expect (ja—l) to be directly proportional to pressure by the Lorentz-Lorenz 
relation, and so B must, therefore, be a linear function of pressure. This 
means that Bjp is a constant which can be determined directly by the differ- 
ence in the slopes of the lines Axi/;^ = constant and Ax 2 /^ = constant. 

Dividing Eq. (10) by ^ it appears that 


^ Q here means 5 per cm pressure. The 5 used in the previous work can now 
be interpreted to mean B at pressure p. 

It follows then that the displacement interferometer can be used to de- 
termine the dispersion factor B of a gas, first finding 5o from the difference 
in the slopes of the (Ax, p) lines for two different wave-lengths and then multi- 
plying by the pressure to get the value of B corresponding to that pressure. 
After B has been determined (/x— 1) can be determined at the same pressure 
by Eq. (6). The value of (m"" 1) can be reduced to its equivalent at 0^ and 
normal pressure if it is not so measured, by assuming the Lorentz-Lorenz 
equation to be at least approximately true, whence 


P 273.1 

Preliminary Experiment 

An interferometer with arms something over a meter long was assembled 
according to Fig. (1), and measurements of the refractive index of dry air 
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were made at atmospheric pressure using for the dispersioh correction the 
value given by Fig. 2. The average of some twenty or more independent ob- 
servations gave a resulting value for (/io — 1) of 0.0002921 with a mean devia- 
tion of + 0. 0000007. This is exactly the value given by Meggers and Peters.^ 
Hence the conclusion is drawn that the above theoretical considerations have 
been experimentally justified. 

IOescription of the Apparatus 

The arrangement of the apparatus is sketched in Fig. 1. A photograph 
of the actual set-up in the basement of the laboratory is reproduced in Fig. 3. 
The interferometer mirrors were made from plates of optical glass 3 inches 
square ol)tained from Bausch and Lomb. The micrometer mirror M was fas- 
tened to the movable table of a small Michelson interferometer which had a 
well-made micrometer screw about 3/16" diameter of O.S mm pitch. The 



Fig. 3, Photograph of apparatus. 

Michelson inteferometer was also set up so that it could be used as an aux- 
iliary instrument as indicated in the figure, for the purpose of calibrating the 
screw over the range actually used, by counting Michelson frmges from an 
independent monochromatic source of light. 

The Michelson in^rferometer and the two other mirrors of the displace- 
ment interferometer were mounted on independent cement piers which rested 
on the ground and were free from contact with the building. They extended 
up through the floor in the form of shafts one foot square and about three 
feet 'high. 

The illuminating system consisted of an arc light, a lens and a collimator 
all mounted on a table. To produce a zinc spectrum for work on dispersion, 
the arc was loaded with pieces of zinc wire inserted into drilled carbons. The 
arrangement was such that a concave mirror could be substituted for the lens 
to make it possible to focus sunlight from a hole in the floor of the room above, 
upon the slit of th9 colUrnating telescope to produce a solar spectruitiv The 
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oval fringes were observed with a 25 cm focal length telescope hax'ing a gela- 
tin grating, with approximately 1150 lines to the inch, nioiinted normally in 
front of the objective. The arc light, the collimating telescope, the table upon 
which they rested, and the Michelson interferometer, were mounted upon 
squares of sponge rubber to minimize the effects of vibration. Even with the 
heavy cement piers completely separated from the building all trouble due to 
vibration was not completely eliminated, although with them the fringes (k'~ 
casionally steadied down for short intervals. Ordinarily in the day time the 
quiet intervals were neither as long nor as regularly spaced as in the evening, 
and for this reason most of the readings were taken in the evening. 

The experimental refraction tube containing the gas to be experimented 
with, was supported in the working arm of the displacement interferometer. 
It was made of Shelby cold drawn steel tubing | inch wall and approximately 
one inch bore. The ends were closed by disks of high quality optical glass, 
obtained from Bausch and Lomb, 1.15 inches in diameter and 0.25 inches 
thick, with accurately plane parallel surfaces. A second tube just like the 
first but containing air at room temperature and pressure was used in the 
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Fig. 4. Method of fastening glass ends to the experimental tube. 

Other arm of the interferometer to optically compensate for the experimental 
tube. The length of the refraction tube inside the end plates measured 100.30 
cm. 

The packing shown in detail by Fig. 4, was used to fasten the glass ends 
to the tube, and proved very satisfactory. The end of the tube T was care- 
fully tinned and, while still hot, was screwed into a hot threaded sleeve A 
to form a very tight fit. (7 is a thin-walled steel cup carefully machined down 
to fit the glass disk G which is cemented into it with a thin layer K of de- 
Khotinsky cement. The steel washer Wis also cemented to the glass, and the 
rim of C projects out beyond G just enough to take up the strain when W is 
pressed against it. P is a very thin sheet of rubber (dental dam) also cemented 
to C. This whole unit P, C, K, G, W, was set in place and the ring R was 
screwed in about flush with A . Then by means of eight equally spaced screws 
S the unit was pressed tightly up against the end of the tube T. 

The experimental tube was mounted in a water bath, by means of which 

the temperature was kept uniform and constant to O.Or c. 

A small McLeod vacuum gauge was used for the purpose of registering 
pressures less than 0.1 mm mercury obtained with a Cenco Hyvac pump. 
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Pressures above atmospheric were measured with a mercury column. The 
lower end of this column was a length of 3/ 16" steel tubing welded through a 
hole in the plug of a commercial iron mercury flask, and just long enough 
nearly to reach the bottom of the container. The upper end was a glass tube 
fastened to a brass centimeter scale, some 350 cm long in two sections, 
nioimted on the side of a wooden ladder just long enough to reach from the 
floor to the ceiling beams, and fastened rigidly at each end. 

The pressure line connecting the various pieces of apparatus; the gas 
source, the mercury column, a dial gauge (which was included for rough 
work), and the experimental refraction tube was made up of steel tubing. 
Connections were made by means of soldered sleeves or carefully built steel 
unions. Each piece of apparatus could be isolated from the rest by special 
high pressure steel stopcocks. 

Experimental Procedure and Observations with Nitrogen 

Water pumfxxi nitrogen was obtained in commercial containers under 
about 2()0() lbs. pressure, guaranteed pure except for 0.5% water and 0.5% 
oxygen. The oxx'gen was removed by pavssing the nitrogen through a steel 
tube full of sheet co})per clippings maintained at a temperature of 500- 600°C 
into an auxiliary steel tank where it was stored under a pressure of 600 lbs. The 
water vapor was removed by phosphorus pentoxide contained in three tin 
cans suspended by copper wires inside this auxiliary tank. 

The nitrogen thus stored was allowed to stand a few days to become dry. 
The system was thoroughly rinsed out with it and observations were carried 
out in the following manner: A vacuum of 10~“ mm of mercury was obtained, 
and after a reading of the barometer had been taken, the temperature of the 
bath being kept constant at 3(PC, the fringes were very carefully centered 
on the blue (4811 A) zinc spectrum line. The reading of the micrometer was 
recorded, and then the screw was so turned as to cause the fringes to proceed 
through the spectrum to the yellow (5893A) sodium line. This process was 
continued to bring the fringes up to the orange (6362 A) zinc line. Then a 
small quantity of nitrogen was admitted to the system, and after the tempera- 
ture and pressure had come to equilibrium, the temperature of the room being 
usually several degrees below 30°, the reading of the mercury column was 
noted, and readings of the micrometer were made with the fringes centered 
upon each of the three spectrum lines. This process was continued until 
readings had been made at intervals of approximately one atmosphere up to 
the limit of the gauge, i.e. a pressure of about 475 cm of mercury above 
vacuum. At this pressure due allowance was made for the back lash of the 
screw in the opposite direction, and readings were made for settings of fringes 
at each spectrum line, this time in the order of orange, yellow, and blue, for 
decreasing pressures at intervals of approximately one atmosphere, ending 
with a reading for vacuum. 

After several runs of this sort a very careful run was made at a tempera- 
ture of 0°C obtained by packing the constant temperature bath with ice. 



F. G. Keyes and Jane Dewey, Jour, Opt. Soc. Am., 14, 491 (1927). 
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The observations obtained in these runs are recorded in Tables I and II. 

Table I. Data on nitrogen at 3(fC, 


No. 


Pressure 
(cm Hg) 


A.'\'i(cm)4811A 
(obs.) (calc.) 


A.T2(cm)58<)3A 
(obs.) (calc.) 


fobs.) I calc.) 


148.89 

150.72 

152.27 
153.02 

154.56 
158.00 

158.72 

161.69 
167.71 
211.58 

221.41 

221.50 
222.44 

222 .69 

227.50 

238.69 

239.22 
257.81 

274.23 

276.95 
281.19 

287.62 

298.46 

302.28 
305.64 
320.94 
333.87 

335.07 

335.07 

335.21 
341.30 

353.41 

354.63 

391.07 

396.46 
397.11 
397.60 
398.25 

416.23 

419.57 

436.47 
.436.47 
472.16 

472.21 
473.37 
473.92 

473.96 


No. 


Pressure 
(cm Hg) 


0.05540 
.05628 
.05605 
.05658 
.05718 
.05998 
.05983 
.06102 
.06408 
.08048 
.08350 
.08268 
.08230 
.08278 
.08488 
.08730 
.08985 
.09532 
.10373 
.10445 
.10468 
■ .10810 
.11105 
.11408 
.11428 
.11870 
.12457 
.12530 
.12515 
.12550 
.12895 
.13253 
.13220 
.14425 
.14880 
.14913 
.15038 
.14990 
.15563 
.15690 

.16457 

.17650 

.17408 

.17733 

.17723 

.17955 


0.05573 

.05641 

.05699 

.05728 

.05785 

.05914 

.05941 

.06052 

.06277 

.07919 

.08287 

.08291 

.08326 

.08335 

.08516 

.08934 

.08954 

.09650 

.10264 

.10366 

.10525 

.10766 

.11171 

.11314 

.11440 

.12013 

.12497 

.12542 

.12542 

.12547 

.12775 

.13228 

.13236 

.14638 

.14839 

.14864 

.14882 

.14906 

.15579 

.15705 

.16337 

.17673 

,17675 

.17718 

.17739 

.17740 


0.05398 
.05495 
.05588 
.05585 
.05483 
.05810 
.05768 
.05950 
.06085 
.07760 
.08018 
.08090 
.08045 
.08097 
.08298 
.08728 
,08680 
.09450 
.10018 
.10068 
.10265 
.10505 
. 10838 
.11013 
.11175 
.11695 

.12148 
.12262 
.12198 
.12515 
,12910 
.12972 
.14298 
.14550 
. 14458 
.14545 
.14513 
.15223 
.15342 
.15950 
.16020 
.17144 
,17265 
.17320 
.17263 
.17443 


0.05439 
.05506 
.05562 
.05590 
.05646 
.05772 
.05798 
.05906 
.06126 
.07729 
.08088 
.08091 
.08126 
.08135 
.08310 
.08719 
.08739 
.09418 
. 10018 
.10117 
.10272 
. 10507 
. 10903 
.11042 
.11164 
.11724 

.12240 
.12240 
.12245 
.12468 
.12910 
.12955 
. 14286 
. 14483 
. 14506 
.14524 
. 14548 
. 15205 
.15327 
.15944 
. 15944 
.17248 
.17250 
.17292 
.17312 
.17314 


Table 1 1. Data on nitrogen at (fC. 


AA*j(cm)4811A 
(obs,) (calc,) 


A.T2(cm)5893A 
(obs,) (calc.) 


0.05402 
.05495 
.05538 
.05548 
.05458 
.05750 
.05755 
.05900 
.0(3052 
.07743 
.07990 
.08065 
.08025 
.08090 
.08242 
.08655 
.08652 
.09400 
. 10073 
.10035 
.10218 
. 10470 
.10785 
. 10965 
.11100 
.11648 
.12175 
.12088 
.12327 
.12160 
.12500 
.12805 
.12915 
.14200 
.14470 
.14385 
.14530 
. 14438 
. 14902 
.15228 


.16007 

.17118 

.17187 

.17158 

.17262 

.17280 


0.05412 
.05479 
.05535 
.03562 
.05618 
.05743 
.05769 
.05877 
.0()096 
.07691 
.08048 
.08051 
.08086 
.08095 
.08270 
.08676 
.08696 
.09371 
.09968 
. 10067 
.10221 
. 10455 
. 10849 
. 10988 
.11108 
.11661 
.12136 
.12180 
.12180 
.12185 
.12406 
.12846 
.12891 
.14215 
.14411 
.14435 
. 14453 
. 14476 
.15130 
,15251 

. 15866 
.17163 
.17165 
.17207 
.17227 
.17228 


Ax3(cm)6362A 
(obs.) (calc.) 


150.04 

163.11 

233.94 

239.52 

308.42 

327.09 

386.60 

453.29 

453.79 


0.06123 

.06665 

.09623 

.09868 

42688 

43535 

,15938 

.18683 


0.06185 

.06723 

.09643 

.09873 

42713 

.13483 

.15936 

,18685 


0.06053 

.06550 

.09383 

.09652 

,12465 

.13180 

.15625 

.18360 


0.06062 

.06590 

.09451 

.09677 

.12460 

.13214 

,15619 

.18313 


0.06023 

.06510 

.09350 

.09610 

.12373 

.13102 

.15553 

48275 


0.06029 

.06554 

.09400 

.09624 

.12392 

.13142 

.15534 

.18233 
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Computations AND Results 

The calculated values in the above tables were computed from the most 
probable values of Ax/p obtained from an analysis of the data by least 
squares. The observed values of Ax were also plotted against pressure on a 
paper 50X90 cm of which Fig. 5 is a reduced photograph showing graphically 



the linearity of the points. Values for Bo were computed by Eq. (11) for the 
ranges 4811A-5893A and 4811A-6362A at each temperature. 


Range (A) 

Dispersion (BaXlO^^) 

0°C 

30° C 

4811-5893 

1.90 

2.08 

4811-6362 

1.87 

1.95 Mean 1.95 


Mean value of B (at 760 mm pressure) === 1.48 X 10~^^. Although there is a 
very good agreement between the two values obtained at the zero tempera- 
ture, the precision of the measurements is not sufficient to detect by experi- 
ment any temperature effect. For this reason the arithmetic mean of all the 
B values was used in the calculation of refractive index by Eq. (6). The values 
of ifx—l) thus obtained at three different wave-legnths were reduced to values 
corresponding to infinite wave-length, by the Cauchy relation 

(m l)oo = (m - 1) “■ — * ' 

The values at 30° were reduced to zero degrees by Eq. (13) producing the 
results shown in the last row of Table III. The values in parentheses were 
obtained by reducing the 30° data to zero degrees for purposes of comparison 
with the data obtained directly at 0°. 

Significance OF Results AND Conclusions 

Observation of the graph Fig. 5, and a least square analysis of the data 
show that the displacements Ax follow very closely a linear relation with pres- 
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Table III. Calculated results. 



Temperature 0°C 

4811A S893A 6362A 

Temperature 30®C 

4811 A 5893A 6362 A 

Ax/p 

0 .0004122 

0.0004040 0.0004018 

0.0003743 

0.0003653 

0.0003635 

Prob. Error 

+ .0000001 

+ .0000001 ± .0000001 

+ .00000005 

± .00000003 

± .00000003 

Ax/e 

.0003124 

.0003061 .0003045 

.0002836 

.0002768 

.0002755 

2B/\\ 

.0000128 

.0000085 .0000073 

.0000128 

.0000085 

.0000073 

(/x-1) 

,0002996 

(.0002999) 

.0002976 .0002972 

(.0002973) (.0002973) 

.0002708 

.0002683 

.0002682 

(At~~l)co 

.0002932 

.0002933 .0002935 

.0002644 

.0002640 

.0002645 

U — ik.o 

.0002932 

.0002933 .0002935 ^ 

Mean .0002933 

±.0000002 

.0002935 

.0002930 

.0002936 


sure. The origin lies just as well on the lines as any of the observed points. 
This linearity means, as was pointed out before, that the Lorentz-Lorenz rela- 
tion holds, and that dispersion is a linear function of pressure for nitrogen 
up to seven atmospheres. Theory suggests an inverse linear dependence of 
dispersion on temperature although the data do not indicate it. The values 
of Bq differ from the mean on the average by only 6% whereas an inverse 
linear temperature function would call for values at 0° to differ from values 
at 30° by 10%, In this connection it might be noted that Meggers and Peters 
data Fig. 2 show no consistent temperature effect. 

On the other hand the precision of the measurements is not great enough 
to guarantee Bo to better than 8%. The micrometer settings can be made to 
one third of one percent. At one atmosphere Ax is accurate to this degree, 
but as the pressure increases, so does the accuracy. Analysis shows the errors 
in the slopes to be less than one part in four thousand, yet due to the fact 
that Bo depends on the difference between two slopes observed under differ- 
ent circumstances it is probably not accurate to better than approximately 
8%. An error of 8%, however, in B o corresponds to an error of less than 0.3% 
in (^ — 1), On the other hand a survey of the literature indicates that Bq for 
a gas has not previously been recorded and that B has not been very accu- 
rately determined. 

This information on dispersion enables one to reduce observations of re- 
fractive index at any wave-length to a value for infinite wave-length or zero 
frequency, and for this reason the results are probably of most value. It is, 
of course, the refractive index at zero frequency which should be compared 
by MaxwelFs law with the dielectric constant for a gas. It will be noted that 
in Table III the values of (m "" 1 ) 00,0 all check to a remarkable degree, thus 
further emphasizing the degree of precision of the observations. 

The above analysis of the data shows that the accidental errors in the re- 
sults amount to less than one third of one percent. The only constant error 
of any consequence which affects them is the possible error in the pitch of the 
micrometer screw, which hitherto has been assumed to be 0.5 mm. To elimi- 
nate this uncertainty a very careful calibration of the screw was made over 
the range actually used by counting Michelson fringes as before described. 
The mercury 5461 A line, filtered by screens provided by Cooper Hewitt, was 
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used for a source, and fringes were counted over a 2 mm range. The results 
of ten separate counts over a whole turn (approximately 1827 fringes per turn) 
indicated that the irregularities of the screw were negligible and that the 
actual value of the pitch was 0.499 mm in this range, making equal to 
1.0002927 instead of 1.0002933, and limiting the absolute error to one third 
of one percent. As a result jP is equal to 1.000585 to be compared with Zahn's^^ 
value of € equal to 1.000581 which he estimates to be accurate to one percent 
in (€ — 1). The difference between these values amounts to approximately 
two thirds of one percent in (e — 1). 

Incidentally it might be observed that the values for the index of refrac- 
tion at a pressure of one atmosphere and a temperature of zero degrees at the 
three wave-lengths are as follows, corrected for the screw error: 

Refractive Index of Nitrogen at 0°C and 760 mm Pressure 
X 4811 A 5893A 6362 A 

M 1.0002991 1.0002969 1.0002967 

These values are in accord with previously published results obtained by 
different methods. 
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ON THE ULTRAVIOLET ABSORPTION SPECTRUM OF 
ACETYLENE* 

By George B. Kistiakowsky 
Division of Chemistry, Harvard University 
(Received December 26, 1930) 

Abstract 

It is shown that the ultraviolet absorption bands reported previously do not be- 
long to acetylene but to some impurity. In pure acetylene, bands are observed only be- 
low 2400A. These bands are arranged into three progressions and their interpretation 
is proposed using information from the work on the infrared absorption spectrum of 
acetylene. 

T he more recent investigations of the infrared absorption spectrum of a- 
cetylene have revealed a very simple structure of these bands^ leading to 
the conclusion that the acetylene molecule has all four atoms in a straight line 
and is therefore characterised by rotational quantum levels typical of a dia- 
tomic molecule. It seemed promising to undertake a study of the ultraviolet 
absorption spectrum of acetylene in the hope that here also a more complete 
analysis could be achieved than is possible with the majority of polyatomic 
molecules. Not much work has been done on acetylene spectrum. Stark and 
Lipp2 investigated the absorption spectrum in gaseous acetylene and reported 
bands between 2200~1900A without giving their wave-lengths. On the other 
hand, Henri and Landau^ studying gaseous acetylene and using a 40 cm ab- 
sorption tube found numerous bands at longer wave-lengths which they di- 
vide into three groups: bands with fine structure from 3157 to 2872 A; partly 
sharp, partly diffuse bands in the region 2960 to 2495A and bands with fine 
structure between 2327 and 2236A, 

In the present work absorption tubes up to 2 meters length were used. As 
a light source a hydrogen discharge tube was employed and the photographs 
taken first with a medium size and later with a large Hilger El spectrograph. 
Acetylene was taken from a small 'Trestolyte” tank and was purified^ by 
passing it slowly through a series of five Milligan wash bottles containing 
water, chromic acid in sulfuric acid, mercuric chloride in hydrochloric acid, 
copper nitrate in nitric acid and sodium hydroxide solutions, respectively. 
It was finally dried over phosphorus pentoxide. 

Acetylene thus purified was found to be completely transparent down to 
240GA and even using plates of the most contrast no traces of the some 70 
bands reported by Henri and Landau could be detected. Exposures were also 
made with acetylene prepared from commercial calcium carbide and only 
crudely purified. Here a continuous absorption was found extending from 

* Contribution #18 from the Loomis Laboratory. 

^ Levin and Meyer, Journ. Opt. Soc. Am. 16, 137 (1928); Hedfeld and Mecke, Zeits. f. 
Physik64, 151 (1930); Mecke, Ibid. 64, 173 (1930). 

^ Stark and Lipp, Zeits. f. phys. Chem. 86, 36 (1913). 

3 Landau, C. R. 156, 697 (1913). 

^ Beilstein. Handbuch d. Organischen Chemie, Vol. 1. 
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shorter wave-lengths up to about 3200A. It became evident that the spec- 
trum described by Henri and Landau is due to some impurity and a further 
search for it was abandoned. 

In the short ultraviolet a number of bands was observed. The wave num- 
bers of the band heads will be found in Table I. Most of these bands are 
extremely faint and, in addition, a continuous absorption sets in at about 

Table I. Absorption bands of acetylene. 


1st progression 

Estimated 
Wave number intensity 

2nd progression 

Wave number Intensity 

3d progression 

Wave number Intensity 

42056 

1 

42961 

1 

440841 

1 

5 





44100j 

f 


42156 

1 

430741 

5 

442051 


3 



43088/ 


44220 

\ 


42433 

1 

43184\ 

3 

443041 


3 



43199/ 


443 18 J 

> 


42504 

1 

43290 

1 

44475 


3 

426481 

2 

434411 

2 




42660/ 


43455/ 





426981 

3 

435021 

2 




42712/ 


43518/ 






436741 10 

43687/ 

437301 10 

43744/ 

Unassigned 44441 (3) and 44514 (3) 

2300--2350A and becomes so strong below 2250A that not more than 5 per- 
cent of the light of this wave-length is transmitted by a 2 meter layer of acety- 
lene at 760 mm pressure. In view of this, no great precision can be claimed 
for the wave-length determinations, the error for the fainter bands being 
probably of the order of 5 cm~b The bands are shaded to the red and have 
double heads with a spacing of about 14 cm”"^ The resolution obtained was 
not sufficient to show rotational structure near the heads, but in the stronger 
bands (43674-43687 and 43730-43744 cm*~^) evidence of structure was ob- 
served some distance away. Even in this spectral region the bands reported 
by Henri and Landau must be attributed to impurities for, with the excep- 
tion of 42961 cm~b none of them coincides with the now observed ones within 
less than 20 cm~b It is of course not excluded that the bands here reported 
are also to be ascribed to impurities. On the other hand every precaution 
exercised in purifying acetylene seemed not to effect them in the least. 

The bands recorded in Table I can be arranged into three progressions at 
a distance of 1032 and 1012 cm~^ apart. These progressions can be described 
by the same equation, as will be best seen from Fig. 1 in which the wave- 
numbers of the shorter wave-length band heads (after subtracting from the 
second and third progressions 1032 and 2044 cm~b respectively) have been 
plotted against an arbitrary number v. A quadratic expression in v is, how- 
ever, certainly insufficient to describe the progressions since they show a pro- 
nounced convergenGe for the lowest values of z/, but for z?>= 5 to 10 the bands 
become nearly equidistant. It is also unusual that both the first and the se- 
cond progression break off abruptly after the strongest band {v = 10) . A tenta- 
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tive interpretation of the observed regularities is possible using information 
obtained from the vibration-rotation bands of acetylene. Mecke^ has pointed 
out that a normal acetylene molecule possesses three modes of vibration par- 
allel to the molecular axis, of which one is optically active in the infrared 
3312.83 cm“^), and two transversal vibrations of lower frequencies 
(01 = 729.27 and 02 = 1328.5). It is quite likely that the three progressions here 
reported are due to transitions into successive quantum states of either of the 
longitudinal vibrations of the excited molecule— probably while the bands 

within each progression are caused by transitions to successive quantum 
states of one of the transversal modes of vibration. Against this interpreta- 
tion speaks mainly the abnormal intensity distribution within each progres- 
sion, but perhaps this, as also the rather unusual law of binding force neces- 
sary to account for the observed spacing of the bands can be attributed to the 
transversal character of the vibrations involved. 


Fig. 1. A plot of three progressions of the acetylene bands. 


Although a calculation of the fundamental frequencies of the excited mole- 
cule is impossible at present, it can be pointed out at least that they are prob- 
ably lower than those of the normal molecule, the bands being shaded to the 
red, thus indicating a larger moment of inertia and presumably weaker bind- 
ing force in the excited molecule. Assuming that the rotational structure of 
the acetylene bands is similar to that of diatomic molecules and that the dou- 
ble band heads are due to R and Q branches, one can estimate from their sepa- 
ration and the known moment of inertia of the normal molecule,^ the moment 
of inertia of the excited one. One obtains thus 25.6 ± 0.3 X gm cm^ as 
compared with 23.509 XlO-^Ogm cm^ of the normal molecule. 

The origin of the continuous absorption, mentioned in the beginning of 
this note, remains uncertain. It is likely, though, that this absorption is due 
to residual traces of impurities, because Stark and Lipp^ were able to observe 
absorption bands down to 1900A. 

It is a pleasant duty to thank Mr. Alfred L. Loomis for his kind permission 
to work in the Loomis Laboratory and for the facilities put there at my dis- 
posal. . 


® Assuming that the head of the Q branch coincides with the zero line of the band, that the 
^ A^-(3'-hBOir+(.B'--B'Oir2and that for its head iT - -B'-fBV 
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SPACE CHARGE vs. IMAGE FORCE IN THERMIONIC EMISSION 

By R. S. Bartlett and A. T. Waterman 
Sloane Physics Laboratory, Yale University 
(Received December 7, 1930) 

Abstract 

This paper is a joint report on work by the two authors, preliminary to further and 
more detailed publication on different phases of the problems here discussed. Atten- 
tion is called to certain deficiencies in the Schottky image force as an ex,pIanation of 
the thermionic work function, both on theoretical and experimental grounds. Evi- 
dence is advanced to show that space charge is more important than image force over 
most of the region in which the image force is thought to be valid. It is further shown 
that space charge with Fermi-Dirac statistics is able to account for observed phenom- 
ena of thermionic emission, including the effect of external fields. Numerical ex- 
amples indicate some of the consequences of this point of view. 

T he most commonly accepted explanation of the thermionic work func- 
tion is that which attributes the major part of it to the "image” force of 
the electron (Debye, Schottky, Langmuir). Schottky^ gave an analysis to show 
that space charge and structure effects, in the layer outside that in which the 
surface atomic structure of the emitting body plays an important part, were 
negligible compared with the image force. To do this it was necessary to es- 
timate the electron density in this layer; this he calculated on the assumption 
that the image force law was correct, showing that under these conditions 
space charge and structure effects were negligible. 

On the other hand, if the avssumption is made that the potential and there- 
by the charge density in the above-mentioned layer is determined by space 
charge instead of by image force considerations then it may be shown that 
the space charge is more important than the image force. Thus we must look 
further for evidence by which to choose between the two explanations. As a 
numerical illustration of the difference involved, a calculation of the field in- 
tensities from these two contrasting standpoints at various distances from 
a plane tungsten cathode at 2300°K gives the following results in the absence 
of external field. Ei being the field intensity in v/cm computed from the im- 
age force, Es that computed for the space charge field, we have, at a distance 
of 10“^ cm from the cathode, £^ = 3.6X10^ £s=4.0XlO®; at a distance 5X 
10-^ £, = 8.0X10^; at 10~« cm, £i = 3.6 X10^ £.=4.0X 

lOL Thus, for distances from the surface greater than about cm, the 
field intensity computed from space charge considerations is greater than 
when computed by the image force, and this difference is accentuated as the 
distance from the surface increases. The concentration of electrons shows a 
similar behavior. The space charge treatment of course assumes a continuous 
distribution of electricity whereas the image force assumes the escape of only 

^Schottky, Phys. Zeits. 15, 872 (1914). 
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one electron. As Schottky correctly points out, since in practice we find a sit- 
uation intermediate between these two view-points It is necessary to examine 
which of these two extremes is most nearly approached in practice. 

A reconsideration of this matter seems desirable, not only in view of the 
above fact, but also because the earlier work on the subject postulated a Max- 
well distribution law in the electron atmosphere. vSiiice the ad vent of the Som- 
merfeld electron theory it becomes desirable to find whether the degeneracy 
of the electron gas at and presumably also near the emitting surface affects the 
analysis. Among the chief reasons for the general acceptance of the image 
force explanation have been (1) the observed constanc}^ of the work function 
for a given pure metal under moderate applied accelerating fields, i.e. the 
thermionic saturation current, (2) for pure metals the fairly accurate verifi- 
cation of the variation of thermionic current with stronger applied fields 
(Schottky effect) as computed by Schottky, (3) the estimation of a reasonable 
value for the work function, with the opportunity of characteristic values for 
different materials. Its chief drawback at the present time appears to be in its 
application to emission from coated filaments, i.e. in failing to account for 
lack of saturation and for the Schottky effect observed in these cases without 
complicated, rather ad hoc, assumptions. 

It is clear therefore that before any superiority may be pointed out a space 
charge analysis should also lead to confirmation with experiment in the above 
directions. In deriving the thermionic current, extending through the Schott- 
ky effect, by use of space charge considerations alone, if Poisson’s equation 
is combined with a Maxwellian distribution of electron velocities the results 
show definite lack of agreement for pure metals. But if a Fermi distribution 
is substituted for the Maxwellian, the calculated dependence of current on 
temperature and applied field is found to be in reasonable agreement with 
experiment. This may be taken to indicate the constancy of the work func- 
tion calculated by this method, but it seems more reasonable to deal with 
directly observable quantities, and compare calculated with observed cur- 
rents under varying conditions. Furthermore, the variation of the current 
with the nature of the emitter can be explained more readily by space charge 
than by image force. According to the latter the field becomes constant with- 
in a certain critical distance from the surface, this distance being so chosen 
that the total work function thus calculated agrees with the experimental 
value. As justification for this step it is pointed out that close to the surface 
structure effects would be important. Now, assuming the space charge meth- 
od valid right down to the surface, different currents from different metals 
are explained by the different electron concentrations within the metals, and 
the work function comes out to be of the correct order of magnitude according 
to the Sommerfeld theory (i.e. = Wa) without further assumption. This leads, 
incidentally, to a simple explanation of the observed interdependence of A 
and bj the constants in the usual thermionic emission equation. Moreover it 
^PP63.rs that the use of Fermi-Dirac statistics takes account, in part at least, 
of structure effects. For a simple calculation will show that an electron gas 
is degenerate when the electrons are so closely crowded that the mutual po- 
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tential energy of neighboring pairs is large compared with their kinetic energy 
of thermal agitation, and obeys classical laws when the potential energy is 
small. For example, in an electron gas at 1600°K for which the Fermi A is 
i.e. the gas nearly in the classical state, the average kinetic energy 
is roughly twenty times the potential. 

Thus it appears that the space charge calculation based on Fermi-Dirac 
statistics is a more proper method of dealing with pure metals, and it may be 
further pointed out that the same calculation based on classical statistics, 
assuming a low electron concentration in the emitter, seems capable of ex- 
plaining results obtained with coated filaments. This latter point is being in- 
vestigated further. 

Following out their preliminary investigations on this subject^ the authors 
have carried the work further, one of them taking exclusively the problem of 
deducing the thermionic current under applied accelerating fields from zero 
to fields operative in the Schottky effect, the other treating exclusively the 
case of the statistical equilibrium resulting under retarding applied fields (in- 
cluding zero). Both deal only with the case of an infinite plane emitting sur- 
face. 

The former (R. S. Bartlett) has handled the problem after the manner of 
Langmuir and Fry by postulating the emission of electrons with velocities 
distributed according to the Fermi statistics, these electrons being subject 
only to the space charge field, and obeying the law of continuity of current. 
This calculation is rendered troublesome by the necessity of graphical compu- 
tation of the Fermi integrals for the region of transition from a degenerate 
to a classical state, and thus are not at present in a form suitable for detailed 
report in this communication. The general results have been mentioned 
above, and appear encouraging, especially in pointing the way to a single 
explanation of thermionic currents from zero applied field up through fields 
of Schottky intensity. 

The latter author (A. T. Waterman) starting with Poisson’s equation and 
the Fermi analogue yl of the familiar Boltzmann relation, has 

evaluated the potential and the electron concentration at points outside the 
surface, where the atmosphere is in the classical state (assuming a degenerate 
state within the metal). In the presence of a retarding field E the solution 
takes different forms on either side of a critical distance, which, expressed in 
terms of potential difference between this distance and the surface, is V' = 
2 log E/P where where IT is Sommerfeld’s Wi, 

the thermodynamic potential of the electrons within the body. Thus for V 
> V[ (thus including zero field), V (at distance x) =- -2kT/e log {l + eP/lkT 
x) and the number of electrons per cc, n=kT/27reH^, For F< F', F= —kT 
/€{eEx/kT -log 4EV/3') and n ^E^l2'KhT It will be noted that on 

the space charge conception the concentration of electrons in equilibrium 
with a hot body depends only upon the distance and the temperature, — in 
particular not upon the nature of the hot body, for distances at which the 
electron gas is in the classical state (roughly >10"^ cm). Examination as to 

Abstracts 52, 5vS Phys. Rev. 35, 668 (1930). 
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the above-mentioned critical distance introduced by an applied retarding 
field, which is a measure of the distance inside which the applied field has no 
appreciable effect on the electron atmosphere, results in the observation that 
applied retarding fields of the order existing in cold extraction currents would 
control the electron atmosphere extending into the region where the electron 
gas becomes degenerate very near the surface, A prediction of the work is 
that the ratio of the anode potentials which would give equal thermionic 
currents under zero applied field from two different emitters under otherwise 
identical conditions (temperature and geometry of tube) should be V 1 /V 2 - 
log /3i/log ^ 2 - If Sommerfeld’s electron theory is assumed, then this ratio 
should show appreciable difference from unity, e.g. Vca/Vw-0.65; on the 
classical theory the ratio should always be very nearly unity, e.g, Vca/ Vw- 
0.98 in the instance quoted. 
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ORIGIN OF THE AXIAL ROTATION OF THE SUN 

By Ross Gunn 

Naval Research Laboratory, Washington, D. C. 

(Received December 24, 1930) 

Abstract 

In earlier papers the solar atmosphere has been shown to rotate rapidly as a result 
of the electric and magnetic forces which act on the atmospheric ions. At the equator 
the ionized layers move much faster than the solar surface proper but this relative 
movement decreases with latitude in the manner required by observation. The fast 
moving atmospheric layers transfer momentum to the sun proper and its rotation is 
a necessary consequence of the observed atmospheric motions. The resultant torque 
is calculated and the angular acceleration shown to be adequate to account for the 
observed rotation. 

T he almost universal prevalence of rapid rotation in celestial objects has 
been pointed out again and again by astronomers, but the origin of such 
rotation has been somewhat of a mystery. Celestial mechanics shows how a 
star may rotate faster and faster as it contracts due to condensation, but 
gives no clue as to the origin of the initial rotation, which must be comparable 
to the final value. In an important paper Jeans^ discussed the relation of the 
radiation of matter to the rotation of a star and he concluded that the radia- 
tion of the star carries off angular momentum in such a way that it "generally 
lessens the angular momentum per unit mass of the star.” He thus pointed 
out that the common assumption of a constant angular momentum for a ra- 
diating star is invalid. We must, therefore, for the most part, attribute the 
observed high rotational velocities to changes in the mean density together 
with an initial rotation of the star or else to some phenomena not adequately 
described by celestial mechanics. 

In a series of papers which deal with the electromagnetic effects operating 
in the solar atmosphere, it has been shown^ that the anomalies of the sun's 
apparent rotation arise from an electromagnetic drift of the ionized atmos- 
phere and are not directly dependent on the motion of the surface of the sun 
proper. It was shown that the solar atmosphere rotates in the same direction 
as the sun proper but much faster and that this superposed drift results from 
the interaction of the atmospheric ions with the observed solar magnetic field 
and a radial electric field. 

The sun may be thought of as a highly viscous mass of gas bound together 
by gravitational, radiative and electromagnetic forces in such a manner as to 
form a semi-rigid system. Radiative viscosity acts in such a manner as to 
equalize differences of rotation in different layers but Jeans^ calculations indi- 
cate that these forces alone are incapable of equalizing the rotations in a time 

1 Jeans, Monthly Notices R. A. S. 86, 328, 444 (1926). 

2 Gunn, Phys. Rev. 35, 635 (1930); 36, 1251 (1930). 
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so short as the age of the sun. The sun’s observed magnetic field is asymmetric 
with respect to the axis of rotation and hence shells of highly conducting solar 
matter rotating about the geographical axis will induce electromotive forces 
and systems of electrical eddy currents which will strongly oppose motion 
relative to the magnetic field. A quantitative calculation of the electromag- 
netic damping forces due to axial slippage is difficult but we have seen that 
in regions of high electrical conductivity the forces due to radial contraction 
are tremendous® and it seems probable that electrical forces contribute in an 
important manner to the apparent viscosity of the sun. To be sure that these 
forces have time to act we must examine whether the electrical time constant 
of the induced current circuit is sufficiently short compared to the solar age 
for current systems to build up. It is convenient to note that the largest time 
constant r possible is the constant for the whole sun which is given by r = 
L'E where L is the effective inductance and S is the total conductivity. On 
making this calculation it results that r is of the order of 1(P years. This is 
very small compared to the age of the sun and we assume that inductive ef- 
fects are unimportant. 

On account of the high effective viscosity of the interior it seems satisfac- 
tory to assume as a first approximation that the sun is a semi-rigid body ro- 
tating on its axis at a period corresponding to the observed period of rotation 
of its magnetic pole. With the solar radius known it is evident that the periph- 
eral velocity of any point on the solar surface proper can be calculated. 
The difference between this velocity and the velocity of the same point as 
determined by an earth-bound observer watching the solar atmosphere is 
evidently the atmospheric drift velocity. This superposed drift velocity U 
of the ionized atmosphere is readily determined from observation or can be 
calculated from^ 


EXB 


where E and 3 are the electric and magnetic field intensities, X the mean free 
path of the ions, and R the radius of the helix generated by an ion as it spirals 
around the impressed magnetic field. This radius Is calculated from 


R = 


mV ^ 

Be Be 


where m is the mass of the ion, V the component of velocity perpendicular 
to B and e the ionic charge. 

It is clear from Eq. (1) that the drift motion of the atmosphere drops ab- 
ruptly as the ion pressure increases to such a value that the free path be- 
comes of the order of R, Thus a more or less sharply defined transition layer 
exists between the atmosphere and the solar surface proper. In this critical 
transition region between the sun and its atmosphere there is a constant 
3 Gunn, Phys. Rev. 35, 107 (1930). 
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interchange of momentum, and the faster moving layers transfer their 
momentum to the slower. At the surface of the sun the temperature is low 
and the radiative and electromagnetic viscosities are small compared to the 
molecular viscosity, so that we need only consider the forces due to the latter. 
The tangential force applied to the periphery of the sun by the more rapidly 
rotating atmosphere is 


F 



(3) 


where rj is the mean coefficient of viscosity of the transition layer, u the mean 
difference in velocity of the layers, A the effective area in contact and 5 their 
separation. To a sufficient approximation we may assume that in the transi- 
tion layer the coefficient of viscosity is independent of the magnetic field and 
write 

(SZmkTyi^ 

^ = ( 4 ) 

2(2)^^Vcr^ 


where m is the mass of the hydrogen atom, Z the mean atomic weight of the 
ions composing the layer, k the Boltzmann constant, T the absolute tempera- 
ture, and <7 the kinetic theory diameter of the ions. To a sufficient approxima- 
tion we may assume that the effective contact area ,4 is a ring around the 
equator of width R where R is the radius of the sun and that the mean veloc- 
ity difference is not appreciably different from the equatorial value. The 
torque Q applied to the solar mass is 


Q = la 


{ZZmkTyf^ u 

^ —R^ 

S 


(5) 


where I is the effective moment of inertia and a is the angular acceleration. 
Assuming that the solar density is uniform we get from Eq. (5) 

S{ZZmkTyi^ uR 

a = (6) 

2(2)i/V2 SM 

where M is the mass of the sun. Taking from earlier work Z = 3.3, m = 1.66 
XlO-24 gm, i^ = ^.37XlO~l^ r = 6,000, o- = 10“8 cm, i^=7XlOio cm, M = 2 
XlO^^ gm, ^^ = 5X10'^ cm/sec and 5 = 5X10® cm we find a = 2.3XlO“^® rad/ 
sec.^ 

We have seen in an earlier paper^ that the solar magnetic field is main- 
tained by a system of electrical currents which flow in rings about the sun’s 
axis and that this system of currents is not primarily related to the. rotation, 
but to the sun’s radial and axial symmetry. This circumstance suggests that 
the magnetic field and hence motions of the solar atmosphere have not 
changed in order of magnitude for a considerable portion of the sun’s life, 
which various estimates put at 7 X 10^^ years or 2 X 10^^ seconds. By multiply- 

^ Gunn, Phys. Rev. 34, 335, 1621 (1929). 
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ing the angular acceleration oi by the life time we find to a crude approxima- 
tion that the final angular velocity of the sun should be 4.6 X radians per 
second, if itsjnitial {rotation was negligibly small. The observed angular ve- 
locity, avS computedirom the motion of the magnetic pole is 2.3 X radians 
per second. The agreement is rather^better than one might expect from a cal- 
culation based on steady states. 

Were allowance made for the increased radiation during the youthful 
period and a smaller moment of inertia used, due to the concentration of 
mass toward the center, then the elapsed time necessary to account for the 
observed rotation would be considerably reduced. This suggests that in the 
earlier stages of development the sun was immagnetized and was a typical 
pulsating star.'^ It is clear that the solar rotation can be accounted for by the 
mechanical drag of the solar atmosphere on the sun proper if the velocity of 
the atmosphere exceeds that at the surface by 0.5 km/sec. This is the precise 
value required to explain the anomalous rotation of the sun; this having 
been adequately accounted for in an earlier paper by the author. The mech- 
anism of rotation which we have considered doubtless has universal appli- 
cation in all stars having a magnetic field. It seems probable that this mech- 
anism, which constantly supplies angular momentum to stellar systems, may 
assist in explaining certain puzzling facts in connection with spiral nebulae 
and binary systems. Numerical application to other star systems seems 
meaningless at the present time due to lack of data, and we can only point 
out that most other stars will behave like the sun. Ordinary mechanics has 
been found inadequate to explain the rapid rotation of heavenly bodies. The 
present investigation shows that the rotations can be accounted for by the 
momentum transferred to the body proper by its own highly ionized atmos- 
phere. We have shown previously that the motion of the solar atmosphere 
is controlled by the magnetic and electric fields existing in the atmospheric 
layers and that these fields are probably controlled by the rate of radiation 
of matter. We may then conclude that the rotation of all heavenly bodies is 
intimately related to the dissolution of matter and in a static, non-radiating 
universe rotating systems would not exist. 
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THE NATURE OF THE CONDUCTIVITY 
OF INSULATING OILS* 

By Karl F. Herzfeld 

Department of Physics, The Johns Hopkins University 
(Received December 23, 1930) 

Abstract 

It has been shown in a previous paper how the methods developed in the study of 
conduction of electricity through gases could be applied to determine the nature of the 
ions present in liquids and solids. In the present paper these methods have been 
applied to the measurements of the space charge set up in insulating oils by a steady 
electric field, which were recently performed by Whitehead and Marvin. The pro- 
cedure is as follows: the shape of the curve shows that the current must be consider- 
ably below three-fourths of the saturation current. It is possible to fit the curve closely 
by assuming the Langevin constant to be j8==36±10. From this the number of ions 
present in the normal state and their mobility can be calculated, which turns out to be 
3.5- 10“*’' ±50% cm/sec per volt/cm. With the assumption that the mobility is in- 
versely proportional to the viscosity, the mobility of these ions in water would be 1.2 
10“^ cm /sec per volt/cm or in the usual units 12. If one assumes that Lorenz’s results 
for organic ions can be applied these ions should have approximately 110 atoms. 
From the boiling point of the oil one would conclude that the molecule of the oil con- 
tains about 45 atoms. 

A NUMBER of papers^^ have recently appeared from the Engineering 
School of The Johns Hopkins University, investigating the conductivity 
of transformer oils. The last of these make possible an application^ of Mie’s'^ 
formulas to discover the properties of the ions. 

We start with the space-charge distribution^ in oil "B”, when a potential 
of 1500 volts is applied between large condenser plates 2 cm apart. The dis- 
tribution of potential is nearly symmetric around the center, proving that the 
mobility of the ions of opposite sign must be nearly equal. We are going to 
neglect whatever dissymmetry might be present. 

Fig. 1 shows that the line is very nearly straight in the neighborhood of 
the center, i.e. the field very closely constant for quite a distance. It follows 
from this that the current must be considerably below | of the saturation cur- 
rent and the approximate formulas have to be used which apply, according 
to Mie, to weak currents. 

* Presented at The Third Annual Meeting and Conference, Committee on Electrical Insu- 
lation, Division of Engineering and Industrial Research, National Research Council, Bureau 
of Standards, November 7, 8, 1930. 

1 J. B. Whitehead and R. H. Marvin, A. I. E. E. Trans. 48, 299 (1929) ; J. B. Whitehead, 
Jl. Franklin Inst. (IV) 208, 453 (1929); J. B. Whitehead and R. H. Marvin, A. I. E. E. Trans. 
49,641 (1930). 

2 k. F. Herzfeld, Phys. Rev. 34, 791 (1929). 

3 G, Mie, Ann. 4. 

^ An enlarged drawing of this figure, which has been used for Fig. 1 of the present paper, 
has been kindly put at my disposal by Dr. J. B. Whitehead. 
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The next step is the calculation of is Lange\dn’s constant). For this 
purpose, one has to compare the field in the center and the field near the 
electrodes. The field in the center is 

^0 — 450 ± lOvolt/cm. 

The field near the electrodes is not measured directly; from the drawing it 
was estimated to be ^^ = 2400 volt/cm. This would lead to 

hj /2m)V 


Subsequently, c = 40 proved to be the value which suited the curve best, but 
calculations were also made with c = 30 for comparison, which turn out to 
fit the curve appreciably less. 

£; = 40 gives /S = 36.3, = g 5^ 

It turns out that it is more useful for the actual calculation to put Mie’s for- 
mulas into a form different from the one that had been given previously. 


u V3 ys J m 1%"^ ^ 

A Distance of center of test B 

electrode From A (cm) 

Fig. 1. 

Calling, as was done there, xk the location of the bend in the graph of the 
field, we measure the location in the condenser relative to xk and find for the 
flat (central) part^ 

+ (c - + ] 

_ (c - l)(c - 1 - (2^)i«) fc - t - I - X 

yi ^ ( — 2 

2^ — ^ + I \ c — 1 I — xii 

in y2 only /—x has to be replaced by /-fx. 

_ = In formula (50) of the paper cited in footnote (2) 4/' should be stricken from the denom- 




CONDUCTIVITY OF INSULATING OILS 


289 


With the high value of |8 given above the exponent is always so large that 
the deviation from a constant h=H ior the field or from a straight line F = 
—Hx+ Fo/2 for the potential is negligible in the range of this formula, that is 
within — xk <x <xk. That means Ao = iT, there is no change in the amount of 
ions in the central part. In the central part Ohm’s law is preserved with the 
initial conductivity. In the range between the electrodes and xk, (1) holds, 
but there yi and > have a different form from the one in the central part, y-^ 
as before is derived from yi by substituting Z+x for / — x. We have 


yi 


_j_ (2^) 1/2. 


c - I - ( 2 , 8 ) 1/2 
2d - r + 1 


I - X ,1 c - 1 - (2/3)i/2 I - x\ 

- ( 1 H — y (3) 

I - xk\ 2 2/3 I - xj 


But here too, with the large value of d, the coefficients are so large that 
(c— is appreciable only for small values of Z— x/Z — xk, and than 
with the argument Z+x/Z — xk is negligible. With this in mind, it is useful to 
measure, as Mie does, the distance from the electrode instead of the center 
and write 


V- = h^[l + {c- !)«-*'•] 


yi 


= (2|3)i'2- 


- 1 - (2/3) 1/2 
2d - c + 1 


X/ ^ \ c - \ - (2d)i/2 

xk\ 2 2/3 



(10 

(30 


The subsequent procedure is as follows: 

One draws a curve of h as function of x/xk, from x/xk = 0 (electrode) to 
x/xk = 1 (bend) and proceeds from thereon with h-=h^. The problem is to 
determine xk, or to put it differently, to determine Z/xk- 

We accordingly integrate graphically beyond the point x/xk = 1, taking 
into consideration the scale of our drawing and changing it continuously as 
we go on [because F=///<Zx=xk/M(x/xk)], until we get to a point where 
F= Fo/2 = 750 volts. This must be the center. To show a few examples, we 
get with different assumptions for the position of the bend : 

Xk 8 10.5 11 

Z ’ 12 12 12 

F 680 750 765. 

It seems therefore safe to say that ' 

Xk 7 

• — = — = 0.88 ± 0.08. 

Z 8 

The points calculated with this value and c = 40 are marked with crosses in the 
figure. Formula (53)® gives then 

j XK (2/3)i/2(2/3 - 1) 

— = — ^ —— = 0.2 + 0.05. 

isat Z (t - l)(t - 1 - (2/3)i/2) 


* See footnote (2). 
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We put then the current j = Si. 6X10“^^ amp/cm“ with 5 probably near 
unity. That makes isat = 58X10"“ + 25% amp/cm^ or, if we consider that 
isat is the total amount of charge generated per cm\ that is in a cylinder of 
21 = 2 cm length, that gives the number of pairs of univalent ions, generated 
in 1 cc per second 


? = 


Jstlt 


2.2e 


1.25 X 10«-5 ± 25%. 


Furthermore, we have 


&TKe 

j3 = = 40 + 10. 


If we want K in cm/sec/ volt/cm instead of per est. unit/cm, we have 
to divide by 300. It is-this number that shall be meant by K from now on. 
We assume e = 2.5 ± 10% 

K 

— = 2.8 X 10^ + 35%. 

a 

Now q/a = (mo being the equilibrium number of the ions of each sign which 
is present in the central part of the condenser even under the conditions of 
our experiment). Therefore 


qK 


Kno- = 3.5 X 10155 ± 50%. 


On the other hand, the conductivity in the central part, when Ohm's law is 
valid gives 


= noK = 1.1 X 10=5 


or 

and 


450.2. e 
no = 3.2 X lOi” ± 50% 

K = 3.5 X 10~56 + 50% in cm/sec/volt/cm. 


The current density was measured on March 27 and found to be 1.6X 10"“ amp/cm^; the 
space charge curve was taken April 4-6, a remeasureraent of current on May 2 gave 2.9X10““ 
amp/cm®, the curves in Fig. 12 (in the last paper mentioned in footnote 1) give for the initial 
conductivity 5.1X10““ Iso which, for 450 volt/cra, would ahiount to a current of 2.25 
X10““ amp/cm“. But during April a considerable manipulation with the oil makes the first 
given current more trustworthy. There is another fact pointing in this direction. The ratio of 
the initial field to the central field in the steady state should be equal to the ratio of the initial 
current to the steady current, if the conductivity (number of ions) remains unchanged in the 
central part. But in the later measurements the ratio of the currents is only 1 .45 (private com- 
munication), while the ratio of the fields is 750/450 = 1.67. This is clear if in the meantime the 
number of ions has increased because then one would be further from saturation and the ratio 

of the two fields at the time of the second current measurements would be less. 

On the other hand, the measurement on March 27 (Fig. 1 1) points to a ratio of currents 1 .7. 
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To get a reasonable comparison for this value, one remembers that ac- 
cording to Walden,* the mobility of large ions in different solvents is inversely 
proportional to their internal friction 17. Professor J. C. Hubbard, of this 
Laboratory, was kind enough to determine ri for this oil and found it 0.35 
(water 0.01), which would make the mobility in water 1.2 X 10-^ cm/sec/volt/ 
cm or, in the usual units (multiplication with 96540 coulomb) equal to 12. + 
50%. 

According to Lorenz® one could now estimate that an anion of mobility 
12 contains about 110 atoms, an ion of mobility 18, 65 atoms. 

M. F. Hamburger, of the Department of Electrical Engineering, has 
kindly measured the boiling point of the oil and found it to be about 290°C. 
Accordingly, one would estimate that the oil has molecules containing about 
15 C-atoms, therefore about 45 atoms. If the ions are products of oxidation 
(last paper footnote 1) the anion should contain about two molecules (be the 
anion of an acid coming from the oxidation of a polymer of double molecular 
weight). The equal mobility of the action would have to be explained as due 
to the fact that the H+ ion has two oil molecules (or a molecule of the above 
mentioned isomer) attached to it. 

If the interpretation of Dr. Whitehead, that the increase in conductivity 
above the Ohm-value upon reversal is due to an ion of a mobility AT = 10“^ 
cm/sec/ volt/cm is correct, this ion would turn out, with our present data, 
to be very quick. Multiplying namely with 10= (units!) and 35 (ratio of rj of 
oil and water) we get 350 which is a speed only attained by H+ in water. We 
might have to divide this by 2 or 3 as small anorganic ions move in water 
slower as expected, and reduce the estimated K to 1/2 IQ-L Then we could 
still have the mobility of a small anorganic ion. 

If this is accepted, then the picture is as follows: There are present a large 
number of slow, organic ions which are continuously generated and move on 
to the electrodes where they are discharged without appreciable accumula- 
tion They are responsible for the space charge and the long time phenomena. 

Besides, there are quick, small anorganic ions which are not discharged at 
the electrodes, but accumulate there, without practically influencing the 
space chaige, and are the cause of short time processes. Offhand, three origins 
could be imagined : (a) They are present as impurities, but are not supple- 
mented continuously. That is impossible, because then upon reversal of the 
field the current would not go beyond the initial current of the original field, 
(b) They are generated continuously; then their number must be much 
smaller than the number of the slow ions, because the latter determine the 
space charge (/3). (c) Their origin could be a secondary process on the elec- 
trodes (OH'?). 



® P. Walden, Zeits. f. anorg. Chem. 113, 85 (1920). 

R. Lorenz, Ran merfiil lung u. lonenbeweglichkeit, Leipzig, (1922) p. 79. 
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POTENTIAL DUE TO A BURIED SPHERE 

By J. H. Webb 
Williams College 
(Received December 16, 1930) 

Abstract 

A series solution of the problem dealing with the electrical potential due to a 
buried conducting sphere is given. The general method of attack consists in finding a 
solution of Laplace’s equation subject to proper boundary conditions. The 

condition requiring the vanishing of the normal derivative of potential on the surface 
of the half space is satisfied by placing an image sphere in an upper half space. The in- 
troduction of this image sphere also introduces the complication of the interaction of 
the potential due to two spheres. This is handled by means of spherical harnionics and 
the solution of the problem is made possible by means of a special transformation in 
spherical harmonics. 

Introduction 

TV/TANY problems of this type have arisen recently in connection with the 
subject of geophysics. Since the introduction of electrical methods for 
ore exploration, there have been numerous attempts to find some means by 



Fig. 1. Buried and image sphei*e. 

which to predict the nature and scope of irregularities in homogeneity of 
structure beneath the surface of the earth, when point electrodes on the sur- 
face are maintained at definite potentials.^ In most of these attempts, cer- 

^ A. Petrowsky, Phil. Mag. [5] 31,927 (1928); 28, 334 (1928), 
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tain approximations have been made. In fact, in the more complicated prob- 
lems, approximations must be made. The present problem of the sphere is 
worked out, making no approximations, as a first step toward finding out the 
allowable approximations which may be made in the more complicated prob- 
lems, e.g. a buried ellipsoid or cube. 

Assume a sphere of radius a and conductivity ai buried in an infinite half 
space of conductivity a 2 (see Fig. 1). At the center of the sphere, locate the 
common origin of a set of cartesian coordinates Xj y, z and a set of polar coor- 
dinates Place an electrode at the common point PQ{h/2, 0-c) and Pq 

(po, 00, Note that <pQ=Tf2. The potential due to the electrode alone is 
Il4:7rr(r2 in which r is the distance from Po to any point P and I is the current. 
It is desired to find the potential at every point in space due to the buried 
sphere S. Designate by tt and U the inside and outside potential, respective- 
ly, due to the sphere alone. Then the functions u and U must satisfy La- 
place’s equation 


= 0 , ( 1 ) 

at all points in space, and are further subject to the conditions: 



du 

dU 


dU, 



k 

= . 

- (k 

1) ; P = a, 

(2) 


dp 

dp 

dp 


u ~ 



P = 

(3) 


U = 

0, 


p = 00 

(4) 

and 


d^ 

dx 

= 0, 

X == h/2, 

(5) 


in which Ue denotes the potential due to the electrode and k represents the 
ratio of conductivities (Ti/cto. Condition (2) results from the well-known equa- 
tion : 


a# 

k 1 = 0 

dni dn^ 

in which # is the total potential and ni and are the normals pointing into 
the regions whose conductivity is cti and respectively. In the above equa- 
tion 


inside the sphere, while 

U + P, = ^ 

outside the sphere. Then since 


a _ a 

dfhi dp 


i 
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the last equation becomes 


/. H, WEBB 


d d 
dn^ dp 



0 . 


from which Eq. (2) follows at once. The complication which arises in the 
solution of the above problem is due to the boundary condition (5). In order 
to satisfy this condition, an image sphere Si is placed in the upper half space, 
which is imagined filled with material of conductivity or 2 . Then, from sym- 
metry, the normal derivative of potential will vanish on the boundary 



It may be seen that the problem can be viewed as either one in which a single 
sphere S is situated in an infinite half space, subject to the boundary condi- 
tion (S), or a problem in which two spheres S and 5^, (Si being the image in 
plane of S), are situated in an (whole) space. In the problem which in- 
cludes the image sphere, the boundary condition (5) is automatically satisfied 
while at the same time, the complication arises that the interaction between 
the two spheres must be taken into account. Analytically, this results from 
the fact that, when the image sphere is included, the applied potential con- 
sists not only of !7e, the potential due to the electrode, but also T7i, the po- 
tential due to the image sphere. This new potential will be called Accord- 
ing to the uniqueness theorem, the solution of the problem with the image 
sphere will also be a solution of the problem in hand, since such a solution 
satisfies Laplace's equation and boundary conditions (2), (3), (4) and (S). 
The solution of the problem, using the image sphere is the one here given. 

The following solutions of Laplace's equation may be written immediately 



Ymipj 4>) J 


711+1 

Ym (aI) <i>), 


( 6 ) 

( 7 ) 


in which stands for the ordinary spherical harmonic and a* for cos 6. 

Because of condition (4) and because the potential of the sphere must be finite 
at p =0, ui and «2 are chosen as « and U, the inside and outside potentials 
respectively . If the coefficients A „„ and B in the above expressions, can be 
so chosen that u and U satisfy all the boundary conditions, the solution of the 
problem will have been found. 

Eqs. (6) and (7) satisfy Laplace’s equation, condition (4), and will satisfy 
condition (3) provided the coefficients in (6) and (7) be set equal, making 
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(t>) = YJilJ,, <j>) . 

The next step is to apply condition (2). Before this is possible, a suitable 
expression for Ua must be found. Ua consists of two parts 

Ua= Ue+ Ui, (8) 

a part Ue due to the electrode and a part 17* due to the image sphere 5*. From 
symmetry, the potential at any point P due to sphere Si is the same as the 
p«i>tential at point P* due to sphere S, where^ Pi is the image of P in the plane 
MN, i., e„ 

f/,(P) = t/(P,) = E (”) (9) 

w=0 \Pi/ 

Thus the expression for the potential Ua, at P, can be written, 

Ua ^ ~ { ) Uni{po, <^0j Mj “b { 1 Y miP'i, 4^i), (1^) 

Awpoao 7n=0 \Po^ m=0 \ P i/ 

in which is a Laplacian, a special form of the spherical harmonic Y^- Since 
<f)=(j)i, <j)i may be replaced by (p. Hereafter D will be written for the constant 
term The first member of Eq. (10) is the part of the potential due 

to the electrode, and the second member is the part due to the image sphere 
Si. The coefficients in the second member of (10) are identical with the coeffi- 
cients in the expressions (6) and (7) for the potential of the sphere 5. The 
boundary condition (2) will be employed for determining the values of these 
coefficients which appear in (6), (7) and (10). This will be accomplished by 
substituting for u, U and Ua their values from (6), (7) and (10) in Eq. (2) and 
equating coefficients of like tesseral harmonics. Before this is possible, how- 
ever, Ua must be expressed as a sum of tesseral harmonics with arguments /x 
and p whose coefficients contain (besides the constants and Bnm to be de- 
termined) successive powers of p. The first term of (10) is already essentially 
in the desired form. The second term of (10) is at present, however, expressed 
in terms of pi, pi and p. It will be expressed, as desired, in terms of p, p and p 
by the establishment of a relationship of the type : 

E ( - <#>) = E/™(pO <!>), (11) 

m—Q \pi / 

and subsequently replacing p' and p' by their values in terms of p and p. When 
the second term of (10) has been thus transformed, the solution of the prob- 
lem is then found at once by comparing on the two sides of Eq. (2) coeffi- 
cients of like tesseral harmonics. 

Now a relationship between tesseral harmonics, which makes possible a 
transformation of type (11), has been found. This relationship is 

p.m+l 

^ The subscript i is used throughout to refer to image points. 


(1 - P'^) 


'2\nf2^ 


Qm-7i I Qn 


/^/c+n+1 


PicW, ( 12 ) 
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in which the quantities 0' and di are related a shown in Fig. 1. Differentiat- 
ing with respect to m' and the result is 




= E 


{m k)\ 




;c=n — n)l{n + k)l 

For the special case ^ = 0, (13) reduces to the form 




P mipi) 


>+ k)l 




Pi 


.m+1 


r p n f f\ 

fLJ 7 ^ « 

i=o «!^! /z>“+*+i " 


(13) 


(14) 


Substituting (13) and (14) in the second member of (10) one obtains 
D ^ / p\^ 

Pa = 2J ( ) PmipQ(t>QP(l>) + ^ A Qm 


P 0 m=0 \ P 0, 


-OlA'Om 


m~0 


+ E(^4„ m COS n<j) + sin n4) 


By an interchange of indices m and k, one finds 

D 
Va 


- t (-)’ 

OQ 77i=^0 \Po/ 


Lmipo, <^>0, M, <^) + X/ 


m=0 L /f 


Ok 


OkClmOk 


+ E EU nk COS n(j) + Bnk sin n(l))a 


n~m k 


mnk 


i. (15) 


which IS the desired result. It is now possible to apply the boundary Eq. (2). 
The values of u, U and Ua to be substituted in Eq. (2) have been given above. 
This boundary Eq. (2) involves the first derivative of u, U and Ua with re- 
spect to p. The second member of (15) for U,,, gives the potential in terms of 
P and IX at point Pi, due to the sphere S. From symmetry it may be seen, 
however, that if p' and p' be replaced by p and p, the second member of (15) 
will then give the potential at point P, due to the sphere 5i. If now the values 
o u, an Ua be substituted in Eq. (2), p set equal to a, and coefficients of 
like tesseral harmonics equated, the following sets of linear equations result: 


_ /aV" “ 

OlmAnm - ITnJ j — J^O'nkmAnk, 

\ P 0/ k—n 

/ a\^ 00 

OimBnm = — ) - J^ankmBnk, 

\Po/ k!=sn 

(« = 1, 2 • • oo), (jK = 

{n = 0), {m , k= 1 , 2 • • ■ oo), 

r(^ -b n 1 - 

an = _L __ 

-( ^ — 1) m{k — 1)J’ 

* See Whittaker and Watson, Modern Anal. 4th. Ed., p. 400, Ex. 7. 


(16) 

(17) 




in which 


( 18 ) 
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Kn 


and 


Po Vpo/ 


^■nkm 


(m — n)\ 
{m + n) I 

{m + k) 1 
{m + n)\{k — n) 


cos ncl)oPm'^{nQ), 


B 


m+k+l 


(19) 


( 20 ) 


It should be noted that there results, for each value of n, an infinite set of 
linear equations. The different sets are identical in form, however, and so it 
will be necessary to demonstrate the possibility of solution for only one of the 
sets. For simplicity, the set (16), for which ^ = 0, is chosen, and it will be 
shown by an argument due to von Koch^ that this system of equations has 
a unique bounded solution for the In the argument, will be replaced 
by its minimum value unity. If the argument holds for this value of am, it 
will hold for all possible values of (It may be noted that the dependence 
of am upon m is only slight.) Eqs. (16) may then be written : 


where. 


+ ^/2m-do2 + * ' ’ + (1 + U-m )Aq 


(w = 1, 2 • • ■ co) . 


\po/ 


( 21 ) 


In order to change to von Koch’s notation, replace the unknowns .4 c 
by • • • Xk, etc. and write Eq. (21) as 


A 


Ok 


anXi + ai2X2 + Q'izXz +••* + (! + aii)xi 


- BJ- 


( 22 ) 


in which 


(z = 1, 2 • • • co). 


Divide (22) by (l+an) and set 


(^ik 


Ki 


1 + a, 

ha — 0, 

= Ci. 


hik} 


(23) 


Then ' 


l + <^ii \P0. 


ii+ k)l/ 

hik ^ ' ( I 

mi \hj 


Ci < K 


aV 

tJ’ 


(24) 


^ H. von Koch. Jahres bericht der Deutschen Mathematiker Vereiuigung 22, 285-291 
(1913). 
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in which K is the upper limit of Ki, namely D/po. Eqs. (22) become, 


Let 


substitute and obtain 


i — Ci^ 

(i - 1, 2 • • od). 

Xk - + Ch, 


( 25 ) 


00 


CO 


= Yj^ikXk^^'^ + Y^hikCk + 

k^l 


Let 




and so oh, continuing this process of j^uccessive approximations indefinitely. 
Using the notation 

^ 'y^jbivbnk 


( 3 ) _ ( 2 ) 

^ik y j Oiv O^kf CtC., 

tJs= 1 

then according to von Koch’s argument, the series 

+ • • • , 
i.e. 

OO oo • 

( 2 ) 


+ J^bikCk + ^bil Ck + ^bu^k + • 


k=l 


k=l 


(26) 


is absolutely convergent and represents the unique bounded solution of the 
system (25), provided ^£^.1 |j«| <1 for all values of i and provided Ci<K 
a fixed constant. The first of these conditions is fulfilled, provided a/h < 1/2, 
as may be seen from the following summation. 


B,. . i (i±ir/.\«- 

k=i ilki \h/ 

The second condition is fulfilled, as from (24) 

(-) 

\Po/ 


i+1 


i+1 


(27) 


ci< K 


< 1 


Po 


where 
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and 


K < 


D 


Po 


The first five equations of the system (22) for the special case 


a 1 a 

h 2 Po 

will be written down ; 

1 . 125xi -f" 0. 187^2 4" .125x3 d” 
. 187xi + 1 . 187x2 + . 156x3 -T 
.125x1 + .156x2 + 1.156x3 + 
.078xi + .117x2+ .136x3 + 
,047xi + .082x2 + .109x3 + 


1 

” ) Ki = Kj 


. 078x4 + 

047x5 • • 

■=iK 1 

.117X4 + 

082x5 * • 

II 

. 136 X 4 + 

110X5 • • 

II 

1 . 136 x 4 + 

. 123x5 • • 

11 

On 

.123x4 + 1 

. 123x6 • • 

■ = 1/32K 


The calculated values of Xi and X 2 , using the first four terms of formula (26), 
are 


xi = .3716^:, 
X2 = .1456Z. 


It is very laborious, however, to use formula (26) and it has been found that 
the values of the unknowns Xk may be found more easily by solving the first 
of the Eqs. (28) for xi, retaining only the first term; using this value in the 
second equation to obtain an approximate value of X 2 by retaining the first 
two terms only; then correcting the value of Xi, by substituting the value 
found for X 2 in the first equation and so on. By this method, using three of 
the equations in three of the unknowns, it is found that 

xi=. 372571% 

X2 =. 1458/C, 

X3 = .0475JC, 

in good agreement with the values as calculated by the formula (26). It 
should be noted that the values of the coefficients fall off rapidly in the pres- 
ent case. If the ratio of <1/2 or a/po<l/2, the convergence will be still 
more marked. 

All that has been said in regard to Eqs. (16) may be said of the infinite 
set of Eqs. (17). The convergence, as n grows, becomes more rapid. For n 
greater than five, the Ank and Bnk can be found to an accuracy of about two 
percent by making the approximation in (16) and (17) 



300 


/. B. WEBB 


Bn 


Lk (-\ 

■^nm 1 f 
\Pq/ 


For n less than five, and afh = il 2 , the values of the coefficients A and Bnk 
can be found with an accuracy of the order of one percent by solving the first 
five equations, in the first five unknowns, of the infinite sets of Eqs. (16) and 

The expression for the total potential, due to the buried sphere and the 
electrode, at all points without the buried sphere is 


/ a\ 

= E (-) 1 

m=0 \ P / 


Fm(M, <^) + El—) 4 >) 

m=0 \p / 


D “ /P\” 

E ( — ) LJm, (j>o, IX, 4>), 
P 0 TO=0 \ p 0/ 


(29) 


in which the coefficients in each of the spherical harmonics YJn, 4 ,) and 
F„(m', 4 )) have the values found by solving the sets of linear Eqs. (16) and 
(17) for given values of a/h and a/po- 

The first and third members of Eq (29). are expressed in terms of p, 6 and 
4>. The second member is expressed in terms of p', d' and 4 >. If actually there 
existed the two spheres 5 and Si, then the first and second members of Eq 
(29) would express the potential due to the spheres 5 and Si respectively. If,' 
as IS the case here, there is only the buried sphere 5 in the infinite half space,' 
which is bounded by the plane MN, then the first two members of (29) are 
necessary for expressing the potential due to the buried sphere alone. The 

second member of (29) simply serves to accomodate the boundary condition 
expressed by Eq. (5). 

Numerical Computation 

As an example the potential ($- U.) will be computed for a point on the 
surface of the half space directly above the center of the sphere. The poten- 
tial will be computed for various depths of the sphere and for the ratio of 
conductivity, fe, of the two media equal to ten. The calculation will be made 
first by means of approximation formulae described below, and finally by 
means of the exact formula (29). An electrode of radius at which a current 

(h /2 V placed at the point whose cartesian coordinates are 

/ I ! ( ) fl). The potential is calculated for the point whose cartesian co- 
ordinates are (h /2 0, 0). It will be assumed that the current is removed at 
some electrode so far distant from the buried sphere, that its influencrupon 
the sphere may be neglected. It should be mentioned, however, that if the 
second electrode were not so situated, the potential of the buried ^ere 

“e Wuk ?2'9Trd^r?^ electrode, could be computed by means of 

first electrodi Potential added to the potential calculated for the 

Fjst approximation. As a first order approximation to the potential, the 
ue to the electrode is considered uniform over the buried sphere and 
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equal to its value at the center of the sphere, and the interaction between the 
buried and image sphere is entirely neglected. The potential at all points 
without the buried sphere then is given by the expression 






[^1 cos 0 + (^11 cos 4> + ^11 sin <^) sin d] 


+ ^ [.4 1 cos 6>' + {A 11 cos qf) + Bii sin (j>) sin 0'], 


(30) 


in which the coefficients have the values 


^1 = — 


D {1 — k) a 


and 


Po ( ^ + 2) po 


cos 00, 


.4n'^ D {1 — k) a f cos <^0 
B,J 


po 


(^ + 2) po I sin (l)Q 


I sin do. 


Second approximation. As a second order approximation to the potential, 
the field over the buried sphere due to the electrode will again be considered 
uniform but the first order cross effect due to the interaction of the two 
spheres will be taken into account. By first order cross effect is meant that 
the field, due to sphere is considered uniform over the buried sphere S and 
equal to the value it has at the center of the sphere S. Such a formula can 
be obtained by applying boundary condition (2) and then dropping all terms 
containing (a/po)^ and {a/hy^ and higher powers of these ratios. If this be 
carried out, the resulting expression for the potential is identical with Eq. 
(30), but the coefficients have the values: 


and 




D 


D 


(1 - k) 


PO [(k + 2) + (a/mk- 1)] PO 

(1 -^) 


cos 00, 




a ( cos </)o| 

Po [(^ + 2) + {a/hY{k — 1)] Pol sin (pof 


sm I 


Third approximatiofi. As a third order approximation, the field over the 
buried sphere due to the electrode will be considered uniform so that terms 
in {a/poy and higher powers may be dropped. However, the field due to 
sphere will no longer be considered uniform over sphere S. That is, terms 
in (^a/hy and higher powers will be retained. The formula found under these 
conditions is : 




Ue= Z 


m+l 




£(7) 


m+1 


Y mip , 4^ j 


•in which the coefficients must be determined from the infinite sets of equa- 
tions of the type (22). Since terms in (n/po)^ are to be neglected, the right 
sides of Eqs. (22) after the first are to be set equal to zero. 
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The values of the potential Ue) as calculated by thcvse thre 
mate formulae and finally from the exact formula (29) are shown 


Fig, 2. Potential curves, (a) first approximation ; (b) secona 
approximation; (c) third approximation; (d) actual. 

To obtain the total potential simply add to the values on the curve, the 

constant term due to the electrode, 

tfe = //4To'2(3)^^^a = if/(3)^^2. 

This last equation serves to define ikf, which occurs in the data. In order that 
the data may be readily put into practical units, the following calculation is 
to be noted. The potential due to the electrode is 


where r is the distance from the electrode. If, in particular, r =ai, a-i being 
the radius of the electrode, 

U e = I 

or- ■ 

/ = ijj ^ a n 

Therefore, ilf in the above data becomes 

and since {Ue)a^ is the potential of the electrode in volts, M will also be in 
volts. 

^ From the curves, it is clear that any of the approximate formulae are suf- 
ficiently accurate for computing the potential, due to the buried sphere, in 
cases where the depth of the center of the sphere is greater than three times 
the radius of the sphere. In the region for which h/2 is less than a, only the 

exact iormula can be used with any degree of accuracy. 

conclusion, I should like to express my sincere thanks to Professor 
Warren Weaver of the University of Wisconsin for his helpfulness and in- 
terest in the above problem. 
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MAGNETIC SUSCEPTIBILITIES AND IONIC 
MOMENTS IN THE PALLADIUM AND 
PLATINUM GROUPS 

By Albert N. Guthrie and L. T. Bourland 
Physics Laboratory, University of Illinois 
(Received December 15, 1930) 

Abstract 

Susceptibility measurements have been made on Ru, Rh, Pd, Os, Ir, and Pt and 
some of their compounds over a range of temperatures by means of an improved Curie 
balance. 

Pd and Pt are found to follow approximately a Curie- Weiss law. Ru, Rh, Os, and 
Ir are found to have paramagnetic susceptibilities which increase with temperature. 

RuCIs and Ir02 are found to follow a Curie-Weiss law which gives for the ion RiP 
a moment of 9.8 Weiss magnetons per mole and for Ir^ 13.8. The spectroscopically pre- 
dicted value for each ion is 29.4. The paramagnetic susceptibility of Rh203 is found in- 
dependent of temperature while that of Ru 02 increases rapidly with temperature. 

RhCls is found to have an unmeasureably small susceptibility over the temperature 
range investigated. IrCL and PtCL are diamagnetic with susceptibilities independ- 
ent of temperature. 

T he determination of ionic magnetic moments in the Pd and Pt groups, 
by susceptibility measurements on compounds of these elements, is of 
particular interest in connection with the Hund method^ of predicting these 
moments from spectroscopic theory. Hund‘^ has employed his method for 
the moments of the trivalent rare earth ions and obtained remarkable agree- 
ment with the measured values of several investigators. In the case of the 
ions of the iron group, the elements Sc to Ni of the periodic table, the method 
has been unsuccessful. Laporte and Sommerfeld^ calculated the moments to 
be expected for the iron group ions in two cases, infinite separation and zero 
separation of the /-levels of the ground multiplet predicted by the Hund 
method. Several of the measured values are found to lie outside of these lim- 
its. Bose^ has pointed out that the measured moments of the iron group ions 
are best explained by assuming that they are due to the spin of the electrons 
alone, the orbital moments being ineffective. Stoner^ has called attention to j; 

the striking difference in the structures of the rare earth and iron group ions, 
and the effect that this difference should be expected to have on the ions with 
the conditions under which their moments are measured. In the iron group 
ions the incompleted group of electrons which gives the ion its mechanical 
and magentic moments is that of highest total quantum number. In the rare 

^ F. Hund, Zeits. f. Physik 33, 345 (1925). 

^ F. Hund, Zeits. f. Physik 33, 855 (1925). 

^ 0. Laporte and A. Sommerfeld, Zeits. f. Physik 40, 333 (1926). 

^ D. M. Bose, Zeits. f. Physik 43, 864 (1927). 

5 E. C. Stoner, Phil. Mag. 8, 250 (1929). 
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earth ions this group of electrons is not that of highest total quantum num- 
ber. The interaction between the paramagnetic ion and surrounding ions and 
molecules will presumably effect primarily the electrons in the group of high- 
est total quantum number; in the iron group ions tlie electrons responsilde for 
the magnetic moment, in the rare earth ions electrons that are iu)t res|>onsible 
for the magnetic moment. In general this interaction is a strong orbital inter- 
action while the spin moments are left relatively free. In a qualitative way 
this is an explanation of the apparent ineffectiveness of the orbital moments 
in the iron group ions and their almost complete effectiveness in the rare 
earth ions. 

There exist few data on the susceptibilities of the elements of the Pd and 
Pt groups from which ionic moments can be calculated. Bose and Bhar® have 
made measurements at room temperature on vsonie chlorides and complex 
salts of some of these elements and have calculated ionic magnetic moments 
assuming that the susceptibilities of the compounds follow the Curie law. 
Cabrera and Duperier^ made measurements on RiiCh, RhCh, PdCh, OsCh, 
IrCh, and PtCb over a range of temperatures from about 2(fC to lOO^C. 
They found that RuCh approximately followed a Weiss law which gave a 
moment for Ru^ of 12.9 Weiss magnetons. The susceptibilities of the other 
chlorides were found to remain constant or increase with temperature. 

For this investigation the compounds RuCb, RuO^, RhCb, RlviOij, IrCh, 
IrOs, and PtCb were obtained from the American Platinum Works, Newark, 
NJ. These compounds were prepared with special regard for purity by Dr. 
S. Streicher of their chemical laboratory. 

Through the kindness of the Bureau of Standards samples of the six me- 
tals Ru, Rh, Pd, Os, Ir, and Pt of very great purity were made available for 
a new determination of their susceptibilities. Several investigators have 
measured the susceptibilities of these metals but the results have been in 
very poor agreement. 

Description OF Apparatus 

The susceptibility measurements were made by means of a Curie balance. 
In this apparatus the usual mechanically operated torsion head was replaced 
by an electrically operated one. The ease and speed of making measurements 
with this arrangement far surpasses that attainable with the usual mechani- 
cal types. In Fig. 1 is shown a sketch of the essential parts of the electrically 
operated torsion head. A coil of small copper wire, A, wound on a flat, hard 
rubber spool is suspended by a fine wire, with its plane parallel to a mag- 
netic field produced by two fixed coils, C, carrying a current. To the coil A 
is attached the suspension, D, which supports the balance arm and to which 
is applied the torque to overcome the force on the sample. A plane mirror, 
is attached to the coiM and the twist in the suspension D is read from it 
by means of a telescope and scale placed about one meter away. In order to 
fix the axis about which the coil A rotates suspension guides, jP, are em- 

« D. M. Bose and H. G. Bhar, Zeits. f. Physik 48, 716 (1928). 

B. Cabrera and A. Duperier, C. R. 185, 414 (1927). 
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ployed. These guides consist of thin brass strips attached to the box which 
supports the balance and pierced with small holes through which the suspen- 
sions pass. The coil A is damped by means of vanes G suspended in stano- 
lax. A current, which is controlled so as to give the proper torque to the sus- 
pension, is carried through the coil A by means of long thin spirals of wire 
which do not hinder the coils free rotation. The other parts of the balance 
are of the usual design.*^® 

The apparatus was calibrated by making measurements on distilled water, 
using as its susceptibility with respect to air at 20°C and 76 cm pressure the 
value — 0.749 X 10”®. 



Fig. i. Sketch of the essential parts of the electrically operated torsion head. 

The inhomogeneous magnetic field was furnished by a Dubois electro- 
magnet with its pole pieces set at an angle of about twelve degrees with a line 
joining their centers. The field strengths obtainable were in the range 1400 
to 6400 gausses. 

The samples were heated by means of a nichrome resistance furnace. A 
junction of a Cu-constantan thermocouple was mounted so as to occupy the 
same relative position in the furnace as the sample on which measurements 
were being made. The other junction of the thermocouple was kept in a bath 
of ice and water. Temperatures were read by means of a D'Arsonval gal- 
vanometer in the thermocouple circuit. A galvanometer deflection of one mm 
corresponded to a temperature change of about 2.5°C. The thermocouple was 
calibrated by means of the boiling points of well-known substances. 

Experimental Results 

In Tables I, II, III, are given the results of measurements on the vari- 
ous substances indicated. 

The susceptibility of Rh was found to decrease with increasing field 
strengths. At room temperature the change was from 1,60X10”® at 1420 
gausses to 1.20 X 10”® at 6390 gausses. This variation was assumed to be due 
to ferromagnetic impurities and the method first used by Honda* was used 
to calculate the susceptibility of Rh from these measurements. 

The modification of the Curie balance as used by Foex was considered but calculation 
showed that the torsion method could be made more sensitive for our measurements. 

* K. Honda, Ann. d. Physik (4) 32, 1027 (1910). 
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Table I. 






xX10» 

- , 

^ rK 

Ru 

Rh* 

Pel 

RuOu 

Rh-/);; 

298 

0.427 

1.08 

5.15 

1.21 

0.4(18 

333 

.431 

1.09 

4.79 

1.24 

.409 

380 

.435 

1.11 

4.39 

1.28 

.410 

433 

.443 

1.12 

4.03 

1.32 

.4(,I3 

480 

.452 

1.14 

3.73 

1.36 

.403 

523 

.457 

1.15 

3.52 

1.40 

.402 

573 

.466 

1.16 

3.27 

1.43 

.401 

623 

.475 

1.17 

3. os 

1.46 

.398 

673 

.487 

1.18 

2.85 

1.49 

.397 

723 

.496 

1.19 

2.66 

— 

— 

* Calculated from the measurements by the method of Honda. 





Table II. 






xXlO*^ 



rK 

Os 


Ir 

Pt 

Ir02 

298 

0.052 


0.133 

0 .982 

0.997 

348 

— 


.138 

.947 

.984 

398 

.059 


.141 

.925 

.974 

473 

— 


.146 

.876 

.971 

548 

.065 


.151 

.831 

.942 

623 

— 


.159 

.795 

.926 

698 

.070 


.167 

.745 

.891 




Table III. 






xX.10« 




RuCla 


RhCls 

IrCb 

'■ PtCl, 

298 

7.21 


0.00 

-0.114 

-0.151 ■ 

323 

6.64 


.00 

— 


348 

6.16 


.00 

-0.114 

-0.149 

373 

5.77 


.00 




398 

5.44 


.00 

— 

-0.149 

423 

5.18 


.00 

— 


448 

4.91 


.00 

— 

— 


For comparison the available data on the specific susceptibilities of the 
metals Pd, Rh, Ru and Pt at 18°C and the investigators who obtained them 
are given in Table IV. 

Table IV. 


Investigator 

Pd 

Rh 

Ru 

Pt 

Curie 

5.2 




Honda 

5.8 

1.14 

0.56 

1.10 

Owen 

5.2 

1.08 

0,43 

0.90 

Onnes and Oosterhuis 

5.3 



Foex 

Kopp 

5.27 

5.29 

— 

' — ■ ■ ■ 

1.028 

Authors 

5.24 

1.08 

0.426 

1.0!5 
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In Fig. 2 are plotted the values of 1/x for Pd, Pt, RuCh and Ir02 as a 

. function of temperature. 







^ Pt 












IrOz 

c 

c 









[ 

1 









c 


RuClg 





Tempepabure 

Fig. 2. Values of 1/x for Pci, Pt, RuCIs and IrOo plotted as a function of temperature. 

Discussion of Results 

Pd and Pt are found to follow approximately a Curie-Weiss law, the de- 
viation being accounted for by an underlying diamagnetism independent of 
temperature. From purely formal theory, it would be expected that the dia- 
magnetic component of the susceptibility would be greater for Pt than for 
Pd but the experimental results indicate the opposite. 

Ru, Rh, Os, and Ir are found to have paramagnetic susceptibilities which 
increase with temperature. This is, of course, inconsistent with Langevin’s 
theory. 

R11CI3 and Ir02 are found to follow a Curie-Weiss law. For the former the 
equation is: 

2340 

^ lQ-6 c.g.s./gram 

r + 37 

and for the latter 

4310 

^ = — X 10"® c.g.s./gram. 

r + 4025 

These results give for the magnetic moment of the Ru® ion 9.8 Weiss magne- 
tons per mole, and for the Ir^ ion 13.8. The predicted normal state for both 
ions is which gives 29.4 Weiss magnetons per mole for the moments. In the 
iron group, good agreement between measured and predicted moments has 
been found for all ions with predicted 5 normal states. In these groups, there 
is no agreement whatever and the behavior of some of the compounds is such 




: 
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that no moments can be determined from measurements on them. If the 
susceptibility does not follow a Curie-Weiss law, there is no theory which will 
give the elementary magnetic moments. 

A deviation from the Curie-Weiss law is predicted for compounds con- 
taining a paramagnetic ion with other than an S normal state due to the in- 
crease with temperature of the number of excited ions with moments dif- 
fering from that of the ions in their normal state. With an S normal state 
there are no excited ions at ordinary temperatures. In these researches only 
the compounds containing the paramagnetic ion with a predicted S normal 
state are found to follow a Curie-Weiss law but the deviations of the other 
compounds are opposite to (excepting RUO2) and much greater than can be 
accounted for by the theory. 

The behavior of those compounds which do not follow a Curie-Weiss law 
is not due to a permanent chemical or physical change due to heating for at 
room temperature the susceptibilities are found to be the same after as be- 
fore heating. 

The disagreement between the measured and the spectroscopically pre- 
dicted ionic moment may be due to error in prediction of the normal state. 
Hund’s rule, combined with present ideas of the electronic arrangement in 
atoms and ions, predicts for Ru*^ and Ir^ a normal state. In the same way 
the prediction for the normal state of the Pd atom is a ^F, The atomic spec- 
trum of Pd has been analysed by Beals, Beckert and Catalan, and McLennan 
and Smith.® They all have concluded that the normal state for the Pd atom 
is a which means that the Pd atom in its normal state has zero magnetic 
moment. That the moment of the Pd atom is zero in its normal state has 
been verified by Copley and Guthrie^® by the molecular ray method. 

The question of the validity of Hund's rule in the wave mechanics has 
been examined by Slater.^^ He has found that the wave mechanics gives the 
same normal state as Hund’s rule although their predictions differ higher up 
in the spectrum. 

The interpretation of the magnetic moment determined from suscepti- 
bility measurements on compounds as the true moment of the paramagnetic 
ion seems not to be well founded. The ion in chemical combination, sur- 
rounded by other ions and molecules, must be a different thing from the ion 
with which the spectroscopist deals in the Zeeman effect. Therefore, in spite 
of some past successes it appears hopeless to expect always to find agreement 
between these two. 

The writers wish to express their appreciation to Professors E. H. Williams 
and Jakob Kunz for their encouragement and advice during the progress of 
this work 


® See F. Hund, Linienspektren und Periodische System der Elemente (1927). 
Not yet published. 

“ J. C. Slater, Phys. Rev. 34, 1293 (1929). 
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CHANGES IN ELECTRICAL RESISTANCE DUE 
TO MAGNETISM AND HARDNESS 

By S. R. Williams and Richard A. Sanderson 
Department of Physics, Amherst College 
(Received December 19, 1930) 

Abstract 

A series of twenty-two rods or strips of nickel, to which had been imparted differ- 
ent degrees of hardness by cold rolling, had their resistance measured when subjected 
to a longitudinal magnetic field. There were eleven degrees of hardness, two samples 
for each degree. The longitudinal magnetic field increased the resistance in all cases. 

The different degrees of hardness did not vary the specific resistance of the nickel, 
but it did cause a large variation in the change of resistance due to a magnetic field. 

The measurements were carried out at a constant temperature of 35°C. 

I N HIS summary to Part I of an extensive study of the electrical conductiv- 
ity in strong magnetic fields, Kapitza^ says, ^Tt has been shown that the 
physical change produced in a conductor by hardening and annealing has a 
strong influence on the phenomenon of change of resistance. The influence of 
the impurities is also very marked and was studied.” 

Kapitza has brought together as fine a collection of the elements for study 
in strong magnetic fields as has ever been assembled, but his greatest difficulty 
was in procuring these samples in a pure state. It has been pointed out^ that 
very worthwhile results may be obtained by comparing magnetic phenomena 
in the same specimen, even though the purity of the sample may not be 
vouched for. 

Some years ago there was begun in this laboratory a study^ of a series of 
nickel rods or strips, twenty-two samples in all, with eleven degrees of hard- 
ness in the series. The rods were given different degrees of hardness by cold 
rolling to various degrees of reduction. The rods were all of the same original 
heat and had the same chemical analysis, which is herewith given: copper, 
0.16%; nickel, 98.8%; iron, 0.56%; sulphur, 0.008%; silicon, 0.06%; carbon, 
0.09%; manganese, 0.23%. 

While these rods could not be considered as pure nickel, yet they could be 
said to be identical specimens so far as their chemical constitution was con- 
cerned. It was, therefore, possible to study the effect of different degrees of 
hardness on the electrical conductivity of a definite material when magnet- 
ized longitudinally. 

The rods came in flat strips and were furnished through the courtesy of 
the International Nickel Company. There were, originally, eleven strips, 91 

VKapitza, Proc. Roy. Soc. 119, 35S (1928); 123, 292 (1929); 123, 342 (1929). 

2 Williams, Phys. Rev. 34, 258 (1912); 4, 498 (1914). 

s Williams, Trans. A. S. S. T. p. 885, 1926; Science 65, p. 306 (1927) ; 66, p. 358 (1927). 
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cm long, 4.8 cm wide and 0.61 cm thick, all annealed to the same degree. Ten 
of these were then given the percentage cold reduction shown in Table I. 

Table I. 


Strip number 
Percentage reduction 


1 2 3 4 5 6 7 8 9 10 11 

0 9.7 18.9 28.9 29.5 50.0 59.5 69.0 79.0 89.1 93.3 


Each one of these eleven strips was then cut in two, longltudinaliy, and 
given a common length of 58 cm. This made a total of twenty- two specimens 
in all. The cross-sectional dimensions of the completed strips are given in 
Table 11. They are the averages of ten to twelve readings taken along the 
length of the rods with a micrometer caliper. The two sets of strips were num- 
bered; 


A 1 , A 2, ^ 3 , 


and 


^ 1 , ^ 2 , Bzj * • ■ , Bii 

wherein the rods A and B with the same subscript formed one of the eleven 
original strips. 

Table IL 


Strip number 


Series A 


Cross-section of strips 


Series B 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


0.953X0.601 
.956 X .552 
.955 X .496 
.942 X .435 
.945 X .372 
.956X .306 
.960X .248 
.956X .193 
.956X .131 
.957 X .069 
.955 X .043 


0.952X0.603 
,.955X .549 
.952 X .495 
.944X .434 
.943X .370 
.964X .306 
.961 X .249 
.956X .193 
.957 X .131 
.9S6X .069 
.956X .044 


tl scle’-oscope hardness, (universal tup or hammer) was furnished by 

the International Nickel Company and is given in Table III. 


Table III, 


Strip number 1 2 

Scleroscope hardness 17 27 


3 

31 


4 

35 


5 

40 


6 

43 


7 

45 


8 

47 


9 

50 


10 

'St 


11 

49 


on each rn T tC between two fiducial marks 51.8 cm apart 

bridve Tht ™ ™ade by means of a Kelvin double 

Comoan f ? T manufactured by Leeds and Northrup 

enoXto t a T satisfactory. The bridge was made sensitive 

Hif^hp .^dmate easily a change of resistance less than 0.000001 ohm. 
Higher sensitivity created more difficulty in making observations. 
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In Fig. 1 is shown the arrangement of apparatus. The longitudinal mag- 
netic field was obtained by means of a solenoid, 5, one meter long. The internal 
diameter of free space was 5.5 cm. There were 6025 turns which gave a con- 
stant of 75.3 gausses per ampere, both by calculation and by experimental 
test. In order to keep the strips at a constant temperature while being tested, 
they were placed in an oil bath. The container for the oil consisted of a cop- 
per trough, rr, passing through the solenoid and insulated from it by a coat- 
ing of shellaced cloth. By means of brass gas-pipe fittings this trough was 
connected with a rectangle G, of | inch brass pipe. The pump, P, kept the 
oil in continuous circulation around the rectangle. This pump consisted of 
a propeller blade inside of a tube and driven by the small motor, M. Trans- 
former oil was used for circulating in the trough. Inasmuch as heat was 



Fig. 1. Arrangement of magnetizing solenoids and constant temperature bath. I 

\ 

slowly given up to the system by the solenoid, it seemed best to keep the f 

temperature of the bath somewhat above that of the room. A temperature | 

of 35° C, was chosen as a suitable point from which the bath would always i 

be cooling off. The moment it got below 35°C, the thermostat would turn | 

on more gas to the burner, located under one end of trough, and keep the ; 

temperature up at 35°C. The bath did not vary over 0.2 degrees during the ; 

measurements. This kept the temperature sufficiently constant for making 
comparable resistance measurements. The temperature of the bath was 
determined by a sensitive, calibrated mercury-in-glass thermometer. Some- 1 

times it was found that manual control of the gas was helpful. The ther- 
mostat for controlling the gas supply at the burner, L, which heated the bath, , 

was a simple mercury-in-glass device. All the values for resistances, given j 

in this paper, are for the temperature of 35° C, unless otherwise stated. | 

As found by other investigators,^ the resistance of nickel is increased when ■ 

magnetized longitudinally. This was true for all of the twenty- two specimens | 

examined. The effect of hardening may best be studied in Fig. 2, where for 

^ W. E. Williams, Phil Mag. 4, 430 (1902) ; 9, 77 (1^^^ I 
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the field strength of 75*3 gausses the changes in resistance per ohm is plot- 
ted against hardness numbers. The effect of increasing the hardness is to de- 
crease the change in resistance produced by the magnetic field. Fig. 2 is also 


Fig. 2. Change in resistance per ohm for the different nickel 
strips at a field strength of 75.3 gausses. 

of interest in comparison with a curve published in a paper® presi 
lation between the change in length due to a magnetic field and 
of this same set of strips. This curve is shown in Fig. 3 with a 
of 58.8 gausses. 


Sclefoscope hardness 

Fig. 3. The changes in length for the different nickel 
Strips at a field strength of 58. tS gausses. 

he most rapid change in length and in resistance comes in the first few 
"c some way or another the changes in resistance due to a mag- 

Tti closely related to the changes in length due to a magnetic 

_liere seems to be a coinmon mechanism operating in both effects. 

1 ig. is s own the way in which the change in resistance per ohm varies 
increasing magnetic field. Curve 1 is the average of the values for the 
o s, Ai, and j5i, while curve 2 is the average for the two rods, ^4 and Bi. 
hgure represents the greatest difference obtained in the series of strips, 
o differences in hardening. It confirms in a very marked way the re- 
ootained by Kapitza, i.e., that hardness plays a very important rdle 
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The various values of dr/R in the curves represent the average of at least 
eight observations. Demagnetization of the rods occurred between each 
reading. This was accomplished by sending a decreasing a.c. through the sole- 
noid. 

In getting the changes in resistance due to magnetism and hardness, it was 
also easy to find the specific resistance of these strips. The values obtained 
are given in Table IV, and which are the averages of the A and B series. Three 



Fig. 4. Change in resistance per ohm as magnetizing force increases. 

sets of values are given which were taken by different observers using different 
methods and about two years apart. The first set is by Mr. Lusk of the Raw- 
son Electrical Instrument Company. Mr. Lusk checked his results by two 
entirely different methods. The second set is by Mr. G. K. Schoepfie, a for- 
mer graduate student in this department. The third set is furnished by the 
junior author of this paper. 

-This set of readings seemed rather astonishing at first because as one 
crushes the nickel strips by rolling, and therefore the crystals comprising 


Table IV. 


Strip number 

Lusk 

Specific resistance 
Schoepfle 

Sanderson 

,1 ^ 

0.00001012 

0.00001083 

0.00001099 

2 

.00000993 

.00001081 

.00001102 

3 ■ 

.00000993 

.00001035 

.00001093 

'..4. 

.00000995 

.00001085 

.00001089 

■ .5 , 

.00001000 

.00001060 

.00001086 

6 

.00000995 

.00001071 

.00001082 

: , 1 

.00001000 

.00001055 

.00001079 


.00001008 

.00001070 

.00001071 

9 

.00001032 

.00001090 

.00001076 

10 

.00001033 

.00001051 

.00001079 

11 

.00001038 

.00001102 

.00001073 
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the strips, it would suggest the possibility that the specific resistance would 
also be changed in a corresponding manner. The specific resistance appears 
to be constant. 

The values given by Lusk were obtained about five years ago and at room 
temperature. The values by Schoepfle were obtained about two years later 
and also at room temperature. In all probability there had been some aging 
process going on in the meantime. To release local strains set up in the rods 
at the time they were cut and machined into shape, they were annealed for 
one hour in an oil bath at 304°C. This process took place about seven years 
before the readings were taken for this paper. 

It was also possible with this equipment to determine the temperature co- 
efficient of the strips. This was not worked out completely, but it was care- 
fully measured on the rods, Ai and Ai, those rods which had the widest varia- 
tion of dr/ R for a given magnetic field. Measurements were made at 35‘^C and 
at 85°C. This gave Ai a temperature coefficient of 0.0042 and Aa the value of 
0.0043, indicating that there was little or no change in the temperature co- 
efficient due to difference in rolling. 

i 'Although hardening by cold rolling did not change the specific resistance 
of this series of nickel strip, yet it did affect the change in resistance due 
to a magnetic field. This seems to be the most significant fact emerging from 
the results of this investigation, — no change in specific resistance due to 
varying hardness, but a decided change in the variation of resistance with 
magnetic field. 

Attention should be called to the excellent paper by McKenhan*^ which 
has appeared since these results were obtained. 


p McKeehcin, Phys. Rev. 36, 948 (1930). 
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Abstract 

The differential character of the principal equations of physics implies that phys- 
ical systems are governed by laws which operate with a precision beyond the limits of 
verification by experiment. This appears undesirable, from an axiomatic standpoint. 

Postulates of real, finite and rational description.— -We may safely assume that all 
results obtained experimentally can be described by using real and finite functions of 
real, finite and rational variables. It appears desirable, therefore, to use the calculus of 
finite differences in formulating the results of our experiments. In dynamics, the use of 
this calculus yields terms corresponding to the fact that the configuration is known 
only when we observe it and must be arbitrary at intermediate times. For example, if 
a “uniformly moving particle” is observed once a second, vre find experimentally that 

A2 x/M^ = 0, 

whence 

x=^ Ft + G. 

Here F and G are arbitrary Fourier series having the period At. The general difference 
equations of dynamics are formulated. The Lorentz transformation is reinterpreted, 
relativistic difference equations of motion and of light propagation are set up, and geo- 
desics in a discrete manifold are discussed. 

Extensions of these ideas to electrodynamics are outlined. 


I. Introductory i 

k 

TT IS often said that while the fundamental equations of physics must be ]; 

^ capable of describing every feature of our experimental results, at the same | 

time they must not introduce extraneous or unobservable features. On the \ 

basis of this criterion, many branches of physics are not in a satisfactory po- I 

sition. Broadly speaking, the difficulties to which we refer originate in the I 

use of mathematical concepts which are unsuited to the description of our ? 

experimental knowledge, and which introduce complications having no coun- 
terparts in nature. 

Let us begin with an example. Consider, on the one hand, the information 
we obtain by performing an experiment once, or at most, only a few times. 

Usually, this information consists of a table of related numerical data. Con- 
sider, on the other hand, the statistical knowledge we obtain by correlating 
the results of a very large number of similar experiments. We draw curves 
and calculate averages, and finally, we may attempt to represent our results 
in an idealized fashion, by writing empirical equations. Up to this point the 

* A preliminary account was given before the American Physical Society in February 1929. 

See Phys. Rev. 33, 637 (1929). 
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procedure is beyond criticism, if we keep in mind the experimental basis of our 
equations, but when we carry the idealization process one step further, and 
derive differential equations from the empirical ones, we introduce conceptual 
difficulties. A differential equation connotes much more than the data from 
which it arises; herein lies its strength and, — unfortunately,— its weakness. 
For instance, Newton’s equations imply that a dynamical system is governed 
by laws operating with a precision beyond the limits of detection by experi- 
ment. If, at a time t, we know the position and velocity of a body, these equa- 
tions predict its condition at the time t+dt, but in order to verify the predic- 
tion/one would be obliged to distinguish between two positions, x and x+dx\ 
by making two measurements separated by an infinitesimal time interval. 
But as a matter of fact, we have no desire to find the condition after the time 
dt\ we wish to predict the state, within limits, after a finite time interval, and 
this we do by integrating the equations of motion. Each coordinate may then 
be expressed as a continuous function of the time, and we may calculate the 
configuration any time, that is, at an "infinite number of instants.” The 
information yielded by the equations is much in excess of what we can test 
experimentally. No one will deny the great practical value of Newton’s equa- 
tions, and clearly, the point we wish to emphasize is this: from an aesthetic 
and logical standpoint, it is desirable to have available a mathematical al- 
gorithm which makes it possible for us to summarize precisely the informa- 
tion obtained from a series of measurements, without excess and without defi- 
cit. It is our aim to show how this may be accomplished with the aid of the 
calculus of finite differences. 

11. Critique of the Use of Infinitesimal Analysis in Physics 
The Principle of Real and Finite Description 

Most of the purposes we have in mind may be accomplished by adopting 
a set of postulates which, for brevity, will be collectively designated as the 
principle of real and finite description. For our present purpose^ we may state 
the postulates as follows : 

All results obtained experimentally can he described hi terms of real and finite 
functions of real and finite variables. These ftmciions need only be defined for 
discrete values of their independent variables. Both the functions and their inde- 
pendent variables need only assume rational values. 

As an illustration, we consider a series of experiments on the motion of a 
single atom, or on a small number of atoms. The principle of real and finite 
description indicates clearly that our numerical results should not be dis- 
cussed by means of continuous analysis. But if the series of experiments were 
to be extended indefinitely, until observations had been made on a great many 

^ For the sake of simplicity, we shall speak as though a measurement consisted in assigning 
a definite number Xq to a variable at a definite time, The real situation is that we know x lies 
in the range Xo ±xo when t lies in the range A^o. Thus we may say that x is an “indefinite func- 
tion of the “indefinite variable” t. It is easy to devise an algebra for dealing directly with the 
possible connections between such variables; but these matters will be postponed to a later 
occasion. 
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individuals, and over the entire ranges of the independent variables, then we 
would have the material necessary for building up a continuous, statistical | 

theory,— in fact, a branch of wave mechanics. The situation in regard to the ■ 

motion of .a macroscopic body is quite similar . On the basis of a small amount i 

of experience with its motion, we should not write a continuous law. (The ] 

true status of the laws of motion is connected with Ehrenfest's theorem, and j 

is discussed in section V.) In the light of these ideas, the use of continuous [ 

analysis in physics can be clearly understood. Continuous laws should be ! 

introduced only when we deal with statistical results, obtained from vast ' 

numbers of experiments. 

While the situation in regard to the use of infinitudes in physics is gener- 
ally unsatisfactory, an exception must be made in the case of wave mechanics, 
where it is required that the wave functions shall be finite, continuous and 
single- valued at all real points of the coordinate space used by Schrodinger. 

The validity of these conditions has sometimes been questioned on the ground 
that, where the wave function is zero, 1/^ is infinite and there does not 
seem to be any reason why we should keep from becoming infinite, rather 
than 1/t/'. The writer feels that this criticism is invalid, for the square of the 
absolute value of ^ is measurable, indirectly at least, and therefore must not 
become infinite for real, finite and rational values of its variables. How be- 
haves for irrational values of its variables is none of our concern. 

Again, it may be objected that in wave mechanics integrals extending over 
the entire ranges of the coordinates 5^:, y and z (from — co to + co) are con- 
stantly used with valuable results. Just as in the case above, this appears un- 
desirable since we should think of the coordinates as measurable quantities, 
and should therefore limit them to finite values. Since in many problems the 
^/'-function approaches zero very rapidly for large values of the coordinates, 
it will usually occur that the values of matrix components will be little af- 
fected by restricting the range of integration to exclude infinite values, and 
the practical consequences of the theory will be unaltered. Even in scattering 
problems, where sinusoidal wave trains are used to represent incident beams | 

of particles or protons, it would be better physics to speak of these trains as 
having their origin at a great, but finite, distance from the scattering center. 

Further, it appears desirable to use wave equations which are modified to take 

account of general relativity. It appears plausible from astronomical evidence 

that our four-dimensional space-time is limited in extent, and if this is the 

case, integrals of the type dv would naturally be extended only over a 

finite range. Furthermore, from our present stand-point, it is obvious that 

we should not treat the electron or the proton as point-singularities at which j 

the electromagnetic and gravitational forces become infinite. Indeed, all 

such artificial mathematical dijfiiculties are excluded by strict adherence to 

our postulates. 

The situation in regard to the use of imaginaries in physics also requires 
comment. It is generally recognized that the introduction of exp io)t in vibra- 
1 tion problems is merely a mathematical artifice, but many a physicist would 

feel surprise at the proposal to replace the quantum condition, — 
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h/lTriy by an equation which is free of the imaginary unit. However, from, 
an axiomatic and aesthetic standpoint, imaginaries should be excluded from 
any discussion of fundamental physical questions, and this can always be 
done by rationalizing our equations, even when we are dealing with qiuuitities 
which do not commute. (In the present instance we may luse - 

— or {pq. — qp)(pq. — g.py^-h^/^'nr^* Then, in solving any specific prob- 
lem, we get the Heisenberg matrices and their imaginary conjugates. In 
practice, this doubling of the solution will introduce no difficulties, and may 
even be advantageous.) 

After these explanatory remarks we are ready to apply the principle of real 
and finite description to dynamics and electromagnetic theory. We shall find 
that when we apply it in dynamics we are naturally led to equations of finite 
differences, replacing the differential equations of motion. The solution of these 
difference equations brings in arbitrary functions which reduce to known con- 
stant values only at times when the configuration of the system is actually ob- 
served, This corresponds to the fact that we are not able to state the con- 
figuration of the system, except at the instants of observation. We proceed at 
once to amplify these statements. 

III. The Difference Equations of Dynamics 

Let us analyze the Information obtained by an experimental study of a 
body moving along the x-axis. For the moment we pass over difficulties aris- 
ing from errors of observation and assume that the observer can determine 
times and distances with any desired precision. The result of a set of position 
measurements will be a table showing the values of x at each instant of ob- 
servation, such as the following: 

h, i^Sj • * • , 

(i) 

^1} ^2, ^3j • * • 5 

With a view to simplicity, suppose the intervals between successive ob- 
servations have a constant duration, A/. This restriction is unnecessary, and 
later we shall remove it. Perhaps the most natural method of analyzing the 
data Is to study the difference coefficients of the series of x-values. Writing 
X2'-Xi=Axi,A^Xi=Ax2-'Axu etc., we form the table ( 2 ), 

Xi 


X2 


Xz 


Axi 


At 

A%j 

1 

<1 1 


At 

A^X; 

tXz 

Aj !2 

At 
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Let us suppose we find that 
Ax. 

At 


constant, i — 1, • • - , n — Ij 


and 


A^Xi 

Af 


0, 


i = 1, • • • 


( 3 ) 


(4) 


From our present standpoint, such a motion will be defined as uniform, and 
the constant value of Axi/ At is defined as the velocity. Either one of the rela- 
tions (3) and (4) enables us to construct the original table of x-values,^ but 
in order to attain a degree of generality equivalent to that provided by the 
equation d'hx/dt^ — O we shall deal with (4). Taken as they stand, the Eqs. (3) 
and (4) state a regularity of the data and say nothing about the values of 
Ax /At and of AH/Af at instants which lie outside the period covered by the 
experiment. Further, they say nothing about the values of A-x/At^ for times 
intermediate to the instants of observation. They contain nothing more than 
the isolated facts revealed by the experiment, and we must recognize the ele- 
ment of hypothesis introduced when we use them as a basis for prediction. 
The most natural method of generalizing (4) is to write 


A^x 

At^ 


= 0 , 


( 5 ) 


and to consider this equation, provisionally, as applying to any series of ob- 
servations like the above, obtained at time intervals and extending over a 
finite time. Now, the general solution of (5) is not identical with the general 
solution of d^x/dt^ = 0. In fact, it is 


X = Ft At Gj 

where F and G are trigonometric series of period At/ let us say 


^ ^ 

Aq A I sin 27r \~ A^ sin 47r h 

At At 


+ cos 27r h 


( 6 ) 


(7) 


the expression for G being similar. The coefficients in these series are arbi- 
trary constants, except for one restriction. We require that F shall reduce to 
the observed velocity v, and G to the observed initial value of x, let us say xo, 
whenever t is a multiple of A^. The coefficients in (7) are not Fourier coeffi- 
cients which cause the series to represent the function Xo+z^L in the interval 

^ In using equation (3) to reconstruct the x- values, we must specify x at one of the instants 
of observation, let us say h ; and in using (4) , we must specify one value of x and one of Ax/ At, 

^ Boole, Finite Differences, reprint by Stechert, p. 80. 
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from = 0 to t-M. On the contrary, when an arbitrary ehoice of the form 
assumed by between observations has been made, they are the Fourier co- 
efficients of that form, and the series will generally be infinite. However, the 
series may contain only a finite, but very great, number of terms, if we specify 
the values of X at only a finite number of Instants. The latter type of choice 
is in fact the only type which is in agreement with the principle of real and 
finite description. With these understandings, Eq. (6) completely reproduces 
the experimental results. At intermediate times, when the system is not un- 
der observation, the arbitrary trigonometric terms come into play, which 
means that the position of the system is not known.^ The state of affairs 
is illustrated by Fig. 1, in which the solid line represents the classical motion, 
while the dotted curve shows a path which might possibly be represented by 
(6) and (7). The dotted curve might even have a finite number of disconti- 


nuities in each interval When the specified set of observations is com- 
pleted, we have no physical mdence which excludes the possibility of such 
a curve as the dotted one in Fig. 1. Of course, we could have taken addi- 
tional observations, at the times M/2, ZM/2, etc., let us say, obtaining an 
equation similar to (6). Under these circumstances, however, the state of 
our knowledge is different, for now the periodic function x must have the 
same values as the function whenever i is a multiple of one-half the 

original A^; at all other times it is arbitrary. The number of observations at 
times between and 4 cannot be increased indefinitely; therefore the Eqs. 
(5), (6) and (7), since they yield the observed data only and nothing more, 
represent a closer approximation to our experimental knowledge of the mo- 
tion than the Gorresponding differential equation and its solution. However 
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(6) still suffers from several defects: (1) it definitely prescribes the value of x 
at instants lying outside the range h to tn, although the observations were 
made only within that range; (2) it is scarcely arbitrary enough at interme- 
diate times, for the trigonometric terms represent a periodic function; (3) 
it is assumed that the observations are equally spaced. In removing these 
defects, we may as well speak of a general system, exposed to forces of any 
kind whatever. Let all the coordinates, qi, ■ ■ ■ qr be observed at the instants 
ti, h, ■ ■ -tn. We desire to construct a set of functions q\{t),qi{t), ■ • ■ which will 
reduce, at the observation times, to functions which adequately represent the 
observed values of the coordinates and which will be arbitrary at all other 
times. The solution is immediate.^ 

We need only write down the polynomials obtained by applying La- 
grange’s method of interpolation, let us say 

qi = Ji{t, Cl, Ci ■ ■ • ), q2 = fi{t, Cl, C2, ■ ■ ■ ), (8) 

where the c’s are the constant coefficients of the various powers of t. We re- 
place these constants by any functions of t which are entirely arbitrary except 
that they must reduce to the experimental values ci, 0 %, etc., at the instants of ob- 
servation. We shall call any such function A {t), or simply^. The Eqs. (8) 
are now replaced by 

qi = fi{t, Ai,A2,---), ?2 = hit, Ai, Ai, ) . (9) 

In these equations we have a faithful picture of experimental facts. It is 
necessary, however, to reconsider the concept of mass, since we naturally 
desire to use it as soon as we consider accelerated motions. In order to obtain 
a definition of inertial mass suitable for use in the finite difference equations 
of dynamics, we must describe a procedure by which a number may be as- 
signed to the mass of a body, without any mention of instantaneous velocity, 
which is a differential coefficient. When we neglect the dependence of 
on velocity, the original definition of Newton is quite satisfactory. That is, 
if two freely moving bodies collide head on, their masses are inversely as the 
changes of velocity which they experience. Since the velocity measured is 
Ax/^t rather than dx/dt, we see that the value of a mass, resulting from such 
an experiment, can be formulated entirely in terms of finite difference coeffi- 
cients and a constant; namely, the number assigned to the mass of a standard 
body. 

The construction of the Eqs. (8) is especially simple when the time inter- 
val between observations is constant. Just as in the illustration of the uni- 
formly moving particle, we are led to finite difference equations. From the 
standpoint of the principle of real and finite description, these equations, or 
their integrals (in the sense of the calculus of finite differences), expressed in 
the form (9) , are the true laws of motion. 

If, for the moment, we suppose there are no experimental errors, and that 
the observations are consistent with Newton’s laws, we can easily see what 
the finite difference equations will be. This supposition is made only for pur- 

‘ Boole, reference 3, p. 39, 
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poses of discussion, and implies no recession from the principles laid down in 
section II. The general difference equation for any problem of particle 
dynamics, At being constant, is obtained by noting that mA^xlAt- is the time 
mean of the time mean of the force, taken over the interval At. We may verify 
directly that 


A^x 1 r 

m — = I 

A/2 At^Jt 


r*t+Lt ^f+A« ^2^ 

1 r 

III 

— 


Jt df 

At-Jt 

^ t 


(+ii( 


Fjd/ di, 


or. 


m- 


A^x = 
i — = Fx 
Af 


( 10 ) 


where the bar denotes a time mean over the interval mentioned. This equa- 
tion, and two similar ones, constitute a formulation of the laws of motion, to 
which we should doubtless be led if, in all cases, we were to carry through a 
process like that which led us to Eqs. (3), (4), and (5). In general the right 
member of (10) will depend on At as well as on t, because the upper limits of 
the integrals contain At. The analogue of (10) in curvilinear coordinates is 
very complicated. While the writer has found it possible to make consider- 
able progress in working out a theory for second order difference equations 
analogous to the transformation theory of ordinary dynamics, the results are 
so involved as to be of little interest. Therefore, we content ourselves with 
stating Eq. (10). 

IV. Relativity Dynamics 

In discussing special relativity from the standpoint of the principle of real 
and finite description, we meet at once with a kinematic problem ; namely, 
the relation between the coordinates in different systems of reference. When- 
ever we pass to a new system of dynamical variables, the transformation 
equations themselves should be in accord with the principle. In other words, 
they may contain difference coefficients, but they should not contain deriva- 
tives. It is satisfying to note that the Lorentz transformation may be inter- 
preted in such a way that it obeys this criterion. If the moving system of 
reference, a:', y', z' , t', has velocity F( =Bc) parallel to the Z-axis of the ob- 
server’s system, x, y, z, t, this transformation takes the form 


x' = k{x - Vt), y = y,z' = z, t' = k(^t - k = 


1/(1 - £ 2 ) 1 / 2 . ( 11 ) 


On the usual theory, V represents the instantaneous velocity of the moving 
axes, dX/dt, but for the present purpose a different definition is needed. We 
may suppose the two sets of axes are attached to isolated bodies between 
which there is no detectable interaction. If then we find experimentally that 
AX/ At is a constant V, we postulate that the Eqs. (11) hold true, and with 
this understanding they contain no derivatives. Quite similarly, c represents 
the quotient of a measured distance travelled by a light beam between two 
stations, and the measured time required for its journey. In accordance with 
the spirit of this paper, c must therefore be expressed as a difference quotient. 
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If we assume, momentarily and for purposes of discussion only, that the 
relativistic differential equations of motion are valid, the difference equations 
of motion for a rapidly moving particle may be obtained very easily. The 
relativistic equations of motion are 

d 

—(mvf) = F^, etc. (12) 


where and ^c=v. If the square of the element of arc in a 

four-dimensional space is written as 


ds^ = cUF - dx^ - dy^ - dz^, 
(12) may be rewritten in the form 


d^x 


m^c 



(13) 


Suppose now that the observations are uniformly distributed along the 
world line of the particle, so that we have Ai = constant, in place of the former 
assumption, Af = constant. We proceed just as we did in obtaining (10) with 
the result 


A^* dt 
nioc = Fa, — > 

ds 

where the right member denotes 


1 ra+As ^s+As d,t 

~~T I I F X — dsds 

tss^ J t J, ds 


There is a way of expressing the law of light propagation without recourse 
to infinitesimals or to integrals. Since, in the theory of special relativity, the 
law is = cW — = 0, we replace this by 

As^ = c'^AF - Ax^ - Ay2 _ Az* = 0. (15) 

In general relativity also, the law of light propagation may be taken as 
A5=0. 

It is much more difficult to formulate an analogue for the geodesic law 
Jds — 0 , which applies to the free motion of a particle. If we follow the most 
obvious course and assume that the law should take the form 

As = an extremum, (16) 

we at once encounter a question of interpretation. 

On the one hand, we may assume that we are dealing with a continuous 
space-time manifold, even though our measurements are discontinuous in 
character. On this basis As means a finite interval between adjoining observa- 
tions, marked off along a geodesic line, where the word geodesic is taken in 
its ordinary sense. The significance of (16) is then simply that of a theorem 
deducible from Einstein’s law of motion. 
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On the other hand, we may suppose that the space-time manifold is sim- 
ply a discrete aggregate of observed point events, analogous to a two or three 
dimensional network, like a crystal lattice. The problem of defining a geo- 
desic in such a lattice is not an easy one, as Silberstein has pointed out in his 
“Theory of Relativity.” He suggests that the “shortest distance” between 
two points a and b in such a lattice (Fig. 2) should be defined as the smallest 
number of steps which will carry one from a to b. As to the concept of a step, 
it is necessary to think of the lattice points as joined by a network of lines. 
A step is then defined as the transition from a given point to its neighbor on 
one of these lines. In Figs 2a and 2b we have indicated two different methods 
of drawing such line-networks and it is obvious that the shortest distance de- 
pends to a great extent on the nature of these lines. Further, even with such 
a simple point lattice and network of lines as that shown in Fig. 2a, the paths 


Fig. 2. 

which correspond to shortest distances are not unique. Thus, the two paths 
a, c, d ■■ - b, and a, c', d' ■ ■ ■ b both involve the same number of steps, and 
both may be considered as geodesics between a and & for the particular net- 
work shown. Although the shortest distance has a definite value, the path 
which must be traversed in order to achieve the journey in this shortest dis- 
tance is not uniquely determined, save in special cases. After all, we should 
expect that some feature like this would emerge when we deal with discrete 
quantities. 

In view of the existence of a limit to the accuracy with which a coordinate 
can be measured,® we should expect that the concept of shortest distance has 
an indefinite meaning in the atomic domain. The contribution of the present 
discussion is to show that a similar difference exists even for macroscopic 
measurements, as soon as we abandon the idea of a continuous background 
for the description of events. 

V. Discussion OF Ehrenfest’s Theorem 

In sections II and III we emphasized that Newton’s laws of motion should 
be interpreted statistically,— that our knowledge of a single body can never 
be extensive enough to justify us in supposing it follows the laws of motion 
exactly. There is a theorem of wave mechanics discovered by Ehrenfest,’’ 

® Ruark, reference 4. 

^Ehrenfest, Zeits. f. Physik. 45, 455 (1927); Ruark and Urey, Atoms Molecules and 
Quanta, p. 652, McGraw-Hill, 1930. 
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which throws further light on this situation. Let ^ denote the wave function 
for a particle, so that \l/\l/*dv is the probability for the particle to have its co- 
ordinates in the element dv of the coordinate space. Then the :r-component of 
the center of gravity of the probability distribution is given by X = J\{/'^oapdVy 
provided the wave function is so normalized that f-\l/'^^dv = 1, and the theorem 
may be stated as follows: 



// // 

The expressions for Y and Z are similar, and V is the potential energy. 
Now let us consider a wave packet, having a very small extension compared 
with any distance in which the potential energy changes appreciably. In 
evaluating ( 1 7) , we may use the value of —dV/dxat the centroid of the packet, 
in every element of the integral, and the result is 



On the basis of an outworn interpretation of wave dynamics, the individual 
particle is thought of as a wave packet, and \ip \ as the amplitude of the waves. 
If this were correct, Ehrenfest’s theorem would replace the ordinary law of 
motion, and it would appear foolish to use finite difference equations in de- 
scribing the motion of a particle. But, on the probability interpretation, the 
meaning of Ehrenfest’s theorem is this: We consider a great number of 
similar experiments, in each of which a single particle moves along the x-axis, 
and if we measure the x-coordinate of each particle at a definite instant, we 
obtain the distribution of appropriate to that instant. At any future time 
the distribution can be calculated from the wave equations and we have a 
picture of the statistical behavior of the particles at that time. In other words, 
the wave equations enable us only to follow the time changes of the proba- 
bility distribution; and there is room for uncertainty in the motion of the in- 
dividual particles. Only the centroid obeys the approximate law of motion 
(18). Now, from a knowledge of the probability distribution obtained by a 
great number of experiments on individual isolated particles, we can draw 
no definite conclusions as to the motion of the centroid of a great number of 
particles, bound together in a rigid body and set in motion all together. This 
remark should make it clear that there is nothing in Ehrenfest’s theorem 
which contradicts the conclusions of sections II and III. 

VI. Difference Equations IN Electrodynamics 

The use of difference equations in electromagnetic theory arises naturally 
froih our disciission of mechanics. Details will have to be reserved for a later 
occasion, but the leading ideas will be indicated here. To begin with, the 
electromagnetic field is defined entirely in terms of dynamical measurements. 
For our present purpose, the forces between charged bodies, magnets, and 
conductors carrying currents, are the fundamental things. We may employ 
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a small test body carrying a charge e, to map out a field of electric force. 
Again, if the test body is endowed with a ^Velocity^^ A^/Al, chosen to suit 
our convenience, a field of magnetic force may be studied. Thus we obtain 
the distribution of six quantities, Ey, Ez, II zi Hy, and Hz, which might be 
called components of electric and magnetic intensity if the names were not 
preempted by analogous entities incapable of being measured, and defined 
in terms of the behavior of infinitesimal test bodies. The quantities • * *IIz 
are defined hy the very processes used in measuring them. There is no implica- 
tion that they obey Maxwell's equations. Indeed, they do not, because, from 
the usual standpoint, they represent average values of the field intensities, 
measured by a finite test body and not by a mathematical abstraction. These 
quantities may well be referred to as tht physical field intensities. Their prop- 
erties are simply the properties of numbers which fit a modified Lorentz 
equation, 

eF s + (19) 

In this equation v means As/ At rather than ds/dt; e is measured by experi- 
ments whose interpretation requires no use of infinitesimals and eF^ is a force 
measured, let us say, by readings on the scale of an actual spring balance, or 
by equating it to the value of mA^x/At^ for the test body. The field equations 
obeyed by the physical field intensities may now, in principle, be found by 
trial. They involve the properties of the test body as well as those of the bod- 
ies producing the field — a point which is important in itself. The same con- 
sideration applies in mechanics but was not emphasized in section III, for the 
sake of simplicity. 

VII. Conclusion 

In conclusion, this paper serves to introduce a method of talking consist- 
tently about the results of experiments, and attention may be directed again 
to the refinements hinted at in the first foot note. The writer’s aim has 
been to show how physical facts can be formulated by the use of difference 
calculus, that is, essentially with the aid of rational numbers. Considering 
the almost universal use of idealized concepts such as infinitesimals and irra- 
tionals, it seemed worth while to examine the possibilities of proceeding other- 
wise, and the results may be summarized in a broad sense, as follows : a method 
has been outlined by which we can describe experimental results mathe- 
matically, without any implications concerning the state of a system at times 
when it is not being observed, or concerning the causal connections custom- 
arily implied by the use of continuous analysis. 

The writer wishes to thank Doctors Hutchisson, Muskat, Rashevsky and 
Worthing for helpful discussions. , 
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Nuclear Spin 


On the basis of measurements by Rasetti^ of 
the Raman effect in Ng, Heitler and Herzberg® 
have suggested that the electron in the nuc- 
leus has lost not only its spin, but also its 
power to determine what the statistics of the 
nucleus shall be. (One could say, perhaps, 
that the electrons in the nucleus behave as if 
they had no spin and obey, therefore, the 
Bose-Einstein statistics, just as photons do.) 
The purpose of the present note is to point out 
that the assumption that the protons alone con- 
tribute to the resultant spin is sufficient to ex- 
plain all the known facts. F urthermore, it may 
be that there is a building-up principle analo- 
gous to that of the outer electrons, although 
the evidence^''* is insufficient to show exactly 
what this would be. 

Table I. Builling-up process. 


Element 

P 

Z 

IVotons Spins 

I added added 

H 

1 

1 

1/2 


He 

4 

2 

0 

3 ( + -)- 

Li 

7 

3 

3/2 

3 + + + 

C 

12 

6 

0 

5 (^_j — ) 

N 

14 

7 

1 

2 + + 

0 

16 

8 

0 

2 -- 

F 

19 

9 

1/2 

3 (+-) + 


The table gives in the last two columns the 
number of protons and spins, respectively, 
which must be added to the element in the 
row above to give the element in the row it- 
self. 

Thus, if we suppose that each additional 
proton contributes a spin of ± to the result- 
ant (which is the simplest assumption), the 
elements may be ordered as shown. Starting 
with He^J=0, three parallel spins will produce 
LF, J=3/2, and five more, two forming a pair, 
can result in /=0; Two additional paral- 
lel spins give 1=1; two more, opposite in 
direction to the first two, /»=0;and three 
more, two forming a pair, can yield M for 


The value of nuclear spin for Na^s is in 
doubt, but if we assume 1 = 5/2, then, by in- 
terpolation, Ne^® should have 1 = 1 and Ne^\ 
1=2. One would also expect, since /=G for 
and a value of 1= 1/2 for and 

The difficulty mentioned by Goudsmit for 
the cadmium spectrum also disappears, if one 
adopts the above hypotheses. The value of 
1=1/2 may be attributed to Cd^^^ or Cd^^^ 
but there exist no criteria for choosing be- 
tween the two isotopes. (Perhaps both give a 
hyperfine structure.) 

It seems, therefore, that the experimental 
evidence to date indicates the validity of the 
rule that even numbers of protons imply in- 
tegral values for I, and odd numbers half-in- 
tegral values. This is true for Mn, Br, Pr and 
Bi. 

One would expect aluminium, phosphorus, 
chlorine, potassium, scandium, vanadium, 
cobalt, copper, gallium, arsenic, and other 
elements with isotopes having only odd num- 
bers of protons to have half-integral values 
for the nuclear spin. 

It remains an open question as to whether 
or not the orbital angular momentum of the 
protons plays a rdle, and also whether or not 
closed shells of protons exist, as do closed 
shells of extra-nuclear electrons. If there are 
such closed shells of protons, then this might 
provide the explanation of inverted hyperfine 
structure, the inversion being due to the ab- 
sence of a proton from such a shell. 

James H. Bartlett, Jr. 

University of Illinois 
January 15, 1931. 

^ F. Rasetti, Proe. Nat. Acad. Sci. 15, 515 
(1929). 

2 Heitler and Herzberg, Naturwiss. 17, 673 
(1929). 

® R. S. Mulliken, Trans. Faraday Soc. 25, 
634 (1929), 

^Pauling and Goudsmit, Line Spectra 
(1930). 
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The Cathode-Ray Tube in X-Ray Spectroscopy and Quantitative Analysis 


Under this title the Journal of the American 
Chemical Society has published a paper by us 
in the January number. A Coolidge tube was 
used, having a soldered aluminum window 6 
mm in diameter and operated continuously at 
0.2 m.a. and 85 kv D.C. Experiments were 
made with metal targets placed above the 
window and cooled with a jet of hydrogen. 
For the recording of the relative intensities of 
the Aio: doublet, primary attention was given 
to a method involving the application of an 
ionization chamber and an amplifying set. 
The latter made use of the new FP54 tube 
(Metcalf and Thompson, Phys. Rev. 36, 1489 
(1930)). The smallest measurable grid current 
was 8.7 (10)”^® amps. With a copper target 
and 0.4 mm slits, the peak of the Ka doublet 
gave a net deflection of 90 cm with an accur- 
acy of 0.5 cm on a scale 2.6 m distant, corre- 
sponding to an ionization current of 3 (10)“^^ 
amp. 

The loss in electron velocity in passing 
through the window agreed with the Thomson 
formula. For molybdenum and iron the inten- 
sity was found to vary as the square of the 
difference between the electron velocity and 
the exciting voltage. This relationship held 
up to the maximum velocity employed, 
amounting to four-fold the exciting voltage 
for the case of molybdenum and eleven-fold 
for iron. Experiments as yet unreported are 


being made on titanium and calcium and the 
exponent has been found to be 1.3 for the vol- 
tage range extending from ten to sixteen-fold 
the exciting voltage. The exponent accord- 
ingly decreases less I'apidly with increase in 
voltage than has been observed in similar 
experiments with x-ray tubes. 

Curves showing the relation between chemi- 
cal composition and the relative intensities of 
the unresolved Ka doublets were obtained for 
copper-nickel and iron-nickel alloys — the lat- 
ter representing the case in which the intensity 
of radiation from one constituent is increased 
as the result of excitation by the other. 

Other experiments were carried out, using 
photographic recording by means of a See- 
mann spectrometer. For a molybdenum tar- 
get, a 1° oscillation of the crystal and a slit 
width of 0.05 mm, a density of the ATuii line 
amounting to 0.4 was obtained by an expo- 
sure of sixteen minutes. Analyses by this 
method were made on silver-cadmium and 
tin-antimony alloys and the results were con- 
firmed by chemical examination. 

Gorton R. Fonda 
George B. Collins 

Research Laboratory 
General Electric Company 
Schenectady, New York 
January 16, 1931. 


The Hyperfiue Structure of Ionized Lithium 


The hyperfine structure of the low state 
of Li+ is of the same order of magnitude as 
the triplet separation itself. One might ex- 
pect large deviations from the interval rule 
for hyperfine splitting, corresponding to large 
contributions of one triplet level to the per- 
turbed eigenfunctions of another. Since the 
Li+ hyperfine structure has not yet been ex- 
plained conclusively,^ we have estimated the 
effect of these deviations on the calculated 
positions of the components. The resulting 
corrections are, however, small, and are not 
sufficient to give a better agreement than ob- 
tained by Giittinger. 

Our method is simply to consider the transi- 
tion between the extreme cases wherein the 
hyperfine splitting is either small or large com- 

^ H. Schuler, Zeits. f. Physik 66, 431 (1930). 
P, Guttinger, Zeits. f. Physik 64, 749 (1930). 


pared to the triplet separation. The coeffi- 
cients of general equations for the levels were 
determined by use of the vector model in the 
extreme cases, and by using the usual identifi- 
cation of the lines for the isotope Lie. The 
nucleus was considered as coupled only to the 
l5 electron in the ^P, About 6 percent was sub- 
tracted from the coupling constant as deter- 
mined from the ^5, due to the interaction with 
the 2s electron there.® This correction alone 
has some effect on the results of Guttinger, as 
is indicated in the third column of the table. 

In the case of f =s l |, one of the coefficients 
of a cubic equation cannot be determined, and 
is represented by x in Table I. Its order of 
magnitude should be one-tenth cm~L Its 
evaluation would be intricate, but no value 

® G. Breit and F. Doermann, Phys. Rev. 36, 
1732 (1930). 
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Table I. 







f = l| 



" ' i ==|- ^ 

Line® 

Schuler 

(exp.) 

Gtittinger 

Extreme 

coupling 

Intermed. 

coupling 

Intermed. 

coupling 

1 

(0.5) 

18231.31 

(1) 

31.31 

31.31 

31.31 



2 

(1) 

30.91 

(2) 

30.91 

30.91 

30.91 

(1) 

30.91 

3 

(2) 

30.26 

(3) 

30.25 

30.26 

30.26 

(2) 

30.26 

4c 



(2) 

27.82 

27.79 

27.83-x 



4b 

(6) 

27.72 

(S.S) 

27.74 

27.88 

27. 97-3. lx 

(5) 

27.56 

4a 



(2) 

27.62 

27.69 

27.10-x 



5b 

(12) 

27.52 

(11) 

27.56 

27.58 

27.58-x 

(9) 

27.39 

5a 



(3) 

27.42 

27.48 

27. 57-3. lx 



6c 



(.5) 

27.22 

27,29 

27.30-x 



6b 

(2) 

27,15 

(2.5) 

27.10 

27.14 

27.18-x 

(1) 

26.91 

8c 



(2) 

25.96 

26.03 

26.12 



8b 

(6) 

25.91 

(2.5) 

25.89 

25.94 

25.91-x 

(1) 

25.80 

13b 



(■7) 

25.56 

25.63 

25.72 



13a 

(1.5) 

25.46 

(2) 

25.36 

25,44 

25.44-x 

(2) 

25.51 

9 

(4) 

25.25 

(5.5) 

25.23 

25.29 

25.26-x 

(5) 

25.15 

10 

(1) 

24.93 

(2.5) 

24.90 

24.98 

25.07 

(1) 

24.86 


would bring much better agreement than was case i ~ J, our results give agreement just 
found in Guttinger’s approximation. In the slightly worse than those quoted by Schuler. 


® The components 7, 11 and 14 are attrib- 
uted to the Li® isotope and have been omitted 
in this table. They are at 26.43, 24.33 and 
29.48. 


Department of Physics, 
University of Michigan, 
January 19, 1930. 


S. Goudsmit 
D. R. Inglis 


An Attempt to Detect Axiality of X-Ray Emission 


J. Stark^ has recently reported that fluores- 
cent X-series x-rays are not emitted with 
equal intensity in all directions from certain 
crystals, and that these x-rays are at least par- 
tially plane-polarized. In the case of 7-7- 
dibromoanthracene, a monoclinic crystal of 
needle-like habit with the &-axis parallel to the 
length of the needle, he found about 20 per- 
cent more bromine AT-radiation in directions 
90® from the 6-axis than in a direction 10® 
therefrom. The scattering of this radiation by 
aluminium indicated that it was polarized 
with the electric vector parallelto the 6-axis. 
These effects are so important from the the- 
oretical side that independent confirmation 
seemed desirable. This note reports an un- 
successful attempt to detect differences in the 
intensity of zinc AT-radiation emitted in dif- 
ferent crystallographic directions from a zinc 
crystal. 

Zinc was chosen because the axial ratio for 
its hexagonal crystals, c/a = 1.86, is so much 

^ Stark, Ann. d. Physik [S ] 6, 637-662 
(1930). 


greater than that (1.63) to be expected in a 
close-packed arrangement of spheres that it is 
reasonable to suppose the atomic axes are not 
free to rotate about axes in the (001) plane. 
This is one of the criteria suggested by Stark 
for selecting materials likely to show the new 
effect. Plis objection to the use of metals, that 
the atoms therein are presumably free to ro- 
tate, does not therefore seem valid with re- 
spect to zinc. 

The primary x-rays used were from a tung- 
sten target tube operated at 55000 volts 
(peak) or from a molybdenum target tube op- 
erated at 44000 volts (peak). The zinc mono- 
crystalline plate, 0.4 cm thick was rotated 
about its normal into various azimuths while 
its secondary radiation in a fixed direction 90° 
from the primary beam was measured by bal- 
ancing its ionization with that of part of the 
primary beam. The absorption coefficient of 
the secondary radiation was found to be that 
of zinc AC~radiation, indicating that the scat- 
tered radiation at 90® was negligible in com- 
parison with the fluorescent. The normal to 
the plate was found by Laue and rotation 
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photographs to lie at 20° from the hexagonal 
axis of the crystal, so that if d is the angle be- 
tween the normal and the axis of the principal 
ionization chamber the angles between this 
axis and the hexagonal axis of the crystal vary 
between ^+20° and 6—20° during the rota- 
tion of the specimen. For the three settings 
tested, 0 was 52°, 62° and 77°. In no case was 
the variation in observed intensity as much 


as one percent. We conclude that at least as 
regards intensity the effect reported by Stark 
is unimportant in zinc. 

L. A. Pardue 
' L. W. MgKeehan 

Sloane Physics Laboratory, 

Yale University, 

January 23, 1931. 


Rotational Fine Structure in Raman Spectra 


In recording the rotation spectrum of a 
molecule by scattered light one of the major 
difficulties is the very great intensity of the 
unmodified line as compared with those lines 
arising from changes in rotational energy. 
Long exposures tend to broaden the strong 
line and obliterate the weaker ones which lie 
very close to it. An ingenious arrangement 
employed by Rasetti (Zeits. f. Physik 66, 646 
(1930)) is partially effective in overcoming 
this handicap. He introduced mercury vapor 
into the spectrograph to absorb from the scat- 
tered light those unmodified frequencies which 
arise from the normal state of the atom. The 
observations are thus practically confined to 
X2537 as parent line. Even this expedient is 
not wholly successful, since X2535 is super- 
posed upon the rotation pattern and appears 
very intense in comparison with it. 

Recently Manneback (Zeits. f. Physik 62 , 
224 (1930)) has computed the relative intensi- 
ties and polarizations for Raleigh and Raman 
scattering of lines with and without rotational 


displacements. He shows that if the incident 
light is plane polarized and the scattered light 
is observed in a plane normal to the electric 
vector, the rotation lines are almost com- 
pletely depolarized. Since the unmodified line 
is not depolarized, this suggests the introduc- 
tion of a Nicol prism between the camera and 
the scattering chamber. Any convenient 
source and any frequency for the incident line 
could then be used, and not only the parent 
line but also neighboring lines scattered with- 
out change in frequency would be eliminated. 
In all probability the background illumination 
would also be materially lessened. With this 
improvement in contrast considerably smaller 
total exposures should prove adequate, and 
the necessary time might not be much ex- 
tended, even though the illumination would 
be considerably fainter. 

E. F. Barker 

Department of Physics, 

University of Michigan, 

January 28, 1931. 


Biological Effects of Gamma-Rays 


In connection with the development in va- 
rious laboratories of x-i'ay tubes operating at 
voltages of the order of a million volts, the 
question of adequate protection of those en- 
gaged in the work against the very penetrating 
gamma-rays emitted by such tubes has be 
come of considerable importance. It has 
seemed valuable to perform some experiments 
with highly filtered gamma-rays from radium 
in order to ascertain the dangers from expo- 
sure to the penetrating radiation, which may 
be considerable in amount, passing through 
whatever shielding may be used around the 
tube. Estimates doubtless might be made 
from previous work, but for comparison it ap- 
peared desirable to have data on exposures to 
gamma-rays from radium from which all soft 
components were similarly filtered out. 


A group of 63 white rats (with known ante- 
cedents) has been exposed to the radiation 
from 6 grams of radium filtered through one 
mm of platinum, one mm of brass, 16 mm of 
lead, and 5 mm of celluloid at a distance of 41 
mm to the nearest side of the rat. For four ad- 
ditional rats the celluloid was omitted. The 
rats were put in celluloid boxes 47 mm high 
placed above and below the radium box. The 
radium was spread out over a surface of 3 by 
10 cm area to give more uniform exposure. 
With this large source-area and distance, the 
exposure was reasonably similar throughout 
the whole body of the rat. In addition, 16 rats 
were exposed to 2.5 grams of radium at the 
same distance but with the lead filter re- 
moved; for eight of this group the celluloid 
was also omitted. This group of 16 thus re- 
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ceived approximately the same exposure to protective measure for those working with 

the hard components of the radiation but with high-voltage tubes. Breeding experiments are 

the addition of that amount of soft gamma- in progress, and the evidence so far indicates 

radiation which penetrated the platinum and that the sterility dose approximates the lethal 

brass. The celluloid was used in order to re- dose under these conditions. Abnormalities 

duce the beta-ray intensity to about the level have to date appeared only in the litter of one 

corresponding to the rate of beta-ray produc- female fertilized four weeks after a three-hour 

tion in the tissues. Exposure-times were va- exposure. 

ried from one-half minute to 17 hours in a To provide a suitable index of the total ex- 
roughly geometric progression. The 2.5 grams posure of investigators working with high- 

without the lead filter should give an "ery- voltage tubes, a series of Eastman extra fast 

thema dose” in about four hours at the aver- (CC) dental x-ray films was enclosed in a lead 

age distance of 6 cm according to ordinary cassette having walls 6.9 mm thick, and this 

clinical data. cassette was exposed in the mid-position of 

All rats died which were exposed six hours the rat (6.2 cm to the film) for periods of 

and longer to the 6 grams of radium with fil- to 10"“^ lethal exposure-time as determined for 

ters. With a 16-hour exposure, death ensued the rats. An exposure of 1X10“^ lethal dose 

in three or four days, due at least in part to in- gives a point just at the lower end of the 

jury to the gastro-intestinal tract. With six- straight portion of the density-log exposure- 

hour exposures the rats showed similar but curve, that is, 7 X10~^ lethal dose gives a den- 

less severe gastro-intestinal symptoms from sity which is easily confused with fog due to 

which all recovered in about three days but development, whereas 3X10~^ gives a very 

died one to three weeks later from a progres- obvious blackening of the film. Densities as 


Fraction of 
lethal 

exposure-time 

Percent 
transmission 
incident film 

Percent 
transmission 
emergent film 

Average 

T 

Density = 
logio 1/r 

None 

100 

100 

1.00 

0.0 

0.00005 

100 

100 

1.00 

0.0 

0.0001 

83 

97 

0.90 

0.045 

0.0003 

65 

83 

0.74 

0.13 

0.0007 

46 

64 

0.55 

0.26 

0.001 

33 

45 

0.39 

0.41 

0 .003 

9.5 

12 

0.11 

0.96 

0.007 

1.8 

1.8 

0.018 

1.74 

0.01 

0.71 

0.82 

0.0075 

2.12 

0.05 

0.028 

0.033 

0.0003 

3.5 

0.10 

0.028 

0.013 

0.0002 

3.7 


sive anemia affecting both red and white 
blood -cel Is. One of the six rats exposed to 
three hours died from a similar anemia after 
11 days. The lethal exposure lies thus be- 
tween three and six hours, or about four 
hours. Two of four rats exposed 2.5 hours to 
2.5 grams of radium without the lead filter 
died from anemia after 19 and 37 days. The 
lethal exposure for these conditions is thus 
about three hours. 

Blood-counts were made on 66 rats before 
and 0, 1, 3, 7, 14, 21, and 35 days after ex- 
posure. The minimum exposure which showed 
an appreciable effect on the blood-count was 
approximately 20 minutes for the rats exposed 
to the 6 grams with filters. Since a single mas- 
sive dose is the most favorable for detecting a 
change in blood-count and since ten times 
this exposure is above the lethal dose, blood- 
count observations alone are not a satisfactory 


measured on a photoelectric photometer for 
the two films in each placque are given below. 
The placque was exposed as labeled with the 
“black paper toward tube” (radium). 

For these film-exposures 2.5 grams of ra- 
dium were used with the 16-mm lead filter (in 
addition to the cassette), and 12 hours was 
taken as the lethal exposure- time. 

W. G. Whitman, M.D, 
M. A. Tuve 

School of Hygiene and Public Health 
(W.G.W.), 

Johns Hopkins University, 

Baltimore, Maryland. 

Department of Terrestrial Magnetism 

(M.A.T.), 

Carnegie Institution of Washington, 
Washington, D. C., 

January 22, 1931. 
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BOOK REVIEWS 

Vorkstingen uber Wellenmechamk. A.LAmt, Pp. 132, %s. 15, Akademische Verlags- 
gesellschaft, Leipzig 1930. Price RM 9.50. 

This small volume represents the lectures delivered at Ohio State University during the 
academic year 1929—30. In general character it is more of a Handbuch than a self-sufficient 
introductory treatise. The number of topics touched upon is surprisingly large, but the treat- 
ment of the individual items is correspondingly shortened. 

After a brief introduction on the general foundations of atomic theory there is a section 
on the dualism of the wave and corpuscle viewpoints, and one on the uncertainty principle. The 
treatment is along the usual lines, but the compactness of the material is so great as to detract 
very considerably from its value. The third section on quantum statistics gives a treatment of 
the Bose-Einstein method but only a mention of that of Fermi. 

The major portion of the book is of course devoted to Schrodinger’s equation and its solu- 
tion* Only the simplest cases are discussed, but no attempt is made to give actual methods of 
solution, results only being stated. One may call attention to the treatment of the Pauli princi- 
ple and the symmetry properties of wave functions, which is rather more carefully stated than 
is usual. The last section on the relativistic wave equation contains a paragraph on FJirac’s 
electron theory and even one on quantum electrodynamics. Perhaps one of the best uses of 
this book will be as a guide in the development of more detailed lecture notes. 

E. L. Hill 


k 
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Handbuch der Astrophysik. Band II, Erste Halfte. Edited by G. Eberhard, A. Kohl- 
SCHUTTER AND H. LuDENDORFF'. Pp. 430, figs. 51. Julius Springer, Berlin, 1929. Price bound 
RM 69. 

The importance of photometry in astrophysical work is well illustrated by the fact that 
this volume of 430 pages forms but a half of the section of the Handbuch which is to be devoted 
to this subject. The first and longest chapter deals with photometric theory. The photometry 
of the stars, and of self-luminous bodies in general, is rather summarily treated, for example, 
nothing is said about the measurement of the brightness of the sun relative to the stars, or of 
the comparison between the astronomical standard of light (expressed in stellar magnitudes) 
with the terrestrial standard (meter-candles). On the other hand, the photometry of diffusely 
reflecting bodies — the moon, the planets, Saturn’s rings, the zodiacal light, etc., and the extinc- 
tion of light in the earth’s atmosphere are discussed in great detail, with the inclusion of im- 
portant investigations by the author (Professor E. Schoenberg) some of which are new, while 
others have been difficult of access. This complete monograph, accompanied by extensive tables 
should be of much value to all workers in this field. There are few references, liow'ever, to work 
of later date than 1922, and it is to be regretted that no mention is made of Danjon’s work on 
the earth-shine upon the moon, or of Hubble’s on the illumination of nebulae by neighboring 
stars. 

The chapter on spectro-photometry (by Dr, A* Brill) deals with a subject so new^ that it is 
largely an account of the methods employed by individual investigators. These are clearly 
presented and the summary is brought up to the end of 1927 — including some of the modern 
work on the contours of individual spectral lines, 

A short chapter on colorimetry (by K. Bottlinger) contains an admirable survey of the 
meaning of color-indices and related magnitudes, and a critical discussion of the methods and 
results of observation up to 1926. Thefinal chapter on photoelectric photometry, (by H. Rosen- 
berg) contains a thorough discussion of photoelectric and selenium cells. The latter have been 
practically abandoned in favor of the former, which are of ever-increasing importance. Fie 
justly remarks that their introduction into observatories has doubtless been delayed by the 
unfamiliarity of astronomers with the details of delicate electrical equipment, and his full de- 
scriptions of instrumental design and wiring should be of real aid here, 

Henry Norris Russell 
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Abstract 

From Pauli’s exclusion principle we derive the rule for the symmeti'y of the wave 
functions in the coordinates of the center of gravity of two similar stable clusters of 
electrons and protons, and justify the assumption that the clusters satisfy the Einstein- 
Bose or Fermi-Dirac statistics according to whether the number of particles in each 
cluster is even or odd. The rule is shown to become invalid only when the interaction 
between the clusters is large enough to disturb their internal motion. 


1. Introduction 

T he band spectra of symmetric diatomic molecules show certain striking 
differences from those of asymmetric molecules. For when the two nuclei 
of the molecule are identical, the intensity of the individual lines of a band, 
instead of varying smoothly from line to line, alternates more or less mark- 
edly. This alternation may in most cases be understood^ with the help of a 
simple rule, but in the case of the molecule, the theoretical prediction 
seems to disagree with experiment, in that it leads us to expect those band- 
lines to be the more intense, which are in fact weaker. In this paper we do not 
propose to resolve this disagreement; we shall only try to give as direct a der- 
ivation as possible of the rule which plays the cardinal part in obtaining the 
theoretical prediction. For it seems that, in spite of the frequent citations of 
this rule, no explicit derivation of it from Pauli’s exclusion principle has been 
published. In giving this derivation we shall have to investigate the condi- 
tions under which the rule is valid, and the degree of approximation to which 
it may be expected to hold. 

The rule may be stated: 

R. “If we have two nuclei, each built up of n electrons and m protons, and 
if the nuclei are in the “same inner state,” then not all the molecular states 
which would be possible for an asymmetric molecule will be found to occur ; 
{even, {5 

if w+m is < only those states \ will occur for which the wave function 
(odd, 1,^ 

(remains unchanged 

when we interchange the “coordinates” of the nuclei. 

its sign 


l^changes ; 


1 See the comprehensive report by R. S. M ullikan, Transactions of the Faraday Society 25, 
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behaves like an asym- 

expect the nuclei to be in their normal state, we should be 

Sf of fbe states 5 and the weight of tL 

fueled degeneracy g of the normal states of the 

nuclei Thus there will always be ig(g - 1) states 5 and ig(g-l) states A nos 

sible, if « plus w IS even, there will be g states S, if n plus m is odd, g states A 

also possible. The relative weights of the states 5 and A will therefore be 

(^ + 1)/ (g — 1) if fi ig eyen 

(g — l)/(g + 1) if # + w is odd, 

If we ascribe the degeneracy of the normal state of the nuclei to the soatial 
generacy of an angular momentum sk/lyr, then these ratios become 

(-y + 1)/^ for n -j- m even 
+ 1) for n + m odd . 

state^^sh^!^ Jt fo^ *be nitrogen nucleus the 

states^ should have a greater weight than the states a . T 

assertions of band SDertrosrnn:=e= eu i f • According to the 

state of the N, molecule areXr^met^^^^^^ 

there is no resultant electroniLr^Hl “ coordinates of the nuclei, and 

”■ PACKETS FOE A SYSTEM OP TsVO ClOSTEES 

« r'-s^ 

that for any group of n electrons and ^ +• P^^^^ons. Suppose further 

Plate set of wive Lcta tSthe s^r 

two of these wave functions u and states k] how then, using any 

whole system whkh SZ the et^ ’ f” th« 

all the protons in the “ m SnTvtZ S""”'’’' ^ '>«tons and 

interact at all will these wave prcl® r™ ‘ se -I “ '*<> ”»* 

whole system; but with the helo ^ stationary states of the 

shall be able to build up wave functions which dJre^ combination, we 

for any interaction energy of the oarticlpt; Th r ^cP^esent stationary states 
represent states of a nucleus, t an a^' oJa' TT “ instance 

iodic motion of the n plus m particles • for th f °c even some aper- 
to make no assumption about them - but we sin 

functions represent very stable co^vLlnf ^ '^^'cn the 

Particles,~can we deduce anrsSSant r'i;''' tbe 

group of n electrons and m electrons a cluster. ’ 
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Let the cartesian coordinates, referred to a fixed axis system, and the com- 
ponent of spin in a fixed direction, of thejth electron be x/; similarly let the 
coordinates and spin of the ith proton be yj. Let us split up each of the func- 
tions u into two functions, a function which depends only on the coordi- 
nates of the center of gravity of the cluster, and a function which depends 
on the relative coordinates of the particles, and on the spin variables : 

Ukixi • • • yi • • • ym)--^Ts{xi • • • Xn, yi • • • yni)^a{xi • • • yi • • • yj 

ym+1 * * * y^m) 

* * * X2nj ym+1 ‘ ' ‘ y^m^’priXn+l * ' * X^^ym+l * * ’ y2w) “ 

We write a for the arguments (xiX2 • • • Xn, yiy2 • • * ym) and p for the argu- 
ments (x, 14.1 ^2 * ‘ * X^nj ym+iym+2 ' ‘ * y 27 «) 

Since T depends only on the sum of the coordinates of the electrons, and the 
sum of the coordinates of the protons, and does not involve the spins at all, 
it must remain unchanged when we make an arbitrary permutation of the 
arguments x of u among themselves or of the arguments y of w among them- 
selves. On the other hand u must be antisymmetric in its arguments x and 
in its arguments y, since otherwise it could not represent a stationary state 
for the cluster allowed by the exclusion principle. Thus ip must be antisym- 
metric, in the x’s and in the y's. Let now P be an operator which makes an 
arbitrary permutation of the x’s and an arbitrary permutation of the y’s in 
any function of Xi • • • vX2n, yi * * • y2n, and let p be the order of the permuta- 
tion P. Then the functions 

Z( -)”-?{ Ua)TS)MM) 1 (2) 

satisfy the exclusion principle, if the summation be taken over all the ( 2 n) l 
{ 2 m) I permutations P. There are only r = { 2 m)l{ 2 n)l/iml)^{nl)‘^ different 
terms in this sum, since by the antisymmetry of the ^’s, all of the terms in 
which the arguments of Ts (and therefore also of Tt) are the same have just 
the same value. If we define a distribution by the symbol (x/ • • • , y^ * • * | 
X/ • • • y^ • . • ) in which the arguments of Ts are to the left, those oi Tt to 
the right, of the line, and in which the order of the arguments to the left and 
to the right is Indifferent, then we can write 

= ( 3 ) 

r 

where now the summation is taken only over the r different distributions. 
Now in Fst.ffff with o* = t, we can combine the term with the distribution 

(ac,- ■ ■ ■ yi - ■ ■\xf ■ ■ jg) 

with that with the inverted distribution 

■ ■ ■ Jg - ■ ■ \ Xj ■ ■ ■ yd . 


( 4 ) 



P, EHRENFEST AND J. R. OPPENHEIMER 


This second term may be derived from (4) by ft plus w interchanges, and will 
therefore appear in the sum with the same sign as (4) if n plus m is even, and 
with the opposite sign if m plus n is odd. We may therefore write, with Q = 


Fh.., = - Tj'i-yp{'S'M'i'MUa)T0) + ermTla)]] (s) 

f 


where now the summation is taken over the r/2 different sets of arguments in 
the^/s. When r 7 ^ (T, we have instead, 

= -E'\-yP{Ua)m)TMTt{p) + 


which we may write 

F.i„r = dr»(_)pp{ [ua)u^)y4'cmr{a)][Ua)Tm + eT,{m\{a)] 

2r 

+ [Uct)m) - ] [2".(a) Xm - 91,(3) Ucc) ] } 

{ symmetric (even, 

in 5 and t when w Is 
antisymmetric (odd , 

and, from (6), that for r^a, Fst,aT has, for n+m either even or odd, both a 
symmetric and an antisymmetric part, neither of which vanishes identically. 
These properties of the wave packets F will make it possible to deduce our 
rule. 

III. Symmetry of Wave Functions for a System of Two Clusters 

We should expect that these symmetry properties in s and i would persist 
in the stationary wave functions built up from the Fs whenever the interac- 
tion of the two clusters was too small appreciably to distort the internal con- 
figuration of the clusters. In this paragraph we shall have to find the wave 
functions 0 for the stationary states of the system of two clusters. We shall 
see that, when certain matrix components of the interaction energy of the 
particles may be neglected, the 0^s do in fact have the same symmetry in s, 
t as the corresponding wave packets F\ and we shall see further that the con- 
ditions under which we may neglect these matrix components are just those 
in which the interaction of the clusters does not greatly disturb their internal 
motion. 

Let E be the energy of the system, and if the Hamiltonian ; it will in gen- 
eral be given us as an operatoron a function of the x'smd the /s, and it will 
be impartial to all xs and impartial* to all y*s. The wave equation for 
* • ' y 2 w) will 

•E)0 = 0 

Since <f> must satisfy the exclusion principle, and since our original formed 
a complete set of functions, we may expand 0 as a linear function of the F*s; 
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y y ya{st,<rT)F,t.„^ L y<i{st,c<T)F.u..- &) 

" ^ " IT U,t) 


(<r ,t) 


, i<? to be taken over all pairs (ct.t) with and 

V over aZatrs We now introduce that part of the irreducible matrix 

for'ff which belongs to the term system satisfying the exclusion prmcip 

{st, ct\h\ s't', a'r') = j Fst,crEF,’v ,.'t' • 

• JL* f ^ to b 0 taken over the whole domain of all the 

"'XX andHfto inide a sulation over the two values of all the 
variables. With the help of this matrix we may write the wave equa loti 
for the a’s which is equivalent to (8) . 

t 

+ y 1 <nr)o(s<, <ro-) = Ea.{s't', erV')- (10) 

tr («.0 


(cr ,t) 

Ojf«£r 


By (5), (6) we have 
and 


Fsl ,m — ^F u ,T<r 

aist, (tt) = ea{ts, ra) . 

Suppose now that we may set 

(st, <xt\E\ s't', a'r') = 0 /or {a, r) 7^ {a', r') . 


( 11 ) 


( 12 ) 

We shall have later to see under what 

tion (12) is legitimate; but if we accept it, then we see that ( ) 

seri^ of independent equations, one for each pair of values of ( . ) 

er = t: y{aa, s't' j E 1 crer, st)a(,aa, st) = Eaiaa, s'f) 
a ^ r: y y(.rT,s't' 1 E 1 ar, st)a{ar, st) = Ea{ar, s t ) 

For each such pair of values (u, r) we thus get a set of rotations . M 1 far u 

-rtbesewillbeh"""'”" in s and ( when m+» is , ^ forov<rboth 

symmetric and afcS'Lctions are 

oi the cluster by the u's, then this resu t ,s '"''y ^/d t "c folliw- 

given at the beginning of this paper. We may ^ „ai„e of the 

Lg way: for the quantum numbers s . we may „aauce the 

components of the total momenta o v vh-v the conditions 

center of gravity coordinates of the two clusters, X. Y by the conditio 

sX - Xs = h/2Tri; sY - Ys =^ 0] 

lY Yt ^ hl2iri*, tX O y 
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then we get the transformation functions: 

(sl/XY) = (14) 

The wave functions for the stationary states of the whole system are then 
given as functions of X, F by 

^a(st, (xr)isl/XY) , (15) 

Asymmetric | even ; 

For (r==r, these must bex in X and F when n+m is \ for 

(antisymmetric (odd; 

0* 7^ r they may have either symmetry. 

We have now only to consider the conditions for the validity of (12). If 
the states cr, r of the isolated clusters are degenerate, then the matrix ele- 
ments of H corresponding to transitions between such degenerate states— 
states in which the isolated clusters have the same internal energy, — may be 
made to vanish by choosing suitably the u*s which give the stationary states 
of the clusters. The terms 

(st,(TT\H\s^f,<TV) 

in which the states (cr, r) and {a', r') correspond to different energy levels of 
the clusters, will, since the original u^s were chosen to make the internal en- 
ergy of the isolated clusters a diagonal matrix, represent the matrix compon- 
ents of the interaction and interchange energy of the particles in one cluster 
with those in the other; and if the particles in the cluster are very tightly 
bound together, theseenergieswillbe very small compared to the energy differ- 
ences of two stationary states a*, cr' of the isolated cluster. The terms which 
were neglected in (12) therefore, will give in this case only very small correc- 
tion terms to the a’s of the order of the ratio of the interaction energy of the 
two clusters to their proper energy; in general these correction terms will 
be neither symmetric nor antisymmetric in 5 and t, so that only for very stable 
clusters may we expect a rule like (R) to hold: for the two identical atoms of 
a symmetric molecule no such rule as (R) holds, since here the interaction 
energy of the atoms is of the same order of magnitude as their proper energy. 
Even in this case, of course, the exclusion principle for the electrons and pro- 
tons reduces the number of possible stationary states; but here we cannot say 
just what states are excluded by investigating only the symmetry of the cor- 
responding wave functions in the coordinates of the center of gravity of the 
clusters, but must study in detail the symmetry of the functions in the coor- 
dinates of all the elementary particles. The importance of the rule {R) arises 
from the circumstance, that in the dynamical treatment of most atomic and 
molecular problems we do not need to know anything about the structure of 
the nuclei, except that they are stable: we may treat them as point charges, 
with, in some cases, a spin ^ which gives a proper intrinsic degeneracy. And 
whenever this is so, we may use a rule like {R) to determine what states of the 
system survive the exclusion principle. 
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THE INTENSITY OF X-RAYS REFLECTED FROM PLATINUM, 

SILVER, AND GLASS 

By Hiram W. Edwards 
University of California at Los Angeles 

(Received January 7, 1930) 

Abstract 

The intensity of a monochromatic beam of x-rays reflected from platinum, silver, 
and glass mirrors was measured for angles of incidence varying from 0.75 to 1.25 times 
the critical angle. Radiation having a wave-length of 0.69A was obtained by reflection 
from calcite. Values of the intensity of the reflected beam calculated by Thibaiid’s 
modification of Fresnel’s equation were found to be in good agreement with experi- 
mental values obtained from platinum. Experimental results obtained from silver and 
glass mirrors do not agree quantitatively with the theoretical values. No explanation 
for the lack of concordance is offered. 

T INNIK and Laschkarew^ have observed that the intensity of x-rays 
(X = 1.537A) totally reflected from an iron mirror does not fall off ab- 
ruptly at the critical angle when increasing the glancing angle of incidence. 
Forster^ attributed this lack of sharpness to an absorption effect in the reflect- 
ing medium. He attempted to derive an expression from the Fresnel reflec- 
tion equations to express the intensity of the reflected x-ray beam in terms 
of the critical angles. Although Forster made an error in the derivation of his 
equation, the curves which he gave to show the effect of the absorption upon 
the intensity-glancing angle of incidence relation are in agreement with the 
curves, published later by Schon^ and also with those given by Thibaud.'^ 
Dershem® gave the relative intensities of the Ka line of carbon (X = 44.6A) 
reflected from glass for angles of incidence varying from 1° to 8°. Thibaud^ 
shows that Dershem’s results are qualitatively in agreement with the values 
calculated by his (Thibaud's) extension of the Fresnel reflection equation. 

The writer is not aware of any attempt having been made to check, quan- 
titatively, the Fresnel equation of the intensity of reflected radiation in the 
x-ray region. In order to make a quantitative test three materials, platinum, 
silver, and glass, were selected. Platinum was chosen because of its relatively 
high absorption coefficient, silver and glass because of their low absorption 
coefficients. Wffiile the absorption coefficients of silver and glass are both low, 
the two materials are unlike in having relatively widely separated critical 
angles and are otherwise optically different. 

^ Linnik and Laschkarew, Zeits. f. Physik 38, 659 (1926). 

^ Forster, Helv. phys. Acta 1, 18 (1927). 

Schon, Zeits. f, Physik 58, 165 (1929). 

^ Thibaud, Jour. d. Physique 7, 37 (1930), 

« Dershem, Phys. Rev. 34, 1015 (1929). 
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Apparatus 

The apparatus was arranged as shown in Fig. 1. The x-radiation was pro- 
duced by a water cooled tungsten tube operated at 50,000 volts. The x-ray 
beam was defined by two slits, 5i and 52, each about 0.4 mm wide and about 
80 cm apart. The x-ray beam was directed against a calcite crystal oriented 
so that a monochromatic beam (X = 0.69A) was reflected. The tube voltage 
was sufficiently high to excite radiation up to a wave-length of 0.2SA and 
consequently a second monochromatic beam of X = 0.345A would be reflected 
from the calcite crystal along with the first. It is thought that the presence 
of the radiation of shorter wave-length did not appreciably alter the intensity 
measurements under consideration. If one assumes that the critical angles 
of the two radiations are proportional to the square of the wave-lengths, the 
critical angle of the shorter wave would be 0.25 of that of the longer wave, 
hence in the region investigated the intensity of the shorter wave must be 
very small as may be readily shown, 

looizextion 




^ ^ . . ( j 

® X- rays ' 

'm /rTvV m 

Crystal 

C 

string 

eloctrometer 

p==j 


Fig. 1. Arrangement of apparatus. 

The mirror under investigation was mounted on a spectrometer table and 
carefully placed parallel to the x-ray beam reflected from the calcite. The 
distance from the crystal to the mirror was approximately 27 cm. The axis 
of rotation of the spectrometer table was very nearly tangent to the surface 
of the mirror and approximately in the center of the incident beam. Both 
platinum and silver mirror were sputtered on pieces of glass (2 X4.5 cm) which 
were flat within 0.5 of a wave-length of yellow light. The platinum mirror 
was opaque to visible light and thick enough to have a critical angle equal to 
that calculated by the Loren tz dispersion formula. The silver mirror would 
transmit about 5 percent of the visible light incident normally and not thick 
enough to give its maximum critical angle for this wave-length used. Three 
glass mirrors were used, all flat to within half a wave-length of yellow light. 

It was found expedient to use a third slit 53 in the optical system. This 
was placed very close to the mirror and served to limit the radiation to a very 
narrow beam the width of which was less than the length of the mirror multi- 
plied by the smallest glancing angle of incidence used. By this arrangement 
all of the beam passing through the slit would strike the mirror surface and 
hence maintain an incident beam of constant intensity. At the same time 
the arrangement eliminated annoying scattered radiation which would have 
been present had any portion of the beam been permitted to pass by the 
mirror unreflected. Radiation scattered from the reflected beam caused no 
trouble. 
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The intensity of the reflected beam was measured by absorption in an 
ionization chamber and the rate of accumulation of charge on the string of a 
string electrometer. The sensitivity of the instrument was not drterniined 
but remained constant during any single series of observations.^ The front 
end of the ionization chamber was 65 cm from the center of the mirror. 

The voltage across the x-ray tube was maintained constant within 1 per- 
cent Filament current in the tube was practically constant. 

The angle of incidence of the radiation upon the reflecting mirror was de- 
termined for a single position of the mirror by evaluating the particular read- 
ing of the tangent screw on the spectrometer table from measurements made 
nhotograohically. For this purpose the slit Sz was opened sufficiently to per- 
mit some of the radiations to pass by the mirror unreflected. The film was 
placed 63 cm from the mirror. Because of this comparatively short distance 
the angle could not be determined with an accuracy greater than about 3 

percent. 

Results 

In the case of reflection of x-rays from metals or from glass it is necessary, 
because of the absorbing nature of the reflecting medium, to replace the ordi- 
nary index of refraction «. (« = 1 - 5), by the complex quantity where, 

^' = (1 — 5 ) — 

K = juX/4t 

in which u is the absorption coefficient and X the wave-length. 

Starting with the above expression and the Fresnel equation for the ratio 
R/I of the amplitude of the reflected wave, parallel to the plane of incidence, 
to that of the incident wave, 

R n cos i — cos i' 

J n cos i + cos i' 

where f and i' are the angles of incidence and reflection measured from the 
normal to the surface, Thibaud* derived the following expression for the ratio 
(i4 ) of the intensity of the reflected to that of the incident beam ; 

(1 -f mY -f -f a^Y ’^ + 2(1 -F w)(2(m^ -b cos.^/2 

(T+m)* + a^Y''‘ - 2(1 + -f aY'^Y'^ cos <i>/2 

in which m is defined by the equation 0 = (l-fOT)flm where 6 is the glancing 
angle of incidence, and 0™ is the critical angle. The other quantities are de- 
fined by the relations ; 

a(l - 8) 

a^K/25 eJ=^2S tan ^ • 

The following tables give the values of the constants used in calculating 

the intensities of the reflected rays. 
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Table I. 


Mirror 

/X 

a 

0m (radians) 

6X10' 

xxio^ 

Platinum 

Silver 

Glass 

2295. 

258. 

17.4 

0.078 

.015 

.004 

0.00400 

.00305 

.00153 

8.00 

4.65 

1.18 

0,69 

.69 

.69 


fl and calculated values of the intensity of the x-rays re- 

tlected from the three materials are shown graphically in Fig. 2. Experi- 
mental observations are indicated by small circles and the calculated values 
are shown by small crosses. 
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17.4. Although theoretical curves were drawn for which larger values of a 
were assigned none could be found from Eq. (1) which duplicated the form 
of the experimental curve, although the “fit” was much closer than that indi- 
cated in the figure. It is possible, however, that the absorption coefficient 
of the surface layer, that in which the phenomenon of reflection takes place, 
is greater than the average value of the glass as a whole. Undoubtedly devia- 
tions of the surface from being optically flat would alter the form of the curve. 
The most nearly flat specimen used, however, gave no appreciably different 
result from the poorest mirror. 

The results from the silver mirror show a better agreement between theory 
and experiment than those obtained from glass. 

Here also the experimental results indicate a larger absorption coefficient 
than that measured. The silver film was not sufficiently thick to give a crit- 
ical angle equal to that which would have been obtained with a thicker film.® 
This factor would seem to give a smaller coefficient of absorption rather than 
a larger one. 

The results shown for platinum indicate good agreement between experi- 
mental and theoretical results. Just why there should be an agreement in 
this case and not in the other two is not clear. The writer plans to continue 
the investigation and hopes to be able to find an explanation for this behavior. 


Stauss, Phys. Rev. 34, 1021 (1929), and also Edwards Phys. Rev. 32, 712 (1929). 
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INTENSITY MEASUREMENTS IN THE 
SPECTRUM OF MANGANESE* 

By Raymond S. Seward 
Physical Laboratory of Stanford University 

Abstract 

Relative intensity measurements have been made for the lines of twenty-five 
niultipletsof manganese, containing about one hundred and fifty lines in all. All but 
three of these were of Mn I. None of the Mn 11 multiplets measured were found to 

Mn I contain lines which are clearly anomalous. These eight multiplets contain a large 
Mn il spectrum. All involve terms derived from the term 

termf Th ” u “^“^ed type with wide separations between the sub- 

he,r departure from normal intensities which 

n best be described by graphs in which the calculated intensities are plotted against 
the measured intensities on double logarithmic paper. In these plots the LtSS 
often assume a regular pattern above or below the main diagonal lines. 

ured After seventeen of these multiplets have also been meas- 

ured. After reasonable excitation corrections have been applied, the agreement of their 
intensities with the theoretical values is as close as is to be expected. The measure- 
ments on the quartet triad of this group are the most reliable. 

Introduction 

f complex spectra which are at pre- 

^ sent m the process of analysis.^ A number of intensity studies have been 
made upon elements of this group, chiefly by Frerichs^ at Bonn, by Harrison 
" ru Stanford, and by Ornstein and Bouma^* at Utrecht. 

_ The element manganese stands at the center of the iron group Its max- 
imum mu tiphcity is eight, which is the largest attained in this group H is 
expected that departures from the Russell-Saunders or £5 couj^g wMch 
predominates in elements on the left side of the periodic table wifl gradually 
increase as the atomic number of the element in the group beclmefgreat^ 
and at the same time departures from the normal intensity formulas will in’ 

arn2helT2t^^^^^^ 

intermediate position in this conS' ^ ^ ^hus takes an interesting 

Sound."''“ absence from the College of Puget 

“ G. R. Harrison, J.O.S.A 17 389 SS r h 
_ (1929). G. R. Harrison, J.O.aA. IV 109 (1929) E"Swicht, J.O.S.A. 18, 

University Library. Paper also reoorted at f a * ^ Ph.D. Thesis, Stanford 

30, 1,20, P.,„ n". 25." AuSCStm flScSI""' 

T. Bouma, Phys. Rev. 36, 679-693 (1930) 
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Considerable work has been done on the analysis of the spectrum of Mn I 
and a less amount on that of Mn 11. The analysis of Mn I given by McLen- 
nan and McLay'^ and unpublished data furnished by Dunham of Mt. Wilson 
Observatory have been used in the present study. Material for Mn 11 has 
been taken from recent articles by Russell® and by Dufifendack and Black.^ 
The assignments of terms to definite electron configurations as given by 
Russell® and by Hund^ is used. 

The aim of the present investigation has been to secure accurate intensity 
determinations of as many lines of the spectrum of manganese as is practic- 
able in order that the information may be available for reference in connec- 
tion with atomic problems. 



Fig. 1. Energy level diagram of the spectral terms of Mn I and Mn II, 


Some features of the manganese spectra are summarized in Fig. 1, which 
is an energy level diagram of the spectral terms. They are classified according 
to multiplicity, there being quartet, sextet, and octet terms of Mn I and 
quintet and septet terms of Mn 11. The separations of sub-terms are not 
shown. Symbols for electron configurations where known are written in 
front of the term symbols. Lines are drawn between terms to indicate mul- 
tiplets. These are identified by numbers written in circles drawn on the lines, 
the larger numbers being assigned to the shorter wave-lengths. Intersystem 
transitions are represented by dotted lines. 

Multiplets 27, 28, and 31 constitute a quartet triad, while multiplets 32, 
36, and 40 make up a sextet triad. All six multiplets are due to sp electron 

^ J. C. McLennan and A. B. McLay, Trans. Roy. Soc. Canada III, 89 (1926). 

e H. N. Russell, Astrophys. J. 66, 233-255 (1927). 

7 0. S. Duffendack and J. R. Black. Phys. Rev. 34, 35-43 (1929). 

* H. N. Russell, Astrophys. J. 66, 283-328, 347-438 (1927). 

® F. Hund, Linienspectren, Julius Springer, Berlin, 1927, p. 181. 
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jumps and constitute two related super multipiets. Russell has shown that 
similar sp jumps are responsible for important triads in other members of the 
iron group.^° All of the eight terms involved in these supermultiplets are in- 
verted and will be referred to as the inverted system of terms, while most of 
the other terms of Mn I are normal. It is in members of this supermultiplet 
that the most interesting intensity results were found in the present study. 

Experimental Procedure 

The method of photographic photometry of spectral lines used in the pre- 
sent study has been described thoroughly in an article by G. R. Harrison. 
The general method of procedure will not be given, but only special details 
noted. 

The source used was an arc whose cathode consisted of a purified carbon 
rod into a cavity of which had been introduced finely pulverized manganese. 
For the anode a silver rod was used, as this gave a more steady arc than a 
second carbon rod, there being no serious overlapping of the silver lines with 
those of manganese. 

Some spectrograms on each plate were exposed with an arc run at atmos- 
pheric pressure, while for others the pressure was reduced to from 10 to 20 
cm of mercury. Currents of from 0.5 to 3.0 amperes were employed in order to 
give variable conditions of self-reversal and excitation and to bring out the 
strong and weak lines at the best intensities for measurement. 

The source used for calibration in the ultraviolet was a mercury arc in 
quartz operated by a 110 volt storage battery, while in the visible a gas-fiiled 
6 volt, 20 ampere tungsten lamp with a ribbon filament was used. As a 
standardizing source for much of the ultraviolet as well as all of the visible, 
a ^^black body ” electric furnace with quartz window operated at about 2400®C 
was employed (see page 290 of reference 9), the intensities for various wave- 
lengths being determined by Wien’s Law. 

For varying the intensity during calibration, neutral wire screens were 
used whose transmitting power had been previously determined by ther- 
mopile readings. 

The spectrographic arrangement, as in previous studies, was of a modified 
Paschen type. The lens for focusing the source on the slit was a quartz fluorite 
achromat of 2.S cm aperture and a focal length remarkably constant at about 
25 cm for all wave-lengths encountered. The grating was a concave reflector 
of about 35 feet radius, containing about 85,000 lines, 5900 per cm, the disper- 
sion in the first order being about 1.67 A. per mm. This grating is remarkably 
free from ghosts, has intense first and second order spectra, and is in general 
excellent for intensity work. 

The plates used, except for the region XX 5300-6000, were the Eastman 36 
brand. To secure measurable spectrograms for the green and yellow regions 
with the same exposure times as were used for the more actinic regions, pan- 
chromatic plates sensitized with ammonia were employed. Such plates, while 

See reference 1. 

G. R. Harrison, J.O.S.A. 19, 267 (1929), 
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comparatively sensitive, are apt to becpme fogged and mottled. Their con- 
trast was found much greater than desired, and the measurements made by 
their use are not so reliable as the others. 

Self-reversal seems to have been reduced to a negligible amount in most 
cases, as indicated by a 45° slope to the "self -reversal curve” for a multiplet.^^ 
Exceptions in which self-reversal corrections were added are noted in the dis- 


cussion of results. 

Six sets of plates were secured, two of which covered the entire available 
spectrum (XX 2500-6000). From 12 to 18 measurable spectra were obtained on 



Fig. 2. Calculated and measured intensities for Multiplet 21 (aW—y^P). 


each plate. The results (recorded in the Table of Results) were obtained by 
averaging what were considered the most reliable determinations. It was im- 
possible to measure accurately the weaker lines in certain exposures and in 
others the stronger lines were too black for accurate determination. But from 
20 to 60 determinations were made for all but a few inaccessible lines. 

Results and Discussion 

Intensities within mnltiplets. The intensities of the lines making up a given 
multiplet may be determined with much greater accuracy than is possible 
when lines of different multiplets are compared, because excitation conditions 

In a self-reversal curve, the measured intensities are plotted against the calculated inten- 
tensities on double logarithmic paper. For an explanation of such curves see p. 401 of the first 
ref erence^^cited in reference 3. ' 
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are similar for the various lines, and the plate sensitivity generally does not 
differ greatly for the fines being compared. 

The results of the relative intensity measurements for the individual 
multiplets are found in column 5 of the Table of Results; the corresponding 
calculated intensities appear in column 4; while the results obtained by fre- 
richs for five multiplets which he measured appear in column 6. In all cases 
the intensity is expressed in percent of the strongest line. For convenience in 
testing the Sum Rule, the sums of the line intensities from a given upper 
state and of those having a given lower state have also been determined. 
These appear in the same column as the line intensities. Column 3 gives the 
term or transition distinguishing the sum or line. 



The measurements for the most interesting individual multiplets will 
now be discussed, following the order of decreasing wave-length. 

MuUipletZI (a^D y®F;XXS540— 5340). Besides lying in a region to which 
the ordinary photographic emulsion is insensitive, this multiplet covers a wide 
wave-length range in which the sensitivity of the panchromatic plate has a 
number of maxima and minima. It was also necessary to use exposures which 
were not favorable to complete removal of self-reversal. In obtaining the’ 
tabular values, self-reversal corrections were applied in some cases. The re- 
sults indicate that lines b and / are abnormally weak. The multiplet is of 
interest in that its upper state belongs to the normal system of terms, while 
its lower state belongs to the inverted system. The calculated and measured 
intensities are shown graphically in Fig. 2. 
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MuUiplei 23 {a^S—z^P; XX 5432-5395). The two lines in this intersystem 
multiplet are fairly strong. Although there is no theoretical relation known 
between the intensities of such lines, the present measurements illustrate that 
the lines of largest J values are the strongest, and that the intensities follow 
qualitatively rules similar to those for lines in normal multiplets. 

Multiplet 25 {a^Di—z^Fi, X 5000) and Multiplet 45 (a^S—z^P] 

X 3220) gave similar results. 

Multiplet 27 {a^D — XX 4766-4671). A large number of very consistent 

determinations were made on multiplet 27 in which self-reversal graphs 
showed a uniform slope of 45°, indicating the vanishing of this effect. The 
averaged values taken from the Table of Results are plotted in Fig. 3. A 



log Ic 

Fig. 4. Calculated and measured intensities for Multiplet 28 (a^D —z^D). 

large number of similar graphs for the individual exposures showed an almost 
identical structure. While the four brightest lines are seen to have intensities 
very close to their calculated values, this is not the case for the first order 
satellites, line c being much too bright, line d less so, while line e is too weak. 
The wide divergence of lines e and e which are of . nearly equal calculated in- 
tensity, is most striking. 

Multiplet 28 (a^P-z^P; XX 4502-4415). This multiplet is a second mem- 
ber of the triad to which multiplet 27 belongs. It is also one of the five man- 
ganese multiplets measured by Frerichs. As in the previous case, a large 
number of consistent determinations was made. The plot of the calculated 
and measured intensities on double logarithmic paper is shown in Fig. 4. 



350 


R. S. SEWARD 


Both groups of satellites show very striking departures from the normal, be- 
ing too bright by varying amounts. There are eight lines of fairly nearly 
equal calculated intensity in this multiplet, so that departures from the nor- 
mal intensity could not very well be explained by self-reversal, even if some 
were present. An excitation correction would not tend to lessen the depar- 
tures of the lines, since the lines which are too bright do not have a common 
upper state. 

Multiplet 29 4462-4455). This is the most satisfactory e.x- 

ample of a multiplet belonging to the normal system of Mn I as distinguished 
trom the inverted system. All the lines except t and u were resolved. The 



3 4 5 6 7 89 j 

Fig. S. Calculated and measured intensities for Multiplet 31 
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first order satellites are too St J f ^ multiplet 28, the 
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of the satellites too weak as compared with the main diagonal lines. This is 
in contrast to the corresponding DD^ quartet multiplet 28, in which the cor- 
responding lines were too intense. Lines j and k were not resolved completely. 
Their sum was measured, and then this value was distributed to the two lines 
in a ratio equal to the apparent intensities given when they were partly re- 
solved. The position of these two individual lines is not known exactly, but 
their sum is not so great as the calculated value of the sum. This is another 
case in which departure from calculated values could not be explained by self- 
reversal, since a number of lines of nearly equal calculated intensities give 
radically different measured values. 



log Ic 


Fig. 6. Calculated and measured intensities for Multiplet 32 {a^D —z^D^) . 

Multiplet 36 {a^D — z^F; XX 3844-3776). When conditions were best for 
removal of self-reversal, cyanogen bands were apt to develop in the posi- 
tion occupied by multiplet 36. In order to resolve two pairs of interesting 
lines, it was also necessary to work in the second order. For these reasons, 
exposures in which some self-reversal remained were used in calculating the 
intensities, a small correction being applied to correct for the effect. The plot 
of the intensities as shown in Fig. 7 would be very similar if this correction 
had not been applied, except that the slope of the curve would be less. The 
departures from normal intensities are in this case the clearest and most regu- 
lar of any so far encountered. The first order satellites are all clearly too weak 
as compared with the main diagonal lines. Since the lines are too weak, there 
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is no possibility of explaining their deviations by laps with unidentified lines. 
The two second order satellites /and i seem to have the order of their inten- 
sities inverted, though the data so far as this is concerned are not conclusive. 

MuUiplet 40 (a^D-'X^P; XX 3629“3577). This multiplet completes the 
sp sextet triad and is the last member of one of the supermultiplets arising 
from the a^D term of Mn IL Measurements were possible in which self- 
reversal was apparently completely eliminated, and a large number of deter- 
minations gave nearly identical results. Of the first order satellites, line i is 
much too intense, line e slightly so, and line/ is apparently about normal. The 
second order satellites g, hy i seem to be abnormally bright; these latter form 
a line in Fig. 8 which has much less slope than the main diagonal line. 



Fig. 7. Calculated and measured intensities for Multiplet 36 (a^D—z^F), 

Multiplet 42 {a^D-'Z^P; XX 3497”3442). This was the only complex mul- 
tiplet of Mn II available for measurement. All measurements gave excellent 
agreement with the calculated values. 

MuUiplet 44 {a^D — XX 3260-3209) . Because of its comparative weak- 
ness, this multiplet, like its prototype number 36, was measured from ex- 
posures which had some self-reversal. The plot of its intensities shown in Fig. 
9 is almost a reproduction of that for number 36, except that line/ is a little de- 
pressed. Although the departure from normal intensities by the first order 
satellites is of the same type as in number 36 the amount of this departure is 
somewhat less. The second order satellites seemed to be stronger than their 
calculated values. 
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Fig. 8. Calculated and measured intensities for Multiplet 40 (aW—x^Pi) 
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MuUiplet 46 XX 3178-3148). Multiplet 46 gave very close 

agreement with the calculated values. It is the second member of a sharp 
series following a Rydberg formula, multiplet 26 being the first member. 

MuUiplet 47 {a^D — w^P; XX 3082-3044). This has the same final state as 
has number 40. While the upper state has not been assigned to any electron 
configuration, it has normal intensities or nearly so (Fig. 10), and does not 
show anomalies analogous to those in number 40. 



Fig. 10. Calculated and measured intensities for Multiplet 47 (a^D-w^F), 

Multiplet 49 {z^P 294:0—2914), Measurements indicated the nor- 
mal intensity ratio between lines b and a. Line c was a little strong, probably 
due to a lap. 

In summarizing the line intensities within multiplets, it may be stated 
that most of the anomalous lines, if not all of them, were in multiplets whose 
terms, one or both, were derived from the a^D term of Mn II. The departure 
from normal intensities shown in graphs of Figs. 2 to 10 are of a regular nature 
in some cases at least. It is always possible to draw a straight line which 
passes through or near each point representing a main diagonal spectral line. 
Such lines can also be drawn through some of the satellite points, but the 
latter line is usually broken in the middle. One may proceed along this broken 
line in the shape of a F with the J values (subscripts) increUvsing or decreasing 
in regular sequence. Lines hh j< 2 . 2 i hzz, ^ 44 , and of multiplet 36 illustrate this 
regularity. It seems probable that this regular departure is caused by some 
perturbation factor which is usually negligible but which assumes significant 
values in the present case. 
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Relative intensities of the multiplets. Intensities for different multiplets, 
even when related, depend greatly on excitation conditions; so that measure- 
ments obtained under one set of conditions may not be compared directly 
with those obtained under another set. The figures for relative line and mul- 
tiplet intensities given in column 7 of the Table of Results are based mainly 
on measurements made under fairly uniform conditions; namely, a current of 
1.0 ampere and a pressure of 18 cm of mercury. Figures for each exposure 
were worked out separately and reduced to a common standard before finding 
the average figure which appears in column 7. 

To obtain the intensities for infinite excitation as given in column 9, it was 
necessary to find the equivalent temperature. For this purpose the theoretical 
intensities of the members of the sp supermultiplet were employed. 

The numbers 14, 10, 6, IS, 21, 9 are the intensities of multiplets 27, 28, 31, 
32, 36, and 40 respectively as calculated by formula. The calculated intens- 
ities for the lines in each multiplet were first adjusted so that their sums were 
proportional to these numbers. The proper correction was applied for each 
line, and the results placed in column 8 of the Table of Results. 

If the multiplets may be brought to their calculated intensities by excita- 
tion correction, the equation logioi? = 0.625A<r / T must have a common temper- 
ature solution. R is the factor required to bring the relative intensity of a 
line, or group of lines of common upper state, to the value for infinite excita- 
tion, and A<j is the difference in term values of the upper state in question and 
that of a line used as a standard. 

In seeking the common solution of the above equation, the following pro- 
cedure may be followed. The ratio Im/Ic (measured intensity)/(calculated 
intensity) for each line group of common upper state is determined. The 
factor by which each of these Im/Ic values must be multiplied to make it 
equal to the value for the standard is next found. Finally the logarithms of 
these Rm values are plotted as ordinates and the corresponding Aa values as 
abscissas. In case these points all lie on a straight line, the intensities are 
normal, and the equivalent temperature may be found from the slope of this 
line; i.e., r==().625Acr/logiflR. In practice, a straight line which passes 
through as many such points as possible is drawn, the equivalent temperature 
and the corresponding excitation factors for different states being taken as 
determined by this line, the corrected measured intensities thus coming out 
greater or less than their calculated values according as their plotted points 
lie below or above the line. 

In the present case, the first four multiplets had intensities which approxi- 
mated their theoretical values quite closely, the equivalent temperature being 
between 5000 and 6000A. On the other hand, multiplets 36 and 40 had in- 
tensities which were much too small. These multiplets occur at wave-lengths 
about 3800A and 3600A respectively. It was thought that the apparent 
anomaly might be due to small J/I standardization values resulting from the 
action of scattered light. To test this point the values obtained when a filter 
was used which transmitted only ultraviolet light were tried for the members 
of the sextet triad, the quartet members being in a region not transmitted by 
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this filter. In this case the three multiplets showed fair alignment, although 
the calculated temperature tended to be a little less than in corresponding 
exposures for the quartet triad. 

The measured intensities corrected for infinite excitation as recorded in 
column 9 of the Table of Results were obtained by first determining the re- 
lative intensities of the four multiplets of longest wave-length; then the rela- 
tive intensities of the three short wave multiplets were determined from two 
exposures using the filter as just described. The two determinations were then 
tied together by multiplet 32 common to both sets. The intensities of other 
short wave multiplets in column 8 were also raised to correspond to these new 
determinations, the procedure being equivalent to a new standardization. 
From the preceding statements, it may be inferred that the determinations 
for the long wave-lengths are most reliable, and that it will be desirable to 
make further measurements in the ultraviolet in which more reliable stand- 
ardizations for this region are available. This does not, however, affect the 
validity of line measurements in multiplets. 

No total multiplet intensities for wave-lengths less than 3400A have been 
given, as intensity values for standardizing are not available at this time. 

The approximate multiplet intensities as recorded in column 7 have also 
been written on Fig. 1, which may be used as a convenient means of studying 
the multiplet intensities as a whole. The values for the high upper states will 
be increased, of course, for higher equivalent temperatures or decreased for 
lower equivalent temperatures than that of the source here employed. It may 
be noticed that the sextet and quartet triads furnish a large part of the total 
radiation. Multiplet 41 in the octet system is very intense. Multiplet 34, 
furnishing the raies uUimes, while of very respectable intensity, is neverthe- 
less surpassed by some of the others in total intensity. The comparatively 
small intensity of multiplet 21 as compared with that of number 40 with the 
same lower state and higher upper state is of interest. It may be recalled that 
number 21 has its lower state in the inverted system of terms and upper state 
in the normal system. Its comparative weakness may be connected with this 
fact. Multiplet 20, on the other hand, is much more intense than number 33 
which has the same lower state. In this case, both the upper states, as well as 
the lower state, are of the normal type. 

The present work has been made possible by the use of the equipment 
developed by Dr. George R. Harrison in the Stanford Spectroscopy Labora- 
tory. To him and to the other workers in the same laboratory, who have 
furnished invaluable help and shown a fine spirit of cooperation, the writer 
wishes to acknowledge his sincere appreciation. 

Table of Results. Summary of intensity measurements. 

Explanation 

Column l—Number of multiplet; distinguishing letter for each line. 

Column 2— Approximate wave-length of the line. 

Column 3— The transition for the spectral line or the term common to a line sum. Land6 
quantum numbers are used for the Mn I multiplets or for those of even multi» 
plicity. bommerfeld quantum^ numbers are used for Mn II multiplets. The 
a half unit^^ quantum number is changed into the second by the subtraction of 
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Column 4 — Calculated intensity in percent of the strongest line. 

Column 5 — Measured intensity in percent of the strongest line. 

Column 6 — Intensity in percent of the strongest line as measured by Frerichs. 

Column 7 — Measured intensities reduced to a common standard (equivalent temperature 
about 5500 A, current 1.0 ampere, pressure 18 cm of Hg. 

Column 8 — Calculated intensities for six related multiplets reduced to a common standard . 
Column 9 — Measured intensities corrected for infinite excitation. 


t 

2 

3 

4 

5 

6 

7 

8 

9 

No. Mul. 

Wave-length 

Trans, 

/cin % 

/min % 

//in% 

Im St. 

Ic «> 

Im 

20 c 

6021.8 

z^Fhe^S 

100.0 

100. 0± 


65.0 



b 

16.6 

z^Phe^S 

75.2 

75.S± 


49.0 



a 

13.5 

z^Fht^S 

54.3 

53. 0± 


34.4 



20 


Total 

229.5 

228.5 


148.4 



21 k 

5537.7 

a^Diy^Ph 

17.3 

20.2 


5.7 



g 

16.8 


25.0 

25.0 


7.0 



f 

08.9 

aWty^Ph 

10.6 

8.3 


2.3 



e 

5481.4 

a^Diy^Ph 

16.8 

18.3 


5.1 



d 

70.6 

aWty^Ph 

33.0 

34.4 


9.6 



c* 

57.5 

a^Dty^Ph 

4.36 







c 

20.4 

a^Diyn 

49.5 

48.3 


13.5 



h 

01.4 

aW*y^P'\ 

27.2 

24.5 


6.9 



a 

5341.1 


100.00 

100.0 


28.0 





a^D$ 

100.0 

100.0 








75.6 
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a^Di 
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57.0 







a^Dt 

35.6 
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y^Ph 
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129.0± 
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92.0 

91.0 







yf>P\ 

58.0 
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Total 

283,0 

283.4 


79.0 
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23 n 
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4.4 
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23 
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162.7 


11.4 



24 z 

5413.7 

z^Phe^S 

32.5 

34.2 


2.7 



y 

5399.5 

z^Phe^S 

65.8 

64.0 


5.1 



X 

77.6 

z^Phe^S 

100.0 

100.0 


8.0 



24 


Total 

198.3 

198.2 


15.8 



25 q 

5004.9 



63.0 


2.3 



P 

4965.9 

<2<i943®F**s 


100.0 


3.7 


— 





— 


— 


4.5 

25 


Total 


163.0 


6.0 


— 

26 z 

4823.5 


100.0 

100.0 1 


240.0 



y 

4783.4 

z^PUe^S 

82.6 

82.5 


198.00 



X 

61.5 

z^Phz^S 

63.2 

58.3 


140.00 



26 


Total 

245.8 

239.6 


578.0 



27 i 

4766.4 

a^DiZ^Fh 

68.0 

69,0 


92.7 

92.6 

92.7 

h 

4765.9 

a^DiZ^Fh 

44.5 

42.7 


57.4 

60.7 

57.4 

g 

62.4 

a^DiZ^F'h 

100.0 

100.0 


134.2 

136.3 

134,2 

/ 

61.5 

a*Dxz*FH 

27.8 

27.9 


37.5 

38.0 

37.5 

e 

39.1 

a*Dsz^F^$ 

11.4 

9.3 


12.6 

15.6 

12.6 

d 

27.5 

a^DiZ^FH 

15.3 

17.3 


23.2 

20.8 

23.2 

c 

09.7 


12.1 

16.3 


21.9 

16.5 

21.9 

b 

01.2 

u^DiZ'^Fh 

.85 

.7± 


.94 

1.15 

.94 

a 

4671.7 


.6 

.6± 


.81 

.82 

.81 



a^Di 

113. 

116.9 



153.6 




Mi 

84. 

87.0 



114.6 




Mi 

56. 

52.0 



76.1 




a^Di 

27.8 

27.9 



38. 




z^Fh 

100.0 

100.0 


134.2 

136.3 

134.2 



z^Fh 

80.0 

85.3 


114.6 

109.1 

114.6 



z*Fh 

60.3 

60.6 


81.4 

82.3 

81.4 



z^Fh 

39.7 

40.05 


51.0 

,54.7 

51.0 

' 27 


Total 

280.0 

286.0 


381.25 

382.0 

381.25 
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if. S. SEWARD 





1 

1 

2 

3 

4 

5 

6 

7 

8 

9 


No. Mul. 

Wave-length 

Trans. 

Ic in % 

/;« in % 

// in % 

/jH St. 

le so 

i„i « 


28 

.9 

4502,2 

a^DiS^D^A 

15.6 

27.0 

24.5 

21.6 

19.2 

32.4 

. : 


r 

4498.9 


19.7 

27.6 

23,6 

22.1 

24.2 

36.1 



G 

90.1 

a‘^DiS*D^s 

14.0 

15.7 

14.5 

12.6 

17.2 

18.8 

' 


P 

72,8 


14.4 

13.9 

12.4 

11.1 

17.5 

16.7 



0 

70.1 

a^D<jz^D\ 

22.6 

21.0 

17.6 

16.8 

27.8 

25.2 



n 

64.7 

aWiZ^Dh 

49.5 

48,0 

40.5 

38.4 

61.0 

57.6 



m 

53.0 

aWM\ 

14.5 

17.3 

15.7 

13.8 

17.8 

20.7 



1 

51.6 

a^DiZ*D'U 

100. 

100.0 

100. 

80.0 

123, 

120.0 

• Si‘ 


k 

36.4 

a^DiZ‘^D\ 

20.8 

27.2 

25,4 

21.8 

25. 6 

32.6 



i 

14.9 

aWiZ*D'^t 

16.9 

32.4 

26.6 

25.9 

20.8 

39.8 





aWi 

116.9 

132.4 

126.6 


143.8 


, 




a^Di 

85.9 

102.0 

90.4 


105.8 






fl^Da 

56.8 

65.9 

56.9 


69.8 






a^Di 

28.4 

29.6 

26,9 


34.7 






ziD\ 

115.6 

127.0 

124.5 

101.6 

142.2 

152.4 





zW'i 

86.1 

108.0 

90.7 

86.4 

106. 

133.5 

M 




s*Dh 

57.4 

63.9 

57.5 

51.2 

70.6 

76.6 

' 




zW>i 

28.9 

31.1 

28.1 

24.9 

35.3 

37,4 

::'i| 

28 



Total 

288.0 

330.0 

300.8 

264.1 

354.1 

400.0 


29 

B 

4462.0 

Z^Phe^Dt 

100.0 

100.0 

100.0 

57.0 



q'i 


00 

61.1 

z^PheWi 

28.6 

29.1 

26.9 

16.6 




z 

60.4 

z^P^iCiDi 

4.76 

6.8± 

4.64 

3.9 





y 

58.3 

z^PheWi 

51.6 

51.8 

51.8 

29.6 





X 

57.6 

z^Ph&^Di 

36.6 

37.9 

37.2 

21.1 



'h’iv5 


w 

57.0 

z^Phe^Dt 

12.0 

11.6 

11.4 

6.6 




; 

V 

55.8 

2®P*se®7?a 

18.6 

18.4 

17.3 

10.5 



'S! 


u 

58.3 

z^P\eWi 

28.5 

27.8 

26.9 

15.8 




i 

55.0 

z^P^ieWi 

20.1 

22.7 

18.9 

12.9 







z^Ph 

133.4 

135.9 

131.5 




': ill# 




z^Ph 

100.2 

100.4 

100.4 




- 




z^P'h 

67.22 

68.9 

63.1 







eWi 

100.0 

100.0 

100.0 




||il 




e^Di 

80.2 

80.9 

78.7 




!ij| 




e«Z>s 

60,0 

62.4 

59.1 








e^Di 

40.5 

39.4 

38.3 








ecDi 

20.1 

22.7 

18.9 




29 



Total 

300.8 

305.2 

295.0 

174.0 


400.0 

-■f 

31 

S 

4312.6 

a^DaF^P's 

2.32 

5.4± 

6.7 

2.5 

2.44 

. 5.2 

' i 


f 

4284.1 

a^DiY^Ph 

3.94 

6.9+ 

7.1 

3,3 

4.14 

6.7 


e 

81.1 

aWzY^P^t 

21.4 

36.4 

34.6 

17.2 

22.5 

3S*4 

j ilSjll'v 


d 

65.9 

a*DzY^Ph 

25.8 

37.3 

32.5 

17.6 

27.1 

36,3 

’ fllfj' : 


c 

57.7 

a^DiY^Ph 

20.0 

26.2 

23.4 

12.8 

21.05 

2 5. *5 

i 


b 

39.7 

a^DiY^Ph 

20.6 

21.0 

20.8 

9.8 

21.7 

20,4 

lj| ' 


a 

35.3 

a4Z?tF4P', ‘ 

100.0 

100.0 

100.0 

47.1 

105.0 

97,2 

.I"*:' 


a 

35.1 

a^DzY^P'i 

62.3 

52.3 

52.3 

24.7 

54,9 

51. 'O 

'1 '' 




a^Di 

100.0 

100.0 

100.0 


105.0 


' ■ 




a*Dt 

73.7 

88.7 

87.1 


77.4 





a^Ds 

48.7 

63.7 

60.0 


51.2 


' it! : 




a*Di 

23.9 

33.1 

30.5 


25.2 


■iifi 




y^Ph 

123.7 

141.8 

141.3 

66.8 

129.9 

137.8 

f\l 




y^Ph 

82.0 

96.5 

92.1 

45.6 i 

86.1 

94 0 

‘if 




y^Ph 

40.6 

47.2 

44.2 

22.6 

42.7 

45.9 


' ' '31 



Total 

246.3 

285.5 

277.6 

139.8 

258.8 

277.7 

!' ,i- 

' 1-' 

r .32 

m 

i 

k 

i 

i 

h 

4083.6 

82.9 

79.4 

79.2 

70.3 
68.0 

a®Z)ss®Z)®* 

a^DiZ'^D^t 

a*Diz®P®a 

a®Z?4Z®P®6 

aWiz^D^i 

a®Z)a2®Z)®a 

30.2 

28.5 

18.2 

21.6 

5,3 

.53 

19.2 

19.0 
15.5 

15.0 

4.3 

l.f+ 

23.0 
21.7 

15.0 
15.0 

4.3 

.5 

87.0 

86.0 

70.0 

68.0 
19.5 

5 0 

65.1 

61.0 

39.0 

46.1 

11.4 
1.14 

26.4 
39.8 

93.0 

63.0 
214.0 

68.4 

49.0 

42.8 
42.3 
34.5 
■ 33.4 
9,6 

'liii! 

); 

L . ■ 

i 

/ 

€ 

d 

c 

b 

a 

63.5 
58.9 

55.6 
48.8 
41.4 

35.7 
18.1 

flCDaseDOj 

a^DiZ’^D^i 

fl«Z7*z8P®a 

a®Z7j2®Z?®6 

a^DiZ^D^t 

a^DiZ^D^i 

12.3 
18.6 
43.5 

29.4 
100.0 

32.0 

22.9 

13.1 

18.1 
43.9 
25.1 

100.0 

34.3 

24.0 

13.5 

16.8 

45.0 

29.4 
100.0 

30.9 

23.5 

59.’ 4 
82.0 
198,5 
113.8 

454.0 

155. 0 

109.0 

2 . 4 

29.2 

40.3 

97.5 
55. 9 

222'. 0 
76.1 

53. 5 

IN 1 

'f 

- 



aWi 

a^Di 

aWt 

a^Dz 

a^Di 

■ ■ 

122.9 

97.1 

71.9 

47.6 

23.5 

124.0 

93.2 
57.4 

38.2 
19.8 

123.5 

90.9 

65.9 

39. 

19.3 


263.0 

207.5 

154.5 
101.9 

50.4 






zWh 1 

121.6 

115,0 

115.0 

522.0 

260.1 

2S5.4 
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- 1 


i . 

1 

1 

2 

3 

4 

5 

6 

7 

8 

9 



No. Mill. 1 

Wave-length 

Trans. 

/cin % 

/min % 

//in % 

Im St. 

Ic ^ 

I m “5 f 






S6Z)0« 

96.6 

87.1 

91.5 

394.5 

207.1 

193,8 






s6D0s 

72.8 

66.4 

66.1 

300.4 

155.8 

147.6 







48.1 

41.7 

44.9 

188.8 

103.1 

92.8 






zm^i 

23.9 

22.4 

21.1 

101.5 

51.2 

49.9 



62 



Total 

363.0 

332.6 

338.5 

1507.0 

777.6 

739.5 



33 

r 

4061.7 

s6?I1,/65 

100.0 

100. 0± 


1.2 





Q 

4059.4 

75.0 

74. 2± 


.9 






P 

4057.96 

50.0 

50. 6± 


.6 


. 



.33 



Total 

225.0 

224.8 


2.7 




! t 






* 






f ■ 

1 

34 

s 

40.34.5 


SO.O 

60.0 


206.0 






y 

33,1 

a^<Sz^'P‘>ii 

75.0 

87.5 


309.0 






X 

30.8 

c\Sz'^P\ 

100.0 

100.0 


412.0 




! ■; 

,34 



Total 

225. 

247.5 


927.0 





36 

n 

3844.0 

a^Dxz^Fh 

8.27 

10.1 


55.0 

33.1 

41.0 




m 

41.1 

a^D«zH^\ 

21.2 

24.1 


131.0 

85.0 

98.0 




1 

39.8 


14.2 

10.9 


59.2 

57.0 

44.4 




k 

34.4 

aFDzZ^F h 

40.2 

45.2 


245.0 

161.0 

184.0 



j 

33.9 


22.1 

15.4 


83.6 

88.6 

62.7 




i 

29.7 

aSDssfiF'i 

1.81 

4. + 


21.7 

7.2 

16.3 




h 

23 . 9 

tt6/93S8F"., 

26.0 

18.3 


99.0 

104.0 

74.5 




.4 

23.5 

aH),z^F'^;, 

66.0 

71.1 


386.0 

264.0 

289.0 




/ 

16.7 

aW^zn^h 

1.97 

3. ± 


16.0 

7.91 

12.2 


i! > " 


e 

09.6 


24.6 

14.8 


80.5 

98. S 

60.2 


1 


d 

06.9 


100.0 

100.0 


543.0 

400.0 

407.0 




c 

3799.3 

amxzWh 

1.36 

(2) 


11.0 

5.45 

8,1 




h 

90.2 

a^DhZ^F'^h 

16.4 

6.5 


35.2 

65.5 

26.4 




a 

76.5 

a«D:,38/''h 

.6 

CD 


5.4 

2.4 

4.1 






am, 

117.0 

107.5 



417.0 







aWi 

92.0 

87.9 



368.0 







a®/) a 

68.2 

66.5 



272.9 






a®£>s 

45.1 

45.1 



180.8 



! 





22.5 

21.0 



90.1 







zmh 

100.0 

100.0 


543.0 

400.0 

407.0 






zmh 

82.4 

77.6 


421.2 

329.5 

315.4 






zmu 

65.4 

61.0 


330.9 

261.9 

248.3 





zmh 

48.6 

44.4 


241.0 

194.5 

180.6 






S«F''2 

32.4 

28.5 


154.6 

129.6 

115.9 






zmh 

16.0 

14.9 


80.9 

64.2 

60.7 


'i 

36 



Total 

344.8 

326.4 


1770.0 

1379.7 

1328.0 

'k 


38 


3800.6 


100.0 

100.0 





V ' 




3787.5 

ziPhe^Di 

53.6 

40.0+ 









74.7 

z^he^Dz 

23.2 

15.0+ 







38 



Total 

176.8 

155.0 






1 

40 

i 

3629.1 

am^x^'P 4 

4.S 

8.9 

13.3 

19.7 

11. S 

23.8 



h 

23.8 

aH)zxm ’a 

11.4 

15.5 

23.6 

34.4 

29.1 

41.4 




g 

19.4 

'2 

19.2 

22.3 

32.8 

49.5 

49.0 

58.5 




/ 

10.3 

am-x^P '2 

27.4 

27.3 

40.0 

60.5 

70.0 

72.8 




€ 

08.5 

z 

35.3 

37.0 

50.3 

82.0 

90.3 

98.8 




d 

07.5 

am,xm .» 

27.6 

35.9 

48.7 

79.7 

70.7 

95.8 




C 

3595 . 1 

am.xm '2 

18.4 

18,5 

22.5 

41.0 

46.6 

49.4 




b 

86.5 

a^DiX^P^s 

51.1 

50.4 

58.4 

112.0 

131.0 

134.5 




a 

77.9 

iim,xm\ 

100.0 

100.0 

100.0 

222.0 

256.0 

267.0 






am. 

100.0 

100.0 

100.0 


256.0 







a^Di 

78.7 

86.3 

107.1 


201.7 







ami 

58.2 

64.4 

86.1 


148.4 







ami 

38.8 

42.8 

63.6 


99.1 







a'^Di 

19,2 

22,3 

32.8 


49.0 







xmh 

132.1 

144.8 

162.0 

321.4 

338.2 

385.6 

' 





xmh 

97.8 

102.9 

132.3 

228.4 

250.4 

274.7 

‘I’ ^ 





xmh 

65.0 

68.1 

95.3 

151.0 

165.6 

181.7 

j' 


__4() 



Total 

294.9 

315.8 

389,6 

700.0 

754.2 

819.2 



* 

Self.] 

reversal not completely eliminated. 






1 






R. S: SEWARD 


2 

Wave-length 


41 

3570.1 

z^Phe^Di 

6.5 





69.8 

z^PWi 

32.5 





69.5 


100. 





48.2 

z^Phe'^Dt 

18.5 





48.0 

z^Phe^Di 

43.2 





47.8 

z^PheWi 

52.2 





32.1 

z^PheWi 

34.8 





32.0 

z^Phe^Di 

33.4 





31,8 


19.0 




V) 


zspo. 

139.0 




V 


z^Ph 

113.0 




it 


z^Ph 

86.5 



430. 

41 


Total 

338.5 



1680. 

42 h 

3497.5 

a^Dxz^Ph 

7.8 

7.7 


16.2 

g 

96.8 

o®Psz6P<»» 

3.5 

3.9 


8.2 

f 

95,8 

a^Dta^Ph 

10.4 

10.3 


22.0 

e 

86.6 

d^Diz’^Ph 

23.6 

23.6 


49.5 

d 

82.9 

a^Diz^P^t 

31.0 

30.5 


64.0 

c 

74.1 

a^Diz^Ph\ 

/18.7 

19.0 


40.0 

c 

74.0 

a^DiZ^Ph) 

\25.0 

25.4 


53.4 

h 

60.3 

a^PiZ«P0| 

50.0 

50.1 


105.2 

a 

42.0 

aWtsfiPh 

100.0 

100.0 


210.0 




100.0 

100.0 





aWt 

75.0 

75.4 





af>Di 

53.2 

53.4 





a^Di • 

31.4 

31.3 





aWa 

10.4 

10.4 





gspo, 

128.5 

129.3 





26 po* 

88.8 

88.3 





z^Ph 

52.7 

53.0 



42 


Total 

270.0 

270.6 


568.5 

44 n 

3260.2 

asPij/spo, 

8.3 

11.8 



m 

58.4 

aWiyzp^i 

14.2 

14.7 



1 

56.1 

a^Dty^Fh 

21.1 

26.6 



k 

52.9 

a®Pjy«P®* 

22.0 

21.0 



i 

51.1 1 

a«Pty«p0j 

.18 

4.S± i 



t 

48.5 

a^DzyW’^i 

40.3 

43.8 1 



h 

43.8 

a^DiyWh 

25.8 

' ■ 24.1 ■ 1 

" 


g 

1 40.6 

a^Dty^P^i 

.2 

7. ± i 



f 

1 36.8 

a^Diy^pOt 

66.5 

61.7 



e 

30.7 

a^Diy^F^i 

24.1 

22.6 



d 

28.1 

a®Piyopo, 

100.0 

100.0 



c 

26.0 

a^^Diy^F^t 

.14 

3» i 



h 

12.9 

a«P5y«P0| 

16.4 

11.9 



a 

06.9 

aWtyzp^i 

.06 






a“Pj 

1 117.0 

112.0 





a^Di 

90.7 

87.3 





a^Dt 

66.9 

74.9 





a^Dt 

43.3 

52.1 





a^Di 

22.5 

26.5 





yftpO, 

100.0 

100.0 





ySpOf 

82.9 

73.6 





ySjPO^ 

64.5 

66.4 





yVpHf 

47.0 

53.7 





ySpO, 

30.5 

39.8 





y^Fh 

14.4 

19.2 



44 


Total 

339,3 

352.7 



45 g' 

3224.8 

aWPo* 


100.0 



. a; . 

17.0 

a^Sz*P°x 


45.0 



45 


Total 


145.0 



46 m' 

3178.5 

z^PhpS 

100.0 

100,0 


— 

m' 

61.1 

z^P^ipS 

82.0 

82.1 



V 

48.2 

z^P^tpS 

62.2 

62.6 



46 


Total 

244.2 

244.7 




3 

Trans. 


4 

/cin % 


5 

in. % 


6 

If in % 


1 

Ijn St. 
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No. MuL 
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■ i 1 

2 

3 

4 

5 

6 

7 

8 

9 

No. Mul. 

Wave-length 

Trans. 

Icin % 

/m in % 

If in % 

Ifji St. 

Ic «« 

Im 0° 

47 w 

3082.1 


4.55 

lapped 





V 

81.3 , 

a^DiW^P'U 

11.4 

13.1 





u 

79.6 

a^Diw^Ph 

19.2 

18.3 





t 

73.1 

aWtw^P'h 

27.2 

25.8 





s 

70.3 

a^Dzw^P^i 

35.2 

34.4 





r 

66.0 

aWm'^Ph 

27,8 

26.1 





Q 

62.1 

a^Dau^P'h 

18.2 

18.7 





P 

54.4 

a^Diiv^P'h 

51,0 

51.3 





0 

44.6 


100.0 

100.0 







a^Bi 

100.0 

100.0 







a^Bi 

78.8 

77.4 







a^Bi 

58.0 

57.6 







a^Bt 

38.6 

38.9 







a^Bi 

19.2 

18.3 







w^P'U 

132.4 

130.6 







w^Ph 

97.6 

98.8 





) 



64.6 

62.8 


i 



47 1 


Total 

294.6 

292.2 





48 t \ 

2949.2 

a^Sis^pi, 

100.0 

100.0 





y 

39.3 

a^Stz^Ph 

73.0 

72.2 





a; 

33.1 

a^SiZ^Ph 

44.0 

43.0 





48 


Total 

217.0 

215.2 





49 G 

2940.5 

z^PhpB 

100.0 

100. 0± 





B 

25.6 

z^PhfB 

81.3 

(lap) 

81.3 





A 

14.6 

z^nfD 

62.0 

63.8 





49 


Total 

243.3 

245.1 





52 

2801.1 

a^syph 

50.0 

*100, ± 





b 

2798.3 

. aKSy^Ph 

75.0 

90. ± 





a 

94.8 1 

a^^Sy'^Ph 

100.0 

80. ± 





52 


Total 

225.0 






61 

2605.7 

a'SsZ‘P'*t 

47.5 

*100. ± 






2593.7 

a'SiZ‘Ph 

68.5 

100. ± 






76.1 

(PSzZ'P^U 

100.0 

100. ± 





61 


Total 

216.0 







* Self-reversal; /// uncertain. 
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Abstract 

Raman spectra obtained by helium excitation from nineteen organic compounds, 
CHCI3, CH^Br, CHaMgBr, CH3I, CHaMgl, C.HsCl, CalUBr, CJIsI, CICH 2 CH 2 CI, 
BrCH2CH2Br, CH3CHCI2, CH3CHBr2, C2H.CI4, C 2 H 2 Br 4 , CrJU, CsHsN, CbIUCH^CI, 
CcHfiCI, CeHfiBr, five of which have not been reported on before, are described and 
discussed. It is shown that in many cases the observed frequencies can be expressed in 
terms of four assumed fundamentals (five in the cyclic compounds), two of which are 
not observed, and which may prove to be illusory. The bearing of such theory as is 
available is discussed. 

T he Raman* spectra of a number of simple organic compoimds contain- 
ing carbon, hydrogen, and halogen (chlorine, bromine, or iodine) atoms 
are described and discussed in this paper. The work was begun as part of a 
systematic study of a number of physical properties of the class of compounds 
known as Grignard reagents, which are formed in anhydrous ether solution 
when the halogen compounds just mentioned react with magnesium to form 
compounds of the type R-Mg-X. Raman spectra from two such compounds 
are described below. At the time the work was started, only a few of the or- 
ganic halides had been reported on; but since then, various workers have re- 
ported the Raman spectra of a great many of them, as will be noted below, 
and some steps have been made toward theoretical interpretation of the 
spectra. 

Experimental Arrangements 

In almost every case, the results reported by others have been obtained 
using light from a mercury arc, usually unfiltered, following an early scheme 
suggested by Wood.^ The advantage of intense exciting light, which this 
method possesses, is compensated to a large extent by the serious overlapping 
of the Raman patterns from the numerous exciting lines, which leads to dif- 
ficulty and error in identifying the exciting line responsible for certain dis- 
placed lines. Matters can be improved somewhat by using appropriate filters, 
as Wood has shown. The results in the present paper are free from such un- 
certainty, since they were obtained by helium excitation, using a helium 
spiral surrounding the "resonance” tube, and a tube of Corning red ultra 

* No attempt is made to give here a complete bibliography of all the hundreds of papers 
that have appeared on the subject since the discovery of the effect was announced by C. V, 
Raman, Indian Jour, of Physics 2, 387 (1928). Such bibliographies are available elsewhere; e.g., 
S. Bhagavantam, Ind. Jour. Phys. 5, 237 (1930), A. S. Ganesan, Ind. Jour. Phys. 4, 281 (1929)! 
and the Symposium on Molecular Spectra, Trans. Faraday Soc. 25, 611-949 (1929). 

^ R. W. Wood, Phil. Mag. (7) 6, 729 (1928). 
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glass as a filter. This method is also due to Wood.^ While the method has not 
the advantage of the high intensity obtainable from the newer helium arc,^*^ 
it does have, in common with this apparatus, the great advantage that there 
is only one exciting line, X3889, and almost no helium lines coming through 
the filter to confuse the Raman pattern. Further, this exciting line has a 
shorter wave-length than many of the mercury lines used. As shown by 
Ornstein and Rekveld,® the intensity of the Raman lines increases at least 
approximately with the fourth power of the exciting frequency. Besides the 
consequent gain in strength of the Raman lines, there is the added advantage 
that the displaced lines occur at wave-lengths near the sensitivity maximum 
of the photographic plates. 

The first exposures were made using a ^^resonance” tube about an inch in 
diameter and twelve inches long. It was soon found that better results were 
obtained with a smaller tube, about 1 cm in diameter and 10 cm long, with a 
smaller filter and helium spiral; less power was required, too, and smaller 
quantities of the substances to be investigated. The spectra were photo- 
graphed with a specially reconstructed single prism glass spectrograph of 
considerable speed, which has been described elsewhere.® For measurement, 
images of the spectra were projected, using a magnification of about forty 
diameters, on a screen on which a scale of wave-numbers had been worked 
out, using a large number of reference lines. With this scale, wave-number 
differences could be read off with an accuracy of about 5 cm~^ in the case of 
the sharpest lines. Many of the Raman lines are too broad, however, to 
permit reading as accurately as this. 

Discussion OF Results 

In discussing Raman spectra, the quantity of primary interest is the 
amount by which a given line differs in frequency (or more usually, in wave- 
number) from the exciting line. Since the arrangements used permitted this 
quantity to be read directly, it is recorded in the tables that follow. In the 
tables, compounds of similar structures are grouped, for convenience in com- 
paring their spectra. Intensities are indicated by numbers in parentheses 
following the observed wave-number shifts. 

While measurements could be checked to about 5 cm~h it by no means fol- 
lows that the results obtained by different observers will check as closely as 
this. In some cases the agreement is better, but in a considerable number, the 
disagreement is several times as large. There is very great need now for more 
accurate results than have been given in most of the investigations so far 
published. A single table is included to show the extent to which agreement 
is found in typical cases. In many cases the agreement is worse, owing to 
difficulty in identifying lines. Beyond this, it has seemed unnecessary to 

* R. W. mod, Phil. Mag. (7) 7, 744 (1929). . 

® Reynolds and Benford, Rev. of Sd. Insts. 1, 413 (1930). 

^ R. \¥. Wood, 'Phys. Rev. 36, 1421 (1930). 

® Ornstein and Rekveld, Zeits. f. Physik 61, 593: (1930). 

R. T. Duffo.rd, J. Opt. Soc. Am. 9, 405 (1924).. 
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Table I. ia) Raman spectrum of chloroform^ CBCh, 


Cleeton and 

Dadieu and 

Ganesan and 

Pringsheiin 

Biiagavantam and 

Dufford 

Kohlrausch 

Venkateswaran 

and Rosen 

Venkateswaran 


8, V 


13 

10 

14 

269 (3) 

259 (6) 


261 (5) 

257 (4) 

261 (4) 

376 (3) 

364 (5) 


367 (6) 

368 (4) 

367 (5) 

671 (3) 

664 (5) 


669 (6) 

666 (4) 

669 (4) 

775 (3) 

756 (4) 


762 (3) 

766 (3) 

762 (3) 


1214 (2) 


1218 (2) 

1214 (2) 

1218(2) 




1441 (1) 


1441 (1) 

3015 (5) 

3016(3) 


3019 (4) 

3009 (2) 

3019 (3) 



ib) Raman spectrum of benzene, CtBt. 


Daure Cleeton and 

Dadieu and 

Dadieu and 

Fujioka Fringsheim Wood 

Dadieu and Soderqvist 

7 Duff or d 

Kohlrausch 

Kohlrausch 

9 and Rosen 12 

Kohlrausch 11 


8,1 

8, II 


10 

8, IV 

610 621 (1) 

605 (4) 

607 (4) 

607 615 (3) 606 

602 (3) 604.6(2) 

842 

848 (2) 

846 (2) 

849 867 (2) 849 

844 (1) 849.1 (0) 

991 1003 (20) 

995(10) 

993 (10) 

993 995 (4) 992 

991 (10) 991 .3(5) 

1178 1203 (3) 

1183 (3) 

1180(3) 

1182 1183 (3) 1178 

1178 (3) .1179.0(1) 



1363 (1/2) 



1362 (1/2) 


1481 (3) 


1479(2) 


1584 1619 (5) 

1596 (3) 

1588 (3) 

1585 1591 (2) 1584 

1586 (3) 1583.6 (1) 




1612 1605 (2) 1603 

1603 (1) 1604.1 (1) 





2460 






2542 






2597 






2617 






2784 






2928 



2944 (5) 

2947 (3) 


2947 

2945 (4) 2946.8 (2) 




3050 

(3046 

3046.9 (1) 

3060 3078 (SO) 

3058 (8) 

3057 (5) 

3060 3059 (3) 13060 

3056(8) 3061.3 (4) 





3164 

3162.9(1) 





3183 

3184.8(2) 


republish all the results of other investigators; but references are given to 
all such work as is known to the writers. 

In studying the Raman spectra of organic halides, one of the writers (C. 
E.C.), who made the wave-number measurements, discovered the existence 
of certain apparent regularities, the more important of which are indicated in 
the tables that follow. It would appear from these that it is possible to ex- 
press the frequencies found in the Raman spectra of each of the aliphatic 
halides as combinations or overtones of four fundamental frequencies, of 
which usually two must be assumed to exist without being observed in the 
spectra themselves. In the tables, beginning with Table II, there is given for 
each substance the observed frequency differences in one column, and the 

' P. Daure, An. d. Physique 12, 375 (1929); C. R. 186, 1833 (1928); 188, 1492 (1929). 

s Dadieu and Kohlrausch, Phys. Zeits. 30, 384 (1929); Ber. 63 B, 251 (1930); Naturwiss. 
17,366,625 (1929); 

* Monatsh. f. Chemie 52, 220 (1929); Sitzb. Akad. Wiss. Wien (Ila) 138, 41 (1929). 

“ Monatsh. f. Chemie 52, 379 (1929); Sitzb. Akad. Wiss. Wien (Ila) 138, 335 (1929). 

Monatsh. f. Chemie 52, 396 (1929); Sitzb. Akad. Wiss. Wien ^la) 138, 419 (1929). 

" Monatsh. f. Chemie 53-54, 282 (1929); Sitzb. Akad. Wiss. Wien (Ila) 138, 607 (1929). 

^ Monatsh. I. Chemie 55, 58 (1930); Sitzb. Akad. Wiss. Wien (Ila) 138, 651 (1929). 

” Monatsh. f. Chemie 55, 201 (1930); Sitzb. Akad. Wiss. Wien (Ila) 138, 799, (1930). 

''“Monatsh. f. Chemie 55, 379 (1930). 

» Fujioka, Sci. Papers Inst. Phys. and Chem. Res. Japan II, 205 (1929). 

“ Pringsheim and Rosen, Zeits. f. Physik 50, 741 (1928). 

“ J. Soderqvist, Zeits. f. Physik 59, 446 (1929-30). 

“ R. W. Wood, Phys. Rev. 36, 1431 (1930). 

“ Ganesan and Venkateswaran, Ind. Jour. Phys. 4, 195 (1929). 

“ Bhagavantam and Venkateswaran, Proc. Roy. Soc. A127, 360 (1930). 
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Table II. Raman spectra of methyl halides. 


Methyl 

bromide 

CHsBr 


Methyl 

iodide 

CHsI 


Methyl 

magnesium 

bromide 

CHsMgBr 


Methyl 

magnesium 

iodide 

CHsMgl 


Assumed 

combinations 


503 (10) 


(8VI1) 


534 (10) 

1254 (3) 

2589 (1) 
2771 (1) 

2946 (6) 
3036 (1) 

(8VII) 


1131 (1) 


1076 (1) 


±2875 (10) 
±2928 (10) 
±2983 (10) 

± Due to ether 


Vi-iVi 

Vi-2Vt 

V,-Vi 

Vt 

Vi+Vi 

References to 
other work. 


computed differences on the assumed scheme in the next column; the last 
column of each table indicates the nature of the assumed coi^ination or 
overtone. The fundamentals assumed behave so similarly in different com- 
pounds that it is possible to number corresponding fundamental frequencies 
in different compounds with the same symbol; the symbols used are Vi, y 2 , 

F, Vi. The way in which these fundamentals vary from group to group ot 
compounds is regular and interesting. A fifth fundamental appears in the 
aromatic compounds. . r- • a 

The Raman spectrum of diethyl ether was studied, since Gngnard 
pounds are prepared in ether solution ; and for comparison with it, the Raman 
spectrum of ethyl alcohol was obtained The wf e-” 7 her shifts observed 
for ether are; 443 (1), 844 (2), 1159 (2), 12S6 (2), 1466 (10), 2683 (2), 2793 
(2) 2806 (5), 2873 (40), 2928 (30), 2983 (30) cm->. Nearly all these lines, 
eveept that at 2806, are broad. Other workers^"'.''"’-) list a few faint lines 
which we did not observe; but our list contains three lines not previously 
observed. Part of the difference may be due to wrong assignment of lines in 
the mercury arc spectra, and part may be due to the fact that our plates, while 
often underexposed, show the most-shifted Raman lines with greater relative 
intensity than reported by other workers. For alcohol, the observed shi s 
are; 1059 (3), 1108 (3), 1294 (3), 1461 (5), 2683 (1), 2880 (20), 2923 (20), 
2976 (20) This list includes one new line, and fails to show one or two lines 
Ihich are probably real, reported by other workers^.sv.s^Ms.i . The on y 
regularity of structure to point out, is that in each case the last three lines c 
be represented by the formula Vi±Vi, with 74 = 2928, and Fi-r ^ cm or 
ether and 47 cm-^ for alcohol. This regularity, while similar to that found in 
many other compounds, may prove to be illusory, as will be pointed out 

In Table II are given the results from methyl bromide and methyl iodide, 
and from the Grignard reagents made from them. The Pla^s ^^der' 

exposed, except for methyl iodide. Dadieu and Kohlrausch*"” have recorded 

« Venkateswaran and Karl, Zeits. f. phys. Chem. Bl, 466 (1928). • 
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data on the first two of these compounds, including lines at 2956 and 3050 
cm-^ for methyl bromide. No other work on the latter two compounds ap- 
pears to have been published. The interesting result is the disappearance of 
the frequency marked Vs in the table, and the appearance of a higher fre- 
quency, when the C-Br or C-I linkage changes to C-Mg-Br or C-Mg-I. This 
seems to indicate that the V3 frequency is associated with the carbon-halogen 
bond. The group of frequencies around 3000 cm"i is generally assumed to be 
associated with the C — H bond, since such lines always occur in both Raman 
and infrared spectra of compounds which possess this bond. In assigning the 
structure to these lines in the methyl iodide spectrum, a fundamental fre- 
quency at 88 cm“* was assumed. 

In the case of the mono-halogen derivatives of ethane. Table III, it is 
found possible to make every observed line on our plates fit into a scheme 


Table III. Kaman spectra of ethyl halides. 


Ethyl chloride 

Ethyl bromide 

Ethyl iodide 

Assumed 

CaHsCl 

CaH^Br 

CsHoI 

combinations 

Obs. 

Comp. 

Obs. Comp. 

Obs. 

Comp. 



41 


48 


53 

V, 


84 


77 


65 

Vs 

3 Vs 

251 (1) 

252 





341 (1) 

336 

308 ( 2 ) 

308 

261 (3) 

260 

4 Fa 

668 ( 10 ) 

668 

566 (15) 

561 

527 

Fr 


968 (1) 

978 



2 F 3 «~ 2 Fa 

1076 (1) 

1084 




2F3~3Fa 

1286 ( 1 ) 

1295 

1079(1) 

1084 



2 F 3 -F 1 


1254 (5) 

1255 

1213 ( 6 ) 

1213 

2F3.-f3Fi , 



1456(5) 

1458 


3 F 3 - 5 F 1 

2716(1) 

2716 




F4-5Fj, ' 

2756 (1) 

2757 

2736 (1) 

2731 



F 4 - 4 F 1 

2866 (10) 

2880 

2875 (10) 

2875 



^ F 4 .-F 1 , 

2921 (30) 

2921 

2923 (30) 

2923 

2915 (30) 
2968 (10) 

2915 

F 4 

2961 (IS) 

2962 

2976 (15) 

2971 

2968 

1^+Fi 

8V, 11 


8V, 14,11 


8V1I 


References to other ' 







work 


based on four fundamentals, the lower two being assumed but not observed. 
The plate for ethyl iodide was underexposed; this substance liberates iodine 
on exposure to light, and in spite of redistillation of the sample several times 
during the exposure, the absorption due to the iodine made the exposure time 
insufficient. This table is perhaps the most satisfactory of all those given. 

The corresponding G.rignard compounds gave no lines which could not 
have been attributed to the ether used as solvent. Moreover, most of these 
compounds are somewhat fluorescent; this difficulty prevented obtaining any 
other Raman spectra from Grignard reagents. 

The results for dihalogen derivatives of ethane are given in the next two 
tables; Table IV deals with symmetrical derivatives, Table V with unsyrn- 
metrical derivatives. No other results appear to have been published on the 
latter group of compounds. The four-fundamental scheme works out simi- 
larly to the preceding cases, but less satisfactorily. 
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Table IV. Raman spectra of symmetrical ethyl dihalides. 


Ethylene chloride 
CICH2CH2CI 
Obs. Comp. 


Ethylene bromide 
BrCHjCHjBr 
Obs. Comp. 


Assumed combination 



44 


52 


105 


100 

129 (1) 

132 

201 (5) 

200 

311 (2) 

315 



420 (1) 
658 (6) 

420 

654 

558 (1) 

563 

759 (10) 

759 

663 (30) 

663 

1049 (1) 


1061 (4) 

1063 

1211 (1) 


1264 (10) 

1274 

1326 (2) 




1451 (3) 




2816(1) 
2866 (2) 

2829 

2873 

2874 (3) 

2866 

2961 (30) 

2961 

2966 (30) 

2970 

3014 (3) . 

3005 

3020 (8) 

3022 

8V. 

14 

8V, 

14 


Fj 

3F, 

2F2 

SFj 

4F2 

Fs-Fa 

V, 

(?) 

F3+4F2 

(?) 

2F3-V1 

(?) 

(?) 

F4-3F1 

F4-2 Fi 

F4 

F4 + F1 


References to other work 


The results for tetrahalogen derivatives of ethane are given in Table VI. 
The spectra contain many lines, several of which do not fit well into the 
scheme of combinations assumed. The scheme seems forced and unconvinc- 
ing, but it serves to point out interesting similarities with the Raman spectra 
of Other compounds. 

Raman spectra of unsymmetrical ethyl dihalides. 


Table V. 


Ethvlidene chloride 
' CH3CHCI2 
Obs. Comp. 


Ethvlidene bromide 
CHaCHBra 
Obs. Comp. 


Assumed combination 


266 (2) 
401 (1) 
641 (10) 
691 (1) 
2946 (20) 
3006 (15) 


60 

133 

266 

399 

641 

701 

2946 

3006 


176(1) 
344 (1) 
551 (2) 
608 (2) 


55 

176 

352 

528 

608 


2921 (15) 2921 
2976 (10) 2976 


1^2 

2F2 

3F2 

F3 

Fa+Fi 

F4 

F4+F1 


It is interesting to collect the values of the fundamenta s used m the 
spectra of the various compounds described, as is done in Table \ II._ It wi 
be seen that Fj increases in frequency with increasing molecular weight (or 
increasing atomic weight of the halogen substituent) in all except the unsym- 
metrical compounds. The V2 fundamental decreases with increase of molecu- 
lar weight except in the unsymmetrical compounds, while V3 decreases con- 
sistently in all the compounds. The V4 fundamental is less variable, but it is 
thought that its variation can be explained better by an alternative method. 

In addition to the foregoing data, results are here given for several com- 
pounds of cyclic structure. The plates for the first three do not show so many 





368 


C. E. CLEETON AND R. T. DUFFORD 


Table VI. Raman spectra of symmetrical ethyl tetralialides. 


S-Tetrachloroethane 

CIsHC-CHCla 
Obs. Comp. 


248 (2) 
299 (2) 
359 (10) 
558 (1) 
656 (8) 


999 (4) 
1244 (3) 


2931 (20) 2931 

2996 (20) 2981 

8V, 10 


S-Tetrabromoethane 

BraHC-CHBr^ 

Obs. Comp. 


121 (3) 
156 (3) 
*186 

*219 (10) 


541 (3) 

628(1) 617 

666 ( 2 ) 

716 (30) 716 

779 (2) 

1014 (5) 1013 

1153(5) 1140 

1206(5) 1213 

2776 (2) 2777 

2923 (40) 2923 

2996 (20) 2996 

sy 

*These frequencies apper as 
“antistokes” lines also. 


Assumed combination 


I' 1 

TV 

3F,-TV 

2F, 

Fi+ Fs 

3F, 

5F! 

6Fi 

(?) 

11 TV 
F 3 - 3 F, 

(?) 

F,-Fj 

(?) 

TV 

(?) 

T'V+ FjH- Fs 
TV + 3 Fa 
2F3-4F, 

2F,-3Fi 

F4-2Fi 

F 4 

F 4 +F 1 

References to other work 


lines as have been reported by other observers; they are probably under- 
exposed. The results on these are simply listed here without any attempt to 
point out possible structure, beyond noting that the frequency at about 1000 
cm-i is apparently a new fundamental, Fs, and that the F4 fundamental at 

Table VII. Collected values of fundamentals. 


Diethyl ether (€2115)20 
Ethyl alcohol C2H5OH 

Methyl bromide, CHsBr 
Methyl iodide, CH3I 

Ethyl chloride, C2H6CI 
Ethyl bromide, C2HsBr 
Ethyl iodide, C2H6I 

Ethylene chloride, CICH2CH2CI 
Ethylene bromide, BrCHzCHsBr 

Ethylidene chloride, CH3CHCI2 
Ethylidene bromide, CHaCHBr^ 

S-Tetrachloroethane, CI2CHCHCI2 
S-Tetrabromoethane, Br2CHCHBr2 

Chlorobenzene, CsHsCl 
Bromobenzene, CsHsBr 
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about 3050 cm"^ has a somewhat higher frequency in the cyclic than in the 

621 (1), 1003 (20), 1203 (3), 1619 (5), 
^^^PySne, C6H6N[i5'i®'”]; 991 (10), 1033 (10), 1226 (3), 1586 (5), 3046 (50) 


cm' 


Benzyl chloride, 681 (1), 991 (3), 1601 (3), 2951 (3), 


3046 (20) cm"*. , , . i r i t 

In the case of chlorobenzene and bromobenzene, the kind of scheme ot 

analysis attempted above succeeds rather better, all but one of the lines o 
each substance being representable as either a fundamental or as a combina- 
tion line of some sort. The results are given in Table VIII. 


Table VIII. Raman spectra of phenyl halides. 


Chlorobenzene 


Obs. 


213 (3) 
316(1) 
426 (3) 
626 (3) 
716 (3) 
789 (3) 
1011 ( 10 ) 
1098 (5) 
1183 (2) 

2140 (1) 
2736 (1) 
3076 (50) 
3188 (S) 


Bromobenzene 

CcHsBr 


Comp. 

Obs. 

Comp. 

90 


75 

106 


104 

176 (3) 

179 

212 

318 

313 (2) 

312 

424 _ _ 

626 

608(1) 

606 

716 

678 (1) 

681 

787 

1009 

1006 (10) 

1006 

1099 

1073 (3) 

1081 

1189 

1171 (3) 
1586 (6) 

1156 

2148 

3076 

3071 (50) 

3071 

3182 

,14) 

(811,9, 14,15) 


Assumed Combination 


Vx 

V, 

Vi+Vx 

2V, 

3Vx 

iVx 

V, 

Vz+Vx 

Vi-2Vi 

V, 

n+F. 

F6+2Fi 

3 ^ 3+371 

(?) 

V, 

V,+ V, 


In attempting to discover some sort of system in Raman spectra, one 
should proceed with careful attention to the probable sources of error. These 
may be mentioned in three groups, in the present work. First, the data are 
too inaccurate to warrant any very great assurance that the apparent regu- 
larities found are significant. The wave-number shifts here reported were ob- 
tained with dispersion too small to yield exact values for the differences, and 
it is probable further that a number of the fainter lines were overlooked. The 
accuracy might be improved by using results from other observers, at least 
for the stronger lines; but on the other hand, the results reported from mw- 
cury arc excitation apparently contain so many spurious lines, due to the ditti- 
culty of deciding which of the various mercury lines really was the exciting 
line, that it seems clear that much of the work done using unfiltered mercury 
radiation will have to be repeated, in spite of the evident care with which 

“ Petrikaln and Hochberg, Zeits. f. phys. Chem. B3, 217 and 405 (1929); B4, 299 (1929). 

1’’ S. Venkateswaran, J. Phys. Chem. 34, 145“'152 (1930). 
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much of this work has been done. It is, of course, pointless to try to explain 
lines which in fact do not exist, just as it is discouraging to try to explain a 
spectrum from which the fainter lines are lacking. 

Second, the lack of a theoretical basis for assuming the lower funda- 
mentals used above is against the suggested scheme, as is the almost complete 
absence of these lower fundamentals. At first sight it might seem safe to as- 
sume fundamental frequencies so low in frequency as to be unobservable in 
the Raman spectra, and so low as to lie in the region of reststrahleii, so that 
infrared data would be lacking. But some of them at least are high enough in 
frequency so that they should not be covered up by the broad exciting line. 
Many of the combinations that would be expected from these fundamentals 
are not observed ; and in a few cases, the intensities do not seem to fit in well. 
As will be pointed out below, most of such theory as is available seems to in- 
dicate that all the stronger Raman lines are fundamentals. On the other 
hand, overtones and combinations occur very frequently in infrared spectra; 
and in many Raman spectra the number of lines is so great that it seems im- 
possible that all of them should be fundamentals. The absence of the lower 
frequencies is not a fatal objection; the reststrahlen frequencies of sodium 
chloride, for instance, do not appear in the Raman spectrum. But it will be 
interesting if liquids prove to have such low characteristic frequencies. 

Third, it is frequently possible to find several ways of arranging a spec- 
trum, which appear equally probable. If three frequencies A, B, and C, are 
found, such that A +5 = C, it may be that C is a combination tone, or that 
either A or B is a difference-tone, or that the apparent relation is simply ac- 
cidental. Again, it was found, for example, that all but four of the lines in the 
Raman spectrum of chlorobenzene could be set equal to integral multiples of 
a certain assumed fundamental. No reason could be given for the high in- 
tensity of some of the multiples and the absence of many of the others. Bro- 
mobenzene showed no analogous relation. Evidently the case was just an- 
other illusory relation. One more example may be pointed out; this is the 
case of carbon tetrachloride, which shows well the different ways in which a 
spectrum may be explained. On one hand, Langer^^ shows that the Raman 
frequencies of CCU may all be explained as being due to differences between 
fundamental frequencies in the infrared spectrum, and even suggests a wave- 
mechanics theory to support the argument. On the other hand, Marvin^*^ 
shows that the Raman frequencies of this compound can be explained, and 
the infrared spectrum as well, in terms of six fundamentals and their over- 
tones and combinations; and the spectra of Si Cl 4 are explained similarly. 
Next, Schaefer^o shows that one of Marvin's fundamentals is unnecessary, as 
it is the octave of another; and by assuming that two of the remaining fre- 
quencies are a doublet, he is able to bring the whole scheme into good agree- 
ment with the theoretical results of Dennison^^ as necessarily modified to ap- 
is R. Langer, Nature 123, 345 (1929). 

H. H. Marvin, Phys. Rev. 33, 952 (1929). 

2 ® C. Schaefer, Zeits. f. Physik 60, 586 (1930). 

D M. Dennison, Astrophys. J. 62, 84 (1925). 
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ply to CCI 4 instead of to CH 4 (methane). The same is done for SiCU, and the 
possibility of similar treatment of TiCU and SnCU is pointed out, as well as 
certain similarities with compounds containing the SO 4 group. The argu- 
ments presented, and the manner in which the scheme fits the observed spec- 
tra are extremely convincing, and there seems to be no reason to doubt the 
essential correctness of Schaefer’s analysis. But if this is conceded, then it 
seems necessary to admit that overtone frequencies do appear in Raman spec- 
tra, as both Daure’ and Pringsheim and Rosen“ have observed Raman fre- 
quencies in the spectrum of CCI 4 which on Schaefer’s scheme must be the 

overtone of one of the fundamentals. 

In view of such facts, the writers do not present the suggested arrange- 
ments tabulated above as anything more than an interesting set of numerical 
approximations which it is hoped may be of use to some one in extending the 
theory of the Raman effect, as Marvin’s suggested plan probably helped in 
analyzing the spectrum of CCI4. 

An attack on the problem from a quite different angle is made by Dadieu 
and Kohlrausch.* It is assumed that the chemical bonds in a molecule may 
be treated as a first approximation as if they behaved like elastic springs; so 
that when two atoms of masses mx and W 2 vibrate with respect to each other, 
the restoring force F is proportional to the displacement, x, 

F = Jx] (1) 

and the frequency of the oscillation is given by the equation 

Wo = ll2T(Jlu.y’\ (2) 

in which m. the “reduced mass” of the oscillating system, is given by 

1/n = 1/mi •+■ l/w2. (3) 

The theory has been extended to the case of anharmonic oscillations, and 
to the case of coupled vibrations, in which three bodies participate; but these 
parts of the theory are not immediately essential to the purpose of this paper. 
Dadieu and Kohlrausch have considered only longitudinal vibrations; but the 
case of transverse vibrations has been treated briefly in similar fashion by 
Andrews.-* Following the theory outlined, the constant / is taken to be ap- 
proximately proportional to the energy of dissociation A of the chemical bond 
between the vibrating atoms, this energy being known at least roughly from 
thermochemical data. Hence if one frequency due to a given pair of atoms is 
known, the frequency due to any other pair of atoms may be computed if the 
A’s and the ju’s are known. In this way, starting with the aromatic C-H fre- 
quency at 3050 cm~^ as a reference frequency, Dadieu and Kohlrausch have 
computed the frequencies to be expected from a large number of types of 
chemical bond, the computed values being usually somewhat lower than the 
observed values. In this way, and by comparison of similar compounds in a 
list of more than a hundred compounds studied, Dadieu and Kohlrausch have 

22 D. H. Andrews, Phys. Rev. 36, 544 (1930). 
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been able to identify the characteristic frequencies of a considerable number 
of chemical bonds. The theory explains at once why in Raman spectra there 
is such a noticeable lack of lines between the C-H group, from 2850 to 
3100 cm"b and the lines due to the heavier atoms, most of which occur with 
shifts below 1700 cm^h The computations show that in cases where similar 
atoms are joined by single, double, and triple bonds, the average restoring 
forces are in the approximate ratio 1:2:3. As in infrared spectra, ^^internal^’ 
frequencies characteristic of vibrations within recurring groups, and 
ternal” frequencies, associated with the vibrations of a group against the rest 
of the molecule, are distinguished. The theory checks with observation in so 
many ways that it seems impossible to doubt its essential correctness. Fur- 
ther evidence in this direction is aiBforded by the interesting experiments of 
Kettering, Shutts, and Andrews, who constructed molecular models and, by 
noting resonance frequencies by stroboscopic methods when the models were 
vibrated, found sets of characteristic frequencies in good agreement with this 
theory. 

So far as the theory has been applied to the compounds considered in the 
present article, frequencies for the carbon-halogen bonds are predicted which 
are in qualitative agreement with the frequencies marked Vz in the tables; 
but no frequencies as low as the Vi and V 2 assumed are predicted, and these 
may prove to be illusory. The F 4 frequency is clearly the C-H frequency; but 
if it is assumed that neighboring substituents can alter either the effective 
mass of the vibrating groups or the strength of the chemical bond between 
them, and Dadieu and Kohlrausch have presented abundant evidence that 
both these things occur, then it seems more probable that the occurrence of 
several lines in the C-H group is due to the existence of several modifications 
of the C-H bond in the molecules, rather than to combination with a h^^po- 
thetical Fi or F 2 frequency. The approximately equal frequency-differences 
observed are likely to prove not due to combinations. In all probability, 
more than four fundamentals will be required to explain the structure of most 
of the compounds discussed. This is especially likely to be true of the cyclic 
compounds. The fundamental F 5 is probably real, and characteristic of the 
benzene-ring structure. But Dadieu and Kohlrausch, Soderqvist,^C and 
others have pointed out that there are three or four other frequencies which 
also seem to be characteristic of the ring structure. Whether these are all 
fundamentals, it is at present impossible to say. Dadieu and Kohlrausch have 
expressed the opinion that only fundamentals appear in Raman spectra; but 
an apparently valid exception to this statement has been pointed out above 
in the case of CCI4. 

It is hoped that further considerations may be presented in another paper 
in preparation by one of the writers. 


w Kettering, Shutts, and Andrews, Phys. Rev. 36, 531 (1930). 
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MODIFIED SCATTERING BY HYDROGEN HALIDES 

By E. 0. Salant and A. Sandow 
Washington Square College, New York University 
(Received January 3, 1931) 

Abstract 

Raman lines of the gases of HCl (previously measured by R. W. Wood), of HBr 
and HI and of the liquids of HCl and HBr have been measured. The Raman shifts of 
the lines of HCl and HBr gases agree with the infrared bands. The Raman shift of HI, 
2233 cm“S does not agree with the infrared value and is considered the more accurate 
determination of the (0, 1) vibrational transition for HI. Intensities of scattering zxe. 
in the reverse order of intensities of absorption, as might be expected from the Hill- 
Kemble theory of scattering by diatomic molecules of gases. The Raman lines scat- 
tered by the liquids show a different appearance from the lines scattered by the gases 
and their Raman shifts are smaller. The differences in the shifts are much too large to 
be attributed to a Lorentz-Lorenz force and are evidence of molecular interactions of 
a purely quantum mechanical nature, as discussed by Breit and Salant. 


O F THE many measurements of modified lines scattered by liquids, us- 
ually by liquids of polyatomic molecules, few give unambipous infor- 
mation about the energy levels of a molecule in both gaseous and liquid states. 
A notable exception is the work of McLennan and McLeod, which showed 
that the lower vibrational terms of O 2 , Na and H 2 and the lower rotational 
terms of H 2 are sensibly the same in the two states. ^ This paper is concerned 
with Raman spectra of the gases and liquids of HCl, HBr and HI. 

Raman lines, both vibrational and rotational, of the gas of HCl, had been 
measured already by Wood and by Wood and Dieke.* The modified lines of 
the gases of HBr and HI have been reported briefly by us.« Early measure- 
ments of the modified line of liquid HCl, first by us and then by Dame, 
are superseded by our later, more accurate determinations, which included 
also the modified line of liquid HBr.'*' 


Apparatus and Experimental Procedure 

The Hilger constant deviation glass spectrograph was used, with the large 
camera for the liquids and both large and small camera for the gases. The 
dispersions on the plate in the region X4600 were 1 18 cm 'per mm for the large 
camera, 344 cm-' per mm for the small, the latter being very much the faster 
of the two systems, of course. The plates were calibrated by iron arc stan- 
dards. Incident radiation was from mercury arcs. 


1 J. C. McLennan and H. J. McLeod, Nature 123, 160 (1929). _ , « le 

> R. W. Wood. Phil. Mag. 7, 744 (1929); R. W. Wood and G. H. Dieke, Phys. Rev. 35, 

1355 (1930). , - 

* E. O. Salant and A. Sandow, Phys. Rev. 36, 1591 (1930). , . ^ ^ c ■ 

« (b) P. Daure, Trans. Far. Soc. 25, 825 (1929). E. O. Salant and A. Sandow. (a) Science 

69 , 357 (1929), (c) Phys. Rev. 35, 214 (1930). 
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With the gases, we employed the method developed by R. W, Wood,^ a 
long diaphragmed tube containing gas at atmospheric pressure and a long arc 
alongside it, both tube and arc being surrounded by polished aluminum re- 
flectors. For HCl and HBr we used a glass tube 2 inches by 50 inches and a 
50"inch glass arc. With HI (and also HBr) we used a 20-inch quartz arc and a 
20-inch glass tube, the latter having an outer shell containing a solution of 
quinine sulphate to absorb the short wave radiation which decomposes FI I. 

The cells for the liquids were the usual, small cylindrical tubes into which 
was focussed the incident radiation from a 6-inch quartz arc. The cell was 
placed inside an unsilvered Dewar flask containing enough liquid air to liq- 
uefy the gas and keep it about 5^C below the boiling point as it was distilled 


Direct Hg arc 
Compare gas 
Scattering 

Scatt. by 
HCl gas 


Compare hg. 

Fig. 1. Spectrograms of scattering by hydrogen halides. 


into the cell. Even with filters we were unable to prevent the formation of 
iodine sufficiently to obtain modified lines from liquid HI. 

HCl was prepared by dropping H2SO4 on NaCl in HCl solution. HBr and 
HI were prepared by the action of boiled-down syrupy phosphoric acid on 
NaBr and Nal. The gases were dried by passing them through suitable chem- 
ical reagents (H2SO4 for HCl, P206 for the others) and through cooled traps. 
The whole systein, generator-driers-cell, contained only quartz and Pyrex 
fused or ground joints, including no rubber tubing nor cements in the path of 
the gases. 

_ In spite of the drying of the gases and of the cells, the gases all appeared 
misty at first, the mistiness disappearing after a few hours; this had already 
been noticed by Wood with HCP. Spectrograms were begun only after the 
substances were clear. 






Results 

After exposures of from 19 to 72 hours with the gases and 2 to 7 hours with 
the liquids, modified lines could be clearly distinguished on the plates. Spec- 
trograms are shown in Fig. .1, and microphotometer curves in Fig. 2. Lines 
from HCl were scattered from the mercury line X4047, lines from HBr from 
4047 and 4358, and lines from HI from 4358, all Stokes lines. 

The microphotometer curves were not at all clear, because of continuous 
background and because of the small deflections resulting from the short slits 
used in the spectrograms. Consequently, features of the modified lines were 




Fig. 2. Microphotometer curves of shifted lines. 

much more obvious to the eye; for example, the long-wave edges of the modi- 
fied lines of all the gases appear sharper than their short-wave edges, whereas 
the reverse is true of the modified lines of the liquids. The comparative sharp- 
ness of the long-wave edge can be seen in the microphotometer curve of HI. 
The greater diffuseness of the long-wave edges of the lines of the liquids of 
HCl and HBr, and the greater sharpness of the gas lines as compared with the 
lines of the liquids can also be seen even from these curves. 

For the evaluation of the Raman shifts we took 24,705.4 cm“^ for X4047 ; 
22,938 cm"^ for X4358. 

Table I. Rammi shifts, gases. 



VL 

VD 

vs 

I ntensity 

HC! 

2885.5 ^ 

2879 

2867 

■ ■ Least 

HBr 

' 2558 ^ 

2550 

2524 


.'HI ■ 

2233 

2216 

2201 

Greatest 


Table II. Raman shifts, liquids. 



VL 

VD 

vs 

Intensity 

■ , HGl ' 

HBr.' ■ 

2800 

2487 

2770 

2466 

2756 

2455 

Least 

Greatest 
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The measurements of the modified lines of the gases are in Table I, of the 
liquids in Table IL In the second column are the Raman shifts of the long- 
wave edge of the modified line vl, in the third column the shifts of the most 
intense point of the modified line VBi in the fourth column the shifts of the 
short-wave edge vs, and in the last column is the order of intensities. All 
values are in cm“h 

The most striking difference between the modified lines of the gases and of 
the liquids is that the latter are displaced to smaller frequencies as compared 
with the corresponding gases; this will be discussed below. It is to be noted 
further that the points of maximum intensity of the gases of HCI and HBr are 
nearer the long than the short wave edge, whereas the reverse is true for the 
liquids of HCI and HBr. 

Discussion 

The modified lines of the gases are, obviously, Q branches corresponding 
to jumps of the vibrational quantum number Ay == 1 and the frequency shifts 
vl of the long wave edges of the gas lines measure the vibrational change 
AG(^), (Mulliken’s notation®). 

That this is true for HCI has already been shown by Wood,^ our value 
2885.5 ±0.5 cm“^ being in good agreement with his, 2886.0. 

Similarly, our value 2558 ± 2 cm-^ agrees within the limits of experimental 
error with the center of the (l^-O) vibration-rotation band of HBr, 2559.1, 
determined by Randall and Imes.® 

Quite the contrary is the case for HI. Because of its weakness and its 
proximity to a strong atmospheric band of CO 2 , no really accurate measure- 
ment of the fundamental absorption band exists. In spite of these difficulties, 
Czerny^ succeeded in detecting a weak doublet which seemed to indicate the 
band center at about 2270 cm~h Our value 2233 ±2 cm“-^ differs from this 
certainly beyond any apparent experimental error and, since the uncertain- 
ties of the absorption experiments do not adhere to these light-scattering ex- 
periments, must stand for the present as the value of AG(|) for HI. 

The intensities of scattering of the modified lines are in the order HI > 
HBr>HCl, just the reverse of the intensities of absorption of the correspond- 
ing infrared bands. The electronic levels of these molecules nearest the ex- 
citing lines of these experiments are the levels for the ultraviolet continuous 
bands whose long wave heads are: HCI 45455, HBr 37879, HI 30120 
The differences, then, between these heads and our exciting lines are in the 
order HI <HBr<HCl. Now, according to the theory of intensities of modi- 
fied scattering, discussed in particular for diatomic gaseous molecules by Hill 
and Kemble, these differences would appear in the denominator of the ex- 

5 R. S. Mulliken, Phys. Rev. 3<5, 611 (1930). 

« H. M. Randall and E. S. Iraes, Phys. Rev. 15, 152 (1919). 

^ M. Czerny, Zeits. f. Physik 44, 235 (1927). 

8 H. C. Tingey and R. H. Gerke, J. Am. Chem. Soc. 48, 1838 (1926). 

9 Coehn and Stuckardt, Zeits. f. physik. Chem. 91, 722 (1916). 

10 E. L. Hill and E. C. Kemble, Proc. Nat. Acad. Sci. 15, 387 (1929), 
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pression for the electric moment associated with the Raman line, and should 
contribute, then, toward effecting just the order of intensities observed here. 

With the liquids, it is not certain, as with the gases, that the shift of the 
long wave edge of the Raman line measures the change AG(|) of the mole- 
cules. First there is the fact that absorption measurements of the (0, 2) 
bands of the liquefied hydrogen halide molecules have shown the bands to 
have no apparent structure but to have a single maximum of absorption 
one can hardly speak of these bands having P, Q and R branches, conse- 
quently. Then the distribution of intensity in the modified lines from the 
liquids is different from that in the gases, as noted above, and their shapes 
seem to correspond to the shapes of the single infra-red bands. As in these 
bands it is the maximum that is taken as the measure of the vibrational 
change, it seems reasonable to take the shift of the point of maximum in- 
tensity, VD, of the liquid Raman lines as a measure of AG(|) of the liquefied 
molecules. (Grating measurements of the (1^0) bands in the infrared are 
now in progress in these laboratories to determine this point). 

Defining the change in vibrational term differences due to liquefaction as 
AiAG — AG — AGi where AGi refers to the value of AG in the liquids, we have 
in Table 3 the various values of AiG{^) depending on whether the long wave 
edge or the point of maximum intensity of the liquid lines is taken as a mea- 
sure of AGKi)* 

Table III, Gas4iquid shifts of 0,1 iramition. 


Values of A/AG(§) 


From PL 

From VD 

HCl 

86 

116 

HBr 

71 

92 


The theory of shifts of frequency accompanying close packing of mole- 
cules attributes the shifts (A^AGd) in these experiments) to three effects (1) 
electrostatic interaction of a molecule with its neighbors due to its excitation, 
(2) the effect of the finite space extension of the eigenfunctions of neighbor- 
ing molecules and (3) the Loren tz-Lorenz force with effective charge replacing 
classical charge.^'^ It was shown in that work that the frequency displacement 
accompanying liquefaction of HCl was only about 2.2 cm"^ due to the 
Lorentz-Lorenz effect. Since the other factors in the expression for the 
Lorentz-Lorenz shift are about the same for HBr as for HCl, and since the 
effective charge for HBr is smaller, corresponding to its smaller intensity of 
absorption, the Lorentz-Lorenz shift for HBr is of the order of 2 cm~^ and, as 
for HCl quite small compared to the displacement AzAG(|) observed here and 
recorded in Table III. These displacements must, then, be attributed to the 
first two, purely quantum mechanical effects. 

Gas-liquid frequency difference of the same order of magnitude as these 
have been reported for other substances; for example, for NHs by Dickinson, 

E. O. Salant and W. West, Bulletin Phys. Soc. 5, 15 (Nov. 15, 1930). 

« G, Breit and E, 0. Salant, Phys. Rev. 30, 871 (1930). 
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Dillon and Rasetti^^ and by Daure,^^ and for H2S by Bhagavaritam.^^ It is 
tempting to speak of these, too, as a quantum mechanical effect, but in the 
absence of further information about these molecules, in particular about 
their effective charges, such a conclusion would be premature and open to 
question. 

We take great pleasure in thanking Mr. R. L. Garman of the Chemistry 
Department of Washington Square College for the microphotometer curves, 
and the General Electric Vapor Lamp Co. for mercury arcs. This research 
was begun while one of us (E.O.S.) was a Fellow of the National Research 
Council. 


R. G. Dickinson, R. T. Dillon and F. Rasetti, Phys. Rev. 34, 582 (1929) 

P. Daure, Comptes rendus 188, 61 (1929). 

^5S. Bhagavantam, Nature 126 , 502 (1930). 
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IONIZATION OF ARGON, NEON AND HELIUM BY 
VARIOUS ALKALI IONS 

By Richard M. Sutton and J. Carlisle Mouzon 
California Institute of Technology, Pasadena 
(Received January 5, 1931) 

Abstract 

Caesium, rubidium, potassium, and sodium positive ions from Kunsman catalyst 
sources and lithium ions from spodumene have been used to produce ionization in 

helium ’ neon and argon. In most cases the ionization sets in between 100-150 volts 
and increases linearly to 750 volts, the highest potential used. Maximum ionization 
was produced in each gas by the alkali ion closest to it in atomic number. 

P REVIOUS experiments have been reported^ concerning the ionization of 
various gases by potassium positive ions of relatively low energies. The 
present paper deals with the ionization of helium, neon, and argon by a series 
of alkali ions representing a wide range of atomic weights from lithium to 
caesium. It was of interest to determine what relationship might exist be- 



Fig. 1. Experimental tube and connections. 


tween the various ionizing agents and the ionization which they produce in 
gases of different atomic weights. Some rather unexpected experimental re- 
sults came to light which indicate that the field is fruitful for further investi- 
gation and explanation. y 

The method of measurement has been described in the previous papers. 
Referring to Fig. 1, it may be summarized briefly as follows. Positive ions 

1 R. M. Sutton, Phys. Rev. 33, 364 (1929); Sutton and Mouzon, 35, 694 (1930). 
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emitted from Kunsman catalyst sources by a hot coated platinum strip F 
are directed by the variable accelerating potential, Va, through a small chan- 
nel in the steel cathode C which completely surrounds the filament. Any 
ionization occurring in the gas between C and the grid G will produce an elec- 
tron current A to the collector plate 5 which is connected to the high sensitiv- 
ity galvanometer G^. The initial positive beam (except for loss by scattering 
and the small fraction striking the grid) falls upon the upper plate P and is 
recorded as a positive ion current, Jp, by the galvanometer Gi. At each gas 
pressure used, the accelerating potential of the positive ions is varied in steps 
from zero to 750 volts. The ratio of currents, /s"/7p+, corrected for the small 
secondary emission of electrons from the grid, is taken as a measure of the 
ionization produced in the gas between 5 and G. The collector S and plate P 
are both maintained at small positive potentials to prevent the escape of elec- 


N 


Fig. 2. N, number of neon ions formed per 
initial positive ion per cm path 
at 1 mm pressure, 

trons due to secondary emission or photoelectric effect. These potentials were 
in no case high enough to produce ionization of the gas by electron collision. 
The distance S—G (2.5 cm) is made large in comparison with the distance 
G—P {0.2 cm) in order to minimize the effect of ionization between grid and 
plate. To correlate the results obtained at different pressures, the ratios of 
A//p were divided by the length of path between 5 and G and by the gas 
pressure in mm of mercury, thus giving the number, N, of ions formed per 
initial positive ion per centimeter path at one millimeter pressure. The pres- 
sure range utilized was from 0.005 to 0.05 mm; in a few cases where the ioniza- 
tion was feeble, pressures as high as 0.1 mm were used. 

In general the ionization sets in between 100 and 150 volts (except for 
sodium in argon) and increases practically linearly with increasing accelerat- 
ing potential to 750 volts, the highest voltage used. After making correction 
for the stoppage of the initial positive beam by the gas, the ionization for a 
particular voltage is found to be linear with respect to pressure ; only in the 
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Fig. 3. N for argon. 
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cases of intense ionization is there evidence of more than one ionizing collision 
per positive ion at the higher pressures and accelerating potentials. Thus N 
for each positive ion in a particular gas is independent of gas pressure within 
the range studied and depends only upon the accelerating potential of the 
positive ions. 

Fig. 2 and Fig. 3 show the results of a large number of runs in neon and 
argon respectively, in each of which several different positive ions were used 
as the ionizing agents. The calculated values of N are seen to be practically 
linear with accelerating potential after ionization once begins, in most cases 
by 150 volts. Sodium does not ionize argon until an accelerating potential 
of nearly 300 volts is reached; this behavior, together with a strong reflection 
of the sodium positive ions to the collector S at accelerating potentials around 
150-250 volts, is strangely unaccountable. In all other cases, reflection of the 



Fig. 4. N as function of atomic weight 
of positive ions and their energies. 



Fig. 5. Comparative values of ioniza- 
tion at 750 volts accelerating potential 
for different gases as function of 
atomic weight of ionizing agent. 


positives played a negligible part in the currents observed. This method is 
not sensitive enough to determine the onset of ionization closer than 25 volts, 
but the slopes of all the ionization curves indicate a fairly sharp origin of 
ionization which was scarcely to be expected; the ^^ionization potential” due 
to positive ions bears no evident relationship to ionization potentials deter- 
mined by electron impact methods, nor does it seem to be critically dependent 
upon the mass of the bombarding ions in any regular fashion. 

The most striking results of this investigation appear when the values of 
N ill Fig. 3 are plotted against atomic weight of the ionizing agent, as shown 
in Fig. 4. It appears that the maximum ionization In argon is produced by 
potassium positive ions, which is scarcely what would be expected from any 
ballistic transfer of energy considerations. Similarly, as may be seen in Fig. 
5, neon is most strongly ionized by sodium positives; helium is most strongly 
ionized by lithium. The conclusion presents itself that ionization of a noble 
gas is best effected by that alkali ion closest to it in mass or number of electrons. 
Evidence is not yet available to discern whether the controlling factor is one 
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of mass or electron configuration of the two constituents of an impact, nor 
can a comparison yet be made with the ionization of a gas by its own atoms 
or ions. The experimental difficulties in the path of this latter aspect of the 
problem have not been solved. 

Similar results have been published recently by Dr. Otto Beeck“ who se- 
cured homogeneous beams of positive ions by means of a magnetic analyzer. 
His method is evidently better designed for the purpose than the one here re- 
ported, and he is now in a position to complete the study of the two remaining 
noble gases at this Institute. The qualitative agreement between the two 
methods is excellent, and the quantitative agreement is as good as might be 
expected considering the difference in methods. The only marked departure 
from regularity of our results appears in the relative interchange of intensities 
of ionization by lithium and sodium in argon. This may be accounted for by 
either or both of two causes: first, an impurity of higher atomic weight in 
the lithium source derived from powdered spodumene (all other sources were 
Kunsman catalysts); second, the unaccountably large reflection of sodium 
ions by argon. This inversion of position was carefully checked, and as far 
as the accuracy of this method is concerned, the 'effect is real. 

Not only is there maximum ionization produced by the alkali positive ly- 
ing closest to the atomic weight of the gas bombarded, but the intensity of 
these maxima increases greatly in the heavier gases. The ionization of helium 
is very feeble, whereas in argon it is quite pronounced. It is rather to be 
expected that even greater ionization will be found in xenon and krypton. 
In all of the foregoing work, correction has been made for the secondary emis- 
sion of electrons from the metal parts of the tube. Inasmuch as there was 
gas admitted into the tube, no particular precautions were taken to outgas 
the electrodes. Comparing the secondary emission of the metal surfaces under 
bombardment of the various alkali ions, the intensity of emission was found 
to vary in the same way as the intensity of ionization ; i.e., greatest for potas- 
sium when argon had been present, etc. It would appear that the secondary 
emission might be due largely to a layer of gas upon the electrodes, and hence 
this surface effect would bear a close relationship to the volume ionization 
produced in the gas by different positive ions. 

It is felt that more experimental evidence is necessary before an adequate 
explanation of ionization by two such complicated structures as an alkali ion 
and a gas atom can be made. This necessitates the development of additional 
ion sources and improved technique for the study of atom-beams in a gas. 

The authors acknowledge their thanks to Dr. Otto Beeck and Dr. Fritz 
Zwicky for stimulating discussion of the results obtained. 


* Otto Beeck, Ann, d. Physik 6, 100 1 (1930), 
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A DIRECT MEASUREMENT OF MOLECULAR VELOCITIES 
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Abstract 

A method is described for the direct measurement of the velocities of neutral 
molecules. The molecules condense on a glass plate fastened to a cylinder which ro- 
tates at a high speed, 241 r.p.s. The molecules having velocities from 168 m/sec to 673 
m/sec were spread over a band 3 cm wide. A stream of bismuth molecules is studied and 
the vapor found to be composed of 40 percent Bi and 60 percent Bin at a temperature 

of 851°C. 

Introduction 

O NE of the fundamental assumptions of the kinetic theory of gases is the 
continual heat motion of the molecules in the gas. Even though there 
was no direct experimental verification of this assumption, the theoretical 
development progressed rapidly, resulting in the derivaUon of an expression 
for the distribution of molecular velocities by MaxwelF in 1859 and, later by 
Boltzmann.^ This law has found many applications and until 1920 was only 

indirectly verified. . , , , 

The first attempt at a direct measurement of molecular velocities was 
made by Stern® who intercepted a stream of silver atoms on a rotating plate. 
The displacement obtained was not sufficient to allow an analysis of the de- 
posit beyond the location of the maximum. The results for the maximum 
agreed within the e.xperimental error, about IS percent, with that calculated 
from the theory. In 1927 Costa, Smyth, and Compton,'' using rotating radi- 
ally slotted disks and a radiometer vane as a detector attempted to secure a 
“velocity spectrum” of neutral molecules. Their results were in general qua- 
litative agreement with the Maxwell-Boltzmann law but rather unsatisffic- 
tory because of the insensitivity of the detector. Eldridge,® using rotating disks 
as a velocity selector and condensing the molecules on a liquid-am cooled tar- 
get, obtained a density distribution for cadmium which agreed fairly well with 
the theoretical distribution. Several objections might be raised, for his zero 
mark is not sharply defined but very broad; the zero of the theoretical curve 
has to be shifted about 0.05 cm to make the maximum of the theoretical curve 
coincide with the maximum of the deposit; his temperature measurement is 
unsatisfactory and his resolution is low. Lammert® developed a method for 

I J. C. Maxwell, “Collected Works.” 1, 378 (1860) Cambridge University Press, Cam- 

Boltzmann, “Vorlesungen uberdieGasTheorie,” 1, 15 (1910). Johann Barth, Leipzig. 

3 0. Stem, Zeits. f, Physik 2, 49 (1920); 3, 417 (1920). 

^ Costa, Smyth, and Compton, Phys. Rev. 30, 349 (1927). 

® J.' A, Eldridge,, Phys. Rev. 30, 931 (1927). 

6 Berthold Laimiiert, Zeits. f. Physik 56, 244 (1929^ 
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producing molecular beams containing well-defined velocity bands. By taking 
a series of runs in which the bands had a definite width of 50 m/sec over a 
range of from 90 to 360 m/sec and determining the intensity of each band, 
a test of the Maxwell-Boltzmann law for mercury vapor was possible. Ex- 
cept for a systematic difference the results agree quite well with the theoreti- 
cally expected distribution. 

Theory 

The aim of this experiment is to develop an apparatus with a resolving 
power greater than that obtained by Stern and Eldridge and thus allow a more 
detailed study of the /Velocity spectrum’^ of neutral molecules. This, as 
shown later, can be attained by increasing the path-length and the speed of 
rotation. 

Consider a gas issuing through a rectangular slit, gi (Fig. 1) in a side of the 
enclosure E which can be maintained at a constant tem- 
perature r. Let Knudsen^s^ condition for molecular 
streaming be satisfied, i.e., let the temperature be so con- 
trolled that the mean free path of the molecules within, is 
greater than the width of the slit gi. With the aid of the 
slit g 2 a sharply defined rectangular beam is formed. Let a 
cylinder jD, having a slit gs in its periphery and capable of 
being rotated, be placed in the path of this beam. If the 
cylinder is at rest, and slit ga is in the path of the molecular 
beam, a deposit forms on the rim at P diametrically oppo- 
site the slit. If the cylinder is rotated, the molecules enter- 
ing gs require a finite time to traverse the diameter and 
consequently strike the rim at a point 5 to the left of P. The displacement 5 of 
a molecule moving with a speed c is given by the equation 



Fig. 1. 


5 = Td^njc ^ A/c 


( 1 ) 


where dis the diameter of the cylinder and n is the number of revolutions per 
second. The equation also shows that, by making i and n large, one may 
secure large displacements of the molecules, i.e., high resolving power. 

The molecules in the beam possess not one definite velocity, but a distribu- 
tion of velocities and consequently a "velocity spectrum” is formed on the rim 
of the cylinder. The density of this deposit should bear some relation to the 
velocity distribution in the enclosure E. According to the Maxwell-Boltz- 
mann distribution law, the number of molecules dn out of a total number N 
in equilibrium within the enclosure possessing speeds between c and c+dc, is 
given by the expression 

■ AN ' . 

where a is the most probable speed of the molecules within the enclosure. As 
^ M. Knudsen, Ann. Physik 28, 999 (1909), 
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shown by Stern,® while the molecules within the enclosure are in equilibrium 
those in the beam are not, for the number passing through the slit per second 
depends on the size of the opening, the shape of the enclosure, the speed of 
the molecules and the number of molecules in the enclosure. Let dui be the 
number of molecules out of Ni molecules in the beam possessing speeds be- 
tween c: and c+dc. Then 

dni = dU'C'K 


where X is a constant. From this we get 

dni = {2Ni/a^)e~^'f^Vdc ( 2 ) 

as the expression for the velocity distribution in the beam. 

To find the expression for the distribution of the molecules on the receiv- 
ing plate, P, one can use the method given by Stern.® Consider first that the 
undeflected image is of infinitesimal width and find the distribution of the 
molecules in the deflected portion of the plate. Consider the velocity range 
between c and c+dc giving a deflected range between s and s—ds. The inten- 
sity of the beam in the deflected region may be defined as the number of 
molecules dn striking and condensing on a length of plate ds assuming the 
beam to be of uniform and constant intensity across the element of length, or 

l^dnjds, (3) 

From Eqs. (1), (2), and (3) we get 


2iV'i 

— 

a^A 




5 


(4) 


M 



The undeflected beam in the actual experiment is of finite width 2a (Fig. 
2). Let dso be an element of length in the undeflected region and let dn^ be 
the number of molecules striking and condensing on ds^. Then Jo -dfio/ds^, 
For an uiideflected beam of width dsQ, Eq. (4) becomes 


/ =:= 


— — 
a^A 


( 6 ) 


It will be more convenient to use the intensity distribution in the deflected 
portion as a function of the distance s from the zero line. Then cJa^Sa/s^ 


I 

I 

I 


•0. Stern, Zeits. f. Physik 41, 563 (1927). 
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where is the deflection of the molecules having the most probable velocity 
in the enclosure, and Eq. (6) becomes 


7 - 


Sol \s 

Integrating (7) from —a to +a, we get 




(7) 


( 8 ) 


in 


as the theoretical intensity distribution in the deflected region of the plate 
terms of Sa and a. 

Apparatus 

The substance whose velocity distribution is to be determined is vaporized 
in a steel crucible A (Fig. 3). The vapor then passes through the channel in 



neck to the slit Si, there escaping as a molecular beam. The crucible is 
' ^tened to the sliding base B by means of a rectangular strip of invar I. 

IS s iding base is fitted into a dove-tailed groove in order that the entire 
crucible and sht assembly can be easily removed for filling purposes and then 
replaced without changing the alignment of the slit system. Directly above 
the neck of the crucib e is a second slit 5^ used to define sharply the molecular 
beam. The crucible sht is O.OS mm by 10 mm in size while the defining slit is 
0.6 mm by 10 mm. The distance between these slits is 3.29 cm. A shutter Tf 
magnetically operated from the outside is used to interrupt the beam 
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The crucible is heated by radiation from a 300 watt tungsten lamp fila- 
ment F mounted with the aid of tungsten supports T fused to a glass tube G. 
The glass tube is fastened in a special holder H allowing the filament to be 
adjusted in any desired direction. The loss of heat by radiation is reduced by 
surrounding the crucible and filament assembly with nickel radiation shields. 
Two chromel-alumel thermocouples fastened at D serve as a means of deter- 
mining the temperature. The thermocouples are calibrated by comparison 
with a standardized platinum-platinum rhodium thermocouple. A potenti- 
ometer is used to read the electromotive force of the thermocouples. 

A cylinder C, 10 cm in diameter, machined out of a solid piece of machine 
steel, is placed above the slit system. This cylinder is designed to withstand 
the forces due to high speeds of rotation with the least possible deformation. 

A knife edge slit Ss, 0.6 mm wide, is cut into the rim of the cylinder. Directly 
opposite on the inner rim a device is fastened to hold a curved glass plate P. 
The cylinder is carefully balanced and mounted on the high speed spindle J 
of an internal grinder. Its speed is determined by the stroboscopic method. 

The grinder consists of a 1/6 H.P. universal motor and a high speed 
spindle mounted on top of the motor housing. A fabric belt is used to drive 
the spindle. The motor armature has a speed of 10,000 r.p.m. and the spindle 
30,000 r.p.m. when connected to a 1 10-volt circuit. 1 he armature and spindle 
rotate in ball bearings and the entire assembly is so well-balanced that vibra- 
tion is negligible at nearly all speeds. The bearings are properly lubricated by 
vacuum pump oil which has been boiled in a vacuum for several hours to 
drive off the more volatile products. The residue is sufficiently non-volatile so 
that a pressure of less than lO-* mm of mercury can easily be maintained in 
the motor compartment by continual pumping. 

The entire assembly is enclosed in a phosphor-bronze housing which is 
divided into three compartments, a motor, a cylinder, and a crucible compart- 
ment. A hole in the wall between the motor and cylinder compartments, 
slightly larger than the hub of the cylinder, allows the high speed spindle to 
pass through and at the same time prevents the passage of large quantities of 
vapor from the motor to the cylinder compartment. A water jacket sun ounds 
the outside of that portion of the housing subjected to heating. The end of the 
motor compartment is flanged and can be closed by bolting a metal plate K to 
this flange. A rubber gasket R is placed between the flange and plate to ren- 
der the joint vacuum tight. The flange surrounding the cylinder and crucible 
compartments is scraped to fit a plate glass cover U. The joint between the 
glass cover and the flange is made vacuum tight by giving it a thin uniform 
coating of a special stopcock grease to which more pure rubber and paraffin 
has been added than is customary. 

The entire system is evacuated through an opening in each compartment. 
All openings and tubing are large in diameter and the tubing is kept as short 
as possible in order that all vapors can be quickly removed. Three mercury 
vapor pumps each backed by a Hyvac pump are used to evacuate the com- 
partments. Liquid air traps are used to prevent the mercury vapor from dif- 
fusing into the system. A glass tube which can be filled with liquid air passes 
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vertically through the cylinder chamber into the crucible chamber. A vacuum 
tight joint is made by the ground-glass, metal joint at the top. Copper shields 
F are fitted into the corners formed by the glass cover and the sides, top and 
bottom of the housing. Copper strips attached to these shields are fastened 
to the glass tube. The liquid air in the tube cooled these shields to a sufficiently 
low temperature to condense most of the vapors from the stopcock grease. 
The tube itself also acts as a large cooled surface which condenses all con- 
densible vapors coming in contact with it. No difficulty is experienced in 
maintaining a pressure of less than 10“^ mm of mercury in the crucible and 
cylinder compartments. 

In order that the density of the deposit can be measured by a microphoto- 
meter it is desirable to use glass plates as receivers. These plates (6 by 1.5 by 
0.03 cm) are cut from microscope cover glasses. They are bent so as to fit the 
inner circumference of the cylinder by balancing them on a carbon block 
having the proper curvature, and then placing the block in an electric oven. 
The temperature is raised slowly until the plate bends under its own weight 
to the shape of the carbon form. 

For the bismuth molecules to condense on the glass plate at room tem- 
perature it is necessary to place an initial, thin and uniform layer of bismuth 
upon it. This is accomplished by a piece of apparatus which allows the glass 
plate to be cooled to near the temperature of liquid air and then uniformly 
exposed to a stream of bismuth molecules. This apparatus consists of an 
electrically heated crucible and a glass liquid air container mounted in a brass 
housing which can be made vacuum tight and evacuated. The glass plate 
upon which the initial deposit is placed is held against the curved flat bottom 
of the liquid air container by two fiat springs. The crucible containing the 
substance to be deposited is mounted on a shaft so that it may be rotated 
from one side of the plate to the other. This rotation is accomplished from the 
outside of the housing by fastening a bent arm to the shaft and enclosing the 
arm within a sylphon. A fork, attached to a motor-driven slow-speed gear, 
engages the sylphon thus transmitting the motion to the crucible. 

Experimental Procedure 

The bismuth used in this experiment is the analyzed product of Powers- 
Weightman-Rosengarten Company, Philadelphia. In order to get rid of any 
adsorbed gases it is heated in a vacuum to a temperature of 450°C for about 
five hours and then allowed to cool before air is admitted. 

A bent glass plate is thoroughly cleaned and dried, then placed in the ^^ini- 
ual depositing” apparatus and given a thin uniform coating of bismuth. The 
plate is fastened to the cylinder. The cylinder is adjusted with the aid of a 
traveling microscope until the slit is observed to be directly above the 
defining slit 52. It is then fixed in this position. The system is evacuated, the 
crucible heated to about 800°C and the plate exposed to the molecular beam 
for about 20 seconds. This operation gives a visible deposit on the plate and 
forms the zero mark from which the displacements are measured. After ad- 
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mitting air to the system, the plate is removed and a microphotometer record 
obtained of the density of the initial deposit and location of the zero mark. 

The plate is again fastened to the cylinder, the crucible filled with bismuth 
and the system evacuated. A slow increase in the temperature is necessary to 
avoid the violent expansion of gas bubbles in the molten metal which results 
ill a ^^spitting^^ of the metal through the slit. When the temperature of the 
furnace reaches equilibrium and the motor speed is adjusted by varying the 
resistance in the line to the absence of beats, the shutter is opened and the 
beam allowed to pass to the plate. The maximum of the deposit first becomes 
visible in from three to six hours depending upon the temperature and speed 
of the run. The run is continued for periods ranging from eight to twenty-two 
hours. The plate is removed from the cylinder and again photometered. Fi- 
nally, the two photometer curves are superimposed and the density due to the 
velocity distribution is measured. 

Results 

The results of four runs are given. Runs 1 and 2 are represented with their 
theoretical curves in Fig. 4. Fig. 5 is a contact print of the photometer record 
from which the data for curve 1, Fig. 4, are taken. The horizontal distances 
are twice the actual distances on the glass plate. 


Table I. 


Run 

t 

n 

Length of run 

Bi 

BL 

1 

851°C 

120.7r.p.s. 

12 hours 

0.40 

0.60 

2 

851 

241.4 

22 

.40 

.60 

3 

851 

60.35 

7 

.40 

.60 

4 

795 

120.7 

8 

.30 

.70 


In all cases the experimental results would not agree with the theoretical 
distribution for Bi or Bi 2 as given by Eq. (8). The work of Leu® on the mag- 
netic deflection of bismuth suggests that the beam is composed of Bi and Bi 2 . 
On the basis of this suggestion various percentages of Bi and Bi 2 were assumed 
and using Eq. (8) the resultant intensity distributions plotted. These distri- 
butions were then compared with the experimental results. The theoretical 
distribution which best fitted the experimental results is taken as the com- 
position of the vapor stream. 

In Fig. 4 the solid lines represent the theoretical distributions for the con- 
ditions of operation given in Table 1. The circles represent the experimental 
results obtained from Run 1, and the crosses those from Run 2. The experi- 
mental points are in close agreement (within the experimental error) with the 
theoretically derived curve except for a few points on the high velocity side. 
These points disagree by an amount greater than the experimental error. The 
disagreement is probably due to the lack of a sharply defined molecular beam 
during the entire course of the experiment. It may also be due to a '^slipping” 

■ ■ « Alfred Leu, Zeits. f. Physik 49, 498-(1928). 
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Fig, 4 also gives the velocities corresponding to various displacements for 
a speed of rotation of 241.4 r.p.s. 


Fig. 4. Theoretical and experimental intensity distributions assuming a vapor compositioi 
of 40 percent Bi and 60 percent Bi 2 . T equals 851®C. Curve 1, n = 120.7 r.p.s., curve 2, w = 241.*^ 
r.p.s. Bottom line gives the molecular velocity corresponding to several displacements at a cylio' 
der speed of 241.4 r.p.s. 


■ 




Fig, S. Contact print of photometer record of Run 1, » = 120.7 r.p.s. Abscissas twice actual 

deflections. 


Table II 


Displacement interval 


Velocity band 
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of the molecules forming the zero mark. This possibility is being investigated . 

Table II gives several displacement intervals of 1mm width and the velo- 
city band covering that interval. The high resolution is quite evident. 

As Leu® observed^ the dissociation of Bh increased with the temperature 
and at about the same rate. His results disagree among themselves at the 
same temperature by 10 percent in some cases. If there is no ^^slipping” of 
molecules on the plate a variation in the composition of the vapor of less than 
5 percent is detectable in this experiment and this method thus forms a more 
accurate means for the study of the dissociation of certain vapors, the results 
of which can be applied to calculating the heat of dissociation. 

Errors 

The temperature and speed could be kept constant to within one percent 
although it is doubtful if the temperature itself could be read accurately to 
within several percent. A possible source of error is that not all the molecules 
striking the plate remain there. It is possible that some escape, however 
this number is assumed to be negligible. It is not so certain that all molecules 
striking the plate remain at the point where they first make contact. There 
is the possibility for surface motion or "slipping.” Evidence for a small 
amount of surface motion on fixed plates is presented by Cockcroft.^® Any 
motion of the molecules on the glass plate due to the high speed of rotation 
must be negligible since the results obtained from Runs 1, 2, and 3, taken at 
the same temperature but at different speeds, indicate the same percentage 
vapor composition . 

A test showed that no error is introduced in assuming that the electro- 
meter deflections on the photometer records are directly proportional to the 
densities of the deposits. 

Conclusion 

A method is described for the direct measurement of molecular velocities. 
Results are presented in which the molecules are spread over a distance of 
more than 4 cm at a cylinder speed of 241.4 r.p.s. with an error of less than 
5 percent. This resolution is many times that obtained by Stern, an analysis 
of the distribution of the deposit being impossible from his results, and several 
times that obtained by Eldridge who spread a velocity band of 900 to 200 
meters per second over a plate length of 1 cm while in this experiment a velo- 
city band of 673 to 168 meters per second is spread over 3 cm. 

It is a pleasure to acknowledge my gratitude to Professor Elmer E. Hall 
under whose direction the problem was undertaken, for his advice and inspira- 
tion; to Professor Leonard B. Loeb for the many helpful discussions and en- 
couraging remarks, and to Mr. G. P. Kraus, mechanician, for his willing co- 
operation in the mechanical details. 


J. D. Cockcroft, Proc. Roy. Soc. A119, 293 (1928). 
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THE AMPLIFICATION OF SMALL DIRECT CURRENTS 

By Lee A. DuBridge 

Washington University, St. Louis, Missouri 
(Received December 29, 1930) 

Abstract 

A new type of thermionic tube recently described by Metcalf and rhonipson has 
made it possible for the first time to construct d.c. amplifying circuits with a current 
sensitivity exceeding that of any form of electrometer except the Hoffman; and with a 
ruggedness and dependability unattainable with any form of sensitive electrometer. 
The circuits are easily constructed and simple to operate. Three types of circuits ha\'e 
been tested out and are described. (1) A simple single-tube circuit with a Type R gal- 
vanometer has been found satisfactory for measurements of currents as small as iO 
amp. (2) A two-tube bridge circuit gives greater stability and will easily measure cur- 
rents of amp. It has been found capable of detecting currents of 5 amp. 

(3) A two-stage circuit, using one of the new tubes and one of the UX-112A type, will 
amplify currents of 10“^^ amp to such a value that they may be read on a microamnie- 
ter. 


Introduction 

T here is considerable interest among physicists in the possibility of using 
thermionic tubes for the amplification of very small direct currents, such 
as photo-currents, ionization currents, and currents due to electron or positive 
ion beams of various sorts. A number of different circuits have been described 
in the literature^ by means of which ordinary radio tubes or screen grid tubes 
may be employed for this purpose; and while a number of observers have had 
considerable success in their use, for the most part the electrometer is still the 
instrument universally employed for measurements of this type. 

The difficulties encountered in d.c. amplification are due largely to the 
fact that practically all thermionic tubes now available have been designed 
for amplification of rapidly varying currents, and possess characteristics 
which make them unsuitable for d.c. work. Only a few attempts have been 
made to design a tube particularly adapted to amplifying direct currents 
smaller than about amp. However, very recently Metcalf and Thcnnp- 
son of the General Electric Laboratories have described^ a new' form of tube 
(the ^TP-54 pliotron”) particularly designed for this purpose and wdiich is ca- 
pable of amplifying currents as small as amp. With this type of tube it is 
possible for the first time to construct an amplifying circuit with a sensitivity 
equaling or exceeding that of the best Compton electrometers, and at the 
same time possessing a ruggedness and dependability unattainable with 
these instruments. The present paper is an account of some further experi- 

1 See especially, Bennett, Rev. Sci. Inst. 1, 466 (1930); Dearie and Matheson, Rev. Sci. 
Inst. 1, 215 (1930); Razek and Mulder, J.O.S.A. and R.S.I. 18, 460 (1929); Nelsiiri, Rev. Sci. 
Inst. I, 281 (1930); also refs. 4 and 5 below. 

Metcalf and Thompson, Phys. Rev. 36, 1489 (1930). 
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ments which have been made with these tubes to investigate their possibilities 
and limitations under actual working conditions, and to study the circuits in 
which they can be most efficiently used. An attempt has been made to pre- 
sent the results in a rather detailed and elementary way, so that physicists 
unfamiliar with vacuum tube technique may be aided in building workable 
amplifier circuits. The experiments were carried out at the General Electric 
Research Laboratories during the past summer, at the suggestion and under 
the direction of Dr. A. W. Hull, to whom the author is very greatly indebted. 

It may be well to recall some of the requirements which must be met by 
circuits to be used for d.c. amplification.’ Suppose, for example, that it is 
desired to amplify a current from, say, a photoelectric cell, using a standard 



Fig. 1. Simple circuit for d.c. amplification. 

circuit such as is represented in Fig. 1. With the photo-cell dark let the re- 
sistance Ri be adjusted so that the galvanometer reads zero. If the photo-cell 
is then illuminated, the photoelectric current will cause a drop in potential 
across the grid resistance R, and this will be impressed on the grid of the 
vacuum tube. The resulting change in plate current will cause a deflection d 
of the galvanometer, given by 

d/a = ig = Aip = gnMg 

where cr is the sensitivity of the galvanometer (in mm/amp), gm — dip/deg, the 
mutual conductance of the tube, and and the changes in plate current 
and grid potential, respectively. (It is assumed in setting Iq =Aip that the re- 
sistance Ri is considerably larger than the galvanometer resistance,® a condi- 
tion always satisfied in practice). The voltage sensitivity of the circuit, in 
mm/'volt, then will be, 

I.S* y ~ d / Ac g = gm^ • (I) 

To attain a high sensitivity to voltage, one would choose a tube of high mutual 
conductance and use it with a sensitive galvanometer. For our present pur- 
|•)ose, however, we are more interested in the sensitivity to current, since the 
voltage applied to the grid may be made as large as we please, within limits, 
l)y simply increasing R, Since then, Aeg—Ri, we have for the current sensitiv- 
ity, Si, dn mm;'amp), 

Si - d/i — gmR<r = SvR> ( 2 ) 

* For a more detaileci discussion see Nottingham, Jour. Frank Inst. 209, 287 (1930), : 
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Therefore, to attain a high current sensitivity it is necessary to use also a high 
value of R. This is the point at which circuits using ordinary radio tubes are 
severely limited. For it will be seen that the external resistance i? is shunted 
by the grid resistance Zg of the tube itself, and hence the total resistance can- 
not be made larger than Zg, Now in ordinary tubes is not greater than a 
few hundred megohms, due to insulation leakage in the tube, to the collection 
of positive ions by the grid, and other causes. The first requirement, there- 
fore, of a tube used to amplify very small currents is that the input resistance 
be very high, or what amounts to the same thing, that the grid currents in the 
tube under normal operating conditions be very small. In the new tube 
developed by Metcalf and Thompson all sources of grid current have been 
systematically eliminated or greatly reduced, so that the residual currents are 
of the order of amp and the input resistance of the order of 10^^ ohms. 
These tubes are therefore capable of giving enormously greater current sensi- 
tivity than has heretofore been possible. 

In addition, since the tubes operate at a plate potential of only 6 volts, it is 
feasible to use large capacity storage batteries for a voltage supply, thus 
greatly reducing galvanometer fluctuations due to changes in battery vol- 
tages. The increased steadiness makes it possible to use a more sensitive gal- 
vanometer and thus makes up for the fact that the mutual conductance is 
somewhat lower than in ordinary tubes. 

The FP-54 pliotrons are four-element tubes with two grids interposed 
between filament and plate. The inner grid serves as a space charge grid and 
the outer grid as a control grid. The normal operating conditions are : 


Filament voltage 
Filament current 
Space charge grid 
Control grid 
Plate 


2.5 volts 
0.11 amps 
+4.0 volts 
— 4.0 volts 
+ 6.0 volts 


Under these conditions the tubes have the following average characteristics: 


Grid input resistance 
Control grid current 
Mutual conductance 
Plate current 
Plate resistance 
Voltage amplification factor 
Grid capacity 


10^® ohms (approx.) 
10“"^^ amp (approx.) 
25 microamp/volt 
40 microamp 
40,000 ohms 
1 

3 jUjuF. 


Circuits for Use with FP-54 Pliotrons 
It is not necessary to develop new types of circuits for use with the new 
tubes, for it has been found that standard circuits are quite adequate. For a 
given current sensitivity, of course, a much simpler type of circuit can be used 
than would be necessary with ordinary tubes. An excellent summary of the 
theory and practice of d.c. amplification, using ordinary tubes, has been gi\'en 
by Nottingham,^ and all of the circuits used in this investigation ha\'e !)een 
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described in detail in his paper. Slight modifications are necessary, due to the 
fact that the FP-S4 is a four-element tube. 

1. The single-tube circuit. A very simple type of circuit which has been 
found suitable for many ordinary current measurements is shown in Fig. 2. 
It is a standard type of single-stage d.c. amplifier, in which the plate current 



Fig. 2. Single tube circuit using FP-54 Pliotron. R, high resistance, ohms: Ri, 

fixed resistance, 100 ohms: 400 ohm potentiometer: Rz, 20 ohm* rheostat: i? 4 , 10,000 ohm 

rheostat: i?6, fixed resistance, 40,000 ohms: Fi, 0-200 millivoltmeter: Vi, 0-5 voltmeter; S, 
Ayrton shunt. 

is balanced out of the galvanometer by means of an auxiliary battery and 
rheostat. The numerical values of the various resistances used are given in the 
figure for convenience, though these are not at all critical, and will vary for 
different tubes. 

The method of operation is as follows: With the tube operating at normal 
voltages the galvanometer is made to read zero by adjustment of the rheostat 
i^4. The voltage sensitivity of the circuit is then determined by applying to 
the control grid a series of known voltages by means of the potential divider, 
and observing the corresponding galvanometer deflections. If the deflec- 
tion is then measured for an unknown input current f, the magnitude of i 
can at once be determined^ if R is known. There is a linear relation between 
galvanometer deflection and input voltage as long as the latter does not exceed 
about 300 millivolts, in spite of the fact that the tubes do not operate nor- 
mally on the straight part of their characteristic. 

The circuit may be made independent of the tube characteristics by using 
a null method, in which the galvanometer deflection due to the input current 
is brought back to zero by applying a compensating voltage e by means of R^. 
The input current is then simply equal to e/R. The accuracy then attainable 
is limited only by the accuracy of the voltmeter Fi, the accuracy with which 
R is known, and the precision with which the galvanometer can be set to zero. 

The highest voltage sensitivity which can be attained with such a circuit 
is limited by the fluctuations due to changes in battery voltages and other 
causes. By using large storage batteries (e.g. 90 amp~hr) for the voltage sup- 
ply and by careful shielding it has been found possible, with a Leeds and 
Northrup Type R galvanometer, (l/or = 5XlO“^® amp/mm), to obtain a sta- 
ble voltage sensitivity in excess of 50,000 mm/volt. With a resistance R of 
ohms, a current sensitivity ( — l/^i) of 2X10“^® amp/mm is attained. 
Accurate measurements (to better than 1 percent) can then be made of cur- 
rents of amp or larger. This is just about the order of magnitude of the 
currents usually measured in electrometer circuits. 
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A somewhat higher current sensitivity may be obtained by ^^floating” the 
control grid, i.e., by making R infinite. The residual grid currents within the 
tube will then cause the grid to charge up slowly, and a steady drift of the 
galvanometer is observed. The rate of change of grid voltage will be ig/C, 
where ig is the grid current and C is the electrostatic capacity of the grid cir- 
cuit. For the FP-54 tubes the grid current is in the neighborhood of 
amp and the capacity of the grid itself is about 3/XiuF. If the remainder of the 
grid circuit be assumed to have a capacity of 10 ju/iF, and if the voltage sensi- 
tivity, Svj is 10® mm/volt, then the rate of drift of the galvanometer will be 
approximately 7.7 mm/sec. This drift is normally very constant, so that an 
input current as small as 10“^® amp can be measured by noting the change in 
the rate of drift which it causes. This is the method used in the General Elec- 
tric Laboratories for measuring the grid currents in the tubes as they come 
from the factory. 

2. Balanced tube circuit. It was found that, when currents of 10"“^^ amp or 
less are to be measured, more satisfactory operation is obtained with a two- 
tube circuit of the type developed by Wold, Wynn-Williams^ and Egiin.® 
This method is also more satisfactory for measurement of larger currents 
where great steadiness and precision are desired. A diagram of the circuit 
actually used is shown in Fig. 3. It will be noted that it is essentially a Wheat- 


Fig. 3. Two-tube bridge circuit, i?, i?', high resistances: i?i, fixed resistance, 5000 ohms: 
i? 2 , fixed resistance, 10,000 ohms: Ri% resistance box, 10,000 ohms; ri, 2 ohm rheostat J 7 >i, 
20 ohm rheostat: u to rg, 400 ohm potentiometers: rg, fixed resistance, 1000 ohms* Kx Kr 
electrometer keys: V, millivoltmeter: 5, Ayrton shunt: G, variable air condenser, ‘ 

stone bridge, with amplifier tubes in two of the arms and resistances in the 
other two. When this circuit is properly balanced it can be shown® that the 
galvanometer will be unaffected by fluctuations in the battery voltages. A 
considerably greater steadiness is thereby attained, so that a galvanometer of 
higher sensitivity may be used and a higher stable voltage sensitivity ob- 
tained. It was found, in fact, that satisfactory operation could be maintained 

810 

^ Eglin, Jour. Opt. Soc. 18, 393 (1929). 
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at a sensitivity of 250,000 mm/volt, using a galvanometer sensitivity of l/cr== 
SX lo-ii amp/mm. 

The method of balancing is as follows With the tubes operating at nor- 
mal voltages, Ri is adjusted to bring the galvanometer to zero. By means of 
fs a small change is then made in the plate voltage and the effect on the gal- 
vanometer noted. Ri is then changed by, say, 1000 ohms and the galvanom- 
eter brought back to zero by adjustment of the various grid potentials. The 
plate potential is again changed by the same amount as before, and if the re- 
sulting galvanometef deflection is smaller, jRi' has been altered in the right 
direction. The process is then repeated until a change in plate potential 
produces no effect on the galvanometer. 

In a similar manner the effect of filament voltage changes is observed by 
varying f 2 , and a position of the contact C on fi is found such that small 
variations in produce no effect on the galvanometer. During this adjust- 
ment J?/ is left fixed and the balance restored after each change of C by mani- 
pulation of the grid potentials. The circuit is now ready for operation, and 
may be calibrated in the same way as tTie single-tube circuit. 

The circuit shown in Fig. 3 was designed so that it could be used either 
with the steady deflection method or the rate of drift method. If only the 
steady deflection method is to be used the condenser Ci may be eliminated 
and if only the rate of drift method is to be used, the resistances R and i?' 
may be eliminated. In either case the operation is similar to that of the single- 
tube circuit, tube No. 1 being the active tube and No. 2 acting merely as a 
“dummy.” The resistance i?' in the grid circuit of the second tube makes for 
greater symmetry and hence increases the stability somewhat, but in many 
cases it may be left out and the grid connected directly to re- If R is 10^° ohms 
and the voltage sensitivity 250,000 mm/volt, the current sensitivity, l/cr, 
will be 4X 10“^® amp/mm. Still higher resistances may of course be used. 

An exceedingly high sensitivity may be obtained with this circuit using 
the rate of drift method of measurement. If the grids of both tubes are 
floated, and if they both charge at the same rate, then there will be no effect 
on the galvanometer. In general, however, the grid currents of two tubes will 
not be the same, but the rate of charge of the two may be made the same by 
increasing the capacity of one grid. This was accomplished by introducing 
the variable 15/xjuF condenser® Ci in the grid circuit of the second tube. The 
tube with the largest grid current was made No. 2 in the circuit. This con- 
denser was then adjusted until the galvanometer showed rjo drift. If a cur- 
rent i is now started in the input circuit, this will change the rate of charge of 
the grid of the first tube and hence give a galvanometer drift which is propor- 
tional to 

The smallest current which can be detected by this method is limited only 
by the fluctuations of the circuit. The effects of external electric and mag- 
netic fields, especially rapidly varying fields, were carefully eliminated by en- 
closing the entire circuit in a metal container which was almost air tight. All 

® A satisfactory condenser was made by taking an ordinary radio condenser and replacing 
the bakelite insulation by quartz. 
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rheostats and connections should of course make positive contact; the storage 
batteries must be in good condition ; to prevent insulation leaks the tubes must 
be kept dry. It was even found necessary to eliminate effects due to residual 
ionization of the air by enclosing the control grid leads in small quartz tubes 
painted on the outside with a suspension of graphite (“aquadag”). A wide 
band of aquadag was also painted around the tubes themselves to serve as a 
guard ring. When all these precautions were taken, it was found that the 
residual fluctuations were sufficiently small that an input current of approxi- 
mately 5X10 amp could be detected and measured. Such a current pro- 
duced a galvanometer drift in the circuit used of about 10 mm/min, and the 
fluctuations were also of this order. These fluctuations were of the order of 
magnitude to be expected from shot-effect fluctuations in the control grid 
currents in the two tubes, and hence the limit of sensitivity of the tubes was 
approximately attained. 

It IS of interest to note that a current of SX lO-’s amp is only 30 electrons 
per second, and the shot-effect fluctuations in such a current over a period of 
one second are of the order of 15 percent. If tubes could be constructed in 
which the grid currents were as low as 10-^^ amp (and this may not be im- 
possible) the sensitivity limit of the amplifier could be pushed to 5X10-‘» 
anip. or 3 electrons per second. If a short period galvanometer were u.sed, 
individual electron pulses could be observed. 

It will be noted that the maximum voltage sensitivity attainable with this 
arcuit IS about five times that attainable with the Compton electrometer, and 
IS 25 to 50 times greater than the usual operating sensitivity of the electro- 
meter. There IS an even greater difference between the current sensitivities 
o the two instruments, due to the smaller capacity of the amplifier. The 
author has found that, roughly speaking, a well-built amplifier is as stable 
a a sensitivity of 100,000 mm/volt as a good Compton electrometer at 5,000 
mm/volt. In addition the amplifier has the advantages of greater mechani- 
ca ruggedness and short period. Furthermore, the sensitivity of the amplifier 
circuit has been found to remain constant over long periods of time, in con- 
trast to the frequent adjustments of quadrant and needle required to main- 
tain a constant high sensitivity of an electrometer. In short the amplifying 
circuit herein described has been found to be a practical and convcmlmt 
current-measuring device,’ with an attainable sensitivity greater than that 

:ldSr“*’ 

3. The two-stage amplifier. For many problems it is desirable to measure 
very sma 1 currents, such as photoelectric currents, but at the same “me to 
use an extremely rugged meter.* In order to test out the possibility of using 
instruments still more rugged than the Type R galvanometer, a two-stage 

W. M. Jauncey anc, M. 

Spectrometer. ionization currents in an x-ray 

Instrument must be mounted dir^tty th^teklcope'!^ 
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amplifier circuit shown in Fig. 4 was constructed. By employing a UX-1 12A 
tube in the second stage it is possible to measure the output with an ordinary 
microammeter (0-100 ju amp). A second state of amplification could of course 
be employed with either of the two circuits previously described. It seemed, 
however, that the greatest simplicity and convenience could be attained by 
using in the first stage a balanced circuit in which the dummy tube is replaced 
by a variable resistance. In place of the galvanometer, the second stage of 
amplification is substituted. 

It is evident that the requirements for the tube to be used in the second 
stage are quite different from those for the first stage. For, while the chief 
requirement for the first stage is a high grid resistance, this is not at all 
necessary in the second stage, since the resistances Ri and i ?2 are relatively 
small. One will therefore use in the second stage a tube of high mutual con- 
ductance. 



Fig. 4. Two-stage amplifier. Ri, i? 2 , Fixed resistances, 10,000 ohms: Rz, variable resis- 
tance, 20,000 ohms: n, rz, r^, 400 ohm potentiometers: rs, fixed resistance, 1000 ohms: rs, 60 
ohm rheostat: re, 6 ohm rheostat: r?, rheostat with fine adjustment, 1000 ohms: R, high resis- 
tance, 10^-10^^ ohms. 

If a voltage e is applied to the grid of the first tube, then the change in 
the voltage of the grid of the second tube will be he, where k stands for the 
expression 

jxRp/i^Rp "f" . 

Here n is the voltage amplification factor of the first tube, Rp the external re- 
sistance in the plate circuit, and fp the internal impedance of the first tube. 
The change in the plate current of the second tube will then be 

Atp = ^m^he 

where gm 2 is the mutual conductance of the second tube. This change in plate 
current will be read on the microammeter. Now the voltage amplification ob- 
tained by the FP-54 in the circuit shown is actually less than 1, so that if 
another FP-S4 were used in the second stage, the overall sensitivity of the 
combination would be less than for a single tube. However, if a tube of large 
mutual conductance is used in the second stage, an increase in sensitivity is 
obtained. With the circuit shown in Fig. 4 the over-all sensitivity was found 
to be approximately 375 microamp/volt. Using an input resistance, J?, of 10^ 
ohms, an output current of 1 microamp was obtained for an input current of 
2.7X i0““^^amp. This is a current amplification of 3. 75X10^ 
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The method of operating the circuit is as follows: With the double-pole- 
double-throw switch in position 1, the microammeter reads the output of the 
first stage only. The first stage is then balanced until the meter reads zero. 
The balance is obtained in a manner similar to the balance of the two-tube 
circuit by adjustment of Rz and r^. The microammeter switch is then thrown 
to position 2 and adjusted until the meter again reads zero. The circuit is 
then ready for operation. 

The usefulness of such a circuit is quite apparent for problems in which 
ruggedness, portability or economy are of importance. A very inexpensive 
microammeter may be used since it serves only as an indicating instrument, 
and will be calibrated in terms of input voltage by means of the potentiometer 
ri and voltmeter F. 

As a test of the practical use of this circuit the input terminals were con- 
nected to a G.E. caesium photoelectric cell, type UX-867, illuminated by a 
small headlight lamp. An output current of several microamperes was ob- 
served when the lamp filament was at a temperature such that it was scarcely 
visible to the eye in a dimly lighted room. 

There are many variations and improvements on the two-stage circuit 
which at once suggest themselves. The circuit shown in Fig. 4 was chosen 
primarily for its simplicity, and it is described here because it was found to 
give quite satisfactory operation. Its stability and sensitivity could undoubt- 
edly be improved by using a complete two-tube bridge circuit in each stage, 
using two FP-54 tubes in the first and two UX-112A tubes in the second 
stage. 

4. General precautions. The chief purpose of the present paper is to bring 
out the fact that with the new FP-54 pliotrons the construction of a highly 
sensitive d.c. amplifier has been made a relatively simple task. It may be 
well to remark, however, that regardless of the instrument used to measure or 
detect small currents^ the circuits which carry them must always be insulated 
and shielded with the greatest care. The problem of shielding is of even 
greater importance for an amplifier circuit than for an electrometer. This is 
due to the fact that an electrometer is practically insensitive to high fre- 
quency electric fields of constant intensity, while the amplifier actually serves 
as a detector for such fields. Air-tight shielding of the grid circuits is there- 
fore essential if the amplifier is to be used in the vicinity of high voltage equip- 
ment (e.g., x-ray tubes). Shielding of all parts of the amplifier circuit is ad- 
vised. 

In all other respects (such as choice of insulation material, construction 
of grounding keys and high resistances, etc.) the grid circuits of an amplifier 
may be treated exactly as an electrometer circuit of equal sensitivity It has 
been found necessary to operate the tubes at their rated voltages for from 
half an hour to two hours before readings are begun, in order that tempera- 
ture equilibrium be obtained and that the electrostatic charges on the walk 
ot the tubes and other places shall have reached a steady state 
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A MACHINE FOR AUTOMATIC GENERATION 
OF AIRFOILS 

By Dimitry E. Olshevsky 

Sloane Physics Laboratory, Yale University and Sikorsky Aviation Corporation 

(Received January 5, 1931) 

Abstract 

The present paper is a short account of work done with the purpose of adapting 
the speed, accuracy, reproducibility, and system which a drawing machine is capable 
of delivering to drawing large sets of systematically varied airfoils for wind tunnel re- 
search. An airfoil is defined in the paper merely as a closed curve without discontinu- 
ities in curvature and with a sharp trailing edge. Use is being made of the fact that 
such curves are produced by kinematical mechanisms as trajectories or coupling 
curves for pencil points on or near the polar curve. A machine based on the four mem- 
ber linkage is described and a table showing a set of systematically varied airfoils ob- 
tained with the machine is reproduced. 

PRESENT methods of mechanical and analytical generation of airfoils as- 
sume a function of a complex variable to be responsible for the particular 
airfoil. The airfoil appears as the closed streamline in the conformal repre- 
sentation of a flow around a circle or some other contour, the flow around 
which is already known. Thus the airfoils of Zoukowsky, Drzewiecki, Miller 
and others have been calculated analytically and scattered attempts were 
made to build machines capable of delivering the particular transformation 
of a circle or ellipse. This mechanical-analytical method of approach has the 
advantages of permitting calculation of flow around the airfoil and forces act- 
ing upon it on the basis of frictionless incompressible fluid theory. 

There exists however the possibility of a different viewpoint on the prob- 
lem : airfoils can be defined merely as closed curves without discontinuities 
in curvature having a ^'sharp” trailing edge, the latter being, according to 
PrandtFs theory of boundary layer, the essential requirement for maintenance 
of circulation in the viscous, actual fluid. Decision as to their efficiency is 
left with the experimental methods. A machine capable of drawing such 
curves can be regarded as a mathematical operator applied to a certain closed 
curve described by the primary point (point A on Fig. 1, say) of the machine; 
this mathematical (or rather physical) operator is defined by the parameters 
of the machine. The transformation function drops out of the picture, at least 
when not expressly required, and the determination of aerodynamical quali- 
ties of the airfoil is left with the experiment. 

Justification of this method of approach is its simplicity, speed and ac- 
curacy as well as efficiency of the drawing machines regarding reproducibility 
and systematization. 

Kinematical considerations concerning shape of coupling curves of me- 
chanisms^ lead to the conclusion that machines having two branches of their 

1 L. Burmester, Lehrbuch der Kinematik. Felix, Leipzig, p. 297 (1888). 
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polar trajectory in the domain of the drawing table will draw airfoil-shaped 
curves (in the sense defined), for points of the movable plane situated upon 
or near the so-called polar curve.^ The theory of certain linkages has been 
brought to a high degree of perfection. Unfortunately the most practical and 
inspiring problem which worried early investigators was that of securing a 
trajectory with the best approximation to the straight line (for mechanical 
engineering problems). 

In the following a machine based essentially upon the classical four-mem- 
ber linkage is described. 

The particular four-member linkage, one of the four possible combina- 
tions, is drawn in Fig. 1. Here the arm OA rotates while the other arm, BC, 
performs oscillations around its hinge, without making a complete turn. The 
instantaneous center of rotation or pole P is found at the intersection of the 


Fig. 1. The four-member linkage. 

radii OA and CB. The polar trajectory, ^ is obtained by connecting the suc- 
cessive positions of the pole on plane D. It has been drawn in the figure and 

one observes that it crosses the drawing table twice. The polar curve, p, is 

also drawn. It is« a bicircular curve of the eighth order and is conveniently 
located with respect to the rod AB. Burmester^ shows that the coupling 
curves of this mechanism are of the sixth order. This together with a wide 
variation possibility points to the suitability of the mechanism for plotting 
airfoils. ■ 

An experimental model of the airfoil plotting machine is shown in Fig 2 
For fixed vahes of dimensions, a = OA, b^AB, c^BC and d = CO, coupling 
curves were drawn for various positions of the pencil K. These positions were 

= Under polar trajectory is understood the locus of instantaneous centers of rotations of the 
movable plane relative to the drawing table, upon the drawing table. The polar curve rim' 

sents the docus of instantaneous centers of rotation upon the movable plane. 

R. Muller, Zeits. f. Math. u. Physik 36, 11-20 (1891) ; 34, 303-305 and 372-375 (1889) ; 42, 
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characterized by the pencil point coordinates x and y with origin at jB and 
X and F axes along AB and 5 F respectively. The procedure of drawing con- 
sisted in slowly rotating the arm OA slightly over one full turn. Airfoils were 
plotted for position of the pencil not far from the polar curve on sheets of 
paper fixed to the drawing table. 



Fig. 2. The experimental model of the airfoil drawing machine. 


Each airfoil is thus characterized by six parameters showing the dimen- 
sions of a, c, X and y. Any airfoil can be easily reproduced by merely 
setting the machine to the desired values of the parameters. 

Results 

A set of airfoils is shown on Fig. 3. It has the following values of the para- 
meters: a = 3, & = 14, 6* = 9, d — lSy x and y variable. The curves were filled 
in with india ink and arranged in a two dimensional scheme according to the 



Fig. 3. A family of airfoils drawn by the machine. The photograph is considerably reduced. 

variable parameters and y. Each of the twins appearing in the center re- 
gion of the set should be regarded as an airfoil with finite trailing edge angle. 
The analytical nature of curves drawn by the machine permits but zero angle 
trailing edge for single curves. 
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more promising airfoils are reproduced on Figs. 4 and 5 


Three full-scale drawings of airfoils plotted by the machine (; 

largest airfoil corresponding to the smallest v). 


Fig. 5. Airfoil .v = 2i 


AS a rule the accuracy of plotting was well within i 
^ A machine of the type described perrr 
in the course of a few days. With balanc 
diagram and with automatic model maki 
writer) the total time and 
properties of a large set of , 


4 percent of the chord, 
of a set of ISO airfoils 
automatically the polar 
ng machinery (as designed by the 
expenditure connected with the investigation of 
airfoils can be reduced to a very reasonnblo 
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RECIPROCAL RELATIONS IN IRREVERSIBLE PROCESSES. L 

By Lars Onsager 

Department of Chemistry, Brown University 
(Received December 8, 1930) 

Abstract 

Examples of coupled irreversible processes like the thermoelectric phenomena, the 
transference phenomena in electrolytes and heat conduction in an anisotropic medium 
are considered. For certain cases of such interaction reciprocal relations have been 
deduced by earlier writers, e.g., Thomson’s theory of thermoelectric phenomena and 
Helmholtz’ theory for the e.m.f. of electrolytic cells with liquid junction. These earlier 
derivations may be classed as quasi- thermodynamic; in fact, Thomson himself pointed 
out that his argument was incomplete, and that his relation ought to be established on 
an experimental basis. A general class of such relations will be derived by a new 
theoretical treatment from the principle of microscopic reversibility. (§§1-2.) The 
analogy with a chemical monomolecular triangle reaction is discussed; in this case a 
a simple kinetic consideration assuming microscopic reversibility yields a reciprocal 
relation that is not necessary for fulfilling the requirements of thermodynamics (§3). 
Reciprocal relations for heat conduction in an anisotropic medium are derived from 
the assumption of microscopic reversibility, applied to fluctuations. (§4.) The recip- 
rocal relations can be expressed in terms of a potential, the dissipation-function. Lord 
Rayleigh’s “principle of the least dissipation of energy” is generalized to include the 
case of anisotropic heat conduction. Afurther generalization is announced. (§5.) The 
conditions for stationary flow are formulated; the connection with earlier quasi- 
thermodynamic theories is discussed. (§6.) The principle of dynamical reversibility 
does not apply w^hen (external) magnetic fields or Coriolis forces are present, and the 
reciprocal relations break down. (§7.) 

I. Introduction 

W HEN two or more irreversible transport processes (heat conduction, 
electrical conduction and diffusion) take place simultaneously in a ther- 
modynamic system the processes may interfere with each other. Thus an 
electric current in a circuit that consists of different metallic conductors will 
in general cause evolution or absorption of heat at the junctions (Peltier 
effect). Conversely, if the junctions are maintained at different temperatures 
an electromotive force will usually appear in the circuit, the thermoelectric 
force : the flow of heat has a tendency to carry the electricity along. 

In such cases one may naturally suspect reciprocal relations by analogy 
to the reciprocal relations which connect forces and displacements in the equi- 
librium theory of mechanics and in thermodynamics. Relations of this type 
have been proposed and discussed by many writers. The earliest of them all 
is due to W. Thomson;^ it deals with thermoelectric phenomena. We shall 
cite Thomson's reciprocal relation in a simple form as a symmetry condition 
for the relations which connect the forces with the velocities. The electric 
current we shall call Ji, the heat flow The current is driven by the elec- 

^ W. Thomson (Lord Kelvin), Proc. Roy. Soc. Edinburgh 1854, p. 123; Collected Papers I, 
pp.; 237-41. 
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tromotive force, which we shall call Xi. In corresponding units the “force” 
which drives the flow of heat will be : 

^2- -ygradr, 

where T denotes the absolute temperature (Carnot). If the heat flow and the 
current were completely independent we should have relations of the type : 

Xi = RiJi 

X2 = RJ, 

where Ri is the electrical resistance and R% a “heat resistance.” However, 
since the two processes interfere with each other we must use the more com- 
plicated phenomenological relations 

= RnJi + RnJ^i 

( 1 . 1 ) 

X2 = RnJ i + R22J2* 

Here Thomson’s contention is : 

Rn^ R 2 U ( 1 . 2 ) 

Thomson arrived at this relation from thermodynamic reasoning, but he 
had to make one additional assumption, namely: ^^The electromotive forces 
produced by inequalities of temperature in a circuit of different metals ^ and the 
thermal effects of electric current circulating in it, are subject to the laws which 
would follow from the general principles of the thermodynamic theory of heat if 
there were no conduction of heat from one part of the circuit to another Thom- 
son thought this assumption very plausible. Even so, he cautiously con- 
sidered his reciprocal relation (1.2) a conjecture, to be confirmed or refuted 
by experiment, since it could not be derived entirely from fundamental prin- 
ciples known at that time. At present Thomson’s relation is generally ac- 
cepted, because it has been confirmed within the limits of error of the best 
measurements. As regards the theory, the same relation has frequently been 
found as a by-product of investigations in the electron theory of metals. How'- 
ever, Thomson’s relation has not been derived entirely from recognized funda- 
mental principles, nor is it known exactly which general laws of molecular 
mechanics might be responsible for the success of Thomson’s peculiar hypo- 
thesis. 

In the following, a general class of reciprocal relations in irreversible pro- 
cesses will be derived from the assumption of microscopic reversibility. No 
further assumptions will be necessary, except certain theorems borrowed from 
the general theory of fluctuations. Among the relations to be derived, many 
have been proposed before, but some will be new. An important group among 
these relations can be summarized in a variation-principle, which is nothing 
but an extension of Lord Rayleigh’s principle of the least dissipation of eti- 
ergy”; we shall retain the name for the extended principle. According to this 
theorem the rate of increase of the entropy plays the rdle of a potential. 


IRRB VERSIBLE PROCESSES 


407 


Thomson's hypothesis covers only part of the cases which we are going 
to consider, yielding the same results as the more general ^^principle of the 
least dissipation of energy.” This connection will be discussed in §6; here, 
however, we shall comment on the natural interpretation of Thomson’s hypo- 
thesis, because his formulation is somewhat ambiguous: He assumes that 
the temperature differences present are bound to cause a certain degradation 
of energy by conduction of heat; if another irreversible process (electrical 
conduction) takes place simultaneously, this process must cause an additional 
degradation of energy, making the total rate of increase of the entropy greater 
than it would be by heat conduction alone. 

The derivation of such results from the principle of microscopic reversi- 
bility will hardly be a surprise to workers who are acquainted with the theory 
of irreversible processes. In many familiar cases this principle guarantees an 
independent balancing of different classes of molecular processes maintaining 
a statistical equilibrium. The writer actually conceived the idea for the new 
derivation of reciprocal relations by comparing the relations due to Thomson,^ 
Helmholtz^ and others with the conditions for reversibility in certain chemical 
reactions, as presented in §3, 

The principle of microscopic reversibility is less general than the funda- 
mental laws of thermodynamics; the consequent limitations to our reciprocal 
relations will be briefly described in §7. It is easy to show that Thomson’s 
relation is no thermodynamic necessity. According to (1.2) the rate of pro- 
duction of entropy per unit volume of the conductor equals 

dS 1 1 

— = — (Xi/i + AV2) = + {Rn + R 2 i)JiJ 2 + 7^22/2'). 

dt T T 

Thermodynamics requires only: 

dS/dT >0 

identically, except when Ji and J 2 vanish simultaneously, or, by simple alge- 
bra: 

Rn + R^i < 2{RiiR^,yiK (1.3) 

This condition (in a somewhat different form) was given by Boltzmann.® 

In the present communication only one special case, namely heat conduc- 
tion in an anisotropic medium (crystal), will be adequately treated (§4). This 
limitation allows a simplified derivation, which nevertheless brings out clearly 
the essential ideas of the new theoretical treatment. The derivation of other 
reciprocal relations, including Thomson’s, will be reserved for later publica- 
tion; here we shall merely enumerate the most important cases. 

2. Examples of Mutual Interaction of Irreversible Processes 

The formulation (1.1) of the laws of irreversible processes in terms of re- 
sistances i?ii, etc., is well adapted to a comparison with the thermodynamic re- 
quirements; but as a rule it is a little easier to see the physical meaning of such 

» H. V. Helmholtz, Wied. Ann. 3, 201 (1876) ; Wiss. Abh. 1, 840. 

* L. Boltzmann, Wien. Ber. 96, 1258 (1887). 
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laws when they are expressed in terms of conductances Ln, Ln • * * etc.: 



Ji = LnXi + LnX, 

/2 = LnXi + LnX^ 

where: 

Ln = Rn/{RnRn “ RnR^x) 


etc. The reciprocal relation (1.2) takes the form: 

Ln = Ln- (2.2) 

So far we have only mentioned the interaction of heat condiictioii and 
electrical conduction. In mixtures of gases and in solutions a third transport 
process is possible, namely diffusion. Experience shows that any two possible 
transport processes are likely to interfere with each other to some extent. 

It is well known that an electric current in a conductor of the second kind 
causes transport of matter. Conversely, a concentration gradient between 
two identical reversible electrodes causes an electromotive force. The rela- 
tions between ^^forces” and velocities may again be expressed in the form (2 1) . 
Ji may again be the electric current, and Xi the e.m.f.; for Jt we take the 
flow of solute relative to the solvent, for the gradient —grad pL^X^ of the 
thermodynamic potential p of the solute. The coefficients in • • * ^22 are 
connected, in a manner which we need not discuss in detail, with the elec- 
trical resistance, the diffusion coefficient, the ^Transference number” and the 
e.m.f. caused by a given concentration gradient. Usually the fourth is not 
mentioned, since Helmholtz* has derived the reciprocal relation. 

: Ln = Ln- ' ( 2 . 2 ) 

His derivation is quite analogous to Thomson’s treatment of the thermoelec- 
tric phenomena, and it suffers from the same weakness. However, the experi- 
ments confirm the result, Nernst^ has given a kinetic derivation from assump- 
tions that are somewhat specialized, and the theorem is generally accepted, 

For the interaction between heat conduction and diffusion a reciprocal 
theorem has been derived by Eastman;® the case is quite analogous to the 
preceding. The diffusion caused by a temperature gradient is known as the 
Soret effect; the inverse effect has been demonstrated in a qualitative manner 
for a mixture of gases.® Eastman has also discussed thermoelectric forces in 
electrolytes. In that case three different transport processes are iirvolved 
simultaneously. The phenomenological relations can be expressed in the form 

= LiiXi "b LnX% + LuXz 

/2 = X21X1 4 * Z22X2 + iasAT ^ ( 2 . 3 ) 

/a = X 31 X 1 + X32.y2 4" TaaXa 

and we may suspect 3 * 2/2 = 3 reciprocal relations 


Ln -- Ln ] Ln = Lzi ; L23 = X32. 

* W. Nernst, Zeits. f. physik. Chem. 2, 613 (1888). 

« E. D. Eastman, J, Am. Ghern. Soc. 48, 1482 (1926); 50, 283, 292 (1928), 

6 Dufour, Arch. d. sc. phys. et nat. Genf 45, 9 (1872); Pogg. Ann. 148, 490 (1873), 


IRREVERSIBLE PROCESSES 


409 


The case of simultaneous diffusion of several substances in the same solu- 
tion completes the list of possibilities for coupling between transport pro- 
cesses in isotropic bodies. 

Transport processes in anisotropic bodies afford a few interesting exam- 
ples of mutual interaction, for instance the conduction of heat in crystals of 
low symmetry. In the most general case of a triclinic crystal the phenomenol- 
ogical relations can be written in the form (2.3). We chose a cartesian frame 
of coordinates Xi, ^2, then Ji, J2, Jz are the components of the heat flow 
along these axes, and the “forces” areXi= —il/T)dT/dxietc. In a suitable 
frame of reference Xi^, X2*, x^^ parallel to the main axes of the ellipsoid: 

LnXi^+ {Li2+L2i)XiX2+ • • ' +13^X3^ ==\iXi'^^ + \2X2'^‘^ + \3 Xb'^^ = const, (2.5) 
the equations of heat conduction take the form 

/i* = XiXi* + 0^3X2* - C02X3* 

/2* = - 0)3X1* + X2X2* + 0)1X3* (2.6) 

/ 3 * = 0)2X1* C0iX2* + X3 X3*. 

If the reciprocal relations (2.4) are valid, then: 

0)1 = 0)2 = 0)3 = 0 (2.7) 

and the conducting properties of the crystal are entirely determined by the 
ellipsoid (2.5); whenever the gradient of the temperature is parallel to one 
of the axes x* the heat flows in exactly the same direction. If coi, 0)2, C03 do not 
vanish there may still be three such directions of direct heat flow, in which 
case these directions will no longer be perpendicular to each other, or there 
may be only one such direction. For instance, for crystals belonging to the 
tetragonal or hexagonal systems the inherent symmetry fixes the axes Xi* =Xi; 
X2^—X2; X3*=X3 and demands certain relations between the coefficients, so 
that (2.3) and (2.6) take the form 

Ji = XiXi 0)3X2 

/2 = - coaXx + X1X2 (2.8) 

Jz = X3X3. 

If clockwise and counterclockwise rotations around the axis Xz are equivalent 
0)3 vanishes for reasons of symmetry, but certain classes of the crystallographic 
systems in question do not possess such a symmetry. When 0)3 does not vanish 
the flow of heat in the Xi, X2 plane will always form an angle : 

arc tan (— cos/Xi) 

with the temperature gradient. If we should take a circular plate of such a 
crystal, cut parallel to the base (xi, X2 plane), and heat it in the middle, 
maintaining cylindrical symmetry, the heat would flow in spirals. Attempts 
by Soret and W. Voigt to detect this spiral motion met with negative results, 
in spite of a very sensitive method.^ 

^ Ch. Soret, Arch, de Geneve 29, no. 4 (1893); 32, no. 12 (1894). W. Voigt, Gott. Nachr. 
87, (1903). 
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The case of electrical conduction in highly anisotropic crystals is quite 
analogous to the heat conduction, and the thermoelectric phenomena in crys- 
tals afford a variety of possibilitities for reciprocal relations. We need only 
mention these two examples; a detailed discussion would not bring out any 
new features of the general problem. 

3. Analogy with Chemical Reactions 

We shall compare (2.3) with the equations for a chemical monomolecular 
triangle reaction. Suppose that a certain substance may exist in a homogene- 
ous phase in three different forms A, B, C. Suppose further that any one of 
these may spontaneously transform itself directly into either of the others 
according to the scheme 

A ^ 

t B (3.1) 

We shall assume that the reactions obey a simple mass-action law. That is, 
the fraction of A molecules which will change into B in a given short time 
At is 

ksAAt 

where ksA is a constant. Then the rates of change of the amounts ng, wc 
are given by the equations 

(kgA + kcA)^A + kAB'^^B +■ kAC'^ta 

kBAf^A — (kAB + kcB)nB + (3.2) 

kcA'f^A + kcB'^B {kAC + ^Bc)^(7* 

If one or several of the coefficients kgA etc. vanish the case becomes trivial; 
we shall therefore assume that they are all <0. This condition is by itself 
sufficient to insure finite equilibrium concentrations ha, «Bt nc, which are 
given by the relations 

dfiA 

— 7 “ ~ 0 — {kjBA + koj^ flA “h ^AEftB + kACflC (3.3) 

at 

together with 

nA^r ns + no == ^a + % -f = n (3,4) 

expressing the conservation of the total amount. If the equilibrium ratios 
UA^nB-nc are known this implies two independent relations between the 6 
coefficients •• - ^CB, leaving 4 of them free. 

Here, however, the chemists are accustomed to impose a very interesting 
additional restriction, namely: when the equilibrium is reached each indi'- 


dt 

dfiB 

dt 

dnc 

dt 
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viual reaction must balance itself. They require that the transitional— > jB 
must take place just as frequently as the reverse transition B—^A etc. Now 
if the ratios between ua, ns, and no are known the condition of detailed bal- 
ancing imposes three relations between the fe's instead of the two expressed 
by (3.3), namely 

kBAfiA — kAB^B 


kcB'^B — ksc'^c 
UaC'^C — kcA'^A- 


(3.5) 


These reciprocal relations are analogous to (2.4). From (3.5) we can obtain 
just one relation between etc, alone, namely 

kAckcB^BA = kAskBckcA* 

This relation is not necessary for fulfilling the thermodynamic requirements; 
those are satisfied as soon as an equilibrium exists, and the existence of an 
equilibrium is secured by any set of positive values of kAs • • * kcB- In terms 
of equations: (3.5) is not contained in (3.3). 

Suppose that (3.5) were not fulfilled, how could the equilibrium be main- 
tained? Besides a certain number of transitions balancing each other directly 
according to the scheme 

A^B 

B^C 

we should have additional transitions taking place around the cycle 


t Ni 


(3.6) 


Now the idea of an equilibrium maintained by a mechanism like (3.6) whether 
entirely or only in part, is not in harmony with our notion that molecular 
mechanics has much in common with the mechanics of ordinary conservative 
dynamical systems. Barring certain exceptional cases® which can readily be 
recognized and sorted out, the dynamical laws of familiar conservative sys- 
tems are always reversible, that means: if the velocities of all the particles 
present are reversed simultaneously the particles will retrace their former 
paths, reversing the entire succession of configurations. We like to think that 
the dynamical laws which govern the world of atoms are also reversible. The 
information that we have about the atoms affords considerable support for 
this belief of ours, and we have no serious counter-indications, if any. If the 
dynamical laws of an isolated molecular system are reversible the kinetic 
theory requires that in the long run every type of motion must occur just 
as often as its reverse, because the congruence of the two types of motion 
makes them equivalent. This implies that if we wait a long time so as 

to make sure of thermodynamic equilibrium, in the end every type of motion 

8 Coriolis forces, external magnetic fields (and permanent magnets). See §7. 
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is just as likely to occur as its reverse. One consequence of this principle of 
dynamical reversibility is the condition that when a molecule changes a certain 
number of times per second from the confi,guration A to the configuration B 
the direct reverse transition B-~^A must take place equally often, as expressed 
by (3.5). 

In order to see the full analogy between the reciprocal relations (3.5) and 
2.4) we must find an expression for the change in free energy involved by the 
chemical reactions (3.1). Assuming in accordance with the ideal inass-action 
formula (3,2) that the molecules A, B, and C form an ideal solution we may 
express the dependance of the "free energy at constant pressure” Z of fix, ftB 
and nc in the form 

z - Zmin + RT{nA log {nA/fiA) + log (fiij/fbi) + nc log (fic/wc)) (3.7) 

Thus 

dZ(P,T,n) == RT{log (nA/nA)dnA + log ( 115 / 115 )^'% + log (na/nc)bnc) 

We shall introduce the notation 


and write 

5Z = — Xa^xa — Xb^xb — Xcbxc. 

In order to obtain proportionality between the "forces” X and the displace- 
ments X we must limit ourselves to the consideration of cases where the sys- 
tem is nearly in equilibrium, i.e. 

xa < < ua etc. 

Then we have 


Observing (3.3) and 3.8) the Eqs. (3.2) may be written in form 


JJSX + ^CA):rx+ kABXAB+ kdCXc 


"AEns 


kscnc 


Xc = 
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Comparing (3.10) with (2.3) the complete analogy between (3.5) and (2.4) is 

apparent.® _ _ 

This comparison suggests that reciprocal relations of the type (2.4) can 
be derived from the principle of microscopic reversibility. It is true that in 
the above derivation of (3.5) we started out from a special picture; but we 
saw at least that this picture was not by itself sufficient to yield the reciprocal 
relations (3.5). The feature that simplified the consideration so much was 
the assumed mechanism of elementary transitions, which permitted us to ap- 
ply the condition of reversibility, or “detailed balancing,” to each type of 
transitions separately. We can already recognize the essential elements in the 
derivation of (1.2) (which is only another form of (2.4)) from the electron 
theory of metals. In those deductions it was assumed that the rates of trans- 
port processes were limited by collisions between particles whose velocities 
were distributed according to Maxwell’s law. Now the collision is in effert 
a kind of transition leading from a state characterized by one pair of veloci- 
ties (v/, V 2 ') to another state (fi", V 2 ")- The requirement of microscopic 
reversibility enters through the condition that the transitions : 

Vi") -H>(- Vl', — Vi') 


{vx, Vi) -*{vx", Vi") and (- 


Vl 


must occur equally often when the system has reached thermodynamic equi- 

librium. . / s i u n ^ 

For a general derivation of reciprocal relations like (2.4) we should 

make no reference whatsoever to any particular type of mechanism. e 
understand already that any mechanism representing an irreversible process 
as the net resultant of many independent elementary transitions is liable to 
yield the expected relations; but we have to deal with many cases where no 
such mechanism can reasonably be assumed. For that reason we want to 
consider only the integral changes that are involved by the irreversible pro- 
cess. At the same time we want to apply our basic assumption of microscopic 
reversibility. There is just one possible way : We must consider the 
tions in a system which has been left isolated for a length of time that is 
normally sufficient to secure thermodynamic equilibrium. 

4. Heat Conduction and Fluctuations of the Distribution 
OF Energy in a Crystal 

We shall show in a simple concrete example how the principle of 
scopic reversibility demands reciprocal relations in transport processes. e 

« Strictly speaking, one may object that there is a difference between the two cases inas- 
mucli as XA} stnd xc are subject to the restriction. 

XA+XB+XC — O 
Xa+Xq+Xc-^^ 

(because of (3.3) and (3.8)); so that (3.10) actually contains only two “deP^deat janable^ 
However, this only means that (3.10) is analogous to a set of equations of the ‘yP® ^-3) written 
out for t;o variables Jx, A instead of three, i.e., (2.1), with only one reciprocal relation (2.2). 
This statement may be verified by eliminating one of the variables x, say xc, m the equations 
(3.7) etc. The whole complication is quite trivial, and we shall spare ourselves the trouble of 

going through the details of the calculation here. 
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consideration of fluctuations will enable us to treat the stationary thermo- 
dynamic equilibrium as the average result of transitions in different directions 
without any explicit assumption regarding elementary transitions. \\h must 
of course connect the fluctuations with the macroscopic laws of tlierniody- 
namics and irreversible processes by reasonable general assumptions, "riie 
principles involved are not new; they are classical theorems of statistical me- 
chanics. To begin with, let us contrast the thermodynamic to the statistical 
point of view. 

In thermodynamics we assume that when a system has been left isolated 
for a sufficient length of time it will reach a state of equilibrium, where all 
the visible properties of the system remain constant. The approach to equi- 
librium is irreversible. 

The kinetic theory allows only a statistical interpretation of the second 
law of thermodynamics; the reversible fundamental lawn’s of dynamics are not 
compatible with absolutely irrevensible processes. For instance, we take the 
point of view that the uniform distribution of a gas within an enclosure is a 
stable equilibrium state simply because any other distribution is much less 
probable. We recognize the possibility that a gas may by some freak oc'cair- 
rence compress itself without external aid into one-half of the available 
volume, although we do not expect ever to observe such an event; the proba- 
bility is exceedingly small, namely: 2”^, where Nis the total number of mole- 
cules present. While such large deviations from tne normal are exceedingly 
rare smaller deviations will occur much more frequently, and the common 
deviations from the average number of molecules in either half of the vessel 
will be of the order of magnitude (iV) b 

In connection with the theory of heat conduction we shall naturally study 
the fluctuating deviations from the thermal equilibrium. For instance, we 
may follow the variations in the position of the center of gravity of the en^ 
ergy.i^ According to thermodynamics this point will remain at rest after 
thermal equilibrium has been reached. According to statistical mechanics we 
may expect a succession of slightly asymmetrical distributions of energy. 
Then the motion of the center of gravity of the distribution is a legitimate ob- 
ject of study. 

The ordinary macroscopic laws of heat conduction relate the flow of heat 
to the temperature gradient at any given time, so that the distribution of 
energy at any one time determines all subsequent distributions. From the 
point of view of the kinetic theory this pre-determination cannot be inter- 
preted as absolute; for instance, we do not expect to find an ultimate motion- 
less and completely uniform distribution as required by the macroscopic laws. 
Still these laws will have a quite definite meaning in the kinetic theory as 
well. Suppose that we reproduce the same distribution of energy many times 
independently. Then the subsequent distributions will not be exactly the 
same in all cases, nor will the rates of change agree exactly with the macro- 
scopic laws in each individual case; but the average rates for a large number 

“ Coordinates ^i — ai/E; ai and as being defined by (4.3). We must of course 

make an arbitrary convention about the total content of energy E. 
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of cases will follow definite laws, and these laws will agree exactly with the 
macroscopic laws for the conduction of heat. 

We also expect that an asymmetric distribution of energy will be exactly 
the same whether it has arisen accidentally from fluctuations or has been pro- 
duced purposely by means of suitable external heating and cooling. Once 
a given distribution of energy is present its history is immaterial, but, as we 
have pointed out above, the distribution that is present at any given time 
determines an average expectancy for the rates of the subsequent changes. 
In all instances this average expectancy for the rate of transport of heat is 
related to the momentary distribution by the ordinary macroscopic laws for 
the conduction of heat. 

We shall consider the simplest case that is not trivial, namely: a crystal 
with a 3-, 4- or 6- counting axis of symmetry (xa) 

Xi + ix 2 -^ (xi + (n = 3, 4 or 6) (4.1) 

(w = 1, 2 • • • ) 

and no other elements of symmetry except possibly a plane of symmetry 
perpendicular to Xz {xz~^ — xz) and a center of symmetry (xi, xs, X3— »-~Xi, — X2, 
— X3). The equations for the conduction of heat take the form (2.8), or 

— TJi == \idT/dxi + 03zdT/dx2 

-- TJ2= - 0)3dT/dxi + \idT/dx2 (4.2) 

— TJz = \zdT/dxzV 

Since clockwise and counterclockwise rotations are not equivalent, and co3<0 
and the spiral motion of heat which we mentioned in §2 are allowed by the 
symmetry of the crystal. However, if we may rely on the principle of micro- 
scopic reversibility, then a state of motion in any direction is equivalent to a 
state of motion in the opposite direction, and for that reason ws must vanish. 
Argument and statements are admittedly incomplete. We could not reason 
in such a simple manner if the case were not so symmetrical, nor would the 
results be quite as simple. However, let us undertake a more detailed analysis. 

We shall study the fluctuations of the distribution of energy in an isolated 
crystal. In order to take full advantage of the rotational symmetry expressed 
by (4.1) and (4.2) we give the external shape of the crystal rotational sym- 
metry about the X3 axis. The origin of our frame of reference may be at the 
center of gravity of the crystal; the orientation of the axes is already deter- 
mined by the symmetry. We shall consider displacements of heat in the direc- 
tions xi and X2. We measure the asymmetry of a given distribution of heat 
by the moments 
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where € = € {xu xz) is the local density of energy/^ and the integration is 
extended over the total volume V of the crystal. The .displacements ai and 
^2 will differ a little from zero most of the time because of fluctiiatioiis; their 
averages will vanish 

ai = a2 = 0. 


For reasons of symmetry the average squares of and a2 must be equal , and 
displacements in the directions Xi and x^ will be independent 


= a2^5 UJia'2 == 0. (4.4) 

The same displacement 0:2) of energy may be produced I)y different dis- 
tributions of energy, and, accordingly, of temperature. Howe\xuq to each 
value of ai, there will correspond a certain average temperature gradient 

dT/dxi^^ = — 2^ A''i(a:i) 

in the Xi direction, the averaging to be extended over all cases where cti takes 
the same value, and in each case over all volume elements of the crystal. 
This average gradient will be proportional to ai: 


dT/dxi^^ 


TXiiai) = TCau 


In a similar manner 


dT/dx2^^ = - r ZsCas) = TCa2 

and if we consider a displacement (ai, 012) in an arbitrary direction : 

— TXx(aij a^) = TCai 
— TX^ioLh <^ 2 ) = TCa^ 


(4.5) 


The factor C can be calculated on the basis of the general theory of fluctua- 
tions.^2 In this particular case we shall be content to know that ai causes no 
temperature gradient in the direction, and vice versa^ in spite of the fact 
that rotations in opposite directions in the Xu x^ plane are not equivalent. The 
reason is that in questions regarding the distribution the anisotropy of the 
crystal is immaterial anyway, and only the external boundary of the crystal 
is important, because all the yolume elements of a homogeneous crystal are 
equivalent irrespective of location or mutual connections. The anisotropy 
becomes important as soon as one considers the rate of exchange of energy. 

The temperature gradient determines the average rate of transport of 
heat according to (4.2) ^ ^ ^ ^ 


J i{aij 0:2) = XiZi(ai, a 2 ) + ^3X2(051, a 2 ) = ^iCai — 0zCa% 
J 2{otij a2) = — a) 3 Xi(ai, 0:2) + XiZ 2 (o'i, 0:2) = o^zCai — XiCa 2 * 


(4.6) 


Strictly speaking, one may identify heat with energy only when the crystal has no ther-' 
mal expansion in any direction. In general heat must be defined as energy less work of deforma- 
tion and expansion. This complicates the discussion slightly without changing the results; the 
symmetry conditions (4.4) and (4.5) remain valid. 

Einstein, Ann. d. Physik 33, 1275 (1910). 
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Finally, if V is the volume, then V Ji is the total rate of transport of heat in 
the direction: 

dai/ dt = VJ 1 

and we obtain 

daijdt = — XiFCofi — (azVCa^ 
daijdt = oizVCai ~ RiVCa^^ 

Suppose now that we watch our crystal for a great length of time. Whenever 
the displacement of energy in the Xx direction happens to be ai = ai we note 
down the displacement in the direction A/ seconds later. The average 
of a great number of such observations we shall denote by 

ai) . 

For reasons of symmetry 

5 : 2 ( 0 , ai) = 0 

because this average does not depend on the rate of transport, but only on the 
relative probabilities of different distributions of energy (simultaneous values 
of ax and a^. The average change of 0:2 in a time subsequent to distribu- 
tions for which ax — ax is therefore 

di<2{Si, ax) — 52(0, ax) = 52 (A^, ax ) . 

If 1st is sufficiently small we can calculate this, change from (4.7) : 

a: 2 (Aif, ax) = a^{St^ ax) — ^ 2 ( 0 , a/) = da^/ dt^^' • St = 0)zVCaxSt (4.8) 
Now, we can calculate the average product 
1 

otx{t)oLt{t + St) = lim — ; I ai{t)a^{t + St)dt 

t — t d i—t* 

Obviously : 

axifya^ip 4“ St) = ax'a^i^St^ ax ) — <^z^Ca^St. (4,9a) 

In a similar manner, or <iirectly from (4.9a) by taking into account the rota- 
tional symmetry (4.1) of the crystal we obtain: 

^(^57(7” + A^7 = — azVCa^St = — o^zVCa^St. (4.9b) 

Here 

= ai" 

The principle of microscopic reversibility demands that a displacement 
Qii=^a.x of energy in the Xx direction, followed r seconds later by a displace- 
ment a^^a^' in the X 2 direction, must occur just as often as 0:2 = followed 
r seconds later by a'l = 0 : 1 '. Consequently 


ci\{t)oCi{t t ) = ai{t)ai{t + t) 


( 4 . 10 ) 
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where r may have any value, for example T = At. Comparing with (4.9a, b) 
we have 

= 0 (4.11) 

in accordance with Voigt’s experimental result,’' the simplest example of a 
reciprocal relation in irreversible processes. 

Here we have taken a little more out of the principle of microscopic re- 
versibility than we did in section 3 with the assertion that transitions between 
two (classes of) configurations A and B should take place equally often in the 
directions A-^B and B—*A in a given time t. Above we have discussed tran- 
sitions between different distributions of energy. We must expect that the 
energy will depend not only on the configuration of elementary particles, hut 
also on their velocities; we do not know exactly how. Howe\er, assuming 
microscopic reversibility, the energy must depend on the velocities in such a 
manner that every type of motion has the same energy as its reverse; other- 
wise a “reverse” energy would exist, different from the ordinary energy but 
with similar properties of conservation, and we should not know the energy as 
a unique function of the state of the system. If the energy can be localized 
so that we can speak about distributions of energy in space, the distribution 
of energy must be the same for corresponding phases of direct and reverse 
motion, or similar discrepancies would arise. Since, by hypothesis, direct and 
reverse motion of every conceivable type occur pairwise equally often, if A 
and B be two distributions of energy, the transitions A-*B and B-^A (in 
time intervals of a given length r) must occur equally often. 

We shall comment on another question regarding the premises of the 
derivation, although the substance of a satisfactory answer is known from a 
famous discussion between Loschmidt and Boltzmann. “ We have assumed 
microscopic reversibility, and at the same time we have assumed that the 
average decay of fluctuations will obey the ordinary laws of heat conduction. 
Already an apparent contradiction occurs when we consider the simpler case 
of heat conduction in one dimension. Let a be a displacement of heat, then : 


\ 

II 

II 

(4.12) 

Microscopic reversibility requires 


S(r, a') == a(— r, a'). 

(4.13) 

Clearly 


d:(r, a') = ~ r, a') 


and: 


a(0, a:') = — a(0, a') == 0. 



According to the ordinary laws for conduction of heat a decreases for positive 
T (if a >0). According to (4.13), then, a increases for negative t (average 
growth of fluctuations) , and a = 0 for r = 0. It may appear somewhat startling 

See P. and T. Ehrenfest. En?.. d math. Wiss. IV, 32. 
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that we apply (4.12) to fluctuations only for r>0, and not for r^O. Yet in 
this there is no logical contradiction — we have stated bluntly and honestly 
that d has a discontinuity for r = 0 — but such a statement disappoints our 
expectation of continuity in nature. However, the objection is removed when 
we recognize that (4.12) is only an approximate description of the process of 
conduction, neglecting the time needed for acceleration of the heat flow. This 
time To is probably rather small, e.g. in gases it ought to be of the same order 
of magnitude as the average time spent by a molecule between two collisions. 
For practical purposes the time-lag can be neglected in all cases of heat con- 
duction that are likely to be studied, and this approximation is always in- 
volved in the formulation of laws like (4.12), (4.7) and (4.2). Even the dif- 
ferential form (e.g. (4.8)) of these equations is justified; because we can usu- 
ally choose a time AFsuch that: 

l»irAO>irro. 

Then following l = ro, which is practically the same as ^==0, we have a time 
interval At'^ro in which (by (4.12)) a and therefore da/dt are sensibly con- 
stant. We may also recall that the time needed for equalization of tempera- 
ture in a body is proportional to the square of its linear dimensions Z, i.e. : 

Kr^l/IK 

In gases Xtq should be of the order where A is the mean free path. The 
ordinary laws for conduction of heat are therefore asymptotic laws for Z^A. 

The preceding considerations leading to (4.11) are easily extended to the 
more general case of heat conduction in a crystal of arbitrary symmetry. The 
phenomenological equations have the form 

/i = XiiZi -f X12X2 + Z13X3 

/2 = L21X1 -f L22X2 + X23Y3 (2 . 3 ) 

Jz = LziXi + LZ2X2 + LzzXz 

where 

TXi = - dT/dxi] TX 2 = - dT/dx 2 ; TXz - - dT/dxz. (4,14) 
We shall derive the reciprocal relations : 

Li 2 = L^z = Lz 2\ Lzi == Liz> (2.4) 

We chose the external shape of our crystal spherical. Since the anisotropy of 
the crystal has nothing to do with the distribution of heat the arguments 
leading to (4.4) and (4.5) apply equally well in this case, and we obtain 

= ai = aia^ = cl^olz = = 0 ( 4 . 15 ) 

— Xi{ai, a 2 , 0 : 3 ) = Cai 
— X^iotx, OLz) = Ca2 
— Xz{(Xiy 0:2, ci^s) = Cas. 
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Instead of (4.6) and (4.7) we find 

/i( 6 !i, 012, arj) = LiiCai — Li^iCa^ — LuCcx'^^ etc. 

dai/dt == — LnVCai — LnVCcx^ £i;d'"C'a 3 j etc 
The analogy of (4.8) becomes 

ai) — dao/dl^^'At ~ — LnVCa/Ai 
and we have in the place of (4.9) 

■ 

Likewise 


(4. i6a) 


+ At) = — L|2lTa2‘''*A/ (4.l6hj 

Microscopic reversibility (4.10) requires 

^(0 ^^(r+ == ^( 7 + 1 /) . 

Comparison with (4.16a, b) and (4.15) yields the generalization of (4.1 1 ) 

Li2 = Lu • 

The other two equations in (2.4) are obviously derived in the same way. 

5. The Principle of the Least Dissipation of Energy 

Like the reciprocal relations of mechanics and thermodynamics the rela- 
tions (2.4) can be expressed in terms of a potential, and permit the forrniila- 
tion of a variation principle. As a preliminary we re-write (2.3) arid (4 
expressing the ^'forces” X by the ''velocities” /: 


T dxi 
1 dT 


Xi — + /^12/ 2 + RuJz 


^2 — R 21 J I + R 22 J 2 T 


1 dT 
T dxz 


— X3 — RziJ I + RZ2J2 + RzzJd 


where Rn ■ ■ ■ are connected with in • • • L 33 in (2.3) by the well known 
relations 

Yl- R t. Y}f r -a / 1 

w==l lO (i ^ k) 

and the reciprocal relations (2.4) are equivalent to : 

Ri2 = R 211 Ru == Rzi; R^z = ( 5 . 2 ) 

Here, if we write: 

24>(J.J)^A (5. .31 
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the relations (5.1) may be written: 

1 _ ^ J) 

't^'‘ ~ I^Xt) ~ dJk 

We also observe that: 

3 

2T<j)(J, J) = ^JkTd(f)/dJk = + ^ 2^2 + ^ 3^3 

&=! 


(5.4) 


(5.5) 


The function 4>{J, J) we shall call the dissipation-function. It is a direct 
generalization of a function which was introduced by Lord Rayleigh and 
applied to mutual interaction of frictional forces; it plays the part of a po- 
tential for such forces. Actually Lord Rayleigh used the function F(/, J) 
= r^(/, J) and called F the dissipation-function; for our purposes we shall 
find the function more generally useful. As we shall see immediately, 20(J, 
J) equals the rate of production of entropy due to heat flow across a volume 
element (of unit size), so that 2T(p — 2F equals the rate of ^^dissipation of 
free energy. 

The rate of local accumulation of heat equals 

Tds/dt = — div / = — dJildxi — dJ%ldx% — dJz/dxz (5.6) 

writing 5 for the local entropy density, and the total rate of increase of the 
entropy S equals 

dSldt = J {ds/dt)dV = J ^ - b div fjdV . 

By Green’s theorem : 

J J J (-<iiv/)4jr + J = j J J 5"‘<* 7 ) 


where the double integral on the left is extended over the boundary 0 of the 
body in question, and Jn is the normal component of the heat flow at the 

boundary. If we write 


^ J J (/„/r)dfi 

for the entropy given off to the surroundings, and 

W-/ / J(- 7 

n Lord Rayleigh, Proc. Math. Soc. London 4, 357, [363], (1873). Theory of Sound, (Lon- 
don, MacMillan Co., 1st ed. 1877), Vol. I. p. 78; (2d ed. 1894), Vol. I, p. 102. 


(5.7) 


(5.8) 
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for the entropy change of the system proper, we have: 


S{J) + S 




grad — ) iT 


JP‘ 


d / 1 


t \ I 




(observing (4.14)). Now, by (5.4) and (S.S) 




Inserting this in (S.9) we find 


2^{J,J) = 2 j<l>{J,J)dy = S{J) + 5*(7n)- (5.10) 

Now we shall show that the relations (5.4) are equivalent to the variation 
principle 


S{J) + S*(/n) - W, J) = maximum 


(5.11) 


with the conventions that the temperature distribution T{xu x^, Xz) is pre- 
scribed, the flow J{xi, Xi, Xz) is varied, and the functions S, S* and $ are de- 
fined by (5.7), (5.8) and (5.10), respectively (reading {=), but not ( = ): “i- 
dentical in J”)- Observing (5.9) we have 

5[S(7) -f iVn) - 

so that (5.4) is clearly equivalent to 

5l5(/) -1-5W - #(J,/)] = 0. 

Here, since 5 and S* are linear functionals of J, and # is a homogeneous 
quadratic functional, the expression in the brackets can have only one ex- 
tremum. This extremum is a maximum because #( J, J) must be positive- 
definite (otherwise (5.10) would not agree with the second law of thermo- 
dynamics). 

If the boundary is isolated the restriction 
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enters, and, since then vanishes 

S{J) — #(/,/) == maximum. (5.13) 

Thus the vector field J of the heat flow is described by the condition that the 
rate of increase of the entropy, less the dissipation-function, be a maximum. 

In applications the difference between the formulations (5.11) and (5.13) 
is trivial. From a fundamental point of view (5.13) has some merit of greater 
simplicity because it applies to an isolated system, and is thus more directly 
connected with the theory of fluctuations. Above we have demonstrated 
(5.13) for anisotropic heat conduction. A more general theorem applying to 
all transport processes (conduction of electricity and heat, and diffusion) can 
be derived in a similar manner, only it is then necessary to make full use of 
the general theory of fluctuations, involving Boltzmann’s classical relation 
between entropy S and probability W 

5 = ^ log IF + const. 

This general development will be deferred to a following communication. 

6. Stationary Flow and Quasi-Thermodynamics 

A brief discussion of the conditions for stationary flow of heat through an 
anisotropic body will bring out an interesting simple consequence of (5.11) 
and throw light on the connection with previous quasi-thermodynamic deri- 
vations of reciprocal relations in irreversible processes. 

The condition for stationary flow of heat is 

div / == dJi/dxi +- + dJzfdxz = 0 (6‘1) 

for the interior of the body under consideration. No heat is accumulated in 
the interior, so that 5(J) = 0. Thus (5.11) becomes: 

5*(/n) — = maximum (6.2) 

Eqs. (6.1) and (6.2) determine the field of flow J as well as the temperatures 
in the Interior when the temperatures at the boundary are prescribed. (An 
eventual dependence of <?5>(/, J) on the temperature should be ignored in 
carrying out the variation: 5<^(J, J) =^'E{d(l>/dJk)BJk)- In this case, where 
5(j)=0, (5.10) becomes 

3*(/n) = 2$(/,/) (6.3) 

and we have 

2(5W - ^(/,/)) - Wn). 

We may therefore state (6.2) in the alternative form 

5*(/«) = maximum (6.4) 


with the restrictions (6.1) and (6.3). 
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Now let us consider the effect of obstacles to the heat flow, like cracks in 
the crystal, introducing restrictions of the type : 

/n' = 0 

for the changed heat flow J' at certain interior surfaces. Since the field J of 
the original heat flow made 5*(/n) a maximum under restrictions that are 
also imposed on J', we must have 

s S*iJn') (6-5) 

Restrictions can only decrease the rale of production of entropy, or ciiiise ho 
change. 

Assumptions oi the type (6.5) are involved in ail qnasi-thermodynamic 
derivations proposed by earlier writers for reciprocal relations in irreversible 
processes. As good an example as any is Thomson’s case (1.1), where h is 
the electrical current and J 2 the heat flow (in the same direction). \\ e main- 
tain a constant temperature gradient while Xi may be varied. The 

restriction: /i = 0 may be imposed by breaking the electric circuit. The rate 
of production of entropy equals 

S{J) + 5*(Jn) = (F/r)(Zi/l + X*2/2) 

(cf. (5.9)). With the aid of (1.1) we transform this relation into: 

T{S{J) + 5*(/n)) = iV/R,i)[Xf‘ + {Rn - Rn)X^Ji + (RnRn -RnR^iUv^]- 

Here, if we assume that the restriction 

Ji - 0 

makes S+.S* a minimum for given X 2 (cf. (6.5)), we find 

' , Ru- R 21 - 0. ( 1 . 2 ) 

In conclusion, let us describe the case which has given name to the ‘^''prin- 
ciple of the least dissipation of energy.” The flow of heat Jn across all sec- 
tions of the boundary Q, is prescribed, and the condition 


J = 0 

is fulfilled. Then5*(J'n) in (6.2) is prescribed, and the condition for station- 
ary flow reduces to 


Ml!; 


<!>(/, J) === minimum 


subject to the restrictions: 
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prescribed (6.7) 

div/=0. (6.1) 

These conditions determine J, and the temperatures are determined every- 
where if known at one point. 

7. Non-Reversible Systems 

A dynamical system is reversible as long as the (mechanical) forces de- 
pend only on the coordinates or, if they depend on the velocities as well, are 
even functions of these. We know conservative systems which do not fulhll 
this condition, (i) An electric charge moving in a magnetic field is deflected 
by a force proportional to the product of charge and velocity, (li) Relative 
to a rotating frame of reference a free particle moves as if it were subject to a 
transverse force proportional to the product of mass and velocity (Coriolis 

force) besides the centrifugal force. 

When magnetic forces and CorioUs forces destroy the reversibility of 
macroscopic motion we must expect that the microscopic motion will fare no 
better. The reciprocal relations (2.4) and their equivalent, the principle of the 
least dissipation of energy (5.11) are derived from the assumption of micro- 
scopic reversibility. We may expect that these relations will break down in 
cases where magnetic or Coriolis forces are acting, and they do. The in u- 
ence of Coriolis forces on heat conduction is presumably small and not easily 
studied; but magnetic fields are known to modify the relation between heat 
flow and temperature gradient in metals. In an isotropic body, the simp es 
case, the temperature gradient has the same direction as the heat flow as long 
as no magnetic field is present. However, if a transverse magnetic field is 
applied the temperature gradient will have a component in the thii d direction 
perpendicular to flow and field. The direction of the temperature gradient is 
rotated with respect to the heat flow, about an axis parallel to the magne i 
field. This phenomenon is known as the Righi-Leduc effect. If a 
metal plate is placed perpendicular to the magnetic field, heated m the middle 
and cooled at the edge, the heat will flow outward in spirals. The equations of 
the heat flow take the form (2.8), or rather 

Ji = XXi -j- wX2 

J2=-wXi + XX2 (7.1) 

Jg = XXs 

where oi is proportional to the intensity of the magnetic field (for weak fields) ; 
the field is thought parallel to the jcs direction. The pripciple of the least dis 
ZSon of enerly is no longer valid; radial cracks in the plate will 
the rate of radial transport of heat for a given temperature gradient _ 

More familiar than the Righi-Leduc effect is perhaps the Hall eff . 
When a constant current is flowing through a metallic conductor ^ t™er^ 
magnetic field causes an e.m.f. perpendicular to both. Eqs. (7.1) deserve f 
isotropic case if Ji, Jt, Js. denote the components of the current and Xi, X., 

Xs the components of the electric field. 
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In the presence of a magnetic field the principle of microscopic reversi- 
bility may be applied in a modified form: The entire motion may be reversed 
by reversing the magnetic field together with the velocities of all the particles 
composing a dynamical system. Eqs. (7.1) are in accord with this require- 

ment. 

An analogous effect of Coriolis forces is known in hydrodynamics. The 
principle of the least dissipation of energy applies to the motion of very vis- 
cous fluids (Stokes’ limiting case) as long as the motion is not referred to a ro- 
tating frame of reference. 
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THE DIELECTRIC CONSTANT AND ELECTRIC MOMENT OF 

SOME AMINES 

By P. N. Ghosh and T. P* Chatterjee 
Applied Physics Laboratory, Calcutta University 
(Received January 6, 1931) 

Abstract 

By using a heterodyne null-beat arrangement, the electric moments have been 
calculated and. the following results obtained: methyl amine, ^ =1.37X10“^ ju=0.99 
dimethyl amine, 4 = 1.22X10"'5; 0,90X10“^®; trimethyl amine, ^4=1.19 

X10“3; ;/=;0.82 X10“^®; ethylamine, =2.37X10"®; ju= 0.99X10"^®; diethyl amine, 

A =2.59X10“®; ju =0.90X10"'®; and triethyl amine, A =2.90X10“®; /i=0.82 XIO"'®. 

Introduction 

I T HAS been found by several investigators that the dipole moment for a 
series of homologues is sensibly constant and is the property of a polar 
group present in them. For the primary alcohols^ such a relationship has been 
obtained. The halogen-derivatives^ of methane and ethane also support this 
view. Hojen-dahP has tested the above hypothesis in many other cases. On 
the basis of certain assumptions, he has calculated the dipole-moment from 
the data of Pohrt^ who had used a bridge method to determine the dielectric 
constants of vapors at a standard temperature and at varying pressures. 
It was, however, found from his calculations, that the amines do require a 
more careful study and thus form the object of the present investigation. 

Experimental 

The apparatus used was the heterodyne null-beat arrangement described 
by Mahanti in a recent paper The same procedure was followed for the 
measurements presented in this paper. 

The electric moments have been calculated from the relation 

/x® = 1.208 X 10-365, (1) 

which has been deduced from the Debye equation. 

Discussion 

It is evident from Table II that the dipole-moments of the methyl and 
ethyl amines are equal in magnitude while those of dimethyl and diethyl 
amines are among themselves equal. The dipole-moments of the trimethyl 

' Mahanti and Das Gupta, Ind. Jour. Phys. 3, 467 (1929) ; J. B. Miles, Phys. Rev. 34, 964 
(1929). 

® Mahanti, Phys. Zeits. 31, 546 (1930). 

® K. Hojendahi, Dissertation, Copenhagen, 1928, 

/ Pohft, Ann, d. Physik 42, 569 (1913), 
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Table I. 



Temp, in 

Press, in 

(e—1) at the 

(e-DPoT 

(t-l)PoP 

Compound 

Abs. scale * 

mm of mercury observed Press. 

PTb 

PTo 

Methyl 

296.2 

110 

0.0005586 

0. 004187 


amine 


109 

0.0005586 

0.004226 

1.246 

(CH3)NH2 


110 

0.000561 

0.004206 



317.13 

181 

0.0008233 

0.004015 




126 

0.0005709 

0.003998 

1.267 



248 

0.001113 

0.003969 



332.4 

187 

0.0007812 

0.003866 




187 

0.00078S9 

0.00389 

1,287 



188 

0.000786S 

0.00387 



319.5 

180 

0.000688 

n. 005718 




105 

0.0004062 

0.003763 

1.306 



152 

0.0005834 

0 .003735 



362.2 

284 

0.0006676 

0.003658 




173 

0.0006328 

0.003688 

1.328 



171 

0.0006201 

0.003656 


Dimethyl 

296.2 

92 

0.0003844 

0.003445 


amine 


82 

0.0003455 

0.003475 

1 .023 

(CH3)2NH 


66 

0.0002759 

0.003448 



316.5 

103 

0.0003943 

0.003296 




114 

0.0004257 

0.003292 

1.042 



112 

0.0004184 

0.003292 




118 

0.0004425 

0.003304 




114 

0.0004281 

0.003309 



331.1 

93 

0.0003285 

0.003251 




101 

0.0003433 

0.003195 

1.066 



113 

0.0003943 

0.003215 



360.5 

135 

0.0004985 

0.003037 




176 

0.0005353 

0.003052 

1.10! 



112 

0.000343 

0 .003076 


Trimethyl 

294.6 

97 

0.0003583 

0.003027 


amine 


97 

0.0003608 

0.003049 

.8986 

(CH3)2N 


88 

0.0003266 

0.003043 




88 

0.0003307 

0.003083 



309.2 

85 

0.0002985 

0.003019 




83 

0.0002874 

0.00298 

.9255 



83 

0,0002874 

0.00298 



324.53 

170 

0.0005473 

0.002908 




92 

0.000295 

0.002897 

.9419 



130 

0.0004182 

0.002906 



364.4 

143 

0.0003868 

0.002687 




114 

0.0003142 

0.002796 

.9986 



146 

0.0003941 

0.002739 



Ethyl amine 

294.5 

65 

0.0004061 

0.005121 


(C2H6)NH2 


79 

0.0004844 

0.005142 

1.511 



77 

0.0004818 

0.005129 



300.8 

55 

0.0003384 

0.005150 




52 

0.0003168 

0.005100 

,1.54 



45 

0.0002757 

0.005129 



315.3 

67 

0.0003796 

0.004973 




59 

0.0003408 

0,005068 

.1.582 


332.7 

78 

0.0004085 

0.00485 




76 

0.0003949 

0.004809 

^"1.61 



75 

0.0003941 

0.004865 



344.2 

83 

0.0004184 

0.004829 




81 

0.0004061 

0.004805 

iM 



81 

0.0004085 

0.004833 
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Compound 

Temp, in 
Abs. scale 

Press, in (€ — 1) at the 

mm of mercury observed Press, 

(€-i)Por 

(6-i)i’or' 

PPo 

PPo 

Diethyl amine 

297.2 

124 

0.0007259 

0.004844 

1.44 

(Ci,H5)2NH 


124 

0.0007259 

0.004844 



312.1 

116 

0.0006328 

0.004728 




117 

0.0006353 

0.004817 

1.477 



104 

0.0005685 

0 .004749 



303.55 

112 

0.0006406 

0.004833 




97 

0.0005538 

0.004821 

1.463 



92 

0.0005238 

0 .004809 



367.3 

113 

0.000486 

0.004399 




104 

0.0004416 

0.004346 

1.604 



133 

0.0005663 

0.004354 


Triethyl amine 

297.6 

42 

0.0002471 

0.004874 


(C2H5),N 


46 

0.000271 

0.004879 

1.451 


304.65 

38 

0.0002162 

0.004821 




37 

0.0002136 

0.004897 

1.481 



43 

0.0002471 

0.004872 



315.5 

46 

0.0002518 

0.004799 




39 

0.0002113 

0.00476 




30 

0.000164 

0.004799 

1.509 



38 

0.0002066 

0.004776 




38 

0.0002066 

0.004776 



343.3 

33 

0.0001592 

0.00461 




37 

0.0001781 

0.004602 

1.581 



37 

0.0001781 

0.004602 



377.2 

40 

0.0001685 

0.004424 




41 

0.0001733 

0.004437 

1.681 



42 

0.0001805 

0.004512 



and the triethyl amines present a similar result. Thus in the case of the n- 
amines, the polar group (NH 2 ) is mainly responsible for the development of 
the dipole-moment in the molecule. Similarly the (NH) group in the diamines 
and the (N) radicle in the triamines give rise to dipole moments in the respec- 
tive molecules. 

Table II. 


Compound 

A 

B 

/.XIOI 8 

Calculated values 
of Hojendahl 

Methyl amine 

0.00137 

0.826 

0.99 

1.31 

Dimethyl amine 

0.00122 

0.675 

0.90 

1.05 

Trimethyl amine 

0.00110 

0.560 

0.82 

— 

Ethyl amine 

0.00237 

0.826 

0.99 

1.31 

Diethyl amine 

0.00259 

0.675 

0.90 

0.94 

Triethyl amine 

0.00290 

0.560 

0.82 

0.76 


Table II also indicates that the dielectric constant increases with the boil- 
ing points of the compounds as is usually expected. The only exception is 
found in the case of methyl amine. 

It is also interesting to note that Venkateswaran and Bhagavantham® 
have found a Raman line arising from a frequency of 3300 cm-^ (approx.) 
present in both methyl and ethyl amines, and have attributed this to the 
N-H linkage. This line, is however, absent in the spectrum of triethylamine. 

^ Venkateswaran and S. Bhagavantam, Ind. Jour, Phys. 5, 129 (1930), 


-FUBRUARY 15, 1931 PHYSICAL REVIEW VOLUME 37 


VARIATIONS WITH TEMPERATURE AND FREQUENCY OF 
DIELECTRIC LOSS IN A VISCOUS, MINERAL, 
INSULATING OIL 

By Hubert H. Race 

General Electric Company, Schenectady, New York 
(Received December 29, 1930) 

Abstract 

Debye’s theory of polar molecules has been extended to give simple expressions 
for conditions of maximum loss per cycle in terms of equivalent circuit bridge or suh« 
stitution measurements. The dielectric loss in a good grade of viscous mineral insulat- 
ing oil has been separated into two components; one resulting from conduction, and 
the other showing characteristics with frequency and temperature qualitatively ex- 
plained on the basis of the presence of polar molecules in the oil A quantitative check 
shows the order of magnitude of this second loss to be the same as that which would 
be predicted by Debye’s theory. The experimental curve shows a wider frequency re- 
sponse than the theoretical curve, indicating that the simple theory is not sufficient to 
account for the observed data. This may result from the presence of polar molecules 
of many different sizes giving an average response rather than molecules of one size 
only, as assumed in the theory. The size of the polar molecules necessary to give the 
observed effects was calculated from Deybe’s theory and found to be of the right order 
of magnitude. Data taken over a wide range of frequency and temperature indiaite 
the danger in drawing conclusions as to the characteristics of a material from data 
taken for limited ranges of experimental conditions. The curves show that either in- 
increasing or decreasing power factor can be obtained as a function of either frequency 
or temperature for certain narrow limits of experimental conditions. The dielectric loss 
in good commercial mineral insulating oils at power frequencies and operating temper- 
atures results from conduction only, the contribution of polar molecules to the loss 
being negligible. Before a definite statement is made regarding the mechanism of the 
observed loss, studies should be made to determine whether a satisfactory theory can 
be developed which is based only on the motion of charged particles in a viscous me- 
dium. 

Introduction 

T he object of this investigation is the experimental and theoretica! study 
of the changes of the electrical characteristics of a viscous insulating oil. 
such as is used In ^^solid type” cables, with changes In temperature and in fre- 
quency of the applied alternating potential. The data reported in this paper 
have been collected at intervals during the past eighteen months. Previous 
tests have shown that, under certain conditions, the d.c. conductivity and 
the equivalent parallel a.c. conductivity calculated from 1000 cycle bridge 
measurements, are identical.* Therefore, the ranges of frequency and tem- 
perature were extended to determine under what conditions this agreement 
fails. The work of Kitchin and Miiller^ indicated the possibility of explaining 

* These tests are reported in a paper on ‘^Some Electrical Characteristics of Cable Oils,” 
which has been submitted for publication in the A.I.E.E. Journal. 

1 D. W. Kitchin and Hans Muller, Phys, Rev, 32, 979 (1928). 
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variations in dielectric loss with frequency and temperature in terms of De- 
bye’s theory of polar molecules. The desire to check this theory offered an- 
other incentive in making the experiments reported in this paper. 

The resulting data show characteristics qualitatively similar to those pre- 
dicted by Debye’s theory of polar molecules. A quantitative check was there- 
fore made and found to be of the right order of magnitude. 

Apparatus and Procedure 

1. Testing cells . — For most of the measurements reported in this paper, 
the cell vshown in Fig. 1 was used. The two concentric cylinders are made of 
a steel alloy containing 18 percent chromium and 8 percent nickel. This alloy 
is not attacked by hot oil and has a very small catalytic effect on the oil. The 
inner cylinder (1) is hollow with hemispherical ends welded on, using an a- 
tomic hydrogen flame, thereby making an oil-tight joint and completely seal- 



Fig. 1. Oil resistivity cell. Pig- 2. Vacuum cell for electrical 

measurements of insulating oils. 

ing the interior. The bottom of the outer cylinder (2) has a central conical 
hole into which the fused quartz post (3) of the inner cylinder fits. The inner 
electrode is centered at the top by the fused quartz collar (4) which is made 
with a sliding fit so that the inner electrode can be easily removed for clean- 
ing The temperature is indicated by a thermometer placed in the tube in the 
top of the inner electrode. The fused quartz insulation was shown to have 
negligible surface leakage, volume conductivity and dielectric loss. 

Before a measurement, the oil to be tested was placed in the cell and care- 
fully evacuated. Then the fused quartz collar was placed in position effec- 
tively sealing the oil against the absorption of moisture from the atmosphere. 
The temperature was controlled by placing the cell in a thermostatically con- 
trolled heater. . , , , 

However, to make certain that absorbed moisture or absorbed gases were 

not responsible for the observed dielectric loss, the vacuum cell shown in Fig. 
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2 was prepared. The electrodes were concentric nickel cylinders, ,!,C) cm high 
and spaced about 2 mm apart. The outer cylinder (1) was supported by two 
wires sealed into the bottom of the Pyrex ceil, one of which acted as the 
ground lead (2). The inner cylinder (3) was supported only by a stiff wire (4) 
which was sealed into the top of the cell and served as the other lead, llie 
Pyrex tube (5) supporting the inner cylinder was sealed to the top of tlie cell 
wall (6) to form an annular expansion chamber for the oil and also to provide 
a very long glass path between the two electrodes. A small tube (7) with a 
closed end was sealed into the bottom of the cell so that the temperature of 
the oil in the cell could be determined with a small thermocouple. 

For filling, two glass tubes extended from the top of the annular c!iani!>cr. 
One was sealed to a good vacuum system. The other led through a stop»cock 
to a reservoir of oil at atmospheric pressure. The oil was heated to afloat 
125°C and allowed to bubble very slowly through the stop-cock thereby lib- 
erating all gases. When the cell was filled to a level near the top of the ex- 
pansion chamber and all bubbling had ceased, both tubes were sealed off leav- 
ing completely degasified oil in the cell ready for the electrical measurements. 

Tests on this cell before and after filling showed the following: 

(a) The dielectric loss in the oil showed the same characteristics as those 
observed with the quartz insulated cell, (b) The errors of measurement 
caused by leakage over the surface at low frequencies and by dielectric loss 
in the Pyrex at high frequencies were greater than for the quartz insulated 
cell, (c) The actual measurements with the vacuum cell were less accurate 
because the cell constant was much smaller than for the quartz insulated cell, 
(d) The errors could have been eliminated by using guard ring electrodes bur 
for commercial oils these complications seemed unnecessary. 

For these reasons all subsequent measurements were made with the open, 
quartz insulated cell and only measurements made with this cell are reported. 

2. D. C, Measurements , — The source of potential was a 350 volt bat- 
tery and a sensitive galvanometer with an Ayrton shunt was used to meas- 
ure the current. The galvanometer calibration was checked before and after 
each run. 

3. Low-Frequency Measurements . — A variable frequency vacuum tube c 
cillator^ having a range from 200 to 10,000 cycles per second was used to suf)- 
ply a modified General Radio ^^power factor bridge.” The variable capacitan(.*e 
standard was a General Radio precision instrument. This same standaixl 
was used for both low and high frequency measurements. 

4. High-Frequency Measurements . — These tests were made with €X|iiip“ 
ment permanently installed in a well shielded room built especially fur radio 
frequency measurements. The standard substituation method (Bureau of 
Standards Circular No. 74) was used throughout. The generating circuit was 
a vacuum tube oscillator having a frequency range from 4X10^ to 3XHb 
cycles per second. The power rating was sufficient to prevent any change in 
either the frequency or the voltage when changes were made in the loosely 

2 Gen. Elec. Rev. P. 521, October, 1929, 
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coupled measuring circuit. The oscillator gave an approximate sine wave, 
having less than 5 percent harmonic components. 

The measuring circuit is shown in Fig. 3. The generating circuit (1) has 
been discussed above. Coupling coils (2) having from 1 to 10 turns were used 
depending upon the frequency desired. The measuring circuit was loosely 
coupled to the generating circuit by the coil (3). The special high frequency 
switch (4) was used for connecting either the test cell (5) or the standard ca- 
pacitance (6) into the measuring circuit. The switch was composed of six 
mercury cups mounted on fused quartz tubes. Amalgamated copper wires 
were used for making contact between the desired pairs of cups. The current- 
indicating device in this circuit was a special vacuum thermocouple whose 
heater resistance had a constant value of 0.72 ohm over the entire frequency 
range. This type of couple is designed so as to have a long leakage path be- 
tween the heater leads. The thermocouple was connected through the radio 
frequency choke (8) to the sensitive galvanometer (9). The sensitivity of the 



Fig. 3. High frequency measuring circuit. 


combination was such that 2X10-^ amp. input to the heater of the thermo- 
couple gave approximately 1 mm deflection on the galvanometer scale. The 
link resistors (10) were made of short straight lengths of non-magnetic, re- 
sistance wire sealed in evacuated glass tubes. These were approximately the 
same length and range from 0.115 to 26.2 ohms. For greater resistances a 
shielded General Radio decade resistance box, having 0.1 ohm steps, was 
used. 

The procedure for a high frequency measurement differed slightly from 
that prescribed by A.S.T.M.D. 150-27T, and was as follows: 

(a) The supply oscillator was set at the desired frequency and a coupling 
coil was selected which would resonate with the test cell connected and a 
short circuiting link at (10). This circuit was then tuned exactly to resonance 
by varying the supply frequency and the galvanometer deflection recorded. 
With no further change in the supply oscillator, the standard capacitor was 
substituted for the test cell and adjusted to give resonance of the measuring 
circuit. The setting of the standard was then the capacitance of the test cell. 
If the galvanometer deflection was not the same as it was with the test cell 
in the circuit, the effective resistance of the circuit must be different. That is, 
the dielectric loss of the standard capacitance differed from that of the test 
cell Since the standard was an air capacitance with good insulation, its 
dielectric loss was very small and was considered negligible. Link resistors 
were added in series with the standard capacitance until the deflection was the 
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same as that recorded for the test cell, thus giving the equivalent series resis- 
tance of the test cell. For each point this procedure was repeated several 
times to make certain of the value obtained and then the exact frequency 
was determined with a wave meter. 

Calculations from A. C. Measurements 

The alternating current measurements have been interpreted in terms of 
the equivalent parallel circuit shown in Fig. 4. C is the equivalent capacitance 



Fig. 4, Equivalent circuit for an imperfect dielectric. 

and is considered to have zero loss and zero inductance. G is the equivalent 
a.c. parallel conductance and is considered to have zero capacitance and zero 
inductance. This simple equivalent circuit has been used for the following 
reasons: 

(a) The mechanism of dielectric loss in oils is not sufficiently well under- 
stood to enable one to represent it exactly in terms of ideal resistances and 
capacitances. Therefore a circuit which is assumed to be eqtmalent rather than 
one which is theoretically exacts must be used, 

(b) The actual measurements were made with a series connection of a 
resistance having negligible capacitance and a capacitance having negligible 
loss. Therefore the interpretation of the results must be made in terms of this 
simple series measuring circuit. 

(c) . However the parallel circuit is chosen in preference to the series cir- 
cuit because G represents a coefficient of dielectric loss independent of C, 
That is, G is proportional to the component of current in the external drciiit 
which is in phase with the applied potential. Therefore it is a measure of the 
dielectric loss regardless of the mechanism by which that loss may have been 
produced. 

(d) . With the coefficient G, the dielectric losses of different materials can 
be compared without reference to their dielectric constants. It is therefore 
preferable to the commonly used coefficient of power factor which represents 
a ratio of dielectric loss to dielectric coefficient and therefore involves tw^o 
independent characteristics of the material. 

(e) . Under certain special conditions the equivalent parallel conductance 
obtained by a.c. measurements is identical with the d.c. conductance so that 
this method of representing the a.c. measurements is very convenient, in 
correlating a.c. and d.c. tests. 

To obtain the relations between equivalent series and parallel circuits let : 
R = the known equivalent series resistance of the test cell 
Cs = the known equivalent series capacitance of the test cell 
G = the desired equivalent parallel conductance of the test cell 
C = the desired equivalent parallel capitance of the test cell 
w = 6.28 (frequency in cycles per second of the applied potential). 


DIELECTRIC COEFFICIENT AND LOSS 

435 

The equivalence between the series and parallel circuits 
the complex relation 

is expressed by 

G + iwC = {R — i/ wCa)"^ 

from which are obtained the two real equations : 

(3) 

R 

^ ~ R^ + {1/wCsy 

and 

(4) 

(l/wC.) 

= — — • 

+ {1/wc.y 

(5) 

For good dielectrics the loss component of current is small compared to 
the capacitance component so that it may be assumed that. 

<<< ii/wc,y. 

With this assumption Eqs. (4) and (5) become; 


G = RwK:,^ 

(4 a) 


and 


C = Cs 


(5a) 


The apparent power factor of a dielectric is generally used as a measure of 
its quality^d may be calculated from either the equivalent senes or equiva- 
lent parallel circuit. The definition of power factor is. 


power factor = 


real power 
apparent power 


For the series circuit 


P.F. 


PR 


p(R^ + (i/wCs^y^^ 

and if < < < (l/wCs)^ this reduces to, 

P.F. = RwC,. 

For the parallel circuit, 

ET-G 


P.F. = 


EKGE+iwcyy^^ 

or again if G^< < < Eq. (9) reduces to 

P_F, =GiwC. 


(7) 


( 8 ) 


(8a) 


(9) 


(9a) 


Since both low and high frequency measurements were terms of 


436 


H. H. RACE 


Discussion of Experimental Results 

The results of previous tests led to a study of a single nil tlirmigh u wide 
range of frequency and temperature. Properties of the oil on which these 
measurements were made are given in Table I. 


Table I. Physical data for the oil studied . 


(1) 

Flash point 

280°C 

(2) 

Fire point 

320T 

(3) 

Acid value 

0.035 milligram of KOI! per gram. 

(4) 

Dielectric strength at 30°C 

37 kilovolts for 0. 1 inch gap 


Dielectric strength at 100°C 

29 kilovolts for 0,1 inch ga]> 

(5) 

Specific gravity at 30°C 

0.9085 


Specific gravity at 100°C 

0.8654 

(6) 

Viscosity at 30X 

1,1. 76 poises 


Viscosity at 100°C 

0.27 poises 


The equivalent parallel conductance was taken as a measure f)f tlie dielec- 
tric loss and the results of the entire series of tests are shown in Vi^, 5. Inas- 
much as no equipment was readily available for measurements at frequencies 
between 3,000 and 125,000 cycles per second, there is a ^ap in the data be- 
tween these frequencies. The curves indicate no sudden change in the cliarac- 
teristics of the oil so that it did not appear necessary to set up special equip- 
ment for this frequency range. 

The most interesting deductions to be drawn from these data are as 
follows ; 

(a) . As the temperature is increased all of the curves approach the line 
representing the d.c. conductance. For example at 150°C the conductance is 
the same for all frequencies below 125,000 cycles per second since curves (1) 
through (5) all pass through the point (a). 

(b) . For each frequency there is a temperature below which the total 
dielectric loss is greater than can be explained by the mechanism of condiio 
tion. 

These observations may be stated in a slightly different way; namely, 

(c) . For a given temperature there is a critical frequency such that for 
all lower frequencies the a.c. loss is independent of the frequency and for all 
higher frequencies the loss increases with the frequency. Within the first 
frequency range the mechanism of d.c. conduction and of a.c. loss appear to 
be the same, and both are probably due to the migration of charged ions or 
larger particles in the oil. 

(d) . The higher the temperature, the higher the critical frequency hehm 
which the a.c. and d.c. losses are the same. 

These data seem to indicate that the total dielectric loss can be separated 
into two components,— one independent of frequency and due to the same 
mechanism as d.c. conduction, and the other independent of conduction and 
varying with both frequency and temperature. In the remainder of this dis- 
cussion, therefore, the total dielec^^^ loss will be considered to be the alge- 
braic sum of these two components. 

Total dielectric loss (P) = d.c. loss (Prf)+a.c. loss (P«) (10) 
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The name d.c. loss is used as the simplest designation for the component 
that is independent of frequency and the name a.c. loss is used to mean the 
component which varies with frequency. They are so separated because it 
seems that they result from two entirely different effects of the applied poten- 
tial and are independent of each other as far as their variation with frequency 
and temperature is concerned. 



Fig. 5. Total dielectric loss in a heavy cable oil as a function of frequency and temperature. 
Loss per cm^ == (EV V)G watts/cm^. E is the potential in volts, G the equivalent parallel con- 
ductance in mhos, and V the effective volume of oil in test cell (73.7 cm®). 

These two components are represented by their equivalent conductances 

as shown in Eq. (lOa). ■ x 

F - E'G = E^[Gd + Ga) (10a) 

so that Ga may be obtained as the algebraic difference of G and Gd. 




3 to plot curves for 
cycle as a function 
r\-es are very iiiter- 
jnduction has been 
cycle Roes ihroiiRli a 
cy. The curves at 
rature (or the lower 
•oduce maximum loss. 


Accordingly the next step ^ studying rnese u. . 

-Ga) //. As shown in Fig. 6 they give the a.t^ oss pei 
frequency for seven different temperatures. 1 hese cut 
ing since they show that, after the loss due to d.c. c< 
Dtracted, the remainder, when plotted as loss per 
.ximum as a function of either temperature or frequem 
ferent temperatures are similar. The highei t le empei 
viscositvT the higher is the frequency necessary to pri- 


Fig. 6. a.c. loss in a heavy cable oil as a function of frequency lor U.nerenr re. po . .. . 

I OSS oer cvde per ax^=^{E^lfV){G-Gd) joules/cyde/cm>^. E is the potential m %olts, 6 is t ^ ^ 

cydes per second and F is the effective volume of oil m test cell (73.7 cm ). 

Another and perhaps more usual way of measuring the dielectric loss per 
cycle per unit volume is to plot the power factor as shown m h ig. ! . h n>in the 
equivalent parallel circuit the total dielectric loss is given by , 

P = watts (111 

and loss per cycle per unit volume is 

£^//F watts per cycle per cmT (12j 

For low loss dielectrics (power factor less than 10%) we have from 
Eq. (9a) 

P.F.=G/2rJC 

from which G/f=2Trc (P.F.), which when substituted in Eq. (12) gives, 

loss per cycle per cm.® = (27rC£Vb)(T-F.). (FI) 

This shows that power factor is a coefficient proportional to the dielertru 
loss per cycle per unit volume, if the capacitance can be assumed constant . 
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Except for scale, the only difference between corresponding curves in 
Figs. 6 and 7 is that in the latter the ordinates are proportional to the total 
loss per cycle while in the former they are measures of the “a.c. loss” only. 

From these curves we have an explanation of the V curves of power factor 
as a function of frequency. Consider first curve (7) corresponding to 150°C. 
Fig. 5 shows the total loss in watts to be independent of frequency below 
125,000 cycles per second at this temperature. Therefore in computing power 
fart’or, the loss per cycle becomes greater as the cycles per second are de- 



Fig 7 Total dielectric loss in a heaN'y cable oil as a function of frequency for different tem 
peratures.' Loss per cycle per cm3 = (2.C£VT)(P.F.) joules/cycle/cnF . 
volts, C is the capacitance in farads, and V is the effective volume of oil in test cell (73.7 cm ). 

creased. In other words, as the frequency is decreased, the loss component 
of current remains constant but the capacitance component decreases with 
the frequencv so that the power factor increases approaching unity as a limit. 

Now conkder curve (1) corresponding to 0°C. Fig^5 shows that t e x. 
loss is negligible compared to the measured loss and Fig. 6 shows that this 
a c loss per cycle goes through a maximum as a function of the frequency. 
For intermediate temperatures, the curve may be a combination of these two 
,ypt: Th„. Lrves (4), (5) and (6) show the O-ending port.ons o 
the d.c. characteristic at low frequencies and the ascending portions of the 

a.c. characteristic at high frequencies. r’ • oafKnfb 

To represent more clearly the data shown in Fig. 7 as functions b ^ 
temperature and frequency, the curves were cut out of stiff card board a 



jlaced in a frame at equal intervals to represent a three dimensional graph 

shown in Fig. 8. 


Variation with frequency and temperature of dielectric loss in heavy 
Composite curve chart. 


Fig. 9. Variation with frequency and temperature of dielectric loss in heavy cable oil 

Composite curve chart. 
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In Fig. 9 the direction of increasing temperature has been reversed to show 
the curves that are hidden in Fig. 8. These data show the danger in drawing 
conclusions as to the character of a material from measurements taken only 
for narrow ranges of experimental conditions. It is possible to obtain for cer- 
tain limited areas of this three-dimensional graph either increasing or decreas- 
ing power factor as a function of either frequency or temperature. Similar 
studies over wide ranges of frequency and temperature may explain apparent 
discrepancies between the results of different experimenters working in differ- 
ent limited ranges of measurement. 

Data somewhat similar to these are shown by EmanuelF for an oil con- 
taining 35 percent rosin. An analysis of these data shows that he did not 
carry his test to high enough frequencies to obtain maxima in the curves for 
{G/f) vs, (/) similar to those shown in Fig. 6. 

Debye’s Theory of Polar Molecules 

We shall not reproduce the theory as developed by Debye^ although the 
attendant assumptions will be indicated in the discussion. As a result of the 
solution of a differential equation of motion of a polar particle in a viscous 
medium, Debye arrives at the following relation for the dielectric coefficient* 
of the medium, 


\€o + 2/ \€o, + 2/ 

\6o + 2/ \€o + 2/ 


( 14 ) 


where- 

€o = dielectric coefficient at zero frequency 
= dielectric coefficient at infinite frequency 
or = (refractive index)^ 

T == relaxation time 

0 ) = 6.283 (cycles per second). 

By expanding Eq. (14), this relation can also be written in the form, 


te 


where 


and 


€q{€^ + 2)2 -F O>hhoo(eo + 2)2 
(€. + 2)2 + Cu2t2(^^ 


(14a) 


( 15 ) 


^ L. Emanueli, High Voltage Cables, P. 38, (John Wiley & Sons, 1930). 

^ P. Debye, “Polar Molecules,” The Chemical Catalog Co., 1929, 

* This is usually called “dialectric constant,” but as pointed out by Addenbrook in Nature 
126, 808 (1930), the quantity varies considerably with different experimental parameters and 
therefore might better be called “dielectric coefficient.” 
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cor(€o — + 2)(€t> 4“ 2) 

jf — ^ . 

■ (e^ + 2)‘^ + + 2)**^ 

At this point we shall depart from the method <»f l)eh\“e, wiio, because <4 
similarity with optical phenomena interprets the diclec'tric coefficient in terms 
of the relation, 

€ - r%l — iky^ (tT) 

where r and k are the indices of refraction and absorption. Our experience in- 
dicates that the data can be analyzed without the use of the optical index rh' 
absorption. 

In Eq. (14a), e' is the true dielectric coefficient in the ordinary usa.ee of the 
term, since it is a measure of the current in the external circuit which leads an 
applied sinusoidal potential by 90^. e" being at right angles to € is really a 
measure of the current which is in phase with the applied potential ami tliere- 
fore proportional to the dielectric loss. The relation betw'cen e ^ and G in hap 
(3) may be shown as follows : 

In the equivalent parallel circuit 

Y = (admittance) = (impedance)””^' - G — iwiTt; (18) 

where 

- C/C, ■ ■ (19) 

according to the definition that the dielectric coefficient is the ratio of the 
capacitance with a given material as a dielectric, to the capacitance of the 
same system with vacuum as a dielectric. 

Using Debye’s generalized dielectric coefficient from Eq. (i4a) to account 
for both the in-phase and out-of-phase components of the current we have, 

■■ F = 0 - wC.(€' ~ w'O . (20) 

which when expanded gives, 

. Y — wC^C, — iwe'C,. (21) 

By comparing Eq. (18) and (21), we have a relation between our eqiiixa- 
lent parallel conductance G and Debye’s imaginary component of tlie 
generalized dielectric coefficient, namely 

■ ; G = wC'c,, , "■ ■ . .(22) 

For a given test cell, C, is a constant so that e" is proportional to G/f. There- 
fore the curves in Fig. 6 are directly proportional to Debye’s Cy for conditiotis 
under which the d.c. conductance is negligible. 

The next logical step is therefore to set the first derivative with respect to 
w of Eq. (16) equal to zero, and obtain a relation for the frequency at which 
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the loss is a maximum. The result of this operation is that e" should be a max- 
imum when, 

( 6 .-h 2 )/(e„+l). (23) 

Now, if this value be substituted back in Eq. (16) we have, 

+ €oo) 


(24) 


and 


— 2 (^0 


(25) 


60 and 6 are independent of frequency and change with temperature, only as 
the density changes. Therefore Eq. (23) indicates that the frequency at wMch 
^he maximum loss occurs will vary inversely with the relaxation Hme of the polar 

molecules, ^ i 

Debye develops the following relation for the relaxation time 


Airria'^/ kT 


(26) 


where 


rj =the coefficient of viscosity in poises 
^ effective radius of the polar molecule in cm 

k = Boltzmann^s constant = 1.37X10 
7 ^ = absolute temperature. 

Ea (25) indicates that except for changes with teinperature due to 
chafes in density, !/.« »/ the Us, per cycle should be .ndepend- 

ent of temperature or frequency. _ a-Uoyat-tt mnv he stated 

The assumptions made by Debye in developing this theory may be stated 

briefly as follows: _ «- • 4.1 

(a) The solution of polar molecules in a non-polar solvent is 
dilute so that the interaction between neighboring polar molecules is neg - 

®'“{b) . The laws of an ideal gas may be applied and use made o( Boltamann'a 

i„gilrin al.“ o„ medium may be applied to fotces between polar and 
non-polar molecules. 

Of these assumptions the third is probably the one whioh is most open to 

6 S. Whitehead. Phil. Mag. 9, 865 (1930). 
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power .factor in terms of the physical coefficients of the material instead of in 
terms of the limiting values of e as suggested by Debye. Whitehead then 
differentiates this expression with respect to w to determine the conditions 
for maximum power factor. 

The development we have given above seems much pre,ferable to that 
suggested by Whitehead for the following reasons: 

(a) . The limiting values of the dielectric coefficient €o and can be meas- 
ured more easily and more accurately than the electric moment and the 
molecular viscosity, which are required to evaluate \\ hitehead’s relations. 

(b) . The study of, power factor relations is inherently more complicated 
than the study of the loss coefficient alone, because the former iiu'oh'es a ratio 
between two quantities which vary as different functions of temperature 
and frequency. 

(c) . Not only is it easier to measure separately the capacitance and the 
loss coefficients, but such a study will lead to a clearer understanding of both, 
than is possible from a determination of power factor, which measures only 
their ratio. 

Quantitative Check of Debye’s Theory 

To apply the above theory to our experimental data, the following 
quantities were determined for 25°C: 

€o =2.30 

= (refractive index)^ = (1.5077)^ = 2.27 
C. =65.1X10-12 farads 

and jm = frequency at which the maximum loss per cycle occurs = 
316,000 cycles per second. 

Using these particular values and Eqs. (16) and (22), a curve of iG'J) 
against frequency can be calculated and plotted as shown in Fig, 10. The 
difference between the calculated and observed maximum ordinate can be 
easily explained as an experimental error. According to Eq. (25) the maxi- 
mum ordinate is proportional to the difference between 6o and This differ- 
ence is only 1.3 percent of the measured values, so that a 1 percent error in 
either coefficient would cause of 75 percent error in their difference. The 
index of refraction should be accurate to 0.1 percent but €o might ea^sily l)e in 
error by 0.5 percent, since the measurement was made before the need for 
such extreme accuracy was recognized. Thus the maximum ordinate may he 
considered to check the theory within the limits of experimental accuracy* 

Eq. (16) shows that (co—e^) enters as a multiplying factor for all fre- 
quencies, so that even though €o were corrected to give an agreement between 
the maxima of the two curves, their shapes would be entirely different. This 
indicates that, while the order of magnitude is correct, the theory in this simple 
form is not sufficient to predict quantitatively the observed results* An obvious and 
possible explanation of the difference in the shapes of the experimental and 
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theoretical curves is that the nfany different 

r ouL^ ..an wonM .e 

gfven by the presence of particles of only one size. 




Another indication of the ^ 

determining the effective radius of the polar Parti^^^^^^^^ 

be done by reading ^ caf be’ determined for each tempera- 

isothermal curve is maximum. 1 hen r can 
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ture from Eq. (23), so that it is possible to solve for ia) in Eq. (26). The re- 
sults of such a calculation are shown in Table IL 


Table II. Calculation of size of polar molecule. 


r°c 

6oo 

€0 

m 

cyc/sec 

X10“ 

T 

XKr- 

V 

Poise 

a 

cm 

X10“^ 

0 

2.31 

2.34 

.993 

16. 

98.7 

230 

5.04 

25 

2,27 

2.30 

.993 

316. 

5.0 

17 

4.58 

50 

2.23 

2.26 

.993 

2000. 

0.79 

2.9 

4.59 


As the temperature of the oil is increased the viscosity decreases rapidly 
according to Fig. 11. Therefore the relaxation time decreases very rapidly 
with increased temperature resulting in a corresponding large increase in the 
frequency necessary to cause maximum loss as shown in Fig. 6. 

^ Here again we have a qualitative check of the theory in that three deter- 
minations for the calculated size of particles agree fairly well and the value 
obtained is of the right order of magnitude. 

The author is pleased to express his indebtedness to Mr. S. I. Reynolds of 
the General Electric Company for his careful work in making the high fre- 
quency measurements reported in this paper. 
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{old itself responsible for the opinions expressed by the correspondents. 

Wave-length Measurement of Gamma-Rays from Radium and its Products 


In my paper on the 7-ray spectrurn of radi- 
um and its products (Phys. Rev. [2] 36, 460 

( 1930 )) it was pointed out that the peaks ap- 
pearing on the intensity curve and interpreted 
as 7-ray lines were sharp, and were apparently 
resolved by the spectrometer when the glanc- 
ing angles of reflection from calcite differed as 
little as 20 seconds of arc, although the geom- 
etry of the arrangement did not account for 
such high resolving power. 

Professor Niels Bohr in private correspond- 
ence with Professor Kovarik has emphasized 
the importance of this question concerning res- 
olution in my experiments, and a further 
study of the matter has shown that the dis- 
crepancy between the resolving power as esti- 
mated from the experimental curves and that 
computed from the dimensions of the appa- 
ratus is greater than can be accounted for by 
any reasonable hypothesis regarding acciden- 
tal inclination of the slit faces. He also points 


out that besides this there is a further diffi- 
culty in connection with the apparently great 
relative intensity of the very short wave- 
length lines or bands. Theories of scattering 
predict much lower intensity for scattered ra- 
diation of such high frequency. The J^eality of 
the reported results thus assumes considerable 
theoretical importance and needs more experi- 
mental justification. 

It is impossible to give, at present, any ottier 
interpretation of the experimental results than 
that first offered. It is my intention, therefore 
to reinvestigate the problem with improved 
apparatus. Meanwhile the question regarding 
the existence or non-existence of new lines of 
strong intensity in the 7-ray spectrum of ra- 
dium and its products must be left open. 

Luville T, Steadman 

University of Rochester, 

Rochester, New York, 

January 21, 1931. 


Arrangements of Atoms in Crystals 


In the January 1st number of the Physical 
Review (37, 105 (1931)) is an abstract of a pa- 
per by Zachariasen in which the author reports 
the results of crystal structure investigations 
of KBrOa, KCU, NaClOa and NasSOj. He 
finds, in agreement with the earlier work on 
NaClO, and NaBrO, (Kolkmeijer, Bijvoet 
and Karssen, Verslag akad. Wetenschappen 
Amsterdam 23, 644 (^920); Dicfanson^and 
Goodhue. J. Am. Chem. Soc. 43, 2045 (1921)) 
that the XOj groups in these crystals can be 
described as “tetrahedral groups with one 
tetrahedral corner removed,” and notes that 
this is a similar arrangement to that around 
As or Sb in AsjOj crystals (Bozorth, J. Am. 
Chem. Soc. 45, 1621 (1923)). The statement 
is then made that in each case “the cation has 


got only 2 electrons in the outer shell,” the 
non-coplanar arrangement being explained as 
due to deformation in the outer shell of t c 
cation, where the charge distribution is very 

diffuse.” . t ^ ^ 

It seems more likely to the writer that these 

are merely cases of shared electron pairs, as 
postulated by G. N. Lewis (“Valence and the 
Structure of Atoms and Molecules. Chem. 
Cat. Co., New York, 1923). The total numto 
of valence electrons in each of these ions is 26, 
and if Lewis is correct, that there is a ten- 
dency toward the completion of valence shells 
containing eight electrons (four pairs_tetra- 
hedrally oriented) around the kernel of every 
electronegative atom, the distribution in space 
of the atoms must be similar to that observed, 
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the electrons being shared as indicated by the 
formula 


0 : 

:X:0: 
0 : ’ 


In the case of the oxides of arsenic and anti- 
mony, there are five electrons per As or Sb and 
six per 0. To complete a four-pair tetrahedral 
valence shell around each atom requires that 
each As or Sb shares 3 electron pairs, at tetra- 
hedron corners, with 3 oxygen atoms and each 
oxygen shares 2 pairs, at tetrahedron corners, 
with two As or Sb atoms, — precisely the ar- 
rangement determined from x-ray data. 

It is plain that one can not only predict 
from this theory the number of electron pairs 
(per molecule or crystal unit) shared between 
electroneptive atoms, but one can also pre- 
dict that if an electronegative atom is adjacent 
to 2, 3, or 4 others, the arrangement will be 
that of 2, 3, or 4 corners of a (not necessarily 
regular) tetrahedron around its center. 

Such predictions can be tested very readily 
by the results of x-ray analysis and in general 
they are found to be in agreement with experi- 
ment. Thus in iodine the negative atoms are 
in pairs; in crystals of Se and Te, each atom is 
adjacent to two others in a spiral chain; in P, 
As, Sb and Bi the atoms are in puckered lay- 
ers, each adjacent to three others at three cor- 
nps of a tetrahedron, while in the diamond. 
Si, Ge and gray Sn each atom in tetrahedrally 
surrounded by four others. Among com- 
pounds, several have been mentioned already; 
many others might be given. ' 

As Lewis readily admits, there are excep- 
tions to this tendency. Examples he gives are 
the molecules SFe and PCL in which the cen- 
tral P and S atoms probably have 5 and 6 
valence pairs, respectively. Other examples 
are afforded by such compounds as CsICL and 
CsL, in which the three halogen atoms form a 
colmear group. The number of valence elec- 
trons (counting 7 per halogen and 1 per Cs) in 

each X3 ion is 22. The most reasonable distri- 
bution of these would seem to be one in which 
the central atom has 5 pairs and each of the 
Others four. 


In GaCOs and NaN'Oa.both crystallographic 
and x-ray data indicate a 3-fold axis of sym- 
metry through each C and N center and two- 
fold axes of symmetry, through each C-0 and 
N-0 centerline. If the oxygen tetrahedra are 
oriented, in agreement with this symmetry, 

. each C or N kerne! is surrounded by six pairs, 
joining it by double bonds to the neighboring 
oxygens. 

The four pair valence shell is apparently 
stable if the valence shell is not made too large 
(as by the pull of surrounding electron atoms) 
in which case more pairs can be accommo- 
dated. The smaller the kernel (diargc- -in gen- 
eral, the more electropositive the atom,— the 
more pairs can be accommodated in the \'a- 
lence shell but the less tightly each is held. 
Although in quartz (SiOo), Hgf.. ZnS, Agl 
and many other compounds relatively electro- 
positive atoms are surrounded by four electro- 
negative atoms at tetrahedron corners, sug- 
gesting electron sharing with tetrahedral 
valence shells around aE the atomic kernels, in 
many others the electropositive atoms are sur- 
rounded by six or eight negative atoms. In 
some cases, (e.g. NaCI) the valence shells of 
the latter cannot be oriented so as to place the 
valence pairs on the centerlines between ad- 
jacent atoms; evidently in such polar crystals 
other considerations, such as the relative sizes 
of the atoms (or ions) are of the greatest im- 
portance in determining the type of arrange- 
ment. (Cf. Pauling, J. Am. Chem. Soc. 51, 
1010 (1929); Huggins, J. Phys. Chem., in 
print.) 

It should perhaps be pointed out that the 

point of view taken here is quite in agreement 
with recent developments in wave mechanics 

30. 1096 

(1930) and papers by Bartlett and by Slater at 
the Cleveland Meeting of the American Physi- 
cal Society.) The pairing of valence electrons, 
the sharing of such pairs between two atoms 
and preferred orientations of electron orbits’ 
once bones of contention between physicists 
and chemists, can now be agreed to by both. 

Maurice L. Huggins 
Stanford University, 

Palo Alto, California, 


January 27, 1931. 

„d ..a. state (U) (2,ys te 


1 fo^'r’ “ f.! September 

1, 1930 (pp. 878 et seq,) pointed out that his 
modification of the Ritz method there pre- 


sented fails when applied to a state other than 
the lowest of a given series, e.^. {Xs){2sys of 
hehum-hke atoms, and suggested that a pro- 
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cedure might be worked out for applying the 
method to this case. This has been done by 
the author, using a comparison function de- 
signed to be orthogonal to the wave-function 

of the ground state. 

The following comparison function is or- 
thogonal to the exact wave-function of 
the ground state: where (f >2 


culated ionization potential. The parameters 
6 and 7 ) correspond to Eckart’s a and /3 for the 
state 

This comparison function gave the results 
summarized in the following table (ao and /3o 
are the adjusted values of the parameters, 
i?^fe = unitof energy, Tf^=energy, ioniza- 

tion potential) : 


W w Vi Vi 

/3o (calc.) (obs.) (calc.) (oos.) 


He I 
Li II 
Belli 
B IV 


2 00 

1.17 

4.289 

4.292 

0.289 

0.292 

1,082 

2 .98 

2.19 

10.073 

10.082 

1.073 

3.97 

3.18 

18.361 

— 

2.361 


4.97 

4.19 

29.146 


4.146 



= [u{aX)v{§T) + «(a2)a((Il)]/[2(l -f- 6^)]'^ V 
= (2.r)H«-l)V(-’c + a)“. = (Eckart, Phys. 

Rev. 36 , 886), exact wave-function of 
ground state, K. — [1— Ac- 

tually the use of a very accurate wave-func- 
tion for (such as that of Hylleraas), was 
found to introduce too great complexities 
into the maximization. The function <#>1 

= [2^.(€l)w(’?2) 4" ]/ [2(1 -j- 

where was used for xPu 

(due to Eckart, Phys. Rev. 36, 883).^ The 
validity of this approximation can be judged 
from the fact that a 10% change in tP was 
found to produce only a 1% change in the cal- 


One notices that ao is approximately equal 
to Z, (Z-ao-'0.02); that Z-^o is essentially 
constant and ^-^0.82; and that T4(ealc.) — 
(5/4)Z2-|-aZ+&, where a = -0.464, 5=0.216. 

Hylleraas (Zeits. f. Physik 65, Heften 11 
and 12, Nov. 14, 1930) has recently performed 
a calculation of this term for the special case 
of He I; his method, which results in a much 
more complicated wave-function, yields the 
value 0.290. 

John P. Vinti 

Massachusetts Institute of Technology, 
January 29, 1931. 


A Theory of Collision Processes Involving No Radiation of Energy 


The writers have developed a generalization 
of the Born collision method for dealing with 
collision processes. In the usual Born method 
the zero-order wave function for the colliding 
particle is a plane wave, undistorted by the 
presence of the stationary particle; which is so 
poor an approximation that the series for the 
cross section for many processes diverges; and 
in every case the first term is a bad approxi- 
mation for small relative velocities. The writ- 
ers use as a zero-order wave function one al- 
ready distorted by an approximate mutual 
interaction field. The interaction energies ef- 
fecting the transition have been expanded in a 
series which converges well for energies less 
than about. 100 electron-volts. The cross sec- 
tions 'for the various processes can be then 
computed and are valid for all except very 
large relative kinetic energies. 

These cross sections, as a function of the size 
of the particles, of the nature of the transition 


caused by the impact, of the mutual kinetic 
energy, and of the energy transferred from ki- 
netic to energy of excitation, check quantita- 
tively with such widely different experimental 
data as: Bleakney’s^ curves for ionization of 
Hg; Zeniansky’s® curves for transfer of excita- 
tion; Hanle’s^ curves for excitation of various 
atoms; and Latyscheff and Leipunsky’s^ curves 

for collisions of the second kind. 

Philip M. Morse 
E. C. G. Stueckelberg 

Institute for Theoretical Physics, 

The University, Munich, 

January 29, 1931, 

^ Bleakney, Phys. Rev. 35, 139 (1930). 

2 Zemansky, Phys. Rev. 36, 933 (1930). 

3 Hanle, Zeits. f. Physik 54, 848 (1929). 

^ Latyscheff and Leipunsky, Zeits. f. Physik 
65,111 (1930). 
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Ergebnisse der Exakten Naturwissenschaften. VoL VIII. E. BriIche, Freie Elektronen 
als Sonden des Baues der Molekeln. Springer, Berlin, 1929. 

This article deals primarily with experiments on passage of very slow electrons through 
gases. Stimulated by the observations of Ramsauer, a number of papers in this field have ap- 
peared within the last ten years. The present article gives a valuable critical survey of this work 
including a few new results. In his early paragraphs the author takes great pains to explain the 
significance of the “effective cross-section'’ in different types of apparatus. This is essential and 
well done. Later on almost equally elaborate discussions are given concerning points of minor 
significance. However, one may well overlook this lack of balance and rejoice to have a clear 
and systematic presentation of the experimental results including a classification of the “IFQ” 
(Wirkungsquerschnitt) curves into four distinct types. The interpretation of these results can 
hardly be satisfactory without a consideration of energy losses of electrons in collisions, a field 
that is outside the scope of this article. 

H, D. Smyth 

The Wave Mechanics of Free Electrons. G. P. Thomson. Pp. 161, figs. 53. McGraw- 
Hill, 1930. 

This book contains the subject matter of lectures delivered by the author as George Fisher 
Baker Non-Resident Lecturer in Cornell University. As the title implies, the book deals with 
that part of the subject which concerns electrons not forming part of an atom. It is primarily 
concerned with an account of experimental work, but also contains a treatment of the theory 
which is immediately applicable. 

After an introductory lecture, the first two chapters treat the General Theoiy' of Waves 
and de Broglie's Wave Mechanics, respectively. The following 8 chapters include a brief ac- 
count of the Theory of Wave Diffraction by Crystals; a discussion of various diffraction experi- 
ments confirming de Broglie’s relation for the wave-length of the electron; the effect on electron 
diffraction of an inner potential and the resulting refractive index; a discussion of the author’s 
own work on the determination of the atom form factor from intensity measurements, and a 
theoretical interpretation of certain aspects of these experiments; an outline of Sir J. J. Thom- 
son's physical theory of electron waves; theoretical considerations of the possibility of electron 
polarization with a list of the various experimental attempts to detect a possible polarization 
effect; and finally the application of electron diffraction to the study of surface films. 

The following errors are noted. Under the discussion of the reviewer's results on pages 101 , 
102, it is stated that the inner potential ^ was calculated “by subtracting the actual voltage of 
the electrons from the voltage V given by F- 150/X^ where X is the wave-length in Angstrom 
units which would give a spot in the observed position, ignoring refraction. This process is 
equivalent to ignoring the bending of the waves on emerging from the crystal.” This is incor- 
rect since the wave-length X as used in the equation referred to is not that which would give a 
spot in the observed position, ignoring refraction, but is the theoretical wave-length, determined 
from the geometry of the crystal for unit refractive index, with which an experimental beam is 
associated. The colatitude angles for the theoretical and experimental beams are not the same 
so that the bending of the waves on emerging from the crystal has not been ignored. 

On page 102 M. Davis is incorrectly referred to as Miss. 

To my knowledge this is the first collection into book form of the experimental investiga- 
tions in this new field, and will be a valuable reference to the status of the work at the time the 
book was written (Jan. 31, 1930), although several important contributions have since been 
made. It is particularly fitting to have an account by a pioneer worker who has made many 
notable contributions in this field. 


H. E. Farnsworth 
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Textbook of Practical Physical Chemistry. K. Fajans and J, WtiST. Pp. 233 +xiv, figs. 
74. E. P. Dutton, New York, 1930. Price $4,95. 

The experiments outlined in this book cover a much wider range of subjects than is cus* 
tomary in manuals of physical chemistry. In addition to the material commonly presented, 
there are chapters on Adsorption from Solutions, Coagulation of a Sol by Electrolytes, Trans- 
formation of Radio-Elements, Quantitative Spectrophotometry, Electrochemical Preparations, 
and the Lead Accumulator, The outlines of the more common experiments follow the classical 
methods quite closely. 

Each chapter is preceded by an unusually complete and worthwhile discussion of the re- 
lated theory. Numerous references are given to the better known textbooks of theoretical 
physical chemistry. The description of the experimental procedure is apparently planned to 
render the student practically independent of the help of a laboratory instructor. The appa- 
ratus and experiments are described with meticulous detail, and in several cases this description 
is followed by a discussion of the probable difficulties and ways of avoiding or overcoming them. 

The reviewer feels that it is regrettable that the authors decided to present the experiments 
on solutions, including the chapter on electromotive force, in terms of the older theory. The 
authors state in the preface “that to introduce the new system into this book would involve too 
great a departure from the treatment at present given in most of the general textbooks.” This 
statement certainly does not apply to two of the better-known general texts to which many 
references are made in this book. 

The text bears little evidence that it is a translation from the German ; the style is through- 
out clear and readable. Without resorting to small type, the publishers have been successful in 
economizing space by their arrangement of the print, so that a large amount of material is 
presented on 230 pages. 

Robert Livingston 

Band Spectra and Molecular Structure. R. de L. Kronig. Pp. x 4-163, figs. 16. The 
Macmillan Company, New York, 1930. Price $3.50. 

Books on band spectra are appearing, and more are promised. The volume under review 
is brief and devoted almost exclusively to the theoretical side of the subject. That, however, is 
as it should be. If each author will confine himself to those aspects of the field with which he is 
thoroughly conversant, we will get a set of books which, collectively, will be both authoritative 
and useful. This volume makes a good start in that direction. In spite of its brevity, it covers a 
multitude of topics, including an entire chapter on “Macroscopic Properties of Molecular 
Gases” (scattering, dispersion, Kerr and Faraday effects, dielectric constants, etc.). The range 
of material is indicated by a few sub-titles, chosen almost at random: Stark and Zeeman Effects, 
Energy Levels of Polyatomic Molecules, Rotational Distortion of Spin Multiplets, Perturba- 
tions and Predissociation, Band Spectra and Nuclear Structure. Moreover, the author kindly 
marks off those sections for which a knowledge of wave mechanics is essential, and even sum- 
marizes their contents, so that the “experimental physicist” may omit such sections without 
* losing the continuity of the argument. I am sure this will be appreciated by the great majority 

of readers. A few more diagrams, however, might well have been used. 

It is not surprising, in a theoretical book, to find an occasional mis-statement of experi- 
mental fact. The reviewer was, however, really startled to read, on page 97, that Birge and 
■f King had discovered the isotopes of oxygen (as well as that of carbon), and that these dis- 

coveries had been made by means of the appearance of the alternate lines which are missing or 
weakened in the spectra of homonuclear molecules. Such errors are perhaps not serious, for the 
reader, but Giauque and Johnston may well object, from the personal standpoint. Their 
beautiful articles on the discovery^ and confirmation of the oxygen isotopes are not even listed 
in the very extensive and valuable bibliography which concludes the volume. 

The author states that he has used the new nomenclature recently recommended by band 
spectroscopists (R. S. Mulliken, Phys. Rev. 36, 611, 1930), and this is the case, with a few more 
or less unimportant exceptions. In just one instance, however, the reviewer considers the mat- 
ter not unimportant. Dr. Kronig uses unprimed and primed symbols for upper and lower levels, 
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respectively, whereas the National Research Council committee, after considerable correspond- 
ence, recommended in 1926 single and double primed symbols, and this recommendation has 
been almost universally followed since that time. 

These criticisms are not to be taken as an adverse judgment on the volume, as a whole. 
Many persons will w'elcome a brief, clear and comprehensive account of the recent important 
theoretical developments in the field of band spectra, and the present volume gives just such 
information. 


Raymond T. Birge 
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Minutes of the Cleveland Meeting, December 30-31, 1930 

The Thirty-second Annual Meeting (the 168th regular meeting) of the 
American Physical Society was held in Cleveland, Ohio at the Case School of 
Applied Science and Western Reserve University on Tuesday and Wednes- 
day, December 30 and 31, 1930, in affiliation with Section B — Physics — of 
the American Association for the Advancement of Science. The presiding 
officers were Professor Henry G. Gale, President of the Society, Dr. W. F. G. 
vSwann, Vice-president, and Profevssor F. W. Loomis. The average attendance 
was about 300. 

The annual joint session with Section B was held on Wednesday morning. 

The presiding officer was Professor F'. K. Richtmyer, Vice-president of Sec- 
tion B. The program consisted of the address of the Retiring Vice-president 
of Section B, Professor Charles E. Mendenhall, on the subject, ^^Recent De- 
velopments in Photoelectricity.” This address was followed by a Symposium 
on Acoustics consisting of three invited papers, as follows: ^^Recent Develop- 
ment in Architectual Acoustics” by Dr. Paul E. Sabine of the Riverbank 
Laboratories; ^^Some Physical Characteristics of Speech and Music” by Dr. 

Harvey Fletcher of the Bell Telephone Laboratories, Inc.; and '^Concerning 
Some of the Problems Encountered in Recording and Reproducing Photo- 
graphic Sound Records on Moving Picture Film,” by Dr. Clarence W. Hew- I 

iett of the General Electric Company. The attendance at this session was 350. , i 

On Tuesday evening the Society joined with the Society of Sigma Xi for 
dinner at the Cleveland Club after which they attended a lecture by Dr. 

C. E. K. Mees, of the Eastman Kodak Company, given in the auditorium of i 

the John Hay High School. 

Annual Busmess Meeting. The regular annual business meeting of the 
American Physical Society was held on Tuesday afternoon, December 30, 

1930, at 2:00 o’clock in the lecture room of the Case School Physics Labora- I 

tory. A cain^ass of the ballots for officers resulted in elections for the year | 

1931 as follows: I, 

W. F. G. Swann , , j 

Paul D. Foote | 

W. L. Severinghaus ■ I 

George B. Pegram 
W. D. Coolidge 
F.W. Loomis 
xA. J, Dempster 
D. M. Dennison 
J. C. Slater 


President: 

Vice-president: ■ ■ 

Secretary : 

Treasurer: 

Members of the Council, four year term: 

Members of the Board of the Physical Review, 
three year term : 
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The Secretary reported that during the year there had been 189 elections 
to membership. The deaths of 11 members have been reported during the 
year 5 36 have resigned and 28 have been dropped. The membership of the 
Society as of December 29, 1930 is as follows: Members: 1963; Fellows: 516; 
Honorary Members : S ; Total Membership : 2484. 

The Treasurer presented a summary of the financial condition of the 
Treasury of the Society. The complete audited report has been printed and 
distributed to all members. 

The Managing Editor presented an informal report stating that the jour- 
nals of the Society were being well received by the membership as well as by 
physicists in foreign countries. The financial condition was reported to be 
one that needed careful attention since the continually increasing quantity of 
publication brought about an increasing financial deficit which had to be met 
by the generosity of individuals or organizations. The complete audited 
financial report of the Managing Editor has been printed and distributed to 
all members. 

Revision of By-Laws. On motion it was voted to approve the recommen- 
dation from the Council that Article VI of the By-Laws be changed to read : 

^^Each fellow or member of the Society who has paid his dues in full 
shall receive the Physical Review published by the Society and Science 
Abstracts Section A — Physics.” 

(Omit paragraph 2 as superfluous.) 

Place sentence regarding Science Abstracts — Section B— with foot- 
note concerning Reviews of Modern Physics. 

Important Resolutions. On motion the Society voted approval of the 
following resolutions passed by the Council; 

1. That the Council approve the establishment of a Journal of Applied 
, Physics, with the first issue appearing July 1, 1931, and that the edito!' 

of the Physical Review be appointed editor of this journal. 

2. That the Council authorize the substitution of a subscription for the 
Reviews of Modern Physics (or a subscription for the proposed Journal 
of Applied Physics, if and when established) in lieu of a membership 
subscription for the Physical Review in the case of any member or fel- 

- low who so desires. 

3. That the Council approve, in principle, the formation of sections in the 
Society by subjects and also the encouragement of affiliation of local 
physics clubs. 

4. That the Council propose the formation of an Institute of Physics for 
the purpose of coordinating various societies whose interests are pri- 
marily in the field of physics and for the purpose of supporting their 
publications. 

Resolution number 4 was approved with the addition: 

“That the Council consider specifically the possibility of such organi- 
zation under Section B of the American Association for the Advancement 
of Science.” • 
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Meeting of the Council At its meeting held on Monday, December 29, 
1930, three persons were elected to fellowship, seven persons were transferred 
from' membership to fellowship, and thirty-eight were elected to membership. 
Elected to Fellowship: J. Frenkel, Otto Oldenberg and W. H. Zachariasen. 
Transferred from Membership to Fellowship: Thomas H. Johnson, Julian E. 
Mack, George F. McEwen, Chester Snow, Thomas Spooner, Harvey E. 
White and John G. Winans. Elected to Membership: John Bardeen, B. Frank- 
lin Blair L. W. Chubb, C. W. Curtis, R. K. Dahlstrom, R. L. Echols, Russell, 
Fanning’, Sherman L. Gerhard, Edith Gideon, Lynn G. Howell, David R. 
Inglis, H. D. Koenig, J. B. Horner Kuper, W. Wallace Lozier, Charles H. 
Lutz Alfred F. Meyer, Parry H. Moon, Lewis M. Mott-Smith, Willard J. 
Poppy, Charlotte Purdy, Russell W. Raitt, G. H. Rockwood Jr., Paul N. 
Russell, Frances 0. Severinghaus, G. D. Shallenberger, Paul E. Shearin, 
Klaus J. Sixtus, Louis Statham, Paul Talmey, Josiah Taylor, George S. 
Thomas, Kenneth, B. Thomson, Louisa E. Townshend, John F. Wagner, 
Clarence W. Wallace, Charles A. Whitmer, Ralph E. Winger, and Bruno O. 

Winkler. _ . , r ot 

The regular scientific program of the Society consisted of 82 papers, num- 
bers 24, 56, 62, 78 and 80 were read by title. The abstracts of these papers 
are given in the following pages. An Author Index will be found at the end. 

W. L. Severinghaus, Secretary 

ABSTRACTS 

1. Mass absorption coefficient of the K shell according to the Dirac relativistic equation. 
Louis' C. Roess, Cornell University. {Introduced by E. H. Kennard.)-—TaMng as model an atom 
containing two non-interacting electrons and a fixed nucleus with charge Ze, the mass absorp- 
tion coefficient is calculated using the proper functions of the Dirac relativistic equation. Z is 
determined so as to make the lowest energy level agree with the expertoental value determined 
from the K absorption edge. The numerical calculation presented difficulty because of lack of 
tables of complex gamma functions. The relativistic coefficient is found to be from 0% to 
40% smaller than the non-relativistic coefficient calculated by Nishma and Rabi, the greatest 
difeence occurring for the heavy elements and short wave-lengths: it agrees slightly worse 
with experiment than the non-relativistic coefficient. The difference between theory and ex- 
periment is least for the hea^w atoms, as would be expected, since for the heavy atoms large Z) 
the neglected electronic interaction-field is small in comparison with the nuclear field. The 
variation of the relativistic coefficient with wave-length is complicated, but in the range 
iXt to X, {X*= wave-length of K absorption edge) it is more nearly linear with X^ than the non- 
relativistic coefficient. The importance of using the relativistic equation for h^vy ^tonis and 
short x-ray wave-lengths is emphasized by these results, which also show that the model chosen 

is too approximate, even for the heavy elements. 

2 Nature of magnetic doublet in para-azoxyanisol at 122° and 128°C as deterged by 
x-ray diffraction. G. W. Stewart. University of lowa.-k difference of opinion exists as to 
whether the Biagnetic moment of para-azoxyamsol m its liquid crystalline form, 117 C t 
134°C, is an induced one or is independent of the field. A magnetic field is app le 
lar to the axis of rotation of the spectrometer and to the x-ray beam passing trough the 
sample The effect of the field in the diffraction halo is studied quantatively. Boltz^nn s 
distribution law is assumed. The data are in agreement with the computations “'f * J® 
magnetic moment to be not polarized but permanent and to possess a value of 2.65 X 10 Bohr 
maSeJons in agreement wkh the results of Kast. This suggests, but does not make certain. 



P 

i 





■ 

m 


456 


AMERICAN PHYSICAL SOCIETY 


that a group of that number of molecules gives rise to the magnetic moment. The diffraction 
of x-rays at temperatures above 134° shows the disappearance of the magnetic moment, but a 
retention of groups otherwise similar to those just suggested. The groups causing optica! 
anisotropy are larger and not regular enough throughout to produce coherent x-ray diffraction. 
These large groups are easily affected by the stirring of the liquid. The time required for 
orientation is easily shown by the application of an alternating magnetic field. The experi- 
ment shows the value of the direct x-ray investigation. 

3 . The utilization of intensity data from Lane photographs. Maurice L. Huggins, 
Stanford University, — The measurement of Laue photograph intensities and the calculation of 
structure factors from them are discussed. Methods of correcting for differences (in intensity 
of the incident radiation, in absorption and in photographic effect) dependent on the wave- 
length, for differences (in size of the spot, in absorption and in the background of scattered 
radiation) dependent on the reflection angle, and for absorption (including primary and second- 
ary extinction) dependent on the nature of the crystal, are considered and the results of prelimi- 
nary measurements and calculations presented. 

4 . The characteristic x-ray absorption of molecules in the vapor state. J. D. Hanawalt, 
National Research Fellow, University of Michigan, — The purpose of the work here described is 
to provide a better understanding of the secondary absorption discontinuities which appear 
on the short wave-length side of the K and of the L x-ray absorption edges of many substances. 
The interpretation of the secondary discontinuities has been especially difficult because the 
absorption has not been obtained for atoms in the isolated state. In the present work the 
characteristic x-ray absorption spectra of numerous polyatomic and monatomic molecules in 
the vapor state have been photographed with a dispersion of about 5 XU/mm, and the results 
compared with the absorption spectra exhibited by the same substances in the solid state. 
The monatomic substances investigated are superheated Hg vapor, superheated Zn vapor and 
krypton. The polyatomic substances are the vapors of As 4 , AsCU, AS 2 O 3 , Br 2 , NaBr, HgCi 2 , 
Ses, Se 02 . It is found that none of the monatomic molecules show any absorption discon- 
tinuities at distances from the main edge greater than the ionization potential of the atom. 
The polyatomic molecules, however, show secondary absorptions in the vapor state differing 
only in minor details from the absorpition of the same substance in the solid state. This makes 
it appear that the secondary discontinuities are only observed for atoms which are bound to 
other atoms. If the discontinuities are to be attributed to simultaneous jumps of two or more 
electrons within the atom, one has yet to understand why they do not occur in isolated atoms. 

5. X-ray absorption coefficients of the light elements and their relations to the various 
absorption formulae. S. J. M. Allen, University of Cincinnati. — The x-ray absorption coef- 
ficients of the elements have been measured with greater precision and care at X = 1.539 A and 
1.934A with especial reference to the low atomic weight elements, 0, C, B, Be, Li, H. It was 
found necessary for these to have a complete chemical analysis carried out and corrections made 
by the additive law to ensure resultant values of /x/p, for which some degree of certainty could 
be stated. An impurity of iron of less than 0.1 percent at X1.539 can have a marked effect. 
The values of p/p, so far obtained, are compared to those predicted by the various formulae. 
A new formula developed by the author which was found to hold exceedingly well down to 
neon indicated irregularities below that point, C, N, and 0 certainly falling below the formula 
and Be and Li probably above. The same was generally true with the Z^A (Owens) law. 
The value of p/p for Li at X 1.539 extended by the X^ law to X0.71 (Ka of Mo) gives values 
much less than those previously reported (Hewlett, Mazumdar) at this wave-length. 

6 . The upper atomic number limit of the satellites of the x-ray line LiSg. Robert D. 
Richtmyer, Cornell University, {Introduced hy F, K, Richtmyer.) — Five satellites of the line 

have previously been reported for the elements in the atomic number range 40 to 51. An 
attempt was made to extend this range to higher atomic numbers, and to determine whether 
there is a limit in the atomic number scale beyond which the satellites do not exist. A Siegbahn 
vacuum spectrometer was used, the only departure from the usual photographic method of 


AMERICAN PHYSICAL SOCIETY 


457 


K-rav spectrometry being the comparatively high voltage on the x-ray tube. The satellite 
TR (a) was observed and measured for elements SO, 51, 52, S3, 56, 58, and 60; and two others, 
LB' and Lpi", only as far as element 53. For elements above Xe (54), the diagram lines 
fSiegbahn)-!.^?’, ift, and ifto shift their positions in the spectrum relative to L^i in such a 
wav that they occupy the region just where one would expect to find the satellites LPi and 
TBi" making observations difficult. The plates seem to show, however, that these satellites 
fade out and disappear with atomic number S3. The satellites iftCft) and ift(c) are not found 
above number 50. Throughout these extensions of their ranges the satellites, where found, 
obey the law that (Av/Ry'^ is a linear function of atomic number. 

7 Upper atomic number limit of the satellites of the x-ray line Lai. E. Ramberg, Cornell 
University. {Introduced by F. K. RicUmyer.)—Tht satellites of Kai, namely Kaz and Ka^, 
decrease in intensity rapidly with increasing atomic number above Cu(29) and have not been 
reported above As(33). Their disappearance seems to coincide, roughly, with the con^letion 
of Period IV of Bohr’s periodic table. Similarly the satellites of La, although strong at Cd(48), 
fade out very rapidly as the end of (Bohr’s) Period V is approached. The present paper is 
concerned with an attempt to map, by very long exposures, these La satellites in the atomic 
number range Sn(50) to Ce(58). There is no certain evidence of their existence above Xe(54). 
From Sn(50) to 1(53) they fade out into a very faint, diffuse band which shows very little 
evidence of structure, and in which therefore the identification of the lines and their wave- 
length measurements are difficult. The bearing of these data on the problem of the origin of 
satellites is discussed. 

8. Are the wave-lengths of x-ray satellites affected by chemical combination? F. K. 
Richtmyer, Cornell University.— Ybici “two-electron jump” theory of the origin of satellites, 
proposed by the author, postulates that one of the jumps should be between outer electron 
shells and should therefore be somewhat affected by chemical combination. That is, the 
difference in wave-length AX between a satellite and its parent line should depend on the 
chemical state of the emitting atom. The present paper describes an attempt to detect such a 
shift in wave-length for the Ka satellites of Si(14), S(16), Ca(20), Ti(22) and the LB, satellites 
of Ag(47). Except in the case of .Si(14) the data are inconclusive because of the possible re- 
duction or oxidation of the element in the target and the resulting well-known change in wave- 
length of the parent lines. Measurements on Si(14) were less ambiguous. Comparing t e 
Ka, 4 satellites of metallic silicon with those from Na^SiOs, the AX for the silicate is 3 9 percent 
greater in the case of Ka„ and 2.8 percent greater in the c^se olKai t^an for metallic sffi<Mn. 
These data are in substantial agreement with those of Biicklin (Zeits. f. Physik 38, 215 1220;. 
It will apparently be necessary to study fluorescence spectra to avoid spurious effects of chemi- 
cal reduction in the target. 

9 Interpretation of x-ray satellite lines. R. M. Langer, Massachusetts InstituU of 
Technoloey.—Ou'Mitum mechanical calculations show that double electron jumps involving 
two electrons hi different shells would give lines too faint to account for observed x-ray satel- 
lites. A theory can be given for single electron jumps in doubly ionized atoms which would 
give lines of much greater intensity and which would be compatible with the experimental 
results of Richtmyer and Taylor, and DuMond and Hoyt. According to this theory the ot 
satellites a', at, a,, w, of the elements from Na on, are due to the transitions 


(ls)i2s){2py >5 - 
{U){2s)(2py ■ 

{U)(2sy{2pyV^ 
(ls){2s)WyP 
(ls){2s)K2py^P 


■ (ls)H2s)(2py ^P. . . . (a') 

■ (ls)H2s)(2py^P.... (a.) 

- (isy(2s)H2py'‘P.--- M 

- (isy(2sy(2py^s-.-. (« 6 ) 

- (lsy{2s)H2py^H---- (“«)• 


There are five transitions to be expected and five are observed. Moreover 
intensities come out in agreement with experiment. Accurate calculations 
between lines cannot at present be made because exact wave functions are not known. 



best available wave functions give separations about SO percent off. The present theory can 
be extended to explain the structure of absorption edges and the shift of absorption edge with 

valence. 

10. A clieck on the lattice constants and axial ratios of stibnite. John G. Albright, 
Case School of Applied Science.— D sluo, (Textbook of Mineralogy) classifies stibnite as ortho- 
rhombic with axial ratios 0.9926:1:1.0179, Gottfried (Zeitschrift fiir Kristallographie 65, 
427-434, 1927) gives the axial ratios as 0.992:1:0.338 and the lattice constants as a = 11.39A, 

& = 11.48A, c=3.89A, making the value for the unit cell along the c axis about one third of 
that indicated by Dana’s values. In view of Dana’s reputation for accuracy it was thought 
desirable to check the determinations of Gottfried. X-ray diffraction and reflection photo- 
graphs give values for the lattice constants of a = 11.29A, S = 11.45A, c==3.87A, making the 
axial ratios 0.986:1 :0.339, which agree very well with the values given by Gottfried. 

11. X-ray analysis of cold rolling and recrystallization in steel. C. Nusbaum, Case School 
of Applied Science— h careful and extensive study, by means of Laue photographs, has been 
made of the effect of cold rolling on low carbon steel and the subsequent heat treatment neces- 
sary for its complete removal. The changes due to increasing degrees of cold rolling may be 
considered as taking place in three stages (1) introduction of internal stresses as indicated by 
radial asterism, (2) the fragmentation of the individual crystals, and (3) the increasing de- 
gree of preferred orientation of the crystal fragments. The necessary temperature in the sub- 
sequent heat treatment for the complete removal of the effect of cold rolling is a function of the 
degree of the cold work. However, recrystallization is necessary for the complete removal of 
preferred orientation. 

12. The “spread” as a measure of deviation in physical measurements. Elliot Q, 
Adams, Lamp Development Laboratory, Nela Park.— In order to compare results of incandescent 
lamp tests expressed in terms of the spread (maximum difference) observed in sets of various 
numbers of lamps, it was necessary to calculate factors to convert these results to a comparable 
basis. The average 'deviation of a single observation was chosen as the basis of comparison. 
Assuming a Gaussian distribution of errors, the factors have been calculated by mathematically 
approximate methods, and may be expressed by the semi-empirical formula: Spread/(av. 
deviation) =/(«) = (5.304 —2.11/(0.47 -fig «))(lg nf^^ with an error not exceeding 0.01 in the 
factor. This error is negligible in comparison with the unavoidable error in determining by 
any method the average deviation in a set of fewer than 10® observations, i.e., in practically all 
physical measurements. While it may be shown mathematically that the average deviation so 
computed is less precise than that computed from the sum of the residuals, or a fortiori of 
their squares, the difference seldom exceeds the probable error of the more refined measures. 
The labor of computation is so much less than that of the more precise methods that an expres- 
sion of the internal consistency of all results of physical measurements may reasonably be 
required. 

13. The wave-mechanical theory of radiation. E. H. Kennard, Cornell University —h. 

complete theory can easily be developed in terms of traveling plane waves instead of standing 
oscillations; such a form should be especially useful in dealing with phenomena which like the 
Compton effect involve motion. Replacing the usual Fourier integral by a series we write for 
the classical vector-potential of the radiation field, A — '2,{i){aili' cos sin Oi) AvAca 

where ei = 2Trvi(t—gXi), c^ilg being the speed of light, distance along the ray, A*' and A’" 
two perpendicular unit vectors and Aco an element of solid angle. As coordinates and momenta 
we take Q-^\a' cos lirvl, P-^a' sin 27 it^, and Q^^ia" sin Ircvt, cos 

^■;^^cAvAo3/2v', the energy is then 2(v)7r%(Q/-fP/), and cos &^A-pI 

sin Bff) where ec^2'Kgv„%(r, 0=2 p^i/c. We now replace Pa by hl2TridfdQa and form the Schro- 
dinger time equation, adding in the Hamiltonian for a non-relativistic free electron simply 
l/2w(V— e/cS4<,)^, The motion of a packet is easily followed; formulas almost classical in 
form are obtained for its centroid, with the operators —XdAa/dXa and XVX^Aa acting as 
electric and magnetic field -strengths. The acceleration vanishes when the field is in its normal 
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or any other pure quantum state, showing that the “zero-point” infinite energy does not imply 
the existence of a physical electromagnetic field. 

14. On the mechanism of Ught absorhtion in solid bodies. J. Frenkel, Visiting professor 
from Leningrad, University of Minnesota. {Introduced by H. A. Erikson.)— Starting from the 
analoev between a crystal and a molecule, it is shown that the electronic excitation, forming 
thp first step in the process of light absorbtion, is not confined to a particular atom, but is 
HHuted between all of them in the form of “excitation waves,” similar to sound waves which 
are used to describe the heat motion in the same crystal. Owing to the interaction between the 
atoms the excitation state is split up into substates whose number is equal to the number of 
atoms n (excitation multiplet). By superposing several excitation waves excitation packets 
ran be constructed representing the travelling of the excitation state from one atom to another. 

To each excitation (sub.) state there corresponds a definite crystal structure (lattice constant, 
vibration frequencies) slightly different from that of the normal one, and giving rise to slightly 
different vibrational states. This influence of the excitation on the vibrational states provides 
an indirect coupling between them, which allows the excitation energy to be shared between 
a few hundred heat-oscillators with practically no direct coupling (nor anharmonicity) in a 
radiationless transition which forms the second state of the process of light absorbtion. 

IS. Interchange of translation, vibration, and rotation energy. Clarence Zener, Harvard 
University.— k modification of the Born collision method is used to calculate the effective cross- 
sections of inelastic collisions of the first and second kind between atoms and molecules. The 
unperturbed Hamiltonian is taken to be the exact Hamiltonian averaged over the internal 
coordinates of the molecule. The internal motions of the molecule is treated as the perturbation 
that results in a transfer of energy. The sharpness of the collisions is approximately obtained 
from the mean ionization potentials of the two colliding systems. The small probability of 
transfer of vibrational and translational energy arises from the duration of the collision being 
greater than the time of oscillation. In general, the effective cross-section for a collision of the 
Load kind is comparable to the kinetic theory cross-section only when a frequency of the 
molecule is comparable to a frequency associated with the combined system of molecule and 

atom. 

16. Orbital valency. James H. Bartlett, Jr. University of Illinois.— problem of 
interaction of two identical atoms, each with one p valence electron, has been investigated. 
The total system has originally a twelve-fold degeneracy, and a first order perturbation ralcu- 
lation is made, using a method analogous to that of Kemble and Zener for the excited states of 
the hydrogen molecule. This enables one to give an estimate of the relative positions of the 
resulting Llecular states as a function of the internuclear distance. A simple 
function similar to those employed by Zener (with no radial nodes) has been used m the 
present work to facilitate the calculations. Complete potential energy curves have now teen 
obtained, and agree in general with the results reported in a letter to the Physical Review 36, 
1096 (1930). 

17 Directed valence in polyatomic molecules. J. C. Slater, Massachusetts Institute of 
Technology.-hy means of wave mechanics one can draw conclusions regarding valence in 
polyatomic molecules, finding in particular that the different shared electron bonds from a 
single atom tend to be at definite angles to each other. The two tends in atoms like ° W j 
and the three in nitrogen, tend to be mutually perpendicular, while in^carbon a tetrahed 
structure is indicated. These conclusions in the first two cases rest on the nature of the wave 
function for a p electron: the three types of p electron may be considered to have densiti^ 
large along three mutually perpendicular directions. With carbon, one must combine te^ 
three with an r electron to produce tetrahedral valences. The conclusions ran be supported by 
a wide range of experimental facts, from the structure of simple inorganic molecules, metals, 
and organic compounds. 

18. PolarizabiHties and intra-atomic energies of hydrogen and helimm John G. Kirk- 
wood, Massachusetts Institute of Technology. {Introduced by J. C. Slater.)— A method of calcu- 
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lating polarizabilities and intra-atomic energies has been developed. An approximate separa- 
tion of variables in the original wave equation is effected. From the approximate wave function 
which is obtained, a more exact one is constructed with the use of the variation principle. 
The polarizability and energy of two atoms at large distances have been calculated for hydro- 
gen and helium. 

19. Oa the Michelson-Morley-Miller experiment N. Galli-Shohat, Mount Holyoke 
CoUege.—At the meeting of the American Physical Society held in Washington in April, 1930, 
it was suggested by the writer that Professor Miller’s effect can be explained by means of the 
effect observed by Esclangon. This further enables us to explain why Professor Michelson in 
the last repetition of his experiment did not observe any effect. In fact, the displacement of 
the fringes due to the effect of Esclangon (rotation of the whole interference pattern) depends 
only upon the orientation relative to the motion of the solar system of that part of the path of 
light in the interferometer, which goes from the last reflection directly into the eye of the ob- 
server, In the arrangement of apparatus used by Professor Michelson, this path was made 
stationary, being directed along the axis of rotation. Thus, the revolution of the interferometer 
around this axis could not change the orientation of this path in space; hence, no effect can be 
expected. While in his first arrangement, which was used also by Professor Miller, this path lies 
in the plane of the interferometer, hence, a change due to revolution and a displacement of the 
fringes. 

20. Change in mass-weight ratio. Peter I. Wold and Earle M. Bigsbee, Union College. 
— ^The late Charles F. Brush carried on experiments which led him to conclude that the weight 
of a metal may change when strained, giving a change in the ratio of mass to weight. His 
experimental technique seemed to preclude the obvious sources of errors which might be urged 
as explanation of his results. The matter is of sufficient importance to our theories of gravita- 
tion to justify checking and at his request weighings were made on certain alloys prepared by 
him. The procedure was practically the same as described in his paper in Proceedings of the 
American Philosophical Society (Vol. 63, 1925, p. 36). Weighings taken on various specimens 
showed losses in weight when the specimen was compressed and a nearly complete recovery 
when the stress was removed. The changes were substantially in excess of balance errors. The 
losses were less than found by Brush and he considered this as due to annealing during the 
time between the preparation of the sample and its weighing. The shorter this time the larger 
were the observed effects. In the last sample studied, where elapsed time was shortest, the 
losses amounted to one part in 130,000. The work may be considered as confirming that of 
Brush. The suggestion that the effects are due to changes in the amount of adsorbed gases 
does not appear to be a sufficient explanation. 

21. Properties of single crystal magnesium. P. W. Bridgman, Harvard Utiiversity.— 
Pure magnesium, which I owe to the Aluminum Company of America, was prepared in single 
crystal form by slowly lowering out of a vacuum furnace iron molds filled with the melted metal. 
The crystal structure of magnesium is known to correspond to the close packed hexagonal 
arrangement of spheres. It is therefore to be expected that the properties will not vary greatly 
with direction. This turns out to be true for the compressibility, for which was found: 

Parallel to the axis, at 30® —Al/k = 9.842 X lO"^^ - 6,5 1 X lO^^y 

at 75® -A/A « 10.154 X 10-7^ - 7.78 X 10""i2p2^ 

Perpendicular to the axis, at 30° -Al/k = 9.845 X lO-’^p -9.19 Xl 0 ~i®p 2 
at 75® -A^/o = 9.659 X 10-’^i> 6.95 X 10-«p2. 

Pressure is expressed in kg/cm®, and the pressure range is 12000. 

The electrical resistance, however, does not satisfy expectations. At 22®.5 the specific 
resistance is 3.89 X 10”« parallel to the axis, and 4.60 XlQ-s perpendicular to it. Not only does 
the resistance vary materially with direction, but in almost all other non-cubic metals the 
resistance is greater parallel to the axis. The average pressure coefficient to 1 2000 was found to 
be 4.35X10 ® parallel to the axis, and 4.62X10”^ perpendicular to it. The temperature coeffi- 
cient of resistance at atmospheric pressure between 0® and 100® was 0.00523 and 0.00428 
respectively. 
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22. Transverse heat effect in single crystal bismuth plates. H. P. Stabler, Harvard 
University. — The dependence of the transverse heat on the orientation of the crystallographic 
axis has been studied in single crystal bismuth. The metal was of three different varieties (of 
which one was specially prepared electrolytic bismuth) all having high temperature coeffi- 
cients of resistance and giving identical results. The crystals were grown by a modification of 
Kapitza's method in the form of uniform rectangular plates, about 15X2.2 mm cross-section, 
and perfect over a length of from 4 to 16 cm. Measurements made on twenty-eight plates 
covering the entire range of orientation show clearly that the Thomson symmetry relation for 
the tranverse heat, = (Pi! —Pj.) sin d cos 0], is not satisfied. The ratio {T{&)/sm 6 cos B) 
plotted against sin Q cos instead of being constant, varies in a I'oughly sinusoidal manner, 
with the extremes at 15® and 75° differing by 24% ±5. These values are 14.2 and 18.0 X 10'"* 
watts respectively, and at 45°, 15.9. Bridgman, and Fagan and Collins have shown that the 
longitudinal F^eltier effect also, in bismuth, deviates from the analogous Thomson relation. 
Ehrenfest’s recent treatment of these phenomena in crystals arrives at the Thomson relations, 
and thus his treatment, though general, is not sufficiently comprehensive to account for these 
experimental results. 

23. Liquid flow through porous uixsaturated mediums. L. A. Richards, Cornell Univer- 
sity,-— When a liquid is absorbed by a porous medium and the medium is unsaturated the 
pressure within the liquid is less than atmospheric pressure and is determined by the curvature 
of the air- water interface. Under such circumstances flow of the liquid through the medium 
is caused by gravity and pressure gradients ivithin the liquid. Analogous to electrical currents 
in metals, this flow may be expressed in terms of the product of a potential gradient and a 
conductivity factor. For the capillary case, however, the conductivity is a function of the 
potential which in turn is a function of the liquid content of the medium. By means of specially 
constructed porous cells the conductivity of w'ater through clays, soils and sands has been 
measured at various potentials. These data furnish a basis for a quantitative study of the 
motion and equilibrium distribution of water in such mediums. 

24. Determination of frequency and damping of resonating circuits. J. Tykocinski- 
Tykociner, University of lUinois. — It was found as a further result of studies of thermionic os- 
cillators (Phys. Rev. 33, 634 (1929); and Univ. of III. Eng. Exp. St. BuL No. 194) that periodic 
variations of constants of a coupled circuit produce periodic variations of plate and grid 
current. This property of oscillators was investigated and applied for the determination of 
frequency and damping of circuits whose location or other conditions do not allow the insertion 
of a variable condenser, variometer or resonance indicator. The circuit is coupled with a 
calibrated circuit energized by a thermionic oscillator tube and with an aperiodic circuit, whose 
reactance or resistance may be varied periodically by means of an electromagnetic tuning 
fork, buzzer or by superposed a.c. When the oscillator is being timed, variations of the plate 
and grid current are produced, which show a periodicity corresponding to that of the tuning 
fork or a.c. and a transient amplitude passing through two maxima and a sharp minimum 
placed between them. The if-curve of effective current values thus obtained is a curve of 
derivates of the Bjerknes resonance curve. The minimum coincides with the fundamental 
frequency. The interval separating the two maxima is proportional to the decrement of the 
measured circuit. The maxima and minimum of the M-curve are audible in a telephone re- 
ceiver. The complete curve is o!)tained by thermoelectric or thermionic instruments connected 
to amplifiers. I’he method was applied to closed circuits and antennae at frequencies from 100 
to 100,000 kc. 

25. The amplification of small direct currents. L. A. DuBridge, WO'Shingion University^ 
St. Louis. — A series of tests has been made by the author, under the supervision of Dr. Hull at 
the General Electric Laboratories, to investigate the possibilities of using a newly developed 
four-element thermionic tube, the FP-54 Pliotron, (described by Metcalf and Thompson, 
Phys. Rev. 35, 1489 (1930)) in place of an electrometer in the measurements of very small 
direct currents. Simple circuits of standard types were found suitable and a wide range of 
sensitivity obtained. (1) With a single-tube circuit, using a Type R galvanometer and an input 
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resistance of 10^“ ohms, a current sensitivity of 10“^^ amp/mm is readily obtained. (2) Greater 
stability is attained by using a balanced two-tube circuit, with which a sensitivity of 10“^® 
amp/mm can be reached. (3) By ^^floating” the two grids of this circuit and using the 'Vate of 
drift” method of measurement, it was found that currents as small as SXIO"”^® amp could be 
detected. (4) To enable the output to be read on a microammeter a second stage of amplific- 
tion was employed. A deflection of 4 micro-amp. was obtained for an input current of 10“^® 
amp. The circuits are all more stable and simpler to operate than an electrometer of equal 
sensitivity, and the highest attainable sensitivity is greater than for any type of electrometer 
except the Hoffman. 

26. Studies in non-linear circuits. Chauncey Guy Suits, General Electric Company^ 
Schenectady, {Introduced hy A. W. Hull), — The fundamentally important series inductance, 
capacitance, resistance circuit 


di 1 r 


idt+iR{i) -fit), 


( 1 ) 


where the parameters are functions of the current, is discussed. The frequent occurrence and 
great practical importance of circuit elements which depend upon the current are noted. The 
particular cases of the series and parallel circuit with linear resistance, linear capacitance, and 
a non-linear iron-core inductance are studied in detail. For the series circuit it is shown that 
the abrupt rise in current with increase in voltage at a certain critical voltage for the circuit 
may be identified as a quasi-resonance condition, called non-linear resonance. The condition 
for resonance in the linear circuit, 




is generalized as 
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(3) 


for non-linear cases. The relation (3) is satisfied in the steady state during a portion of each 
cycle, wherein the peak current may be calculated from Ohm’s law. For the parallel circuit 
non-linear resonance similarly obtains, and is associated with a decrease in total effective 
current with increase in voltage (r.m.s.), a property unique in circuits. The fundamental 
analogy between the behavior of linear circuits to changing frequency and non-linear circuits 
to changing voltage follows from the predominating voltage dependence of impedance for the 
non-linear iron-core inductance. The paper will be accompanied by demonstration apparatus 
if time permits. 

27. The effect of the temperature dependence of the work function on A and b in Richard- 
son’s equation. J. A. Becker and W. H. Brattain, Bell Telephone Laboratories, Inc,, New 
York. The most general form of Richardson’s equation is 

where Lp represents the energy added to the system when one mole of electrons is "vaporized” 
at constant pressure. This equation follows necessarily from the first and second law of ther- 
modynamics and from the generally accepted assumption that the electron vapor behaves like 
a perfect gas. In order that 

i-^AT^r^o/^ ( 2 ) 

it is necessary that ^ 

Lp:^boR+5RT/2 ( 3 ) 

and to assume that ha is independent of T, 5 RT /I represents the kinetic energy of the electron 
gas plus external work done per mole at constant pressure. It is generally assumed or deduced 
that the electrons in the metal receive negligible energy when T is increased. In that case, 
represents work done per mole against various electrical forces. Cal! this 51?! 
If depends on r, (1) becomes 
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(4) 


If b = b<,+aT 1 = (5) 

If the work function 

invalid;2.themeanslopeoflogt-21ogrvs. Vi isOo+«i an 

plot is log (4 e“r“) and not log 4 or log (4 e ). 

28. Conductivity of oxide cathodes. “ ^ to'the^S 

of Michnanl-^rU conductive properUes of oxide served as one electrode, 

type of radio tube have been investigated. The inner ^ Currents through 

the second being a nickel strip m contact w th the outer surface ot the .lertromo- 

the coating as measured at constant f ischang- 

tive force. A decrease in conductivity of about ^^er frequencies for 

ed from 1500 to a'-f /O.OOO cycles 

higher values of applied potenti. 1 . inhibited at the higher frequencies. A 

the coating by ionic conduction, t p_ core metal and oxide surface is sug- 

method of estimating the relative the™^ 

gested. Fluctuations in the per An abnormal increase in “shot” 

„„a,= ™ faand fo, '"’T'” '“S Ei il E .p.« charge p»de=ed by d«=. 

r.“eS7S— Cc -‘-.d ..r,.c. 0 , .he 

29. The IctreTwls detomfoed Sbr^’kfng a piece of the electret 

30. Electrical “risdcs of 

rdStS'L the dielectHc “w 

ing conclusions: (a) At '=°-tant tm^^^ pp, (b) At 

percent as the frequency is in - ■ *. decreases with increased temperature and this 

constant frequency the ^-electric constant decreases wm (c) For a given tempera- 

change appears t« be proport®"^' to m ^eci^ frequencies the A.C. loss is independent 

ture there is a critical frequency increases with the frequency. Within 

of .he (reccy .hd for ah h.gh.r ‘EEuS Ed .1 A.C. lo, .pp»r to be .he 

the first frequency range the niechanis ^ . • charged ions or larger particles in the oil 

same, and both are probably due to the -Jarg" 

Within the second range, the loss P- of either temperature or 
been subtracted), shows resonance c ^ critical frequency below which the 

Sf SdW theory of polar molecules, and a qualitative 

' 'agreement has been found. ^ ^ 

3.. -‘.“r “5.“ oS: 

versUy.—The dielectric constant of an organ P complexity. Probably the future will 

physical properties such as Mlvent power constant and the other physical pro- 
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each of the following: Kp 

ether, methyl cyclohexanrm!rtT^"- ‘^*’*0''°forra- cimiamic aklelivdc, ettu'l 
ether, iso-propyl ether, o-xvlenl ^ o-mtrobenzoate, nitrobenzene, oxalyl ehloride, n-propy! 

for ortho- P-xy!ene. The temperature coefficients of the 

^ for both the linear formnlo '! P^^ra-xylenes were cletenriined o\'er a ran|,^e of af^oiit 
a ues of the dielectric constant^"l ^begg’s formula. It seems reasonable to believe that the 

Punty of the organic compound" relatively as accurate as the 


the vertirnl changes in r 


the -• aue to chpno-n„“^'' Eleciric Co., .Schenectady, 

tte verbeal component of the eaX‘" fT responsi^•c to 

by an e^t be flown f misleading as a direction instru- 

Py an electromagnetic comnas, : r * ''eforence means. The fJotential generated 

sitivitvlf^ velocity and STCed*^*'Th°^ the course setting B, the course error d.0 and tlic- 

to sff ’^“"‘^Plled by trc' ^ the sen- 

indepeJd "J ® “®P®"®ati„g T'! ■««<=hanism, supplies a potential proportional 

chol ct * « addS ? n 'r ‘^"Sular x-elocity effect 

alquacroTtr°‘’°"‘'°"^> fo ^gukr d’ f the 

experimem system for maimainin^^r^'^'”^*’-*’’® “"d'tion for aperiodic steering. The 
surortherr ‘he rudlr anl"^ has been verified in a series of 

potentials m the compass^cir^lt made porportional to the algebraic 

33. A method of weath 

day" iV °Jf that when a Virginia Unwersity.—h has 

signal is thfsta ^^^ ^trongefthaTthT T ‘’f •i' Pittsburgh and Morgantown, the 

Morgantown n ‘n the ratio of ® Pressure area, the night 

n Will ir,,... . f the day to the night energy received from KDKA at 

‘Cation of the atmospheric condit-inne *.u. .. . 


Morga„t;w;;^‘|-Hencetherati;^^ 
nthiamethodoff^::;-^^ 

ene^ ^ , ^he area’ t measured ’‘our before sunset and 

wherX irthn ?• ^ttPh day If tX ‘‘"d the ratio of the day to night 

eterreadlnX °'^''°P®toonehalf n ‘h^^^ °"e. f^r weather is indicated; 

town will cfusel f dirlctlLXh^ ^rddition to this ratio, barom- 

energy ratio from barometer and a south i passing north of Morgan- 

a station to thn f ^tion to the north : to the south, the 

fon to the south. "°rth is no longer reliable and readings must be taken upon 

to electric b • 

eXSen^Xe Potentials, 

electric current °t“ 'vith Ba ohotoni t ^ Ernest Merritt.)— A large number of 

increased greatly at -./®™P®*'^ture and plate not/'^-T determine the variation of photo- 
ture the thermionic ^ higher temperatures and rL"h' d ^ photoelectric current 

eeli with inteXoted‘',®".®"‘ limitedX’Xr h A* *•'!« tempera- 

measure the photoel ‘be intensity of which " • 7 dluminating the photoelectric 

former coupled XS'fi Xh allXthX' . ®“‘‘®°idany. it was possible to 

the thermionic curr^'f®'" ® Bedell-Reich stahT ‘.b® “®® ^ 

were completelv i‘ ®foggish cun-c + Oscilloscope.” With this apparatus 

way a ^od o2 th?t "^^b may be due to light in a secondly way 

torLt a ZnZt^T^ ‘^bich rep^r^XtlX^XX" this 

the first of which is This curve sh7 X” °f. Pbotoelectric current vs. tempera- 

•® not observable with aXl ®b°ws two distinct maxima at S60X and 740“C 

35. Correlating the • '^"°'”® ®'' d constant illumination is used. 

of FoXr and oth?s"^° ^ R° olX" 2« selective transmission of elec- 

gested the possibility the penetration Laboratories. Inc.— The results 

y through the cathode surface. These electrons must bi 


be 
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associated with waves of such length that they will form standing waves between abrupt 
potential discontinuities of like sign on the cathode surface. The existence of such a potential 
valley may be reasonably postulated, particularly for surfaces consisting of a layer of electro- 
negative atoms or molecules sandwiched between electropositive layers. _ By interpreting the 
width of the valley to be the distance between the nuclear boundaries in successive 
positive layers and substituting these for d in the easily derivable equation vm^. -nhj'&mA 
for d =0.0551 Angstroms, for the case of w = l], an extremely close correlation with 

experimental facts results. All the observed selective maxima in spectral photoelectric response 
curves for the hydrides, oxides and sulphides of the alkali inetals have been checked by this 
equation with a higher degree of accuracy than has been obtained by any other theory. 

36. Physical detectors of “Mitogenetic Radiation.” Otto Glasser and V. B. Seitz, 

Clmelani Clinic Foundation, Cleveland, OWo.— Experiments of Alexander Gurwitsch and_ co- 
workers in 1924 showed that some form of radiation from growing and dividing cells of various 
plants and tissues produced increased mitosis in other cells. Since then this observation has 
been experimentally substantiated by numerous other workers. An attempt is ° 

detect and classify these “mitogenetic radiations” by physical means and some results of these 
experiments are reported. 

37. Thermoluminescence excited by exposure to radium. Frances G. Wick, Fowor 
College— The experiments described in this paper were ma'de at the Institute for Radium Re- 
search in Vienna and the method of observation is one which has been used there by Dr. Karl 
Przibram. Calcium sulphate plus manganese and specimens of fluorite were exposed to ra.dium 
and the thermoluminescence excited by this exposure was measured by heating the specimens 
in front of a photo-electric cell connected with a Wulf electrometer. Obserrmtions were made 
from the beginning of heating until the light was exhausted. Subjecting the specimens t 
pressure of 10,000 Kg/cm’ either before or after exposure to radium was found to change t 
fntensity of the light emitted. Calcium sulphate plus manganese shows a single maximum of 
TntenSy as the te^rature rises. The effect of pressure applied either before or af er exposure 
to radium is to diminish the height of this maximum. Powdered fluorite previously h®at®d to 
remove all natural thermoluminescence, shows, after exposure to radium, a 

r^axima due to different rare earth impurities. These maxima are lowered as a result of pressure 
A broad diffuse band in the blue upon which the sharp bands are superimposed is made stronger 
as a result of pressure. 

38. Significance of wave-length in color vision. C. A. College of 

Helmholtz and Koenig showed all color sensations to be reproducible . 

specific wave-lengths. Ladd-Franklin suggested red and green, blue and P"“ ![' 

eLh pair belonglg to a single sensitive mechanism. The author’s 

retinal areas sensitive to homogeneous light selected from various 

spectrum indicate that the four areas exist and are independent. The approximate wave-leng 
Se tM each is sensitive has been measured, and an additional area sensitive only to the 

shorter wave-lengths has been found. 

39. Appearance of color bands in films of sputtered tin. Lester I. Bockstahler and 
C. J. Overbeck, Northwestern University. Small circular cathodes o tin are use 

I ms on glass. These films show concentric rings of color similar in appearance to Newton s 
rkgs When viewed with monochromatic light, the rings are alternately 1‘gh daA. 

rfwhit. ligh. .b. films show .ev».I cycle, ol the col.j »' f ' “““"“Sim 
The growth of a set of rings, when viewed with reflected white lig , „ 

ance of a blue center a few seconds after the discharge is started. This center graduallyjasses 
through a cycle of colors of increasing wave length until it is red. ^ith the appearance 
percenter color all preceding colors move outward and form 

ter then merges into blue and the cycle is repeated. The rate of growth of a ®®t ^ 
pends on thonatureof the gas as well as on its pressure and the ®“tr®nt density Sor tends 
set of conditions the change of color of the center and the addition ° ^ _ ^ chemical na- 
takes place with very definite regularity. Work is in progress to determine the chemical na 

ture of these films and the cause of the colors. 
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40. The transmission of visible light through fog. H. G. Houghtox, Round Ilili Research 

Division, Massachusetts Institute of Technology (Introduced by J. A. Siration). -Measurt^inents 
have been made on the transmission of visible light through artificiaf fog which was fu'(jducc;d 
by condensing low pressure steam. Curves for various densities of fog were ami fomicJ 

to have definite maxima at about 4900A. The relation between fog density and the transmissiem 
of light w^as found to be practically linear for all w^ave-lengths in the \’isi}j!e spectriun. The 
maxima obtained are not in agreement with the results of other investigators but it is thought 
that this is due to a difference in the particle size of the fogs. Measurements indicated that 
the particles of the fogs used were considerably smaller than those of the fogs employed by 
other experimenters. 

41. Theoretical discussion of the transmission of light through fog. J. A. Strattox an d 
H. G, Houghton, Massachusetts Institute of Technology, — The transmission of light tlirough 
fog has been studied from a theoretical standpoint in an attempt to explain the experimental 
results described in another paper. The treatment is based on the wmrk of Debye, Alie, |o!)st 
and others on the pressure of light and on the colors of colloidal solutions. The fog particles 
are considered to be perfect dielectric spheres having an index of refraction of 1.33 and a 
permeability of unity. The coefficient of absorption, which is a function of particle diameter 
IS obtained by direct summation of Jobst’s expression. By proper selection of particle diameter 
a theoretical curve is arrived at which fits the experimental curve quite closely. This particle 
size checks the measured value within the accuracy of the measurements. The transmission of 
light through fog having larger particles may be readily computed in the same manner. 

^ 42. Ultraviolet energy radiated by General Electric type S-1 lamps in quartz bulbs. B. T. 

Cleveland. The energy flux density of the principal ultra- 
violet lines from General Electric S4 lamps in fused quartz bulbs has been measured. The 
latter are made somewhat smaller than the glass bulbs so that with normal operation the 
emperature of the mercury pool will be the same in the two cases in spite of the lower absi>rp- 
tion of the quartz m the infra-red between 2 and 4^. The gain in intensity by use of quarto 

bulbs IS even greater than expected. With quarto bulbs the lines at 2650 and 2S37A are 'LJy 
as strong as those around 3000A. / a are nearly 

43. The General Electric photoflash lamp. W. E. Forsythe and M. A. Easi ey Neia 
Park Laboratory, Cleveland. The bulb of the new photoflash lamp contains about fifty milli- 
grams of alummum foil that has a surface of about three hundred sixty square 

mteen volt line. As the lamps are now constructed they start about two hundredths of a second 
after they are turned on and from the beginning of the flash to the maximum is Siom See 

Hux amounts to well over one million lumens. 

magnetostrictifn mrs^ntf ifnS? " T “ been employed for gross 

cryLls. Length ^anS fa a dLt e bismuth 

The results for nickel fnd iron te simLft If field are measured. 

and iron are similar to those previously obtained. Magnetite expands 
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for two orientations and contracts for a third and shows no hysteresis. Hematite shows a small 
expansion for each of two orientations. For bismuth a field of 2160 gauss produces no measur- 
able change in length. It is estimated that NL/L is less than 2.2X10“®. Additional measure- 
ments are to be made with larger magnetic fields and higher sensitivity, 

48. Variation of magnetic susceptibilities with temperature in and Amelia , 

Frank, University of Wisconsin, — Calculation of susceptibilities in Sm'^'^+ and Eu'^'^'^, pre- 
viously made at room temperature only (J, H. Van Vleck and A. Frank, Phys. Rev. 34, 1494 
(1929)) were extended to include values over a temperature range 14®K-1000°K using the 
theoretical expression previously given (l.c.). The value of the temperature coefficient 
(l/x)(dx/^2") at 300®K was found to be —0.00187 for Eu++'^ and only —0.00032 for Sm++'^ 
in contrast with the normal Curie value —0.00333. These values are in satisfactory agreement 
with existing experimental data. Cabrera finds —0.002 for Eu+++ while Freed and .other 
observers report values in the neighborhood of —0.0006 for Sm. ■*■+"*' The coefficient for Sm‘’‘++ 
is so abnormally small that accurate percentage agreement cannot be expected. The computed 
values show that Sm++’’’ should exhibit a curious behavior in that, while at low temperatures 
the susceptibility decreases quite rapidly with an increase in temperature, a minimum is reached 
at about 400®K. 

49. On the theory of magnetic susceptibilities of salts of the iron group. J. H. Van Vleck, 

University of Wisconsin. It is well known that the susceptibilities observed for these salts, in 
marked contrast to those of the rare earths, do not have the theoretical values for free ions, 
but instead conform to a formula x~N{}ie/2TrmcyS{SA-Y)/2>kT obtained by assuming that only 
the spin S of the paramagnetic ion contributes freely to the susceptibility. As emphasized by 
Stoner, (Phil. Mag. 8, 250), this demands that inter-atomic forces quench the magnetic effect 
of the orbital angular momentum, both in solids and solutions. The present paper aims to 
show that these forces can really do this. Following Bethe and Kramers, they may be approxi- 
mately represented by a potential V whose series development usually begins with second order 
terms Ax^A-By^A'Cz^. If j(.4 —B)x^\^kT etc., or in general if V has no more than rhom- 
boidal symmetry and is large compared to kT^ these inter-atomic forces really quench the or- 
bital moment. For the spin to be free, however, one must have where 

kAvM J^nd hApv are respectively of the order of magnitude of the multiplet intervals for free 
ions and of the dissymmetry in V. These conditions require that hAvy likely be of the order 
O.i to 1 volt. This agrees qualitatively with the coloring of iron salts in solution, which indicates 
that the ion is held in complexes whose binding energy is about 1 volt. 

50. Magnetic susceptibilities of some binary alloys. F.L.Meara, Ohio State University . — 
Gouy’s method for measuring susceptibilities has been used to determine the susceptibilities 
of six series of binary alloys, tin-thallium, cadmium-zinc, antimony-cadmium, antimony- 
thallium, antimony-lead and antimony-tin. The specimens in the form of small cylindrical 
rods were made from the purest metals obtainable and were melted either in a vacuum or in an 
atmosphere of nitrogen. The difference in weight in and outside a magnetic field was deter- 
mined by means of a Sartorius balance, which under favorable conditions gave the weight to 
one millionth of a gram. The maximum error did not exceed one percent. Curves showing the 
relation between susceptibility and concentration indicate the formation of the inter-metallic 
compound Sb-Cd in the cadmium-antimony series, and Sn-Tl in the tin-thallium series. With 
the addition of thallium to antimony the diamagnetic susceptibility passes through a minimum 
when the concentration of antimony is about eighteen percent. The lead antimony series shows 
a similar minimum at fifty percent. The susceptibility of the zinc-cadmium series indicates 
that zinc is slightly soluble in cadmium, and cadmium slightly soluble in zinc, and the remainder 
of this series of alloys mechanical mixtures. 

51. The emission of positive ions from metals. H. B. Wahlin, University of Wisconsin . — 
Fhe positive ion emission from metals has been investigated by a mass spectrograph method. 
It has been found that most metals when first heated give off alkaline ions, as has been observed 
before. In addition, Cr, Mo, W, Ru, Rh, Nb, Ta, when heated to a temperature where vaporiza- 
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faon becomes appreciable, give off ions which are singly charged atoms of the electrode material 
Itself. _ No indications of doubly charged atoms were obtained. Cu, Ag, Au, Zn, Mn, V fI 
Co, Ni, Pd, Os, Ir, Pt, U, Th, Sb give only alkaline ions. .Mn is doubtful, The work is heinv 
extended to temperatures above the melting point. ^ 

52. Residual ionization in air at new high pressures and its relation to the cosmic oene- 
tratag radiation. James W. Beoxon. University of CoWo.- Residual ionization measure, 
meats in air at pressures up to 170 atmospheres were made at .SdOO ft. altitude in a spherical 
chamber of 11-23/32 in. diameter with lead and water shields. Values as low as 1.47 ions/c c 
sec. at 0.83 atmosphere were observed. At pressures above 140 atmosphere.s ionization- 
pre^ure curves obtained with the chamber shielded were parallel to the pressure axis, slopes 
m th^ regmn certainly not exceeding 0.02 ion/cc sec. atm. Increased shielding ileireaS 
the ionization, showing the existence of a penetrating radiation. Observ-ations with water 

above the level of the chamber. The calcui ifed 
absorption coefficients are 0.0127 cm-> lead, and 0.0010 or 0.0028 cm-> water the latter ^ 
va ues following respectively from the extreme assumptions that the raiiiation mmr nche 
entirely from the verfel direction, or uniformly from all directions above t el i lzS 
the lonmtion is considered to be due entirely to recoil electrons e.x-cited in the 11s n h ! 
chamber, the pressure-ionization relation may be explained * and if the Ominff n 
.h, .torp,™ „ead..t of tt, idtkl ^ ' 

r.m »I th. recoil i, ,o„a fc, „ ““'"'-■I I™" •!» <.l«rv„l 

iino v^r hydrogen I. „„„d .i,h 

(Phys. Rev. 34. 1138 (1929B Rer^nt » '"f change their intensities markedly. 

LrU, show simS; S and 

2>p, state bv radiation tZZ a transitions from the 

4 volts in zinc, and 3.78 volts in radndum " He^''^ha ^PP™^'™ateIy 4.7 volts in mercury, 
hydrogen. Zn' has almost exactly enous-h' wh^h^f enough energy to dissociate 

the 3075.8 line. Cd' does l^v~h f ^ fccount for the total absence of 

walls and electrodes after it has been m^de metestableTv^f T 

explanation of the resonance quenchings is that thev Je alternative 

hydrides. It appears that reEceTaUl%£ It™"*'"" 

meat in chemical spectroscopic analysis when hyLgen f present 

N«wewty.~Positive°Lfo^^K°NT Lland’n'have ^ufford, Indiana 

an earthed nickel cathode in an atmosphere of pure Th^ctfh’" “ 

by a second nickel screen and this in turn was enclosp/h , ^ -i surrounded 

walls of the ionization tube. Ions were accelerated bv LI the 

volts and retarded beyond the cathode by a ootential J t^^rying from zero to 2000 
tential. Current-accelerating potential curves shn <■»,'? ®®°rethantheacceleratingi3o- 

current and potential with K-ions is about linear IncT^!'^* between ionization 

of electrons from the cathode. With othir ions the “ r explained by the action 

low pressures the increase in cu^l J ^uS^ as ^ g--ter. With 
higher pressures distinct critical potentials are shown at^Mf positive ions. At 

at which an arc is established. 200 volts below that 

Compton, ifosMausm cathode of a mmtiry ate. K. T, 

.l»o h.,, th„ cM,„t i. carried by «'"«,o„.,-,>„cl3o!,”hto“S.^7« 
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any electron emission theory of the arc cathode because of the impossibility of accounting 
for a number of positive ions produced by an approximately equal number of electrons which 
had fallen through a cathode drop amounting to not more than one minimum ionizing potential. 
Revised estimates are now based on measurements of cathode drop and new considerations 
involving accommodation coefficients and the destination of electronic energy near the cathode. 
The conclusion is now reached that between 80% and 100% of the current of the cathode is 
carried by electrons. Thus it can no longer be said that arc theories based on electron emission 
from the cathode are disproved by measurements of heat balance. 

56. Study of the afterglow in mercury vapor. Harold W. Webb and David Sinclair, 
Columbia University , — The intensity of the afterglow in mercury vapor was studied in a side 
tube leading from a mercury arc as a function of vapor pressure, concentrations of ions and 
electrons and electron temperature. The intensity was found to vary roughly as the fourth 
power of the vapor pressure. Except at very low concentrations it was closely proportional to 
the first power of the electron concentration. With vapor pressure and concentration held 
constant, the intensity decreased very rapidly with increase in electron temperature, changing 
by a factor of 2500 as the temperature increased from 1300° to 5600°K. This change is too large 
to be explained by the theory of the simple recombination process. The results are well 
expressed in the form, that the intensity varies directly as the square of the total number of 
electrons and inversely as the number of electrons having energies greater than 1.2 volt. 
This suggests that we have a recombination process producing the afterglow, which takes place 
in two stages of which the second is responsible for the emission of the series lines, and that 
the effect of the fast electrons is to reionize from the first stage. 

57. Problems in the design of a tube to withstand millions of volts. Willard H. Ben- 
nett, California Institute of Technology . — It appears improbable that further increases in 
potential which can be produced in high voltage tubes can be hoped for until the mechanisms, 
themselves, of the causes of puncture have been carefully studied. A study of corona discharge 
over glass led to the conclusion that for further increases of potential, the potential must be 
generated in vacuum, and that the field must be roughly normal to the glass wall of the tube. 
The greatest difficulty in obtaining higher potentials in tubes is due to auto-electronic emission 
from electrode surfaces. A study of emission from unconditioned metal surfaces of radii of 
curvature large compared to the distance between the surfaces showed that loose microscopic 
particles adhering to the cathode can give emission indistinguishable from the emission fol- 
lowing the usual breakdown. The metal used as anode was found to determine largely or en- 
tirely the field-current characteristics. 

58. Experiments with high-voltage tubes. M. A. Tuve, L. R. Hapstad, and O. Dahl, 
Department of Terrestrial Magnetism^ Carnegie Institution of Washington , — Measurements have 
been obtained on the artificial ^ and 7-rays produced by the high-voltage cascade-tubes and 
Tesla coils previously described in the Physical Review. The Hp values of the fastest ^-rays, 
measured by their deflection in a calibrated magnetic field, correspond in voltage-equivalents, 
using the standard iS-ray tables, to the peak voltages applied to the tubes, measured as before 
by the capacity-potentiometer method. Using a Geiger-M filler tube-counter shielded by six 
inches of lead, the relative 7-ray intensities from the tubes have been measured through 1,2, 
and 3 inches of lead. With the tube operating at about 1,300 kilovolts, the absorption coeffi- 
cient after filtering through 1 inch of lead is the same (0.47) as that for the 7-rays from radium 
in equilibrium measured under the same conditions with the same instrument. These (S and 
7-ray measurements incidentally constitute a verification also of previous voltage-measure- 
ments. “Heat working” of the Pyrex, as previously described, has removed the voltage- 
limitation to such an extent that tubes have operated satisfactorily up to approximately 2,000 
kilovolts, this limit (above ground) being set by corona or sparkover to the grounded oil-tank. 
Experiments are in progress on high-speed protons. 

59. Multiplet separations and Zeeman effects. J. B. Green, Ohio State University.--The 
methods developed by Houston and Goudsmit are applied to the spectra of tin, lead, and 
antimony. Using the spectroscopic values of the multiplet separations it has been possible to 
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determine the g-values for the configuration of Sn I and Pb I, ant! for the configuration 
of Sbjin very satisfactory agreement with the experimental values of Green and L.oring, 
and Back for these elements. Further agreement is found in the case of the ^P and of Sn IH. 
The multiple! separations and g-values calculated on Houston’s theory aficfjuatdy explain 
the anomalies found by Green and Loring in this spectrum. 

60. Photometric study of the appearance of spectral lines in a condensed spark. H. V. 
Knorr, Antioch College. — The time interval between the appearance of spectral lines in a con™ 
densed spark has been studied by means of a Kerr cell used as an electro -optical shut ter. Since 
there appears to be some question about the meaning of the time intervals nicasored in this 
way, photometric observations have been made on the rate of increase in the intensit ies of such 
lines. From the rate of increase of the intensity for a particular line, it is possible to find by 
extrapolation the time at which the intensity is zero, that is, the time of its first apficarance. 
The results obtained by this method are compai*ed with the results obtaincf! by the visual 
method. Observations were made on the arc lines 2‘^Poi2'-2*lS'i of zinc and for five air lines ap- 
pearing in the zinc spark. These three zinc lines appear at nearly the same time. The five air 
lines also appear at nearly the same time but definitely at a time earlier than the zinc lines. 
These results are not in agreement with the results obtained by the visual method. The ex- 
planation of this discrepancy may be found in the failure of the visual method to take proper 
account of the threshold of visibility. These results indicate that neither of these methods 
give data on the life time of the zinc atoms in the excited state l)ut only data on the character- 
istics of the spark discharge. 

61. Spectra emitted in the initial stages of condensed discharges. J. W. Beams, Univer- 

sity of Virginia. — Certain improvements in the Kerr cell method (Phys. Rev. 24^ 35, (1930)), 
(Program O.S.A. Oct. 31, 1930) have made it possible to study the times of appearance of 
spectrum lines in condensed discharges as a function of pressure of the gas. In mercury vapor 
5461(2^Pi~2^S) was followed very closely (within less than the limit of precision at pressures 
above 10 cm) by 4358(2^^2—2^5) while 5791(2^P— 3^D) appeared somewhat later. As the 
vapor pressure of the mercury was increased the time between the appearance of 5461 and 
5791 decreased. In a discharge in air 5001 N 11 appeared first. As the pres- 

sure was lowered from one atmosphere the time between the appearance of 5001 and 4631, 
4643 N II (PP2'~23P2.i) was decreased while a slight increase was noted in the time between 
the appearance of 5001 and the group 5680, 5676, 5667, N II (l‘'’P' 2 ,oa In a mixture 

of equal amounts of air and helium the time between the appearance of 5001 Nil and 5876 
(2®P— 33p) increased with lowering of pressure. The results probably indicate that some of the 
above levels are excited in part at least by secondary processes. 

62 . The sixth spectrum of arsenic. D. Borg, Upsala University^ and J, E. Mack, UnE 
versity of Wisconsin.— -The lines of the transition 3(ms^3dHp have been indentified in As VL 
In all respects the spectrum agrees with the expectations from extrapolation of the sequence 
Ni I— Ge V, unlike the As VI classification proposed by P, Pattabhiramiah and A. S. Rao 
(Zeits. f. Physik 53, 587, 1929) , in which those authors point out anomalies. 

63. Heterochromatic photographic photometry in the Schumann region, George R. 
Harrison and Philip A. Leighton, Massachusetts Institute of Technology and Stanford UnP 
versity.— The spectral energy responses of several of the fluorescent materials ordinarily used for 
coating photographic emulsions when used in vacuum spectroscopy have been investigated in the 
ultraviolet between 4000 and 2300A, and in certain easily reproducible cases the number of 
fluorescent quanta has been found strictly proportional to the number of incident quanta 
throughout this range. This fact, taken with the uniformity of contrast previously found under 
similar conditions (Jour. Opt. Soc. America 20, p. 313, 1930) appears to furnish a general 
method of photographic photometry which can be used throughout the extreme ultraviolet, 
where the sensitivity of most spectral apparatus is too low to permit the use of thermopiles 
for plate standardization. The method is now being checked directly with fluorite apparatus 
in the Schumann region, and is being applied in a 21 ft. vacuum spectrograph to the deter- 
mination of electronic transition probabilities in multiply ionized atoms of the first long period. 
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lS4. latermittent exposure in photograpMc spectrophotometry over wide mtensity ranges. 
Beian 0*Brien and E. Dickeeman O'BmmJnsiUute of Optics, University of Rochester, N, Y, 
—Previous work on the compensation of reciprocity failure in photographic spectrophotometry, 
by iritermittency failure imposed on the light beam of higher intensity by interrupted exposure 
(lliys. Ro.w 33j p. 640 (1.920)) has been extended using sector discs with aperture ratio as low 
as 1/1200, using a mercury arc as source mounted on a carriage with range, of movement of 
50 meters for varying intensity. Emission of the arc was held constant within |% (measured 
radioinetrically) by controlled ventilation and electrical input. Errors in measurement of 
sector apertures and exposure timing WQre less than J%. Densities were measured with a. 
thcnraxdectric mitTodensitomeler, For intensities in ratio 1200:1 and sector disc opening 
1/1200 running 2S flashes per sec., and comparing adjacent areas, the difference in density 
prodm'cd l>y continuous h>w intensity and interrupted high intensity (for It = const) on East- 
man IVocess plates de\*elo[){;td to high gamma was less than 0.01 for all densities from threshold 
to 1.0 for all wavekmgths from 4()00A to 2300A for intensities from approximately optimal 
to 10*'^ tills value. 16 jr X <2800A correction was made for atmospheric absorption as measured 
by Dawson, (iranath, & f liill>urt (Phys. Rev. 34, p. 136 (1929)). Reciprocity and intermittency 
failure strpar.iteiy fleterniined l)y continuous exposure of same total energy to the higher 
intensity were as great as D.2f) density units for intensity ratio 101 

65. Band spectrum of sulphur. Paul Huber, Ohio State University. — The band spectrum 
of has been iin est igafed in both emission and absorption. An under- water spark was used 
as a soun-e for the light af jsorlaxl by the vapor in a heated tube, while Geissler tubes were used 
for the emissioTi s],>ectra. The effect of predissociation is especially evident in emission, the 
tP -O progression suddenly breaking off after the 8-0 band, (X2828), as reported by Von 
Iddekinge. I'he heal of <]isaociation of normal S 2 is therefore reduced to less than 4.39 volts, 
as compared with 4.9 volts given by the International Critical Tables. No improvement could 
iie made in tlie accuracy of the heat of dissociation of excited S 2 , because of the extreme irregu- 
larities in intensity in emission. Five emission bands lying between X2828 and X2980 have 
been pliotograpliifd at high dispersion using the second order of a 21-foot grating. The fine 
structure analysis of these bands is now in progress. 

66. Distribution of intensity within the § and y band systems of nitric oxide. Oliver R. 
WirLF AND liKNivST J, JONES, Bureau of Chemistry and Soils, Washington, D. C. — Variations 
in the distribution of intensity within the B and 7 bands of nitric oxide have been observed 
\vh(‘n the prf)du<4s from an oxygen discharge tube are allowed to interact with the products 
from an active intr<»gen tube. In this connection attention is called to an abnormal excitation 
of the. 7 tninds of nitric oxide as they are emitted from an ordinary high current atmospheric 
pressure arc. The character of the intensity distribution suggests that the excitation arises 
as a chemihiniinesccnt phenomenon, the energy of excitation being derived from energy made 
available in reaction. There appears to be evidence for reaction involving metastable nitrogen 
nifilecule. If this is the case it illustrates the chemical reactivity in the homogeneous gas phase 
of one st:ite of the neutral nitrogen molecule. The conditions leading to the alterations in in- 
tensity <!istri!>ution within the band systems mentioned above suggest that the excitation 
of banri spixtra is apt to depend on chemiluminescent processes and that the intensity distribu- 
tion will, therefore, frequently be abnormal. 

67. CO bands in the region X2220 to X3300. Harold P. Knauss, Ohio State University.— 
Microphotometer records covering the region from 2200 to 3300A were made of CO band spec- 
tra obtained in the c4ectrodeless ring discharge (Knauss and Cotton, Phys. Rev. 36, 1099, 
(1930)) and wave-lengths were measured. Unidentified bands at wave-lengths 2925, 3028, 
3138, and 32S3A were identified as belonging to a new system, corresponding to transitions from 
CCS) to a'(‘'^S). According to values for the known energy levels of the CO molecule quoted 
by Estey (Phys. Rev. 35, 309 (1930)), the equation for the new system should be 

*.^34160--(1173?i^-9?r"2). 

CoRiparlson l)etween the observed wave-lengths and those predicted from this formula is 

■made' in the following table. 


472 


AMERICAN PHYSICAL SOCIETY 


Transition 

KCalc.) 

X(Calc.) 

XfOhs.) 


0-0 

34160 

2926.5 

2923 


0~1 

32996 

3029.8 

3028 


0-2 

31850 

3138.8 

3138 


0-3 

30722 

3254.1 

3253 


68. Infrared absorption bands of slightly asymmetric molecules. 

Harold if. Xiia 

.SEN 


Ohio State University. — A set of theoretical curves (as yet unpublished) vsliowini^ the pnq>ertics 
of infrared bands of completely asymmetric molecules have been made l)y 1). M. Dennison. 
As a complement to these, calculations have been made for molecules of only slight asymmetry. 
Axf .4 1 , and Az have been chosen the three principal moments of inertia of the molecule, where 
Ax<Ay<Az. Diagrams have been prepared of positions of lines and thc;ir respective InivmY 
ties, determined fron quantum mechanical solutions of asymmetric rotators, wlier<i the jKU'ani" 
eter p—Ax/Ay varies by steps of 0.01 within the limits p=0 and p-O.l. Direct application 
of these will be made on the spectrum of Formaldehyde (HaCO) now umler observation, 

69. Infrared absorption of formaldehyde vapor. John R. Pattv and IIakold H, Njkl~ 
SEN, Ohio State University. — Measurements of Formaldehyde vapor (HiiCO) have lu/en mafh' 
with a Hilger infrared spectrometer of the Wadsworth type from the m'sible to 7.0p. 
spectrometer is equipped with a rock salt prism and a Coblentz thermopile*, and is used in 
conjunction with a Moll thermal relay and a Leeds and Northriip high sensiti\’ity mo\ ing coil 
galvanometer. The bands reported by Salant and West have been confirmed ami in addition n 
band of relatively strong intensity was found at 4.7p and another faint baml at 2.3/i. Hie bands 
listed in order of their intensities are, 4.7p, S.SSju, l.Sju, 1.4iu, 2.3/g and L25p. Another faint 
maximum was found at 1.9 m, but it is believed that this may be a part of the 1.8 m band reportetl 
by Salant and West. The band at 3.38m has been resolved into fine line structure I>y tlie aid 
of a prism-echelette grating spectrometer of the Sleator type. The general characteristics of tlie 
band are P, Q and R branches of which the Q branch is relatively weak and a fine line structure 
of 4.5 cm“b 

70. The spectrum of strontium and barium hydride. W. R. Fredrickson and A, I.. 

Warntz, Syracuse University, — Bands ascribed to the hydrides of the elements stroiitiiim 
and barium, as obtained by an arc between iron and the element in an atmosphere of hydrogen, 
lie in the far red end of the spectrum, degrade to the violet, but show no similarity. TIte 
strontium bands lie in the region X7500 to X6800 with double heads at 7350, 7323 and 7020, 
6985, the latter being the more intense. At the far red end of spectrum there is a peculiar in- 
tensity distribution, showing no sharp heads and with large open spaces in the fine structure. 
At high dispersion the 7020 band shows four strong branches, indicating a transition. 

The barium band lies in the region X6925 toX6380 and is a band, showing satellite series 

which are relatively strong in comparison with the customary P, (), R series. 

71. Comparison of x-ray diffraction intensities in liquid long chain compounds with in- 
tensities from computations based on a structure factor. G. W. Stewart and Ross D. Spang- 
ler, The State University of Iowa. — Quantitative determination of intensities of x-rays scat- 
tered from some liquid long-chain compounds are carried out and the results comi)ared with 
values obtained from experiments. The determinations are based upon the idea of molecular 
grouping in liquids. A structure factor of the molecules is used to obtain the intensities. Com- 
putations are carried out and comparisons made in the case of eleven normal aIcolK)ls and 
twenty-two octyl alcohols. In the majority of cases, the agreement between experimental and 
computed values is very good, in a few it is fair, and, in a case or two it is poor. On the whole, 
the results give convincing evidence in favor of molecular grouping in liquids. 

72. Useful accessories for the Siegbahn x-ray vacuum spectrograph. F. K. Richtmyer, 
Cornell ^7m-em7y.--To avoid registration on the photographic plate of minute surface imper- 
fections of the crystal, it has been usual to rotate the crystal, by steps of a few minutes of arc, 
through a degree or so during an exposure. A device is described, consisting of a telechron 
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motor and reducing gear, for producing continuous, slow oscillations of the crystal through 
any desired small angular amplitude. To facilitate rapid . identification of spectral lines by 
comparison with some known line, a special plate holder has been devised by means of which 
a linear scale may be printed on the photographic plate above the x»ray spectrum. The 
background due to scattered radiation from the crystal reaching the photographic plate fre- 
quently covers up faint lines or makes their measurement difficult. When one is interested in 
a narrow spectral region the intensity of this background can be materially reduced by placing 
a wedge a millimeter or two in front of the crystal, somewhat after the manner of the Seemann 
spectrograph. However, inequality of the x-ray brightness of the focal spot then necessitates 
that the (spiral) filament should be slowly rotated during exposure. 

73. Formation of photographic images on cathodes of alkali metal photoelectric cells. 
A. R. Olpin and G. R. Stilwell, Bell Telephone Laboratories^ Incorporated. — A method of 
forming both negative and positive photographic images on the cathodes of potassium and 
sodium photoelectric cells in vacuum is described. These images are sharp and clear in every 
detail and can be permanently Affixed” by proper treatment. Among the materials which have 
been successfully used in treating the exposed surfaces to bring out these images are sulphur 
vapor, air, oxygen and hydrogen in the ratio of 9 to 1, hydrofluoric acid and bromine. During 
the time the image is forming, the photoelectric sensitivity of the illuminated portions decreases 
approximately 30 per cent. After the image is fixed as a permanent record there is little differ- 
ence between the sensitivity of the cathode area bearing the image and neighboring areas. 
Photographs of photoelectric cells are shown in which such photographic images are plainly 
visible. 

74. The emission of positive ions from thoriated tungsten. H. B. Wahlin, University of 
Wisconsin An investigation of the emission of positive ions from thoriated tungsten shows 
that when heated to a temperature above 2000®C three types of ions are given off: a W ion 
of mass 184, a second ion of mass 232, and a heavier ion of mass 247 ±1. This heavy ion may 
be a mononitride or a monoxide of throium. That it cannot be WO4 is shown by the fact that 
it does not disappear when the wire is heated in an atmosphere of hydrogen. Outgassing of 
the wire at an estimated temperature of 1200°C for 100 hours in a vacuum of lO""® mm does not 
cause the ion to disappear. Varying the gas pressure in the positive ray chamber from 10""® 
mm to lO"*® mrn has no effect on the ion. Prolonged heating at a temperature above 2000®C 
will cause the 247 ion to decrease with respect to the 232 ion which is assumed to be thorium. 
Neither the 232 ion nor the 247 ion appeared when unthoriated tungsten or thorium metal 
w*ere used. An x-ray investigation of the L region of samples of thoria ores has so far failed to 
give any indication that the heavy ion may be of an elementary nature. 

75. The dielectric constant of air at high pressures. James W. Broxon, University of 
Colorado. — Measurements of the dielectric constant of dry air at zero frequency were made by 
a balance method, using a quadrant electrometer as an indicator. The dielectric constant was 
found to increase linearly with the pressure at the rate of 555X10~*® per atmosphere at 18®C., 
up to 170 atmospheres. The Clausius-Mossotti function passes through a minimum in this 
region, 

76. A lens for use with the concave grating. J. B. Green, Ohio State University. — When 
the slit for a concave grating is placed on the circle of half the radius of curvature of the grat- 
ing the focal plane is found to be on that circle for a vertical astigmatic image. In general, re- 
gardless of the position of the slit, the other focus is found to be hyperbola. This method 
of calculation yields a very simple result useful for the calculation of the lengths of the astig- 
matic images. For the study of individual lines a sphero-cylindrical lens may be used to correct 
this astigmatism with a resultant increase in the intensity available, and at the same time, a 
possibility of markedly increasing the dispersion. A preliminary study of several lines with such 
a lens has yielded promising results. 

77. The anomalous scattering of alpha-rays. Morris Muskat, Gulf Research Laboratory, 
■.Pittsburgh, Pa.— The potential field causing the Rutherford-Ghadwick anomaly in the alpha- 
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ray scattering by Mg and A1 has been determined by inverting the wave-mechanica! expression 
giving the amplitude of the wave scattered by a spherically symmetrical force as an integral 
over the potential field' of the scattering atom. The anomaly was represented analytically in 
two different ways. The potential fields for both representations, as derived by the above in- 
version, are essentially the same, their form depending almost entirely on the single fact that 
the scattering curves show a marked minimum. In magnitude this potential field nevei exceeds 
10% that of the Coulomb potential.lt oscillates in sign and falls off very rapidly with distance 
from the scattering center, becoming negligible at distances greater than about 5X10 ' cm. 
Its small numerical value and oscillatory character are in marked contrast to the assumptions 
made heretofore, most of which have been that the potential has the form: i/p«, p being 
the distance from the scattering center. The classical charge equivalent of this potential field 
is a series of shells of alternating sign of charge, separated by approximately 1.5X10*”“ cm. 
Rutherford and Chadwick originally suggested just this type of explanation. 

78. Dispersion and refractive index of nitrogen measured as functions of pressure fey dis« 
placement interferometry. Clarence E. Bennett, Brown University method of measur- 
ing simultaneously the dispersion and refractive index of a gas is discussed. It is justified on 
theoretical and experimental grounds and applied to the measurement of these quantities for 
nitrogen over a seven atmosphere range of pressures at two different temperatures, SO"* and 
0°C, with a high degree of precision. The results show that the Lorentz-Lorenz relation is 
followed, and that the dispersion is a linear function of pressure. The value of the Cauchy 
constant B is found to be 1.95X10"“ per cm of mercury pressure. The index of refraction is 
measured at atmospheric pressure for three wave-lengths, at 0“ and 30°C, with a limiting error 
of one third of one percent in (p—l). The dispersion information enables these values to be 
reduced to infinite wave-length, making possible the determination of the dielectric constant by 
Maxwell’s law. The value 1.000585 so obtained differs by less than two-thirds of one percent 
in (e— 1) from that measured directly by Zahn. The values of the refractive index for nitrogen 
under N.T.P. conditions for the wave-lengths 481 lA, 5893A, and 6362A, are L0002921, 
1.0002969, and 1.0002967, respectively. 

79. The crystal structure of potassium permanganate. R. C. L. Moonev, Unwerstiy of 
Chicago^ {Introduced by Henry G, Gale ), — ^The unit cell size and the space group of potassium 
permanganate were redetermined, and a structure assigned on the basis of intensity observa- 
tions from photographic plates. The single crystal oscillation method was used, and the plates 
interpreted by the method of Bernal. Intensities were evaluated simply by visual estimation. 
The results indicate the crystal to be based on the simple orthorhombic lattice, having four 
molecules to the unit cell, and symmetry 2Di-16. The cell size was found to have the dimen- 
sions: u = 9.08A, 5— 5.72A, r = 7.4iA. The values check closely the results of other observers. 
Symmetry considerations and intensity observations indicated a structure having eleven para- 
meters. By the assumption of a tetrahedral arrangement of oxygen about manganese, and by 
use of values of ionic radii as given by Goldschmidt, it was possible to determine the para- 
meters. Comparative intensities were calculated for the structure. Hartree’s figures for the 
scattering power at different angles were used. The theoretical values so obtained were found 
to agree fairly well with observed intensities. 

80. Linear time scale for voltage range up to 1000 volts. C. K. Stedman, Paul William 
Research Fellow f Purdue University .{Introduced by K, LarkHIorovUz),—A circuit generating 
continuously a voltage wave rising linearly from Vi to Fa in time k-th and dropping from 
Fa to Fi in time small compared to 4 -^ 1 , can be connected to the horizontal deflecting plates 
of an oscillograph to provide a linear time axis. The linear time axis circuit of Beddeil and 
Reich (AIEE Journal 46, 563 (1927)) is limited to a voltage range as defined by the difference 
between the ignition and extinction voltages of the G-10 neon lamp of fifteen to twenty volts. 
It has been found that by substituting the Thyratron FG 17 for the neon lamp, voltage ranges 
from 60 to 1000 volts or more may be obtained. With the grid of the thyratron connected to 
its filament negative the range is 60 volts and every additional volt negative on the grid in- 
creases the range about 100 volts. Stabilization is easily effected by introducing about a tenth 



AMERICAN PHYSICAL SOCIETY 


475 


of a volt into the Thyratron grid circuit from the circuit under investigation. The deflecting 
plates of even a very low sensitivity oscillograph can be connected directly across the current 
limiting tube (for which a VT 14 is very satisfactory) with no intervening amplifier. The fre- 
quency range is approximately the same as that of a neon lamp. A magnetic field parallel to 
the axis of the Thyratron impi'oves operation at high frequencies by preventing the discharge 
from redistributing itself over the electrodes. 

81 . Apparent fatigue and aging phenomena in the active nitrogen afterglow. Chas. T. 
Knipp and L. N. Scheuerman, University of Illinois, — Last July a 5-liter Pyrex bulb was heat- 
treated, then primed with dried tank nitrogen to a pressure of 0.2 mm Hg and sealed off. The 
bulb was energized by a motor-generator high frequency set for intervals of time varying from 
a flash (about 0.1 sec.) up to 50 or more seconds, and the duration of the afterglow noted. A 
surprising result was observed. The duration of the afterglow fell off apparently exponentially 
with increase of time of energizing. To further check this point a 12-liter bulb was prepared 
(last August) and placed in an ice bath. The curve obtained still dropped off, but less abruptly. 
The maximum duration of the afterglow was about 11 minutes. Just recently, December 22, 
this same bulb was placed in an ice bath at 1°.5C and again subjected to progressively increas- 
ing periods of excitation. The maximum was now about 47 minutes, which, when the excitation 
was jmolonged to 50 sec., was reduced to 26 minutes. The reduction in duration seems to be of 
tlie nature of a fatigue. It seems unlikely that it is wholly due to the evolution of water vapor 
since special precautions were taken to free the bulb and nitrogen of moisture, while the in- 
crease in duration on flash seems to be an aging effect favorable to the formation of the active 
aggregates. A 24-Iiter bulb after aging 3 months glowed, on flash, for 110 minutes. 


82. A preliminary report on a new method of x-ray powder diffraction. T. M. Hahn, Uni- 
versity of Kentucky, {Introduced by William S. Wehh).-"K preliminary report on a method em- 
ploying the use of a conical beam of x-rays incident upon powdered crystals arranged in a circu- 
lar form about the central axis of the cone, normal to the axis. All rays diffracted through an 
angle & will be brought together at a common point upon the axis of the cone. A photographic 
film along this axis receives the record of the diffraction pattern, from which the spacing of the 
planes of the crystal may be readily determined. Advantages of this method are reduced time 
of e.xposure and increased separation of diffraction spots. 
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ON SOME SOLAR AND LUNAR SPECTRA TAKEN 
IN LITTLE AMERICA, ANTARCTICA* 

By Malcolm P. Hanson** and E. O. Hulburt 
Naval Research Laboratory 
(Received January 26, 1931) 

Abstract 

Solar spectra were taken with a small quartz spectrograph at noon on November 
13, 1929, and January 25, 1930, in Little America, Antarctica, by Malcolm P. Hanson 
of the Byrd Antarctic Expedition, The ultraviolet limit of these spectra was at about 
304mm which was the ssame as the ultraviolet limit of noon solar spectra taken at Wash- 
ington, D.C., in December and January. Assuming that the ultraviolet limit of the 
solar spectra was due to ozone in the upper atmosphere and that the amount of ozone 
in Washington was the same as that measured by Dobson, Harrison, and Lawrence 
at Oxford, England, it came out that the effective thickness of the ozone at N.T.P. 
above Little America was about 0.28 cm on November 13, 1929, and January 25, 1930, 

The ultraviolet limit of lunar spectra taken at Little America on April 24, 1929, 
two days after the Antarctic winter night set in, and on July 18, 1929, thirty-five days 
before the night ended, was at about 305mm- 

amid the stress of final preparations for the departure of the Byrd Ant- 
2 a. arctic Expedition it was decided to take along a small quartz spectro- 
graph, Hilger, Type E3. An experiment was hurriedly planned which con- 
sisted simply in photographing spectra of the sun and the moon m Antarctica 
with exposures long enough to bring out the ultraviolet region around 300 mm, 
Meanwhile similar spectra were made with a similar spectrograph at the 
Naval Research Laboratory, Washington. D.C. By a comparison of the two 
sets of spectra it was hoped to learn something about the ozone in the upper 
atmosphere of Antarctica. The dispersion of the spectrographs was about 4 mm 

per mm at wave-length 300mm- , • , t -^-+1 

November 13, 1929, was clear and solar spectra were obtained at Little 
America, latitude 78.6° south, with a slit width of about 0.02 mm, being pur- 
posely over-exposed in the visible part of the spectrum in order to bring out 
the ultraviolet end. The ultraviolet limit of spectra taken at noon, local time, 
was at about 304mm- The same limit was given by similar spectra at 
January 25, 1930. The midnight sun spectrum of January 25, 1930, ended at 
about 320mm; the sun was about 9° above the horizon at that time. 

* Published with the permission of the Navy Department. 

** In charge of radio of the Byrd Antarctic Expedition. 
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The noon solar spectra at the Naval Research Laboratoo^ tor Novt bcr 
and December, 1929, and January, 1930, ended at about 30o, 304 and 
resoectively; the same values were found, respectively, tor NovemlK-r am 
December, 1930, and January, 1931. The noon spectra for June, 1930, ended 
at about 299|UM- It is seen that the solar ultraviolet limit was the same on 
November 13, 1929, and January 25, 1930, at Little America as it was in 
December or January at Washington. The altitude of the sun was approxi- 
mately the same at the two places, being about 30° from the horizon at Little 
America and 27° to 30° at Washington. Therefore, since the ultraviolet end 
of the solar spectrum is limited by the ozone in the upper atmosphere the 
measurements indicated that the ozone in November, 1929, and Jamiary, 
1930, was of about the same thickness in Little America as it was in \\ <ishi n.u- 
ton in December and January. It is due to the fortunate circuraslance that 
both the elevations of the sun and the ultraviolet solar spectrum limits were 
about the same at Little America and at Washington that one can say that 
the ozone thicknesses were the same at the two places. If, for example, the 
spectrum limits had been the same and the solar elevations different, or x'ice 
versa, the program of observations could probably not ha\ e been iisen with 
safety to derive an e.xact conclusion about the relative amounts of ozone in 

the two regions. . , . 

We do not know what the thickness of the ozone was in \\ ashingtori but 
we may assume it to be roughly the same as that in Oxford, England, observed 
by Dobson, Harrison, and Lawrence^ in 1925 and 1926. Ihe justiiltation of 
this assumption is found in the fact that the seasonal variation, with the 
maximum in August, of the intensity of the therapeutic solar wa\-e-lengOhs 
290 to 310jix/i, observed by Clark,^ in 1927 and 1928 in Baltimore, Md., l'..S,A., 
agreed fairly well with the intensity calculated- from the ozone absorption 
coefficients of Fabry and Buisson,^ the 1925 and 1926 ozone thickness' at < )x- 
ford and the solar zenith distance at Baltimore. Clark’s^ further obserx’ations 
showed that the curve of the seasonal variation of the solar radiations from 
290 to 310juju was approximately the same in the years 1929 and 1930 as it was 
in the years 1927 and 1928. 

Interpolating among the Oxford measurements (ref. 1, Table 3) gi\e.s the 
values for December and January to be 0.27 and 0.29 cm of ozone, respec- 
tively. Accordingly, the average of these, or 0.28 cm was the value ot the 
effective thickness of the ozone in Little America on November 13, 1929, and 
January 25, 1930. It need hardly be said that the present method of deter- 
mining ozone by means of the ultraviolet limit of the solar spectrum can not 
be depended upon to give great accuracy. It is to be hoped that future polar 
expeditions may be equipped to carry out much better determinations of 
ozone. 

The value 0.28 cm of ozone in midsummer at Little America is in keeping 

1 Dobson, Harrison and Lawrence, Proc. Roy. Soc. A114, S21 (1927). 

2 Clark, Amer. Jr. Hygiene 9, 646 (1929), 

® Fabry and Buisson, Journ. de Phys. 3, 196 (1913), 

^ Clark, Amer, Jr. Hygiene 12, 690 (1930). 
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with the probable average values in north polar regions in midsummer, 
namely, 0.290 cm for July and 0.265 for August, estimated by Dobson. Dob- 
son'"’ concluded that the ozone values found by various stations scattered 
over the earth would be most simply accounted for by the hypothesis that 
corpuscular radiation from the sun is “the chief ozone forming agent at the 
poles and possibly for the rest of the world” (ref. 5, page ^31). ' e o no^^ 

think that the observations call for any such extreme hypothesis. aris 
calculations of the temperatures of the high atmosphere indicate wind move- 
ments in the high atmosphere which, combined with the hpothesis that 
ozone is formed by certain wave-lengths of the ultraviolet portion of the solar 
spectrum and is decomposed by other wave-lengths, would lead,_qualAative y 
at any rate, to an ozone distribution in agreement with observation. One can- 
not make an exact calculation of the matter for the photochemical quantum 
efficiencies of the formation and destruction of ozone by the various ultra- 
violet wave-lengths are not yet known. 


500 600 700 800 

Fig. 1. Spectrum of the moon taken at Little America on July 18, 1929. 

Spectra of the moon were taken at Little America on April 24, 1929, and 
on jilv 18 1929. It will be remembered that the sun’s last official appear- 
Tnce at Little America was on April 22 and his official reappearance was on 
\ueust 99 Thus the moon spectrum of April 24 was obtained two da> s 
fhe bitaing of the Ao.arctic winter night and the one of July 18 wa, ob- 
tained thirty-five days before the end of the Antarctic night, ^he speed o 
graph was mounted outside on the snow, aimed at the moon and shifted Y 
hand from time to time. The moon was focussed on the slit by a quaitz le 
5 0^10 Sreter and 20 cm in focal length. The spectra of Apr. 24 were 
taken with a slit width of 0.3 mm and e.yp 08 ures from 1 to IS """“•'t- '' 
such a wide slit the ultraviolet limit of the spectrum was not sharply deEn.^, 
and the only safe conclusion that could be drawn was that the ultrav.olet 

'‘”orjl-T8"the Ir'waSTbout 40" from the horison and the tempera- 

r:a” b7ahl with entire ofone hour at midnight local time and a 
slit width of 0.05 mm. Eastman Commercial Panchromatic cut m was 


5Dobson,Proc. Roy. SOC.A129, 412 (1930). _ dc ri0i9f 

« Maris, Terr. Mag. and Atmos. Elec. 33, 233, (1928); 34, 45 (19- ). 
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’’ Rosseland, Nature 123, 207 (1929), discussed by Wood on page 644 and by Dobson on 

page 712, 


used. The spectrum extended to about 305^t/x, the last solar absorption line 
being at this wave-length. It is doubtful whether the solar absorption lines, 
which are clear enough on the original negative, can be seen in the reproduc- 
tion of Fig. 1. 

The film was somewhat fogged throughout and the bright lunar spectrum 
of Fig. 1 is seen to be surrounded by a region relatively darker than the gen- 
eral fogged field. The dark halo around the spectrum is thought to be due to 
the Eberhard photographic effect. If a plate or film be uniformly exposed to 
light of moderate intensity and if a small area be then given an additional 
heavy exposure, on development a region of abnormally lowered, density will 
be noted around the dense portion. This is caused by the large cjuaniily of 
soluble bromide thrown off from the heavily exposed area of emiilsioii during 
the development which acts as a restrainer and slows up the development of 
the surrounding regions. It is not known whether the low temperature during 
the exposure had anything to do with the rather unusual appearance of ihc‘ 
negative of Fig. 1. The development of the film, which was done about thrt^e 
days after the exposure, was effected under approximately normal coiuliti(UK'-. 
The solar spectra and the moon spectra of April 22, as well as the \\'aslniigt(U] 
spectra, in general showed the Eberhard effect to a slight degree, but none to 
the extent of the negative of Fig. 1. 

Since the lunar spectra ended at about 305ju/x it is concluded that the ozone 
in the high atmosphere of Little America during the winter night was not 
greatly different from ozone in other parts of the world. Rosseland^ also found 
that stellar spectra photographed in midwinter at 71® north latitude ended 
around 300^/x. 

In conclusion it is a pleasure to mention the assistance of Mr. R. B. Carle- 
ton in taking the long series of solar spectra at this laboratory. 
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DIRECTED VALENCE IN POLYATOMIC MOLECULES 

By J. C. Slater 

Massachusetts Institute of Technology 
(Received January 22, 1931) 

Abstract 

I'he interactions of atoms in polyatomic molecules are described qualitatively, 
attention is paid to atoms of the types of F, O, N, C, where the valences 
coiiu^ frr.ni p electrons. Directional effects are discussed, namely that the two valences 
of (), aiifi the three of N, tend to be mutually at right angles, and the four of C have 
telrahedrul symmetry. Numerous examples are given, from the structure of metals 
and of organic and inorganic compounds. Mathematical treatment is postponed until 
;i l.iU.;r jsa pur, 

'1' 1!.\< already been noticed by Borni that the method applied by the 
wi iuT to the problem of complex atomic spectra is equally adaptable to 


^ wi'iuu" U'i me prouieiii ui — i - 

iilar structure. The writer^ has used the method in one problem of 
u, ,uiir inieraction, the problem of cohesive forces in univalent metals. When 
ippHed to molecular problems in general, however, it_ yields not only the 
familiar results for diatomic molecules, but also information regarding va ence 
ill ,M.l> ainmic molecules, particularly in the matter of directional properties, 
whii'li st-ems to be new and which is capable of correlating a goo ea o ex 
periuu-utul material. In this paper, we give the results of the discussion in a 
(jiKilital i\ e way, postponing mathematical justification to a later paper. 

'File general ideas described in the paper were ourlined in an informal talk 
at the Washington meeting of the American Physical Society last April and 
I xvid, lu thank several members of the society for valuable discussion at that 
1 also wish to acknowledge valuable assistance and supestions from 
.sexeral of niv colleagues, particularly Dr. Warren, Dr. Ashdown, and Dr. 

"‘tw " toms containing all their electrons in closed shells ^epel each other- 
Bm if each atom has one wave function containing only one electron, ra 
than tvw. of opposite spins, attraction is possible. This actually occurs if the 
sT.ins of tlie electrons in question in the two atoms are oppositely directed. 
Tin* attraction pulls the atoms together until the wave functions from which 
. ! ecVronl are missing overlap as much as possible, when equilibrium occurs, 
ll, roiHciiuence of resonance, the charge concentrates at the place ^^ere the 
functions are overlapping, and in an approximate way we may consider that 
ilK- two electrons, of opposite spin, spending their time in this region form a 
, lu<ed '^hel! This is a homopolar valence bond, and two electrons forming 
'liil l. toncl are inactive in forming further bonds, just as .f they were m 
cl, t>fd shells within a single atom. 

: M. Murn. Zeits. f. Physik64, 729 (1930). 

= f. c7 .^iater, Phys. Rev. 35, 509 (1930). 
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Fig. 1. Charge distribution of and with s for comparison. 

I am indebted to Dr. Langer for this photograph. 

is great along the z axis, and is more concentrated than the others. But we 
are allowed to use any three orthogonal linear combinations of these func- 
tions. If we take {r-ui) fir), [r-uf) fir), ir-uf) fir), when u^, u^, uz are three 
orthogonal unit vectors, these functions will be great, respectively, along the 

2 Heitler and London, Zeits. f. Physik 44, 455 (1927). 


The simplest and most familiar example of a single valence bond is found 
in H 2 ,^ where each atom contains a single 1.^ electron, so that the Is shell is 
not completed, and if the spins are oppositely directed, the electrons are 
shared and form a molecule. But almost equally simple is, for example, 1 2 . 
Here each atom lacks a single p electron from its outer shell. If the remain- 
ing electron in that particular p wave function in one atom has a spin op- 
posite to that in the other, there will be attraction, which will proceed until 
the two wave functions overlap as much as possible. We meet at once the 
question, how does the degeneracy of the p shell affect the problem. And we 
can answer definitely from perfectly general considerations. 

To get the lowest possible energy, we wish in a rough way the greatest 
possible overlapping of the p functions from the two atoms. This demands 
first that each of these functions be as concentrated as possible. Now the 
wave functions corresponding to the three p levels, in the ordinary axial sys- 
tem of coordinates, can be written 

p-^ : (:i' + iy) fir) 

P^ : s fir) 

p~ : (x-iy) fir). 

The charge densities corresponding to these are 


p+ : 

ix^ + f-) 

fir) 

: 


fir) 

p- ■■ 

ix^ + y^) 

fir) 


As shown in Fig. 1, made by a very ingenious method by Dr. Langer, the first 
and third are great in the x-y plane, in a sort of ring-shaped region ; the second 
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axes of these three vectors, and each will be as concentrated as the pa before. 
These functions evidently give as concentrated a density as we can get, and 
hence are most suitable for use in discussing binding. 

I Let us now consider our 1 2 molecule. We take the vector mi in each atom 
as the vector pointing toward the other atom. Then plainly the functions 
(r-'Lii) j'{r) for the two atoms, since they correspond to distributions pointing 
along the line of centers, and hence stretching out toward the other atom, can 
overlap. The other functions, on the other hand, are large in the planes nor- 
mal to the line of centers, and do not overlap appreciably. We can visualize 
the atoms as the hubs of two wheels connected by an axle. The functions 
which overlap are extending along the axle, the others along the spokes of the 
two wheels. For binding, then, we assume an electron missing from this func- 
tion (r- Mi) j{r) in each atom, and we can be confident that in this way we 
shall get the most stable molecule. In the usual description, if the z axis is 
taken as the axis of the molecule and at the same time the axis for axial wave 
functions for the electrons, an electron with function pa is missing from each 
atom. This coincides with the conventional description of this case. 

Next let us consider an atom which lacks two electrons of having a com- 
plete shell, as for example 0. Suppose we have another atom, as H, which can 
be bound to it. We choose our vectors iti, M 2 , Ms so that one of them, say Mi, 
points along the line from O to H. Then by the previous argument we must 
have one electron missing from the state which we may symbolize by mi, to 
form the bond with the H. The other missing electron must then be lacking 
from either the state Ut or Ms, and hence must have its density along the di- 
rection at right angles to the line joining the O and H. A second hydrogen at- 
tempting to become bound to form a water molecule, would move so that its 
charge would overlap in place of this missing one. It would then take up a 
position so that the lines joining the centers of the oxygen and the two hydro- 
gen atoms would form right angles. Of course, the interactions between the 
two hydrogen atoms would modify this; it is difficult to say in which direc- 
tion. But in a general way we should expect a triangular model, as is shown 
in Fig. 2, and that of course is observed. 

The same sort of argument would indicate that the two valences of a 
divalent atom like oxygen should always be at right angles, and we can ob- 
tain many actual examples of this. The atoms of this sort are O, S, Se, le. 
In the elements Se and Te in the solid state the atoms form chains of an in- 
teresting helical form, as shown in Fig. 3, so that if we look along the axis of 
the helix every third atom lies in a corresponding position. But just such a 
spiral is formed if atoms are arranged in a chain with the lines joining suc- 
cessive atoms making right angles with each other, these lines pointing m suc- 
cession along the x, y, z, x, y, z, ■ ■ ■ , axes, which is the structure which our 
theory would suggest. Another illustration, less definite, is furnished by the 
crystal structure of the silicates. These are presumably in general ionic com- 
pounds. But some features of them resemble valence compounds: each sili- 
con is surrounded by four oxygens, suggesting the valence of four and tetra- 
hedral structure which we shall discuss in a later paragraph; and where an 
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Fig- 4. Fig. 5. 

Fig. 4. (31207)”^^ group from a silicate. The lighter atoms represent Si. Two tetrahedra 
are joined by sharing an 0. In the actual case, the valences of this shared 0 are more nearly 
parallel than we have shown. 

Fig. 5. Sheet of atoms from Bi. This consists of two layers of atoms, each atom being- 
joined to three neighbors in the other sheet. The whole crystal consists of piles of these sheets. 

tron being shared from each of the three functions with the factors 
(r-ti 2 ), (r-u$). The most obvious example is ammonia, NHg, which has the 
pyramidal structure which we should expect from this model, as is shown in 
Fig. 2. Then in the metals, As, Sb, Bi, we find good illustrations of the priiici- 


valences which tended to be at right angles to each other, rather than being 
parallel as one would otherwise expect. 

The trivalent atoms, N, P, As, Sb, Bi, can be discussed by just the same 
principles : their three valences tend to be mutually at right angles, one elec- 


oxygen is shared between tetrahedra, is shared by two only, as if it had just 
two valences for the two silicons. These features are both illustrated in Fig. 
4. Now it is observed that in such a shared oxygen, the lines joining the oxy^- 
gen to the silicons always form an angle with each other, as if there were 


Fig. 2. Fig. 3. 

Fig. 2. NHs and H 2 O. The angles here, and in the other figures, are taken to be just 
90°, rather than adjusted to agree with experiment. 

Fig. 3. Chain of atoms from Te. The actual chain continues indefinitely in both directioirs. 
The crystal is made of many chains packed together parallel to each other. 
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pie. The atoms in these metals form plates, which appear, when we look 
down on them, like hexagonal lattices, each atom being surrounded by three 
others symmetrically placed. But really alternate atoms are displaced above 
or below the plane, as shown in Fig. 5, so that each atom above the plane is 
at the apex of a pyramid whose base is formed by three atoms below the 
plane, and vice versa; and the three lines joining an atom with its neighbors 
are very nearly at right angles. The whole crystal is formed by piling these 
plates together in such a way as to approximate a simple cubic lattice. 

Other examples can be found in organic compounds containing nitrogen, 
in which the nitrogen is connected to something else by a double bond. In the 
oximes, as shown in Fig. 6, it is connected in this way to a carbon atom; in the 
azo compounds as in Fig. 7, to another nitrogen. The double bond we visual- 
ize simply as the sharing of two electrons, so that the two bonds and the 
center of the atom determine a plane. The third valence of the nitrogen 



Fig. 6. Fig. 7. 

Fig. 6. Two isomeric forms of an oxime compound. A nitrogen and carbon are joined by 
a double bond. The two forms arise from the two possible orientations of the third valence of 
the nitrogen. 

Fig. 7. Two isomeric forms of an azo compound. Two nitrogens are joined by a double 
bond, 

should then, according to our picture, be at right angles to this plane, but it 
could point out in either of the two normal directions. If the rest of the mole- 
cule were not symmetrical about this plane, we should then expect two forms 
of the molecule, depending on which normal were chosen; and as a matter of 
fact, both these groups of compounds show isomerism which is attributed to 
just this sort of effect. 

The tetravalent atoms, C, Si, Ge, Sn, Pb, demand a different treatment. 
If we assume that four electrons are removed from the group of six p’s,^ this 
leaves none in one of the thi-ee wave functions, and one each in the remaining 
two. Thus there are two electrons to be shared, as in 0, and we have divalent 
atoms as we observe for example in CO. But to obtain a valence of four, we 
must plainly have only three p's removed, leaving one electron each in these 
states; and the other missing electron must then be an s. This latter, having 
a spherical distribution of charge, has no directional properties. Thus in CH*, 
for example, we should tentatively expect that the three hydrogens attached 
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to p valences would form a pyramid, as in NH3, and the remaining hydiogeii, 
bound to an. 5, and free to wander, would set itseli opposite the apex of the 
pyramid to avoid the others, forming a rough tetrahedron. This would not 
be a symmetrical tetrahedron, however; and by a slight change in the loii- 
ditions we can arrive at a really symmetrical one, which would iindoiibtcxlly 
have a lower energy, and which we consider to be the real form for a tetra- 
valent compound. 

To arrive at this symmetrical arrangement, we set up four linear com- 
binations of the three p wave functions and the one 5 function, having a tetra- 
hedral symmetry. We take four unit vectors, ui, M2, th, 2/4, pointing to the 
four corners of a regular tetrahedron. Then the four functions (r-ui) /(f), 
* * * , are, as we have seen, linear combinations of the three p func- 

tions, but of course they are not orthogonal. If however we take the s wave 
function, say (55)(f), we can form combinations (r • 221) /(/) +n^(;6(>), * • • , (r-'/Ci) 
f{r)+acj){r), where a is a parameter, and we can choose a to make the four 


Fig. 8. Diamond lattice. 


functions orthogonal. These are then the required tetrahedral wave func- 
tions. The density of each one is great along one of the axes of a regular tetra- 
hedron; the addition of the 5 function results in having the density much 
larger In one direction than in the opposite one. If now each of these wave 
functions lacks one electron, and other atoms share with the remaining onc^s, 
they will take up a tetrahedral arrangement about the central atom. 

The tetrahedral structure for the valence of C and the other atoms of this 
group is too well known to require extensive comment; a very great number 
of observations of the organic chemists have led to it. But we may mention 
a few examples. The solids as diamond, forms of Pb and Si, form the diamond 
lattice shown in Fig. 8, in which each atom is surrounded by four others in 
tetrahedral arrangement. The gas CH4, shown in Fig. 9, is undoubtedly tetra- 
hedral, as shown by the absence of electric moment. The double carbon bond 
is explained very easily by the sharing of two electrons, meaning that two 
tetrahedra join by an edge. The remaining four valences then all lie in a 
plane, as shown in Fig. 10, and the isomerism of the derivatives of ethylene, 
H2C = CH2, is readily explained : given two unlike radicals attached to each 
atom, there will be two different compounds depending on the two possible 
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assignments of one pair to the two electrons of the corresponding atom. This 
explanation seems much more convincing than the ingenious theory of 

Hiickel,^ based wholly on electron valence. 

The weakness of Huckel’s theory is that he does not consider carefully the 
nature of the other bonds than the double one, and hence does not notice the 
fact which we point out, that the s valence must be combined with the ps 
to obtain a symmetrical arrangement. If one followed his argument throug , 
each of the carbons in ethylene would have one p valence and one s free to 
join to hydrogens, and the latter would then hardly be equivalent. 

Similarly the triple bond would correspond to the sharing of a whole face 
of two tetrahedra. The remaining valences would then point out along the 
line of centers, so that acetylene, HC = CH, shown in Fig. 11, should be a 
linear molecule, as is observed from its lack of dipole moment. 



Fig. 10. 


Fig. 11. 


Fig 10. Two isomeric forms of a substituted ethylene. Two carbons joined by a double 
bond. Two isomers if at least two sorts of radicals are attached to the carbon: trans form (at 
left) with like radicals opposite; cis form (right) with like radicals adjacent. 

Fig. 11. C 2 H 2 . A linear molecule with a triple bond. 


An ordinary chain compound is shown in Fig. 12. The zig-zag structure 
of the compound, observed for example by Muller ,5 is well shown in the figure. 

The atoms beyond the tetravalent ones appear generally in ionic com- 
pounds rather than with valence bonds, and so do not concern us in this 
paper. But we should discuss one point; in a great ma.ny compounds there 
is ambiguity as to whether the bonds are homopolar or ionic. We have men- 
tioned the silicates; other examples are H-Cl (which could 1 ^ witten a so 
H+C1-) and H-O-H (which could be written H+(OH) ^ 

such a compound as AI 2 O 3 can be written in either way (Al— O— A1 or (A1+++) 2 

(O-Is) Very general principles of wave mechanics tell us the outline of the 
treatment in these cases. The two explanations constitute two unperturbed 
states, from which the true one is to be found by linear combination, so that 
the real situation is intermediate between the two. If the energies of the wo 


^ E. Hiickel, Zeits. f. Physik 60, 423 (1930). 

5 A. Muller, Proc. Roy. Soc. A114, 542 (1927), 
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models are approximately the same, the real state will lie roughly half way 
between, while if one has a much lower energy than the other, that will fairly 
accurately represent the real situation. Moreover, if the two are combined, 
there will be a resonance effect in the energy, which will generally bring the 
real energy lower than that computed from either model separately. 1 his 
may well explain the unusual stability of the silicates, and of the other com- 
pounds we mentioned : their energy is lower on account of the two explana- 
tions of the binding. 

It is important to consider the relation of our models, say for H-/), to 
those of Debye," based on the assumption of ionic compounds in which the 
polarizibility of the 0“ is considered. Debye has been able to give alternative 
explanations even of the triangular form of H 2 O and the pyramidal form of 
NH3. From the discussion of the last paragraphs, we see that both these e.x- 
planations are to be regarded as legitimate starting points, with the true 



Fig. 12. Fig. 13. 

Fig. 12. A chain compound, C 7 H 16 . The zig-zag arrangement of carbons, and the elongated 
cross-section of the chain, result from having the valences of carbon inclined at definite angles 
to each other. 

Fig. 13. Benzene, CgHs. The Kekule model. 

state of affairs somewhere between them. The two descriptions, ionic and 
homopolar, are not as a matter of fact very dift'ereiit in fundamentals. Con- 
sider for example HCl. In the homopolar valence explanation, the electron 
from H, and one from Cl, are shared on the line joining the two atoms, and 
the net effect is that some of the hydrogen electron’s charge has shifted to- 
ward the chlorine. In the ionic explanation, we start by assuming that the 
hydrogen electron is wholly transferred to the chlorine. But then we assume 
that polarization pulls some of it back again, and we are left in very much the 
same situation as before. The principal advantages of the homopolar method, 
with these ambiguous problems, are first that it seems rather nearer the real 
solution, as is shown, for example, by the small dipole moments of the hydro- 
gen halides; and second that it is better able to deal in a general way with 
directional properties. 

Another point connected with valence should be mentioned similar to the 
® P. Debye, “Polar Molecules,” Chemical Catalog Co. 
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ambiguity between the ionic and homopolar valence descriptions of a com- 
pound, In some cases there may be several ways of drawing valence bonds in 
a given compound. In such cases, the real situation is again a combination of 
the various possibilities, and on account of resonance the energy is lower than 
it would otherwise be. We can not then draw the valence bonds in an unam- 
biguous way; we must rather imagine them shared between several atoms. 
Such cases of shared valence may well be commoner than is usually sup- 
posed. The writer has already explained the cohesion in monovalent metals 
as coming from this efifect, and it probably persists through most of the 
metals other than those specifically discussed in this page; for in all of these, 
each atom has more neighbors than it has electrons to share, and hence than 
it has valence bonds in the ordinary sense. Another example is probably 
found in the benzene ring. Here the Kekule model, shown in Fig. 13, allows 
either the structure 


A 


/\ 
c c 

c c 

V 

or 

1! i 

V 


By wave mechanics we should have a combination of these two possible struc- 
tures, resulting in a complete equivalence of the carbons of the ring, a shared 
valence (essentially 1-1/2 bonds between each pair), and an added stability for 
the structure on account of the resonance effect on the energy. Still another 
case presumably comes in the existence of shared valences where ordinarily 
we suppose no valence at all to act. In H 2 O, there is probably a little valence 
attraction betw^een the two H’s, just as if they were forming a H 2 molecule, 
and as a consequence the angle between the lines to the two H’s should be 
slightly acute. And even between molecules we may expect this shared va- 
lence to act. In crystals like Te and Sb we have spoken as if all valence forces 
acted within the chains or plates of which the crystals are formed, but this 
undoubtedly is not the case. In complicated organic compounds, probably 
the valence forces between one molecule and another are nearly as strong as 
within a molecule. Substances where this is true will hang together to form 
solids, and it will be nearly as difficult to separate the molecules as to break 
up the individual molecules, so that an attempt to vaporize them by heating 
will be very likely to disrupt the whole structure instead, a common phe- 
nomenon with these complicated compounds. Many examples of polymeriza- 
tion may well be cases where valences formerly operative within a molecule 
have partly changed over to the role of intermolecular forces. It seems, then, 
that this phenomenon of shared valence is of common occurrence, and that an 
understanding of it, as well as of the relation between ionic and homopolar 
binding, is essential. 
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Abstract 

The emission spectrum of S 2 has been obtained by means of a Geissler tube, the 
plates being taken in the third order of a 21 foot concave grating giving a dispersion of 
0.878A per mm. The following bands have been studied; 9~1(X2857.36), 7-t)(X- 
2860.13), 8-l(X2887.84), 9-2(X2917.38) and 7-l(X2920.28). Each band consists of 
three R and three P branches. For small values of K each band appears to have a 
weak and a strong R branch and a weak and a strong P branch. The lines of the strong 
branches separate into two components for This structure is similar to that 

of the Schumann-Runge bands of O 2 . It is concluded that the S 2 bands investigated 
are due to a transition (like O 2 ). The values of Be" and BV (by extrapola- 

tion) are 0.409 and 0.319 cm“b respectively, the nuclear separation of the lower 
state being f/' = 1.603 X10““« cm and of the upper state f/ = 1.814X10“8 cm. It is 
shown that the rotational levels with odd K values are missing in the upper state and 
those with even K values in the lower state. The fact that alternate levels are missing 
shows that the internal angular momentum of the nucleus is zero. 

Introduction 

' I mE band spectrum due to the S 2 molecule extends from about X6000 to 
X2300A. The spectrum consists of a large number of overlapping bands 
which degrade toward the red. These bands have been studied by various 
investigators. Henri^ divides the spectrum into four regions according to 
the frequency equations which fit most accurately the heads obtained in ab- 
sorption. Rosen^ has shown, however, that all these bands belong to the 
same band system, and from the vibrational analysis obtained the following 
equation for the heads: 

/= r.-f 427. !(!;' + I) - 2.7(ii' -b |)2 - 727. 4(»" -h 2.91 (s" -f |)2 (1) 

Henri* found the bands to become diffuse at X2794.2, a phenomenon which 
he termed “predissociation.” 

Henri and Teves^ using plates taken in absorption with relatively small 
dispersion, attempted a rotational analysis of the S, spectrum. They state 
that each band consists of P, Q, and R branches, giving the values of the 
nuclear separations for the upper and lower states as r' = 0. 70A and r" = 0. 73A. 
Teves'* continued this work in fluorescence obtaining results similar to those 
of Henri and Teves. Recently Swings® and Rompe® also working with the 

* V. Henri, Structure des Molecules, Paris, p. 93 (1925). 

’ B. Rosen, Zeits. f. Physik 43, 69 (1927). 

® V. Henri and M. C. Teves, C. R. 179, 1156 (1924). 

'* M. C. Teves, Dissertation, Zurich (1926). 

' P. Swings, Zeits. f. Physik 61, 681 (1930). 

® R. Rompe, Zeits. f. Physik 65, 404 (1930). 
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fluorescence spectrum of S 2 , have tried to bring their results into agreement 
with those of Henri and Teves, but found it impossible to interpret completely 
the complex patterns obtained. 

It has been shown that the molecules F 2 , CI 2 , Br 2 , and I 2 have similar 
electronic states. The same has also been found in the molecules Lip, Na 2 , and 
K 2 J One would therefore expect a corresponding similarity to hold for O 2 
and S 2 . In particular it seems probable that the S 2 bands mentioned above 
are analogous to the Schumann-Runge bands of O 2 . Recently E. V. Martin 
and F. A. Jenkins^ have also found the SO bands lying between X2500 and 
X3500 to correspond to the Schumann-Runge bands. The analysis of Henri 
and Teves, however, would indicate that S 2 differs fundamentally from O 2 . 
Furthermore, the values of rj' and rj found for the O 2 Schumann-Runge 
bands® are 1.204 and 1.609A, respectively. Irrespective of the similarity of 
the S 2 and O 2 bands, the values of the nuclear separations for the two states 
obtained by Henri are too small, since the Te values for S 2 are surely greater 
than those for O 2 , whereas, according to Henri, the reverse is the case. 

The purpose of the present work was to check Rosen’s results by studying 
the spectrum of the S 2 bands photographed with greater dispersion than he 
used, and to obtain the rotational analysis. The work dealing with the vi- 
brational analysis, perturbations, predissociation, etc., will be discussed in a 
later paper, and only that concerning the rotational structure will be given 
here. It will suffice to state that, except for the revision of the vibrational 
quantum numbers of a number of band heads and the discovery of numerous 
perturbations, mainly in the upper electronic state, our results agree with 
those of Rosen, so that his analysis with a few modifications can be made use 
of in the present paper 

Experimental Procedure 

The spectrum of S 2 was excited in a Geissler tube (see Fig. 1) of Pyrex, 
having large cylindrical aluminum electrodes, so that as much as 0.7 amps, 
could be passed through the tube. The current was supplied by a 5 KW 
transformer. The tube was provided with a quartz window W sealed on to 
one end of a quartz tube, the other end of which was ground flat. This end 
of the quartz tube was sealed onto the Pyrex tube with sealing wax. Consider- 
able difficulty was experienced in keeping the quartz window from fogging 
due to sulphur condensing on it. The best results were obtained when the 
sulphur was introduced into the tube in the form of H 2 S which streamed 
continuously through the tube in the direction away from the window, thus 
opposing the diffusion of sulphur towards the window. In case the window 
did get fogged with sulphur, heating it gently with a bunsen burner restored 

LR. S. Muliiken, Phys. Rev. 36, 1440 (1930). 

8 E. V. Martin and F. A Jenkins, Phys Rev. 37, 226 (1931). 

8 W. Ossenbriiggen, Zeits, f. Physik 49, 167 (1928). 

W, Lochte-Holtgreven and G. H. Dieke, Ann. d. Physik (5) 3, 937 (1929). 

4^ P. Huber, Amer. Phys. Soc. Meeting, Paper No. 65, Cleveland. Dec. 30, 1930, has ap- 
parently also found that Rosen’s vibrational analysis is fundamentally correct. 

H. H. Van Iddekinge (Nature 125, 858 (1930)) has independently used the same method. 
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its transparency. The H2S was dried over P2O5 before introduction into the 
tube. In the discharge tube _ the H2S dissociated, giving sulphur and hydro- 
gen.^^ The other end of the tube was connected to a liquid air trap in which 
the sulphur and H2S were frozen out. This trap in turn was connected to a 
Mega vac oil pump which was kept running while the discharge was going on. 
The pressure of the sulphur in the discharge tube could be regulated by con- 
trolling the flow of H2S by means of a stopcock sealed on to a capillary tube. 

Another method used for introducing the sulphur into the above dis- 
charge tube was by distilling the sulphur in vacuo into the side tube T (see 
Fig. 1). By heating T while the discharge was running pure sulphur could be 
introduced directly into the discharge tube. In this case a mercury diff usion 
pump was used, to evacuate the discharge. tube beforehand. More siilphiir 
condensed on the window when, this method was used and therefore the for- 
mer, method was , preferred for long exposures. The spectrum obtained by 


HjS 



Fig. 1. Discharge tube used for obtaining the S 2 emission spectrum in the region X2850 
"-X29S0 with great intensity. Wka, quartz window sealed into a quartz tube which is in turn 
sealed on to the discharge tube with sealing wax. When sulphur is used instead of H2S to obtain 
the spectrum the tube T with the dotted outline contains pure sulphur. 

this method agreed with that obtained by introducing H 2 S, as was determined 
by comparing plates taken in the second order of the 21 foot grating in both 
cases. 

The photographs of the bands in the region X28S0-X2950 used for the 
analysis were taken in the third order of the 21 foot Rowland grating giving 
a dispersion of 0.878A per mm. A red purple filter of the Corning Cdass Com- 
pany was used to cut out the second order between X4250 and X4450A which 
would otherwise overlap the spectrum obtained. Eastman 33 plates were 
used. The time of exposure was about 30 hours. 

The plates were measured on a comparator with an accuracy of 0.003 
mm. The iron arc was used as comparison spectrum, the wave-lengths of 
which were taken from Kayser’s “Hauptlinien” (1926). The iron standards 
agreed to within 0.003A, so that the wave-lengths of the sulphur band lines 

“ In the region X2850— X29S0, which we studied for this work, the sulphur spectrum was 
very intense as compared with the weak continuous spectrum obtained from the hydrogen 

molecule. 
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may be assumed to be correct to 0.01 A. The wave-lengths (in air) were con- 
verted to wave-numbers (in vacuo) by means of Kayser’s “Schwingungszah- 
len.” 

Data and Rotational Analysis 

The bands due to S2 are very numerous so that there is practically no re- 
gion of the emission spectrum in which overlapping does not occur. In the 
region between X2828 and X2950 the overlapping is the least. Therefore the 
bands: 9-1, with its head at X2857,36; 7-0, X2860.13; 8-1, X2887.84; 9-2, 
X2917.38 and 7-1, X2920.28, have been chosen for the rotational analysis. 
Even with the large resolution used a large number of lines could not be 
separated, a few unresolved groups having a width as large as 1 cm”h The 
lines of the 9-1 and 9-2 bands could not be followed very far due to the over- 
lapping of the 7-0 and 7-1 bands, the latter being considerably more intense 
than the former. Other weaker bands are partially superposed on the 8-1, the 
7-1 and probably on the 7-0 band, making the assignment of the lines into 
series extremely difficult. 

It was noticed that in the clear regions of the 9-1 and 9-2 bands the strong 
lines in each band could be assigned into two distinct series. For every strong 
line in the above bands there is a line of about half the intensity on the short 
wave-length side of the former, the interval between the strong and the 
weak lines remaining approximately constant. The same type of series, i.e. 
two strong and two weak series, has been found in each of the remaining 
bands. In the two bands, 7-0 and 7-1, in which the series could be followed 
to a considerable distance from the bead, it was seen that each line of the 
strong series splits into two lines, the components of this doublet having equal 
intensity. The distance between each line of the weak series and the center 
of the corresponding doublet in the strong series, after its lines had split, is 
the same as before splitting occurred. In this region the three lines, i.e. the 
lines of the weak series and the two corresponding lines into which each line 
of the strong series splits, are approximately of the same intensity. It is 
evident, therefore, that each band consists of six series: A , Ay^ A^^ Bz, By 
and Bz. In the 9-1 and 9-2 bands, where the overlapping by other bands is 
least, all lines but two have been assigned to the various branches. 

The two sets of combinations which are given in Tables IV and V were 
obtained by performing the subtraction A{a) —B{^) and d (a) — 5(/3 + l), 
where a and jS are arbitrary numbers assigned to the series A and B respec- 
tively. Since the Sg bands are those of a homopolar molecule (8^2)2, we may 
expect alternate band lines to be either missing or weak.^^ But if the latter 
were the case we would have noticed it. If, however, all lines are present in the 
series, the above combinations would correspond to R{K) Q{K) ^ ISiF\K) 
and R{K)~~Q(K+l)^AiF^^(K), [or Q{K)-PiK)^AiF\K) and Qm^ 

F. W. Aston (Proc. Roy. Soc. AU5, 487 (1927)) has estimated that about 97 percent of 
the atomic weight of sulphur is due to the isotope. Consequently these S 2 bands must be 
due to (S®)s. The bands due to and have not been observed. These bands will be 
very much weaker and, furthermore their calculated positions He within the bands investigated 
thus making their observation more difficult. 
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P{K+1) »AiF"(iir)]. The Ax, Ay, and Az series would then be three R (or 
three Q) branches and the Bx, By and Bx series would be three Q (or three P) 


Table I. Wave-numbers of the lines in the 9-1 and 9-2 bands and the intervals 
between correspofiding strong and weak lines 


K 

P 

9-1 band 

P bvB 

bvp 

P 

9-2 band 

P bpR 

bi'p 

3 

— 

34983.2* 

82.3 

— 

-0.9 

— 

34263.4* 

62.4 

— ' 

-1.0 

5 

34987.1* 

980.8* 

79.7 

— 

-1.1 

34267.4* 

66.5 

261.0* 

60.0 

-0.9 

-1.0 

7 

986.3* 

84.7 

917 A* 
76.4 

-1.6 

-1.0 

266.5* 

65.5 

2.57.7* 

56.6 

-1.0 

-1.1 

9 

985.2* 

84.2 

973.4* 

72.1 

-1.0 

-1.3 

265.2* 

64.3 

253.6* 

52.6 

- 0.9 

- 1 .0 

11 

983.2* 

82.3 

969.1* 

68.0 

-0.9 

-1.1 

263.4* 

62.4 

249.3* 

48.3 

-1.0 

1.0 

13 

980.8* 

79.7 

964.0*1 

62.8 

-1.1 

-1.2 

261.2* 

60.0 

244.7* 

43.3 

-1.2 

- 1 .4 

15 

978.1* 

76.4 

958.2* 

57.0 

-1.7 

-1.2 

257.9* 

56.7 

238.7* 

37,2 

-1.2 

-1,5 

17 

974.2* 
72. 7‘ 

952.3* 

50.7 

-1.5 

-1.6 

254.4* 

52.9 

232.6* 

31.1 

-1.5 

-1.5 

19 

970.0* 

68.6 

945.1* 

43.6 

-1.4 

-1.5 

250.4* 

49.3 

225.2* 

24.0 

-1.1 

-1.2 

21 

965.3* 

63.71 

937.4* 

35.9 

-1.6 

-1.5 

245.8* 

44.7 

218.0* 

17.1 

-1.1 

-0.9 

23 

959.9* 

58.2 

929.6* 

28.0 

-1.7 

-1.6 

240.2* 

38.7 

210.0* 

08.6 

-1.5 

-1.4 

25 

954.0* 

52.7 

921.9 

21.41 

20.01 

-1.3 

-1.6 

234.5* 

33.3 

201.4* 

00.0 

-1.2 

-1.4 

27 

947.2* 

45.51 

911.6 

09,9 

-1.7 

-1.7 

228.1* 

26,8 

193.0 

92.5 

91.5 

-1.3 

-1 .3 

29 

— ■ 

— 

— 

— 

222.4 

21.7 

20.4 

183.9 

83.2 

82.1 

-1.6 

-1.4 

31 


— 

— 

' — ■ 

214.7 

14.0 

12.7 

173.6 

73.0 

72.0 

-1,6 

-1.3 

33 

— 

— 

— 

— 

— 

163.1 

62.5 

61,2 

— 

-1.6 


* These lines are made up of two components which become resolvable at K = 25, They are 
merred to in the text as R^y and Pxy, and when they become resolvable R,, Ry, P^ and Pj,. 
The remaining values are then R^ and P,. It will be shown later in the text that P.., Pj, and P, 
correspond to Pi, P 3 and P 2 , respectively, and similarly for the P branches. 

^ Smoothed values, the observed lines being composite. 
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branches. But if alternate lines are missing, the combinations correspond to 
R{K)-P{K)=L,F\K) and i?(Z')-P(Z+2)=A2F"(ir+l). The equations 
for AiF and A 2 P are: 

AiF = constant + 2{B + ZD)K + ADK^ (2) 

AaF = constant + 4(B + 2>D)K + (3) 

where B =h/ST‘^ficr^ and D = ju being the reduced mass of the mole- 

cule. If we assume the first alternative, i.e. no lines missing, we obtain from 
our data = 0,818 cm"~b while the second gives B" = 0.409 cm.“"^ From the 
empirical formula^^ B = (27.7//x) (3000/co")""^^^ which holds within a few per- 
cent for all known molecules composed of atoms of equal or nearly equal mass, 
we obtain B" =0.404 cm,”"^ Furthermore, if we assume that all lines are 
present, the value of D calculated from the theoretical relation De = — •4B//c«)/ 
is sixteen times as large as the value actually obtained from our data, whereas 
if we avssume alternate lines missing, the value of D obtained from our data 
agrees within experimental error with the above theoretical value. These 
comparisons show that we must adopt A^F and alternate missing lines. The 
series A and B therefore correspond to three R and three P branches. 

In Tables I, II, and III, listed under their respective headings, R or P, are 
given the lines of the five bands investigated. The lines indicated by aste- 
risks are the strong lines made up of two components which become resolv- 
able at about if = 25. The values with superscript 0 are assumed values, the 
observed lines being composite. Spr and 8vp are the intervals between the 
weak and the strong lines in the R and P branches, except that where the 
strong lines are separated into two components, 8v is the interval between the 
weak line and the center of gravity of the doublet. It is seen that these in- 
tervals are the same within experimental error for all the bands investigated. 

The values of A 2 P"(if) =P(Jf — i)— P(if+i), which should agree for the 
7 — 1, 8 — 1 and 9 — 1 bands are given in Table IV B. In Tables IV A and IV 
C the corresponding A^F'^'s of 7-0 and 9-2 are tabulated. The values of 
A 2 P'(Jf) which should agree for the 7-1 and 7-0, and for the 9-1 and 9-2 
bands are given in Table V^ and VC. The corresponding A^F^KYs for the 
8-1 bands are given in Table VB. It will be seen that all the expected agree- 
ments are fulfilled within experimental error. 

The absence of strong Q branches indicates that we are dealing with a 
transition for which AA=0. Furthermore, the great intensity of the entire 
system makes it evident that the transition is between two states of equal 
multiplicity, i.e. AS = 0. From the structure of the band, three R and three P 
branches, we conclude that the electronic states involved are triplets* The 
possible transitions are ^2— ^11— and perhaps ^A— The fact that 

P. M. Morse, Phys. Rev. 34, 57 (1929), 

In a or transition we would expect three strong R and three strong P 

branches present, spaced approximately as in a >^2 transition, if we have case (b) for both 
upper and lower electronic states, or if we had case (a) in which A is approximately the same 
in both the upper and the lower states (cf. TiO bands; A. Christy, Phys. Rev. 33, 701 (1929)). 
For these transitions, however, we would expect all lines to be present and also the so called 
staggering effect, the magnitude of which would depend on X type doubling. 
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Table IL Wave-numbers of the lines in the 7-0 and 7-1 bmds and the intervals 
between corresponding strong and weak lines. 


K 

P 

7-0 band 

P dvE 

bpp 

P 

7-1 band 

P OPR 

(ipp 

3 


34949.9* 



-1.7 

— 

342.i(}.0' 


- 1.0 



48.2 




29.0 



5 

34953 . 3 * 

947.2* 

— 

-1.7 

34233.3* 

227.6* 

-1.4 

- 1.6 


— 

45.5 



31.9 

26.0 



7 

952.7* 

944.2* 

-1.7 

-1.4 

232.6* 

224.2* 

— 1 . 5 

4 


51. Qi 

42.8 



31.1 

22.8 



9 

951.6* 

940.5* 

-1.4 

-1.3 

231.9* 

220 . 4 * 

- 1.5 

- 1 .4 


50.2 

39.2 



30.4 

19.0 



11 

949 . 9 * 

935. 7» 

-1.7 

-1.6 

230.0* 

215.8* 

- 1.0 

-1 .4 


48.2 

34.1 



29.0 

14.4 



13 

947.2* 

930.6* 

-1.7 

-1,4 

227.6* 

210 . 8 * 

- 1.6 

1.6 


45.5 

29.2 



26.0 

09.2 



15 

943.6* 

924.3* 

-1.6 

-1.6 

223.6* 

204.7* 

-1.9 

— 1.5 


42.01 

22.7 



21.7 

03.2 



17 

939 . 4 * 

917.7* 

-1.6 

-1.8 

219.5* 

197.8* 

-1.5 

-1,9 


37.81 

15.9 



18.0 

95.9 



19 

934.1* 

909.9* 

-1.5 

-1.7 

214.4* 

190.3* 

-1.7 

-1.8 


32.6 

08.2 



12.7 

88.5 



21 

928.7* 

901.5* 

-1.6 

-1.0 

208.6* 

182.1* 

- 1.0 

- 1.8 


27.1 

00.5 



07.6 

80.3 



23 

921.9* 

892.9* 

-1.4 

-1.4 

201.4* 

173.0* 

- 1.0 

-i.i 


20.5 

91.5 



00.4 

71.9 




914.4 

883.0 







25 

14. 0^ 

82.6 

-1.4 

-1.3 

194,5* 

163.1* 

- 1.1 

-1.3 


12.8 

81.5 



93.4 

61.8 




906.4 

872.6 



186.2 

153.0 



27 

05.6 

71.8 

-1.7 

-1.2 

86.0 

52.4 

-1.4 

-1.3 


04.3 

71.0 



84.7 

51.4 




34898.1 

34862.4 



34177.8 

34141.5 



29 

97.2 

61.5 

-1.4 

-1.7 

77.0 

40.8 

-1.9 

-1.7 


96.2 

60.2 



75.5 

39.4 




888.7 

849.8 



167.8 

128.8 



31 

87.5 

48.5 

-1.3 

-1.5 

66.9 

27.8 

- 1.8 

-1.9 


86.8 

47.6 



65.5 

26.4 




877.6 

836.6 



157.0 

116.2 



33 

76.7 

35.2 

-1.4 

-1.5 

56.5 

15.3 

-1.7 

-1.4 


75.7 

34.4 



55.0 

14.3 




865.9 

822.5 



145.7 

102.2 



35 

65.0 

21.1 

-1.2 

-1.3 

44.8 

101.7 

■—1,3': 

-1.3 


64.3 

20.5 



44.0 

00.4 









088.2 



37 

— 

„ — 

■■■ ■ — 

— 

— 

86.8 


-1.4' 







86.1 




These lines are made up of two components which become resolvable at iC==2S. They 
are referred_to in the text as R:cy and Pary, and when they become resolvable Ry, Px and Py. 
1 he remaining- values are then Rz and P*. It will be shown later in the text that Rx, Ry and P, 
correspond to Pi, Pg, and P 2 , respectively, and similarly for the P branches. 

^ Smoothed values, the observed lines being composite. 
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alternate lines are missing instead of staggering and that only three R and 
three P branches are present^’ clearly indicates that the bands are due to a 


Table III. Wave-mimhers of the lines in the 8-1 hand and the intervals between 
corresponding strong and weak lines. 


K 

R 

8-1 band 

P 

hVR 

hvp 

3 



34614.1* 

— 

-1.7 



12.4 



5 

34617.7* 

612.0* 

-1.4 

-1.1 


16.3 

10.9^ 



7 

616. 9=''- 

608.9* 

-1.3 

-1.8 


15.6 

07.1 



9 

616.3'^ 

604.4* 

-1.4 

-1.6 


14.9 

02.8 



11 

614. 

S99.7* 

-1.7 

-1,1 


12.4 

98.6 



13 

612. 

594.8* 

-1.4 

-1.4 


10.6 

93.4 



15 

608.9* 

589.6* 

-1.8 

-1.3 


07.1 

88.3 



17 

604.4* 

583.0* 

-1.6 

-1.5 


02.8 

81.5 



19 

599.7* 

575.4* 

-1.1 

— 


98.6 

— 



21 

594.0* 

567.4* 

-1.6 

-1.4 


92.4 

66.0 



23 

588.3* 

558.8* 

-1.5 

-1.2 


86. 8 

57. 6 



25 

581.5* 

549.7* 

-1.7 

-1.2 


79.8 

48.5 



27 

573.5* 

539.0* 

-1.4 

-1.4 


72.1 

37.6 




565.9 

529.6 



29 

65.2 

28.5 

-1.8 

-1.8 


63.7 

27.2 






516.8 



31 

555.1 

16.1 

-1.6 

— 


53 . 5 

— 




* These lines are made up of two components which become resolvable at iC = 29. They are 
refen'ed to in the text as and Rzy, and when they become resolvable Ry^ Rx, and Py. 
The remaining values are then Rz and Pz. It will be shown later in the text that Rz, Ry and Rg 
correspond to Ri, Rz and i? 2 , respectively, and similarly for the P branches. 

^ Smoothed values, the observed lines being composite. 

82— >^2 transition, presumably analogous to that of the Schumann-Runge 
bands of O 2 . We also know that the final state is the normal state, because 
these bands are observed with great intensity in abvsorption.^^'^'^ 

and band lines would probably be too weak to detect. 

We have found that this system of S 2 appears with great intensity in absorption. 


498 


S. M. NAUD& AND ANDREW CHRISTV 



Table IV. The values of A2F" for the levels in which v" =0, 1 and 2. 


, K 

A 

0" level 

7-0 

7-1 

B 

1*^ level 

8-1 

9-4 

rL:\ 

9-2 

6 

9.1* 

9.1* 

8.8* 

9 . 7 * 

9.7* 


•— 

9.1 

9.2 

— 

9.9 

8 

12.2* 

12.2* 

12.5* 

12.9* 

12 . 9 * 


11.8 

12.1 

12.8 

12.6 

12.9 

10 

15.9* 

16.1* 

16.6* 

16 . 1 * 

15 « 9 * 


16.1 

16.0 

16.3 

16.2 

16«0 

12 

19.3* 

19.2* 

19.3* 

19.2* 

18 . 7 * 


19.0 

19.8 

19.0 

19.5 

19.1 

14 

22.9* 

22.9* 

22.4* 

22.6* 

22.5* 


’ 22.8 

22.8 

22.3 

22.7 

22.8 

16 

25.9* 

25.8* 

25.9* 

25.8* 

25.3* 


26.1 

25.8 

25.6 

25.7 

25.6 

18 

29.5* 

29,2* 

29.0* 

29.1* 

29 . 2 * 


29.6 

29.5 

— 

29.1 

28,9 

20 

32.6* 

32.3* 

32.3* 

32.6* 

32 . 4 * 


32 . 1 

32.4 

32.6 

32.7 

32.2 

22 

35.8* 

35.6* 

35.2* 

35.7* 

35 . 8 * 


35.6 

35. 7 

34.8 

35 . 7 

36.1 

24 

39.3* 

38.3* 

38.6* 

,38.5* 

38 . 8 * 


39.0 

38.6 

38.3 

38.2 

38.7 


r41,8 







26 

142.2 

42.1 

42.5* 

42.4 

42 . 0 * 


41.8 

42.0 

42.2 

42.8 

41.8 


f44.0 

/44.7 




28 

144.1 

145.2 

45.0 


44.9 


44.1 

45.3 

44.9 


44.7 


/48.3 

149. 0 

/49.1 


[ 48.8 

30 

148.7 

149.2 

149.1 


■■ 148.7 


48.6 

49.1 



48.4 


/52.1 

rsi.6 



[ 51.6 

32 

152.3 

151.6 

— 

— 

151.5 


52.4 

51.2 



51.5 


/55.1 

/54.8 




34 

155.6 

154.8 

— 

— 




55.2 

54.6 






/57.5 




36 

-- 

158.0 


— 





57.9 





* These values are obtained from the stronger i? and P branches before the lines 
re^lvable, and are referred to in the text as The bracketed values are then A-.F, and 

Aj/'j,. 1 he remaining values are A 2 F,. As will be shown later in the text A^F,, AiF. and AJ', 
correspond to AzFi, and A2F2, respectively. 

The rotational levels of a state are given 

Fi = B^KiK + 1) + J - K) + D^K\K + 1)®* + (4) 

“ For a detailed discussion cf. R. S. Mulliken, Rev. Modern Physics 2. 105 (1931.) The 
factor 6^ has been omitted in Eq. (4). 
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Table V. The values of At F' for the levels in which z>' = 7, 8 and 9. 


K 

A 

7' level 

7-0 7-1 

B 

8' level 

8-1 

C 

9' level 
9-1 

9-2 

5 

6A'^ 

5.7* 

5.7* 

6.3* 

6.4* 


— 

5.9 

5.4 

: — 

6.5 

7 

8.5* 

8.4* 

8.0* 

8.9* 

8.8* 


8.2 

8.3 

8.5 

8.3 

8.9 

9 

11. r-' 

11.5* 

11.9* 

11.8* 

11.6* 


11.0 

11.4 

12.1 

12.1 

11.7 

11 

14.2* 

14.2* 

14.4* 

14.1* 

14.1* 


14.1 

14.6 

13.8 

14.3 

14.1 

13 

16.6^ 

16.8* 

17.2* 

16.8* 

16.5* 


16.3 

16.8 

17.2 

16.9 

16.7 

IS 

19.3* 

18.9* 

19.3* 

19.9* 

19.2* 


19.3 

18.5 

18.8 

19.4 

19.5 

17 

21.7* 

21.7* 

21.4* 

21.9* 

21.8* 


21.9 

22.1 

21.3 

22.0 

21.8 

19 

24.2* 

24.1* 

24.3* 

24.9* 

25. 2* 


24.4 

24.2 

— 

25.0 

25.3 

21 

27.2* 

26.5* 

26.6* 

27.8* 

27.8* 


26.6 

27.3 

26.4 

27.8 

27.6 

23 

29.0* 

- 28.4* 

29.5* 

30.3* 

30.2* 


29.0 

28.5 

29.2 

30.2 

30.1 


/31.4 





25 

\31.4 

31.4* 

31.8* 

32.6* 

33.1* 


31.3 

31.6 

31.3 

32.7 

33.3 


/33.8 

r33.2 




27 

133.8 

133.6 

34.5* 

35.6 

35.6 


33.3 

33.3 

34.5 

35.6 

35.3 


f35.7 

f36.3 

136.3 


r38.5 

29 

135.7 

136.2 

136.7 


[38.5 


36.0 

36.1 

36.5 


38.3 


f38.9 

/39,0 

— 


r41 .1 

31 

139.0 

139.1 

39.0 

— ^ 

141.0 


39.2 

39.1 



40.7 


[41.0 

J40.8 





141.5 

141.2 

— , 

— , 

— 


41.3 

40.7 





[43.4 

f43.5 




'■ ; 35 

143.9 

143.1 

— 

— , 

— 


43.8 

43.6 





* These values are obtained from the stronger R and P branches before the lines become 
resolvable, and are referred to in the text as AtFxy- The bracketed values are then A%Fx and 
A%Fy, The remaining values are AaP*. As will be shown later in the text A^Px, A%Fy and A2P2 
correspond to A2P1, A2P3 and A2P2, respectively. 

Where / is the total angular momentum of the molecule, its values being 
J=zK+S, , K — S. S is the resultant electronic spin. For a 
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triplet state 5 = 1, hence J =K+1, K and K-1. Due to the three values of J , 
we shall have, in general, three closely spaced energy states for each value 
of K. These energy states are designated by Fi, Fo and 5a, where 5i corre- 
sponds to Fito J — K&nd Fsto J =K — l. 

As has been shown by Kramers, fi(K, J-K) for states is made up of 
two parts, one of which is due to the interaction of the resultant electronic 
spin S* with the rotational angular momentum K*, and is equal to 

(1/2)t[/(J + 1) - KiK -f 1) - 5(5 + 1)] 

= (1/2)7 [(/(/ + 1) - K{K -b 1) - 2] (5) 

while the other part is due to the interaction between the individual spins of 
the electrons and is designated by Wi{K, J—K). fi{K, J — K) then becomes 

fU, J-K)== {l/2h[J{J -b 1) - K{K -b 1) - 2] + r£-,i(A, J - K) (6) 

It has been shown “ that WiiK, J—K) has the following form for the three 


values of J: 

/ = JT -b 1, wi = - 6(1 - i/2K -b 3) (7) 

J = A' - 1, = - 6(1 + 3/2/v - 1) (8) 

J = K, = + 26. (9) 

We can neglect terms in s/A for moderate and large values of K, since e is usu- 
ally small. fi{K, J—K) then is: 

/ = A + 1, /i = - 6 + tA (10) 

/ = A - 1, /s = - 6 - y(K -b 1) (11) 

/ = A, /2 = 26 - 7 (12) 

The lines of the R and P branches are given by : 

RiiK) = -b 5/(A -b 1) - F/'iK) (13) 

Pi{K) = -b F/iK - 1) - P/'(A) (14) 

Hence, for the three components of the triplet, 


A2F/(A) = Ai(A) - P»(A) = F/iK + 1) - F/iK - 1) is:^! 

7 = A -f 1, AJf/iK) = 2(5/ + 2D/ + y') + 4(5/ -b 3D/)A + 85/5^15) 

7 = A - 1, AiF/iK) = 2(5/ -f 25/ - y') + 4(5/ -b 35/)A + 85/A® (16) 

J = K, A^/iK) = 2(5/ -b 25/) -f 4(5/ -b 35/) A -b 85/ A® (17) 

For the lower electronic state, 

H. A. Kramers, Zeits. f. Physik 53, 422 (1929), 

21 We should include in these equations an additional terra +12 but is of the 

order of magnitude of so that, for values of K in which this term will become appreciable, 
the contribution of the cubic term will be much greater than that of the squared term, and hence 
the latter may be neglected. 
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A,R"{K) - S.iK + i)-F,iK - 1) - - ri’ lK -l) has exactly 

the same form as in the above equations, except that the ( ) is replaced by 

In Tables IV and V the A^F values with asterisks, A^F^y, are obtained from 
the lines of the strong R and P branches. When these lines are resolvable, 
the bracketed values, and A,Fy, for any one K, are obtained from the 
corresponding components of the doublets. The remaining value A 2 F, or 
every K is obtained from the weak R and P branches. As will be shown later, 
AcP, corresponds to A.P^, cf. Eq. (17). T he sets o f values A^F.y correspond to 
the mean of Eqs. (15) and (16), i.e. A2Pi3(iC) =2(P.+2P.)+4(P,+3i?.) 
W+SPo-Ki* which is the same as Eq. (17). If we assume 7 negative (the justi - 
cation will be discussed below) A2P1 and A2P3, cf. Eqs. (15) and (16), corres- 
pond to A^Fx and A^Fy, respectively. •, j , r + d 

The values of the molecular constants obtained from the data are listed 
in Table VI The values of B were obtained from the slopes of our graphs 
corresponding to Eqs. (15), (16) and (17). The value of P. was obtained 
from the equation D ,= which agrees within experimental error 
with the value obtained from Eqs. (15), (16), and (17). 


Be 


Ba + loie and = 


Po - Bx 


Table VI. Values of fyioleculaf coTistants. 




De 

(cm“^) 


, Be and 




O.4O83 

0.4077 

0.407o 


-5.2X10-7 


ag~0 .OOO 7 
Be "=0.409 cm-i 
= 1.603 Xl0“^cm 


Z;' =0 


7 ;' = 7 
7;'=:9 


O.3I85 

(extrapo- 

lated) 

0,308 

0.306 

/0.305 

\0.341 


P/ = 

-7.2X10-7 


ag = 0.00l6 

B/ =0.319 cm-i 
re' = 1.814 XlO-'cm 


e and 7“* 


- 0.1 

±0.014+0.003 


The experimental values of A^P for v' = 9 obtained from the 9 - 1 and 9 - 2 
bands do not fall upon a straight line as one would expect. In order to_ re- 
present these points we had to drawn two straight lines, one fitting the pom s 
L- lower values of K giving P/ = 0.305 cm,-^ and the other fitting the points 
for higher values of K giving P9' =0.341 cm.-^ It is thought thac this effec 
is due to the perturbation of the rotational levels. This seems plausible, fo 

In our letter, Phys. Rev. 36, 1800 (1930) , the values of r. are incorrectly given due to 

in Arithmetical error in obtaining the revalues from the values of Be. 

« The constants . and a are discussed in the foiiowing section. From our data we are only 
able Jd«“mine the acourao, of and not of eith« V or Y. so that the val.es gtven 

for these constants may be off by several percent. 


502 


5. M. NAUDE AND ANDREW CHRISTY 


it is known from our work to be published in a later paper that predissocia- 
tion occurs at v' == 10. All bands with 10 are diffuse in absorption and ab- 
sent in emission. 

The exact value of the quantum numbers K was obtained by extrapolating 
theAzFi curves given in Eqs. ( 15 ), ( 16 ), and ( 17 ) to A2Fi = 0 . It has thus 
been found that the levels with K values are missing in the lower state^ 
and those with odd K values are missing in the upper state. 

Exactly the same results have been found in the Schumann-Runge bands 
of O2 investigated by Ossenbriiggen® and Lochte-Holtgreven and Dieke.^*^ As 
Mulliken^^ has shown, the normal state of the oxygen molecule is in all pro- 
bability this being the lower state of the Schumann-Runge bands. Ac- 
cording to the selection rules for the upper state must then be 

We conclude, therefore, that the & here investigated are due to a 
transition. 

Since alternate levels are missing we conclude that the internal angular 
momentum of the jg zero. 

Spin Fine Structure of Rotational Levels 

As we have seen above, the splitting of the rotational levels of a *'^2 state 
into three components is due firstly, to the interaction of the resultant elec- 
tronic spin with the rotational angular momentum (see Eq. ( 5 )), and secondly 
to the interaction of the individual spins of the electrons (see Eqs. ( 7 ), (8) and 
( 9 )). In the expression for the first interaction the constant 7 enters and in 
that, for the second, the constant e. As these constants have only been de- 
termined in a few band spectra, namely, and PH it will be of value 
to determine them as accurately as possible from the data for S2 given above. 

In order to obtain the values of 7, we have to correlate A2F2 and 
A2F3 given in Eqs. ( 15 ), ( 16 ) and ( 17 ) above with one of the three sets of 
A2F values for A2Fxi A^Fy and A^F^ given in Tables IV and V. By 

examining these A2F values it is clear that 7 must be small since the A2F values 
for the same value of K are almost the same within experimental error. By 
averaging all the AsF^, AgFj, and AgF^ separately for the upper state, we find 
that these values can be represented by (iV — 0.1), (iV+ 0 . 1 ) and N re- 
spectively. The same result holds for the lower state. These results can now 
be explained by correlating the AaF, values with A2F2, and the AgF^, and A2Fy 
values with either A2F1 or A2F3 where 1 7'] ] 7''] 0 . 1 . It is impossible, how- 

ever, to determine definitely from our data alone whether A2F1 should be cor- 
related with AaFrc or A2Fy, as we do not know whether 7 is positive or negative. 

It has been shown that the value of 7^26 in the normal state of the 
O2 molecule is negative ( = - 0 . 025 ). The value of 7'26 for the excited 
state of the Schumann-Runge bands has also been found to be negative 
(=- 0 . 048 ).!^ We would, therefore, expect the value of 7 for the normal ^^2“ 

R. S. MuIIiken, Phys. Rev. 32, 880 (1928) ; 36, 700 (1930). 

R. W. B. Pearse, Proc. Roy. Soc. A129, 328 (1930). 

26 The 7 used here corresponds to (~B) in Kramer's terminology (ef. ref. 20 ) and (-i)) 
in that of Lochte-Holtgreven and Dieke (cf. ref. 10 ). 
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and probably for the excited states of S 2 also to be negative.^ Hence, if 
we assume 7 negative A^Fi and correspond to and A 2 F,, respective y, 
Txabl- IV Jd V. Hence i?.(or P.) K.(<.r P.) and P.(or P.) “ 

F, (or P.), Ry (or P.) and R. (or P.), respectively, m Tables I, II and HI. 

X schematic drawing of the rotational levels of the F 2 
in Fig. 2, with the theoretical separation of each level from the dotted line 


BfK+UMl 




K-2 ; 
K ' 


B[K-1}K 


:-£ri*3/2K+J!]-T[K+2] 

“-£'C1-5/2K+5J+tEk*1) 


_2£*r 

z-etl+3/2K-2g-ark , 

-r£‘[l-3/2K-l3+^-tK-i] 


OiP CIF 


\ I I 
\ \ I 


I I 


a:\ 0 c\Qc 


I I I 
I I t 




- K 


K-i ; 
K+i ■ 






--£"[l-3/2Ki-3]-* 


n,. 2. A oi .he 

The groups with rotational quantum numbers 2C+ r a Thf. .lotted line 

and ?he group with quantum number K to the lower normal 

“JeL,,? theVition ol the le-.l « »o in.^»n l».we» f fcil2 

approximate energy value being S"®" electronic spin S* with the rotational 

levels resulting from the interaction individual spins of the 

angular momentum /g^and^)? The calculated separation of these levels from the dotted 
electrons (see B-qs. (7), (o) and tyii* 4-UQie.-„,Ar levels reoresent theobserved 

line is given on the right. The lines joining the upper and the lower 
transitions and are named accordingly. The F in the diagram is the value of iT . 

for every K value given on the right. The equations for the separations of 
the Xree components in the triplet in the P and P branches, as may be seen 

with the help of Fig. 2 , are^^ 

-Accordingto J.H.vanVleck(Phys.Rev.33,467,192!)).7=ECx4^5jr/.X. Thesum- 

mation is to be taken over all the n states. It is IMy . 

whose influence is much greater t “ ^ ^ ° coefficient at the magnetic interaction in this H 

lir3Ssth?ul?aireS.‘wewouldexpectt^ Hence 

the sign at 7 for both molecules would in all probability be the same. 

Ttb; values in ./P have not been omitted in these equat^^^^^^^^ 
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_ j?3 = - 6e'(2Z + 3/4^2 + 12K + 5) + (>t"(2K - 1/4/i- -f AK - 3) 

-{Z^'-y")-2W-^")K (18a) 

_ j?/= (3e' - 3€") - {?i'/2K + 5) + (3e'72ii + 3) - 2y' + 7" 

- (7' - 7")A' (19a) 

R,- R, = (3e' - 3e'0 + {3e'/2K + 1) - (3^" /2K - 1) -f 7' 

+ (7' - 7")/i 

- P,= - 6t'{2K - 2/AK^ - 8K + 3) -f 6e''(2K - l/4/i= -f 4/v - 3) 

^ _1_ y" - 2{y' - y'')K (l<8b) 

P3 _ Pi = (3e' - 3e'0 - i3e'/2K + 1) -f i3i''/2K + 3) 

^ y" - (y' - y")K (19b) 

P,- P, = (3e' - 3e") + (3e72A- - 3) - (3e"/2K - 1) 

- 7' + (7' - 7")jK'- (20b) 

The average of Eqs. (19a) and (19b) is: 


« (3e' - 3€'0 - (3e' - 3e'0/(2/C -f 3) - ( 7 ' - 7 ") - 7' - 7") A" (21) 
and the average of Eqs. (20a) and 20b) for 

« (3e' - 3€") -f (3e' - 3e")l(2K - 1) + ( 7 ' - (22) 

The interval between J?2 and the mean of Ri and Rs is for i? ^ 3 

3 ( 6 ' -e") +1(7' -7"). ( 28 ) 

This interval is the same as that obtained from the P branches. 

Eqs. (18a) to (23) may now be used to correlate definitely the branches 
designated by Pi, Ry and Rz (or Px, P, and Pi) with Pi, P3 and Pa (or Pi, 
P3 and Pa). The average of the experimental values 8vr and dvp given in 
Tables I, II, and III are plotted in Fig. 3, Graph A. It is recalled that Spr 
and dvp are the intervals between the weak Pi (or P.) and the corresponding 
strong lines Pij, (or P^y)- When the components of the strong lines become 
resolvable, Spr (8vp) are the intervals between Pj (or Pi) and the center of 
the resulting doublet. The values of the average intervals between the weak 
lines Pi (or Pi) and the corresponding short wave-length component of the 
doublet Pi (or Pi), i.e. the average of (Pi— P*) and (Pi— Pi) are plotted be- 
low Graph A . The values of the average intervals between the weak line 
Pi (or Pi) and the long wave-length component of the doublet P» (or Py), 
i.e. the average of (P, —Ry) and (Pz—Py) are plotted above graph A . 

We see that the plotted values of Bpr and (graph A) are approximately 
constant, and independent of K. Further, as can be seen from Fig. 3, the 
average of the intervals Spb-(Rz~Rx) and 8pp-{Pz — Px) is approximately 
equal but of opposite sign to the intervals 8vR — iRz-Ry) and Si'p- (Pi-Pj. 

These equations contain approximations which hold only for the values of K as given. 
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Considering the results obtained above by comparing the experimental 
values of 4.Fa„d Eqs. (15), (16) and (1^ and 

possible correlation |(assuming 7 negative) is tlmt R.{or .) P 

p fr%r P ^ R (or P ) to (or Pz) a<nd Rz (or P a), to R21 (or x 2}* 

Ru (01 Pi), Ry^or -t y), to iC3, VO z = _ 1 .41 from which we 

From Eq. (23) and Graphs, 36 -3e +217 7 ; ^ 

obtain e'-e" = -0.47®“ if we put ( 7 ' - 7 ") =0.014 (see below). 

The points below and above graph A in Fig. 3, can now est ® ) 

bv erapL B and C, respectively, which are the graphs of Eqs. (21) and (22), 
by grap , 42 ^nd ( 7 ' - 7 ") =0.014. We have seen above 

if we take (3€ — 6 e j- \ j ,,j s. i / 

that y «7" « -0.1 and from ( 7 - 7 ") =0.014, we conclude I 7 1 > l7 1 • 



B 


Fig. 3. Graphs showing av^ge^obs^rved -pamtions^o 

cXToftJrdoXts k and Ry (or P. and pi when (or P.„) beconre resolvable for 
or the center ot the aouuieis a y s a The trianeles reoresent the intervals be- 

Tnr+eTnverted ttiangles represents the inte^als be™ 

rrrh“t.irhTy « -ici i. .h. ^.ph .i 

by C which IS the graph ot = 4-0 014. The olotted values are the averaged 


Eq. (21) where3(€'-6") 


in (ii), ana me mvciucu - ~ - 

1.42 and 7 '- 7 " = +0.014. The plotted values are the averaged 

intervals for the R and P senes. 

From our data we are not able to determine the values of ^nd e'' 
seoaratelv This will be possible if the rotational structure o ® ^ 

ihe bands could be determmed These bands of S. 

which would lie in the infrared, have as yet not been discovered. 

Discussion of Previous Work 

With regard to previous work on the rotational analysis of S 2 there is 
• dLSon that the analysis of Henri and Teves® is probably incorrect, 
r«r.ion “uld not be sufficient to separate all the lines .n 
the bands and thus to assign the lines correctly into smes. The comptaity 
5 the patte™ obtai in Huorescence by Teves* Swings,- and Rompe- are 

undoubtedly due to the following causes: 

.0 In the G. Schumann-Runge bands F and P' were both found to be positive and also 
P'>V If we assume and F'arealso positive in the Sg bands, then e >6 . 
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(1) All the lines of the mercury arc have been used to excite fluorescence. 

(2) As Rompe points out Swings’ arc was not sufficiently cooled, giving 
him broad exciting lines, whereas Rompe states that he himself was unable 
to obtain step to step fluorescence in mercury vapour with his own source, 
indicating that his exciting lines were also too broad. 

(3) The rotational lines of the S 2 bands lie close together. 

Due to these facts and the small dispersion used by these investigators, 
it is extremely difficult, if not impossible, to interpret the results which have 
been obtained by them It will be interesting, however, if the fluorescence 
spectrum could be investigated using single line excitation and somewhat 
larger dispersion than that used by previous investigators. 

Note added in proof: We have received a letter from Mons. P. Swings in 
which he states that according to results derived from an investigation of the 
fluorescence spectra of S 2 (obtained with a Crony spectrograph with 1 1 prisms 
giving a dispersion of lA per mm atXSOOO) he found /" = 70X10“^“ gm cm^ 
corresponding to a value of 5” = 0.396 cm“'. This value of B" agrees within 
experimental error with our value B/' = 0.409 cm“^ given above. Plis results 
will be published in the Mem. Soc. royale Sciences, Liege. 

The authors wish to express their appreciation to Professor R. .S. Mul- 
liken for his interest and advice in connection with this work. 
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ORBITAL VALENCY* 

By James H. Bartlett, Jr. 

Department of Physics, University of Illinois 

(Received January 15, 1931) 

Abstract 

The interaction of two atoms, each with one 2p electron, is studied by a method 
similar to S u ed by Kemble and Zener. An atomic wave function whose radia 
partt of tt tem const. (that is, with no nodes) is used. Compile potenUal 

Lergy curves are obtained for the twelve possible sUtes, which are A. ^ 

“Xw of ch„8=. The wi^ w“!cf sr. 

"1.1,^ Tht r.i.S.‘i”to™wL,'lnd'lr.'.t'tr.Mive. The preeent work jivee 

Slater about directed valency. 

i-^UR knowledge of the rules underlying the formation of stable diatomic 
O molecuirfrom their constituent atoms is still very limited, in spite of 
the successes achieved by Heitler and London,^ and by Kemble and Zener. 
The idea of spin valency is quite useful, but its general inadequancy has been 
Jeco^S'ed bTHeitler,^ who has therefore proposed an “orbita ’ valency. Two 

rrcan o„ ea'ch other force, due no, only to 

K„1- dilcn to the coupling between the orbits, and the two types ot inte 

to formulate rules concerning the order of the resulting molecular states. T 

rnS;rf:r~h^ 

s electrons has been n g ^ • function. The method is essentially 

except that in the actual evaluation 

* This work was done largely with the aid of a Parker Travelling Fellowship from Harvard 
""T“:Litler u. F. London, Zeits^f. 

s E C. Kemble and C. Zener, Phys. Rev. 33, 512 (ly^y). 

: p,.^« —ion win h. 

‘ C. Zener, Phys. Rev. 36, 51 (1930). 
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of the integrals the procedure of Zener and Guilleniiif' has fjeen followed. 
■ Without doubt, one could improve upon the energy values by using a varia- 
tional method, but it will be assumed that their order would be the same, and 
it is primarily the order which is the object of this investigation. 

We assume, therefore, the radial part of the atomic wave function to be 
of the form R = const where k is an arbitrary constant. 

Notation. =wave function for electron 1 on nucleus a, with 

quantum numbers m, /, ntu (Similarly for nucleus h). 

For one electron, a = distance from nucleus a 
&=:distance from nucleus 5. 

For two electrons ai = distance of electron one from nucleus a, etc. 

R = internuclear distance 
r = interelectronic distance 

= angle from internuclear axis to line joining a and 1. 

In the case under consideration, it is unnecessary to write explicitly n and I, 
which are 2 and 1, respectively, for each electron. Accordingly, we shall ab- 
breviate the notation to a{mi\). 

Thus 

a(li) = 

K02) = COS ^2* 

Kemble and Zener show how one may set up a secular equation for the 
two-quantum excited states of H 2 , and then separate it according to the con- 
stants of the motion, the spin-orbit interaction being supposed to be negligi- 
ble. The same may be done in the present case, and one obtains a secular 
equation of the twelfth degree, which has eight linear factors, and two quad- 
ratic factors. The results are tabulated. The energy is measured from the 
^^unperturbed” value, namely that for infinite separation. means that 
the electronic factor of the wave function is unchanged on reflection in a 
plane through the internuclear axis (+), and on reflection in the midpoint 
of this axis (g). The notation of Kemble and Zener is also given. 


e C. Zener and v, Guillemin, Phys. Rev. 34, 999 (1929). 
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States 

Mm Syninietry 

Wave Functions and Energy Levels 

Wave Function “Diagonal” Energy 

1 

1 

o(ll)J(12)+®(12)6(ll) P 


1, 

1 ^A„(.4^) 

a(ll)K12)-o(12)6(ll) ] 

J_(7,_j,) 

.-■•Dll 

1 

0 

a(ll)K02)+a(12)K01)+a(01)i(12)+<i(02)Kll) j 

— (/3+/4+/B+/6) 

L+Olo 

1 

0 nT„(/F) 

<j(ll)J(02)+a(12)i(01)-a(01)^(12)-“(02)Kll) : 

— (/s— I4“-Z"5 +/g) 

1— -Sio 

1 

0 

a(ll)i(02)-a(12)6(01)-<j(01)^(12)+o(02)6(ll) 

— (l3+-?4 h !&) 
1+0 10 

1 

0 “ruO#) 

a(ll)ft(02)-o(12)H01)+o(01)i(12)-<i(02)6(ll) 

— ^(/s— /4+J'6— /e) 
l-“OiO 

1 

-1 iSu-(-4*’) 

a{n)b{-12)+a{12)b{-ll)-a{-n)b{i^^ 

— - — 

I'—Sii 

1 

-1 

a(ll)K-12)-«(12)6(-ll)-ff(-14)K12)+o(- 12)6(11) 

1+011 

(1 

-1 i2/(S^') 

tt(ll)6(- 12)+a(12)6(- ll)+o(- ll)^(12)+a(- 12)6(11) 

l+*S'ii 

lo 

0 ‘Zj+(5^') 

a(01)6(02)+o(02)6(01) 

^ (Id+/io) 
l+5oo 

7 

-1 ’S„+(*4^) 

a(ll)6(— 12)-fl(12)6(— ll)+a(— ll)^(12)—''(“^2)^^^^^ 

-l-(Il-Ij+/7-/8) 

1—011 

|o 

0 *S„+(4*') 

<i(01)6(02) -0(02)6(01) 



where 


= J H'[ain)Y[b{i 2 )^^dv 

/a = J H'a{n)b{U)a{12)b{l2)dv 

= J /i'[a(ll)]^[K02)]^^i» 

, = J H'a{n)bin)ai 02 )bi 02 )dv 
Jj = J fi'a(01)a(ll)&(02)H12) cos (<#.i - <b^)dv 

I* £r'ffl(ll)&(01)a(12)&(02) Gos {4>i - 4>%)dv 


h 
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h 

li 


J £r'[a(ll)]**[6(12)]=“ cos 2(^1 - 4>i)dv 


<i>i)dv 


J H'a{n)b{n)a{\2)b{n) cos 2{4> 

Is = J H'[a(fi\)Y[b{Q2)Ydv 

^0 = J H'a(01)J(01)a(02)&(02)^w 

u = J //'a(01)a(12)&(ll)S(02) cos (<i,i ~ <l>‘i)dv 


where H' is the “perturbative” part of the energy, e.g., 

2 2 


, 2 2 
H' = — + — 
R r 


Q2 


using atomic units* 


(5ii)i/2 = (Sooyn = J a(01)&(01)*,, Sio = (Sn SooY'-. 


There remain to be solved two two-degree secular equations, namely 
Ii + di + di + h — E{1 -f Sn) 2{Ii -f III) 

/s "h /u Ii -Y Iw — £(1 + iSoo) 


( 1 ) 

and 

( 2 ) 


0 


I-L — Ii + h - Ii — E(1 - Sn) 2(- 7f, + In) 

+ ^5 + 2'h h — ho - Eil - Sm) 

The solution of (1) gives us two states of the type, and the solution 

of (2) two states of the type. It turns out that the influence of the 

non-diagonal terms is negligible. 

Evaluation of the Integrals 

General formulae. One may classify the integrals according to whether it 
is necessary to use the Neumann e.xpansion or not in their evaluation. One 
does not need to do so for the integrals h, h, h, h, and h. The only term 
in the Hamiltonian which offers difficulty is the 2/r term. The integrals in- 
volving the Neumann expansion are termed “exchange,” and the others 
“Coulomb.” 

Before proceeding, the notation needs explanation. That used by Zener 
and Guillemin® will be adopted. 


In = e-V-^du r„(a) = e-^w^-^du, y,Xc 

r°° 1 

A, (a, a) = e-‘‘==xHx = r„+i((ra) 


0 = r„ - r„(«) 
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((j;) = j e~"^x’‘dx = /ln(“ 1) «) “■ 

/,(»/. «) = e-«-x”’Qr(x)dx 


where 


0„e may readily establish, by partial integration, the following recursion 

formulae: 


i „+i( 1 , «) - 1 ~ + l)s4 «( 1 , a) - w/1 m-i( 1 , «) 1 

s4,„+«(l,«) I m(l,«) =—{("'■ + 2)a4„+i(l,a) - 
Un + 2,a)~hM=^^{-AM + V^^^^ 

Mn+2,a) - IM = -i {3/i(«+ !,«) -jM+n[f.in+ l,a)-Mn-iM 

1 
a 


-{2fi(n + 1, «) — 

+ (n + 1) [/i(« + !,«)- /i(” - 1> 5 

We have here used the relations 


_ 1)— = nxQn — «Qn-h 
dx 


and 

Now let 

/•'(«, >^) = j' 


oi) = Mm + 1 , «) - ■ 


then 


In general, 

Fin) 


du 
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and 


dF{n) 


d\ 

Abbreviating, 

Fi{n) 


nF(n + 1). 


and 




c"-p 


F(n) 


n — 1 


,(1 - (- 1 - X)»™u 


~F{n - 1) + Fi(n) 


f}(mn + I).-'* = i: m 

■ J 


1 

2n . 


1 dF(n) 1 

— —e-p^ix = —~f(X)F{n)e'^p^ 
n dX 2n ' 




/(x):-----J-ix. 

dX ■ dX ) 


( 3 ) 


For the most part, two kinds of coordinate systems have been employed. 
One, with a, b, and 0 as coordinates, and {1/ R)adabdbd4> as volume element, 
is most convenient for integrals such as b)dv, since one can integrate 

over b first and avoid the occurrence of integral logarithms in the final inte- 
grand (using a wave function with radial part R===crer*^^^-), The other, with 
X, fx, and d> as coordinates, where a== (i2/2)(X+^) and & = (i?/2)(X-~/x), and 
(R/2y(X^— fx^)d\dixdd) is the volume element, is best for integrals such as 
the integration over fx being performed first. The transfor- 
mation is as follows: 

X/x + 1 Xm - 1 _ fx^ - ijfl - 

cos da = ; COS db = sin*- da = — 

X d” /X X jx (X T" 


sin^ dh = 


(X — n)- 


Normalization. The normalized atomic wave functions are 




sin and r cos B, where 2tci^/k^ ==1/S2 and 27 rf.r, V' = 

Let a = kR. 

= 2tCi^J sin 6a hsmSi adabcih 

2ircF / 

= 1/24- (a'/2)*[.44(l, a/2) - (6/5)^2(l, a/2) + (l/5)^o(l, a/2)] 


(^oo)‘/^ 


(2jrr2V«®)(a/2)® d\ J 


dixe-^^-mr-iJ.^ - i)(xL- n^) 


= 1/24- (a/2)5{i,(l, a/2) - (18/5).42(1, a/2) + .4,0(1, a/2) 
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Let 


i. - Jil«(U)!-'lKl3l»* - I Bin- ...sin’ 

i. = J-4’(10ini.O)2)l’* = / Bin- ...COB’ «...-■“■«■>* 

. Jll„(,)l)l’I.(12)l=* = J4.’c=%.-fc’ cos’ ...Bin’ 

., . - /4.‘.«cos. ...COB’ ...c-<-V- 

i. c= J l,i(01)fl(ll)H02)K12) COS (<^.l - h)dv 

. f ic, Bin ... ' *’’* 

J r 

i, = J-tl(!(U)]''‘lH12)]'' cos 2(^1 - <^ 2 )* 

^ J ea. Bin= cos 2(<^i - 

W’e can now expand 2/r as usual . 

P2(cos t) + ■ ■ ■ I ^ 

(/a \ 

whereT is the angle between the lines h and b„ and 

P,.(C0S7) = P„(cOSe..)Pn(cOS06,) 

, , fn BS„.(!LrJ!i:p„»(cos 0 .,)P.™(coseO cosm{4>i - H) 

+ Li'i + 

f ,, - <^>2) = 2xP„(cos0b,)2’»(cos06,). »* = 0 

1 P„(cos 7 ) cos w(<#>l ^ I 

- (« - "'^’p„«(cos e6.)P.”(cos 00, ^ 

t 


2 _ 2 
r b 1 




b-i 

1-1 cos 7 

01 


2 i ^'1 _i_ 

=: < 1 + — cos 7 + 

hi I 02 


61 

01 


2,r(- D* 


(« + m ) ! 

On performing the integrations, one obtains, letting 

^ ^1]!^ -{- {KbyTiiKh), 
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the following expressions: — 

ii = {167rci^/3ic^) J sin^ — (l/5)P2(cos 

iz = (SttCi^^/Sk^) J* sin^ + (2/S)P2(cos 

= (16TCi^C2y3K'^) J* a- COS^ (i/5)P2(cOS 

ig - (8 tC2'^/3k^) J COS^ 0ae~'‘^lg5,i + (2/5)F2 (cOS &b)gf,3ldv 
is == (S7rcFc2^/5/d) J* sin 6a cos 6a sin 6h cos 6b^'^*^^g7,:idv 

i.j =: — (SttCiYSa:^) j sin^ da sin^ 

J 6 ae'^‘^^{T^/Kb)dv = (87rr6/3/c0 ks.iW (l/5)^7,3(o:)] 

J cosHae-^W^b)dv = i^irT,/3K^)[gM + (2/S)4/7.a(a)] 

J sin2 [(/ci)3 + 6{Kb)^ + 18/c& + 24](l//ci) • dv 

= (27rA0(«/2)^{(«/2)4(4/3)(.la - ^ 4 ) - (4/35)(.l2 - /lo)] 

+ 6(o:/2)2[(4/3){^5 ^ 3 ) ~ (4/15)(.l3 - ^i)] + 18 (a/2) [(4/3) (.4 4 - 

— (4/15)(^2 ““ ^0)] + 2A{A/3){Az ^i)| 

J* a® cos2 [(/c5)s + 6 (kJ)2 + 18kJ + 24:]{l/Kb)-dv 

= (29r/K6)(a/2)4{(a/2)3[(2/3)U6 - + (46/35>l2 - (2/5)-4o] 

+ 6(q!/2)2[(2/3)46+ (4/15^3+ (2/15)^ 1] + 18(o:/2) [(2/3)^4 + (8/5)/l. 

- (2/3Mo] + 24 [(2/3^3 + (10/3Mi]} 

T7ja^sin^0ae~‘'‘F2(cos0i)(l/Kli)W 

= (STTfrA') [76/3a® - r^/lS - 2Tj/Sa“] 
r? J cos^ 0ae~’‘'‘P2 {cos0i)(l/icb)^dv 

— (47rr7//c^) [ys/^o:^ ”h 2r2/l 5 -h 477/Sai®-*' 2 J 


ORBITAL VALENCY 


515 


J sin^ 0ae-“(lM)*i’2(cos eO [rvW - 

= (2Tro:V4K0[(«/2)i- (4/3)(^6-^4) + (64/7)(44 - ^ 2 ) - (12/7)(^2 - ^ 0 ) } 
+ {a/2Y{ — 8(^6 — ^3) + 40(^13 — -^li)} 

+ 15a*{2(it6 - ^ 4 ) - (76/15)(-44 - ^ 2 ) + (62/15)(.42 - ^ 0 )} 

+ 8(^5 — ^ 3 ) + (34/3)(^3 — ^ 1 )} 

+ 360 q ;{( 15 / 2)^4 - ( 71 / 6)^2 + ( 10 / 3 ) 4 o } 1 

fa* cos^ 0„e-“(l/K6)'’jP2(cos [rvC/cJ) — (k&)^ T2iKb)]dv 

= (2xaV4/c^)[W2)i(4/3).46 - (220/21)^4 + (124/7)^2 -4^o! 

+ {oi/2Y{Uf, - 6443 + 884 1} 

_l_ i 5 q; 3| — 24(i — (14/15)44 + (6/5)42 + (10/3)4o] 

+ 90o!2{846 + (14/3)43 - (26/3)4 1 } 

+ 360a f - (23/2)44 - (25/6)42 + 24o)} 

+ 720{843 + 24i}] 

Ja2sin2 0„e-«(l/K5)»[r7(KJ) - {kBY TM)]dv 

= (2TaV4/c')[5(a/2)M(4/3)(43 - ^ 4 ) - (4/35)(42 - ^ 0 )} 
+ 30(a/2)^{(4/3)(46 - 43 ) - (4/15) (4 3 - A i)} 

+ 15a®{(4/3)(44 - ^2) - (4/lS)(42 - ^0)} 

+ 120a’‘(43 — 4i) + 960(42 — ^ 0 )] 

r? J* 0“ sin da cos 9a sin di cos 

= (27rr7/15KV)[— 1677(a)/“’^ + 4a’r2(a)] 

J sin cos sin 0, cos 0,c-«KW’[r7(K6) -(«&)' 

+ (a/2)M8(i8 - . 43 ) - 40(4, - ^ 1 )} 

+ 20a*{(46 - 44 ) - (1/5)(^4 - ^ 2 ) - 2(42 - ^ 0 )} ^ 

- 480aK^3 - ^ 3 ) + 360a{(23/3)44 - 542 - 24„1 - 240{l643 - 844 !] 

Evaluation of the integral 


J o2 cos^ 0„e-“'=P2(cos 9 b){\/Kbydv - J 
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This is a conditionally convergent integral,^ the value of which depends 
upon the particular coordinate system used. Since the companion integral 
has been evaluated in the X, p. system (merely for convenience), this procedure 
must be followed here, even though much more laborious than the evaluation 
in the a, 6, system. Setting p= a;/ 2, 

J = J J e-“(^+'‘)/2(2TA0(«/2)'(Xyu + 1)^(1/(X - /x)“)(X2 - 

|l _ 3(x2 - l)(l - ju2)/2(X - nY]dUiJi 
= {2ira^/4:Kp) J + 1)®(X + /u)/(X ~ iJ,)--d\dp: 

- (3/2) J J (X^ - l)e-p(^+'‘>(XM + l)^f (1 - r-)i\ + n)/(K - m) ' 

-f* (X "h /x)^/(X — p)^}d\dp 

^00 

= (27raV4K®) J e-'’^^^X[/o - (3/2) (X'^ - 1) {(1 - X^)/, + /aj ] 


where 


0 ~ J" '"‘(Xm + 1)^(X + iti)/(X — /u)- 

J' + 1)^(X + n)/{\ — iJ.y 


/2 — ^ dfte ‘’’‘{'k/x + 1)“(X + m)V(X “ 

lo = 2X{X22?(0) + 2X(X2 + l)F(l) + (X2 + 1)2F(2)| + X¥-(- 1) 

+ 2X(X2 + l)2i’(o) + (xs + i)2i7(i) 

h = 2X{X22?(2) + 2 X(X 2 + 1)F(3) + (X^ + l)2f (4) } + r-F(l) 

+ 2X(X2 + 1)F(2) + (X2 + 1)27?(3) 

h = - 4X2{X2F(1) + 2X(X2 + 1)/?(2) + (X2 + l)=/?(3)} - 4X|X¥'(0) 

+ 2X(X2 + l)i?(l) + (X2 + 1)=“F(2)| - {\Wi- 1) + 2X(X‘-= + l)/-(0) 
+ (X2+ 1)2F(1)| 

= (2wa^/4K^) j e-i>^dX{3Xil - X*YP{4) + (3/2) (1 - X^)(l - 9X'‘)/'’(3) 

+ (24X7 - X^ - 14X3 - X)i7(2) + (21X3- 5 x 4/2 - _ l/2)F(l) 

+ (9X5 _ 2X3 _ x)i7(o) + (3XY2 - XV2)/7( - 1) } , 

7 This was not realized at first, and the a, b coordinate system was used. This gave a wrong 
result, and I wish to thank Mr. H. M. Mott-Smith, Jr. for his kindness in helping to locate the 
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Applying formula (3), one obtains 

J = (47r/K0(T6/3a® + 2r2/15 .+ 477/5a5 - • 

This differs from the result using the a. b coordinate system in that the last 
term here does not occur in that result. 

The integrals h, h, %, H> fio. and in- 

i, = J sin sin sin 9.^ sin 

14 = J dn sin 0 i,iaj cos 60,62 cos Sbj® 1 * ( 2 /f) 

J ~ - •>,« >>■> »" 

i, = J CM ‘’"A sic S..,, sin e.,6. CM 04 cos (* 

We use Neumann s expansion . 

i_ ^ V ^ DrnsP/ f ^ cos v{<j>l — <^>2) 

the upper arguments for Xs >Xi, and the lower for X^Xi 

-(t - v)iy 


D„ = (- l)‘'eff2'r 


r(T - vV-T 4 


€2 


= 2 . 


rr,rrxr.:;,"r;:s'."E“;— 

neglected. _ . nKiro «» etc. Also, let 

Let us denote the terms arising from r = 0 by is . *4 . etc. 

arim, n, a) = C d\ 

= E(«!A!)/r(w + ", - 
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; 


e: ■' 




!j, 


^2 


Tables of Vr, Sr, etc. are given later. 

(« = 2ciWW2)’'f (h^ - l)(f - /'i)'(X2' - 1)(1 - M2 =)(Xi2 - Mi^) 

( Xa * — M 2 ^) 6 o G :) g-.fi 

= (2x/1024)(a/2)o J (Xi« - 1)(X2=> - l)(4/3)2(Xi=* - 1/5) 


= (<c/144)(a/2)»{5o(00)/25 + 36Jo(22)/25 +^o(44) - 6[so(02) +5o(20)]/25 
+ [jo(04) + ■yo(40)]/5 6[so(24) + 5o(42)]/5( 

n'"’ = (fi/144)(a/2)f {fio(00)/S + 108^o(22)/25+5a(44) -24[so(02)+St.(20)]/25 
+ 3 [ro(04) + Jo(40)]/5 - 12 [5o(42) + 5o(24) ]/5 j 
= (fi/16)(a/2)'' [{fio(OO) + 5o(04) + Jo(40) + Jo(44) }/9 + 36jo(22)/25 
- 2 { i o(02) + 5 o( 20) + io(42) + ^o(24) } /5 ] 


Let 


X eo ^Xj 

= (3/2)52(2^, 2 ;^ + 2 ) — Q)s2(2m, 2 n), 


Then 


/ 7 ) 


= 10ciK2T)Wr f(Xx^ - 1)(1 - Mi)^(Xr - 1)(1 - 

(X 2 ’ — P2(.fii) P2(iJ'2)dfiidM2d\idX2 

= lOcxWWrf (4/15)nXi^ - 1)(X2'^ - l)(Xi= + 1/ 

(X2“ + 1/7)02 Pa Q') 

= (i£/720)(«/2)''[i2(00)/49 + 36i2(22)/49 + i'2(44) + 6 {i2(02) + (2(20) | , 49 

- {^2(04) + ^2(40)1/7 - 6{/2(24) + ;2(42)}/7] 

= - (fi/120)(a/2)»[- ^2(00)/21 + 12;2(22)/49 + «2(44)/3 

- 6{^2(02) +/2(20)}/49+ {#2(04) + /2(40)}/7 - 2 {#2(24) + #2(42) } /7] 
= (fi/20) (a/2)® [ {#2(00) + #2(04) + #2(40) + #2(44) }/9 + 4#2(22)/49 

- 2 { # 2 ( 02 ) + # 2 ( 20 ) + # 2 ( 42 ) + # 2 ( 24 ) 1/21] 
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Let 


«.( 2 », 2 ») - 

= (1/8) [3Ssi{2m, 2m + 4) - 30s4(2w, 2 m + 2) + 3s4(2ot, 2m)] 
Then /XaX /XA ^ ^ 

4,(4) = 18cA2x) W2)K16/315)^ J (Xi^- 1)(X.=- j ^4;^^ j <^X4(A, 

= k( 1/ 105) K«/2) ® [“4(00) - M4(02) - M4(20) + M4(22) ] . 

The other integrals for r = 4 will be somewhat similar. 

tions from t = 2 are small with respect to those from t = 0, the influence 

T =4 has been neglected. /x \ ah /\\ 

_ i)(X22 _ l)e-<^0^A-^I>l^d\idRi 

= (k/96)(«/2)o[Ui( 1 2) - ^i(lO) - "»(02) + 5o(00)l/25 + {5i(34) 

- si(32) - so(24) + So(22)l - (i) {^i(14) “ ^i(12) + ^i(32) “ ^i(30) 

- Jo(04) + so(02) - so(22) +5 o(20)}] , s ...x 

4,c^) = (3«/160)(a/2)»[{s.(24) -5.(22) -54(14 )+.i(12)}/49+{54(46) 5.(44) 

- 5i(36) + 5i(34)}/9 - (1/21) (5.(26) - 5.(24) - 5.(16) + 5.(14) 
5,(44) - 5.(42) - 5.(34) + 5.(32) } ] 

= - ctW{27r)Wn{R!2y J (XiMi - 1)(^2« - l)(>^i' - 

<fPi/Xi\(i<2i/Xa\ 

(X,a _ ,,a)(x,. - j - J 

= - ill'®'’ = 

For the evaluation of is®’ , we use the formula 

m 2 


(X 2 - 1 )^ 


dS} 


2 [(X** — 1)<22 “ ^* 2 i + Co] 


jgC2) = 3 c.^(2m)^Z122(P/2)^ j (X: 


0 - 1 )KX 2 *“ 


1 ) 


d^Qi /X.- 


d\^ 


((;)(. 6 / 5 ). 


Q,^2 ^ - l/7)e-“<^^+^''''^d\id\2 

- (./480)W2)'[».(«) + wnbm + + *•'^4) ( 8«(24)/7 

- ,.(34) - ,.(04)/7 - (8/!) i ,.{42) +(!/'')! *■(«« + »(12> ! + 
-8,.(22)/7-,.(32)-,.(02)/7) +(1/7) !,.(40)+(l/7) i,.(00)+,.(10)l 
+ So(20) - 85.(20)77 - 5.(30) - 5a(00)/7 } ] . 
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The integrals and 4^"^^ have been assumed negligible, because of the 

smallness of the preceding terms. 


Table IIL <ro {m, n, a) 


a 

a==3 

4 

5 

6 

7 

8 

9 

10 

*/o(0,0,a) 

0.01391 

0.023170 0.0»800 

0.022162 0.0^611 

0.0^1787 

0.0=536 

0.051644 

a-o(0,2,a) 

.05647 

.029742 

.022043 

.034827 

.0n235 

.0^3340 

.0^942 

.0=2743 

<r(,(0,4,a:) 

.4202 

.04750 

.0^474 

.021436 

.033149 

.0^7565 

. 0^1942 

.055245 

cro(2,0,a) 

.02152 

.02445 

.021058 

.mm 

.0«7S04 

.0^2143 

.0^6313 

.051906 

<ro(2,2,Q!) 

.09948 

.01496 

.022884 

.036430 

.ons77 

.0'S4138 

.oni38 

.053252 

«To(2,4,<a;) 

.8257 

.07945 

.01128 

.022019 

.034203 

.0W14 

.0^2419 

.056378 

cre(4,0,a) 

.04180 

.02720 

.021539 

.033717 

.0^9714 

.mm 

.0f>768 

.052270 

(7o(4,2,«;) 

.2438 

.02824 

.024674 

.039446 

.032168 

.0^5417 

.0n438 

.053995 

0-0(4, 4, a) 

2.4886 

.1748 

.02051 

.0=3237 

.036183 

.0313424 

.0^3192 

.058122 


Table IV. SQ(m,n,a) 


a 

0£ = 3 

4 

5 

6 

7 

8 

9 

10. 

5o(0,0.a) 

0 .0=753 

0.021798 0.03470 

0,0=1302 0.0=375 

o.onii7 

0.05340 

0.051055 

5o(0,2,a) 

.01261 

.0=2678 

.03650 

.0=1715 

.OH76 

.0=1378 

.05410 

.051251 

.?o(0,4,a) 

.0268 

.02466 

.021000 

.03243 

.0^640 

.0=1780 

.05514 

.0=1528 

5o(2,0,a) 

,02508 

.02474 

.021058 

.032620 

.0^694 

.0n933 

.055580 

.051659 

So(2.2,a) 

.05069 

.02800 

.021601 

.0=370 

.0^928 

.0^2485 

.05697 

.0520 23 

S,{lfi,cc) 

.1460 

.01700 

.02283 

.03580 

.031345 

.0^3405 

.05914 

.0525 69 

5o(4,0,a) 

.1421 

.01849 

.023221 

.03669 

.031555 

.0^3917 

.0n045 

.0529 1 6 

5o(4.2,a) 

.3485 

.03599 

.0=5417 

.021022 

.032214 

.0^5301 

.0^1360 

.053681 

3'o(4,4,a) 

1.345 

.0949 

.01124 

.021812 

.033520 

.0V803 

.0^891 

.05490 


Table V. <n(m,n,a) 


a 

o' = 3 

4 

5 

6 

7 

8' 

9 

10 

(7i(i,0,a) 

0.0=6761 

0.0=1588 0.0=41080 .0=11307 0.0=3249 0.0=9636 

0.0=2927 

0.03907 

cri(l,2,Qj) 

.02649 

,024730 

.0=10197 .0=2464 

.0^6422 

.0*1765 

.055049 

.051488 

(ri(l,4,a) 

.1927 

.02253 

.023644 

.0=7171 

.031604 

.0^3921 

.0n0227 

.052799 

<7-1(1, 6, a) ! 

2.7214 

.18784 

.020763 

.023072 

.035523 

.0311383 

.0^2594 

.056367 

<ri(3,0,<x) 

.029821 

.022122 

.035211 

.031384 

.0=3874 

.0^1264 

.053369 

.051030 

<71(3, 2, a) 

.04322 

.026839 

.0213697 ,033150 

.0^7926 

.0^2121 

.055944 

.051722 

<ri(3,4,a') 

.3470 

.03513 

.025194 

.039602 

.032055 

,0^4860 

.0^2354 

.053311 

<Ti(3,6,a) 

5.177 

.3079 

.03096 

.024280 

.037327 

.031454 

.0^3217 

.057703 


Table VI. si {m, n, a) 


a 

Oj=ss3' 

5, (1,0, a) 

0.022959 

5i(l,2,«) 

.02482 

5i(l,4,«) 

.02998 

5i(1.6,«) 

.0296 

5, (3,0, a) 

.02929 

5i(3,2,a) 

.01837 

5i(3,4,«) 

.0516 

,51(3, 6, a) 

.232 


6 


8 


10 


.0n064 .032653 
. 0 n 804 .03399 
.0^390 ,03705 

.OnSiS .034182 
.03300 .036216 

,03625 .031070 

.0176 .03230 


.0^5525 0 
.O'^TIS . 
.0^994 
.031544 . 
.0310612 
.031468 , 

.032259 , 
.03407 


0^623 0 

0^2030 

,0^2678 

0^383 

.0^2877 

0^3786 

0^538 

0^857 


.0^4907 

.03599 

.03760 

.0^103 

.038169 

.ono37 

.0^395 

.0^204 


0 . 0315180.03477 
.031808 .035607 
.032230 .03676 
.032885 .03847 
.032401 .037253 
.032960 .03877 
.033821 .031096 
.03526 .031448 


Results 

The results have been tabulated in Tables I-XV. The values are based 
partly on integral logarithm tables given by Jahnke-Emde, and the accuracy 
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is limited thereby. The tables are, therefore, subject to revision on this ac- 
count. Except for this, they are accurate up to a possible change of the last 
figure. In this connection, it is urged that the tabular method is the economi- 
cal one, in that the calculations may be checked easily. 


Table VI L (T%{:m,n,a) 


a 

0!=3 

4 

5 

6 

7 

8 

9 

10 

(r2(0,0,a) 

i 0.0=3185 0.0“797 

0.032158 0.0^6154 0.041818 0.03552 

0. OH 709 0.06540 

0-2(0, 2, a) 

1 .011511 

.022225 

.0=5079 

.0312825 

.043459 

.03979 

.032865 

.030861 

<r2(0,4-,a) 

.0792 

.01004 

mm 

.0=3574 

.048318 

.0420 99 

.035628 

.031576 

0-2(0, 6,0!) 

1.092 

.0814 

.02955 

.021484 

.032 7 7 7 

.0459 1 7 

.041388 

.033492 

cr2(2,0,Q:) 

.0=3976 

.0^958 

.032528 

.04708 

.042060 

.03618 

.OH 897 

.03593 

0-2 (2, 2, a) 

.01511 

.0=2775 

.036130 

.031510 

.044001 

.041113 

.033224 

.04960 

cr2(2,4,Q:) 

. 10773 

.01295 

.022147 

,034311 

.04981 

.042433 

.0364 32 

.031780 

0-2(2, 6,0:) 

1.509 

.1069 

.01209 

.021823 

.033335 

.0'‘6970 

.()n609 

.033991 

0-2 (4 ,0,0:) 

.0=545 

.0n224 

.03310 

.048415 

.042401 

.037066 

.032 142 

.0'’663 

cr2(4,2,a) 

.02296 

,023799 

.03789 

.031862 

.0447 89 

.041305 

.033712 

.(>31000 

a2(4,4,Q!) 

.1787 

.01892 

.022904 

.035533 

.031214 

.042926 

.037566 

.1)32053 

0-2(4,6,Q!) 

2.63 

.1628 

.01729 

.022418 

.034247 

.048588 

.041937 

.034696 


Table VIIL S2{m,n,a) 


a 

q :~3 

4 

5 

6 

7 

8 

9 

10 


0 . 0=677 

0 . 0 n 95 

0.04582 

0 . 0 = 17780 . 0=558 

0 . 0=178 

0 . 0=577 

0.00187 

52(0,2,0!) 

. 0^93 

. 0=^255 

.04728 

.04216 

. 0=664 

.03208 

.0«662 

.00214 

52(0,4,0!) 

.on35 

.0=37 

.0498 

. 0=274 

.0‘*81 

.03251 

.00778 

.00249 

52(0,6,0!) 

.on2 

.0207 

. 0 H 50 

.04373 

.04104 

.03313 

.0094 

.00298 

52(2,0, «) 

. 0 H 39 

. 0=360 

.04983 

.04282 

.03845 

.03259 

.O'Sll 

.00259 

52(2,2,0!) 

. 0^22 

.0351 

. 0 H 31 

.04360 

. 0=1037 

.033 1 3 

.00957 

.00300 

‘5'2(2,4,0!) 

.0243 

. 0^88 

. 0 H 95 

.04491 

.041345 

.03391 

.031162 

.00359 

52(2,6,0!) 

.011 

.0221 

. 0^35 

.0475 

.04187 

.0352 

.03147 

.0H49 

52(4,0,0!) 

.0241 

.02893 

. 0^201 

.04518 

.04143 

.03415 

.031247 

.00381 

52(4,2,0!) 

.0279 

.021494 

.03295 

.04705 

.04186 

.03517 

.031517 

..0H55 

52(4,4,0!) 

.021 

.02331 

.0351 

.031061 

.04260 

.03683 

.031932 

.0«568 

52(4,6,0!) 

.08 

.0124 

,0381 

.03188 

.0441 

.0398 

.03261 

.03745 


Table IX. etc. 


a 

0! = 3 

4 

5 

6 

7 

8 

9 

10 

(5oo)y= 

0.4825 

0.2256 

O.O25O86 

-0.1597 

-0.2649 

-0.3187 

-0.3326 

-0.3190 

5oo 

.2328 

.05088 

.042587 

,02556 

.07020 

.10156 

.11062 

.10174 

(5n)4/2 

.8089 

.6947 

.5778 

.4679 

.3702 

.2871 

.2185 

.16405 

5n 

.6542 

.4826 

.3339 

.2189 

.13695 

.08241 

.04774 

.02692 

5io 

.3903 

.1567 

.0=^2939 

-.0747 

- .09807 

-.09147 

-.07268 

-.05233 


I E order not to make the labor prohibitive in other cases, some more 
straightforward method should be employed to obtain the entries for S2(w, 
n, a) and similar quantities. As it is, the accuracy for small values of a is 
quite small. This is not serious, however, for the approximation method itself 
can be expected to give good results only for large values of the interiuiclear 
distance. 


Table X. List of Integrals 
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- X) 




01 + z\- 
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Table XI. Lisl of Integrals 





4 / 

R^\ 

( ~ — ) 

— Ric 

- ~r ) 

\ 5 / 

3 \ 

5 / 


f a- cos- Qa sin- Bt 

4o" . 

^ ie=^ + 4a2 X 

I — ’-dh 

I 

3^* 

i5{R^ - a^j) 


SJ,. 
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(k/384) [Ic - (l)IIIc] 

(k/ 384) [Ic + (l)nic] = (K/192)[m 
(k/192)[JJc + (I)IV(;] 

- kVc/640 *7 = - kVIc/1280 


(Ia)/192] 


(IIa)/192 


Ths resulting integrals, after the small quantities 
been neglected, are listed in Table XIV. The relatr 
Table XV, and plotted in Fig. 1. 


Table XIV. Integrals, 



a 

n 

t! 

4 

5 

6 

7 

8 

9 

10 

ii/K 

iz/f^ 

i-i/ic 

i^/ic 

0.332 
.338 
.359 
- .0056 
-- ,0312 

0.303 

.324 

.346 

4 - .0009 
-.0242 

0.280 

.305 

.332 

4 - .0044 
-.0181 

0.255 
.285 
.315 
+ .0064 
-.0131 

0.232 
.262 
.296 
+ .0067 
-.0094 

0.213 
.241 
.278 
+ .0062 
-.0066 

0.195 
.220 
.252 
+ .0053 
- .0045 

0.179 
.200 
.231 
+ .0042 
- .0031 
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Table XV. Relative energies. 


a 

a = 3 

4 

5 

6 

7 

8 

9 

10 



.100 

.064 

.032 

.015 





.329 

.162 

.103 

.056 

.032 

.019 

.0118 

.0062 



.225 

.142 

.081 

.048 






.074 

.026 

.012 

.003 




^Aq/k 

.167 

.063 

.0188 

.006 

-.001 

-.001 

1 

o 

o 

0 



.053 

.011 

-.0005 

-.0042 





.137 

.010 

.009 

-.003 

-.002 





.05 

-.002 

-.027 

-.024 

-.018 

-.012 

-.009 

-.006 


.065 

-.042 

-.059 

-.053 

- .033 

-.019 

-.010 

-.006 

TI»A 

•--.06 

-.076 

-.110 

-.087 

-.069 

-.050 

-.037 

-.025 


.04 

-.07 

-.11 

-.079 

-.054 

-.036 

-.023 

-.011 


-.18 

-.22 

-.177 

-.146 

-.102 

-.057 

-.033 

-.017 


Discussion 

Fig. 1 shows the relative energies plotted as a function of the internuclear 
distance. The lowest term,^ for intermediate values of tR, is the For 

hydrogen, we may set /c = 1, and the minimum of this curve lies at about 2.0A. 
The value of the heat of dissociation is 2.9 volts, approximately. 



Fig. 1. Relative energies. 

It is not possible to say, to the degree of approximation used here, whether 
the state has a weak minimum or is repulsive. For the same reason, the 

relative positions of 12^+ and in„ may actually be somewhat different. The 

® This result has been predicted for by J. E. Lennard- Jones, Trans. Faraday Soc. 2S, 
681 (1929). 
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reason for this uncertainty lies partly in the fact that we have neglected 
and and partly in the low degree of accuracy to which $2 may be given. 

Apart from these minor details, it is safe to assert that the curves do 
represent the interaction of two hydrogen-like atoms, each with one 2p elec- 
tron, insofar as this interaction is to be found by a first order perturbation 
calculation of the Kemble and Zener type. 

Heisenberg'* has shown that there is reason to believe that the behavior of 
ferromagnetic siibvStances may some day be understood, when it becomes 
possible to carry through detailed calculations. A necessary condition for 
ferromagnetism seems to be that the exchange integral for the lowest states 
be positive. This was found to be likely for where n is the principal 
quantum number. From our results, it is seen that a positive exchange energy 
integral is obtained for = 1 = 1, so that the possibility of ferromagnetism 

does not seem to be governed by the principal quantum number in so simple 
a fashion. The sufficient conditions for ferromagnetism have yet to be given. 

One also sees from the curves in the figure that the "Coulomb” integrals 
are in general more important than the "exchange” integrals. The states 
arising from mi„ = 0, niib-i) lie the lowest, those from mza = 0, — ±1 are 

next higher, and those from ntia == ± 1 , = ± 1 are highest. This means that 

the most stable configuration is that in which there is the maximum overlap- 
ping of charge, in accordance with the ideas of Slater^^ on directed valency. 
Orbital valency may be associated with the "Coulomb” integrals, and spin 
valency with the exchange integrals. The latter concept may, however, be 
misleading. 

Though this analysis is strictly applicable only to the case where two 
excited hydrogen atoms interact (leaving out of account the influence of the 
s orbits) one might expect that similar conditions would obtain for boron, or 
excited lithium. Unfortunately, the band spectrum of has not been ana- 
lyzed, so that a direct check of the theory is wanting. The inner 5 electrons 
would probably have some influence, but whether the order of the energy 
levels would be affected or not is open to question. 

In conclusion, I wish to express may deep appreciation to the many people 
with whom the problem has been discussed. It was suggested by Professor 
Heisenberg, whom I also wish to thank for his help on previous problems. 
Acknowledgment must also be made to Dr. Dirac for discussion of allied 
problems. The work was continued at the Eigenbssische Technische Hoch- 
schtile, Zurich, and completed in Urbana. Thanks are due Mr. W. H. Furry 
for assistance in checking part of the calculations. 

Note added to proof, Feb. 17, 1931 : The influence of the inner 2s electrons 
is now being studied, and will be made the subject of a later paper. 


W. Heisenberg, Zeits. f. Pbysik 49, 619 (1928). ■ 

J. C. Slater, American Physical Society meeting, Dec. 29, 1930, paper 17, 
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THE MASS ABSORPTION COEFFICIENT OF THE K SHELL 
ACCORDING TO THE DIRAC RELATIVISTIC 
THEORY OF THE ELECTRON^^^ 

By Louis C. Roess 
Cornell University 
(Received January 19, 1931) 

Abstract 

Taking as model an atom containing two non-interacting electrons and a fixed 
nucleus with charge Ze, the mass absorption coefficient is calculated by use of the pro- 
per functions of the Dirac relativistic equation. Z is determined so as to make the 
lowest energy level agree with the experimental value determined from the K absorp- 
tion edge, The numerical calculation presented difficulty because of lack oi ta])les of 
complex gamma functions. The relativistic coefficient is found to be from 0 to 40 per- 
cent smaller than the non-relativistic coefficient calculated by Nishina and Rabi, the 
greatest difference occurring for the heavy elements and short wave-lengths; it agrees 
slightly worse with experiment than the non-relativistic coefficient. The dillerence be- 
tween theory and experiment is least for the heavy atoms, as would be expected, 
since for the heavy atoms (large Z) the neglected electronic interaction -field is small 
in comparison with the nuclear field. The variation of the relativistic coefficient with 
wave-length is complicated, but in the range |X& to \k (Xfe = wave-length of K absorp- 
tion edge) it is more nearly linear with X^ than the non-relativistic coefficient. The im- 
portance of using the relativistic equation for heavy atoms and short x-ray wave- 
lengths is emphasized by these results, 'which also show that the model chosen is too 
approximate, even for the heavy elements. 

The general normalizing factors for the discrete and continuous spectrum proper 
functions of a hydrogen-like atom are given. 

Inroduction and Results 

QEVERAL attempts^ have been made, with classical or semi-classical the- 
^ ories, to calculate the atomic absorption coefficient for the K shell. More 
recently WentzeP and OppenheimeH obtained approximate formulae using 
non-relativistic quantum mechanics, while Nishina and Rabi'^ have given the 
explicit formula which follows from the Schrodinger theory. The comparison 
with experiment made by the latter authors shows fairly good agreement for 
the heavy elements and poor agreement for the light elements. 

The purpose of the present paper is to calculate the mass absorption 
coefficient by use of the Dirac relativistic equation, and to compare the results 

* Abridged Cornell Dissertation. Presented at the Cleveland Meeting of the American 
Physical Society, Dec. 30-31, 1930. 

1 J. J. Thomson, Conduction of Electricity. Through Gases, 2d Ed., p. 321 ; L. de Broglie, 
Journ. de Phys. et Rad. 3, 33, (1922); A. H. Compton, Nat. Res. Council, Bui. 20, 37, (1922); 
H. A. Kramers, Phil. Mag. 46, 836, (1923). 

2 G. Wentzel, Zeits. f. Physik 40, 574, (1926). 

3 J. R. Oppenheimer, Zeits. f. Physik 41, 268, (1926). 

^ Y. Nishina and 1. 1. Rabi, Verb. d. deut. Phys. Ges. 9. 6, (1928), 
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with experiment and with the non-relativistic theory. One can readily see 
from correspondence principle arguments that for the K electrons of the 
heavy atoms the relativity corrections should be Important, and this is con- 
firmed by the results. 

The atom model used here as in the non-relativistic calculations consists 
of two non-interacting electrons in the field of a fixed nucleus with charge 



Fic 1 The mass absorj.tion coefficient for lead. The cur%^es marked Allen and Richtmyer 
are plots of the experimental data."^ 

where Z* is that charge (smaller than the true charge Z) which makes the 
lowest energy level of the atom model agree with the experimental value. It 
is obvious that this model will be most nearly correct when the interaction ot 
the K electrons with the nucleus is large compared with their interaction with 
each other and with the outer electrons, i.e., for the heavy elements. 



Fig 2. The mass absorption coefficient for tin. The curves marked Allen and Richtmyer are 

plots of , the experimental data. 

The calculation proceeds as follows; by use of tte Dirac relation *eo^ 
combined with the Dirac maria 

transition between the 1C 

‘ P. A. M. Dirac. Roy. Soc. Proc. AU4, 243 and 710, (1927). 

« P. A. M. Dirac, Roy. Soc. Proc. A117, 610, (1928). 
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level and a state of the continuous spectrum corresponding to the removal of 
one of the K electrons. The resulting formula for the mass absorption coef- 
ficient of the K shell is then calculated numerically. The last two operations 
constitute what is new in the paper. The final formula is quite complicated 
so that the numerical calculation is very laborious, especially because of lack 
of tables of the gamma function of complex argument. 

The results of the present calculation are collected in the Table I and Figs. 
1-3. The relativistic theory gives values of the absorption coefficient which 
are consistently lower than those of the non-relativistic theory, the difference 
varying from about 40 percent for Pb at |Xs to less than 1 percent for A1 at 
Xj. The calculated absorption coefficients for A1 cannot be compared with 
experiment because of lack of data for the long wave-lengths, but show how 
closely the two quantum-mechanical theories agree for the light elements. 



Fig. 3. The mass absorption coefficient for zinc. The curve marked Ailen is a plot of 
the experimental data.^ 

It is found experimentally’^ that the mass absorption coefFideiit varies 
linearly with where n ranges from 2.9 to 3 and apparently changes in value 
with the wave-length. The classical and semi-classical theories referred to 
above all give a linear variation with X^. The quantum-mechanical theories 
predict a more complicated variation with X, the non-relativistic theor^^ indi- 
cating an exponent® 2.87 atX = |Xfe and 8/3 at X=X/c(X&“ wave-length of K 
edge). The relativistic theory here developed gives an exponent which is 
somewhat closer to three for the heavy elements over the range |"Xfo to X/,-. 
For example, for Pb the exponent is 2.86 at X=X^^ and 3.13 at X = |X;,:. For 
the light elements the two theories agree closely for wave-lengths which are 
not too short. 

There are a number of reasons, aside from the inadequacy of the model, 
for the disagreement between theory and experiment.'^ In the first place, the 

7 F. K. Richtmyer, Phys. Rev. 27, 1, (1926); 30, 755, (1927). S. J. M. Allen/Phys. Rev. 
28, 907, (1926). 

s As pointed out to me by Professor Kennard, the expression of the theoretical residts in 
terms of these exponents is misleading, since the relation given by the quantum mechanics may 
be written C(X)X"*(^), not (ii^ independent of X). 

® 1 wish to thank Professor F. K. Richtmyer for helpful discussions on these points. 
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Table I . Mass absorption coefficient (r/ p)^. 


X in X.U.t 


138.5 

125.9 

115.4 

106.5 

98.9 

92.3 
86.6 
81.5 

76.9 

72.9 

69.3 


423.94 
385 .40 
353.28 
326.11 
302.81 
282.63 

264.96 
249.38 
235.52 
223.13 

211.97 


1280 . S 
1164.4 
1067,3 
985.2 

914.9 

853 .9 

800.5 

753 .4 

711.6 
674.1 

640.4 

7947.0 

7224.5 

6622.5 

6113.1 

5675.4 

5298.0 

4966.9 
4674.7 

4415.0 

4182.6 

3973.5 


1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
1.9 
2.0 


1,0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
1.9 
2.0 


1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
1.9 
2.0 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
1 .9 
2.0 


4.86 

3.70 

2,85 

2.24 

1.79 

1.44 

1.18 

0.97 

0.81 

0.68 

0.58 


161 

125 

98.2 

78.5 
63.9 

52.6 

43.8 
37.0 

31.2 

26.6 

22.9 


Calculated 

Schrod- 

inger 


Percent 

Differ- 

encett 


Pb Z = 82 
5.58 14.6 

4.32 16.9 

3.41 19.8 

2.75 22.6 

2.24 25.4 

1.85 28.1 

1.55 30.0 

1.30 33.9 

1.11 37.0 

0.95 40.1 

0.82 42.8 

Sn Z-50 


28.5 

29.8 

4.6 

21.9 

23.1 

5 .5 

17.2 

18.2 

6 .3 

13.7 

14.7 

7.4 

11.0 

12.0 

8.4 

9.03 

9.89 

9.5 

7.48 

6.24 

8.26 

6.97 

10.4 

11.7 

5.26 

5,93 

12.8 

4.47 

5.09 

14.0 

3.82 

4.40 

15.2 


163 
127 
100 
80.4 

65.6 

54.2 

45.3 

38.2 

32.6 
27.9 

24.2 


Zn 


Z = 30 
1.5 


1.3 
1.9 

2.4 
2.7 

3.2 

3.5 

3.3 

4.4 
5.1 

5.4 

A1 Z-13 


2453 

2 S9 

0.3 

1905 

1905 

0,0 

1'493 

1505 

0.8 

1205 

1210 

0.4 

987 

987 

0.0 

811 

816 

0,5 

677 

682 

0.7 

571 

575 

0.8 

485 

490 

0.9 

416 

420 

1.0 

359 

363 

1.2 


Observed 

Richt- 

myer’^ Allen"^ 


Expon- 
ent of 
X (calc.) 


5.56 

4.18 

3.22 

2.53 

2.03 

1.65 

1.36 

1.13 

0.95 

0.81 

0.70 


37.0 

27.8 

21.4 

16.9 

13.5 

11.0 
9.02 
7.52 
6.34 
5.39 
4.62 


5.10 to 
3.76 to 
3.00 to 
2.35 to 
1.89 to 
1.53 to 
1.26 to 
1 .06 to 
0.89 to 
0.77 to 
0.65 to 


6.35 
4.79 
3.72 
2.95 
2.37 
1.93 
1.62 

1.36 
1.15 
0.98 
0.86 


2.86 


45.9 to 47.7 
34.7 to 36.1 

26.9 to 28.0 
21 .4 to 22.2 
17.2 to 17.9 

13.9 to 14.6 
ll.Sto 12.1 

9.6 to 10,2 
8.0 to 8.5 

6.9 to 7.4 

5.9 to 6.3 


254 

199 

181 

130 

107 

90 

76 

64 

54 

46 

40 


3.13 


2.75 


2.96 


2,67 


2.87 

2.67 


2.87 


' fm' values of Xk are taken from the article by Grebe in Geiger-Scheel's Handb. d. Phys. 
^^Vt'The percent difference is calculated from the Dirac value as base. 

true absorption 

IS always present, i he scattering . 

with the true absorption coefficient over the range to At. va 
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known^^ manner with the wave-length. In the second place, the experimenter 
measures the absorption coefficient for all the electrons in the atom, so that 
one must extrapolate the absorption curve for the L + M+N+ • • • electrons 
down to wave-lengths below the K edge and then subtract this from the total 
absorption in this range to get the absorption coefficient for the K electrons. 
Such an extrapolation, while it may introduce only a small error in the magni- 
tude of the absorption coefficient, can easily change its variation with wave- 
length. Finally, even an exact model of an isolated atom would be incorrect, 
since the experimental measurements are usually made upon atoms in crys- 
tals. In the writer's opinion the above effects are not large enough to account 
for the discrepancy which, as already suggested by Nishina and Rabi,'^ must 
be due to the inadequate model. The results obtained here show clearly that 
for the K shell of the heavy elements the relativistic theory must be used in 
conjunction with the correct model. 

It should be possible to use a much better model for which the discrete 
proper functions are obtained by the variational method which has recently 
been used with such success, but how one can obtain more nearly correct 
proper functions for the continuous spectrum remains a difficult problem. 

The Probability of Absorption 

According to Dirac® the motion of an electron in an electromagnetic field 
with the vector potential A and scalar potential V is described by the wave- 
equation 

rW + eV / ^ \ 


^ = 0 , 


( 1 ) 


in which W is the energy parameter, p the momentum vector-operator with 
components {h/2'wi){d/dx), • • • , and pi, P 3 , and d are certain matrices having 
four rows and columns. The probability amplitude ^ is also a matrix having 
four rows and only one column. We shall let V represent the field of the fixed 
nucleus, and choose the vector potential A of the external field so that its 
scalar potential vanishes. 

From Eq, (1) we obtain for the Hamiltonian function of the electron 

H t, — Hq — epi^A 

with ■ . ■ ■ (2) 

Hq == — rpid-p — paMc^ — gF. 

Hq is the Hamiltonian for the motion in the nuclear field alone. We now sup- 
pose the electromagnetic field to be quantized according to the Dirac® scheme, 
and obtain with Waller, taking retardation into account, the following 
Hamiltonian for the system atom plus field: 

H = Ho+ Y,Nrhvr 

( 3 ) 


This variation is very difficult to determine experimentally. For the most recent data 
see E. N, Coade, Phys. Rev. 36, 1109, (1930). 

1. Waller, Zeits. f. Physik 58, 75, (1929). 
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where Nr and ©r are operators which obey the relation 

X is a vector with origin at the nucleus which gives the position m space, and 

/ e^hVr\^^" /o/\ 

f. = (l = ^ , (3) 

Xlircar/ ^ 

where ffrdvrd(»r is the number of components r of the radiation ^eld with 
given polarization r in the frequency interval dvr and with direction of motio 

in the clcnicnt of solid angle d(^r about _ tit / • 

If the stationary states of the atom are specified by the J s, while Nr is 

the number of photons in the component r, we obtain from 

formation theory the Schrodinger equation corresponding to the Hamil 

tonian (3)’'“ 


- h ^ 

'Jliri Bt 


+ iFg'O + 


AV,- • • , AT/ - • • 


) 


i dt r ^ , 

Yj (/"/') iYx' • ■ • • • • ) W 

J ^ ^ / \ Tj 

+ (AV + A^i' • • • 


with 


AV’J') = 
B%r'r) = 


(40 


t f \ % inn 'irn the characteristic function and characteristic 

“o.io?of (he electron In the nuclear held. ^^1 if')!’ 

the probability for the an iu^al over the 

In E,. (4) the sun, wrth respect to 7 “ rf finding 

continuous spectrum if one ,s present. ^ In thrs emse the p 00 y 
the atom in the range *' about .s given by 1 4(s . JV ) | <J. , 
continuous spectrum s' is used for J . includes the negative 

It should be »o*«l ^c^n “dS;(((y in our applicabOn to 

proce^ “ 0^OZr."?n spectrum, with absorpldon 

STphoS(3 Infinite direction (in d«.) and deSnite polarisation, regardless 

Waller/Zeits J/ Physlk ^37 (1930^^^ 
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of what the final frequency state of the field may be. We suppose for the 
moment that the atomic states are non-degenerate. 

The initial state of the field is to be taken as follows: only photons having 
a direction of motion within a solid angle dws about a definite polarization 
s, but arbitrary frequency Vst, where r expresses the variation in frequency of 
the component 5, are to be present. For physically interesting results, the 
range of variation of v^r about the frequency corresponding to the atomic 
transition must be at least as great as the natural line breadth. 

Following the well-known method,^ we calculate the probability of the 
above-mentioned atomic transition with absorption of a photon of frequency 
Vsr, and then sum over all such frequencies, obtaining finally for a time t which 
is large compared with the atomic period but small compared with the mean 
life time of the state under consideration 

wdt" = 1 s-B"(e"; J') (5) 

hV- 

where 

W(e") - r(/0, (6) 

and p{v) is the spectral. energy density per unit frequency range per unit solid 
angle for a definite polarization. 

Our temporary assumption that the atomic states are non-degenerate is 
not true. According to the general theory of quantum mechanics, as pre- 
sented by Born and Jordan,^® when the assembly of atoms is in thermal equi- 
librium before the absorption process occurs, we merely add together those 
transition probabilities relating to transitions between the degenerate states. 
Therefore we obtain finally for the transition probability wdt^' 

lire^cH , , 

wdi" = dw.--—Y.\^-B^W']J')\^p{v)di'' (T) 

hV ' ' 

where the sum is to be taken over all initial states having the same energy and 
over all final states having the same energy. 

In many practical applications we are interested in the absorption prob- 
ability for arbitrary direction of motion and polarization of the absorbed 
photon. We can obtain this from Eq. (7) by summing over all directions of 
motion dw, and all polarizations s. When the wave-length of the incident 
light is long compared with atomic dimensions, so that we can replace the 
exponential factor in the matrix elements” in Eq. (4') by unity, we can easily 
carry out this summation, obtaining for the absorption probability w'de'' per 
unit time for arbitrary direction of motion and polarization of the absorbed 

Z rs' 


photon 


w'di" = 


leirW 

3hV 


“ M. Born and P. Jordan, “Elementare Quantenmechanik,” pp. 299, 321, and 329 


lf4S5 ABSORPTION COEFFICIENT OF K SHELL 


539 


where 


pU = 1 bA^+ ^vl' + i B, 


(80 


Solutions of the Dirac Equation 

The solutions of Eq. (1) for the case when A = 0 and F = ZeA have been 
given by Darwind‘ For given I and there are two sets o solutions. 

We label these by introducing the quantum number j, which takes^on the 
values j = l± i to agree with spectroscopic notation. The two sets are ; 


j = 1 + ^ 

— iMoFiPi+i 


3 = l-t 
= — i(l + u)MbF-i-\Pi-i 


- iMeFiPtl (9a) 

= (i M + l)Mtf}lPP 

- {I- 


= i(l -u - l)MoF-i-iP'‘i-i (9b) 
^3 = MsG-z-iPP 
\pi = Mfi-i-\P 


r ‘Jt 

in which Iffl is the part of the total normalizing factor associated with the 
angular coordinates. The radial functions Fi and Gi contain their own nor- 

"'^The^ function Pp{.6, 4>) is a spherical harmonic defined by Darwin as 

follows : 


pp = {i- m) 


! sin' 6 (- 

\d cos B/ 


l-jru 


(cos'' e - 1 ) 

2H\ 




( 10 ) 


The radial functions Fi and Gi satisfy the equations 


/ H ' -{’eV \ 

/ir + eF \ 

("1 -j 


me] Fi + 


dGi 


— Gi ~ 0 
r 


, dFi I + 2 ^ 

mc]Gi + — + Fi = 0. 

dr r 


( 11 ) 


We shall use the solutions of Eq. (11) given by Gordon.^® These are: 

Discrete Spectrum : Wf wc" < 1 

(Ni -PI- 


Fi 


^ "" Mr{<r, - <r,) 

\Ni + PI + nj 


Gi - Mr{.<r\ + tfa) 

o-j = (i^j 1 + l)r'’i“'e“*»’'iPi("“ Wri 'ipi + Ij 2Aor) 

= - «,r'’i-'e-''»TFi(- + 1; 2pi + 1; 2hr) 


( 12 ) 

( 13 ) 


harmonics are cancelled by a zero factor. Thus when l-Q, and u i, -Pa m i ; 

to.be^ero, ■■ ■ ^ 

i® W. Gordon, Zeits* f. Physik 48, 11 (1928). 


540 

where 


LOUIS C. ROESS 


* (a, n) 
/3; x) = Z 

n=0 (/3, 


(a, = a(a + 1) • • • (a + 1) • 

Mr = radial normalizing factor. 
fir = radial quantum number. 

p, = ((/ + 1)2 ^ ^2)1/2^ 


^0 “ 


lirmc 


h 


1 


PP^\2 \l/2 


a,Ni 


Ni=inl+{l+iy + 2pinryi^ 

fir "i" PI f 

W = = 1 + 


Ni 


{nr + ((i + lY - 


\ - 1/2 




Ire^Z 


ifr^me^Z^ he 

Continuous Spectrum : W/mc^ > 1 
fW 


Fi 


\mc^ 


1 


/ W 

( +i) 


■Mr((ri — <72) 


G| = ^^(o* 1 4" <^2) 

cri = i4r^rie'“^^'oqFi(pi + + 1; 2pi + 1; 2ik^W) 

0-2 = BYH-^e^^^'^^iFi{pi + fg; 2pi + 1; 2ik^^r) 

A + ^ + iQ _ PI + 

B Pi — iq J 4- 1 ~ 
oilF 

r2 




Pfxa \i/2 
1 


)■ 


(Q2 + a2)i/2 


/feo' 


wc 

27rwc//F'\2 


) I/2 

■ 


(14) 

(15) 

(16) 

(17) 

(18) 

(19) 


( 20 ) 


( 21 ) 

( 22 ) 

(23) 

(24) 


The discrete states of the Dirac electron are specified by the quantum 
numbers nr, I, j, and u. These may have the following values : 

fif ~ 0, Ij 2j • • • 

1 = 0 , 1 , 2 , • . . 

i=T±l, ^0 
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(When Wr = 0 the state; = i - 1 is to be excluded.) 

[-;•] < uS [j], 

where fil is the greatest integer contained in j. , 

The states of the continuous spectrum are specified by IT, hj, and u, with 
W arbitrary but '^mc^ and I, j, and u the same as for the discrete spectrum. 

Normalization of the Wave Functions 
Discrete Spectrum 

We require to normalize our solutions in such a way that 


^00 P V 

j j j • sin dddd(p — 1, 

Jo Jq Jo 


where 


Suppose first thati = Z+|. Then we find from Eq. (9a) that 

= Me^[FiFi {PmP*+i + ^+1^+^} +G^*{{l + ti' + l)'-P,Pi 

+ (/ - «)“P,“+iP,**‘+4 ] 


(25) 


or 


+G^n[p;iPt;i+ 


as may be readily demonstrated.^^ 
From the known relation 


r r sin Bd$d^ 

Jq Jo 


At 


2Z “h i 


■{1 + ii) \{l — • 


we find 


1 


Meil,l+ 2 ’ “) '”47r(f + u + !)!(( - •»)! 


(26) 


(27) 


The integral 


r [FiFi* +G0t*ydr 

Jo 


can be evaluated as follows: one can easily show, by use of the generating 

function for the Laguerre polynomials, ^Hhat 


n Cf. e.g., D. R. Hartree, Proc. Camb. 

1. Courant and Hilbert, “Methoden der math. PhysiK, p. 78. 


( 28 ) 
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Hence 


Z f 2p+l; x),Fii-s; 2p+l; x)dx-t-'-. 

r,s=0\ r /\ 5 

g—xtlil—t) ~xtI( 1 — t) 


f* CO 
*^0 


iC^Pg-x. 


(1 - ty'‘+\l - O'-^+l 


dx 


Therefore 


r( 2 p + 1 ) 

(1 - /t)2o+i 


“ /s + 2p\ 

r(2p + i)Z( 

a=0 \ S / 


r” . r(2p + 1 ) 

J x^>‘e ^iFi(— r;2p+l; x)iFi(— s;2p + 1; x)dx = S„. (29) 


Thus from Eq. (13) 


Ct") 


r(2p,+ i)(iVj + ; + i)5 


/* 00 

I (XihHr = 

*^0 //^r "f* 2p|\ 

p r(2p, + i)«,2 

I (r%-r^dr — 


£ 


(2^0)2Oi+l 

» 

(TiCiT^dr — 0. 


/»r - 1 + 2pA 
\ nr -I ) 


Since from Eq. (12) 

2Mr^ 


I = 


we obtain 
M 


- I [iVj((ri^ + 0-2^) + 2cri<r2(pi + nr) jr\lr, 

r 0 


{nr,l,l + —) = — 

V 2/ M,!: 


-V( + P( + «r ^ 0 

pyp- P, + »,)(2^o)'«+T('2pi + «r + 1) 


(30) 


!22V,[r(2p, + l)]2[(i\r, + 1 + 1)= + nr (w, + 2p,)] 

Now leti=/— Then from (9b) we find 

H* = Ms^[F-i^iF-i-.i-\-G-i^{Ii_2][Pi'‘Pi*'‘ + (31) 

and obtain in an exactly similar manner 

1 


and 


Mr 


(«oU-y) = - 


4ir(i! + u)\{l — u — 1)1 

(iy + P + «r)(2)^o)Wr(2p + nr + 1) 


!2iV[r(2p + l)] 2 [(iV - ly + nMr -^ 2p)] 


(32) 

(33) 


where in Eq. (33) the argument of N and p is not /, but -/-I. This change 
of argument occurs whenever j = / — 
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Continuous Spectrum 

The angular normalizing factors are the same as for the discrete spectrum. 
We first obtain an asymptotic expansion for the radial solutions, since 
we must here use a special normalizing method because the solutions are not 

quadratically integrable. _ _ 

The asymptotic expansion of iFi{a] x) is given by ■ 


r(i3) 

iFifa; x) ~ ^ + 






r(a)' ■■ ■ r(^ - a) 

Using Eqs. (34) and (21), we find, omitting the prime on ko, 
jr(2pi + 1) (*)’'''"'’' 
r(pi + j? + i)(2^o)'’ '' 

Br(2pi + 1)(- e-iO:o’-+"l'>e2ior) 

'r(p7-l(i+i)(2^o)'’ '' 

Therefore, from Eq. (20) 


CTi ' 




Gi - 


cos (kor + q log kor - Si) 


sin (kof + q log kor — Si) 


in which 


- MrCD- 


5z = Pi— + a.rg r(pi + f? + 1) ^0 <7 log 2. 

2 

cii0, = A /B 

2r(2p! + l)e-’"'"“U_L. (Ay'\ 

\JB*/ 


C 


I) 


\2h)^\ r(pi + iq + 1) 


IF 

me- 


11^ 


■ + 1 


me- 


1/2 


. (uiey- 

\<7 + C/ 


(34) 


(35) 


(36) 

(37) 
(370 

(38) 

(380 


Wa ch ft! I use the Weyl normalization method 

ill th “radial normLiaation factor ij) - M(W). Then w.th proper 

choice of M(TE) 

■» If a 


f M*(W')r^dr i M{W)\Pi{W)Fi*{W') Gi{W)Gi*(W )\dW 




1 when IFi < W' < WO, 

0 when IF' lies outside the interval {W i, W 2 ) . 


( 39 ) 


w E. W. Barnes, Trans. Camb. Phil. Soc. 20, 253 (1906). 
“ H. Weyl, Math. Ann. 68, 220 (1910). 
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If we write down Eqs. (11) for the energy value and their complex 
conjugates for the energy value PF', multiply ^^^h of the resulting equations 
by then multiply the first equation for W by the second by 

the first for W' by —F{W), and the second by G(W), and finally 
add, we obtain the equation 


2t 

he 


■{W - W’y[F{W)F*{W') +GiW)G*{W')] 


dr 


■^[G*{W')F{W) - G{W)F*{W')]. (40) 


Substituting Eq. (40) in Eq. (39), we get 

^ eo pW 

7=1 M*{W')dr I 

•'0 "Wi 


'^‘hc MiW) d, 

__ [rK}{W)F*{,W’) -G*{W')F{W)]dW 

2t W — W dr 


■ lim 
i2— >00 2>7r 


c M{W) , 

-~^R^[G{W,R)F^{^^^ -Gn^W\R)F(W,R)]dW 

T Jjv, W'—W 

since r^GF = 0 when r = 0. 

We may therefore use our asymptotic expansions for F and G. From Eq. 
(36) we can write 

he M{W) , 

- [C(M'OZ>(1KO cos Ru. sin RiF 


where 

or 


he ikr(lF) 

lim —M*{W%%W') - ' ^ 

2^ w I IF^ — PI 

- C{W)D{W) sin i?#-cos Ru']dW, 

Ru = koR + q log koR ~~ di, 


Iwmc 


■((-T-O 

h \\mc^/ / 


1/2 




(‘ - iw) ) 


1/2 R 


1 lirntc 

log -—R 


W 


}nc 


- 1 


(41) 

dl 

R 


We can choose R large enough so that u{W) for WiS. WS W 2 is an increasing 
function of W, and so can find the inverse function W=f(u), which is con- 
tinuous and possesses a continuous derivative for W>mcK We make a sim- 
ple rearrangement in I and change variables from W to w, obtaining 


X-^00 ztt 


^[/(«)]C [/(«)] 


/(“') - /M 

+ {-^[/(^/O] — •D[/'(m)]} sin i?«-cos 7 ?m' ]/'(«)(/«, 

he 

= lim -M*(rOG*(PFO(/B' + //2''). 

R-rw ITT 


[£) [/(#0 1 sin R{id: — u) 
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Consider r / 1 f c 'll 

= toco.*.' 

•Now D'iW) exists for W>mc’^, and the remaining functions m the integrand 
are continuous, so that we can apply the well-known result^^ that 


Urn 


»--» ao d 


j Hi) si 


sin nt dt = 0 


when m is integrable in (a. b). This gives us 


lim //' = 0. 

R-^oi 

Bv the same argument we can show that Jii — 0 when W is n 

i„ interval (IF." >F,). When W,<W' <W.. we can write, putttng . -« 

= 3'. . _ 

, sin liy 

= i^(vr') r e¥lf(«' - >-)]c[/(»' - y)]/'(»‘' - 
= D(if')r M [/(«'- y)]cl/(« - y)l ^ ^ y/(^/) 

^ U*-U2 ^ 

-f D(ir') - y)]c[/(«' - y) ]/'(«' - y) 

Wj 


1 ■ 


sin Ry-dy = hi"' + 


Since the fttnction in the a,uare bractos in V’ «»ite at , - 0, the same 

argument as above shows that lirn/j,„ 

lim Ib'" - Z>(lF')il^(ii")C(ll'')ir 

00 


by the Dirichlet integral.^’ 
Finally, therefore. 


■hc\M{W’)V\C{W')\^D{yV'), 


and we must take 


+ = HhoD\C\K 


(42) 


Since the above calculation has not mad. use of a particular value for J, 
wehaveaiso _ j, = 2/feCl C| 

wherein Eq. (43) the argument of p and jl is -f-l.noti. 

21 See K. Knopp, Unendliche Reihen, p. 363, 

22 Knopp, reference 21, p. 366. 
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Selection Rules 

■ The selection rules for the matrix elements B"' in Eq. (4^, when retarda- 
tion is neglected, have been shown by Darwin^'^ to be 


M = 1, 

Aj = 0, ± 1 , 

^ Ati = 0, ± 1 . 

The table below gives the possible transitions: 


(" 44 ) 


Initial State 


Initial State 



nr 1 

1 + 1 

u 

Ur 1 1 — 1 ti 



Final State 


Final State 



1 + 1 

/ + 3/2 

ii' 

Ur' / + 1 / + 

1 u 

?lr' 

i + i 


u' 

n/ 1-1 1 - 

1 w 

n/ 

1 - 1 

l-h 

u' 

Ur / — 1 " 1 — 

3/2 n 


( 45 ) 


with u±l^ and arbitrary n/. The only degeneracy of the possible 

final states of the discrete spectrum is that with respect to . If tir stands 
for the energy IT of a state in the continuous spectrum, all possible final 
states having this value W fall together. 

The Mass Absorption Coefficient of the K Shell 

The atomic absorption coefficient Tp for a given energy jump is defined as 
follows: 


Tpl{v)dv = energy absorbed per second = hv^is/dW 


( 46 ) 


where w^dW of Eq. (8)) is the transition probability for the energy 

jump under consideration, and I{v)dv is the intensity of the incident radiation 
in the range Thus 

{rv)Kl{v)dv = 0 , 0 , 

since in the Z shell fZr = / = 0, and j = |. 

The formula for the mass absorption coefficient (Tp/p)^^^ becomes, since 
dW=^h.dv, 

/tA ^ 1\ Nk^v / l\ 

\ py. 0, — I = (.IT; 0, 0, — j , (47) 

\p/ K AI{v) \ 2/ A%Trcp{v) \ 2 / ' ' 

where iV is Avogadro’s number, A is the atomic weight, and p{v) is defined 
in connection with Eq. (5). 

The p in r^/ p is not to be confused with p{v). The former is the mass of an atom, while 
the latter is energy density. 
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Consulting the table (45) of possible transitions, we see that the sum over 
the degenerate states in Eq. (8) extends over the initial values of u, the final 
values and j - 3/2, the only possible final I being 1. We thus obtain 


+ E,U (w'.i.v’ «1 ]• 

W ,W \ 


Carrying out the angular integrations indicated by the definitions (8') and 
(4') of tire P’s, and using the angular normalizing factors given by Eqs. {11) 
and (32), and finally summing over u and u', we easily obtain 


(i£\ ^ f p 

\ p)k SAv 13 ido 




3 I £ F-lGar^dr + -j J | J. 


Writing p = (I P'- a = W/k„ and taking 


Q 




jy tsz — - ' t,. 


we find for the functions Po, Go, Gi, G_.., and P- 2 , using Eqs. (12), (13), (20), 
(21), (30), (42), (43), (38), and (38'), 

(1 -p )^o V '-. 

'mp + i)> 

' 1,1 + 

2p i- Ij^ 

, j r(p' + i, + /IV’ 

\hc) \q-\’Q/ 


F, == (2kn) 

/ 1 1, + p) 0 \ 


yp—l^—k(fr 


y{- 




2r(2p + 1 ) 


2r(2p' + 1) 

. I i f tars "%^/2 -g /C orley- ^ Fj + I’j 2p' + l; 

j lip^' 2p -j- 1, 

(2a h)^i r(p + iq + 

2 r( 2 p + 1) 

. j^gi{tnn"'i3/-i-<»Vlr'’“^iPi(p + + 1; 2p + 1; 2iak(ir) 

I i[ton~*2/p+,i*:o’'lj'f’'"ijFi(p "b "b 1, 2i<iAor)]. 

(2fli’o)'> I r(p + + 

\hc) \q + Q/ 
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1 


. + 1 5 2p + 1 ; liak^f) (55) 

— g— i[tan ^qlp-Vahf^rl^p—l^ p _|- j 2p 4" ^ ? 2i<Z^0'^) ]* 

Integrating and rearranging, we obtain 

/ i-p V'Mr(p' + t? + i)le'''^pi-ev‘''^ 


FfGirHr = 2'’’+'>a'’' 


’ (2^p/^or(2p + 1)) 


(1 — uy +'’+'■ 


Kq + Qj 


r(p' +p + 1) r ■ 


-itan“ 


‘e /2 2Fi^p' + P+l,p'-i? + l; 2 p' + l;- 


'^q 

2ia 


r( 2 p' + i) 

/ 2ia Y 

+ { p' +* p + 1, p' — ^'^7; 2p' + 1 ; “ ; T’ ) 

\ 1 ““ ta/. 


1 — * ia 


(56) 


/* 

Jo 


FS^nr^dr = 22^a^* 


/ 1-p \ 

r(p + iq + 1) 


\2hchTi2p+l)J 

' (1 - /o)2/-+i \q + Qj 


• • jT?! ^2p + 1, p - i? + 1 ; 2p + 1 ; 


2 fa 

1 — fa 


(57) 


( 


+ • 2^1 { 2p + 1, P - f^; 2p + 1 ; 


2ia 

1 — fa 


/» 00 

V 


= f22^a^- 


\ 2 A.cy^or( 2 p+l)/ 


2hck^Vi2p + 1) 

■ • jFi (^2p + 1, p - iq + 1 ; 2p + 1 ; 

- e<*“‘‘5/o-22?i (2p + 1, p - i?; 2p + 1; 


r(p + iq + 1) 



(1 - ia.)2'’+i 

W + CV 


2ia 

I — ia 


(58) 


2 fa 


?a/J 


The two hypergeometric functions in (56) cannot be readily evaluated in 
their present form because of very slow convergence or non-convergence of 
the usual series. There are two possible methods of evaluating them numer- 
ically. One method is to express them as definite integrals and then to inte- 
grate numerically. Because p' “p — 1 is so small, the numerical integration 
will be inaccurate or laborious if no further transformation of the resulting- 
integrals is made. A convenient transformation which is satisfactory over 
the range of values of a and g which corresponds to IXji: gX gXit, is that which 
results in the integral / defined by Eq. (62) below. 

Using the relationship \ ^ 


%Fi{a, ^] y]x) = 


r(7) 


r(a)r(7 a) Jo 
and making some simple transformations, we can write 


f - ' . (59) , 

Jn 
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/ 2ia \ 

fp' + p + 1. p' ~ n + 1; 2p' + 1; - ^ _ .J 


n + f J* ) 

\1 - ia) I B{p' - p, p' + P + 1) / 


(60) 


2F 


^p' + P 


“j~ 1, ) 2p "4“ Ij 


2ia \ 
1 — ia) 


Vl - ia) I B{p' 


P> 


p' + P + 1) 


I 


where 


and 


V{a)V{0) 


'] 


Bia, 


(61) 


(62) 


(63) 


r(a + p) 

The other method of evaluating the hypergeometric functions in Eq. (56) 
is to transform them to another combination of hypergeometric functions 
which do converge fairly rapidly. By use of the transformation^ connecting 
Yi with Fs and Yi one finds readily from Eq. (60) that 

(1 + aY 

Bip' - p, p' + P + 1) + -^ 


2'\p' r ^ 

— (Trs/ ■ 


. 2F 


(laY 

1 + ia\ 

p'-p,l + iq-p’-A + k- P’J-ZTa ) 


(64) 


/I - 

+ B(- P + iq, p' + P + 1) r j ■ 

! 1 + 

. 2F1 f 1 + P - p', - p' - p - + ^’YZTa)' 

The series for the hypergeometric functions in Eq. (64) converge fairly rapidly 
S any range of wive-length. The chief difficulty in the use of this formula 
is the calculation of the gamma functions. High accuracy 
from this formula with less work than from numerical integration, but for 
,toe.%ure accuracy the latter is nrua quicker. All the calculations in this 
paper were performed by numerical integration. ^ 

The hypergeometric functions occurring in Eqs. (57) and (58) can 

duced to elementary functions by the use of the relation 


2^ E. W. Barnes, Proc. Lond. Math. Soc. (2), 6, 141 (1908). 
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Making these transformations and noting that Q — l/a, we obtain for the 
three integrals 

/ 1-p \'/2|r(p'+i?+l) 

F^ir^dr = 2>‘'+fa'‘’ 


,2Ac^or(2p+i)/ r(p‘ 


■i [ tan~^Q /2- (p'-p-l) tan^'a] 


,2fe^!or(2p+l) 


,i [ tan’”'*' Q /p+ 


■2itan' 


l+P yl^\v(p + iq + l) 


F-'lGar^dr = 2^'’®'* 


,2fe/^or(2p+l) 


.{[tan ^q(p+tan 


•2itan“^a 


Substituting in Eq. (49) we obtain finally for the mass absorption coef- 
ficient for the K shell 


-4tan”“^a) 


Jk AZ Stmc r(2p + 1)(1 + 

lr(p' + i?+l)|V?-er'Vnr. 


(1 + p) 


in which 


tan'~^ + tan~^(//p' — 2(p' — p 
arg [Bip' - p, p' + p + 1) + /] 
3 tan”^ a + tan”*^ q/p 
2 -f- xy 1 

. o I o . 


The two expressions in Eq. (69) which are most difficult to calculate are 
the absolute value of the gamma function of complex argument, and the 


MASS ABSORPTION COEFFICIENT OF K SHELL 


551 


integral J. The gamma function can be most conveniently calculated from 
the asymptotic expansion 

log 1 r(-'c + 1 ~ - i) log + yO - y tan-i y/oc - X 

Bin COS [{2n - 1) tan-\y/x" 


+ I log 27r + X) 


2n{2n — 1) 


(70) 


where the Bin are the well-known Bernoulli numbers. By taking x large and 
using the difference equation satisfied by the gamma function, Eq. (70) forms 

a relatively easy method of calculation. 

Under adverse circumstances, the calculation of the integral J could be 
very laborious. Fortunately, when the wave-length is confined to the range 
fX;, to X,„ the integrand of Eq. (62) does not change rapidly and has no im- 
portant oscillations, so that an approximate formula of integration may be 
expected to give sufficient accuracy. The formula used is one given by Wool- 
house,“ namely. 


/; = Tl/( 0 ) +/(.)] + +/OVH)! 

VI 

+ ^[/(l/4)+/(3/4)] +”/(!)• 


(71) 


It would be very difficult to obtain a numerical value for the error in- 
volved in using this formula when evaluating an integral as complicated as J. 
However, the'writer has tried the formula in evaluating known integrals of 
functions which have closely the same shape as the actual integrand in J, and 
from these trials he is convinced that in the wave-length range mentioned 
above at least three- and very probably four-figure accuracy can be expected. 
This is further supported by the close agreement of the results for A1 ( J 
with those calculated from the Nishina-Rabi formula, an entirely independ- 
ent procedure. The effect on the absorption coefficient of an error in calculat- 
ing J depends of course upon the relative magnitude of the two parts of Eq. 
(69). In the range under consideration the term containing / is from 2 to .3 
times as large as the other term. 

Mass Absorption Coefficient at the Absorption Edge 
At the abtorplion edge, where X=X., Eq. (69) cannot be used to calculate 

the absorption coefficient because there a - 0 and g Q . T ^tl^^nrli 

ess is necessary, and it is most convenient to pass to the ^ Jhe nd - 
vidual proper functions and then to integrate, instead of ^ ^ 

directly in Eq. (69). Another more simple method if only the form of t 
prSr functions is necessary, is to solve the radial differential Eqs. (11) when 
wLmc\ but this has the disadvantage for our purpose of requiring another 

normalization using WeyFs method. 

Woolhouse. Journ. Inst. Act. 27, 122, (1888). Cf. Whittaker and Robinson, “Calculus 

of Observations,” p. 158. 
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1 


-m 




' "il 




iil 


We want to find Fi and Gi. To do this we consider separately 

the radial normalizing factor and the functions <ri and <J 2 (see Eq. 21)). From 
the well-known Stirling formula, we can write® 

I r(p' + i? + 1 ) 1 

also 

I 4 1 ~ 1, and WY = (.2koYa»', 
so that from Eq. (38) 

lcl~ 2 r( 2 p'+ l)(2*o)-'’W2^.)''“ (72) 

Also, from Eq. (38'), 

p . (izey" . /( ■ + -.l y" ^ 

\q-\-Q/ V(1 + -f 1/ 

since g2 = (2^-f a^ = l/a^+a^. Therefore, from Eq. (42), 

1 / 2 Y'2 {2kaY 1 _ (2^)^' y 

\^) ~ VW r( 2 p' -t-TT n ~e{ZY^Ti27+ T) V ’ 

using Eq. (19). 

It is a known property^’’ of the degenerate hypergeometric function that 

(4z)“ „ /I , . „,A w.x 


lim M — ;q! + 1 ; — esV^ ) —Jaiz), (75) 

., 0 = r(a + 1) \ « / 

where Ja(z) is the ordinary Bessel function. It is evident, therefore, that 
lim ffi = Inn 5r'’'“^e“®“*^«qFi(p' iq ;2p' -F 1 ■,2iakar'} 

<.-0 a-,0 

^ - iri2p' + l)(2ko)-^'r-U,Ai8kor)^l^). 

It can easily be shown that 

2p' 

iFi(p' + ig -f 1 ;2p' + 1 ;2tTV) = -7-; — t"Yi(p' + iq', 2 p' ; 2 iko'r) 

, . on 

— ia 

— + i^;2p' + 1 

P + 

With Eqs. (77) and (21), we find 

A ■■ r.""-' V 

cTi ± 0-2 = ji iq j2p' ;2ii^oV) 

'.y ( 78 ) 

+ I W + •«;2p' + l;2if.V) . 

L P + rgJ J 

The symbol as used in this section, has the following significance, if fia) vn g(a) then 

G. N. Watson, “Bessel Functions,” p. 154, 
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From Eqs. (78) , (76) , and (50), we find after some calculation 

(ffi "h fTa) «-r~’r(2p^ d" l)(2/;o)~'’ [-72p'— i((8^^or)^^“) ’(2^00'^" 
+ (l+l -p')/2p'((8M''^)], 
lim (ffi - <r 2 ) = 2ir-ir(2p' + l)(2to)-'’72pd(8*or)''-), 
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so that finally, with Eqs. (20) and (74), 

Urn Pi = a/eiZyih-J^Amry^) 

o-s-Q 

lim Gi = l/eiZy^-r- [(27v)‘'72p'-i((8/;or)^'^) + (^+1 — pO-T'sp'CCS^oO^'^) ] • (^0) 


After some simple calculations, using the formula*^ 

[ A(at) exp (- 

J n 


/p -f- /i\ / (J> \' 

\2 ) (2^) 


2p^Y(v + 1) 


- exp (•“ a^/4p^)iFi 


+ l;v+ l;a^/4:p^ 


y 


we 


find for the mass absorption coefficient at the absorption edge 


IPN\ic 2='>exp(- 4) r_8 


p /A'Wgp dTtncM Z-T{2p + 1) 
■ [2pdF,(p' - p 


-2’‘'-'(l - p) 


T(p' + P + 1)' 

L r(2p' + 1) 




1 ;2p' ;2) + (2 - p')iFi(p' - P iV + 1 ;2)]“ 
3 - P, 


(81) 


t" «(i 4* p)^^“ 


-(1 -- p) 


- 2- 


Eqs. l'69) and (81) for the mass absorption coefficient have been derived 
for a one-electron atom. Actually, of course, the K shell contains two enc- 
trons, so that one might expect, in the absence of 

electrons, merely to multiply the values for the J^Joublv 

This is incorrect. In the one-electron atom the lowest energy level doubly 
degenerate since there are two possible directions for the 
moment of the electron, represented analytically by m - 0 or 1. In tF ^ 
electron atom, however, the lowest state is non-degenera e. i ^ 
elusion principle were not in force, the degeneracy of tie lowest wonU 
be four, since in the absence of interaction each electron ™ 

M = 0 or -1. Since, however, no two electrons may have the sanie quantum 
numbers, and because of the identity of the electrons, three of the degener- 


28 Watson, .reference 27, p. 394. 

=' W. Heisenberg, Zeits. f. Physik 38, 411 (1926). 
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ate states are ruled out, so that multiplying by two for the two K electrons 
and dividing by two because there is no degeneracy leaves Eqs. (69) and (81) 
unchanged. 

Since the completion of this paper an article by Stobbe"’" has appeared in 
which the mass absorption coefficient is calculated by means of the non-relati- 
vistic quantum mechanics. Stobbe uses a screening constant for the K electrons 
which is considerably smaller than that necessary to make the energy of the 
model agree with that experimentally determined from the K edge. He justi- 
fies this procedure by pointing out that in the final state with one K electron 
ejected, the energy of the remaining electrons is dilferent from that in the 
initial state, so that the absorbed frequency does not correspond exactly to 
the change in energy of the ejected K electron alone. 

The present calculations can easily be adapted to a model with a smaller 
screening constantby lowering Z to compensate for the decrease in i ; the results 
then apply to different atoms, for instance to gold (79) instead of lead (82) if 
5 is changed from 4.512 to 1.512. With the smaller screening constant, how- 
ever, theXj' of the model will no longer agree with the experimental value. 
We want the abscissas of the computed and oljserved cur\’es to coincide at 
the experimental Now the absorption coefficient depends on a matrix 
element which is a function of X*' and W, the energy of the ejected electron. 
In the present calculations W was connected with a wave-length X' of the 
incident x-rays given by W=mc^+h(v' —v — — l/'kic')- In the 

adapted calculations v^' is replaced by corresponding to the actual ab- 
sorption edge and so W must be connected with a wave-length X given by IT 
=mc^-f-7!c(l/X — 1/Xi). We must now use X and not X' in Eq. (47) since the 
factor multiplying the matrix element in this equation arose originally from 
the change in energy of the atom as a whole. The new absorption coefficient 
is therefore 

7 X 7 

_(X)= .-(xo, 

P X p 


where 


X)k V X;/ 


When one calculates this new absorption it turns out, however, tiiat the 
agreement with experiment is worse. This does not mean that if one calcu- 
lated the absorption coefficient for gold using a larger screening coiistant that 
one would find better agreement with experiment, but merely that the use of 
a large screening constant for lead agrees better with experiment than the use 
of a small one with gold, and is probably to be attributed to the rapid loss of 
accuracy of the model as Z is decreased. 

That the agreement with experiment is worse can be seen roughly from 
the following considerations. At the absorption edge X/X' = (ZyZ)‘^ by 
Moseley’s law, where Z' is the atomic number used in the calculation and Z 

M. Stobbe, Ann. d. Physik (5), 7, 661 (1930). 
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that of the atom to which it is now applied. But the observed absorption co- 
efficients are closely in the ratio {Z'/Zf at the edge; and the theoretical values 
are already too low. It is therefore not thought worth while to publish the 
modified values. 

The writer wishes to thank Dr. 1. 1. Rabi for suggesting this problem, and 
also to express his appreciation to Professor E. H. Kennard for his constant 
interest and for the many stimulating discussions throughout the writer’s 
graduate study. 
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Abstract 

The change in internal energy of molecules upon collisions has been analysed. 
Formulae, (26) to (27-C), for the effective cross section of inelastic collisions have been 
obtained as functions of known properties of the molecules, subject to certain condi- 
tions. These conditions are: the atoms which come into contact during collision must 
belong to the first row of the periodic table; the vibrational quantiini niunljeis which 
suffer a change must be small. 

Vibrational quantum numbers have a marked reluctance to change during col- 
lisions at room temperature. The probability that a IN 2 molecule in its fiist excited 
vibrational state transfer its energy to He in a head on collision is 0.0^6. I he prot)- 
ability that another N 2 molecule absorb this energy is O.OH, A lack of lesonance oi 
0.01 volt can decrease the effective cross section by a factor of 0.02. 

Rotational quantum numbers change readily except in unusual cases. 


1. Introduction 


* National Research Fellow. 

1 Baxter, J.A.C.S. 52, 3920 (1930) ; Boeckner, Bureau Stand. 5, 13 (1930). 
® Oldenberg, Phys. Rev. 37, 194 (1931). 
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I N A gaseous system we often wish to know the effective cross section of a 
collision between two systems in which one or both suffer a change of 
quantum numbers. If this change involves electron jumps, as in the quench- 
ing of resonance radiation, it is not limited to collisions in which the systems 
would be said classically to come into contact. Such transitions have been 
observed to take place when the closest distance of approach is many times 
the classical diameter of the systems.^ In this type of collision the changes in 
the motion of the two systems as a whole may be relatively unimportant in 
comparison to the change of quantum numbers. . 

In another interesting type of collision the electronic states remain un- 
altered, and the vibrational and rotational states are changed. The experi- 
mental data have been discussed by Oldenberg.^ In many cases the proba- 
bility of a transfer is very small even in head-on collisions. In such collisions 
changes in the internal molecular quantum numbers are unimportant in 
comparison to changes in the motion of the two systems as a whole. A study 
of the latter change must thus precede a study of the former. Such a proce- 
dure is adopted in this paper. The exact motion of the centers of gravity of 
the two colliding systems is found when the internal coordinates are replaced 
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by their averaged values. This motion corresponds to an elastic collision. / 
The internal motions of the systems are then treated as perturbations that 
give rise to changes in the internal quantum numbers during collision. 

The discussion of collision phenomena is preceded by an examination of 
inter-molecular forces (II), The principles of energy interchange may be 
most clearly analyzed in systems so idealized that all irrelevent difficulties are 
absent. Thus the interchange of vibrational and translational energy is in- 
vestigated in the simplified collision of an atom and a diatomic molecule 
where all motion is confined to a line (III). Similarly the interchange of 
rotational and translational energy is examined first for the collision of an 
atom with a rigid symmetrical molecule, all motion being limited to a plane 
(IV). The results of the investigation of these idealized collisions are then 
combined in such a way as to give definite numerical information about colli- 
sions in an actual gaseous system (V). 

11. Inter-Molecular Forces 

In ordinary coilisioiis the inter-molecular forces need be known only for 
those inter-molecular distances in which the overlapping of electrons is slight. 
At these collision distances the mutual energy may be split to a good ap- 
proximation into three parts: that due to van der Waal’s attraction, the 
negative coulomb energy arising from interpenetration of electrons, and the 
repulsive resonance energy. The mutual energy between two molecules is 
approximately the sum of the mutual energies between the constituent atoms, 
provided the resonance forces are taken to be repulsive. 

London and Eisenschitz'^ have shown that the repulsive resonance energy 
betw^een two H atoms dominates the attractive energies. This may safely be 
considered to be true for all atoms in the first row of the periodic table. How- 
ever, this resonance energy becomes smaller both with an increase of the 
total quantum number # and of the azimuthal quantum number Zb Hence 
the following considerations will be confined to atoms in the first row. 

In the outer region of an atom, i.e., the region that overlaps in ordinary 
thermal collisions, the electronic density varies approximately^^ as exp- 
{—las). Here 5 is the distance from the nucleus, and a is the square root of 
the ionization potential.' The asymptotic expansion of the resonance energy^ 
between two atoms will contain the factor exp-(ai+a2)i?, where ai and a% refer 

^ E. Eisenschitz and F. London, Zeits. f. Physik 60, 491 (1930). 

^ W. Meisenl)crg. Zeits. f. Physik 49, 619 (1928). 

^ Dcibruck, Proc. Roy. Soc. 129, 686 (1930). 

n:). IL iiartree, Proc, Camb. Phil. Soc. 24, 89 (1928). 

^ Energy, length, mass will in this paper be expressed in the atomic units 13.53 volts, 
0.528X10'“® cm, unless otherwise specified. ^ 

® This may be verified by examining the general type of integral that arises in calculating 
the resonance energy. See Zener and Guillemin, Phys. 34, 999 (1929), Eqs* (28) and (29). 
When the integral logarithms are replaced by their asymptotic expansions all terms will have 
the factor exp-(ai Ta.)r. This opportunity is taken for pointing out ffiat m-vA-i should replace 
m~~v in Eq. (25), and »)! should replace e~^Avitf a) in (26) and (30) of thisrefer- 

ence. ■ , 
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to the two atoms, and R is their nuclear separation. The mutual potential 
between atoms or symmetrical diatomic molecules, averaged over all internal 
molecular coordinates, will contain the factor exp-(Q;i+a2)r, where r is the 
distance between the centers of gravity of the two systems. An approxima- 
tion to the actual potential may thus be written as 

F(r) = £"«(“>+«!)(>•£.-/■). (1) 

The constants E", rs" are to be experimentally determined. They have the 
relation V{rE") =E". If £" = £300 denotes the average energy of a gas mole- 
cule at room temperature, then fsoo will be the classical average closest dis- 
tance of approach. 

It is desirable to compare the theoretical formula (1; with e.xperimental 
data. The data on inter-molecular forces have been thoroughly reviewed by 
Lennard-Jones.® If the constants c, a are determined to make c exp(-ar) 
join smoothly to the repulsive energy formulae of Lennard-Jones at fauo, then 
a should be considered as the experimental value of cti-f a2. A comparison of 
these constants is given in Table I. 


Table I. Energy constants. 



Lennard-Jones 

Spectroscopic 


Fb 

2.08 

2.12 


He 

3.50 

2.68 


Ne 

2.2 

2.5 




IIL Vibration-Translation 

The interchange of vibrational and translational energy will be investi- 
gated in the collision of atom A with the molecule B — C, the atoms A, B, C 
being confined to a line. 

A B C 

This interchange will be a function of the various physical parameters, such 
as the force beinding aB and C, the repulsive force begween A and B, the 
initial translational and vibrational energies, and the relative masses. 

If the atoms were sufficiently massive, and if the translational and vibra- 
tional energies were sufficiently great, only an investigation by classical 
mechanics would be necessary. But these conditions are not satisfied in the 
interesting cases where only the first vibrational states are excited. Neverthe- 
less, it is profitable to consider the classical picture, as in general the same 
qualitative dependence upon the physical parameters will be present in the 
mechanics of the classical and quantum theory. 

The classical picture will now be used in finding the conditions of maxi- 
mum transfer of energy from vibration to translation with the optimum 
phase relation between the vibrational and translational motion. The system 
is first simplified by assuming the impact between .4 and J to be install tane- 

^ R. H. Fowler, Statistical Mechanics, Chap. X (1929). 
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ous. Then if the mean vibration velocity of B is comparable to the relative 
velocity of A and the molecule B-C, with an optimum phase relation, the 
impact between A and B will occur when the molecule has all its internal 
energy in the form of kinetic energy. The energy transfer will then be a 
maximum when the masses of A and B are nearly equal. However, the vibra- 
tional energy of light molecules is much larger than the mean translational 
energy at room temperatures. Hence in order that A strike B while the latter 
has a maximum velocity, A must be lighter than B. 

The effect of the finite time of impact between A and B is now examined. 
If this time is small in comparison to the period of oscillation of the molecule 
B-C, the impact may be regarded as instantaneous. As it becomes large in 
comparison to the period of oscillation, the atom will tend to act only upon 
the center of gravity of the molecule. The interchange of vibrational and 
translational energy then becomes small. With a fixed initial translational 
energy, a decrease in the mass of A will lessen this time of impact, and thus 
increase this interchange irrespective of the mass oiB. 

It is of interest to compare this time of impact with the period of oscilla- 
tion in collisions between actual molecules. If r is the distance between A and 
B, their mutual energy may be taken to be 


V{r) = 


(10 


as was seen in 1 1. If E” is set equal to the mutual energy E, then a reasonable 
value for the time of impact is the time r; during which r<ro. Here, to- 
gether with F, is determined to make the parabola 

U{r) = F{r - uY ( 2 ) 

join smoothly to V(r) at r = rE. Thus (H) has been replaced by the potential 


If(^) = 


F{r - ro)^ r < To- 
0 , r > To- 


( 3 ) 


The ratio of Ti to the period of vibration of B-C, r„ is one half the ratio of the 
frequency of vibration of the molecule to the frequency of vibration of a par- 

tide of mass 

MAiMB + 


Ma 4" dfjs -f- Ma 


in the potential (2). This ratio is 


40 wo Y'" 
sm\E) 




where coo is the wave number of the molecule, m is expressed in units of atomic 
hydrogen, and E is in units of the mean energy of a gas molecule at room 
temperature, £300. A numerical example shows this ratio to be relatively 
large. For instance, in the collision of He withN2 at room temperature, a - 2. , 
wo = 2345,it = 3.5 £^l,giving^ = 9. 
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: V .. 


The above considerations lead to the following classical conclusions for 
light molecules. Since the intra-molecular binding forces are large in compari- 
son to the inter-molecular repulsive forces at collision distances, and since the 
internal energy of these molecules is large in comparison to their temperature 
equilibrium translational energy, the interchange of vibrational and transla- 
tional energy will be small. H 2 will absorb more readily than any other molecule 
translational energy not only from a C-H bond but from any light molecule. 

A precise quantitative theory for the one dimensional collision is de- . 
veloped by the following quantum mechanical analysis. 

The coordinates will be taken to be: the center of gravity of the complete 
system, X; the nuclear separation of molecule B-C, a;; and the distance be- 
tween the atom A and the center of gravity of the molecule, r. This choice has 
been made in order that the kinetic energy may be written as 

T = 7b + 7b + 7V. 

The w’ave equation, after eliminating the center of gravity of the complete 
system, then becomes’ 

) + „ ,) + E Vt = 0 rs) 

tMm dx^ y. dr- ) 


MbMc 

p-m ~ ^ 

Mb + Me 

and p is given by (4). The energy V{x) is the potential energy of the isolated 
molecule and V{x, r) is the mutual energy of atom -.4 and the molecule. 
The energy E has a continuous range of values. If Ei is the energy of the iso- 
lated molecule, then pi==^p^f^(E—Ei)^i^ is proportional to the momentuni 
associated with the translational motion. 

Let the normalized function be a solution of the wave equation for 
the isolated molecule, namely 


j 1 

^ Pjh dx^ 


V{x) + EiHuix) = 0 . 


Corresponding to the physical requirement that before collision the mole- 
cule be in the vibrational state a solution of (5) is to be found of the form 


(^e^Pvar ^ ^-ipv^ry 


0-ipur 


The summation is over all indices for which is real. The probability that 
the molecule has changed its vibrational quantum number from Uo to v will be 

lw|.® 

In order to obtain the coefficients is expanded as follows : 


( 7 ) 
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The are undetermined functions. Substitution of this expansion into (5) 

2]^ “ ~ »-) + \Qv{r)'^v(.x) =0. 

» \dr^ ) 


Multiply by '!'■»(»;) and integrate with respect to x. 


iil - + pAq^ir) = ,x T,QAr)V.^'ir) 

t dr^ J .V» 


where 




'{r) = J -^XxWix, r)'9v'ix)dx. 


By neglecting the right member an equation for the zeroth approxima- 
tion, <2i."(r), is obtained. 

{-- lxVAr) + pAQAr) =0. 

V dr^ J 

Since Fy(«5)-^0, (2»“W becomes sinusoidal for large r. Denote that par- 
ticular solution that vanishes at >- = 0 by U{pv/r). Let this solution be so 
normalised that 

sin(M + W 

Vipjr) = rr: (9) 


Choose another particular solution by its asymptotic behavior 

0—i(pvr+O»^ 


X{pv/r) 


QAr) 


The zeroth approximation to QA) corresponds to an elastic collision in which 
the molecule has the quantum number v. Hence 

U{pvl^')j V — Vo . ( 10 ) 

0 , V 9^ Vo. 

The first approximation to Q»(r) is obtained by substituting this zeroth 
approximation into the right member of (8). 

r l^U{pJr)V,io\ v^vo 

}o.‘W - „ _ , . (“) 

The solution of these equations that satisfies the boundary condition (6) is 


' QAr) = iJ^Xipv/r) r UiPv/r'W AA)U{pr,Jr')dr' 

Jq 

+ f^U(p./r) JA(p./r')VA(r') U{pjr')did 

QAir) = CiXipJr). 
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The validity of (12) may be verified by direct substitution into (11). The left 

member vaishes identically except for the term 

- y.U{.pJr)V,,-{X'{f,/r)U{p,/r) - X{p,/r)V'{fJr)]. 


Now the subtraction of 




= 


from 


gives 


Hence 


Z( mI'/ + ]U = 0 


lj(— mFzj” + “■ 


dr 


{ru - XU') - 0. 


X'U - XU' = c. 


But from (9), (9^), — 1* Hence (12) satisfies (11) identically^ . 

Cl is to be determined from the equation of continuityr 


/( 


d * 
dr 


t d 
^ 

dr 


0. 


Since the second integral in (12) vanishes as r becomes infinitely large, the 
first two approximations to the coefficients in the expansion (7) gives a i/' of 
the form (6) with 


^00 f»'^ 

Ta-o” = i“ I I dxUipvJr. 

«/ 0 —CO 


)'I',(.v)F(.i-, r) 


V{pvJr)^^J.x), V 5^ fo. 

Taao”” = Cu 


( 15 ) 


The conditions under which this first approximation is valid will now be 
investigated. In general the successive approximations of the Born collision 
method do not converge. However, if the first terms become smaller, they 
may form a semi-convergent series that has a physical meaning. The rela- 
tive magnitude of successive approximations will depend upon the physical 
parameters of the system. The application of (13) is thus limited to those 
systems with parameters such that the first successive approximations to the 
solutions of (8) which vanish at r = 0 become smaller. It will be found that 
all systems examined in this study satisfy this condition. 

An approximation to the probability is obtained by assuming a simplified 
potential of the form 

V{x, r) = £"e-“'’“'£"^(l -f qz) 
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the displacement of x from its equilibrium value. A 
is the coefficient in the first term of the expansion of e' 


The U’s are solutions of 


and are normalised to satisfy (9) 


Since only a very rough approximation to can be 

at analytical difficulties, it is profitable to consider first the qualitative 

lendenceof Wo' P upon the physical parameters. . -r'l. 

In Fig. Fare drawn the potentials and pertinent 
...... t/v V(r\ are drawn for energy values whose Uip/r) have no es 


1 - 


'I, I /' 1 n 
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r ^ To, where ^-q is chosen arbitrarily at a point where F (r) first becomes ap- 

piecm e. Here E, E' refer to the initial and final translational energies, with 

ii <E , and p, p' to the corresponding momenta. 

n increase of the molecular binding force —dF(s)/ds relative to the 

lepu sive foice ~dV{r)/ dr will increase the number of energy levels between 

thus increasing the fluctuations in sign of the integrand of (17), 

cf ^creasing An increase in the reduced mass ju will have a simi- 
lar erlect. 

An increase of E and £' by similar amounts will increavse by lessening 

the number of energy levels between E and 

^j^^^ination shows that in ordinary thermal collisions between mol- 
ecu es w ose atoms belong to the first row of the periodic table, the first maxi- 

Ik^bet^ I'^gion r<ro, and that several ‘’^energy levels” al ways 

e ween E and E\ The qualitative results of the classical and the quantum 
thTf tieatment are thus similar in such collisions. In the language of 
result^^^^ ^decrease in the slope of V(r) or an increase of the reduced mass ^ 
similar ch^^ ^ticrease of the time of collision. In the language of the latter, 
"(17) ^ in an increased fluctuation of sign in the integrand of 

tial^of ^Ppi*oximation to rj^ is obtained by replacing the exponeii- 

ti'nno ^ potential which renders Eq. (16) soluble in known func- 

tions. Such a potential is 


Fa - 


r > B 


{r- BY 

Fa = CO , f < . 

tentiaW^^q^^^ "f ’ ^ adjusted to make Va as similar as possible to the po- 
J m the important range of r. With the choice 

4E'7a2 

(£ smoothly at A reasonable value of is 

iff erential equation (16) now becomes 

W 

Its solution is the Bessel function 

TT 
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The expression (15') for now becomes , 

nE" J,ipx)Mf'x)dx 


= Itt- 


L 


The substitution of 


/: 


Jv{px)Jv{p'x) 


dx = {pip'y/'^D, p < p' 


(Watson, Theory of Bessel Functions, p. 401) reduces this to 

x(M£:")^'^ 


-(£/E')(^«">"''“. 


(19) 


If the molecule is assumed to be vibrating as a linear oscillator, then (15) 
reduces to / \ 1/2 

( 20 ) 


/ L 


2W(£ 

all the other integrals vanishing. _ 

As a numerical example, consider the one dimensional collision at room 

temperature ot He with N„ in tvUch N, is 

vibrational state to the normal state. Here a -2.14, E/E 1/8, M 
lx„{Ei-E,) = 274. The probability for this deactivation is thus given by 

(.y,i )2 = = 0.004 X o.o^is = o.o’o. (21) 

IV. Rotation-Translatiok 

The principles involved in the interchange of rotational and translational 
eneSf are IL readily studied in ,h. coliision of a rjid djatontro molecule 
and fn atom, all motion Iteing confined to a piane. Thts oolhston wdl first be 

rlkriissed from the classical standpoint. ^ • 1 • 

The symmetry of the molecule limits the energy transfer in a single im- 
pact If an electron is excited to such a state that its time average is n u 
tTof is nearly spherical, then the energy interchange in a co hsion wi 1 become 
small Hence the energv transferred during a collision will be vei y epen 
upon ■ the dectronic stte of the molecule. This has been empirically ob- 
sewed.i * Comparison of the time of collision with periods of rotation is no 

imoortant, since the latter is usually the larger. ^ o onkaKIp 

In order to treat this collision problem by quantum 
mutual potential must be found. If the analysis is limited to symmetric 
diatomic molecules, a simple potential having the necessary properties is 

l'(r, «) = F(r) { 1 + hicos^ e - 1) } - 

Here r has the same meaning as in the thh^t nttrtf 

between the molecular axis and the line joining the atom with the cente 
ttehdecule. The potential F(r) is taken to be (!')• A reasonable value for E 

R. Rompe, Zeit. f. Physik 6S, 428 (1930). 
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is obtained by requiring that the ratio V{r, 0)/V{r, ir/2) equal the ratio 
V{r+xo/2) + V{r — Xo/2)/2 F([?'2+XoV'4]^/^), where.ro is the nuclear separation 
in the molecule, and where r is set equal to fooo- This condition gives 

2 j^gaa:fl/2 _j_ 0—aXfil2 — 26”“ C r^o) j 


h = 


0~axQl2 2e~~“ ^ [rm'^+XQ^ 1 4]U‘2~rm) j 


(23) 


By considerations similar to those leading to (5), the following wave equa- 
tion of our two dimension system of a rotator and an atom may be obtained : 




1 1 


d4>i 


d d I i d^ , s , 

-f 

jx r dr dr fx dcji^ ) 


fX< 


Here <l> are the azimuthal angles associated with the molecule and the line 
joining the atom to the center of the molecule. 

A solution of this equation corresponding to the molecule being in a defi- 
nite rotational state before collision, and having a probability of being in 
several after the collision, is obtained by a method closely analogous to that 
of the previous section. The zeroth approximation is of the form 

cc 

JJl=~oO 

The phase factor 5 is arbitrary. The function Um{pmi/'r) is the solution of 

{ 1 I d d 1 fn^ mi^) 

J _ _ , i Ujj.ra/r) - 0 

{ JX r dr dr JX 1 ) 


JX r ar ar fx r 
that vanishes^^ at r = 0 and is normalised to satisfy 

u u /,)— . S^“r±M . 

The only allowable transitions are m=±2. The probability that the quan- 
tum numbers change from mx, w to — 2, m + 2 is 

2, w -b 2 ^ 2 


/ mx — 2, w -b 2 Y h'^ ( C 
\ mx, m j 16\ Jo 


r)V{r) v r)rdr) 




or 


G 


mx 

mx 


2, m -b 2 V 


\2 h^c 

) ‘ ieiJ./'*- 


A) I'M 


\/r)rdr | . 


(24) 


However, these individual probabilities are not of primary interest, but 
only the effective cross section of such a collision. If 


Ml — 2 m + 2 


Ml 


m 


1, m < Mo 
0, m > Mo 


W. Pauli, Probleme der Modernen Physik p. 42. (Hirzel, Leipzig, 1928.) 

12 The formulation of this boundary condition is rather arbitrary, as an equally justifiable 
condition would be to require that V{plr) have a zero slope at r=0. However, as long as the 
probability remains negligibly small that the atom pass through the molecule, both boundary 
conditions will give the same result. 
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this effective cross section would be equal to the kinetic theory cross section, 
(T/cr- Here, nia is the largest m for which the molecule and atom would classi- 
cally come into contact. An upper limit to the effective cross section cTeff is 
obtained by using the equality sign in (24) when m<mo, and setting the left 
member equal to zero when ni >ma. This gives 


Cetf < 


Uoip/r)Vir)U,(p'/r)rdr\ (TkT, 


in which ^,,.,-2 have been replaced hyp,p'. 

An approximation to this integral is obtained in a manner identical^ to 
that used in the previous section. The only difference is that here the relation 
v = 2{iJ.E’'y'~/oL is exact. An upper limit to the cross section is then 

o-.-ff < —{ril’y<TKT 

16 

in which is given Ijy ;19). 

As a numerical example, consider the probability that a Ns molecule, 
considered as non-vibrating, give two quanta of rotational energy to a He 
atom in a two dimensional collision at room temperature. In this example 
h = 1.3, {r]p'^T- =11, resulting in 

CTeff < 1.2 or KT* 

V. General Collisions 

In the previous sections discussion has been restricted to a one-dimen- 
sional collision of an atom and a vibrating molecule, and to a two-dimensional 
collision of an atom and a rotating molecule. The analysis is now extended to 
three-dimensional collisions between two molecules both of which vibrate and 

The quantum mechanical treatment of such a collision in three dimensions 
is difficult, since the equation whose solution corresponds to an elastic col 1 - 
sion is not in general separable in the mutual coordinates. However, in the 
classical theory collisions of the second kind are most probable between an 
atom and ^■ibrator when all motion is confined to a line, and between an atom 
and rotator when all motion is confined to a plane. We may expect a similar 
relation in quantum mechanics, so the previous inequalities obtained for one 
and two dimensional colli.sions may be taken to be valid for three-dimensiona 

Provided the amplitude of vibrations are relatively small, the mutual 
potential may be approximated by the product of functions of “di^^^ual 
coordinates. Thus when both molecules are diatomic, a simple potential is 

V = F(f)(l -f aizi)(l + tt2Z2)(l + /i(«i)(l + 

where F(r) is taken to be (H) ; Si and Zs are the displacements of the internu- 
clear separations of the two molecules from their equilibrium values, ft and 
62 are the mutual angles between the line joining the centers of gravity of the 


•if; 






II 


m 
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two molecules and the axes of the two molecules; and /i ,/2 are arbitrary func- 
tions. 

When the mutual potential is so factorable, the probability of an inelastic 
collision will also be expressible as a product. One factor of this product will 
be a function of the constants of translational motion. Denote this factor by 
Each of the other factors will be associated with a change of one quan- 
tum number. These factors will be independent of one another. For example, 
in a collision in which the vibrational quantum number v changes to a — 1, the 
associated probability factor Pv.v-^i will not be influenced by changes of other 
quantum numbers. 

Hence if (Jkt is the kinetic theory cross section of a collision, the effective 
cross section of a collision in which the quantum numbers h, • • • change 
tovi\ li\ • • - will be 


cf^li < (TKtPe ,E'Pvi,Vi'Pli,W 


(26) 


In the following description of these factors, atomic units’^ are used. 

When ja refers to the reduced mass of the two systems, a to the sum of the 
square roots of the ionization energies (in units of 13.53 volts) of the two 
atoms which become adjacent during collision, E(E') to the smaller (greater) 
of the initial and final mutual energies of translation, and £''== (E E^Y^-, ref- 
erence to (19) shows that for sub-elastic collisions 


juE'V 

4a2 


Pe,e* 




(27a) 


In super-elastic collisions^® Pb,e' is to be multiplied by the factor {E/E^Y'^'K 
When the mutual potential contains only the first power of the displace- 
ment of a vibrator from its equilibrium position, the vibrational quantum 
number can change only by unity. Reference to (20) shows that the factor 
Pv,v--i associated with a change of vibrational quantum number or 

v—1 -^v is 


P V ,v~~l 






(27-b) 


where the difference in energy between the two states is where X is 

given by (14), and jUmis the reduced mass of the vibrator. 

If one of the colliding systems is a symmetrical diatomic molecule, the 
dependence of the interaction energy upon the mutual angle € is approxi- 
mately expressed by the factor l+^(cos2€~-§), corresponding to (22). The 
constant h, determined from (23), varies from 1 to LS for diatomic symmetri- 
cal molecules whose electronic states are normal If the electronic states are 
highly excited, k may approach zero. Insofar as this approximation is valid, 
the molecule can change its rotational quantum number I by only ±2. The 
corresponding probability factor is 


Pi, 


l±2 


k^/ 16 . 


(27-c). 
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The statistical factor^'* relating the probability of the transition + 2. to 
that of /+2“-">ns neglected. 

A few general observations will be drawn from the above formulae. , 

The molecules to which this analysis applies change a few rotational quan- 
tum numbers freely. 

■ The transfer of vibrational energy may be difficult even in cases of exact 
resonance/*^ e.g. the cross section for the transfer of vibrational energy from a 
N 2 molecule in its first excited state to a normal N 2 at room temperature is 
O.OM-X kinetic theory cross section. This resonance cross section increases 
both with the reduced mass of the two molecules, and with temperature. 
However, the effects of a lack of resonance are most marked in heavy mole- 
cules. If the reduced mass is 30 ntju the effective cross section is reduced by a 
factor of 0.025 if the translational energy must change by 0.01 volt at room 
temperature. 

The efliciency of H 2 as contrasted to He in deactivating molecules^^ can- 
not be explained as due to their difference in mass. It is to be ascribed to the 
much greater facility with which H 2 can absorb a considerable amount of 
energy by a. cliange of a few rotational quantum numbers, than by a change 
of translational energy. 

The writer wishes to express his gratitude to Professor Kemble for fre- 
quent discussions, and to Harvard University for enabling him to commence 
this study in Bristol, England, 


Riiurk and Urey, Atoms, Molecules and Quanta p. 491, McGraw-Hili (1930). 
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N. Hirishelwood, The Kinetics of Chemical Change in Gaseous Systems, Oxford, 
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THE ABSORPTION COEFFICIENT FOR SLOW 
ELECTRONS IN THALLIUM VAPOR 

By Robert B. Erode 

Department of Physics, University of California 
(Received January 19, 1931) 

Abstract 

The absorption coefficient a has been observed by sending a beam of electrons 
through thallium vapor and measuring the decrease in intensity of the beam as a func- 
tion of the pressure of the vapor, a, plotted as a function of the velocity of the elec- 
trons, decreases rapidly to a minimum of 15 at 1,4 volts, rises less rapidly to a maxi- 
mum of 51 at 4.5 volts, and then slopes off gradually to 20 at 100 volts. 

I N THE study of the absorption coefficients of the monatomic elements of 
the periodic system, all of the noble gases, fo^r of the alkali metals*^ and 
three of the elements of the second column, i.e., Hg,^ Cd and Zn," have been 
investigated. Thallium has been chosen for the extension of these obser\’a- 
tions to the third column of the periodic table. In the vapor state thallium Is 
monatomic but it differs from all of the elements previously investigated in 
the nature of its normal spectroscopic state. The thallium normal state is of 
a P type while all of the other elements mentioned above have normal states 
of the S type. 

For the range of pressure (5X10~^ to SXlO-”^ mm of Hg) necessary for 
satisfactory measurements, thallium requires temperatures from SSO to 630® 
C. The apparatus was therefore enclosed in a quartz tube. The electric con- 
nections to the apparatus were made by fusing molybdenum wires into quartz 
capillaries. This was not a vacuum tight seal but it was sufficient to prevent 
the rapid diffusion of the metal vapor out of the quartz tube. The molybde- 
num wires were continued in quartz tubes to the outside of the furnace. 
Quartz to Pyrex graded seals enabled vacuum tight connections to be made 
by tungsten seals through the Pyrex. 

The metal parts of the apparatus were made of tantalum as shown in the 
cross-sectional view of the apparatus in Fig. 1. The tungsten filament, F, was 
the source of electrons which were bent in a circle through the slit S and into 
the collecting box B at the end of the path. The mean radius of the path was 
7.0 mm and the widths of the slits at F, 5, and B were O.S, 1.0, and 0.5 mm 
respectively. 

In the preparation of the tube the spaces on both sides of the quartz 
capillaries were connected to the vacuum pumps. The apparatus was baked 

^ C. Ramsauer, Ann. d. Physik 72, 345 (1923). 

2 C. E. Normand, Phys. Rev. 35, 1217 (1930). 

2 R. B. Erode, Phys. Rev. 34, 673 (1929). 

R. B. Erode, Roy. Soc. Proc. A125, 134 (1929). 

^ R. B. Erode, Phys. Rev. 35, 504 (1930). 
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out to 800°C and the metal parts glowed to a bright yellow by an induction 
furnace. A small amount of thallium metal was then slowly distilled into the 
lower end of the apparatus. The vacuum connections to the quartz tube and 
to the Pyrex seals were sealed off. ■ 

The main portion of the tube was enclosed in a nondnductively wound 
electric furnace. The small tube containing the metal was enclosed in a heavy 
copper tube in a separate furnace directly below the main furnace. The tem^ 
peratiires in the two furnaces were measured by chromel-alumel thermo- 
couples. From the vapor pressure equation and the temperature of the lower 
furnace the pressure of the thallium vapor could be calculated. This pressure 
was corrected for the difference in pressure caused by the difference in tem- 
peratures of the upper and lovrer furnaces. 


) 


I i ! I'fo'' ^1)' 
1 


i- A 




Fig. 1. Diagram of apparatus and furnaces. 

The measurements of the absorption coefficient were made in the same 
way as those previously described for mercury.^ The total emission from the 
filament was assumed to be proportional to the initial current Jo that would 
have reached the end of the path if there had been no collisions. The current 
I at the end of the path was measured by a galvanometer connected to the 
box B. The currents J and Jo are related by the equation, 1 = where a 

is the absorption coefficient, x the path length and p the pressure of the ab- 
sorbing vapor. From this equation the logarithm of the ratio of J/Jo should 
be a linear function of the pressure. Measurements were made at from 3 to 5 
pressures for every velocity studied and the value of a computed from this 
linear relation. 

The results of the measurements are shown in Fig. 2, where the absorption 
coefficients in per cm® of the thallium vapor at 1 mm pressure at 0®C are 
plotted as a function of the velocity of the electrons which is expressed in 
square root of volts. The first two resonance potentials, 3.3 and 4.5 volts, and 
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the ionization potential, 6.1 volts, are indicated by the letteis R, R, and I. 
The curve is characterized by a sharp minimum at 1.4 volts and a maximum 
at 4.5 volts. 

The magnitude of the absorption coefficient depends on the constants 
chosen for the equation relating the vapor pressure and the temperature. 
Measurements of the vapor pressure of thallium have been made by Gibson ’ 
and von Wartenberg."^ Professor Gibson has advised me to use the data of 
von Wartenberg instead of his own. He suggested that his own data for thal- 
lium vapor pressures might be somewhat uncertain because of the effect of the 
high temperatures, 1000 to 1600°C, on the elastic properties of the quartz 
of which his manometer was constructed. The vapor pressure of thallium 
measured by Gibson at 970°C, his lowest temperature, agrees well with the 
value from von Wartenberg’s data for the same temperature. For the vapor 
pressure equation, log pmnx=R~-^/'R) the International Critical lables® give 
the values^ =6,280. and 5 = 6.14, based on Gibson’s high temperature data. 



VELOCITY IN /volts" 

Fig. 2. The absorption coefficient a for electrons in thallium vapor as a function of 
the velocity of the electrons. 

The data of von Wartenberg give for the constants the values A ==8,890- and 
B = 8.55, which are the values used in this experiment to calculate the vapor 
pressure. At the temperatures used in this experiment, the L C. T. values of 
the pressure are about five times those of von Wartenberg for the same tem- 
perature. If the L C. T. values of the constants were used, the values of a 
shown in Fig. 2 should be reduced to about 1/5 of their value or at 4.5 volts, 
the maximum, a = 10 and at 100 volts q: = 4. These values seem improbably 
small as helium has a value of a = 15 at 4.5 volts and a = 3.5 at 100 volts. 

In the curves for thallium vapor, the alkali metal vapors and the heavier 
noble gases, the maximums are at about the resonance potentials while the 
minimums are at definitely lower velocities. This means that the probability 
of an elastic collision between an electron and an atom increases as the energy 
of the electron approaches the critical potential of the atom. 

® G. E. Gibson, Dissertation, Breslau (1911). 

^ H. von Wartenberg, Zeit. f. Electrochemie 19, 482 (1913), 

^ International Critical Tables, Vol ///, 205. 
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Because of the maxima and minima in the absorption coefficient curves, 
the relative magnitude of the curves of different elements is somewhat un- 
certain. By taking the value of the absorption coefficient for a velocity well 
beyond the region of maxima and minima, a definite order of arrangement for 
the elements can be obtained. Choosing arbitrarily 100 volts as the velocity 
for comparison of the curves, the order of arrangement of the absorption 
coefficients for the 13 monatomic elements that have been measured is, with 
the exception of thallium, inversely proportional to the ionization potential. 
To fit into this arrangement, thallium with an ionization potential^ of 6.1 
volts should have an absorption coefficient at 100 volts of about 100 instead 
of 20. Further experimental observations will be necessary to determine 
whether this deviation of thallium from the general order is really a proper- 
ty of the thallium atom or is due to the inaccuracies in the vapor pressure. 
Since the normal state of the thallium atom is a P state as compared with S 
states ffir the other atoms, it would not be unexpected to find a real difference. 
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OSCILLATIONS AND TRAVELLING STRIATIONS IN AN 
ARGON DISCHARGE TUBE 

By T. C. Chow- 

Palmer Physical Laboratory, Princeton University 
(Received January 15, 1931) 

Abstract 

The effects of current and external circuit conditions on the frequency of travel- 
ling striations were observed. Some information concerning the voltage fluctuations at 
different parts of the tube was obtained. Electron temperatures in the positive column 
were determined at different pressures. A set of wave-lengths bearing simple relations 
with the length of the tube were calculated by means of Tonks’ and Langmuir’s 
theory of electric sound waves and the experimental values of the flash frequency. 

Introduction 

I N THE course of an experiment to determine certain quantities in the 
positive column of a discharge tube, the author encountered the difficulty 
that the voltage across the tube was not constant. After an unsuccessful 
attempt to eliminate this fluctuation, it was thought desirable to investigate 
the phenomenon in more detail. 

Oscillations in a discharge tube were observed and studied quite long ago. 
Recent work has been done by Penning,^ Tonks, and Langmuir,^ Webb and 
Pardue,^ Fox^ and others. Webb, Pardue, and Fox found that the phenome- 
non of travelling striations studied by Aston and Kikuchi,^ Whiddington,^’ and 
others was accompanied by oscillations. In this paper a few more points are 
reported concerning travelling striations and oscillations in an argon dis- 
charge tube with a positive column. 

Apparatus and^Method 

The discharge tube is shown in Fig. 1. The length of the tube was 72.5 
cm. The inner diameter was 7.2 cm. An oxide coated cylindrical nickel 
cathode C and a hollow cylindrical nickel anode -4 were used. The shortest 
distance between cathode and anode was 60 cm. The tube was baked out at 
about 3S0°C for several hours. The cathode and anode were degassed by 
means of an induction coil. Between the tube and the pumping system there 
were two liquid air traps with a stopcock between them. During a run this 
stopcock was dosed. Liquid air was continually kept on the trap which was 
on the tube side of the stopcock. For the study of voltage fluctuation a cath- 

1 Penning, Phys. Zeits. 27, 187 (1926). 

2 Tonks and Langmuir, Phys. Rev. 33, 195 (1929). 

® Webb and Pardue, Phys. Rev. 32, 946 (1928). 

^ Fox, Phys. Rev. 35, 1066 (1930). 

5 Aston and Kikuchi, Roy. Soc. Proc. London 98, 50 (1921). 

» Whiddington, Proc. Leeds Phil. Soc, 1, 467 (1929). 
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ode-ray oscillograph was used. For the observation of instantaneous pic- 
tures of the discharge tube and the measurement of flash frequency, a strobo- 
scope, which is essentially a rotating toothed-wheel together with a fixed slit 
put right behind it, was used. 

Results 

1. An instantaneous picture of the discharge. {Fig. 1). The negative glow 
and the head of positive column remain stationary. Flashes travelling from 
anode to cathode run into the head of the positive column but do not run 
across the Faraday dark space. There are cases in which the Faraday dark 
space is not present. In these cases, it is observed that the flashes run into the 
negative glow which is stationary. The distance between successive flashes is 

of the order of 10 cm. 

2. Fluctuation of space potential in the tube. In a non-oscillating tube we 
know that there is a definite potential distribution. When oscillations are 
present and the potential difference between cathode and anode fluctuates 
it is quite natural to expect that the space potential distribution .should fluc- 
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Fis. 1. Diagram of tube. The shaded regions are luminous parts. The numbers represent the 
clistances in cm between the different probe wires. 

tuate too. In order to get exact information one has to take Langmuir probe 
wire measurements at particular phases of the cycle of voltage fluctuation at 
different parts in the tube. Wishing to continue with his oripnal problem, 
the author has not gone into this work. He reports here such information as 
he has been able to obtain otherwise. There are a number of probe wires 
situated at different parts of the tube. When they are left floating in the tube 
each of them charges up to a certain potential negative with respect to the 
surrounding space such that electrons and positive ions reach the wire at 
equal rates. If the surrounding space potential is fluctuating the potential of 
the floating wire must also fluctuate. The fluctuation of the probe wire poten- 
tial would be just equal to that of the space potential provided the ratio ot 
the concentration of positive ions and that of electrons and the ratio of the 
velocities remain unchanged. What was done, therefore, was to connect 
anode or cathode and each one of the probe wires successively to a pair of 
deflecting plates of the cathode ray oscillograph. The amplitudes of voltage 
fluctuation at different parts with respect to cathode and anode were ob- 
served. The results are shown in Table I. Each vertical line shows the posi- 
tion of a probe wire and the numbers in the column under it give the cor 
responding voltage fluctuations. The pressures are given in the 
The upper row corresponding to a particular pressure gives the amplitudes of 
the voltage fluctuation in volts between the probe wires and the anode. 1 
lower row gives the amplitudes with respect .to the cathode. 
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Table I. Amplitudes of the voltage fluctuations in different parts of the tube with respect to the 
anode and cathode. Pressures are all measured when the gas is at room temperature. 
After two hours of running the pressure does not change very much. 


Pressure 
(mm Pig) 

Anode 

1 1 

Position of probe wires 

1 i 1 



Cathode 

i 


4,2 


24 

24 

24 

24 

24 

22 

* 


22 


5 



1 



3.9 


24 

24 

24 

24 

24 

22 

' 1 


22 

7 

5 

3 

3 

1 


j,. 


3.2 
2.8 

2.3 
1.7 

1.45 

1.25 

1.06 

0.915 

0.775 

0,67 

0.58 

0.50 

0.43 

0.36 

0.31 

0.265 

0.22 

0.16 

0.113 
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Travelling striations do not appear distinctly until the gas pressure is reduced 
to about 0.775 mm. However, fluctuations of luminosity are still present at 
hiffh oressiires. The frequency of luminosity fluctuation can still be measuied. 
The probe wire nearest the cathode is on the cathode side of the negative 
srlow except in a few cases at high pressures when the positive column extends 
very ’close to the cathode. The position of the secondprobe wire with respect 
to the positive column goes from inside the head to just outside m the pres- 
sure range from 0.775 mm to 0.071 mm. Very little can be concluded from 
these values because we do not know the phase differences between the volt- 
age fluctuations at different parts. However, we can say that the disturbance 
is very small in the cathode region compared with that in the anode region. 
This semns to agree with the fact that the travelling striations are present in 
the positive column. It has also been observed that when the second probe 
wire is situated in a rather distinct Faraday dark space, there is no vo tage 
fluctuation between this probe wire and the cathode and also no voltage 

flnrt-iiation between the first probe wire and cathode. 

3 Variation of jkish f requency with current through the tube. Whiddmgton 
observed that this phenomenon of travelling striations covers quite a large 
range of current. He divided the moving striations into five types according 
to their velocities as the current is increased. Since it is observed that the 
distance between successive striations does not change appreciably with cur- 
rent the relation between flash frequency and current is therefore similar 
that between velocity and current. By flash frequency we mean the number 
of striations moving across a certain cross-section of the tube per second The 
result is summarized in Table II. There are two modes of frequency change, 

Tablb II. Variation oj flash frequency idth current through the tube. Battery 

wlUigc volts, - 


Current 

(amp,) 


0.27 

0.6 

1.0 

2.6 

3.0 

3.4 
3.8 

4.4 

5.0 

5.4 

6.0 
■3.5 


Flash 

frequency 

i.71XW 
1.89 ‘‘ 

0.97 XHF 
1.14, 

1.19 

1.21 “ ■ 
1.23 “ 
1.26 “ 
1.26 
4.71 
1.18 


X'oltage across 
tube (volts) 


Remarks 


53.0 
47.9 

44.0 

37.3 

34.5 

33.5 

33.0 

32.3 

32.0 

32.0 

31.5 

34.0 


Current unsteady 
light duct nation 
visually observed. 
Steady, instantane- 
ous picture clear. 


one is a continuous variation and the other is a 
continuous region the frequency increases with the ^The 

indeed not simple. One would suspect that the current is Ae 
responsible for the change of frequency because in 

rent other quantities in the circuit have been changed too for instance, t 
external resistance in the circuit. _ Other observations are therefore made 

test the effect of the external circuit. 
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4. For a given current the frequency changes with the external resistance {non- 
inductive). An interesting fact was observed. When a large battery voltage 
(£) is used, thus with large external resistance, the Faraday dark space ex- 


Table III. Variation of flash frequency with external resistance. 


Current 

Battery 

voltage 

\"oltage 
across tube 

Flash 

frequency 

External series 
resistance 

0.4 amp. 

60 volts 

53.1 

9.88X102 

18 ohms approx.. 

0.4 “ 

118 

51.7 

1.92X10^ 

16fi “ “ 

0.4 « 

345 “ 

51.7 

2.09XW 

733 « 


ists. When E is small the Faraday dark space disappears. On one occasion I 
was able to observe a Faraday dark space, although not so distinct, by using 
E equal to about 60 volts. The frequency measured was 1.61 X 10k Suddenly 
the Faraday dark space disappeared and the frequency became 9.8 X 10k 
This change seems to correspond to a change-over from a “fast-type” to a 
“slow- type” in the previous current-frequency relation. 

5. Inductance increases the frequency , capacity decreases it. The frequency 
decreases rapidly with increase in the capacity put in parallel with the tube. 

Table IV. Variation of flash frequency with inductance and capacity. 

Flash 

frequency Condition in external circuit 

2 .22X10^ Only noninductive resistance about 300 ohms 

1 .92X10^ With a condenser of 2 mf connected parallel to tube 

2 .40 X 10^ An inductance in series with series resistance 

E equal about 120 volts F=58.8 volts ^=0.2 amp. kept same in three cases 


When the capacity in parallel with the tube was large, the F araclay dark space 
disappeared. Under this condition, although no distinct striation can be seen, 
there are bright and less bright regions. These regions fluctuate violently in 
position. 

6. The filament current has an effect on the frequency. An increase in the 
filament current decreases the frequency. 


Table V. Variation of flash frequency with filament current. 


Filament 

current 

Current in 
tube 

Voltage across 
tube 

Flash 

frequency 

External 

resistance 

6.2 amp. 

0.3 amp. 

87.5 volts 

2,21X102 

842 ohms 

8.7 " 

E =340 volts 

0.3 “ 

51.7 « 

2.08X102 

961 “ 


7. A search for electric sound waves: variation of flash frequency with pres-' 
sure. That the flash frequency is the same as the sound frequency heard in a 
telephone receiver connected to the circuit suggests that there might be pres- 
ent a kind of electric sound wave such as Tonks and Langmuir derived in 
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their theory of plasma ion oscillation. Their expression for the velocity of 

electric sound, wuves is this 

, 1/2 


fTenteV 

\-^) 


v = 3.9X 10 ^’ 


where T, is the electron temperature in degrees me and m are the masses of the 
electron and the argon atom, respectively. The frequency of the electric 
sound wave is indeterminate from their theory. The only condition is that 
X is very much greater than Experimental values of Te and 

calculated values of a at different pressures are given m Table VI. 1 hey are 
not in agreement with the flash velocities. If the flash frequency were the 

Tarlf VI. ExperimeMal values of electron temperature and calculated values 
ofvelodtv of electric sound waves. Current ts kept at Z amperes for all 

' readings. 


Pressure Flash 
(mm Hg) frequency 


Flash 
velocity 
(cm /sec.) 


Electron Calculated 
temperature velocity of 
(\'olts) electric sound 
wave Va 


\ = Xs/72 


0.071 

1772 

.085 

1500 

.096 

1286 

.113 

1106 

.16 

940 

.22 

701 

.265 

667 

.31 

561 

.36 

494 

.43 

453 

.5 

359 

.58 

332 

.67 

311 

Amother set of e 


2. 52 X HP 
2,18 “ 
1.86 
1.60 
1.50 « 
1,12 “ 
1.07 “ 
8.98X10'^ 
7.89 
7.25 
3.95 “ 

3.48 “■ 

4.36 “ 


(i) 


Kii) 


(iii) 


!(i) 


2.22 

1.78 

1.67 
1.59 
1.71 
1.73 

1.68 
1.71 
1.59 
1.55 
1.36 
1.18 
1.35 


2,30X10” 
2.07 “ 
2.01 “ 
1.96 ‘‘ 

2.03 

2.04 “ 

2.01 “ 
2.03 “ 

1.95 « 
1.93 
1.81 ‘‘ 
1.68 “ 
1.80 “ 


130 

138 

156 

177 

216 

291 

302 

362 

395 

427 

502 

504 
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1.81 

1.92 
2.17 
2.46 

3.00 

4.04 
4.19 
5.02 
5.48 

5.93 
6.97 

7.00 

8.04 


another probe wire in the positive column are given below. 


measurements taken at a different time and using 


0.06<S 


2404 
12201 
980 Kii) 
758J 


1.41XW 
1.14 “ 
8.8 XIO-’ 


1.27 

1.96 

1.44 

1.47 


1.75X10''> 
2.18 “ 
1.86 “ 
1.88 " 


72.7 

178 

190 

247 


1.01 

1.47 

2.64 

3.43 


(i) Distance between successive striations-14 5 cm approx. 

(ii) Distance between successive st^ations - 16 cm approx. 

Oil) Distance between successive stnations - 10.5 cm. approx.^ 


.ame as that of electric sound wanes, the wave-length would be very long 
compared with the distance between flashes. However, there is a veiy 
peenLr relation between all these calculated X’s. Most ot “ 

Llf. integral multiples of a certain length which is J 

the whole tube. (A few deviate from integers or half-integers but most ol 
them are within experimental errors. Flash frequency is subject to 1 percent 
error. Electron temperature may have a maximuna deviation of 5 percenb) 
This would mean that if we take the frequency of electric sound waves (sup- 
pose there is such a kind of wave in the tube) equal to some higher harmonics 


r. c, CHOW 


580 

of the flash frequency the wave-length of the electric sound waves turns out 
to be a fraction of the tube length like a standing wave in that distance. The 
author does not attempt to interpret this phenomenon but believes that the 
fact is a real one, and may be very significant. The relation between flash 
frequency and pressure is plotted in Fig. 2. 



8. Miscellaneous note. There is often found a ring of glow light surround- 

ing the anode. As the pressure is reduced this ring of velvet glow moves down 
towards the end of the anode. Sometimes the discharge is so unsteady that 
the needles of the voltmeter and the ammeter vibrate. In the range of pres- 
sure in which travelling striations are observed it is often possible to restore 
t e di^harge to steady condition by putting a magnet somewhere near the 
tube. Then distinct travelling striation patterns can be seen. There are a cer- 
tain number of definite regions in which the magnet must be put in order to 
be effective. Right above the head of the positive column, and above the 
negative glow are favorable places but by no means the only places. Once the 
magnet had to be put a little behind the cathode. In some previous observa- 

tions, some pla,c 0 s ncur the unodc Ere atlso effective. 

In this laboratory, Dr. Cravath found oscillations too in his mercury dis- 
charge tube. His tube had about the same length as mine; the diameter was 
even arger. It was suggested that the large diameter of the tube is respon- 
sible for oscillations because the larger the diameter the smaller will be the 
area of the wall surface per unit volume of the tube. Loss of ions and electrons 
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due to recombination at the wall will be less, so that the concentrations of ions 
and electrons in the tube are large. Therefore the process of cumulative ion- 
ization is favorable for the production of ions and electrons. The rate of pro- 
duction of ions and electrons by cumulative ionization processes is propor- 
tional to the square of the electron concentration. A small change of electron 
concentration will cause a large change in the rate of production of ions and 
electrons. This is a state of instability. A tube of about one inch diameter 
was built. However, oscillations existed as badly as in the tube with large 
diameter. This would mean that the above theory is certainly incomplete, if 
not wrong. 

The author wishes to thank Professor K. T. Compton and Professor H. D. 
Smyth for their deep interest and encouragement. 
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COLD EMISSION FROM UNCONDITIONED SURFACES 
By Willard H. Bennett* 

Norman Bridge Laboratory of Physics, Pasadena, California 
(Received January 26, 1931) 

Abstract 

The greatest difficulty in obtaining higher potentials in tubes is due to auto- 
electronic emission from the electrode surfaces. A study of emission from uncondi- 
tioned metals is described leading to the result that either loose fine particles in a tube, 
or else the targets of emission will probably have more to do with the quantity of 
emission than will the kind and "conditioning” of the cathode itself. 

T^TUMEROUS measurements have been made of the emission in high 
^ electric fields, from fine wires and fine points of metals, which have been 
heated nearly to melting, in vacuum, and thus thoroughly conditioned^ 
Since metal parts in high voltage tubes are so restricted in size and shape by 
the necessity of such heating, it has been considered of importance to investi- 
gate cold emission with a view to finding what else can be done to a metal 
surface to decrease the emission, besides heating to high temperatures. This 
problem is of particular interest in connection with the development of a 
design for a tube to give higher order potentials than those now obtainable 
with unconditioned or partially conditioned electrodes." 

1. Apparatus 

The experimental apparatus was designed by Julius Pearson in accord- 
ance with plans outlined by R. A. Millikan, to measure the current passing 
between electrodes in high vacuum at known fields. Spherical electrodes were 
used at distances small compared with the radius of either electrode. 

The cathode was mounted on a fixed steel post extending down into the 
evacuated bulb, as shown in Fig, 1. The anode was mounted on a steel post 
which could either be moved towards or away from the cathode by means of 
the micrometer screw, and also which could be rotated about the cathode by 
turning the movable part of the base, as shown in Fig. 2. When the latter 
rotation was made, the anode retained its orientation so that fresh surfaces 
both of the anode and of the cathode were brought together at each setting 
of the base. Several sets of readings were thus possible at each mounting of 
the electrodes. 

* National Research Fellow. 

^ Rother, Ann. d. Physik 81, 317 (1926) G. E. Co. of London, Phil. Mag. (7) 1, 609 (1926); 
Eyring, MacKeown and Millikan, Phys. Rev. 31, 900 (1928); Stern, Gosslingand Fowler, Proc. 
Roy. Soc. 124, 699 (1929). 

2 Lauritsen and Cassen, Phys. Rev. 36, 988 (1930); Coolidge, J. Franklin Inst., 202, 639 
(1926); Tuve, Hafstad and Dahl, Phys. Rev. 35, 1407 (1930); Brasche and Lange, Naturwiss. 
18, 765 (1930). 
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The anode post was sealed vacuum-tightly to the fixed part of the base 
by means of a copper syplion. Both the cathode post and the anode base were 
sealed to the glass bulb with red sealing wax. The bulb was connected to the 
pumps at all time. An ionization gauge was used for measuring pressures. 

The source of potential was a Thordarson transformer and kenetron recti- 
fier, the potential being smoothed out with a 0.25 microfarad condenser. 
This generator, which gave up to 20 kv steady potential, was connected 
through a 10,000,000 ohm xylene-alcohol resistance to the cathode post. The 




Fig. 1. Diagram, of tube. 


Fig. 2. Diagram of anode. 


potential difference applied between the electrodes was measured by the 
electrostatic voltmeter which was calibrated with a sphere-gap. The anode 
base was connected to the current measuring circuit. The entire high-poten- 
tial generator was enclosed in a grounded screen cage, since it was found that 
without it, leakage currents in the air would get to the galvanometer giving 
large deflections. 

2. Method of Observation 

Immediately before mounting, the electrodes were polished with 600 
mesh carborundum powder held on the heel of the hand. They were washed 

in alcohol, dried without touching, and mounted^ 

The field between the electrodes could be varied by varying either the 
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distance between the electrodes or the applied poteiitial. Numerous measure- 
ments showed that the two methods gave the same result. 

After the first complete field-current curve had been measured ^ the poten- 
tial was cut off and the electrodes touched to measure the setting of the mi- 
crometer for zero distance between electrodes. Thee.mi’sin the rectifying 
tube (not more than 5 volts) were sufficient to give dependable deflections 
on the galvanometer upon contact. The largest emission previously drawn 
was again drawn at the corresponding field, and it was assumed that the 
intermediate determination of the zero had not effectively changed the sur- 
faces for further study. When mixed electrodes were used (see section 6), zero 
distance was always measured after all measurements of emission were com- 
pleted. 

The data collected were plotted With the inverse field times 10^* and the 
logarithm of the current, as coordinates. The points on the curves represent 
the lovrer limits of the current at each sitting. This was done because a study 
showed that in those comparatively few cases the current varied over a 
material range, the lowest value was quite near the final value if allowed to 
become steady. Most of the first emission curves are curled back at currents 
above 10“^ amperes because the drop in applied potential caused by the drop 
through the external resistance becomes appreciable at this value. No at- 
tempt has been made to draw straight lines to represent characteristics be- 
cause it is believed to be more important to keep clearly in mind the probable 
uncertainty of the measurements. It is believed that reliable conclusions 
can be drawn only when the zone on a figure enclosing all of the emission from 
one kind of electrode surface is entirely separate from the zone enclosing all 
of the emission from another kind of an electrode surface. 

3. General Observations 

The behavior of surfaces which have not been ^^conditioned ^^is exceedingly 
erratic and unsystematic. In spite of this fact, a very considerable amount of 
data was taken in an attempt to determine statistically what relations (1) 
degree of polish, (2) purity, (3) electroplating, (4) hardness and (5) work 
function, have to emission. Measurements were made on cast iron, steel, 
armco iron, vacuum fused electrolytic iron, magnesium (two grades of purity), 
aluminum, copper, brass, zinc, gold-plated copper, nickel-plated brass, chro- 
mium-plated brass, and "Plymite” (an extremely hard compound of tung- 
sten and carbon) . This quite extensive study did not lead to any conclusi ve 
results. 

It was established, however, that with fair polish and fair purity, or 
better, the first emission always began at a much higher field, and suffered 
a sudden spontaneous increase of a large order of magnitude at a still higher 
field, i.e., a ^^breakdown,” than the fields at which emission was drawn from 
the same emitting surface subsequently. 

4. Effect OF Space Charge Due to Positives 

The possibility suggested itself that positives liberated from the anode 
by the electron stream from the cathode, might follow the electroa stream, 
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which is known to be well focussed, and set up a space charge which in turn 
increased the emission. This possibility was tested by measuring the emission 
in an apparatus as shown in Fig. 3. P is a needle-point of the metal to be 
studied. It was mounted on a screw-in- vacuum which could be moved by a 
magnet, in the direction of the point. A and B are polished copper bars, six 
inches long, 3/4 inch wide, and 1/8 inch thick, with edges rounded. There was 
a hole in A as sliowm, through which the point was extended toward P. A and 
P were at ground potential and B was at any desired potential up to 20,000 
volts. Currents were measured from P. Any desired magnetic field up to 7,000 
gauss could be applied perpendicularly to the figure by an electromagnet 
with pole-pieces as shown. The apparatus was always baked out before 



Fig. 3. Diagram of apparatus for measuring emission in magnetic field. 


measurements were begun, and the pressure between the bars was, in all 
experiments, less than IXIO""' mm, as shown by an ionization gauge at the 
opposite end of the tube from the pumping outlet. 

Both a tungsten and a copper needle-point were tried. Emission began 
from the points at a comparatively low potential, and decreased (fatigued) 
even with increased potentials. There were times, however, during this fa- 
tigue, when the emission would remain steady within five percent for several 
minutes. 

If the tip of the point, P is above the plane of the lower face of the upper 
plate, and a magnetic field of 7,000 guass is applied to apparatus of the di- 
mensions used in this experiment, it can be shown that electrons emitted 
from P cannot arrive at the plate B directly below P, but will be displaced 
along B to some place beyond the region of this magnetic field. 

The cycloidal path predicted by the theory was actually seen outlined 
on the glass walls opposite the space between the plates, and displaced down 
the tube to the edge of the region of high magnetic field. 

Emission was drawn fromP in the above position and the current meas- 
ured while putting the magnetic field on and off. The magnetic field was 
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found to have no effect on the magnitude of the current, to within live per- 
cent, which was the degree of steadiness of the emission from the points. 

The conclusion may be drawn that if the positives which are known to go 
from the anode to the cathode, produce a space charge near the emitting 
surface, the effect of this space charge on the field at the surface is not of 
importance in determining the magnitude of emission after breakdown. 

5. Effect of Discharges' through Hydrogen on Emitting Surfaces 

Four filaments were mounted on the tube shown in Fig. 1 at the four 
quadrants about the center electrode. They were sealed in glass plugs which 
could be sealed with wax into the ground glass joints on the tube as shown 
in Fig. 4. At the side of one of these joints, the pumping tube V was attached. 


Fig. 4. Diagram of tube showing arrangement of four filaments. 

At the side of another, the ionization gauge G was attached. At the side of 
a third, a slow gas inlet C consisting of a fine capillary and a stopcock was 
attached. Glass shields for both steel electrode posts, A and Bj were mounted 
to eliminate emission from the posts and also to protect them from sputtering. 

Copper electrodes were used throughout this work on the effect of dis- 
charge through hydrogen. 

In order to differentiate sharply between the true effect of discliarges upon 
the emitting surfaces and any auxiliary phenomena in the tube, tests were 
made of the effect of lighting the filaments introducing hydrogen to atmos- 
pheric pressure and pumping out, introducing air similarly, letting stand for 
up to sixteen hours, and bombarding with electrons (20 m.a., bringing the 
electrode to about 75 C temperature). The changes due to none of these 
treatments was materially greater than the changes observed bet'ween re- 
peated measurements of the characteristic of a particular surface. 

Fig. 5 is submitted as a basis of comparison for the following figures. 
Curves 1, 2, 3, and 4 are the first emission observed at each of four indepen- 
dent emitting areas. Curves S, 6, 7 and 8 are the subsequent emissions for 
the same areas in order. 





EMISSION FROM UNCONDITIONED METALS 


'60WA\ 


2o\m\ 


20M 


60 WA 




60 WA\ 


Efi'ect. of .discharge through hydrogen, 


Each g.roup of three curves in Fig. 6 represents the history of an inde- 
pendent eniitting* area. In each group, curve 1 represents the first emission^ 
which emission follow'ed bombardment with positives at the current and for 


Fig. 5. Emission from untreated copper electrodes. 
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the time indicated. Curve 2 represents the subsequent emission, which was 
measured immediately following the first emission. Curve 3 represents the 
emission which followed another bombardment with positives at the same 
current and for the same time as before. These bombardments were made 
through hydrogen at the highest pressure (between 1 mm and 12 mm pres- 
sure) which would permit the negative glow completely to surround the bom- 
barded electrode, which was the cathode in both the glow discharge and the 
measurement of the emission. 

A study of the curves will show that up to a certain point, bombardment 
with positives does not seem to affect the field at which breakdown first oc- 
curs, but that there is a current and time for which a bombardment with pos- 
itives restores the emitting surface after breakdown to the condition it had 
before breakdown occurred. 

6. Effect of the Anode 

Measurements were made of the emission from a copper cathode but with 
various anodes. Anodes used were of copper, iron, magnesium, zinc, plymite. 
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Fig. 7. Plymite anode. 


—V /0«/£; 

Fig. 8. Copper anode. 


aluminum, chromium-plate, and molybdenum. Complete sets of measure- 
ments were made for at least four independent emitting areas for each com- 
bination of electrodes, and the set which appeared to be most typical for 
each kind of anode is shown with the corresponding label in Figs. 7 to 14. 
The curves are numbered in the order taken. 

Repeated attempts to fatigue the emitting surfaces on copper cathodes, 
using copper, plymite, or iron anodes, giving emission like that shown in 
curve 2 of Figs. 7, 8 or 10, respectively, failed to give any significant change 
in slope. The change was uncertain with a zinc anode. 

On the other hand, using either a molybdenum, aluminum, chromium, 
or magnesium anode, the emitting surface quickly fatigued to a new group 
of curves occupying a zone on the figure definitely removed from that oc- 
cupied by subsequent emission curves for copper anodes, and correspond- 
ing to much lower currents from the same fields. 

7. Temporary Breakdown 

Frequently, with various electrodes, throughout the entire investigation, 
there have occurred very sudden large order increases in current (up to 10*») 
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which behaved like premature breakdowns. These presently just as sud- 
denly completely disappeared, accompanied by a distinct click of the glass, 
sounding as though a metal particle had hit the glass. On pushing the field 
up, the breakdown occurred at the usual field and all subsequent currents 
behaved the same as though the premature breakdown had not occurred. 



Fig. 13. Chromium plate anode. Fig. 14. Molybdenum anode. 


8. Discussion 

The idea that the first breakdown is simply due to a rupturing of the^ sur- 
face of the cathode and that the emission is determined by the cornposition 
and conditioning of the cathode, has appeared to be open to question from 

early .in this investigation." 



590 


WILLARD H. BENNETT 


The phenomenon of premature breakdown seems to leave no doubt that 
foreign particles either from the anode or from pai ts of the tube other than 
the cathode, can fly through the tube to the cathode, adhere, give eniission, 
and be torn from the cathode leaving no scar on the cathode of sufficient ir- 
regularity to give measurable emission. 

Following excessive discharge through hydrogen (which was observed to 
give sputtering) , the first emission was seen to behave either as though a com- 
plete breakdown has been produced during the discharge through hydrogen, 
or else as though no sensible effect had been produced on the cathode surface 
at all (see curves 1, each of the lower four groups in Fig. 6). It was never ob- 
served after sputtering had been produced in the tube either during these 
measurements or with any other electrodes under different conditions, that 
immediately subsequent field-current curves lay in the region between the 
two zones belonging to emission leading up to the usual breakdown, or the 
emission following the usual breakdown, respectively. This fact would seem 
to indicate that the adhesion of a loose particle to the cathode gives emis- 
sion indistinguishable from that following the usual breakdown. 

Following breakdown, when molybdenum, aluminum, chromium, or mag- 
nesium were used as anode, the lowest subsequent currents measurable oc- 
curred at fields much higher than those at which the lowest currents occurred 
when copper was used as the anode. The most plausible explanation of this 
seems to be that auto-electronic emission is from a particle torn from the 
anode and which is adhering to the cathode. 

If, on the other hand, the breakdown is due to a rupturing of the copper 
cathode surface, it would be necessary to suppose that the steeper slopes, 
when one of the above four metals was used as anode, are due to beating down 
the ragged edges by positives coming from the anode at emission currents of 
less than lO"*” amperes, and that the emitting point is bombarded with posi- 
tives of the same order of density as occur in a discharge through hydrogen 
of several milliamperes spread over the entire cathode surface. In view of 
the small size of the emitting points, this is a possible supposition. It is fur- 
ther supported by the fact that after prolonged auto-electronic discharge, 
the white color of the anode metal becomes distinguishable as a small spot 
at the emitting point on the copper cathode. This explanation, however, 
forces us to the conclusion that the emission measured is from a surface of 
metal originally composing the anode, and hence the emission is determined 
by the metal used as anode, anyhow. 

In conclusion, the author wishes to thank Drs. Millikan, MacKeown, and 
Lauritsen for advice borne of their longer experience in this field, and also 
Dr. Millikan for making available the necessary facilities for this investi- 
gation. 
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SCATTERING OF HIGH VELOCITY ELECTRONS IN HY 
DROGEN AS A TEST OF THE INTERACTION 
ENERGY OF TWO ELECTRONS 


By Hugh C. Wolfe* 

California Institute of Technology, Pasadena 
(Received January 26, 1931) 


Abstract 

1* The electronic scattering of high velocity electrons is considered as a test of 
the formulas for the interaction energy of two electrons. Three formulas for the inter- 
action energy of two Dirac electrons are considered: I, the simple electrostatic inter- 
action, II, the Gaunt formula, III, the Breit formula. 

2. The Dirac transition probability method is reviewed briefly. 

3. The cross-section of free electrons at rest for scattering high velocity electrons 
is calculated by the Dirac transition probability method, using each of the three 
formulas for interaction energy. Random distribution of spins is assumed. Relativ- 
istic variation of mass with velocity is taken into account, removing the symmetry 
about 45® of the classical scattering formula. Expanded to terms in the formulas 
obtained are compared with the classical Darwin formula and the recent formula of 
Mott. They differ from Mott’s formula and from each other by terms of order 

4* For high-velocity electrons, the scattering by hydrogen may be considered as 
the sum of nuclear and electronic scattering. A criterion for the validity of this pro- 
cedure is obtained. The advantage of using hydrogen as the scatterer in experiments 
to test these formulas is discussed. 


^ THE scattering of electrons by hydrogen may be considered as the sum of 
1 » the scattering by free protons and the scattering by free electrons, pro- 
vided the incident velocity is high and the scattering angle is not too near 0 or 
7 r/ 2 . A criterion for the validity of this approximation is developed in section4. 

The cross-section for scattering depends upon the energy of interaction of 
the scatterer and the scattered particle and there is no completely justified 
theoretical formula for the interaction of two electrons or of an electron and a 
proton. Three formulas have been used, 


The a's, written here as vectors, have components which are the matrices of 
four rows and columns appearing as coefficients in the Dirac linear Hamilton- 
ian for one particle, r is the distance between the particles. I is just the elec- 
trostatic interection. 11 includes "spin’^ terms. Ill includes also the effect of 
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retardation of the potentials. Ill, which was first derived by Breit,^ on the 
analogy v/c-^a, and which is obtained in first approximation from the 
Heisenberg-Paiili field theory by systematic neglect of the infinite proper 
energy terms, has the most theoretical justification. However, BreiH has 
calculated the fine structure of helium with it and his results are no better 
than those of Gaunt,^ who derived and used II. This failure may be due to 
the inadequacy of the approximate wave functions used. It is, therefore, of 
interest to find another place to use these formulas, where it may be possible 
to determine which gives results in better agreement with experiment. 

For scattering of electrons by protons, a calculation similar to that given 
here for scattering by electrons has been carried out. The result is that the 
extra terms in II or III have a negligible influence. Massey'^ concurs in this 
result. Thus Mott's calculation using I, gives the best formula for nuclear 
(proton) scattering.® 

2. The cross-section of an electron for scattering electrons is calculated 
here in first approximation by the transition probability method of Dirac.^* 
The Hamiltonian for the system, incident electron plus scatterer, is to be writ- 
ten in the form Jf = /f°+ F, where represents the system as it is ol)served 
experimentally. The eigenstates of the unperturbed system whose 

Hamiltonian is are known and are specified by giving the values, here 
assumed continuous in range, of a set of observables, m. • • * which are 
constants of the motion. We shall frequently use a to represent ai * • • au. 
The state ^ of the system whose Hamiltonian is II is to be expanded in the 
eigen ^’s of the unperturbed system, 

^ = J* ^(Q'^)da^a(a^)j 

where a(a') is a function of the time, i.e., the method of variation of constants. 
Substituting in the equation 

ik d 

11 ^ = T, 

27r dt 

we obtain an integral equation for the time variation of «.(«')• Assuming that 
at some initial time our system would certainly be observed in the state , 
i.e., initially a{a') this equation reduces to a simple differential 

equation which can be integrated. The normalization of the a (a') is such 
that we are concerned not with one system but with an ensemble of similar 

1 Breit, Phys. Rev. 34, 553 (1929). 

2 Breit, Phys. Rev. 36, 383 (1930). 

® Gaunt, Proc. Roy. Soc. A122, 513 (1929). 

4 Massey, Proc. Roy. Soc. A127, 666 (1930). 

® Mott, Proc, Roy. Soc. A124, 425 (1929). He formulates the problem rigorously, using 
Gordon’s solutions of the Dirac equation, and approximates by expanding in powers of 
a = ^(2 7reV^^)j neglecting terms in 

® Dirac, Proc. Roy. Soc. A114, 243 (1927) or Diiac, Principles of Quantum Mechanics, 
Oxford, 1930, section 54. 
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systems. The number of systems in our ensemble is | ^Jdx\ip aoix)l\ where 
X stands for the whole set of coordinates and is a solution of the wave- 

equation for the unperturbed system in the initial state. Then \a{a^)\Ha^ 
is the number of systems at time t such that a lies between a' and a’ +da' . 
The expression for [ a{a^) | ^ shows that essentially only those transitions occur 
in which energy is conserved. If we transform to a new set of parameters, 
W,yi • • • which are arbitrary independent functions of the a's, the 
number of transitions per second from the initial state to states in which 
the 7’s have values between 7' and y'+dy' is found, by integration with re- 
spect to IT', to be 

4rV/2' I N ( y' 1 1 7 “) 1 7 ’)dy,' ■ ■ ■ ^ 7 Vi (2) 

J(W°,y') is the Jacobian, diai ■ ■ ■ au')/diW', ji ■ ■ ■ yn-i), with the values 
W°, 7i' ■ • • y'u-i for the variables. {W°, 7 '\ V\ W°, 7°) is the matrix element 
(a' I V\a°), where the a’s are so determined that the parameters, PF, 7i ■ • • 
7„_i, have the values PF°,7i° • ■ ■ 7«-i° in the initial state and IF°,7i' ■ ' • Tu-i' 
in the final state. If F= V{x,p) is a function of the coordinates and conjugate 
momenta, then 


(«' j V !“")-( 


F (, A ±) 

\ 2 iri dx/ 


iaoi'X) . 


( 3 ) 


All of our expressions assume that the wave functions have the continuous 
spectrum normalization, equivalent to the Dirac 6 normalization. is the 
normalizing factor for the final state wave functions and is given^ by 

/ p a'+Aa* 

dx^ac'ix) I da"p^"{x) = 1. (4) 

For our purposes, the normalization of the initial state wave functions is 
quite arbitrary. This is because we are interested in the cross-section for 
scattering, ffs, which is defined from the classical treatment of collision 
scattering by 


(Ta =- 


Number of transitions per sec. of the specified type, i.e. (2) 


, . (5) 

(Flux of incident particles) • (number of scatterers) 

Both I a° I = and the initial state normalizing factors occur in both numerator 
and denominator and cancel out. 

3. In our problem the Hamiltonian IT is the sum of the Dirac linear 
Hamiltonians for two free electrons. The wave equation for the unperturbed 
system is 

by ^[(oji.grad^) + (a”-grad^^)} — + ao”) ip = 0. 

L 27ri d 

This equation has solutions of the form with W- W1+W2, where 

^'^is a ''solution 'of 

^ Oppenheimer, Phys. Rev. 31* 66 (1928). 
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and similarly The solution in the form of plane waves has been given by 
Darwin, * The four components of are 


Darwin shows that the orientation of the spin axis, as given by its colatitude/, 
measured from the z axis, and longitude a?, is given by the relation —B/A 
= cot//2e''". Accordingly, ,4=0, B-l, means that the spin is ^^paralleF^ to 
the z axis, and the corresponding four components of the wave function may 
be represented by the one symbol Likewise, B=0, 4=1, means that 
the spin is "antiparallel” -to the z axis and for this case we may write 
The constants of the motion, whose values designate the eigenstates of the 
unperturbed system (the of section 2), are the components of momentum 
of the two particles pix, piy, piz, p 2 xy p‘Zyi pzz- We shall use a lower index 1 or 
2 to indicate that the corresponding momentum is (^iz, piy^ piz) or [p^x^ p 2 v> 
p 2 z)^ Thus the symbol means the four component wave function in the 
coordinates {xi, yi, Zi) for momentum {puy pzyy p 2 z) with 4 =0, 5 = L 

To take account of the random distribution of spins of the two electrons 
before the collision, we use wave functions for the initial state which represent 
equal probabilities for each electron to have its spin parallel or antiparallel 
to the 2 axis. As pointed out by Oppenheimer,*^ our wave functions must be 
antisymmetric to conform to the Pauli principle, since we are dealing with 
identical particles with spin. Accordingly, our initial state wave functions 
may have the form 

P, = - P^M^) 

pc = i{Plcc^p2^^^ p2^^Pla^^ + PlS^p2o}'^ p2(Apl^^^) 

Pd — iiPla^p2^^^ -- p2^^Pla^^^ Pl^^2j'‘' + p2Jpl^^^)* 

where the first three of these are symmetric in the spins and the fourth is anti- 
symmetric in the spins. 

The spin distribution in the final state is not to be measured and is deter- 


® Darwin, Proc. Roy. Soc. A120, 621 (1928). 
Oppenheimer, Phys. Rev. 32, 361 (1928). 
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mined only by the transition probabilities. Wave functions representing any 
spin orientations can be built up by superposition of four wave functions of 
the type (7). We shall use to represent the complex conjugate of a final 
state wave function, only the complex conjugates occurring in our formulas. 
The final state momenta will be designated by piJ , pij, piJ, p%J , pty , p%J . 
The total transition probability out of any one of the four initial spin states is 
the sum of the transition probabilities to four final spin states of type (7). 
We shall have taken account of the initial random spin orientations if we take 
the unweighted average of the total probabilities of transition out of the four 
initial spin states. Specifically, this means to calculate sixteen cross-sections 
for scattering, using the matrix elements obtained from all combinations of 
with i/'a, and to take one fourth of the sum. 

We shall transform from pi^, piy, piz, p^x, p 2 v, p 2 z to a new set of parameters 
W, Px^Py^Pz, 4> (the PF, 7 i • • • ju-i of section 2), where (Px, Py, Pz) is the 
momentum of the center of gravity and 0, 4> are the polar angles of the 
momentum {pixt piy, Pu), the s axis being taken as pole. The equations of 
transformation are 

IF = Px == pix + p%x 

cos B = plz/ pi Py - ply 'p p’^y 

tan <p - piy/pix Pz == Piz + P^z 

It is convenient also to use center of gravity coordinates X, F, Z, relative co- 
ordinates X, y, z and relative momenta px^ py, pz, the equations of transfor- 
mation being 

sn “j™ ^2} *^'2 px 2(^1^ p 2 x) 

Y = |(yi + ya) y yi ^ y2 py = \{piy p^y) 

Z = Ksi + S2) Z ~ Zi — Zt pz = \{piz ““ p 2 p) • 

Note that 

yi> "ij >’2, 22) ^ ^ 

1(X, F, Z, y7^ “ ’ 

Let us now consider the matrix elements (a'| V\a), They are of the form 

J • • • J dxi • • • dz2,4>iP'Pi 

where i and j take on the values u, 6, c., d. V is considered as an operator on 
\pp The integrand will consist of a sum of terms of the form 

where I, Uf may be 1, 2 or 2, 1 j 1^ fi' may be 1, 2 or 2, 1 j s, t, ^ j P may be a or 
iS. The only operators contained in F are the Dirac a's and the result of 
their operation is just to permute the four components of a ^ function and 
to introduce some factors -1 or L Also a^ operates^*^ only on and on 
so that, for example, ■' ■' 

The two electrons are independent in the unperturbed system and all matrices associ- 
ated with one commute with all matrices associated with the other. 
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; We write the expressions (6) for the four components of in the form 
Si'^, and for the four components of in the form (^i^)x = 
where X = 1 , 2, 3, 4, and define 

^4 == Gidi 4” CL^ d 2 ■*[" Cl “f" ( 14(14 

Qi = aidi + a2'as + a/a^ + (liai ( 8 ) 

O 2 ” didi (I I 

ik = — (l4d2- 

We define 0"s siniilariy in terms of the components of Fur- 

ther we write 

S = exp [iri/hlipi^^'fi) + (pn^-ro) - {pv-fi) - ■ 0,0 } j . 

Then with our three F’s of (1), we have for our typical term in the integrand 

I eyr[n4iU]S 

II eVr[0404' - OiOx' + O 2 O./ ~ im^\S 


( 9 ) 


Since • 


III e*^/T\Qi4,Q,4 — — 1220*2^ “F 

~ l/2r‘^{xQ,i — iyOa + SO 3 } (a^O/ — iyCl^ + sil/j j.V. 

(pi-ri) + {p2’r2) = (F-R) + ip'r) 

[pi-r^ + (p2-ri) — {F‘R') — (p-r), 
it follows that in every case our integrand contains a factor 

''27ri . 


(10) 


exp 


-{(P»-7^) - {P>-R)} 


Consequently, if we carry out the integration in the variables X, F, Z, a:, y, z 
instead of Xi, yi, Zi, xi, y^, z^, every matrix element has the factor 


J J JdZdFdZexp[— {(P».70 - (P'.P)} 


This integral is of the nature of a a function of (P°-P') so that we ha\ e a 
transition probability only between initial and final states such that tiie mo- 
mentum of the system is conserved, as well as the energy. Consequentb', we 
shall be interested only in the number of transitions from the initial state to 
final states in which 6 lies between d and Q+dd and ^ lies between 4 > and 
f+d 4 >. This means going back to (2), the 7 '’s being PJ, Py', PJ, 0, and 
integrating with respect to P /, Py’, P^' as we had previously integrated with 
respect to IF'. Although P' occurs in other factors, e.g., in J, besides 

■* r27rj 

dXdYdZtxp]~{{P^-R) - (P'.P)} 
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this factor predominates and assures us that we shall have contributions to 
the integral only for Accordingly, we insert P^ = P° in all other factors 

and take them outside the integration. We note that the remaining integral is 
just the cube of 


dFj dXexp {PF-Fx)X 

J —CO L h 


We replace Jl^dX by x~o=/l dX and carry out the limiting process after in- 
tegrating with respect to P/, obtaining xL « 2hX. Thus the factor obtained 
from integration over P/, P/, P/ is just ¥V, where F is the infinite vol- 
ume of space. 

For the remainder of our considerations, we may note that instead of 
using the parameters W,PzrPy^ Pz,^i<l> and inserting IF' == IF° and P' = P°, it is 
more convenient to use pix, piy, pu, pix, p2yj p2zj where the values assigned are 
to be determined by the principles of conservation of energy and momentum, 
together with the requirement that pi shall have the direction dd>* For the 
initial state, we shall take 


= P^-' = = P^' = ® 

which means that we consider a plane wave of electrons of velocity v-^c, in- 
cident in the s direction on electrons at rest. For the final state, since we have 
symmetry about the z axis, we are independent of cl> and may most conven- 
iently use (j) = 0. We shall also introduce the notation 


= 1/(1 ~ 0 * = sin0, p = cose. 


Then we have 

piJ - PP 


lap 




^PF- 


2ap 


2 + (7 — 1)0-2 ‘ ‘ - 2 + (7 — 1)0-2 

ply = 0 p2y = 0 

2 p2 . „ a + 


pu = Pl'' 


2 + (7 - l )< r - 


p2z' = Pl° 


2 4- (7 — 1)0-2 


( 12 ) 


The density of particles being we have^by ( 6 ) a density 27 / 
7 -I-I electrons per cc in our incident beam and a density of one electron per 
cc of scatterers. Accordingly, the incident flux is lyv/j +1 and the number of 
scatterers is V, the infinite volume of space. The Jacobian, J, of (2) has the 
value 

4? m 2!)7 po - [27 — (7 — 1)0-2] [7(7 1 )0-2 -[_ 2p^] ^ 

_ [2 + (7 - 1):^ 

From the normalization of the final state wave functions by (4), we find 

for the factor i¥«^. 



!■ 


■Mil 


4 *' ' II 






? f 


' ill 
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(t + 1)[(7 + l)V + 4p^] 


2¥[2y - (y - l)<r^][y(.y + IW + 2p2] 

With this value of J In (2) and of N in (3), we insert in uSj and obtain 
4:Tr^m^pa(s/ + 1)"[(7 + 1)V“ + 4fr]d0(i(p 


(Ta 


h^[2 + (7 


.'where is one fourth of the sum of the squares of the factors obtained by 
integration over the relative coordinates in the sixteen matrix elements of the 
interaction energy, F. 

To evaluate we must go back to (9), which is the typical term of our 
integrand if we write Sr instead of S and understand by Sr the remainder of 
the exponential factor, 5, after taking out 


exp 


’2xz 

lt 




As a consequence of (10) and using the values of fP and p' given by (11) and 
(12), this remaining factor has the following form, determined by values of 
I and 


1! 

II 

Sr = exp 

~27ri 

L h 

cT 

II 

1' = 2 

Sr ~ exp 

r 2iri 

II 

/' = 1 

Sr ” exp 

“’2ri 

—r-{pi • r) 
- h 

Z= 1, 

V = 2 

Sr == exp 

2wi 

~~~-{p,'. 

L h 


(14) 


The integration of (9) with respect to the relative coordinates v, v, s, may be 

aA r *-* J— I 1 1 ?. _ J _ 11 • t ^ . 

laKen m tne airection ot tiie momentum pk which occurs in Sr^ In the latter 
case, convergence is obtained by taking account of screening at infinite dis** 

I i V>'exp [27ri//2|>ri = 

j I I [2Trj/A/'r*] = - h^/{Trpk'^) . 

'■ Oppenheimer, Zeits. f. Physik 43, 413 (1927). 
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Then the integration of (9) over the relative coordinates gives 


I 


II 


III 


TTpk 


'2 


[iUV] 




irph 

e‘’-¥ 

TCpk 


— "t" 02^2^ — 

[Q4O/ “f" Cl%Cl% — iCtiPk — f23<r/c) (Oi^p/c O3 o*/c) ] . 


(16) 


Here pk and (fk are the cosine and sine of the angle between +pk and the z 

axis. ^ ^ . 

The reiTiaiiider of the task is the evaluation of the O’s and 0 ’s, the sum- 
ming of the various terms of the type (16) that occur in each matrix element, 
the squaring of the resulting expressions and taking one fourth of their sum. 
Only the results are given here. 

For purposes of comparison with previous formulas, it is useful to expand 
all our expressions in powers of jS^ neglecting higher powers than The re- 
sulting formulas for the cross-section of a free election at rest for scattering 
electrons into a solid angle sinMdd^ are 


ffs = ■ 

where /(0) is given by 


• sin Id 2dd d(l> 


1 


1 


(X^ 






')! 


(17) 


I m 


4 2 

— + -T 


o 9 


4 2 2 

n /(^) = - + --- 


4 


P" 

2 


cr^p^ 


(18) 




<rV 


The 
bracket, 


III m 

classical formula of Darwin'® gives the first two terms in the 


1 1 

h ’ — 

<r' p' 


cosec' 6 + cosec' (,t/2 — d) . 


Mott“ has calculated the scattering of electrons by electrons, using inter- 
action formula I, rigorously on the wave mechanics, taking account of inter- 
change phenomena but not of the relativistic variation of mass with velocity. 
For low velocities, his formula is better than ours. In the region in which our 
formulas apply, we may neglect the square and higher powers oi 1/ ip, m 


Darwin, Phil. Mag. 27, 499 (1914). 
Mott, Proc. Roy. Soc. A126, 259 (1930). 
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which case Mott’s formulas gives just the first three terms in the bracket of 
(17). It may be noted that/(0) is not symmetric about the angle 0 = 7r/4, 
whereas the classical formulas had this symmetry. This was to be expected 
because, when we take account of the relativistic variation of mass with 
velocity in setting up the equations for the conservation of energy and mo- 
mentum, the angle between the two scattered electrons is not t/2 but is 
arccos { (7— l)<rp/(7 + l)V+4p^)‘'2} or, in the same approximation as the 
above, arccos {/3y8[l+i8y4(2+p^)]sin 2^}. 

For comparison with experimental data, we should use the complete 
formula, rather than the expansion in powers of Our can be written in 
the form 

e^h^[2 + {y - 


Substituting (19) in (13), we have 


where the complete expression for F(d) is 


4+(7-l)(7+3)a-2 (7+1) [44.(^-1)(^4.3)^2] 

3(r4) 32y<TV 1 


o-y -~4+23 o-2+(724-57— I3)cr44-(y 

4(7^) 8(7V(2 + 2(t2 + (27 - 
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4. Criterion for neglect of orbital motion of electron in hydrogen. The scatter- 
ing of elections in hydrogen may be considered as the sum of the scattering by 
free protons and the scattering by free electrons, both at rest, provided the 
error ill the scattering by the electrons, dueTo^^their orbital motion, ^smeglig- 
ible. ' This error is of the order 

€ = L<Js/<Js 

where Acr^ is the change in if the square of the momentum of the incident 
electron is changed by the square of the orbital momentum of the electron in 
the atom or molecule. Using our formulas for <Ts, we obtain a value for e 
which, for fast electrons and small angles may be written 

1 - 3 / 2/32 
^ sin 6 

and for angles near 7r/2 may be written 

_ JLuMi, 

10^/32 C0S2 0 

This is just equivalent to considering the error in the nuclear scattering 
formula of Wentzel when we drop the 1/k-a^ term^"^ and obtain l/sin^i9/2 in- 
stead of l/[sin2e/2 + (l//ea)2]2. For a 140,000 volt electron, the error is 1 per- 
cent at 7° angle of scattering. 

5. Since scattering at angles greater than 7r/2 is purely nuclear and should 
be given by Mott’s formula, while scattering at angles less than t/2 is both 
nuclear and electronic, it is hoped that the part of the scattering due to the 
electrons may be separated off experimentally and compared with the form- 
ulas derived here. Hydrogen is suggested as the scatterer for this test, in 
spite of the experimental difficulties of working with gases, first because 
there, only, is the electronic scattering, which increases with the atomic 
number Z, comparable with the nuclear scattering, which increases with Z^, 
and second because the separation of nuclear and electronic scattering is 
possible at lower voltages with hydrogen than with any other element, the 
necessary voltage going up roughly with Z. Mr. H. V. Neher, at this institute, 
is hoping to carry out experiments in the scattering of high velocity electrons 
in hydrogen in the near future. 

The writer wishes to thank Professor J. R. Oppenheimer for many helpful 
.suggestions. 


Sommerfeld, Wave Mechanics, Dutton, 1930, p. 197. 
^^Reference 5. ; ' 
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Abstract 

Expressions are obtained, in accordance with Einstein's approximate solution of 
the equations of general relativity valid in weak fields, for the effect of steady pencils 
and passing pulses of light on the line element in their neighborhood. The gravitation- 
al fields implied by these line elements are then studied by examining the velocity of 
test rays of light and the acceleration of test particles in such fields. Test rays moving 
parallel to the pencil or pulse do so with uniform unit velocity the same as that in the 
pencil or pulse itself. Test rays moving in other directions experience a gravitational 
action. A test particle placed at a point equally distant from the two ends of a pencil 
experiences no acceleration parallel to the pencil, but is accelerated towards the pencil 
by iwice the amount which would be calculated fi'om a simple application of the New- 
tonian theory. The result is satisfactory from the point of view of the conservation of 
momentum. A test particle placed at a point equally distant from the two ends of the 
track of a pulse experiences no net integrated acceleration parallel to the track, but 
experiences a net acceleration towards the track which is satisfactory from the point 
of view of the conservation of momentum. 

§1. Introduction. The purpose of this article is to investigate, from the 
standpoint of the general theory of relativity, the gravitational field in the 
neighborhood of steady beams and isolated pulses of light.^ 

In Part I of the article we shall obtain a general expression for the line 
element in the presence of a flow of electromagnetic radiation, which will be 
taken for simplicity as travelling in the X-direction. The calculation will be 
made on the assumption that the effect of the radiation is small enough so 
that Einstein’s approximate solution of the gravitational equations valid in 
weak fields can be employed. 

In Part II we shall then examine the special form assumed by the line 
element in the neighborhood of a thin pencil of radiation travelling along the 
X-axis. We shall find that the pencil must be taken as having only a finite 
length in order to keep the field weak enough to justify the use of Einstein’s 
approximate method of solution, and hence shall consider the pencil of radia- 
tion as travelling between an emitting and an absorbing body which are a 
finite distance apart. 

Abstracting from the gravitational effect of the absorbing and emitting 
bodies, we shall then investigate the gravitational action of the radiation by 
determining the effect of its field on the velocity of test rays of light and on 
the acceleration of test particles in the neighborhood of the pencil. As to the 

^ An investigation of the gravitational field of radiation has also recently been carried out 
by Rosenfeld, Zeits. f. Physik 65, 589 (1930). The article deals, however, with questions relat- 
ing to quantization rather than with the problems which we shall treat in the present paper. 

V6O2:, 


GRA VITA TIONAL FIELD OF LIGHT 


603 


behavior of the test rays, we shall find that a ray of light moving parallel to 
the pencil and in the same direction would have unit velocity, the same as that 
in the pencil itself; but in the case of rays moving in other directions we shall 
find that they would suffer a gravitational disturbance when in the field of the 
pencil. As to the behavior of test particles, we shall find that a stationary 
test particle located at a point equally distant from the two,, ends of the pencil 
would experience no acceleration parallel to the track of the pencil, but would 
be accelerated towards the pencil by twice the amount, which would be cal- 
culated from the Newtonian theory of gravitation by taking the gravitational 
mass of the radiation as equal to its energy divided by the square of the veloc- 
ity of light. 

The fact that the acceleration of the particle is twice that which would be 
calculated from a simple application of the Newtonian theory does not seem 
surprising, 'when 'wm recall that the bending of a ray of light in passing through , 
a given g,ravitational field, say that of the sun, is found theoretically and ex- 
perimentally in the case of weak enough fields to permit the Newtonian ap- 
proximation, also to be twice that which would be calculated from the New- 
tonian theory taking the gravitational mass of the light as equal to its inertial 
mass. The occurrence of the factor 2 in both places permits us to retain our 
familiar ideas as to the conservation of momentum as a first approximation. 

In Part III we shall turn to a consideration of the gravitational field in the 
neighborhood of a passing pulse of radiation, and shall find that this would 
vary with the time in a manner to be calculated by the method of retarded 
potentials, the gravitational influence spreading out from the pulse with the 
velocity of light. As in the case of the pencil of radiation, we shall find also 
here that we must limit the track of the pulse so as to lie between an emitting 
and an absorbing body a finite distance apart, since Einstein's approximate 
method of solving the gravitational equations would fail at the time when the 
pulse passes abreast of the point of interest, if we should assume an infinite 
length for the track. 

With regard to the behavior of test rays of light in the. neighborhood, of 
the track, we shall again find that a ray of light moving parallel and in the 
same di,rectioii as the pulse would have unit velocity, the same as that of, the 
pulse itself, and that rays of light moving in other directions would be subject 
to a gravitational effe,ct when in thefield of the passing. pulse. , To investigate 
the behavior of particles in the field., of the, pulse, we shall, consider, a , station- 
ary test particle, located at a point .equally, distant from the two. ends,; of , the; 
track lying between the source and^absorber, and,. then determine: in accord-' 
aiice with the method of retarded potentials what acceleration the particle 
would receive as a result of the gravitational influences emitted from this 
portion of the track. Parallel to the track we shall find that the particle would 
first be accelerated in the direction of motion of the pulse and later in the 
opposite direction, but that the time integral of this component of the acceler- 
ation corresponding to the total influence emitted from the portion of the 
track considered w^ould be zero. Perpendicular to the motion of the pulse we 
shall find as a net result that the particle would act as though attracted to- 
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wards the track, and that the time integral of the perpendicular acceleration, 
corresponding to the total influence emitted from the portion of the track 
considered, would be just sufficient so that here also as in the case of the 
pencil of radiation we could maintain in first approximation our older ideas 
as to the conservation of momentum for the gravitational interaction of a 
particle with light. 

Part I. General Treatment of the 
Gravitational Field of Radition 

12. Einstein's approximate solution of the field equations. We may now 
proceed to a general treatment of the gravitational field due to radiation. We 
shall assume the total amount, density and distribution of the radiation to be 
such that the gravitational potentials occurring in the general theory of 
relativity will differ but slightly from the values which they have in empty 
space. Such an assumption would presumably be justified in the case of any 
ordinary beam or pulse of light that we might encounter in nature or the 
laboratory, and introduces a great simplification by permitting the use of 
Einstein’s approximate solution of the gravitational equations, valid in the 
case of weak fields. 

In accordance with this approximate treatment we may write the line 
element in the form 


ds gfipdXfidXp hfipJdx^diXip 


( 1 ) 


where the symbols 5;,, denote the Galilean values of gn„ namely — 1, +1 and 
0, and the are small quantities of the first order whose square can be 
neglected. We may also use the symbols S"" and Sv to denote the Galilean 
values of g'"’ and gV and define the quantities A";, and h by the equations 

k/ = and h = Aa“. (2) 

It can then be shown that an approximate solution of the equations of 
general relativity which connect the metric with the distribution of matter 
and energy is given by the equation^ 


K’ — (x, y, z,t) = ~ ^ JJ f 


y, - r) 


( 3 ) 


where the integration is to be taken over all elements of spatial volume dx 
dydz, the quantity r is the coordinate distance from the element of volume at 
X, y, z to the point of interest at x, y, z, and [T^"] is the value of the energy- 
momentum tensor in the element of volume at such a time /— r, that an in- 
fluence travelling from x, y, z with unit velocity would reach the point of 
interest x, y, z at the time of interest t. 

§3. The energy-momentum tensor for radiation. To use the above solution 
in our problem, we must have an expression for the energy-momentum tensor 
for radiation.' In any purely electromagnetic field, however, is it known that 

* See Eddington, “The Mathematical Theory of Relativity,” Cambridge 1923, Eq. (57.6) 
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the components of the energy-momentum tensor using natural coordinates 
have the values illustrated by the following typical examples.® 

i(Z= - - Z®) + 4(a® - - 7^) (4) 

( 5 ) 


Ti* = ZF -f 


Ti* = iSZ - 7F 


|(Z"- +Y^+ Z^) + |(a2 + + 7=) 


( 6 ) 

( 7 ) 


where X, Y, Z are the components of the electric field strength and a, /3, 7 are 
the components of the magnetic field strength at the point of interest. 

Applying these equations now to the case of radiation which we take for 
simplicity to be moving parallel to the X-axis in the positive direction, and 
noting the relations of (4) and (5) to the Maxwellian stresses in the field, of 
(6) to the Poynting vector, and of (7) to the energy density, it can be shown 
that the only surviving components of the energy-momentum tensor for the 
case of polarized or unpolarized incoherent radiation will be 

TY = - P TY = p TY = - p TY = P (8) 

where p is the density of energy, and, since the velocity of light is unity, also 
the density of energy flow at the point of interest. The results assume the 
justifiability of neglecting diffraction phenomena, such as would occur at the 
boundary of a beam of radiation where the hypothesis of a flow of energy 
solely in the X-direction could not be strictly valid. 

§4. The general form of line element due to radiation. The above equations 
give the components of the energy-momentum tensor in coordinates which 
are Galilean at the point of measurement, but to the order of approximation 
of the solution we are to use, they may also be taken as the components of 
that tensor in our general system of coordinates w'hich differs from the Gali- 
lean form only by quantities of the first order, and hence may be substituted 
into equation (3) to determine the form of the line element. 

Doing so we obtain 

r\p]dV 
\h = 4 J --- 


hf 


hY 


hh 

\h 

1 


0 

0 


( 9 ) 


hY 


J [pW 
^j[p]dV 


with all other components of hii’ equal to zero. And remembering the value of 
h and the method of raising suffixes given by equations (2) we can easily solve 
these equations for the h,.. We then obtain as the only surviving components 

* See Eddington, reference 2, Eqs. (77.41-4). 
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hii == /?-44 — — //l4 — 




( 10 ) 


and these values of the hp^v can be substituted into Eq. (1) to give the general 
form of the line element due to radiation travelling in the X-direction. 

Part II. The Gravitational Action of a Pencil of Light 

§5. The line element in the neighborhood of a limited pencil of radiation. As 
a first application of the expression for the line element due to radiation 
travelling in the X-direction, it would be natural to try to treat the gravita- 
tional field in the neighborhood of a thin pencil of radiation of uniform den- 
sity, stretching in the A^'-direction from minus to plus infinity. But this proves 
to be impossible by the method adopted, since the values of the h^j, come out 
infinite when the integration indicated in Eq. (10) is performed, which would 
invalidate the approximate solution of the gravitational equations that has 
been used. 

If we consider, however, a thin pencil of radiation of limited length I and 
constant linear density p, passing steadily along the X-axis between a source 
at = 0 and an absorber a.t x = I, this difficulty does not arise, since we can 
then evidently write in accordance with Eq. (10) for the contribution of the 
radiation to the gravitational field at any point of interest x, y, z in the neigh- 
borhood of the pencil, 


I 


[p]dV 


I 


hu — hii — hii 


Apdit 

Ua: - «)■' +1'“ 


(11) 


4p log 


[(/ — xY + y* + ^ 

[.s^ 4- — A- 


which remains finite for finite values of the density p and length of pencil i. 

It should be noted that Eq. (11) has been derived on the assumption of a 
steady pencil of radiation between the source and absorber, so that no ex- 
plicit introduction of retarded potentials into the calculation was necessary. 
Hence of course the expression obtained would not be applicable in the neigh- 
borhood of times when the pencil is being started or stopped. It should also 
be noted that Eq. (11) gives only the contribution of the radiation in the 
pencil to the gravitational field and neglects the contribution of the bodies 
which act as source and absorber. This includes a neglect of any effects re- 
sulting from changes in the motion or internal condition of these bodies which 
might themselves be thought of as connected with the flow of radiation. 

With these restrictions, however, the values of the surviving components 
of hii, given by Eq. (11) may be substituted into Eq. (1) to give the form of 
the line element in the neighborhood of the pencil of radiation. 
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§6. Velocity of a test ray of light in the neighborhood of the pencil. Having 
obtained Eq. (11) which gives the effect of the radiation on the form of the 
line element, we may now investigate the motion of test rays of light and test 
particles as affected by the presence of the pencil. In accordance with the 
theory of general relativity, the velocity of light will be given by setting the 
expression for the line element ds equal to zero. Substituting the values for 
the components of given by (11) into the general expression for the line 
element (1) setting the result equal to zero, and writing 

, , , [a - xy + y^ + + 1 - X , ^ 


as an abbreviation, (not the h of §2) we then easily obtain for the velocity of a 
test ray in the X-direction parallel to the pencil, the two cases 


and for the velocity say in the F-direction in a plane perpendicular to the 
pencil, the two cases 


In accordance with these expressions, we note that a test ray of light mov- 
ing parallel to the pencil and in the same direction would have unit velocity 
the same as that in the pencil itself, but that rays moving in other directions 
would have a variable velocity depending as might be expected on their po- 
sition in the gravitational field of the pencil. Furthermore, it can easily be 
shown for the case of a test ray moving parallel to the pencil and in the same 
direction that we should have, not only dx/dt — l, but also d^x/ df = d^y/ df 
==dh/df=^Q, which is a satisfactory result from the point of view of the sta- 
bility of the light pencil itself. 

§7. Acceleration of a test particle in the neighborhood of the pencil. We may 
also use our knowledge of the line element to investigate the gravitational ac- 
celeration which would be experienced by a test particle placed in the neigh- 
borhood of the pencil. 

In accordance with the theory of general relativity, the acceleration of a 
particle is determined b}^ the equation for a geodesic 


and if we apply this equation to a particle which is at rest in our system of 
.coordinates, we can substitute 
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and to our order of approximation 


dx^ dt 

= 1 for the case /i = 4 

ds ds 

so that equation (15) will then assume the simple form 

d‘^x , . d^y 

= - 44, 1, — = 

dr- I > 


(44,2}, 


d-z 

IS 


{44, 3j 


(16b) 


(17) 


for the cases a = 1 , 2, 3. 

To calculate the values of the Christoffel symbols occurring in ef|uations 
(1 7), we have the general equation of definition 


{fiV, <t} = — § 




~r 


dXi> 


SXn 


dx, 


and noting the values of the g^y which correspond to Ex|s, (11), we shall evi- 
dently obtain to our order of approximation the simple expressions 

d^x 1 dhu d-y 1 dlLu d-z 1 

dt^ 2 Bx ’ dr- ~ 2 By ’ dr 2 ' Ih ' 

Substituting then for hu the value given by (11), and performing the in- 
dicated differentiations, we can finally obtain, after some simplifications, for 
the acceleration of a stationary test particle parallel to the line of the pencil 
the expression 


dH 

If- 




1 


+ -f- s-]'/- [(7 — .r)- + 3 '- -}- s'-]'-' 




( 20 ) 


and for the acceleration in a plane perpendicular to the pencil expressions of 
the form 


dfl 


2py 


.k 


-b sA [x^ -f- y^ -f s2]i/‘> + ‘[f; r;:j'q: ] 


I 




( 21 ) 


The first thing of importance to be noted from these rather complicated 
expressions for the acceleration is the fact, in accordance with Eq. (20), that 
the acceleration parallel to the pencil becomes zero for a particle placed at a 
point X =7/2 midway between the two ends of the pencil. Furthermore for a 
particle midway between the two ends of the pencil, with x= 7/2 and s = 0, Eq, 
(21) gives for the acceleration towards the pencil the simple result 


d^y 

~dr 


2p7 


y[{l/2)^ + yqD2 


( 22 ) 


The most important characteristic of these expressions for the accelera- 
tion, however, is the fact that they can easily be shown to be exactly twice 
as great as would be calculated from the simple Newtonian theory by taking 
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the gravitational mass of the radiation equal to its inertial mass. This is due 
to the fact that the quantity hu/2 occurring in Eqs. (19) is twice the simple 
Newtonian expression for the gravitational potential of the pencil. As noted 
in the introduction this is a very satisfactory result, since in the case of weak 
fields we now see that the factor 2 occurs not only as is known in the expres- 
sion for the action of a particle on light, but also in the expression for the ac- 
tion of light on a particle, and we are hence able to retain in first approxima- 
tion our familiar ideas as to the conservation of momentum. 

Part III. The Gravitational Action of a Pulse of Light 

§8. The line element in the neighborhood of a pulse of radiation. As already 
noted, the considerations of Part II were only applicable to the gravitational 
field surrounding a steady pencil of light and we shall now turn to a considera- 
tion of the gravitational field of a passing pulse of radiation. This will be more 
complicated to treat since the field will obviously be non-static and we shall 
have to make specific use of the method of retarded potentials to determine 
the way in which the gravitational effect spreads out from the moving pulse. 

Let us consider a pulse of radiation, of length X, linear density p, and small 
cross-section, travelling along the Z-axis from x = 0 to x = /, which may be 
taken as the points at which the radiation emerges from the source and enters 
the absorber, or as giving an arbitrary portion of the track selected for in- 
vestigation. Furthermore, let us for convenience choose our time scale to 
make / — 0 when the front end of the pulse crosses the point x = 0, so that at 
any later time i the front end of the pulse will be located a,tx = t and the rear 
end at x = 

Let us now take some point of interest x, y, z in the neighborhood of the 
track, and calculate with the help of Eq. (10) the gravitational field produced 
by the pulse at this point at the time t. Since Eq. (10) has to be applied in 
accordance with the method of retarded potentials, let us denote by :^ = a the 
position of the front end of the pulse and hy x = b the position of the rear end 
of the pulse when they “emit” the gravitational influence which is received 
at the point x, y, z at the time i. Then we may evidently write in accordance 
with Eq. (10) for the gravitational potentials at x, y, z and t 


f 


[pW 


hi 


hu — hii 


Apdii 


Li 

[(.r — a)^ + — x a 


4p log 


[(x- bY+ y2 + z2]i/2_ x~{-b 


(23) 


provided we take the FZ-dimensions of the pulse as small compared with 

To evaluate this result, however, we must determine a and b as functions 
of the time. To do this we note that t—a is the distance through which the 
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gravitational influence ^'travels'^ in going from. the front end of the pulse to 
' reach the.point.x, 3;, z at the time /, and hence we can evidently write 


and solving obtain for a the expression 

_ ^,2 _ ^2 

“ — srrij — 

Similarly we obtain for b the expression 

{t - X)= - .V- - y‘‘ - z- 

j _ . (26) 

In using these expressions in connection with Eq. (23), however, we shall take 
the position of the rear end of the pulse to be 6 = 0 until the pulse has com- 
pletely emerged from the source at a; = 0, and take the position of the front 
end as a = / after the pulse has started to enter the absorber at x—l. We do 
this since our interest lies in the gravitational influences correlated with the 
track of the pulse between x = 0 and x=l. 

Substituting the above values of a and h into Eq. (23), we then easily ob- 
tain the three following cases for the time intervals indicated 

. r [p W . ... 


hu — hi 


= 4plog 


[x^ + + 0"]''^ 


= 4plog- 


[(/-x)2+/+32]i/=. 


from i 


( from i 
\to i 
■.v+/ j from / 
I to I 


[^^.2 ^ yl g2],li2 

' [a;" + y*‘ + + X 

[.x= + y= -f + X 

/+[(!- x)“-f-y= + ss]'« 

l+[(l-x)"+y-+z”-Y'‘^+\ 



and the form of the line element in the different time intervals indicated will 
be given by substituting these values for the surviving components of in 
the general expression for the line element (1). The results show that here 
also as in the case of the pencil it is necessary to take a limited track for the 
light pulse, since if the pulse were regarded as coming from an infinitely re- 
mote position on the X-axis the field would become infinite at the time t=x 
when the pulse comes abreast of the point of interest. With our treatment, 
however, there is no effect from the track of the pulse before the time t=[x2 

_|-y 2 -t_ 22 ]i/ 2 ^ nor after the time i=I-t-[(I—x) 2 -l-y-fz^]i/ 2 ..j-X. 

§9. Velocity of a test ray of light in the neighborhood of the pulse. Substitut- 
ing these values for the components of h„, into the expression for the line ele- 
ment (1) and setting the result equal to aero, we can now obtain information 
as to the velocity of test rays as affected by the pulse. Writing for simplicity 
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as a general abbreviation for the different expressions given by Eqs. (27), we 
then easily obtain for the velocity of a test ray in the X-direction parallel to 
the track, the two cases 


d vt* 

dt 


= + 1 and 


1 - h 
1 + h 


(29) 


and for the velocity in a plane perpendicular to the track, say in the F-direc 
tion, the two cases 

dy 
dt 


± (1 - 


1,30) 


As in the case of the pencil, we note that a test ray of light moving parallel 
to the motion of the pulse and in the same direction would have unit velocity 
the same as that for the pulse itself, but that rays moving in other directions 
would have a variable velocity depending on time and position. Here too, it 
can easily be shown for the case of a test ray moving parallel to the motion of 
the pulse and in the same direction that we should have, not only dx/dt = i, 
but also dhx/df -(L-y/dl^ =dH/dt^ - 0, which is a satisfactory result from the 
point of view of the stability of the pulse itself. 

§10. Acceleration of a test particle due to the pulse. We must now investi- 
gate the gravitational acceleration which would be experienced by a test par- 
ticle as a result of the passage of the pulse of light. If we take the particle 
as stationary the accelerations will evidently be determined by the same Eqs. 
(17) 

- - {44, 1|, - {44, 2}, — - - {44, 3} 




dP 


dl^ 


(31) 


as were applicable in the case of the pencil, but the values of the Christoffel 
symbols will of course be different. To calculate these we may again start 
with the general equation of definition 




A = 


dx» dXu 


dxx 


(32) 


and noting the values of the which correspond to Eqs. (27), we can evi- 
dently write to our order of approximation 


{44,1} 

{44,2} 

144,3} 




1 /d/ki dhu 

a +T/" 


dx 


) 


1 dhu 

2 dy 

1 dhi^i 


( 33 ) 


612 


R. a TOLMAN, P. EHRENFEST AND B, PODOLSKY 


Substituting the values of and Jim given by Eqs. (27), and for sim- 
plicity considering the particle to be placed at point for wliich we can 
obtain for the acceleration parallel to the track of the pulse during the time 
intervals indicated 


dH 

Ip 




■ + 


1 


- -^<r 


(.T^ + y-) 
1 




I fruni / 

Ito t 


X t 
1 




I from / 
I to / 




from t 


= -j- X 

+ X (34) 
I + [(/ - xj- + 


[d — x)“ + ^ -- I i. p y2| l/2p ^ 


And for the acceleration perpendicular to the track we obtain for the same 
time intervals 


d^y 


2py 


dP ( y‘“) 1 ts [(,^2^ ^^,2 
= 0 

2py 


from t 
to t 


(x“ + 'V‘b 


Pi; 2 4- jpi,:2 m 


jfrom/ - (x" + y-Y"- -f x 
I to / = / + 


' + ['7 — :rV“ + v^ji.'a 


1 


[(^ 


[(/ — x)- + _vr 2 ]l -'2 

prom / = / 4- [i7 — .v)- 4- r"]' - “ 

Ito / = / 4 [il — a -)2 4- 4 - X. 


In accordance with these expressions, we see that parallel t<j the track the 
particle would first be accelerated in the same diiecUioii us the motion of the 
pulse, and then in the opposite direction. On the other htuid perj)endicular to 
the motion of the pulse, the particle would first be tu'celerated towarris the 
track and later away from it. And we must now invcstigtite the total inte- 
grated acceleration corresponding to the whole track of the inilse, and com- 
pare the results with those which might be expected in first approximation 
from our older ideas as to the conservation of momentum. 

§11. Time integral of acceleration of test particle due to the pulse. ^Making 
use of the expressions for the acceleration of the test particle parallel to the 
track of the pulse given by Eqs. (34), we may now obtain the time integral 
of the acceleration over the three intervals given, and adding together obtain 
an exp^ssion for the total time integral corresponding to the track of the 
pulse. Doing so and cancelling out a considerable number of balancing terms, 

It can easily be shown that we finally obtain for the total integral 




1 


(a;2 4- y2)172 [(7j_ ^.)2 4. ^2^2 


(36) 


As might be expected the net acceleration of the test particle parallel to the 
track depends on the relative magnitudes of the total length of the track I and 
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the distance along the track x at which the particle is placed. When the test 
particle is midway between the two ends of the track at x = l/2, there is no 
net acceleration parallel to the track. Otherwise the net parallel acceleration 
is in the direction towards which the longer segment of the track lies. 

Tiiriiing now to the acceleration perpendicular to the track it can easily be 
shown from Eqs. (35) that we obtain for the net integrated acceleration 


/ 


d^y 


dt 


2p\J 


+ 


I — X 


y [(;_ y2]l/2 


(37) 


And considering the particle to be located midway between the two ends of 
the track at X =//2 this reduces to 


/ 


d-y 

TV 


dt 


2p\l 


y[{l/2y- + 


(38) 


This result may now be compared with what would be expected from a 
simple application of ideas as to the conservation of momentum for the com- 
bined interaction of particle and light pulse. If we write 


m 


pX 


(39) 


as an abbreviation for the mass of the light pulse, i.e., its energy divided by 
the square of the velocity of light, and write M for the mass of the particle, 
Eq. (38) will then give us for the total momentum acquired by the (station- 
ary) test particle towards the track 


/ 


M—^dt 

dt- 


2mMl 


x[(//2)2+ 


(40) 


On the other hand it is well known that the deflection of light in passing 
through the gravitational field of a particle can be taken in first approxima- 
tion as twice that which would be calculated from a simple application of the 
Newtonian theory of gravitation, so that we can evidently write for the mo- 
mentum acquired by the light pulse in passing over the track 


/' 

^ 0 


2m My 


[ii/2 -ty + 


dt — -f- 


2mMl 


y[(f/2)2-f y2]i/2 


(41) 


which is equal and opposite to the expression for the momentum acquired by 
the particle. And since a similar correspondence can be shown for the more 
general case when the particle is not located midway between the ends of the 
track, it is evident that we can retain in considerable measure our simple 
ideas as to the conservation of momentum as a first approximation even in so 
complicated a process as that of the interaction between a particle and a pulse 
of light. 

Part IV. Conclusion 

%12. Some remarks on the problem. This completes the material which we 
desired to present in this article. It is particularly hoped that the treatment 
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' '.''I ; ■/ .has clarified the problem of the mutual gravitational interaction of radiation 

and a particle, since we have given special attention to tlie beiiavior of a par- 
ticle in the gravitational field of light, while the treatment of the converse 
problem, of the behavior of light in the gravitational field of a particle is well 
known. 

This converse problem is of course the one of usual importance in connec- 
tion •with astronomical observations when we are interested in the effect of the 
gravitational fields of stars or other particles on the l^ehavior of a ray of light 
coming from a distant object. Its treatment can usually be carried through 
with less difficulty and higher approximation than was feasible for the prob- 
lems which we have considered in the present pa|>cr. This arises partly from 
the fact that we have the exact Schwarzschild solution for the gravitational 
field surrounding a stationary point particle, and partly from the fact that 
disturbances in the motions of neighboring particles which are produced by 
the passage of a pulse of light cannot in general conimunicate their effects 
back in time to affect the gravitational field through which the pulse itself 
has to pass. 

One of the main results of the present article has been to show that in 
the case of weak fields the gravitational action of light on a particle can in 
considerable measure be correctly calculated from the Newtonian theory of 
gravitation provided we take the gravitational mass of the radiation as twice 
its inertial mass. And since it was already known in the case of weak fields 
that the gravitational action of a particle on light could in considerable meas- 
ure also be correctly -calculated from the Newtonian theory by taking the 
.gravitational mass of the radiation as twice its inertial mass, we have thus 
shown the possibility of extending the domain in which we can use our simple 
ideas as to the conservation of momentum. Of course in general we should 
expect to be able to use the more complicated ideas as to the conservation of 
momentum which can be obtained by the device of introducing the pseudo 
energy-momentum tensor t/, but the exteiit to which the simple ideas would 
be applicable does not appear to have been certain prior to this investigation. 

§15. Other examples of the gravitational field due to radiation. The effects 
of radiation on the gravitational field, studied in this article, may also be com- 
pared with two other cases in which radiation has been found to produce a 
different (greater) effect than ordinary matter on the gravitational field. 

The first example is furnished by the case of the static Einstein universe 
where it has been found^ that the radius R of a universe filled with skiMmtary 
incoherent matter would be connected with the proper density of matter p by 
the expression 

. . 1 . 

■■ -- 4 irp -( 42 ) 

while for a univttst filled solely with radiation of density p the relation would 
be given by the expression 




' See for example, Tolman, Proc. Nat. Acad. 15, 297 (1929), Eqs. (35) and (37). 
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1 16 

The second example is furnished by the case of the gravitational field of 
a sphere of perfect fluid of proper macroscopic density poo and pressure Co- 
writing the line element for such a sphere in the form 


e‘‘{dx- + dy'^ + dz^) + e''dt^ 


where p and v are functions of r = {x^+y^+z^)v^, it is found® that the line ele- 
ment degenerates at great distances from the sphere into the approximate 
Schwarzsehild form 


1 + — (dx2 + (fys + dz~) + 


where the constant m has the value, obtained by integration over the ma- 
terial in the sphere, 


I fpon + 


dV^ being the element of proper volume. Since for radiation we have 3 ^o 
=pQ0 and for incoherent matter at ordinary temperatures have ^o«Poo, it is 
evident here too that the radiation in the sphere can be regarded as having a 
greater effect on tlie gravitational field than matter of the same density. 


* Toliiiari, Pliys, Rev. 35, 875 (1930). 
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RAMAN LINES OF CYCLOPROPANE AND \’ALRNC1{ 
PROPERTIES OF SOME ORGANIC ('OMI’OLNDS 

By Robert C, Yates 

Mathematics Department, Johns Hopkins Unive.rsity 
(Received January 19, 1931) 

Abstract 

Three fundamental wave- numbers for QHfj are calculatL-d from the e'juations of 
motion of a system of three particles vibrating in a plane. 'I’hc character of a single 
bond acting adjacent to a double bond in CH3CHO and again to a triple bond in CH 3 
CN is studied. 

Introduction 

¥N SEVERAL recent papers appearing in the Physiiail Rt‘\ iew' “ ‘bi the 
dynamic properties of molecules were studied with the |>urpose of cor- 
relating the lines of the Raman spectra with different motions of tlie system. 
It was assumed that the restoring force arises from a change in the bond 
length and from a change in the angle between adjacent bonds. 1 1 was further 
assumed that the non-polar chemical bond exhibits the same characteristics 
throughout the range of organic compounds. For the single lioncl structure 
the force constants, ki for linear displacement and A ’2 for angular displace- 
ment, were found to be 5XW and 0.6X10’^ dynes per ern, respeeti\xdy. 
These assumptions are adhered to in the present paper but many of the 
mathematical steps in the calculations are omitted because of the similarity 
to previous work.^ 

Cyclopropane 

We consider here the small vibrations in a plane of three particles of t!ie 
same mass m, lying at the vertices of an equilateral triangle. The unstrained 
bond is of length 2a, each bond forming a side of the triangle. Let (xryi), di 
be the components of displacement of the particles and the angular changes, 
respectively. (Note: This problem is particularly interesting from the criern- 
ical standpoint because it offers a means of testing the validity of tlie Ibiyer 
strain theory.) 

In an inertial system the center of gravity remains at rest and if tliis point 
be taken as the origin of coordinates 

= 0, Svi = 0. (1) 

^ C. F. Kettering, L. W. Shutts, and D. H. Andrews, Phys. Rev. 36, 531 (1930). 

2 D. H. Andrews, Phys. Rev. 36, 544 (1930). 

"" R. C. Yates, Phys. Rev. 36, 555 (1930). 

^ A. B. Lewis, Phys. Rev. 36, 568 (1930). 
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Since the sum of the forces is zero angular momentum about the origin is 
constant. This we assume to be zero, giving 

y'i = yi + + a:2). (2) 

The changes in the bond lengths after displacement are found to be [by 
Eqs. (1) and (2)] 

Al = ,\'i — ^,'2 

A‘> = — I [7.^1 + 8a:2 + 3(3) ■ . (3) 

A:i = - | [Aq + 2x, + 3{3yi^yi] . 

If 6i be small, vve find by taking only two terms in a Taylor expansion 

iaOi = - 3yi - 3^1'^iSxi + ix^) ' 

4a0, = - 3yi + 3^lKxi + 2x,) ■ . (4) 

AaO, = 6y, + 2(3)i'2(2:ri + x,) , 

The energy functions are set up in the usual manner® 

T = (m/2) + jr) 

I 

= in\ix/“ 4" -}- 7xix« + 3(3)'^-(.fi i‘ 2 ) 3 ’i] 

3 3 ' 

V = - (^j/2) £Ai-’ ~ 2, /=/(’.. 'Zsr 
11 

= - fd/v'i/l: [').s-r + 12 . 1 : 2 '^ + 9yr + IS-Vi-Vs + 8(3) + 10(3) 

- 8! [1 kv;- + 8 . 1 + + 6yr + 2 O.r 1 .v 2 + 8 ( 3 )l/ 2 .^.,yl + 4(3)i/+2yi] 

giving the cciuatioii.s of motion 

2ii!X, == - +/.■,, - 2.V.. - (3)>'+Vi] - (91>2/2)[3 .v, + 2.V2 + (3)i/®yi] 

2nix-< = —■ ! 3.('i 2i[.ri + 4.r2 + (3)''®3'i] + {9k«/2)\xi + (3)^^®yi] |(6) 

2;«y, ‘ -/b '2][.r. + 2,V2+.3(3)‘'+i] + [3(3)>'=V2][.i-i+2v2-(3)i'2yi]j 

lliese \ield frequencies; 

n - . 1 , '2rr . [3: + d- Sky/lmY^-^-, = (l/2,r) [3(^i + 3h)/2mYl^-, 

V, = (l/2jr)(3^i/w)^A. 

The irinlecule Chihf® is analogous to the .system studied if . we assume the^ 
mass of the hydrr)gens concentrated at the nuclei of the" carbon atoms. Using 
^1 = 5X10’' Hh* 13/6.06X102^ we find the wave-numbers 

rs 400 = 1350 cm'~^' , , 



where ?=” v '3X10^’^, 
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Character OF Multiple Bonds 

Two .particles of the same mass m are joined to a central particle M by 
bonds with force constants hi and ^ 2 . Let h be the proportionality constant , 
dependent on the change in the angle between .the bonds. The particles. lie 
along a straight line in the position of equilibrium and niotioii is assumed to 
be in a given plane. The equations of motion are 

mM^i = h^lipi ”b M)xi 4* 

mMX'i = ~ ki[m%i + + dOiDi] ’ (7) 

mMy\ = — 2kz[2m + M]yi 
with frequencies given by the characteristic : 

/^2(w + If) k^ni 0 

him mMijS + hi{m + M.) 0 == 0. (8) 

0 0 mMiiS + Ihilni + If) 

We assume that the groups of atoms in acetaldehyde and methylcyanide 
lie along a line in the state of rest and take the masses of the end groups as 
15.5 and 14.5, respectively. In the former molecule ki and k% are assigned the 
values 5X10® and 10X10® (for single and double bond); in the latter 5X10® 
and 15X10® (single and triple bond). 

We find for CH3CHO i5i = 1695, v% == 844 as compared with observed Raman 
data 1716 and 932 which is in good agreement. 

The motion of the system that alters the angle between the bonds gives 
rise to a wave-number in the neighborhood of 440 cm“b Using this in mMixt 
+ 2 fe 3 ( 2 m+ikf) =0 [see Eq. (8)] we evaluate kz as 0.26X 10® dynes per cm. 

For CH3CN we find 51 = 2095, 52 = 905 compared with the observed values 
2240 and 860. The third Raman line occurs at 350 cm””^ This gives ^3 = 0.15 
X 10® for the bending constant between the single and triple bond. 

In these two molecules the assumption on the position of the groups in 
equilibrium is somewhat dubious. However, the evidence points strongly to a 
decided weakening of the bending force when multiple bonds lie adjacent to 
single bonds. 
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DTST I'1(;URE IN LIQUID INSULilTOR 
By Y. Toriyama 

Hokkaido Imperial University, Japan 
(Received October 9,1930) 

Abstract 

A f lust {ij 4 Uiv Is oi it aiiie.'l (,)M tiie surface of an ebonite plate immersed in aliquid in- 
sulator, by dustiir,- it after the application of voltage with a fine powder containing 
mixture of red lead and resin. 

1’here is a relation beiwtHm the size of the dust figure and the break down voltage 

of the lictuid insuhitor. 

I. Introduction 

A S 'rilLRlt is a ('orijiin relation between a sparkover in gases and Lich- 
^ tenbergV iipurtt or the dust figure in the gases, some connection may 
exist lietween \hv lireak down phenomena of the liquid insulator and Lich~ 
tenbergS ligure or the dust figure in the liquid insulator. The dust figure in 
the liquiil insula i< ax mainly ordinary transformer oil, is here studied to throw 
light on the brt‘ak down phenomena of the transformer oil. 

IL Dt >'i VuA RE IN 'Fransformer Oil by Impulse Voltage 

In order to dr\' tin* transformer oil, it is heated to lOS'^C — llO^C for two 
or three liours, and (hen filtrated with a paper filter. 

Kleiurodes and an elionite plate are then immersed in the oil as shown in 
Fig. 1 . On Mg. 1 . A' is a needle electrode, P is a plate electrode, E is the ebon- 
ite plate, and .1/; (' (C IF denotes the impulse generator). When an impulse 



voltage is applied between V and P, and the ebonite plate is then pulled out 
of the oil. an electric charge will remain on its surface. By sprinkling a fine 
powder contiiining a mixture of red lead and resin on the plate, and then 
washing it gmitly in gasoline a clear dust figure is produced. 

Siiu'e the particles ofdJie powder will become electrified by mixing, the 
positiN-ely electrified red lead will stick to the negatively electrified surface; 
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and the negatively electrified resin will stick to the positi\ady electrified parts. 
If the dusted surface is then washed in gasoline, the negati\'ely charged part 
will look reddish because of red lead, and the positively charged part will 
look yellowish white because of the resin. 

An example of a positive dust figure in the oil is shown in lag. 2, and that 
of a negative figure in Fig. 3. The crest value of the apf>li(‘fl impulse \ oltage 
in both cases is 35 k.v. By applying an impulse x'oltagc of 35 k.v., the mean 
value of the radii of 15 positive figures was 7.13 mm, and that of the negative 
figures was 4.62 mm. The ratio R+/R— {R+ and R- drmaing the radius 
of positive and negative figure respectively) was 1.54. 

As mentioned above, the diameter of the posiiix e figure is larger tlian that 
of the negative figure. The reason for this fart may be explained soim'what 
in the following manner. When the impulse \ oltage is applied between A’ and 
P, the needle being the positive pole, the negatis e ions ( imiuding el(‘(a rons) 
produced in the ionization by collision will move towards the needle, while 
the positive ions move radially outwards. Owing to the fact tliat tlie v elocity 




Fig. 2. f^ositive dust figure in oil. 
ikTi^Smm, Impulse voltage, 
maximum value, 35.0 k.v. 
Magnification 1.5. 


Fig. 3. Kegiitive dust 
figure in oil. ifr-=8 
nun. Impulse voltage, 
maximum value, 35.0 
k.v. Magnification 1.5. 


of negative ions is greater than that of positive ions, lire |)ositive ions will 
remain near the needle iV, so that the high potential gradient at the end of the 
needle will be weakened by the positive space charge. x\nd the region of high 
potential gradient will move in time from the needle outwards, and the front 
of ionization by collision will proceed radially outwards along the el)onite sur- 
face. In other words, the potential gradient at the front of the ifjnizatiori 
wave, spreading along the surface, will be much larger at a certain moment 
than the gradient electrostatically calculated, 

In the case of a negative needle, the positive ions will remain at the end 
of the needle, so the ionization by collision may not proceed as in the former 
case. Accordingly, the radius of the positive figure is greater than that of the 
negative figure for the impulse voltage of the same intensity. 

The radii of the positive and negative dust figures decrease with increas- 
ing temperature of the transformer oil, and the ratio P+/P— also decreases 
with increasing temperature. But the form of the figure does not change. 
The experimental result is shown in Fig. 4. 
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The size of the positive and negative figures increases with decreasing at- 
lospheric pressure. The case of a positive figure is shown in Fig. 5. 



Fig. 4. 



A comparison, between the size of the dust figure in the oil and the break 
down voltage of the oil is as follows: — 

(1). In the range of the temperature from —lO^C to 70®C, the break 
down voltage of the oil increases with increasing temperature. 

The size of the dust figure decreases with increasing temperature in the 
same range of temperature. 







(2). The break down voltage of oil decreases with decreasing a mosp eri 

pressured and the size of the dust figure increases With deci easing ^P 


Fig. 6. Dust figure by A. C. voltage. Voltage, etfective value 20.0 k.^■ 


pressure. Briefly, in the case of increasing break down voltage of the oil, the 
size of the dust figure in the oil decreases, and vice versa. Since the dust 
figure in the oil may be produced by the partial electric break down of the 


DUST figure: IW TRANS. OU- 
. BY A.C. 
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oil, the theory that there is a relation between the break down voltage and 
the dust figure is reasonable. 

The conduction through the oil may be ionic or electrolytic. The break 
down voltage of the oil does not depend on the conductivity of the oil,^ and 
neither does the size of the dust figure. The conductivity of the oil does not 
depend upon the atmospheric pressure.^ However, the size of the dust figure 
changes with the atmospheric pressure. From the above two facts, it may 
be certain that the dust figure is not due to the ionic phenomena, but to the 
electronic phenomena. From the study of the dust figure it may be concluded 
that the break down of the transformer oil is a pure electric phenomena. 

III. Dust Figure in Transformer Oil by A. C. Voltage 

The dust figure in the oil, applying A. C. voltage, can be obtained in the 
same process as in the case of an impulse voltage. An example of the figure 
when applying 20 k. v. eff. is shown in Fig. 6. 

The radius of the dust figure increases almost linearly with the applied 

A. C. voltage. 

The relation between the radius of the figure and the applied voltage is 
shown in Fig. 7. 

The size of the dust figure by A. C. voltage increases with decrease of the 
atmospheric pressure. 


■* y, Toriyama, Archiv f. Elekt. 19, (1927), . 

* .Nikiiradse, Zeits. f* techn. Physik. No. 12, (1929). 


MARCH 1, 1931 


PHYSICAL REVIEW 


VOLUME 37 


THE RESISTANCE OF BISMUTH IN ALTERNATING 
MAGNETIC FIELDS 

By William W, Macalpine 

The Marcellus Hartley Research Laboratory, 

Columbia University, New York, New York 
(Received January 22, 1931) 

Abstract 

Apparatus for producing a field of 100 gauss r.m.s. at 10® cycles with a 50 watt 
tube is^Lcribed. Also a method of measuring the behavior of bismuth wire m siit 
Shi It hqdd air temperature. For this purpose a potentiometer has been developc 
for the measurement of the amplitude and phase of voltages at 
least 10® cycles per second. It was found that the resistance of the bismuth follin.,-. Ui . 
instantaneous values of the field, having a mapitude at "f 
would have if the field at that instant were maintained constant ^ 
magnitude calculated from the various factors involved is +3.0 percent and the ex 
perimental value is normal within this precision. At SS kilocyles and room l«"‘I«i.i^- 
ture the resistance of the bismuth was also found to be normal in magnitude and iiliasc. 

1. Introduction 

A GREAT deal of work has been done on the various gal vanomagnetic and 
/y thermomagnetic effects since the discovery of the Hall effect in 18/ ) by 
E H Hall. This work is abstracted in L. L. Campbell, “Galvanoniagnetic 
and Thermomagnetic Effects. It is to be noted that these investigatons 
were carried out without the aid of the three electrode tube and 
apparatus and experimental technique developed in conjunction with the 
tube, the investigations having been made for the most part before the tu je 
came into general use. The results of the experiments on the resistance of 
bismuth in alternating magnetic fields varied widely and it was that state o! 
affairs which seemed to make it desirable to investigate its behavior with 

modern equipment. _ • n- 

Most of the earlier experiments were limited to low audio irequencie.s .—i 
to 100 cycles usually) or to magnetic fields which were made to change rapidly, 
as from zero field to some steady value. Results showed that the mapiitude 
of the change in resistance often was not as great with a.c. as with <l.c. 
fields and frequently a lag was found. However, it is evident that some oi 
these results were erroneous because of the inadequacy of the apparatus 
ciVculnblc 

In the present experiments bismuth wire 0.06 mm diameter was mounted 
bifilarly and immersed in liquid air in a combined d.c. and a.c. field, the latter 
having a frequency of about 10« cycles per second. A direct current which was 
maintained constant by a r.f. choke was passed through the wire and so an 
a.c. voltage proportional to its resistance appeared across the wire. 'Fliis 

‘ Pi-gvious work done in connection with the subject of the present paper is suniniarij>:e(l 
on pp. 166, 191-194. 
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voltage was measured in amplitude and phase by a potentiometer constructed 
for the purpose. Measurements had been made previously at 55 kilocycles 

and room temperature. 

It has been shown by various investigators that the Ettingshausen and 
Neriist eliects cause the appearance of a voltage opposing that due to the 
resistance drop in the bismuth. This effect is illustrated by Kapitza^ in his 
work at jiigh magnetic fields. However, with alternating fields this effect 
would diminish rapidly as the frequency is increased and its voltage would 
approach a 9(f lead with respect' to the field. The effect must be entirely 
at the frequencies used in the -present case due to the “thermal 
inertia” of the metal, which is caused by its heat capacity. Even with con- 
stant fields it would be almost zero with a round wire due to the thermal con- 
diictivit}^ of the wire. ■ 



Fig. 1. Fig. 2. 

Fig. 1, (left) Oscillating circuit, mounting of bismuth wire, etc. 

Fig. 2. (right) Location of oscillating circuit within Dewar tube and cl.c. field coils. 

11. Apparatus 

I'hc mounting of the bismuth wire, the coil for obtaining the a.c. field and 
various otlier necessary coils are shown in Fig. 1,. Coil A and condenser E 
form an osciHating circuit which is driven by a power tube, the coil producing 
the required a.c. field. This coil is wound on a Pyrex tube 3/4 in. diameter 
and has 36 turns No. 17 wire, the length of the coil being about 2 in. The con- 
denser is l).i)03 mfd. Inside the Pyrex tube a 3/8 in. diameter bakelite tube is 
supported l)y a bakelite plug. The bismuth wire is wound bifilarly on the 
liakehte tube, being laid in threads cut in the tube, as it is found that if 
wound on the surface with even the lightest tension necessary to wind the 
wire properly, the cooling in liquid air causes it to break. When wound in 
tlie threads the tension can be made sufficiently light to prevent breaking, but 
it is not necessary to have it so light that the wire appears loose. In order to 

* W Kapitza, Roy. Soc., Proc. AIl^, 402,.430, ff. (1928).. ■ 
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make it a bifilar winding, two screws are cut, the threads of one screw iying 
midway between adjacent threads of the other. There are twelve double 
turns and the axial length of the winding on the tube is 1/2 in. Two thin phos- 
phor bronze strips are used as terminals for the bismuth wire, which is fas- 
tened to them with Wood’s metal. The strips are secured to the bakelite tube 
by wrappings of ordinary thread, and a pair of twisted leads of No. 28 wire 
is connected to their upper ends. Below the bismuth wire is a single turn D 
of No. 28 wire with twisted leads. This is used to measure the a.c. field and 
to give its vector as a reference for measurements of phase. Two other coils, 
H and C, are shown. The first has 5 turns and is used to supply the poten- 
tiometer. The other has 19 turns and is used to neutralize iindesired voltages 

appearing in the bismuth wire in a way to be 
described below. The above apparatus is put 
in an unsilvered Dewar tube and the wliole 
then placed inside a pair of large coils as 
shown in Pig. 2. These two coils have an in- 
side diameter of 24 cm outside 38 cm and 
total height of 24 1/2 cm. Each coil has 375 
turns of coarse litz. When the oscillating cir- 
cuit is placed at the center of these coils they 
have no appreciable effect on the efficiency of 
the circuit. They are energized from the d.c. 
power supply and give ample field for the ex- 
periment without undue heating. 

The oscillator is shown in Fig. 3, and is of 
the Hartley type. With the UV 211, a SO watt tube, fields of 100 gauss r.m.s. 
could be obtained without overloading the tube. A small choke is inserted in 
the grid lead to the oscillating circuit to suppress parasitic oscillations. Grid 
modulation is used by means of the transformer shown. The particular con- 
nection of the modulator with r.f. choke is used to prevent audio fre(|uency 
from getting into the oscillating coil and thence to the detector of the prJten- 
tiometer. A slight amount of the modulating frequency getting directl}’ to tiie 
detector causes either a poorly defined or a double minimum. 

The connections to the bismuth wire are shown in Fig. 4. Direct current 
from a battery may be passed through the wire in either direction, l>eifig held 
constant by an 85 mh radio frequency choke. A 1/2 mfd mica condenser iso- 
lates the d.c. from the potentiometer. All condensers and batteries are at 
ground potential for the high frequency. Although the bismuth wire is bitilar- 
ly wound there is some net induced e.ni.f., principally at the end conne<'ti<ms. 
Also there is some capacity between the oscillating coil and tlie phospho!' 
bronze strips used as terminals for the wire, and since the voltages obtained 
in the former may be several hundred volts, the resulting voltages in the 
bismuth wire are appreciable compared to the voltages in winch we are in- 
terested, which are only a few millivolts. In order to compensate for these 
voltages coil C is used. One side of this coil is grounded and the other side is 
passed through a variable resistance and variable condenser in paralle!, to the 


Fig. 3, The oscillator. 
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ungroimded side of the lead to the bismuth wire, as shown in Fig. 4. The 
resistance is a non-inductive 25,000 ohm variable unit. The variable con- 
denser is of the midget type with maximum capacity of 50 X 10~*^2 farads. ,. It 
may be noted that if the stray voltages induced in the bismuth wire should 
require it, coil C could have a tap and suitable number of turns, the tap being 
grounded and the variable resistance connected to one side and variable con- 
denser to the other. 



Fig. 4. Circuit connections to bismuth wire. 


Fig. 5 is a diagram of the potentiometer and its associated circuits. There 
are two circular slide wires called the R dial and the C dial through which flow 
currents approximately equal in amplitude and approximately 90^ apart in 
phase. I'hese currents are supplied by coil H of Figs. 1 and S through a 
shielded transformer Tr and the resistances R and condensers C, which latter 
determine the amplitude and phase of the currents in the slide wires. A 
center tapped wire in parallel with each slide wire serves to connect them 
together at their electrical mid-points. 



Fig. 5. The potentiometer circuits. 


The two sliders are connected in series with the potential to be measured, 
by a selector switch Sw, and a detector. The latter is a grid leak detector with 
a tuned input transformer whose primary impedance approximately matches 
tliat of the potentiometer. Signals are audible because the oscillator, Fig. 3, 

is modulated.. 


At the lower right corner of Fig. 5 is shown a calibration circuit which con- 




sists of two voltage dividers across the voltage v from 

1. Voltage is measured by a therm 

calibrated by obtaining the settings j 
A, and O' and S' thus determining 

each dial. Then the i 

point of the selector switch 

Due to distributed inductance and capacity 
stants of the calibration and potentiometer 
accurate system is desirable. The potentiometer 
ing force is through the tran 
eluded in the primary circuit 
of the currents in the two 
amplitude. The settings 
the phases of the potentiometer currents 

and the new settings L- 

then gives the ratios of the currents in 
phases. At one million cycles this ratio may 

and the phases to 1/2°. 

The details of this system and other features of the potentniiuetu have 

been described more fully by the author.® 

III. Experimental Procedure 

The d.c. field of the large coils was measured by the usual ballistic gal- 
vanometer method, using a fixed search coil and obtaining the galvanometer 
throw when the magnetizing current was switched on or oil. Since it was not 
practical to have coils which would give a uniform field care was taken to 
have the test coil and later the bismuth wire close to the center of the large 
coil where the field is fairly uniform. The variation of the resistance of the 
bismuth wire with d.c. field was determined by ordinary d.c. bridge measuie- 
ment and gave the usual curve, parabolic at first and then becoming straight. 
The a.c. measurements should be made with the d.c. field current at such a 
value that the curve of resistance vs. field strength is practically a straight 

In taking a set of measurements, the potentiometer is first calibiated. 
Then setting the selector switch for the bismuth measurements the com- 
pensating circuit is adjusted to bring the dial readings to about theii mid- 
point. This should be done with the continuous field at the value to be used 
in the measurements immediately following, since the setting of die com- 
pensator depends on the resistance of the bismuth wire, i hen rearlings may 
be taken in succession with various values of d.c. flowing through the wire 
beginning and ending with zero to make sure that no change has occui ied in 
the compensating circuit or any other circuit during the readings. W ith no 
continuous field, no change in voltage was observable for various values of 
d.c. flowing through the bismuth wire. The vector voltage due to the varying 
fh wirp tft then renresented bv the difiereiice in dial 


for silence in the detector tor poniis u diiu 
j the number of millivolts per division for 

unknown potential, which has been connected to another 
is measured. 

and to skin efiect, the con- 
circuits are uncertain, and a iiioi. e 
is shielded so the only driv- 
e shifting circuit CiRi is in- 
;rhich may rotate the phases 
without altering, their relative phase or 
for the calibration circuit are obtained and then 
• . rotated through approximately 90 
for the calibration circuit obtained. A simple calculation 
the two slide wires and tlieii i dative 
be determined to within 1 percent 
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readings between those with no d.c. flowing through the wire and those with 
the value of d.c. in question, the continuous field being the same in both 
cases. 1 he effect of the leads from the bismuth wire to the potentiometer may 
be tested by .making some measurements with the ordinary leads and then 
repeating them with considerably longer leads added. The actual leads used 
were twisted only where they pass up through the 3/8 in. bakelite tube on 
which the bismuth wire was mounted, a length of 4 in. 

In order to measure the field it is necessary to know the diameter of turn 
D, which may be found at room temperature but not easily in liquid air. For 
this pur|30se coil F of 18 turns was wound on the bakelite tube well above the 
le\'el reached by the liquid air. The voltages induced in D and F were then 
measured before and after adding the liquid air. The relative voltages in- 
duced in E and D were found to be about the same in and out of the liquid 
air, within experimental error and therefore the area of D changed little in 
lirfuid air, due probably to its being on bakelite. The magnetic and electrical 
])ro|:)erties of the liquid air are of such magnitude that they have little effect 
on the circuits, and so need not be taken into consideration. 

lY. Data and Results 

Table I gives the arrangement of the various test circuits used to cali- 
brate the potentiometer. These were supplied by coil D of Fig. 1. Circuits 
c, d are those illustrated in the lower right hand corner of Fig. 5. Vectors 
/r P those with normal phase, switch K in Fig. 5 closed, while c, d, 
li, /e, g are with the phase of the potentiometer currents rotated. 

Table L Test circuits. 


In Table II each of the values of the coordinates as read are the average 
of several readings made at various times during the experimental run and 
indiicle both positive and negative readings. The leads to coil D were reversed 
for the negative readings. In the cases of p and q readings were taken with 
various values of i, the current in the bismuth wire, but all are reduced to the 
equivalent readings for i==17.8 ma. The rectangular coordinates are calcu- 
lated with the use of a and m as determined by Eqs. (1) and (2) of the article 
on tlie potentiometer.'^ v'is the voltage induced in turn D and is given in dial 
divisions, being calculated from the column of lengths by the ratios v/length, 
which are calculated from the above data on the test circuits. It should be 
noted that tiie value of v in dial divisions for the ah f g system is not neces- 
sarily equal to its value for the cdhk system. The phase angle of each vector 
with respect to the positive i? axis is given under 

Keference 3, (90®— o:) is the phase angle between the currents in the two slide wires, 
while m is the ratio of the current in the C dial to that in the R dial. 


Sectors fl.,r 

DA =929 ohms 

0^ = 17.4 ohms 

h/i 

= 153X10-^2 farads 


fji 

193 X 10-^2 « 

11.5X10-9 farads 

\ 

929 ohms 

9.9X10-9 « 


! bismuth vectors 
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Table IL Experimental data. 


/= 1 . 09 X 10*’ ±0.5 % cycles per second. 

Hfl = 25 .0 ± 1 . 5 % gauss per ampere in d~c field coils. 
dR/dl = 1 . 55 ± 0 . 5 % ohms/amp, at J = 16 . 1 amp. 
i? = d-c resistance of bismuth wire. 

=0.0178 ±1% d-c amp, flowing in bismuth wire. 

.^4 =0.810 + 2.5% sq, cm, area of turn /), Fig. 1. 

Temperature — that of liquid air (about —ISS^C). 

JId~e=400 gauss, approximately. 

zj = 1 . 5 volts r.m.s., approximately. 
il= 27 gauss r.m.s., " 

The experimental precision of the length of the test vectors a, b, c, d, etc. 
was about ±0.5 percent and of the angles ±0.25°, making the precision 
of the average values of t;± 1 percent. The estimated precision of /I is large 
because of its uncertainty due to immersing the turn in liquid air. Any con- 
traction occurring would increase the calculated value in Table III, which 
will bring the ratio of measured to calculated values nearer iiiiity. 

The calculated high frequency field is 


and the high frequency voltage appearing across the bismuth should br 


dJI dll 2wfA 

Substituting the above figures: e = 0.0199 Xt? volts. The precision of c as 
calculated from those of its various factors is ±3.5 percent. 

The measured value of the length of the vectors p and g must be corrected 
for the drop due to the compensator, which in this set of measurements had 
a resistance of 5700 ohms and a capacity of about 45 X 10 "" farads, including 
capacity of leads. Since the resistance of the bismuth was about 100 ohnns, 
the compensator reduced the a.c. voltage across it by 1/58 and rotated its 


31.3 

-75.9 

37.4 

-72.1 

SI. 2 


4426 

297., 

68.3 

37.2 

65.3 

35.3 

74.2 


4408 

28.. 

27.8 

-67.6 

33.2 

-64.2 

72.3 


4375 

297.. 

-64.0 

-31.1 

-61,5 

; -29 .-5 

: 68.2 


4276 i 

205.' 

83.8+0.4 

38.3 +0.7 

80.7 

36.4 

^ 88.5+0.8 



! 24., 




Coordinates 

Length 

V 

y 

As Read 

Rectangular 

- — — - 

W 

C' 

R 

C 


Length 


75.0 

29.6 

72.6 

28.1 

77.8 

54.5 

4240 

-21.7 

69.6 

-27.3 

66.1 

' 71.5 

59.4 

4247 

67.8 

26.8 

65.7 

25.5 

i 70.5 

60.5 

4265 

17.3 

-64.8 

22.5 

-61.6 

1 65.6 

62.7 

1 4115 

-21.1+0.8 

86.0±0.S 

-28.0 

81.7 

j 86.4+0.9 
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phase 1.6 . Also, calculation shows that the average field of the oscillating 
coil on the surface occupied by the bismuth wire was 1.2 percent higher than 
the aveiage linking turn D which was used to measure the field (see Appen- 
dix). Makiiig these corrections to the lengths of the vectors p and g for the 
compensator and field we have the following results: _^ = 86.9, g = 89.0. 

hiom the value of the coordinates — as Read of Table II, the values of a 
and m may be calculated’^, using both the a, c, d set of vectors and the/, g, h, 
k set. The former gives a = - 0.086 and m = 0.944, and the latter a = - 0.099, 
and = 0.950, the average being -0.092 and w = 0.947. Using these 
values of a aiid nt to find the correction for the terms, it is found that 
for both sets of vectors the correction to a is +0.008 and that to m is +0.004. 
1 liiis the ti ue values are m = 0.95, the correction to m being almost negligible; 
and a:= —0,092 + 0.008, or —4.8°. It may be noted that no phase correcting 
l esistances R of hig. 5 were used in series with the Cdial of the potentiom- 
eter in this instance. In regard to the corrections, they may be shown 
to be negligible. The angles 0, /3 and 0 may be found from Table II, and are: 
e = 21°, /j = 6°, - 1° in the a, b, c, d case and 0 = +1° in the/, g, h, k case. 

I he phase of the magnetic field is determined from that of vectors / and 
// since these arc the vectors for a test circuit of two mica condensers in series. 
Sucli circuits introduce very little phase shift due to the small phase angle of 
the condensers. The phase of vector p with respect to the field is then 108.9° 
— (90 + 21.2) = — 2.0 and similarly that of g is —3.0°. Taking into account 
the phase shift of — 1.6° produced by the compensator as noted above, these 
angles become -0.7° and - 1.4°, respectively. 

The following table gives the above two results as III and IV and two 
others obtained similarly on a different date as I and II, In the latter case 
it was found that the calculated e = 0.0200 The columns marked equiva- 
lent e Bi give the \xilues of the lengths of the calculated and measured vec- 
tors multiplied by the proper ratio to make the calculated length 100.0. 

Table III. Results, 


Measured 


1.032 ±3.5 percent 


Calculated 

Phase-- -0,6 ± 0.5^ 


It is thus seen that the change in resistance of bismuth at 10® cycles per 

second is normal in magnitude and phase. 




Result 


e-Bi 

Equivalent e — Bi 

Phase respt. 

» ' 

7 

Calc. 

Meas. 

Calc. 

Meas. 

to 

field 

i 

4300 

86.0 

88.9 + 1.5 

100.0±3.5 

103.4 + 1.7 

0.3°+0.9° 

r 

ll 

4400 

88.0 

91.1+1.0 

100.0±3.5 

103.5 + 1.1 

-0.6°±0.6 

fcq * 

III 

4217 

S3.') 

86.9+0.9 

100.0±3.5 

103.6 + 1.1 

-0.7 ±0.6 


IV 

4371 

87 .0 

89.0+0.8 

100.0+3.5 

102.3±0.9 

-1.4 +0.5 

: 

.Average 



100.0+3.5 

103. 2 ±0.6 

-0.6'^±0.5° 
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V. Measurements at 55 kilocycles, Room Temperature 

The above method was first developed at 55 kilocycles, but this work will 
be described only briefly here. In place of the arrangement of Figs. 1 and 2 a 
magnet was made from four rings of Western Electric dust c<jre cemented to- 
gether. This core was cut into two parts to facilitate winding and an air gap 
formed by cutting away three rings to make the area of the gap that of a 
single ring, or approximately 1 sq. cm. The oscillating circuit consisted of ;i 
mica condenser and two coils in series, one on each side of the air gap, driven 
by a 50 watt tube in a suitable circuit. Fields up to 700 gauss r.m.s. were 
easily obtained but those used ranged from 100 to 300 gauss since no cooling 
system was employed at the bismuth wire. Two coils as close to the air gap 
as the oscillating coils would allow supplied the d.c. field. The.se were sup- 
plied from the 110 volt d.c. lines with series resistance, a wave trap being 
employed in series to prevent them from short circuiting the high frcfiucncy 
circuit. The bismuth wire was wound on a mica form which .slipped into the 
air gap. A single turn corresponding to D of Fig. 1 was shellacked to one of 
two sheets of mica covering the bismuth wire. The connections to the poten- 
tiometer were similar to those at the higher frequency except that instead of 
using the compensator a small coil in series wdth the leads to the bismuth 
wire was coupled loosely to the coil of the wave trap. The result obtained was 
that the resistance of the bismuth wire behaved normally both in phase and 
magnitude in 55 kilocycle fields, at room temperature. 

In conclusion I wish to express my thanks to Professor M. I. Pupin for 
allowing me the use of The Marcellus Hartley Research Laboratory and for 
his interest in the work. 
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ote on the field in the solenoid 

The ideal condition would be that the a.c. field within the oscillating coil 
in Fig. 1 is uniform, which would be strictly true only for a very long solenoid. 
Considerations of efficiency of the coil require that its length be not too long 
with respect to its diameter. In order to determine what correction would be 
required due to non-uniformity of the field, its average values over the bis- 
muth wire and turn Z> were calculated. Briefly the calculation is as follows; 
The increment of field at p due to an element of circular turn perpendicular 
to the X axis and with center on that axis is 


^sistance of bismuth 


dh = _c X (»■ X r)de 


-[«(»' a cos e) — jh cos 9 — kb sin d] 


where c''* = &2+r2+a2-2m cos .1 nor 

plele turn, the Z component vanishes'll* ' 

7 = 


I V(A + B) |_ 
hi _ 2A - 
T a \/{a + B) _■ 
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- B 
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where 


^'t)] 

^'1)] 


h = V(2B/(A + B)) 

fUl)^ r'^ dz 

'2/ Jo ~ sirF zyi^ 
the complete elliptic integral of the first order, 

^ ~ k^m^zyiHz 

the complete elliptic integral of the second order. 

in telrlil mm i “"''“'o"* ‘h' components of h. the following 


(A - Bcose)^{^ ■s/(A B) \ ' 2/ 

f" 2ViA + B) / x\ 

•'ll {A. — i>’ cos A^ — B^ ^\’~2 / ' 

I'lu; latter is found by WTiting for Tl - j 8 cos e 

(A - B) cos^ 9/2 + (A + B) sin^ 9/2 . 

A ’A plotted for various values of b, with a = radius of 
turns of Ins.nuth wire and were integrated by planimeter for three points on 
tile ^vm■, the average held on the wire being found from these values. Simi- 

iariv tdt‘ average Held in turn D was found. 

The result was that the average value of the field on the bismuth wire is 
1 i-ereent higher tlian the average field linking turn £>. 
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. STRAIN AND DIAMAGNETIC SUSCEPTIBILITY 
ByH. E. Banta 

Rice Institute, Houston, Texas 
(Received January 20, 1931) 

Abstract 

The magnetic susceptibility of copper and silver wires has been measured by the 
Gouy method before and after various annealing processes. Also, the susceptibility has 
been measured before and after straining specimens beyond the elastic limit, the 
strains being either twists or stretches. The susceptibilities are found to be increased 
by as much as 20 percent for copper and 3 percent for silver by annealing at red heat 
for 15 minutes in an atmosphere of CO 2 , This increase is probably due to release of 
occluded gases or to oxidation or recombination of impurities. Straining the specimens 
beyond the elastic limit is found to produce no measurable change of susceptibility. 
Francis Bitter has observed a large effect due to straining these metals beyond the elas- 
tic limit. The reason for Bitter's results is not clear, but it is pointed out that no ef- 
fect is to be expected in copper, at least, because crystals of this metal are isotropic 
magnetically and have no observable magnetostriction. 

TIECENTLY Francis Bitter^ has made the surprising and important ob- 
servation that annealed copper (impure, paramagnetic) and silver wires 
suffer a very appreciable change of magnetic susceptibility when strained 
beyond the elastic limit. This result is surprising for the following reasons. 
Straining a wire beyond the elastic limit may have the effect of breaking up 
large crystals into smaller ones. Slipping occurs along cleavage planes, crystal 
boundary planes are distorted, segregated impurities are redistributed, and 
new orientations may result for the axes of the tiny crystals. In addition to 
these effects certain parts of the wire will be left elastically extended, other 
parts elastically compressed as a result of the unequal slipping of various sec- 
tions of the wire. These residual strains in a wire have for years been a source 
of annoyance to users of the Eotvos torsion balance. 

It appears, therefore, that the change of susceptibility of a wire when 
stretched might be explained by two factors; (1) the orienting effect on the 
small crystals, and (2) the setting up of a strained condition in the wire. In 
the case of copper the first factor must be ruled out because Montgomery*^ 
has shown that copper crystals are isotropic magnetically. The second factor 
is also inadequate for the following reason : the reciprocal relations between 
strain and magnetization may be expressed by the equation dl/dp-de/dll, 
where I, H, p, and e are, respectively, intensity of magnetization, magnetic 
field, applied stress, and strain dl/l The last two quantities are along the 
H direction. This equation is based on thermodynamical principles and ac- 
cording to Honda® has been verified experimentally even in the case of iron 

^ Francis Bitter, Phys. Rev. 36, 978 (1930). 

2 Carol G. Montgomery, Phys. Rev. 36, 498 (1930). 

® Honda, Magnetic Properties of Matter, p, 46. 

634 



STRAIN AND DIAMAGNETIC SUSCEPTIBILITY 


635 


and nickel, where hysteresis would tend to make the equation inapplicable. 
It should hold accurately where hysteresis is negligible, as in copper. In 
copper, however, magnetostriction is so small that it has never been detected; 
thus de/dll is negligible and therefore dl/dp, or ^dK/dp must be very small. 
1 he absence of magnetostriction in copper thus shows that the susceptibility 
K is unaffected by applied pressures. Hence the second factor given above 
must be ruled out as an explanation. Accepting Bitter’s experimental results, 
the only conclusion appears to be that the above description of the processes 
involved in stretching a wire is incomplete. 

Accordingly, a series of tests on the effect of strain on the susceptibility 
of copper and silver was made. As in Bitter’s experiments, the Gouy method 
was used. An analytical balance was mounted about half a meter above an 
electromagnetic with pole-pieces (truncated cones) 1 cm in diameter and 4 
mm apart. The specimen, in the form of a wire about 15 cm long and 2 or 3 
mm in diameter, was suspended from one arm of the balance by a silk thread, 
the lower end of the wire being centered with respect to the pole-pieces. The 
force on the wire is given by the equation F=KH^a/2 where K, H, and a 
are the volume susceptibility, magnetic field intensity at the lower end of the 
wire, and cross-sectional area of the sample, respectively. 

When the specimen was suspended IS cm above the poles of the magnet 
the balance was not deflected by a measurable amount. Therefore the above 
equation requires no correction for the field at the top of the specimen. All 
samples were diamagnetic. 

The first set of results was obtained for commercial copper wire about 
2.6 mm in diameter. Forces on the samples were measured; they were then 
twisted beyond the elastic limit by various amounts and the forces again 
measured. A representative part of these results is shown in Table I. These 


Table I. Effect of twist on susceptibility. 


S.iniple 

Fi 

dynes 

Angle of 
twist 

Fz 

dynes 

AF 

1 

7.44 

0 

7.53 

4-. 09 

■ 2 

7.15 

x/2 

7.26 

+ .11 

3 

7.20 

X 

6. 95 

-.25 

4 

7.08 

2x ■ 

7.11 

+ .03 

4 

7.11 

30x 

7.00 

-.11 


wires did not all have the same diameter, so the forces are different for the 
different samples. The samples had been well annealed, first in a flame, then 
in an electric furnace in air. The oxide coating consequent to annealing was 
remo\-ed by sand-papering the surface. It appears that the values of AF" are 
within She limits of experimental error. The average value of AF’is-0.03 dyne 
and there are both positive and negative values. Furthermore in this experi- 
ment it is doubtful whether F could be determined accurately to more than 
0.2 dj-ne. We conclude therefore that K is unaffected by twisting the copper 
wire greatly beyond the elastic limit. The average specific susceptibility cal- 
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Gulated for these samples is 0.5 X10“^. For pure copper Moutgoiiiery gives 

o.ssxio-L 

■ A series of experiments on stretched copper wire was then made. The 
.order of magnitude of F (corrected for changes 'in diameter) was about the 
same as in the set of observations shown in Table 1. This degree of accuracy 
was at first considered sufficient, since Bitter got AF as large as | F; but later, 
.pole pieces with larger areas (in order to minimize errors of adjusting the 
specimen, between the pole-pieces) were put on the electro-magnet, and 
crossed telescopes fastened to its frame to provide accurate control over the 
position of the specimen. The measurement of the force on a specimen which 
had been removed and replaced could then be repeated to 0.1 dyne. 

The preliminary work showed that annealing a copper wire affected its 
susceptibility. For example, the force on a specimen was measured, it was 
heated to redness in CO 2 for about three minutes, cooled slowly, and the 
force again measured. Successive forces, each determined after a three min- 
ute heat treatment, were —6,0, —6.5, —7.0, —7.3, and — 7.3 dynes. Simi- 
lar effects due to annealing have been obtained by Davies and Keej>ing^ for 
copper-antimony alloys. They attribute the phenomenon to changing of the 
nature of the compounds of copper and antimony. Some samples in the pres- 
ent experiments were heated to a bright red heat in a vacuum, and ga\’e off 
a gas which, at ordinary pressure, had about half the volume of the copper. 
The nature of this gas is not known.. Therefore it was possibly the presence 
of impurities or freeing of adsorbed gas which produced the increase of F rioted 
above. The foregoing results indicate that an annealing at red heat for aljoiit 
fifteen minutes is necessary in order to secure the final stable value of tiie 
susceptibility. Therefore all further annealings were done in COs, holding the 
specimen above red heat for fifteen minutes and allowdng it to cool slowly. 
All further cleanings are by immersion in boiling HCl for about two miiiutes, 
unless otherwise stated. 

A second specimen of copper which was slightly paramagnetic when im- 
cleaned was obtained. With its surface sand-papered F — 0.0 dyne. Annealed, 
F— —3.04 dynes. This is sample A in Table 11. Another sample was not an- 
nealed, but was cleaned with acid and a value F= — 5.1 dynes found; some 
of the surface was then removed with sand-paper and F found to be —5.4 
dynes. Thus it appears that paramagnetic impurities were removed from 
the surface by sand-papering. It is therefore possible that some of the in- 
crease of F at annealing is due to the removal (possibly by oxidation) of 
impurities at or near the surface. When thoroughly annealed tliis specimer] 
had a value of F= — 6.4 dynes. 

Chemically pure samples of copper and silver were obtained from Baker 
and Company. These are shown as C and D, respectively, in Table 11. llie 
procedure with each sample of Table II was as follows: the force F was meas- 
ured (except sample F); the wire was annealed and cleaned, and its force 
Fi again ineasured. It was then stretched till its length changed permanently 

4 G. W. Davies and E. S. Keeping, PM. Mag. 7, 145 ( 1929 ). 
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table are shownTni tit \ u- f The forces in this 

diameters of the samples Mnh f *7 ™ measured. The d’s are 

>'n aross-sec-tir nl n ! Multiplying by {d^/d,y corrects J", for the change 
■ -» sectional aiea consequent to stretchinn- P ~ t \‘i l ■ 
the ta lie as AF is a *u u 7^’ ^ ^ P'Mi/ d^Y, shown in 

, IS a measuie of the change of K when the sample is stretched. 

--- - ■ r—-: — of stretching on smcepiibility. 


KXW 


Fi 

mg 

dx 

mm 

id/l 

mg 

d. 

mm 

F, 

mg 

mg 

3.1 

9 . 2 
8^6 

30.0 

2.61 

2.58 

3.00 

2.t85 

.TOO 

.10 

.12 

.10 

.195 

.235 

2.9 

4.7 

8.6 

1.1 

24.3 

2.48 

2.43 

2.85 

2.61 

2.70 

5.7 

8.5 

7.2 

24.3 

3.2 

5.3 

9.4 

8.6 

29.9 


'} r after all the data following C Specimen C 

, »‘.\r(‘p{ tor experiniental error.) tamed. ( a foi C should be the same as 

lb:::;,;;!,;;:;:'" “ "■-*»«:«»" bafoS 

""/bf"™' » "re *Mch has been imperfectly 

war . . , , " rt^Msceptbility. In these experiments the specimens 

™ >i iV c rr'T'' «P=rin>«nts 

l-'urlhonn ^ case has Bitter’s effect been detected 

. ' "re in "T,f 'T reason for disbelieyi 

roflfr a.„. sHr ir. >"hS"«os,tiction in 

of cff'fr'Tf "'';'' "’hSnetic susceptibility 

ami . K. ri f by strainins wires of copper 

Ijb-i -Ire. beyond the elast.c limit. The reason for Bitter's results is not evi- 

‘ 7 ;■ P'K'sure to thank Dr. C. W. Heaps for many helpful sueees- 

■■’ • ”d criticisms throughout the investigation. 
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SOME PHYSICAL PROPERTIES OF COMPRESSED GASES 

L NITROGEN* 

By W. Edwards Deming and Lola E. Shupe 
Fertilizer and Fixed Nitrogen Investigations Bureau of 
Chemistry and Soils, Washington, D.C. 

(Received January 11, 1931) 


Abstract 

The writers have adjusted and extrapolated the conipressihility data ol jtained l:»y 
Bartlett and his collaborators on nitrogen, so that very accurate p-v-T data from — 70 
to 600° ajid up to 1200 atm. are available. A suitable graphical scheme has 1 jcen <le\'ised 
for obtaining the derivatives (dv/dp)T, (dv/dT)p, (d-p/dT-}p at any point in order that 
some of the physical properties of the gas can be calculated. This graphitrai scheme de- 
pends on the relation of a^RT/p—v and A^v^pv/RT—l) to p^v/f, and on the rela- 
tions of the derivatives of a and A to the derivatives of v. Errors in the estimation of 
the slope of an <3: or A curve at any point introduce much smaller errors into the deriva- 
tives of V, since the derivatives of a and A enter as correction terms to the derivatives 
oi v just as a and A are corrections to v itself. 

A graphical process is used as originally in MS for adfusting the p-v-T data and all 
the physical properties derived from it. This process is based on the assumption that 
surfaces such as p-v-T; a-v-T; or A-iz-T are smooth and hence that the curves in any 
family of isotherms or isobars show related characteristics. It throws most of the ad- 
justment on V, where it belongs, since the measurements of p and T are much more 
accurate than those of v. Such an adjustment enhances the precision of the compres- 
sibility data and of the calculations made from it. 

The specific volume^ density, coefficients {—p/v)idv/dp)T and {'r/v)(dv/dT)p,fuga‘> 
city, Cp, Cp—Cv, Cv, and IX are calculated and shown in curv^es and a table for the four- 
teen pi'essures and twelve temperatures in the range studied. Inversion pressures and 
temperatures are read from the ix vs. p isotherms and the ix vs. T isobars, 

The calculations of Cp agree well with the experimental values of Erase and Mac- 
key, who worked at 30, 100, 125, 150° up to 700 atm. and at 50° to 800 atm. The agree- 
ment is probably within the experimental error, but the trends of the two sets suggest 
that a real difference may exist. At 30° the calculated Cp drift below the experimental 
values at pressures above 400 atm., becoming 0,13 cal/mole • deg low at 700 atm. At 
50° the agreement is good to 800 atm. At 100, 125, 150° the calculated Cp drift above 
the experimental values, but the disagreement reaches only 0,2 cal/mole -deg at 600 
and 700 atm. 

As one might expect, Cp - Cv approaches R at all temperatures as the pressure ap- 
proaches zero. In general, Cp— C» increases at any particular pressure as the tempera- 
ture decreases. Cp— Cv shows a strong maximum at about 200 atm. at the lowest tem- 
peratures. With increasing temperature this maximum comes at higher and higher 
pressures, and gradually disappears. The C# vs. T isobars show some curious tenden- 
cies, Co along the 20 atm. isobar stays constant and equal to 2,50 R from -70 to 
100°C, then it rises slowly to 5.15 cal/mole • deg at 600°. Along the 40, 60, 80, and 100 
atm. isobars, Cv drops a few hundredths of a cal/mole * deg below 2.50 R at -70°, the 
drop being greater the greater the pressure. - Along the 200 atm and higher pressure 
isobars, Cv rises as the temperature falls below 50°, and the rise is steeper the greater 
the pressure. At 600°C» is about 5.18 cal/mole deg or 2.61 R for ail pressures. 


* An abstract of this paper appeared in the program for the Chicago meeting of the Ameri- 
Physical Society, November 28 and 29, 1930, 
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TIECENT extensions of compressibility data on several gases to 1000 atm. 

from -“70 to 300° and 400° published by Bartlett^ and his collaborators 
at this laboratory have made possible the calculation of such physical proper- 
ties as pressure and temperature coefficients of volume expansion, fugacity, 
change in heat capacity with pressure, difference between the heat capacity 
at constant pressure and that at constant volume, Joule-Thomson coefficient, 
and inversion temperatures and pressures, all at the various temperatures and 
pressures throughout the range of experimentation and as much further as 
extrapolations can safely be made. 

With extrapolations made by a method to be described, we have reliable 
compressibility data on nitrogen from -70 to 600° up to 1200 atm. The phys- 
ical properties of this gas might be expected to show some interesting proper- 
ties over such a wide range, and we have endeavored to investigate them. 

In order to calculate these physical properties from compressibility data 
it is necessary to e\alLiate the derivatives idv/dp)T, {dv/dT)p, {dh/dT^)p 
where\'er desired. Analytical or graphical methods can be devised for this 
})ur|)ose. heiiuips the l)est analytical method of getting {dv/dp)T over a 
iimited pressure range is to write pv as a power series in p along an isotherm. 

Howe\'er, no set of coefficients can be found that will satisfactorily follow 
the trend of -pv for iiitrogeii through the whole range of pressures along any 
isotherm; one set of constant seems to hold fairly well to some intermediate 
pressure, depending on the temperature, and another set is necessary from 
this pressure on up to 1000 atm. This introduces a discontinuity, and the in- 
termeditite [iressure is thus at the ends of the two ranges. End points are the 
least trust worth}’ and we usually get two values for {dv/dp)T at the discon- , 

and it is tlien necessary to resort to graphical methods to smooth | 

out the disagreement. The same difficulty exists in getting {dv/dT)p\ ex- 
pressed as a power series in T seems to fit at low pressures, z; as a power series 
in T seems to fit at high pressures; so there is a break at the intermediate 
pressure again. These empirical formulas are satisfactory for first derivatives 
1)11 1 not for second derivatives except over a limited range. Jakob^ used them 
to get the change in heat capacity of air up to 200 atm. from —80 to 250.° He 
rec<.giiize{l that at tlie highest temperatures his calculation of {dh/dT^)p 
showed evidence of being untrustworthy. Drs, E. P. Bart'.ett and H. L. Cup- 
pies of tins laboratory used Jakob^s scheme with nitrogen up to 1000 atm. 
and t.he difficulties mentioned above were encountered, but by calling on 
gra|')iiical determinaJJons at certain points they obtained results that were 
valuable, though probalfiy not as reliable as those gotten by the method to 
be descriljed. W\^ iia\'C made free use of some.of the ideas in their unpublished 
inaiuiscript. 

The ideal way to obtain these physical properties would be through an 

^ llailletpj. Aiiier. Chmi, Soc. 49, 687 (1927); 49, 1955 (1927); Bartlett, Cupples, Tre- 
mearmc ibid. SO, 1275 (1928); Bartlett, Cupples, Tremearne, Hetherington, ibid. 52, 1363 
(1930); Bartkat, I leilienagton, Kvalries, Tremearne, ibid. 52, 1374 (1930) ; Kvalaes and Gaddy,. 

ibid. S3, 394 (1931). 

* Jakyh, Zeits. f. Techn, Physik, 4, 460 (1923), . . 
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equatio,. of state, but this should not bo allentpled t, on, I l.anper- 

atures tvhere it appears not to sivo Intstvv.athp rosnil*. ro tr.tvo . :,lo., 

tions have been tna.le on!,- nitii toe lie.otp.t-hri.lqeuiau .oruuoo l.i. in: 

ranges of temperature and pressurtM,:oven:'ti ni the lar 

exceed the limits of validity of any c.xi>tin;< e'Hiatmn ..t Male. Sun tlie (ai- 
culation of the constants in ti.e Uealtie-Brifiueman f-iniiula lor prcMMire 

data on nitro!?en were made, further work hy the rsiileiv h.is diowii that lls 
constants are different above and IjcIow tlu; crineal density for hy.lroKeii and 
n .I:! mixture of hydrogen and nitrogen. 'I’iie < aUntlafioiH with nitrogen ' witc 
airried only a trifle lieyond the critic.-d density and it is possilile tliat if higher 
densities iJul lieon included a different set of constants would Inive been in- 
diciilefi for densities idtoce rritica!. If this second set luid been introduced 
the formula would iloubiless iiave been found to lit better at high pre.sstires 
than was concluded in our paper, iuit calculations of tlie desired physical 
pn.perties at medium and high pressures are surely Tuore reliable when, made 
by the graphical method about to be described. Hy it no discontinuities are 
introduced and the precision can be estimated by tlie regularity of the graphs 
of the (fuantities evaluated. 

I'he authors of the !k‘altie-iiridgeman ciiuallon of state have used it to 
find the licit capacities and Jouie-Tlnmisou ooefiicieuts of .lir and ammonia'' 
at ordinary temperatures and relatively low pressures, where the increase 
dC„ in heat capacity is usually a small fraction of the Iieat capacity at 1 atm. 
C,, is comrruted by calculating the change fiC’,, in heat cafracity witli i»ressure 
and adding it to the v'lduc of C j, at 1 atm., and when j,/ 6;, Is smaii, large 
errors in ACV. are o\-erluoked when observed and calculated \-alues of Vj, are 
compared. 

After studying the a and A curves for nitrogen, we decided that it is ex- 
pecting too niucli of any formula that it sliould follow the trends of ihc/’-j.'-I 
data as faitlifuliy through the whole range us is desired lor (.leterniining tire 
physical properties sought after. The hillowing graphical process was de\'el- 
oped in ilie hope of obviating some of ih.e dillicalties with analytical metliods. 

The a vs. 7' isobars are nearly strai,c;ht lines iVemt -7U lu 6UU'’ e'. en to Ijnu 
atm., but by plotting residuals their cma.iture can bo ntea.siired c i.-ilj . H Uie 
g,ts w ei e pt rfect , the c \ s. 7’ isobars w ould be ■-i rai^io lim - i hi i nr i Utc i iri' iti 
having .siuptes iiu'ersely proportional to the i.)rc,-s.~ure. Any licpnrtiire Irom 
the perfect gus law i.s e\ idenced by restdu.'ils such as 


and 


r pr;i;7 - 1: 


liT/-p 


■ In.-.iltie .‘imi !5riil>;i'i!i.iiJ. I’ltii'. .ta.iT. .\< .iii, s. i. 0.5, I'd' , I. Xi.im.I iii'ni. Sin . 

il'it!. 50j 3133 aiitl liUa' 

^ aiiri .Viiupi\ j, AniiT Tht-ku 52* I ^<2 T-HH a 

Mh-niiiig and ^IkbShypi^ J, Auii'r. rheoj. Si4% M udi . 

Uicar C, I5fiijgwruui, Phys. Rt-v. 34^ 5i7 ■ j iini'ji A. RtMtni*, Rd,-! 

Phys* 3S| -.P-^dCp. 
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‘s evidenced by {d^/dph, ida/dp)r, (dA/dT)^, 
{daj dl )p Jeing difierent from zero. Fig. 1 shows how straight the 200 atm 
! ff much curvature the corresponding A and c curves have, 

and that then shapes are different. There are relations between the slopes 



I’ ig. 1. Gnipiis of and a vs. 1 with p constant. This shows that the A and a curves have 
gieat curvature coriiparecl with the i/ vs. T curve, and that the A and a curves are of very dif- 
ferent shape. 

of the j s. I f A vs, 7. , and oi vs. T isobars j likewise there are relations between 
the slopes of a \'s* />, vs. A vs. a vs. /?, A vs. p (density) isotherms. The 

relations between these are as follows: 



_ pv/RT + {T/'j){dA/dT)p 



1 + 2A/z) 

(3) 

(r/z)(dv/dT), 

= RT/pv - {T/v){da/dT)p 

(4) 

(- p/v)idv/dp)T 

= 1 — pldpv/dp)T 

(5) 

(- p/i')(jh/dp)T 

= RT/p'o -f- {p/v)(da/dp)T 

(6) 

{ — p/ v / '[ d'Zid p) T 

pv/RT — (p/v){dA/dp)T 

1 + 2A/0 

(7) 

(- p/-jj\di:/dp)T 

- - pv/R2'(2A/v + 1 + p\dA/dp)T) 

(8) 

{d-v/d'l“)p 

= - {d^a/dT% 

(9) 

liA,/';: T Vyidh'JdT^j, 

= - IL (VJ- - W«T).)’ 

RT {2A/v + 1)^ 

(10) 


A 1 I'.'iercent error in estimating the slope .of an a vs. T or a A vs. Tisobar 
may mean only a few hundredths percent error in {dv/dT)p, since by Eqs. ,(3) 
and (4) the slopes {iit/dT)p md {dA/dT)p enter as correction terms to:the 
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slope that the v vs. T isobar would have if the gas were perfect, just as a and 
A are correction terms to v by Eqs. (1) and (2). Likewise, any crioi in the 
determination of ( — p/^ {cLv/dp')T is diminished accuiding it> Lqs. io), (,6j, 
(7), (8). The different families of isobars and isotherms have (juite different 
appearances, so the effect on (—p/v) {dv/dp)v or {'}',■ v) idv, dl j,, ol any per- 
sonal error in estimating the slope of a curve on account of if s hav ing a partic- 
ular shape may be balanced out at that point by a determiiiafioii from some 
other curve of different shape. It was not noticeable that the detei niinatioiis 
of these derivatives from the a curves were consistently higdier or lower than 
those from the A curves or any others. 

In order to determine {dh)/dT-)p one can plot (<■/.; (/'/’),. I isobars and 
read the slope at the desired point. Or, one can jtloL (>/« ■ dl'),. or (dl/d'I'),, vs. 
T isobars, and from the slope of these curves and the rdafions lietweeu 
{d‘v/dT^)p and {d^a/dT~)p or (d-A/dT-)p, one can detcrinine 'd'-'v dT~)„. Both 
methods were used; the results agreed well, and tlii-ir av(;rages at the various 
points are shown in Fig. 2. 

The most probable positions of observed points lie on the most plausildc 
graph (curve or surface) that can be drawn from them, 'i’iie most ])rolj:ible 
values are not uniquely determined by a graphical method, bectiuse they 
depend on the weight assigned by the investigator to vtirious cssentitils. An 
adjustment by least squares depends on the weights as.signed to the observa- 
tions so it, too, is subject to the taste and judgment of the computer or ob- 
server. Schemes of curve fitting or adjusting that give unicjue results are 
incapable of weighting the observations and of throwing the adjustment 
where it belongs. This has been discussed in two papers by the senior author.’’ 

We adopted as a working principle that, in the range investigated, all 
surfaces such as p, v, T;A,p, T;a, p, T; {da/dT'jp, p, T\ etc.; have no sharp 
ridges nor breaks; accordingly all families of i.sobars and isotherms should be 
smooth curves without sharp bends or cusps. All the curves in a given family 
should show their relationship one to another since they can be considered 
as sections all cut from the same surface, so that each helps to regulate the 
drawing of the others. The^>-i’-r data themselves were adjusted by first draw- 
ing smooth curves through the A vs. isotherms and reading off A from them, 
then by plotting these A against I' with J? constant and smooiliing these 
curves for the final values of A. The specific volumes were calculated from 
these final values of A. The precision of adjusted observations is strength- 
ened by a wide range of temperature and pressure, such as that studied in 
this work. 

The final values shown in the table and curves were smoothed wiili re- 
spect to temperature and pressure, except where they had been derived from 
others that had already been smoothed. The regularity of the points on the 
A and a curves attests to the high precision of the compressibility data and 
gave promise that thermodynamic calculations derived from them should be 
reliable. 

’ W. Edwards Deming, Proc. London Phys. Soc. 42, 97 (1930); Phil. Mag. 11, 146 (1931). 
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I ABLE I. Same physical properties of compressed nitrogen derived 
^^P^'^'i’Mental data, on compressibility . 


6 7 8 

P /dv\ T /dv\ 


28.50 

13.71 

8.840 

6.460 


2f) 31,75 

■0) 15,50 

hi) !0.,13 

iSO 7.4<'>2 


20 35.7.5 

40 17.65 

11.66 
m 8.604 


30.67 

19.72 

13.11 

0.828 


\dp/T V \dTj^ 


cal/mole° 


19.22 

1.053 

1.162 

.50 

36.91 

1.075 

1.347 

1.12 

53.31 

1.075 

1.530 

1.79 

68.66 

1.052 

1.682 

2.46 

83.18 

1.004 

1.806 

3.13 

152.1 

.717 

1.564 

5.17 

227.2 

.514 

1.162 

5.19 

319.2 

.403 

.918 

5.10 

433.0 

.345 

.776 

5.04 

575.5 

.309 

.675 

5.00 

976.2 

.280 

.551 

4.97 

1596 

.250 

.459 

4.93 

2021 

.250 

.408 

4.89 

2545 

.250 

.356 

4.81 

19.48 

1.031 

1.129 

.45 

37.92 

1.048 

1.259 

.93 

55.49 

1.048 

1.381 

1.43 

72.38 

1.030 

1.477 

1.92 

88.75 

1.000 

1.560 

2.41 

168.4 

.775 

1.462 

3.76 

255.1 

,590 

1.158 

3.85 

357.8 

,472 

.937 

3.84 

483.4 

.397 

.799 

3.77 

638.1 

,360 

.699 

3.72 

1063 

.313 

.578 

3.66 

1701 

.286 

.491 

3.61 

2127 

.286 

.449 

3.56 

2645 

.286 

.404 

3.48 

19.70 

1.018 

1.094 

.36 

38.80 

1.025 

1.191 

.75 

57.43 

1.025 

1.266 

1.14 

75.69 

1.008 

1.328 

1.53 

93,70 

,900 

1.377 

1.90 

183.6 

.830 

1.363 

2.95 

281.4 

.653 

1.149 

3.12 

395.5 

,540 

.961 

3.02 

532.4 

,455 

.831 

2.91 

697.6 

.415 

.732 

2.81 

1121 

.353 

.608 

2.72 

1784 

,325 

.526 

2.66 

2205 

.325 

.491 

2.62 

2703 

.320 

.457 

2.53 

19.84 

1.010 

1.068 

.29 

39.38 

1.010 

1.128 

.60 

58.72 

1.005 

1.183 

.92 

77.91 

.993 

1.235 

1.24 

97.05 

.978 

1.265 

1.53 

194.6 

.850 

1.281 

2.34 

301.3 

.696 

1.136 

2.55 
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Table I. (Cont’d.) Some physical properties of compressed nitrogen derived 
from experimental data on compressibility. 


1 

t 

°c 

2 

P 

atm 

3 

V 

cc/g 

4 

p 

g/cc 

5 

/ - 

atm 

6 

p /dv\ 

V \dp/T 

7 

T/dv\ 

XdT/ 

8 

i ACp 

p 

cal /mole® 

9 

P 

7atm 


400 

2.510 

.3984 

424.2 

.590 

.983 

2.48 

-- .005 


500 

2.217 

.4510 

569.2 

.510 

.863 

2.37 

— ,033 


600 

2.032 

.4922 

741.8 

.466 

.765 

2.30 

-.052 


SOQ 

1.798 

.5560 

1194 

.390 

.639 

2.20 

— .071 


1000 

1.650 

.6060 

1834 

,360 

.5S1 

2.13 

- .080 


1100 

1.591 

.6286 

2246 

.360 

.530 

2.08 

— .082 


1200 

1.543 

.6481 

2732 

.350 

.,503 

2.01 

— .084 

20° 

20 

42.74 

.02340 

19.92 

1 .003 

l.OSS 

.25 

.325 


40 

21.33 

.04688 

39.70 

1.001 

1.099 

..50 

.291 


60 

14.23 

.07027 

59.41 

.995 

1.140 

. 75 

.263 


80 

10.70 

.09347 

79.12 

.983 

1.182 

.99 

.236 


100 

8.604 

.1162 

99.06 

.970 

1.199 

1.22 

.211 


200 

4.524 

.2210 

201.0 

.860 

1.223 

2.05 

.114 


300 

3.271 

.3058 

313.1 

.720 

1.117 

2.32 

.043 


400 

2.693 

.3713 

441.5 

.628 

.994 

2 .. 33 

- .002 


500 

2.360 

.4238 

591.8 

.550 

.880 

2.27 

- . 0.51 


600 

2.146 

.4659 

768.9 

.500 

.786 

2.22 

-- .051 


800 

1.880 

.5318 

1226 

.417 

.660 

2.13 

- .071 


1000 

1.717 

.5823 

1861 

.387 

.580 

2.06 

- .080 


1100 

1.654 

.6047 

2265 

.387 

.554 

2.03 

- .082 


1200 

1.601 

.6248 

2737 

.373 

.534 

1.98 

- .083 

o 

O 

20 

47.33 

.02113 

20.01 

.998 

1.037 

.19 

.248 


40 

23.72 

.04217 

40.05 

.992 

1 .070 

.37 

.228 


60 

15.87 

.06301 

60.18 

.984 

1.099 

.54 

. 20'8 


80 

11.97 

.08356 

80,44 

.975 

1.125 

'.71 

. 188 . 


100 

9.639 

.1038 

100.9 

.961 

1.138 

.86 

.159 


200 

5.078 

.1969 

207.5 

.845 

1.151 

1.46 

.094 


300 

3.640 

.2747 

325.4 

.753 

1.092 

1.77 

.038 


400 

2.967 

.3371 

459.7 

.670 

.995 

1.88 

- .001 


500 

2.572 

.3888 

615.4 

.597 

.895 

1.90 

- .003 


600 

2.320 

.4311 

796.4 

.540 

.808 

1.89 

- .050 


800 

2.010 

.4974 

1254 

.456 

.688 

1.83 

-.071 


1000 

1.821 

.5492 

1878 

.423 

. 61 ! 

1.78 

- .080 


1100 

1.748 

.5720 

2268 

.418 

.588 

1.76 

- .081 


1200 

1.688 

.5925 

2719 

.402 

.566 

1.74 

- .083 

o 

o 

o 

20 

54.87 

.01822 

20.08 

.995 

1.023 

,12 

.102 


40 

27.59 

.03624 

40.36 

.987 

1 .041 

.24 

.149 


60 

18.52 

.05400 

60.87 

,975 

1.052 

.35 

.138 


80 

14.00 

.07143 

81.64 

, , .965 

„ 1 .064 

■ '. 46 . 

.126 , 


100 

11.29 

.08856 

102.1 

.953 

1 .078 

.56 

.114 


200 

5.955 

.1679 

213.7 

.881 

1 .078 

1.0! 

.058 


300 

4.243 

.2357 

337.0 

.791 

1 .037 

. 1 . 33 - 

■ .020 


400 

3.421 

.2924 

476.8 

.716 

■ .974 

1.53 

- .010 


500 

2.928 

.3416 

636.3 

.652 

.896 

: 1 . 63 . 

- .035 


600 

2.612 

.3828 

819.2 

.601 

.828 

. 1.67 ' 

-.052 


800 

2.225 

.4494 

1271 

.515 

.720 

■ l .,70 

•~, 072 ^ 


1000 

1.994 

.5014 

1867 

.471 

.649 

1 , 77 . 

-.080 


1100 

1.909 

.5239 

2232 

.463 

■. .623 

1.86 ■ 

-.083 ' 


1200 

1.836 

.5447 

2649 

.445 

..597 

1 .. 9 S 

-.085 


V j 




f 



I 

I" 


4 
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1 ABLE 1. (ContM.) Some physical properties of compressed nitrogen derived 
from experimental data on compressibility. 


1 

t 

2 

p 

atm 

3 

V 

cc/g 

4 , 

p 

g/cc 

5 

/ - 

atm 

-I 

V 

6 

^dp/T 

7 

T /dv\ 

V \dT/ 

8 

ACp 

p 

cal /mole® 

9 

A 

Vatm 

200'" 

20 

69.82 

.01432 

20.15 


.990 

1.008 

.07 

.075 


40 

35.21 

.02840 

40.62 


.980 

1.013 

,14 

.063 


60 

23.68 

.04223 

61.45 


.970 

1.017 

.21 

.053 


80 

17.93 

.05578 

82.63 


.960 

1.017 

.11 

.044 


100 

14.48 

.06905 

104.2 


.950 

1.017 

.33 

.035 


200 

7.637 

.1.309 

218.8 


.895 

1.003 

.59 

.002 


300 

5.389 

.1856 

346.3 


.835 

.970 

.79 

-.022 


400 

4.287 

.2333 

489,0 


.775 

.923 

.94 

-.041 


500 

3.622 

.2761 

649.4 


.720 

.875 

1.05 

-.056 


600 

.3 . 192 

.3133 

829.7 


.675 

.828 

1.15 

-.067 


800 

2.655 

.3767 

1261 


.601 

.748 

1.30 

-.082 


1000 

2.333 

.4286 

1804 


.550 

.672 

1.41 

-.092 


1 100 

2.217 

.4511 

2126 


.537 

.644 

1.46 

- .095 


120i) 

2.1.10 

.4718 

2485 


.516 

.610 

1.51 

-.098 


20 

84 .64 

.oust 

20.18 


.990 

1.003 

.05 

.010 


40 

4.,L7o 

.02342 

40.71 


.980 

1.003 

.09 

.002 


00 

28 . 73 

.03480 

61.62 


.970 

.997 

.14 

-.006 


80 

21.75 

,04597 

82.92 


.960 

.997 

.18 

-.012 


lUO 

17.57 

.05692 

104.6 


.951 

.992 

.22 

-.018 


200 

9.230 

. 1083 

219.6 


.907 

.969 

.39 

-.042 


300 

6.467 

. 1546 

346.7 


.858 

.934 

,53 

-.058 


400 

5 .098 

. 1962 

487.4 


.808 

.894 

.64 

-.071 


500 

4.277 

.2338 ■ 

643.1 


.762 

.860 

.73 

-.077 


OOO 

3.735 

.2678 

815.7 


.722 

.825 

.81 

-.084 


800 

3 .060 

.3268 

1218 


.658 

.751 

.91 

-.096 


1000 

2 .657 

.3764 

1709 


.607 

.694 

.98 

-.103 


iiOf> 

2.509 

.3985 

1994 


.594 

.665 

1.00 

-.105 


1200 

2 .387 

.4190 

2306 


.570 

.642 

1.02 

-.107 

4(10* 

20 

66.30 

.01006 

20.17 


,991 

.976 

.03 

-.043 


40 

50.12 

.01995 

40.69 


.983 

.996 

.07 

-.047 


60 

33.71 

.02967 

61.56 


.975 

.990 

.10 

-.051 


80 

25.50 

.03921 

82.81 


.968 

.983 

.13 

-.055 


ItHi 

20.59 

.04858 

104.4 


.960 

.983 

.16 

-.058 


200 

10.70 

.09289 

218.6 


.915 

.949 

.28 

-.074 


30fi 

7.502 

,13,33 

343.6 


.874 

.916 

.40 

-.082 


400 

5.879 

.1701 

480.6 


.832 

.889 

.45 

-.088 


50t) 

4.912 

..?036 

630.7 


.791 

.855 

.51 

-.094 


f*00 

4.263 

.2346 

795,1 


.755 

.828 

.56 

-.097 


KOO 

3 .456 

.2893 

1172 


,700 

.767 

,63 

-.105 


1000 

2.67t) 

.3360 

1621 


.650 

.714 

.67 

-.110 


1 100 

2 . 798 , 

.3574 

1876 


.635 

.693 

.69 

-.112 


1200 

2.653 

.3770 

2154 , 


.612 

.670 

.70 

-.113 

500® 

20 

114.1 

.008765 

20.16 


.991 

.997 

.02 

-.068 


40 

57 , 50 

.01739 

40.65 


.985 

.990 

.04 

-.072 


60 

.18 , 65 

.02588 

61.47 


.975 

.982 

.06 

-.076 


80 

m ^ 22 

.03422 

82.63 


,969 

.982 

.08 

-.080 


lOfI 

23.57 

.04242 

104.1 


.960 

.974 

.09 

-.082 


200 

1J.27 

.08149 

217.1 


,921 

.943 

.17 

- .093 


300 

8 .52! 

.1174 

339.9 


,885 

.912 

.24 

-.098 
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Table I. Some physical properties oj conipressed nilrogen derived 
from experimental data on compressibility. 


1 

2 

3 

4 

5 

6 

7 

/ Tdv\ 

8 

9 

t 

P 

V 

p 

/ — 

Lit) 

V \dp/T 



P 

OQ 

atm 

cc/g 

g/cc 

atm 


c 


■'/atm 


400 

6.651 

.1504 

473.3 

.847 

..S89 

.29 

...JO! 


500 

5.530 

.1808 

618.2 

.812 

.858 

.34 

-AiU 


600 

4.783 

.2091 

775 ,6 

.780 

.835 

.38 

-.107 


800 

3,848 

.2599 

1131 

.728 

.781 

.44 

-.112 


1000 

3.290 

.3039 

1547 

.682 

.736 

,48 

-.115 


1100 

3.084 

.3242 

1781 

.665 

. 715 

.49 

-.116 


1200 

2.916 

.3429 

2033 

.644 

.698 

.50 

- .116 

600*^ 

20 

128.8 

.007766 

20.15 

.902 

.995 

' .oi'/'" 

-- .083 


40 

64.87 

.01542 

40.60 

.985 

.987 

.03. 

- .087 


60 

43.57 

.02295 

61.36 

.976 

.987 

.04 ■ 

-- .090 


80 

32.93 

.03037 

82.43 

.969 

.978 

.05 

- .093 


too 

26.54 

.03768 

103.9 

.961 

.978 

.06 

- .095 


200 

13.77 

,07264 

215. S 

.926 

.943 

.11 

-.101 


300 

9,528 

.1050 

336.6 

.891 

.917 

.15, 

- . 106 


400 

7.409 

.13.50 

466.9 

.860 

.891 

.19 

- . ! 10 


500 

6.141 

. 1628 

607.4 

.829 

.864 

.23 

-.114 


600 

5.294 

.1889 

758.9 

.8{)() 

.838 

.26 

-.116 


800 

4.234 

.2362 

1097 

.746 

.792 

.31 

-.117 


1000 

3.604 

.2775 

1488 

.707 

. 753 

.33 

-.119 


1100 

3.369 

.2968 

1705 

.691 

.737 

.34 

-.119 


1200 

3.177 

.3148 

1938 

.670 

.720 

.35 

-.119 


In most 2 'determinations, the measurement of v is subject to greater 
error than tho^e of p and T, The A and a curves are large scale deviation 
graphs of residuals of volume and they greatly magnify any error in so it is 
possible to smooth out any irregularities that may be in the original data, and 
put the adjustment where it belongs. A can probably be smoothed to within 
0.005 cc/g; and since (dz/dA)p,y = l/(2^£/J^2"—l), the smoothed specific 
volumes should be accurate to within 0.005 cc/g except in the extrapolated 
region and in the small range where pv<RT. 

After considerable practice in laying a straight edge tangent at various 
points along a curve where the slopes are definitely known, it was found pos- 
sible to estimate the slope at any point within half a percent, in trial after 
trial. It thus seemed that our various families of curves represented the most 
likely course of the p-v-T relations, and that the required derivatives could be 
gotten very accurately by mechanical means. 

The tables published by Bartlett et al. show compressibility factors pp/ 
(pv), at the different pressures and temperatures. The denominator (pv),, is 
the value of pv at S.T.P. In order to find the specific volume of the gas it is 
required to know the volume of Ig at S.T.P. Birge gives 22414.1 cc as the 
volume of a mole of an ideal gas at S.T.P. 

pv/(pv), at 1 atm. is close to 1/1.00046, The gas used by Bartlett con- 
tained 0.9993 nitrogen and 0.0007 inert gas, presumably argon ; the apparent 
molecular weight is therefore taken as 28.025, The volume adopted for 1 
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g at vS.T.P. is accordingly 22414.1/1.00046X28.025 = 799.42 cc, and the 
value of RT at 0° is 22414.1/28.025 = 799.79 cc atm./g. When one of 
Bartlett's compressibility factors is divided by the pressure and multiplied by 
799.42 the result is the volume in cc of 1 g of the gas at the given temper- 
ature and pressure. 

Some of the temperatures listed by Bartlett et al, were not integral; fur- 
ther a calibration of their thermocouple by the Bureau of Standards showed 
that the temperatures published^ as — 25®, —50®, —70® should have been 
— 24.99®, —49.93®, —69.90®. We have made the slight alterations necessary 
to change his data to integral temperatures by a sensitive method of interpo- 
lation*^ 

At pressures below 100 atm. we used a compilation deduced by Dr. Bart- 
lett from all the available data, chiefly from Amagat, the Reichsanstalt, 
and the (Tyogenic laboratory at Leiden, since Bartlett worked at the low 
prcissures only to tie his results with those of previous observers. This com- 
pilation was kindly furnished us by Dr. Bartlett in a private communication, 
t )ur A \-s. p isot.lienns give an easy and reliable means of interpolating to 
e\“en pressures —one has only to read off A at any desired p and calculate v 
therefrom: arcf)niingiy we list results at 20, 40, 60, 80, 100 atm. rather than 
at the odd pressures one gets by converting meters of Hg to atm. 

The A \’s. p isotherms also give a reliable method of extrapolating to higher 
pressure; since the original ten isotherms constitute a family of curves, one 
can not go far wrong in extending them a reasonable distance. This was done 
and values of A were read at 1100 and 1200 atm. The specific volumes cal- 
ciiiated at these pressures are probably not in error by 0.01 cc/g, judging 
from the regularity of the A vs. p isotherms and the values of {dv/dA)p,T in 
this region. In the same way the A vs. T isobars give a means of extrapolating 
to temiieratiires liigher than 400®. Values of A were read from the extended 
isobars at 500 and 600®. In order to estimate the error of the extrapolations, 
the A vs. 1/ iscLars were first plotted only to 300® and were extrapolated to 
4CI0® and the A read at that temperature. Later the observations at 400® were 
phuierl and the smoothed A read. The two sets of specific volumes calculated 
from these t wo sets of A agreed closely, the probable error being 0.17 percent. 

The value of these extrapolations, if they are reliable, must be consider- 
alile. To extend the experiments to 1200 atm. and 600° would entail enormous 
exi)ense and labor. Calculations at 1100 atm. and 500® were included, be- 
fMUse witl'i them, at least, there should not be any risk. All the calculations 
ill the extrapolated region tied on to the others satisfactorily, so it seems 
safe to assume that they were made successfully. ■ 

Tlie final values of the physical properties at the twelve temperatures and 
fourteen pressures are shown in the table, or in the figures. Their preparation 
am! inipli(*at!nns will now be discussed. 

(hilumii 3 sliows the specific volumes, which were calculated from the ad- 
justed \aliies of A through Eq. (1). The densities in column 4 are the recip- 
rocals of the specific volumes. 
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The fugacities in column 5 were computed from the smoothed values 
of a by Lewis and Randall V® graphical method. 

In columns 6 and 7 the pressure and temperature coefficients of volume 
expansion are shown. The reason for listing ip/v) {dv/dp)T and not — (1/y) 
(dv/dp)r is that the former is dimensionless, and this fact facilitates changing 
units. Thus if one wishes to get the pressure coefficients at 100^ for pressures 
in meters Hg, one has only to plot the values in column 6 for the 100 isothei ni 
against p in atmospheres, and then graduate the scale of abscissas in the new 
units of pressure; one can then read '-{p/v) {dv/ dp) r for any number of 
meters Hg. The ordinates need not be changed in any way because they are 
dimensionless. Another advantage is that we can see at a glance how far this 
coefficient departs from unity, which is the value it would have if the gas 
were perfect. (T/v) {dv/dT)p was listed for the same reasons. The pressure 
coefficients of column 6 were adjusted from determinations given by the pv 
vs. p, a vs. p, A vs. p, and A vs. p isotherms through Eqs. (5), (6), (7), (8); 
the temperature coefficients of column 7 w^ere adjusted from determinations 
given by the a vs. T and A vs. T isobars through Eqs. (3) and i^4). I he un- 
smoothed values at any point determined by the different methods nearly 
always agreed closely; when they disagreed more than 1 percent even at the 
highest pressures we went back and reconsidered the curves. Particular care 
was given to the determinations of {T/v) (dv/d7^)p, because this derivative 
enters to the second power in the calculation of Cp — Cv and because it is used 
to get {d'^v/dT^)p, which enters into the calculation of AC^. 

Probably the most important properties that result from these calcula- 
tions are Cp and C. For this reason extreme care was exercised to obtain the 
greatest possible precision for AC^, which is shown in column 8. This depends 
on {dh/dT^)p through the thermodynamic equation 

(dCp/dp)T = - T{dh/dr^)p, (11) 

which when integrated along an isotherm gives 

Cp - Cp' + r - T{dh/dT^)pdp, (12) 

J p, 

Cp is the heat capacity at pressures p\ The — T(dh}/dT‘^)p vs. p isotherms 
are shown in Fig. 2. The area under a given isotherm between any two ab- 
scissas is the change in Cp between those abscissas. The values of ACp ob- 
tained by Eq. (12) from the curves in Fig. 2 were smoothed with respect to 
temperature and pressure before being listed in column (8). 

In drawing the curves of Fig. 2 it was necessary to know something about 
their course in the region 0 <;^<20, since was 1 atm. In an extremely rare- 
fied condition the gas would have some characteristics of a perfect gas. The 
question has been raised by the writers® whether (d^v/dT^)p and (dCp/dp)T~-^'^('^ 
as p—^0, as they would if the heat capacity of the actual gas at very low pres- 

® Lewis and Randall, Thermodynamics, pp. 192 to 195, McGraw-Hill (1923), 

’ Deniing and Miss Shupe, Phys. Rev. 37, 220 (1931). 
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sure behaves. like that of a perfect gas. For the calculations in this paper we 
have assumed that (dCp/dp)T9^0 at p = 0j and for its value we have used, 
wherever it seemed feasible, the one given the Beattie-Bridgeman equa- 
tion of state with constants determined'^ from these same compressibility 
data. In Fig. 2 are shown the graphs of —T{dh/dT^)p vs. p isotherms. The 
points are the averages of determinations made from the a vs. T and A vs. 
T isobars through Eqs. (3), (4), (9), (10). The curves given by Beattie’s for- 
are shown dashed and the^^ are drawn as far as the equation of state 
might be expected to hold, nam,ely, as far as the critical density. At 100, 200, 
300, and 400° the dashed curves seem to be the best curves that could be 
drawn to the points sliown. 

The curves in Fig. 2 for 20, 50, and 100° are not quite flat from 20 to 100 
atni. This is the range of pressure considered by Hoxton^'^ in discussing the 



I'iiO 2. (dCp/dpyr vs. p isotherms. The full lines are drawn to the points determined from, 
the T data. Tliet dashed curves are given by the Beattie-Bridgeman equation of state, and 
are ilniwn as far .as the critical density. Where only the dashed line is shown, the Beattie- 
Ihidgcnian 'values were accepted. To avoid confusion, some of the curves are not drawn at high 
|}re?sures. Idic areo, under a particular curve between any two pressures is the change in heat 
(in cc atm./g deg.) between these two pressures, at that temperature. 

variation, of tlie lieat capacity of oxygen at 26° obtained in the experiments of 
Workman,” Iloxton speaks of a “change in Cp per atmosphere relative to its 
v alue at mie atinosi>here, the temperature being constant and taken as 26°C,” 
and says that Workman found this quantity d^{dCp/dp)T/C/ to be con- 
stant and eciual to 0.00165 parts per atm. This implies that for oxygen the 
fddV/ #)?’ P 26° isotherm is flat. There are reasons to expect Cp for ni- 
trogen and oxygen to be similar in some .ranges of temperature and pressure; 
e.g., their (V x’alues at one atmosphere for various temperatures are some- 
times^- expressed I)y the same formula, and Jakob’s- results for air are very 
similar to ours fcu' nitrogen in some respects (vide infra). Our curves in Fig. 
2 show that 5 for nitrogen should decrease slightly with pressure. Taking 
0.01 7S and 0.01 25 as the average ordinates for the 20° and 50° isotherms from 

1 hKKlrmJda'iu Rev. 36, 1091 (1930) 

« IL I . W orkman, Phys. Rev. 3.6, 1183 (1930). 

- f-h I ). hkistmajp Specific Heats of Gases at High Temperatures, Bureau of Mines Techn. 

Paper 445 (1929), 
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20 .0 100 atm, in Fig. 2, and in.arpolating linearly 

1° adopt values of C/ 

at tHe « 

none 07*686^18 ^xpected'to extend to temperatures much below 20 °. tor 
C ' at the low temperatures we finally accepted Brinkworth’s»'* hree values, 
which are 6.91, 6.92. 7.20 at 10, -78. -183°. A 

points met Partington and Shilling’s^^ formula very well at 30 ^ con- 

structed a curve through Brinkworth’s three points and points calculated 
from Partington and Shilling’s formula above 30°, and from this curve read 
the values for Cp that are listed below. 


o 

i 

o 

-50 

-25 

0 20 

CJ (1 atm.) 6.92 

6.91 

6.91 

6.91 6.91 

fC 100 

200 

300 

400 500 

Cp' 6.94 

6.98 

7.01 

7.05 7.09 

Eastman’s formula would 

not join 

on to 

1 Brinkworth 


torlly. -TiL rwClSLlllCUi » ClllKJ. 4- vv... 

by 0.1 cal/molc’deg. As the temperature increases the disparity widens even 

more, which shows that more precise direct calorimetric measurements of 

Cj at 1 atm. are needed. . , , . 

It is difficult to estimate the accuracy of the AC,,, which are shown in 
column 8. The relation of the curves and points in Fig. 2 suggests that the 
precision of the calculations is greatest at the highest pressures. The cal- 
culated values of Cp agree well with the experimental values of Mackey and 
Krase.« They worked to 700 atm. at 30, 100, 125, 150° and to 800 atm. at 
50°. Their points have been inserted in Fig. 4, so that observed and calcu- 
lated values can be compared at a glance. The dashed curves represent cal- 
culated values obtained by interpolating along Cp vs. T isobars. At 50° the 
agreement is excellent through the entire range of experiment. At 30° the 
calculated values run below the experimental ones above 400 atm., and at 
100, 125, 150° the calculated values lie above the experimental ones through- 
out the entire range. While the discrepancy is probably not greater anywhere 
than the experimental error of the calorimetric measurements, the tiend of 
the calculated curves is definitely away from the experimental points above 
and below the 50° isotherm. An incorrect assumption for Cp at 1 atm. would 
result in a constant distance between an experimental and a calculated iso- 
therm. A constant difference above, say, 100 atm. might mean that the cor- 
responding isotherm in Fig. 2 is incorrectly drawn between 0 and 100 atm. 
But we are at a loss to account for the constantly widening gap between the 
calculated and experimental points at 30° above 350 atm., and for that at 
100, 125, and 150.° The precision of the points in Fig. 2 does not diminish 

J. H. Brinkworth, Proc. Roy. Soc. Alii, 124 (1926). 

« Partington and Shilling, The Specific Heats of Gases, p. 145, D. van Nostrand (1924). 

B. H. Mackey and Norman W. Krase, J. Ind. and Eng. Chem. 22, 1060 (1930). 
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with increasing pressure, and they could hardly be consistently in error by 
so great an amount as to account for the widening gaps. It thus seems im- 
possible that the discrepancy can be laid to the calculations from the p-v-T 

data. 

Witkowski’s curves^^' for air go only to 100 atm., but it is interesting to 
note that the hump that appears in Fig. 3 at the lowest temperatures appears 


Fig. 3. ViirialJoii of Cp for nitrogen with pressure. Mackey and Krase’s 
values o 3(F, c/SO ', 'blOO®, iP125°, 150®. 

in his curves for —100® and lower temperatures; also that the pressure at 
whicli tlie hinn|) appears decreases as the temperature decreases with both 

air and iiitrugeii. 

Comparison with Jakob’s*' calculations of Cp for air show agreement within 
a few f)ercent at IflO ami 200® through 200 atm., and within a few percent 

at “50® and 50 atm. 

- c, = “ T{d^/dT)py{dv/dp)T, (13) 

Since the deri\ ritives used in Eq. (13) have already been evaluated, Cp-C„ 
can he calculitted at each pressure and temperature. The results are shown 
in I'iij:. 4. In view of the precision claimed for the first derivatives, the error 
in shoukl not exceed 0.3 percent, which is about as close as the graph 

can be read. It will he noticed that these curves all run toward the ordinate 

“ Witkovvski, I’hil. Maj;. 42, 1 (1896). These curves are shown in Partington and Shilling’s 

book, p. 1 54. 
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Pressure, Afmoi 


Fig. 4. The variation of Cj,— C« for nitrogen with pressure at various ternperatures, 

coincides with his for 100 kg/cm^ throughout his entire range of teriiperature. 
Our Cp— values were smoothed with respect to temperature and pressure. 

The values of Cp — Cv from wdiich Fig. 4 was plotted were subtracted frcmi 
the values of Cp in Fig. 3 to get the Cv graphed in Fig. 5. It will be seen that 


Tempersfure^ ‘’C. 


Fig. S. Variation of C, for nitrogen with temperature at constant pres- 
sure. The numbers on the isobars denote atmospheres. 

at 20 atm falls from S.IS cal/mole deg (2.59 R) at 600° to 2.50 R at 1 00°, 
and it sta 3 :^s there as the temperature is lowered to - 70°. An increase in pres- 
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sure lowers C,, at -70° until 100 atm. is reached; at 200 atm. and higher, Cv 
rises as the teinj)erature falls below 20°, and the rise is steeper the higher the 
pressure. Abox'e 400° it is evident that Cv is approaching the same value for 
all pressures; at 600° Cv is about 5.18 cal/mole-deg or 2.61 from 20 to 1200 
atm., Jakob s calculated values of Cv for air, when plotted, show the same 
behavior at ,Iow temperatures for his entire pressure range, which included 
200 kg/ cni^'. His 200 kg/cm^ isobar would fall off faster than his 100 kg/cm^, 
instead of rising like the 200 atm. isobar in Fig. S; but 200 kg/cm^ is at the 
end of his pressure range and he lays no claim for accuracy there, so it can 
only be conjectured how Cv for air compares with Cv for nitrogen above 100 
atm. Various explanations of this behavior in Fig. 5 have been considered, 
but they will not l)e discussed here because we prefer to present results only. 

'Fhe Joule- Fhoinson coefficient can be calculated from the equation 

gCp = T(dv/dT), - (14) 

by using the values already found Jor Cp and (dv/dT)p, They are listed in 
coliimn 9. The iiu'ersion temperatures for the various pressures are where 



Pressure. Atmospheres 


log. (i. inversion curve for nitrogen. The points were read from the vs. T isobars and, 
the ja vs. L isotherms, fi denotes Joule-Thomson coefficient ii — {dTldp)H> x denotes Roebuck’s 

inversion points for air. 

the n vs. T isobars cross the ordinate ju = 0, and the inversion pressures for 
the various temperatures are where the ja vs. p isotherms cross the ordinate 
M = 0. The inversion curve, Fig. 6, is plotted from the inversion points so 
obtained. There are no existing data on the Joule-Thomson coefficient for 
nitrogen, so a compari.son \vith observed values is not yet possible. Roebuck’s^’' 
values for air give the inversion points marked a: on Fig. 6. 

Roebiicit, Proc. Acad. Arts Sci. 60 , 535 (1925); 64,314(1930) International Cri- 

tical Tables 5, 144, first edition. 
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° <.0 ctpn toward the determi- 

n the results derived in the ^ ’"’"r ' 

nation of the heat capacity and othei p The calculations ni this 

tance of compressibility ^ata mu § Compressibility data 

paper were made by two people m nme properties will be 

L a number of gases are ‘^«;;; ^Ld w^Vappear in subsequent papers. The 
determined as rapidly as possibl result in greater piecision. 

method will doubtless undergo changes^ h^^^^ p, gart ett 

This work was enjoyed the encouragement and willing 
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u ifi 1931- Some results on Cp for nitrogen 
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to be read by E. J- W-kman at^the New ^ , 

Physical Society on Februa.ry , - gn tally obtained results. W otk- 
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man has obtained Cp'.Cp at 30, 6 ^ following compari- 

from the original tracing of pjgLing and Miss Shupe. 6.916 and 

son. TF denotes Workman ^5"^^ ' ar26° and 60“. 
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LETTERS TO THE EDITOR 

Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding month; 
for the second issue, the thirteenth of the month. The Board of Editors does not 
hold itself responsible for the opinions expressed by the correspondents. 

The Thermodynamic Treatment of Chemical Equilibria in Systems Composed of Real 
Gases. II. A Relation for the Heat of Reaction Applied to the Ammonia Synthesis Reaction. 

The Energy and Entropy Constants of Ammonia. A Correction. 

Ill a uaiHT }ia\ log ihe above title, published No changes are necessary in part I, Phys. 
the Physical Kci ii^w 36, 1008 (19.10) the Rev. 36, 743 (1930), or part III, Jour. Am. 

'V\H\ 1 - IV I'tilues of several thermodynamic quantities for one mole of hydrogen, nitrogen 
and ammonia at (f'C and 1 atmosphere; and the increase A of these quantities when one 
ammonia is formed from its elements all reactants and products being at 0 and 1 atmosphere. 
I 'n its : 15' amlorivs, 'degrees Centigrade, moles. 


r 

II 

S 

Fvt 

IVT 

P 


Hydrogen 

i) 

543.0 

0 

0 

543.0 

542.96 


Nitrogen 


Ammonia 


0 

542.4 

0 

0 

542.4 

542.39 


-10078.0 

-9542.9 

-23.0538 

-3781.3 

-3246.2 

535.14 


-10078 

-10628.5 

-23.054 

-3781 

-4332 

-550.50 


1 } uinerica! val oe gii'eii for the quantity MpiSaF) 
lias been ftaiiul incorrect. .Eq. (13) should 
read : 22.9850, The entropy con- 

stant dvuib for ammonia appearing in Table 
in slioult-l be -“22.9809. This requires Sev- 
ern corrections in Ta!;de IV , which when re- 
vise<J is as follows. 


Chem. Soc. 52, 4239 (1930). of the series of 
three papers. 

L. J. Gillespie 
J. A. Beattie 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 

February 10, 1931. 


Reflection of High Velocity Electrons from Solid Surfaces 

which the electrons emerge, 02 , then experi- 
mentally all electrons, due to an originally 
homogeneous beam, emitted between these 
two cones are collected in a field-free space. 
The ratio of this number to the total number 
incident on the surface will be called p'. A 
small correction (less than 2 percent) may be 
made to p' for the electrons which come back 
between 02 and 0“. The corrected value, p, is 
then plotted as a function of 0. The following 
elements have been tested: Pb, Sn, Cu, Al, 
C, Be. The curve showing the variation of p 
with angle, for the heavier elements and volt- 
ages above 100,000, agrees wdth the curve 
po sin 2^ to within 1 percent, where po is the 

1 W. Bothe, Zeits. f. Physik 54, 161 (1929). 


Ifijilie* has deprived an expression for the 
angular distribulino of electrons which are 
} raiisnni tedi by luatier and which have pene- 
Iraied siitricieut tliickne^iS to become com- 
pleiely dil!'mL‘d, and linds fair agreement with 
experimeru al work done with d-particles. It 
bci'omes o! i’Ui'rest" tu know the angular dis- 
t ribui if III ot elej’t rons emit ted backwards from 
solid surfaces, since it is possible that the two 
distributions are similar. This question, to- 
gether with the determination of absolute 
\alueH of reflection, was simlied during an in- 
\ esiigat ion <in scat leriug of high velocity elec- 

i runs bv t bin foils. 

If we call the half-angle of the solid cone 
about the mirmal to the surface, Oi, and the 
half-angle subiemled by the opening through 
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value of p at 0=90°. The intensity at any 
angle is therefore given by the simple cosine 
law. Small deviations from this law are found 
for the lighter elements such as C and Be, es- 
pecially at voltages below 70,000. More in- 
vestigations are being conducted. Bothe’s ex- 
pression for the angular distribution of trans- 
mitted electrons which are completely dif- 
fused, deviates from the distribution found 
experimentally for electrons emitted in a back- 
ward direction, by about 5 percent at 0=45°, 
both curves coinciding at 0° and 90°. 

For beryllium po, or the “rediffusion con- 
stant” of Webster,® is found to be 0.0291 for 
70,000 volt electrons and decreases to 0,0248 
at 130,000 volts, instead of being 0.043 which 


he deduces. These values include all electrons 
emitted. In the case of beryllium, only 2 per- 
cent of the emitted electrons have energies be- 
low 2,000 volts. 

A decrease in p is found for all the lighter 
elements with increase of voltage. In the 
range between 45,000 and 130,000 volts, this 
decrease amounts to 7 percent in the case of 
aluminum, becomes 0.6 percent for tin and 
less than 0.1 percent for lead. 

H. Victor Neher 

Department of Physics, 

California Institute of Technology, 
February 7, 1931. 

® D. L. Webster, Phys. Rev. 37, 119 (1931). 


The Extrapolation of Atomic Structure Factor Curves 


In a recenP note under the above title, D. 
K. Froman has derived an extrapolation for- 
mula for atomic structure factors on the basis 
of “electron distributions indicated by the 
wave equation.” Although it is certainly true 
that quantum mechanics can be taken as the 
basis for deriving such formulas, it is of inter- 
est to note that Froman’s result can be ob- 
tained without any appeal to a specific theory 
of the electron distribution causing the atomic 
structure factor. We have in mind simply the 
fact that repeated integrations-by-parts of 
Froman’s Eq. (2) which defines the structure 
factor of the order gives us at once the 
result that: 

_ /D\^ /2sm0V®* 

\ ) 

^ D. K, Froman, Phys. Rev. 36, 1339 
(1930). 


where: 


akn — 


{2Tr)2k 




rmm'Q/2 


the notation being that used by Froman. 

The first equation is clearly identical wdth 
Froman’s Eq. (8), and his Eq. (12) can be de- 
rived similarly. It is thus seen that Froman’s 
extrapolation formula is the general conse- 
quence of the definition of the structure fac- 
tor, being in fact, the asymptotic expansion 
for Fny and is independent of any wave-me- 
chanical interpretation of the electron distri- 
bution. 

Morris Muskat 


Gulf Research Laboratory, 
Pittsburgh, Pennsylvania 
February 17, 1931. 

Nuclear Spin of Aluminum 


The recent letter by J. H. Bartlett, Jr. on 
nuclear spin has been read with a great deal 
of interest, and in view of the importance of 
the subject the writers would like to point out 
an apparent discrepancy. After a careful sur- 
vey of the work done on the hyperfine struc- 
ture of the lines of various elements, the writ- 
ers had reached the same general conclusions 
as Bartlett. It was disconcerting, however, to 
find that Janicki (Ann. 29, 833, (1909)) and 
Wali-Mohammed (Astrophys. J. 39, 185, 
(1914)) . had both photographed the AI lines 
3944A and 3961A using Lummer-Gehrcke 
plates and found them “very sharp and sim- 
ple.” 

Recently, while studying different light 
sources for the purpose of finding the most 


suitable source for use in analyzing the hyper- 
fine structure nitrogen lines, occasion pre- 
sented itself for photographing the following 
Al lines in a Schuler hollow cathode discharge 
cooled by liquid air. 

A Fabry- Perot interferometer, with fixed 
etalons, was used in conjunction wdth a Zeiss 
triple prism spectrograph for analyzing the 
lines. Several exposures, made under different 
conditions and with different etalons, were 
made on each line. Mirrors having a reflection 
coefficient of 90 percent or greater w^ere used, 
so that the resolving power of the interferom- 
eter was about 10®. Under these conditions 
all four AI lines were found to be sharp and 
lacking in structure. 

Typical microphotometer curves of these 
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lines are shown in Fig. 1. From a careful 
study of all the curves obtained from various 
Al lines, and from the lines of various other 
elements in, which structure is clearly present, 
it is estimated tliat if these Al lines have struc- 
ture the average separation is not greater than 
0.C)06A. 


(Naturwiss. 17, 673 (1929)) assume, the elec- 
tron in the nucleus loses its power to deter- 
mine what the statistics of the nucleus shall 
be, then the 27 protons determine the nuclear 
moment and an odd number of (1/2) • {h/lw) 
units would be expected. If the electron does 
not lose this power, the nuclear moment would 


Fig. 1. Microphotometer curves of interferometer patterns. 

(a) Al I X3961. (b) Al II X4663. 

As is shown in Table I, the lines 3944A and be determined by the 27 protons plus 14 elec- 

3961 A const itute the first member of the sharp trons, and one would still expect an odd num- 

series of Ai 1 and result from an electron tran- her of (1/2) • {hflir) units for the nuclear spin, 

sitioii s to p. According to other hyperfine But the available data indicate that this mo- 

stnicture data (White, Phys. Rev. 35, 1146 ment is zero. 

(1930) ei uL) such a transition should give Recent data on the value of the nuclear 
wide hyperfine structure separations. The line moment for nitrogen still leave some doubt 

T.\ble r. Aluminum arc and spark lines which show no hyperfine structure. 


as to what the real value is. Al and N may, 
then, be considered as disturbing exceptions 
to present theories of nuclear structure. 

We are indebted to Mr. A. Rosenblum for 
preparing the micro photometer curves used in 
this analysis. 

R. C. Gibbs 
P. G. Kruger 

Physical Laboratory, 

Cornell University, 

February 21, 1931. 


4 663 A results from a p to d electron transition 
and although this would probably not show as 
wide a hyperfme structure as the s to p tran- 
sition, it should be observable if the nuclear 
moment of Al was different from zero. 

Since Aston (Phil. Mag. 49, 934 (1923)) re- 
ports Af to have only one isotope at 27, the 
present data indicrate that AI in no way fits 
any of the proposed schemes of the building- 
up process in the nucleus or the theories of nu- 
clear moments. For, if as Heitler andHerzberg 



X 

Classification 

Total line width 

Al I 

3^44.025 

Sp^Ri —4s“S.} 

0.032A 

AI I 

3%1.537 

3p^Pii-4s^Si 

0.029 A 

Ai 1 1 

4226.812 

3sUV3-3s9fFi 

0.034A 

Ai II 

4663.054 

3s3dWi-3sip'Pi 

0.037A 
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What Requirements must the 

In a recent paper with the above title, G. 
contends that the proper solutions of 
the wave equation must be everywhere finite 
and continuous, and that the condition of 
quadratic integrability is not enough. In sup- 
port of the latter point he shows that a solu- 
tion for the angle part of the wave function of 
the central field problem for the case w=0, 
may be obtained for non-integral values of 1 : 
this solution is quadratically integrable but 
has a logarithmic singularity. Since this would 
result in a continuum of spectroscopic terms 
quite unknown in experiment, Jaffe concludes 
that the condition of finiteness and continuity 
is required. 

The authors are presenting a paper in which 
this question is of central importance and 
therefore find it advisable to point out that 
Jaffa’s conclusion is not at all necessary and 
in fact is surely too stringent for many prob- 
lems in atomic structure. 

The reason a solution such as that men- 
tioned by Jaffe is possible, is that when the 
wave equation is expressed in polar coordi- 
nates some of the coefficients have singulari- 
ties not brought in by the potential energy. If 
the equation is written in Cartesian coordi- 
nates there are no singularities except those of 
the potential energy function. We see then 
that the singularities are introduced into the 
equation by the transformation from Car- 
tesian to polar coordinates. This is substanti- 
ated by the fact that at the singular points in 
question the Jacobian of the transformation 
from Cartesian to polar coordinates vanishes, 
showing that the transformation at these 
points is not legitimate. 

Of all possible coordinate systems the Car- 
tesian is to be preferred in the wave equation 
because of its simplicity, homogeneity (volume 
element constant), and isotropy (line element 
diagonal with constant coefficients). From 
the form of the equation we are led to expect 
that a proper wave function should have no 
singularities except at those of the potential 
function. Hence in the case of the hydrogen 
problem a quadratically integrable singularity 
is permissible at the origin, but not elsewhere. 

Without giving up the condition of quad- 
ratic integrability as being sufficient restric- 
tion on the wave function, one can rule out 
Jafte’s example for the following reason: The 
wave equation is not the best starting point 
for the theory. The fundamental thing is the 
integral 


SchrSdmger ^/'-Function Satisfy? 

where T(q, p) is the classical exprcssior^ ff?r 
kinetic energy in terms of coordniafes aial 
momenta and V is the poient iaJ energy. 

The function 4'’ is determined f>y the c(m- 
dition that J be a minimum. Its iiiiniinal 
values are the energy levels. The Fuler equa- 
tion corresponding to this variational integral 
is the wave equation. However, sat isfyiiig { ht* 
wave equation is necessary but not sufiKaent 
to make this integral a minimuiu.'- i-'roni tlte 
wave equation we can obtaiti the in- 

tegral form whicli in (artesian 
coordinates can be shown to be t he equi\',al(mf 
of J. This comes from the fart that the rani- 
dition of quadratic integrability issutlicienl to 
insure the vanishing of the surface integral by 
which J differs from J^flydr. In polar co- 
ordinates the two need not be e(|ual vhcTi 
singularities arise at the boundaries. 

In the case which Jaffe mentions., if I Is not 
an integer, not only is J not a mininiiim but 
it is infi.nite and therefore the solutions for this 
case can have no physical significance. 

In general if the wave function has a singu- 
larity the energy integral will be infinite except 
possibly if the potential function has a singu- 
larity in the same place. The ultimate cri- 
terion then for an acceptable wave fuiiclion is 
that J be finite (and a minimum). As a rough 
working rule we may demand of ihe fumulnn 
that it be integrable in the square and that it 
be finite and continuous wherever Uie poten- 
tial energy is finite. If we introduce singulari- 
ties (physically non-existent) in the pf)t('ntial 
energy we must be prepared to j)tit up with 
singularities in the wave funetdoin at those 
points. When, in tlie future, we get a deep 
enough insight into the nature of the piiysical 
problems so that we can replace the singular 
values of the potential energy by their true 
finite values, the singularities of the wa,ve func- 
tions will also be removed. Hut until then we 
must be content with results which dilfer from 
the facts to the same degree as do the assunq>- 
tions from which we start. 

R. I\I. L.\n'gkk 
N, Rcjskn 

Massachusetts Institute of Technology, 

. February 23, 1931. 

^ Jafife, Zeits. f. Physik 66, 770 (ld3l). 

2 Courant-Hilbert, Isleihoden der Math. 
Phys. I, p. 165. 
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Magnetic Phenomena, Samuel Robinson ' Williams. Pp. xxii+230. 150 figures. Me- 
(d'uw-llill. Xew \'ork, 1931. Price $3.00. 

Proiessor \\ illiarns has been deeply interested in magnetic phenomena for many years and 
has a!ri‘a<K' rontribuied much to their study, both personally and by stimulating others to in- 
clep(*rHle!ii research, llis attempt in the present monograph to enlist additional recruits for the 
afsach upon magnetic strongholds is therefore of especial interest. He has decided that the 
college umlergraduate shouitl be approached and now offers him a text-book of an unusual kind 
in which almost undue emphasis is laid upon the unfinished and provisional character of much 
t he a\‘ailabie iniormai ion. i lis choice of audience naturally limits him somewhat both in the 
total ronuait of Ids br.ok and in the mode of presentation. He has cut down the mathematics 
repijired ot t he reader to such an extent that he often loses desirable rigor and even, in several 
jdact.'s, lalX into {•■oid using errors. It would have been much better, in the opinion of this re- 
sic'wer, expet't a good working knowledge of the calculus in all cases. 

1 ndrr ojh; or oi her ol the chapter headings ‘^magneto-magnetics, magneto-mechanics, 
magneio-acoustic's, magnet melectrics, magneto-thermics, magneto-optics, cosmical magnetism, 
magnet a* i lu‘ta-it.*s and exptu’iiiiental facts’’ will be found some account, however brief, of almost 
es-erything knnwn abfujt magnetism. The topics selected for most detailed comment are, as 
\ hey siioultl be, t hose w it It which the author is personally most familiar. The bibliography, es- 
pecial!) in these -elected parts, is unusually rich in the earlier references. In other places the 
ireatmeuf is nait'h moia; sketchy, and some omissions from the index (e.g. crystal!), make it 
hard discover how miH'h of the most recent work has been covered. Some of the omissions 
are surprizing. 1'he most careful search, after a critical reading of the entire text, fails to dis- 
pose any referenc^^ to the great electromagnet at Bellevue or to the magneto-caloric effect and 
relat.efi plienomtiia. Hie fMcstponement of rnagneto-crystallic effects to some future treatise 

seems most unfortunate. 

I'he I’jublisherks pari of the work is well done, unless the rather numerous misprints in the 
text tuHl distigremiimi} s in leftering between figures and text are attributable to his staff. 

lilt* rtnicAver lias fried to convey the mixture of pleasure and disappointment which affec- 
ted hint during ids re\ iew. A reader to whom more of the phenomena are wholly new would 
deri\’e a larger proportion of pleasure and, perhaps, be incited to straighten things out 
for himself, 'Hus, of r.oiirse, is just what the author wishes. 

L. W. McKeehan 

Gmeiin^s Haiidbiich der Anorganischen Chemie. 8 Auflage; herausgegeben von der Deut- 
scheft CliendsiTim < kisellschaft; Sysicrii Mummer 59. Eisen; Teil A, Lieferung 3; Pp. 313-586, 
Wring Chemit' t b lu. b. H. Iku'lin, 1930, price RM 40 (subscription price RM 32). 

The alirne vrdiime is of a more technical character than most of the other of Gmelin^s 
I laudl)CHiks; a complete literature review with bibliography on the passivity of pure and techni- 
cal iron lurifieri by Dr, E. I/iebreich). its chemical behavior and its corrosion (by Dr. M. 
kudulplg I )r. ,\. Kisner and 1 )r. A. Kolowski) and its metallurgy (Prof. R. Durrer, Dr* H. Lueb 
and I b'. M . W. Xeiifeid) are given. The material has been collected in a non-critical way, thus 
gi\ lug flic liook a coftipilatory character as in the other issues of the .same edition. It seems to 
fisc* ri*\ iitwer t hat with the fu'e prexious x^olumes the present one comprises the most complete 
ritoKograpi! ue have at preseni on the physical, chemical and metallurgical properties of iron 
and it forms a wxirthy addition to the Gmelln .series. 

I. M. Kolthoff 


The Quantum Theory. Eunz Keiche. Translated by H. S. Hatfield and Henry L. Brose. 
!‘p. \iiii' 218. Figs, 15* K. F. Dutton and. Company, Inc,, New York, 1931. Price, $2.10. 

The first ihiglish edition of this hook, dated 1922, was a translation of the German original 
the pre!.i('e of ’Alik'h fjears the date October 1920. To the present edition the translators have 
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contributed a chapter of twenty-four pages which together with nine pages of notes and refer- 
ences covers developments since 1920. The result is that nine of the ten clmpters arc written 
from the point of view of ten or more years ago, while the tenth, co\tjring developments since 
that date, must, because of its brevity, devote to any important topic an amount of space ‘dess 
than e” in the sense in which mathematicians often use that phrase. What conslitufed a (dear 
exposition in the light of the day when it was written will, in many instances, prove misleadiirg 
for the student of today, while the last chapter will surely be almost uiiintelHglble to one wliose 
knowledge of the subject is based upon reading the first nine. 

■ A. Ellett 

Photoelectric Cells and Their Applications. A discussion at a joint meeting of tlie Physi- 
cal and Optical Societies (of London), June 4 and 5, 1930. Editor, Johh S. Anivkk.s{^n'. Ihib- 
lished by the Physical and Optical Societies, London, 1930. Price, 12 s 6 d. 

Physicists and engineers in general will welcome a condensed account of some of t he recent 
developments in the technique of manufacturing and using photoelectric cells. The {^resent 
volume is a compilation of 31 papers on this subject presented at the London symposium, and 
includes a report of the interesting and lively discussion which followed. While such a ]>ook may 
lack the unity and completeness of a treatise by an individual author, it has the advantage of 
allowing the presentation of many specialized problems by those most familiar with them, and 
of bringing out many different, and sometimes conflicting, points of view. 

Following an opening paper by H. S. Allen on the early history of photoelectric cells, there 
is a paper by N. R. Campbell discussing Fowler’s recent wave-mechanical theory of the selec- 
tive photoelectric effect. There are then seven papers dealing with the manufacture, character- 
istics, and uses of various types of modern cells. The papers by P. Selenyi on the sodium cell, 
by L. J. Davies and H. R. Ruff on the thin-film caesium cell, and by T. W. Case on the barium 
ceil are of especial interest, since they give considerable data on the characteristics of these cells. 
The five papers on the technique of measuring and amplifying photoelectric currents will be of 
particular value to those interested in photoelectric sound reproduction. A number of problems 
connected with the distortionless amplification of rapidly varying photo-currents are discussed 
in detail. Many physicists will be disappointed to find no discussion of the methods of am- 
plifying unvarying currents. 

We find next a series of ten papers covering the fields of photoelectric photometry , micro- 
photometry, and spectrophotometry. K. S. Gibson contributes a particularly comprehensive 
review of modern methods in spectrophotometry, with an excellent critical survey of the ad- 
vantages and limitations of photoelectric cells in this field. Finally, there are two papers on 
biological applications and four on selenium cells. In one of the latter H, Thirring presents con- 
siderable data to support the contention that the ^Trequency response” of well-designed se- 
lenium cells is sufficiently good, contrary to common belief, to make them superior to gas-filled 
alkali metal cells for sound reproduction. In the discussion reported at the end of the volume 
one finds a heated argument over this point, with the selenium cell adherents somewhat out- 
numbered, but not outdone. 

On the whole the volume contains a surprising amount of useful information. It has been 
carefully edited and printed, though one feels that it is of sufficient worth to have merited a 
better binding. 

■ L. A. DuBridge 

The New Physics. Third English edition. Arthur Haas. Pp. 172, figs. 7. E. P. Dutton 
and Co., New York, 1930. Price $2.15. 

This small volume contains seven lectures, in which the author endeavors to “describe the 
picture of Nature revealed by modern physics in the most intelligible manner possible, and with- 
out the use of any mathematical formulae”. The subjects treated are the electromagnetic 
theory of light, molecular statistics, electron theory, quantum theory, the theory of the chemi- 
cal elements, relativity and gravitation, and quantum mechanics. The lecture last mentioned 
appears for the first time in this edition. Several others have been revised. 
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undeltnSr T^profSolarphysto'S^^^ layman will be able to read the book with 
cursory scanning of its p™ more than a 

H.H. Marvin 

N'cw“m“";l si "...v, Pp, .2,, ,s. D. V.P No..™., Co,. 

b, Sf' ““ 

The exportinenl s are described in the briefe-st ®®'®‘'al fields of physics all are well represented, 
not calcula.ed lea.l i e 1 £ st den Svon^fh ’ 

form forobservatiomsand re.sidts is glef b ^ tabular 

file e.xcei)tion of the electrical wiring diagrams The ,e ’ ^tawn, with 

of stwlcnts who have not hjui physics in the high school""'' 

H. H. Marvin 

PP- 756, figs. 6S7. Masson and Cie, Paris, 1931. Price, 

.,f tip ,.. I or,, ,1,0 „fa, „„ .loctro„ap„S“1„ !2 

cspeually l om ilctt. n p.i,iK.u!ar, experimental technique is not overlooked Part six on 
.spectroscopy, is merely a descriptive resume using the language of the Bohr-Smirfeld 
heoi j,. I he lie.ifinent is ciirned no farther than in the early editions of Sommerfeld’s “Atom- 

.It! n, and the oplits of nioymg media, .^s an advanced text, dated 1931, it is disapoointins 

i" ifpr„7,ta 

J. Valasek 

ists HiSff '■^.^““'^tative Effort by a Group of Physical Chem- 

ists I.di ed bj Hi.wi .S. T, Yi.OR. .Second edition, 1931. D. Van Nostrand Company Inc 

dices-? 'll- .. m +*^2+48 pp. (indices) ; Vol. II, XII-t-86S4-48 pp. (in- 

fliies.i. I nc e $15.00 (mil said separately). v 

_ I he scope and authority of this outstanding cooperative work on physical chemistry are 

S -rl' r '’l"t ‘ n ‘r ” ‘■’'•■‘S’'" ‘‘"K® I, The Atomic Concept of Matter, Lgh 

r ill's I ■ \ r 1 f Kinetic Theory of 

..iM's and Liquids, K h. 1 cr.feld and Hugh M. Smallwood; IV, Imperfect Gases and the 

i.iqmd . fate, K. h Iler/feh! .ind Hugh M. Smallwood; V, The Solid State of Aggregation 
KobiT N , 1 CISC ; \ 1 1 hermochemisfry, A. L. Marshall; VII, The Laws of Dilute Sofutfons, ]'. 

hnr r 'l rri v , '"""f Hquilihria. Graham Edgar; IX, Heterogeneous Equilibrium, 
•Vrtliur L. Hil ; X,_lhe -Measurement of Electrical Energy, G. A. Hulett; XI, Conductance, 
nni.at,<m and Ionic Lqmlibria, J. K. Partington; XII, The Electrochemistry of Solutions 
Herbert h. l larned; XHI_, I- lecfrometric Methods in Analytical Chemistry, N. Howell Furman! 
Al\, Reaction \eh>city m Homogeneous Systems, Francis Owen Rice; XV. Reaction Velocity 

if mf’ rf?'; f- XVI, Quantum Theory and Atomic Structure, 

. aiti Dushni.in ; M il, 1 he I hird I.aw of Thermodynamics and the Calculation of Chemical 
onsbmts, \\orih H. Kodebush; and in part by T. Jefferson Webb; XVIII, Photochemistry, 

, ."f ‘ X ^ ^ . Infrared Radiation in Chemical Processes, H. Austin Taylor; XX, Col- 

loids, Elmer O. Kraemer; XXf, Radioactivity. S. C. Lind, 

Since the iwblication of the first edition in 1924 important advances have been made in 
mn.st of the fields covered by the treatise. This has necessitated the more or less thorough re- 
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vision of chapters VI. XI, XII, XIII, XIV, XV, XVII. XVIII, XIX, and XXI. The important 

chapters II, IV, XVI, and XX have been written anew, three of them by authors other than 
those of the former edition. The remaining chapters, reprinted practically unchanged from the 

nrst edition,^ deal with topics in which little advance has been made in recent years, with one 
exception, discussed below. 

In chapters III and IV, 175 pages, an admirable treatment of the kinetic theory of gases 
and liquids has been presented by Herzfeld and Smallwood. Dushman has given in the 277 
pages of chapter _XVI a well-balanced introduction to quantum theory and atomic structure 
which in my opinion has no rival for the purpose for which it was intended, to provide the stu- 
dent in physical chemistry, who usually has a none too extensive preparatory training in mathe- 
matics and theoretical physics, with a working knowledge of the fundamental facts of this field 
; developments m quantum mechanics have not been grafted onto the article written 

m 1924; instead they have been thoroughly incorporated in the chapter, which has been com- 
p etely rewritten from the new point of view provided by them. 

whom Of mathematical methods adapted to the capacity of the readers for 
w horn the treatise is primarily intended, physical chemists and students of physical chemistry 

LlV" the others is not always evident. In cLpter XVnIhe 

d^cXldTnT™s1a'‘h application to entropy calculations makes 
PoTm ^ f ^ strikingly shown in the treatment of the Bose-Einstein and 

Zt tf tht he realized is-” A modern treat- 
chan cs corbem t discussion of statistica me- 

colIoS" tho^ogh, and up-to-date discussion of 

of a fonTchlpletralomk struS^ tocognized in the inclusion 

in which great advances have been marfi ' ^ ^ important held of the structure of solids, 

reprinted practcally without change fronUhTlwI edkion in a chapter of 30 pages, 

many incorrect as correct statement! Th .!r!i edition, and ,11 which there are almost as 
simple cubic lattice and tocaeshim cM ‘h® ®°dium chloride arrangement is attributed a 

hexagonal closS;Ld k t'H lattice. The fundamental cell of the 

base. The very sLoie zinc an equilateral triangle as its 

The carbon rings in naphthalene and anthra^"^ described as “difficult to visualize or to draw. ” 
a figure, is devoted to a description of staggered. Half a page, including 

correct structure was discovered in 1924 structure, although the 

lenetetraminehad been determined before 1924^nd the structure of hexamethy- 

urea, and others since then the di<!riiQcmn f • ^ ^ hexamethylbenzene, nonacosane, 

incorrect work on naphthalene and aX^^^^^ 

acid. anthracene and Astbury’s inconclusive study of tartaric 

««. t ptS"biu'S“ “<• "■»- 

is not calculated to provide mu“h Sf. " ^ discussion 

that the molecule Hl"rnot ionk bu! ° 

and more extensive treatment of band soertr^ exist between the tw'o nuclei.” A unified 

edition, change it from a valuable to a more percent in length over the first 

and student of physical chemistry Selected cLTte^ "■®f®’;ence book for the physical chemist 
courses in physical chemistry; in any case the as texts for 

elementary and condensed texts customaril ‘ f admirably supplement the more 
dicating the lines of work in which research h ‘'f research viewpoint and in- 
find the treatise useful when he becomes involve/' should 

oecomes involved in work bordering on physical chemistry. 

Linus Pauling 
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THEORY OF HYPERFINE STRUCTURE SEPARATIONS* 

By S. Goudsmit 

Department of Phvsics, University of Michigan 

(Received February 4, 1931) 

Abstract 

c,mirIltatcre!eclron separations of the levels of 

expcrhnontal data arc H S 

un.kmbiedly n.eans that our present kMu e l! theore ical calculations. This 

Hcoinplce. The expressions il SartS^^^^^^^ " 

the invariance of energy sums. ^ well-known method of 

1. Description of Method 
'"teraction energy of a nuclear magnetic moment 
by Fern/o clLS “ea,t 

present bed, „,„.plele groups 'the, formulae are3J kn“ rfora's^edl! 

Iwted 1 his piper is a first attempt to treat the general case of the interac- 
tion of several electrons witii the nuclear magnetic moment. 

I he method followed in this paper is very analogous to the one used to 
derive expressions for niultiplet separations.« It therefore is the well-known 
vX- ^ sums, which originally goes back to work of Pauli^ and 

, found its^ representation in modern quantum mechanics in an imoor 

esDcVhllv d f 'iT'"’'* procedure, as it shws 

e.spcual!> cJtarly the restrictions of the validity of the results to be obtained. 

* file problem studied in this paper was started, in the sorine- of 19^7 nf r u 

' L. hmm, Zeits. f, Physik 60, .tao ( 1930 ). 

Ph>'s. RevVirprepanairm.'" ^ Goudsmit, Structure of Line Spectra, page 225. Also 

’ Hargreave.s, I>roc. Roy. .Soc. A127, 141 (1930). 

* C. Hreit, Phys. Rev. 37, 51 (1931). 

* (^xmdsmit .ind R. F. Bacher, Phys. Rev. 34, 1501 (1929) 

' S. Goudsmit, Phys. Rev. 31, 946 (1928). 

' W. Pauii, Zeif.s. f. Physik 16, 155 (1923). 

* J. C. Slater, i'iiys. Rev, 34 , 1293 (1929). 
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The application of the method of sums goes as follows. One thinks the 
interaction between the electrons to be removed, in order that each electron 
can be treated as independent of the others. For certain purposes one may 
also imagine the interaction between the spin of each electron and its own 
orbit to be absent. One can think this done by the introduction of a fictitious 
very strong magnetic field, which should break ail couplings between the 
electrons or their quantum vectors. One now calculates under these circum- 
stances the perturbation energy in which one is interested for each electron 
separately.^ 

Each state of the complete atom is now characterized by a large set of 
quantum numbers, each of which can be said to refer to a particular elec- 
tron.^® For this state one finds the total perturbation energy by vsimply add- 
ing together the perturbations of the individual electrons. If one next con- 
siders the sum of the perturbation energies for all states having the same total 
projection of angular momentum M (in units h/lir) on the direction of the 
fictitious field, this sum will remain unaltered after one introduces again the 
proper interactions, which were at the start thought to be absent (or, which 
is the same, after one reduces the applied strong fictitious magnetic field to a 
weak one). 

This last sentence contains the fundamental principle of the sum rules, as 
it can be derived from quantum mechanics. It holds only for first order pertur- 
bations and moreover as it stands it does not give much information, because 
the sums are to be taken over a/Z states of the atom. In order to get further 
results out of this sum rule one must make, according to Slater, certain ap- 
proximations. It is assumed then that the above stated sum rule will hold if 
one takes the sum only over the states belonging to one electron configura- 
tion.^^ This may become quite incorrect when the levels arising from the 
configuration considered intermix with those of other configurations. This, 
for instance, is one of the reasons why the relations derived by Slater are not 
fulfilled very well in the actual spectroscopic data.^^ For special perturbations 
one can sometimes even go one step further with approximations. Slater, in 
his above quoted paper, purposely neglects the spin-orbit interaction of each 
electron. This causes the spins to be independent of the orbital angular mo- 
menta. Instead of considering the sum of the perturbation energies for a fixed 
value of the total projection M, he may consider the sum for the states which 

® In the above quoted paper of Pauli this was the interaction energy with an external nuig- 
netic field, giving rise to the g-sum rule. In the paper on multiplet separations by the present 
author the spin-orbit interaction was considered, resulting in the r-siim rule. Slater treated 
the interaction between the electrons and it is clearly seen from his paper that his results are 
obtained by first calculating this interaction for each pair as if it did not disturb the approxi- 
mate independence of the different electrons. The sum rules finally gave the generally valid 
relations between multiplet distances. 

In the case of a nuclear moment Ihll-K the nuclear quantum numbers 1 and mi must be 
added also to this set. 

One calls a configuration the assembly of states for which each electron has the quant urn 
numbers « and I fixed. Two states for which one of the electrons has a different n or i are said to 
belong to different configurations. 

Compare on this point a recent paper by E. U. Condon, Phys. Rev. 36, 1121 (1930). 
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have a fixed value of both Ah and Ml, the total projection of all spins and 
all orbits respectively. Each of these sums, which are a part of the total sum 
for a fixed i/, will l)e invariant. This approximation holds only when the 
spin-orbit, interaction is indeed negligibly small compared to the interaction 
between different electrons, the case in which Slater is interested. This means 
that one expects to ol:)taio extreme RiisselbSaunders coupling^® 

In order to make use of the method described here it is obviously neces- 
sary to know the effect of the perturbation on one single electron considered 
as independent of: the others.** This will be considered in the following sec- 
tion. 

hi most <’as(*s the hyp<n‘rine structure is smaller than any other one of the 
interact ions present in the atom. It is possible to apply a magnetic field which 
will just decfiuple the nuclear spin from the rest of the atom, giving each an 
indepcmdent projedion on the field direction, Mi and Mj, From the theory 
of the Zetntiat! tdltH'i of liyperfine structure^** one knows that the interaction 
l)et we(‘n tin* ninTnis and ilte electron core under those circumstances is given 
by 

11 ^ - ( 1 ) 

The f‘on-'tant *1 in front is exactly the one which will govern the magnitude 
of the li\'perfint‘ imibiphn of that particular level after one removes the mag- 
netic field. Hitu is, the le\els of the hyperfine multiplet are given by 

IVj = A(J}iJ cos (/, J) = |df7) {F(F + i) -■ /(/ + 1) - J(J + 1) I (2) 

Here Frlenotes as usual the resultant of I and J, 

As we art* finalh' interestetl in the magnitude of just that factor A, we 
may ai! t!ie time think that there is such a field present which causes If/ and 
the total prc)jei::tion c:if the c<::jre to be independent. This simplifies our calcu- 
lation \ ery niudi, W'e do not need to calculate the sums for all states with 
the same total M r J//T .1/,/. According to Slater the sum rules will also be 
valid for the smaller group of states which have a fixed value for both Mi and 
i/j. WT take tlierefore in the fidowing procedure a particular value of Mj in 
our mind and extend tlie sums over levels with a fixed value of M,/, 

It has to be k.t.*pi in miiui tliat the independence of Ah and AIj can only 
l>e used in (xise tlufir interaction is indeed very much smaller than any of the 
other inleixicuons whicli are to l)e taken into account. One can not use it, 
for instance, in the rase of ionized Lithium. Here the hyperfine structure 
happens to bo of the same order ()f magnitude as the multiplet splitting^** 

2. IxTiutacTiux BicrwEHx A SixciLE Electron and a Nuclear 
i\fA(.iNETic Moment 

The interact it m of a magnetic nucleus and an .electron in an s-state has 
been treated in tknail before. The energy happens to be simply proportional 

If OIK* iH/ols inlurniaiion al')oni the interaction between electrons in a case of (j, J) 
coupling one has tn alter l he prure-hire folknved by Slater somewhat. 

SlatiU‘‘s special case <}ntMieecls it for each electron />a 2 V. 

fC. liack aitd S, i ioudsniii, Zeits. f. Physik 47, 174 (1928), see also Pauling and Goudsmit . 
reference 2, p. 215. 

S. THKidsiiiil ami lU R. In .ii , Phys. Rev. a7,:2S3 ■(1931). 
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to the Lande cosine between the spin ^ of the electron and the nuclear moment 

I. It is therefore possible to treat the cases where J^er the 

configuration, completely with the vector model. \^/e will now consider 

We th^rthtTpTm orbit interaction to be removed (or apply a fictitious 
strong magnetic field). In the classical theory the interaction energy consists 
of two parts. The nuclear magnetic moment is acted upon by a ^"agneti 
field caused by the orbital motion of the electron and also by a field Wodu^d 
bv the electron spin. According to perturbation theory one must write down 
the instantaneous values for the interaction energy and must average this 
over Se unperturbed motion. The expression for this interaction energy isW 

+ W. = a [11 cos (1, 1) - Is cos (7,5) + 3Ts cos (/, r) cos (r, s) ] . (3) 

The factor a in front of this expression governs the absolute magnitude of the 
interaction energy. We are not interested in it for our problem. For a hydro- 
genic orbit its value is given by 




Rhca^Zs 


nH{l 


til) . 


(4) 


The symbols used in Eqs. (3) and (4) have the usual meaning, r denotes the 
radius vector combining the nucleus with the electron, g(I) stands for the 
Land6 g value of the nucleus and as the nuclear magnetism is believed to 
arise from protons, one expects g{I) to be only of the order V 184 . 

We start out with the case where we neglect all interactions between the 
ouantum vectors; these will each have independent projections on the direc- 
tion of the fictitious- field H. These projections we denote by^i, mi and m. 
the nuclear, the orbital and the spin moment respectively. The vectors 7. j 
and s will have independent Larmor precessions about the field direction and 
we can therefore expand the cosines of Eq. (3) and obtain : 


+ W, = a[Mimi - 1 - 3 cos^ (JJ, r)| ]. 


(5) 


Our problem thus reduces to finding the average of cos^H, r). In the classical 
picture with a plane orbit the vector r would be at any time perpendicular to 
the angular momentum vector 1. This, however, is no longer true in quantum 
mechanics. The relative probability that r makes an angle d with the Teld 
direction is given by the square of the tesseral harmonic Pj®‘(cos d). Thus 
the required average becomes 


cos^ (i?, f) = j; cos^ g[p,«i]2 sined0 j [Pj”*]2smMe 


- mi^) + 21-1 
{21 -mi + 3) 

V L. Pauling and S. Goudsmit, reference 2, p. 20S. 


( 6 ) 


IIYPERFINE STRUCTURE 


667 


Substitutins: this in Eq. (5) gives finally 


If 


Hi + If's = ciMr 



6m^ - 2 l{l + 1) I 

(21 - 1X27+17 f ' 


(7) 


( (ne \(iifi(‘h (Msily that ior large values of I Eq. (6) approaches the classical 

nsiilt: I II } il‘'-nir)/2rK 

i^xf >1 )n {i) will be tlie fundamental formula for all further applica- 
lions. If is, lio\v<*\’C'r, ntrt valid for ^-electrons. 


0, i UK Sum Rule Applied to one Electron 

IJie applitsTlifm of the* sum rule and Eq. (7) to the case of a single electron 
pio\i<k*.s a \(‘iy siinplu derivation of the results obtained by Fermi, Casimir, 
Margrea\es and Rrcdr. It also gives an illustration of the method before we 
ap[)h' if I ho inatn’ ohxUron case. A single electron gives rise to a doublet 
sialo. ono lo\ol wiih other with j 2 = / — In a weak magnetic 

fH‘Id, ^^hirh j!L-! dot‘ctufjh*s tlie nuclear spin, the interaction with the nuclear 
magiHUism is ’cmunare fbp fl)'): 


fib; == alMmi: . and Ifp. = 

In a very strong magnetic field this interaction is (Eq. (7)) : 

6?Pj!“ — 21 {I “4“ 1)'] 


aSIi< nii ~ m» 


(2/- 1)(2I + 3) 


)• 


( 8 ) 


(9) 


I lie sum ruli* ;say> tfiat, keeping if/ fixed, the sums of the energies for all 
levels \\ itJi a gi'k t*ii \ aluc* of + must come out the same, whether we 

use hap ihS) or (do W e choose first mj-l+L This occurs only once; in (8) for 
ji and in when and w., = The sum rule states 


{ 2 (2/ - 1)(2; + 3) I 


One obtains at once 


HI + 1) 


m + 1 ) 


{! + lill + 1 |) jx(ji + 1 ) 


( 10 ) 


( 11 ) 


-N’ex! we rlnxKe iCj . ’['his occurs twice, namely in (8) both forji and/., 
and in (6) for iiir- /. >Ha~ and mi-l—l, tn,— +|-. Applying the sum rule 
gives 


- I) + a''Mr(.l - |) 


( 12 ) 


( I (./- - 2/1/ 1) i ( 1 

- aMr\l + - ■ - - - [ + ail//p/-l) 

i 2 (2/ - li:'2/ + 3) t \ 2 

As we knmv a' already we can solve for a" and find 


1 6(7-1)2-27(7+1)) 
(27 - 1)(27 + 3) J 


7(7 + 1) 


^ 7(7+1) 

(7 — |)(7 + f) JiiJi + 1) 


(13) 
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These expressions for and a" are indeed identical with the results obtained 
by other authors. Substituting them in Eq. (2) gives the hyper fine striictiire 
in the absence of a field. The result shows that for the two levels of a doublet 
the interval constant of the hyperfine structure is inversely proportional to 
j(j+l). The absolute magnitude can only be given when the constant a can 
be calculated. This would require an exact knowledge of the eigenfunctions 
of the state under consideration. For penetrating orbits one can make the 
same kind of an approximation as was applied by Lande to the calculations 
of doublet separations. One obtains for such cases, instead of Eq. (4), the ap- 
proximate expression 


Rhca^ZiZ,^ 

— r(/). 

nM + m+ 1) 


(M) 



In this expression Zi and stand for the effective nuclear charge in the inner 
and outer part of the orbit respectively, fie represents the ^‘effective” quantum 
number or Rydberg denominator. 

4. The Sum Rule Applied to Configurations 

We will give as an illustrative example the case of three equivalent p- 
electrons. The first column of Table I gives the values of nia and nii for the 
individual electrons, chosen in agreement of course with the Pauli exclusion 
principle. The quantum numbers I and w are supposed to be the same for all 
three electrons and are therefore omitted from the table. We need only to 
consider the states which give rise to positive values of the total projection 
Mj, given in the second column, negative values of Mj do not give any addi- | 

tional information. The last column gives the interaction with the nuclear 
magnetism obtained by applying Eq. (9) to each electron individually and 
adding the result for the three together. As they are equivalent electrons they 
have the same constant a. 


Table I. Interaction for in strong field. 








Mj 

Eq, (7) 

\ 

. ' I 

2 

1 

1 

2 

0 

1 

— 2 

1 

24 

2| aMi 


1 

1 

2 

0 

i 

-1 

14 

0 aMr 


2 

1 

1 

2 

0 

2 

0 


1 (iMi 

i sum 

2 

1 

4 

-1 

1 

1 i 


i aMi 

3| aMr 

2 

1 

-4 

0 

2 

1 i 


If aMi 


t' 

1 

1 

1 

0 

1 

2 

-1 

1 

2 

i aMr \ 


2 

1 

-1 

1 

2 

0 


-f aMr 


' 1 

0. 

2 

-1 

■' __ i 

2 

1 


f aMr 

sura 

i 

0 

1 

~ 2 

1 

' —i ^ 
2 

0 


IJ aMr 

2i aMr 

1 

5 

1 

1 

. — 2 

1 




li aMr 



The states in the table are ordered according to their values of Mj. The con- 
figuration gives rise to five levels, one with J = 2|, three with J = 1| and one 
with We want to know the constants A for each of these levels and 

shall denote them hy A and .4(1) respectively. 


I 


H YPER FINE STR VCTURE 


669 


I he sum rule applied to the projection Mj = 2^, which occurs only once, 
gives 

(15) 

I he projection d/j = 1 1 occurs four times, namely J =2^ as well as all three 
le\'el.s with /= 1 J can giv^e this projection on the field direction. It also occurs 
four times in Table I. The sum rule gives 

+ .4(1-^) + .I'dI) + .4"(M)}i¥/-l§ = (16) 

Fiiialiy Mj — l occurs five times, giving 

|.l('2ii + .4(1‘-) + ,!'(1|) + .4"(1|) + .4(A)}ir,-i = 2laMi. (17) 

Solving these equal imih one obtains finally 

+ Tiyii) + i (18) 

.l(i) = 2fa ) 

h..\actl\ as in tlic c ase of the well-known ^'-sum rule we are only able to obtain 
the sum of the J’s for the levels with the same value of /. That we find the 
in(ii\“i(iual values for the levels with J = 2| and /=| is because there is only 
o!ie level witli ea(‘h of these J values. 

I he values of tlie individual will in general depend upon the type of 
coupling between the quantum vectors of the electrons, just as in the case of 
g~\'a!ues. The method to oluain their values for extreme couplings will be 
described in following sections of this paper. 

It is not at all dihicult to make a table like Table I for any other example. 
When the electrons are not equivalent each has a different constant a which 
one has to carry along into the final result. We want to mention once more 
that most of tfie lonnulae used here are only valid for the interaction of a 
non-,^ electron with the nuclear magnetism. For an 5 electron one has to re- 
place Eq. i’7) b\' the simple expression- 

W - bM^m,, (19) 

Here ftfihov the results for a number of configurations 


1'AHLb: il, Ilyperfine structure sums* 


P ainl // 

i-.li 

3 

A 

ps and p^s 

J=-l 

1 

A^iaA-ib 

S/1 s= 2 ( 3 'Tf^> 

F'- and p' 

i-i 

1 


p^s and 

/-2i 

IT 

i 

2A = V/2ia+lb 

2/l = l«/25ffl-Vi5J 

2.4=0o+lp 


? 

2/1 = 1 “Asa 
2.4= 2 ia 


ph 

/-3 

2 

1 

A^iaA-ib 

S/l=2a+Vi2^ 

S /I =5 2 fa — 4 5 


* The constant a refers to the p- and b to the 5 -electron. 
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5. Hyperfine Structure FOR Extreme (i, j) Coui’LiNG 

The above described method gives only the sums uf ihc factors which 
govern the hyperfine structure separations. Their indi\ idua! values for each 
level are only determined completely in extreme couplings. The simplest case 
is that of extreme (j, j) coupling which we shall now discuss with the (-xain])!!' 
of the configuration. We mean by extreme (J,j) coupling that the spin \ c< ■ 
tor s of each electron is strongly coupled to its own orbital vector I and that 
therefore one can ascribe to each one of the electrons of the configuration its 
own resultant vector j. The spin-orbit coupling has to be considerably 
stronger than the interaction energy between the different electron.s. It is 
then possible to think of an applied magnetic field w'hich is strong enough In 
decouple the different electrons so as to make them independent of each other, 
but not yet strong enough to decouple the s and I for each of the electrons. 

Under these ideal circumstances the quantum state of each electron will 
be characterized by the quantum numbers j and m,-, its resultant moment and 
the projection on the field, rather than by m, and mi. We now have to make 
again a table similar to Table I but now with the different designation for 
each electron. We also need to know what the interaction with the nucleus 
will be for each electron, when its state is characterized by j and m,-, that is 
when its spin and orbit are coupled. But this is just the problem solved in 
Section 3. Eq. (8) is the one we must use now, especially after we introduce 
for a' and a" the results of Eqs. (11) and (13). 


Table III. Configuration in (j,]) coupling. 


ji 

jt 


Mj 

Eq. (8) 


li li 

14 4 

' 14 -4 

14 

IWMi 


• 

i '■ 

-14 

4 

WMi 


14 14 

14 4 

.4,:"4 

24 



u 

4 

-4 

14 

i2a'~ia'')Mr 

sum 

14 

-4 

4 


(a'+W')Mr 

Sa'Air 

14 

-14 


1 

2 

ia"Mr 

sum 

14 

”2 

— i 


(a'-WlMi 


4 

-4 

2 




14 14 

4 4 

2 2 

M 

IWMt 


4 

4 

— i 


WMr 



Table III represents the equivalent of Table I for the extreme (j, j) coupling. 
The example chosen is again the configuration For reasons to be discussed 
later the values for a' and a" have not been substituted. 

In the ideal extreme case the electrons are quite independent of each 
other. Following Slater we therefore need not take the sums over all levels 
with a fixed value of the total Mj, The sum-rule will hold already for the 
levels which are designated by a special set of values oi j and w/ for each of 
the electrons. If we choose a set of values for these quantum numbers it 
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liappcns dial wc find only one state in our table which possesses just this set. 
Thus we do not need to consider any sums at all and the third column of the 
talde Rix'cs a I once the correct value of the interaction with the nuclear spin 

for tliis cxtjTine case. 

We are, hc\ve\''er, not yet finished. When we now gradually remove the 
field which dec'oufilecl the electrons, the quantum numbers nij for the individ- 
ual C'l(*cirons will lose tJieir significance and be converted together into the 
total ilfj. In the extreme (j, j) coupling the values of j for each electron will 
keep ineaniiig. This means that for this last transition the sum rules 
Will hold within eacli group of levels characterized by fixed values of the indi- 
\’idual /, but no hnipan* for the individual nij. Table III has been arranged ac- 
corfHnghc 


I ip. 1 . Sclseiuat ical representation of Paschen-Back effect for in extreme (jj) coupling, 
fa't wiiJifuil fidfl, cftianuim lumibers: jhj2,Jh T (b) weak field, quantum numbers: juj2,jh 

/, i/j. strong tieiif quaiiluni numbers: 

figure 1 may help to understand the situation described above. At the 
left is shinvii the //* configuration in extreme (j,i) coupling. The highest level 
arises when al! tlirce electrons have maximum energy, that is when they all 
Iku’c j - 1 1 . T!k* !K*xt lower group occurs when one of the electrons has j = 
The low(‘St itwvl has two electrons with ^ = 1 and one with i==l|d^ The 
hyperliue structure is nut included in the figure. Going to the right in Fig. 
I the efft*ct of an applied magnetic field ■ is represented. In a weak field 
each ie\'el s|)!its into its Zeeman components. With increasing. field strength 
eatii Icwe! grou|> will undt'rgo a Paschen-Back transition and the result is.rep- 

Tliert* exists here nu lower state w ith all three electrons having j = because our example 
consists of ccjuivalcot electrons for wliich the^ Pauli principle allows only two with j'== J. This 
also will he ('iear !nn\i considering Table III where all states are gathered which do agree with 
the Ihiuli principle. Compare Pauling and Goudsmit, Lc., page 257. 
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resented at the right of Fig. 1. Notice that the field does not yet hieak the 
coupling of each spin with its orbit, the three level groups are still distincth' 
separated. A further increase in the field would also break up this last coui>- 
ling, all couplings would be broken and one would have the case represented 
in Table I. One sees that the right side of Fig. 1 is to be correlated with 1'able 
III. The sum rule as applied in Table III means simply that we ma\- asBiime 
the sura rule for fixed Mj to hold within each level group separately in this 
extreme coupling. This gives us a means to go from the strong field to the 
intermediate field and to obtain our final information. 

In this intermediate field, which we suppose just to decouple the nuch'ar 
spin from the rest of the atom, the interaction with the nucleus for each level 
will be given again by Eq. (1); 

W = AMiMj. 

Our problem is to find the value of ^ for each one of the many levels. 

Applying the sum rule to the states which have ji =.72 =./.■! = 1 1, that is the 
upper level, we find at once 

d(li) = a'. 

This result is found by choosing Mj either I5 or | . 

For the middle group of levels, ji=j2= 1|, 73 = I, one finds the following 
sums 

M,i = 2\-. ACl\)Mi-2\ = {2a' + \a")Mi, 

Mj=14: {A{2\)+A'{\\)\Mrl\ = 2,a'Mi, 

Mj = l-.{A{2\)+A'{lh)+A{\)]MT\=^{a’+\a")Mt. 

From this one obtains 

A{2h) = la' + W'y A^i^ = l|a' -- la"; AH) = a". 

Finally the lowest level gives 

= a'. 

After one substitutes the values of a' and a" from Eqs. (11) and (13) the re- 
sults become 

i(l|) = ^/ua; A{2i) = .4'(U) = AH) = 2|a; A'\H) = 

As is to be expected the sums agree with those given in Section 4 and Table II. 

6. Use OF THE Vector Model FOR Extreme (j,i) Coupling 

When the spin and orbit of an electron are coupled the interaction with 
the nuclear magnetism is given by the Eq. (2) 

IF = a'/j cos (/, j) or a"// cos (/, j) • (20) 

The choice of a' or a" depends on whether one considers the state withj | 
or the one with j = / ~ This simple expression brings it about that one often 
can use the vector model with advantage in extreme (j, j) coupling. 
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For several electrons the total interaction with the nucleus is 

IF = iJ ji: cos (I, jk). (21) 


The sum has to be extended over all electrons, which we shall distinguish by 
the index k. As all j* form together the resultant J one can average over their 
precession about this resultant and obtains 

li' = HaiJji, cos (/, J) (22) 

We may write this 

W ^ AIJ cos (/, /) (23) 


ill wliici'i expression we tisially want to know the value of 



cos (J, //,) . 


(24) 


1’he problem ih I him to evakiale the average cosines of each of the individual 
it with iIk* rehuliaiii J. I'his can be done easily when only two jk- form the 
re>uliani but with more electrons it is in general impossible, unless we use 
again the method ot sums instead of the \'ector model. For a restricted but 
interesting iiurnb(*r of (xises we can find relations between these cosines and 
the ealues of tin* lev els. The magnetic moment gJ of a state is given by the 
sum of the magnetic imnnents gtjkoi each electron resolved along the result- 
ant thus 

.t;/ = CCS (/, jV) or g= ~ cos (J, (25) 


lids define^ tlie g x'aliie for this level. Futhermore, as J is the resultant of all 

jf we !ia\e 

(26) 


J = Zit cos 0 , jkj or 1 = Zy cos (/, jk) . 


If wt‘ now re-trir! ourselves to the case of equivalent electrons the sums in 
expressioim 24, 25 and 26 fall apart into two sums, one over the electrons with 
j’ ^/-r I am! one over tliuse with ==/ — |. We shall again denote these two 
kiud> by a pritae and a double prime. The formulae become 


J a' + a" cos (/, jVO 




J «' 


z y ims TJ JO + Zy cos (Z iV") • 


sj k 


(24a) 

(25a) 

(26a) 


I'or f<iui\alt‘nt clectroii.s u', a", g' and g" can be placed before the summa- 
tion, ;is the.v liu\ e the same value for each of the electrons inside any one sum. 
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We next can eliminate the two unknown sums between the three exi>rt‘.sHi(!ns 
and obtain finally 


A = a'~ 
g 


g , „g 

1_ a"_ 


The values of and are the known g values for a sinj^le election, the val- 
ues of g to be used are those for the extreme (JJ) coupling of tlie configuration 
which we consider.!® For our standard example of the configuration the 
results are again : 


/ = 2i g = l| 


A=ia’ + ia" 
A = a" 


j = 1 | I = 11 A = a' upper level. 

g = lVi 5 A' = lia' — la" middle level. 


1| g = l| 


lower level. 


The addition of a single s electron to a level of which A is known can al- 
ways be done with the vector model, provided the coupling is of the ex- 
treme (j,j) type. We denote with A+ and /+ the values for the state to 
which we add the s electron. The s electron itself is characterized by b and s, 
the resulting level finally by A and J. One obtains with the vector model 

J"^ s 

T = .4+— COS (/,/+) + 6 — cos (7, i) . (28) 

Substituting the Lande cosines this becomes 

^ + + /+(/+ + 1 ) - + 1 ) 

A = A+- ^ ; 

2/(7 -hi) 

(29) 

^ /(7 -fl) -f- s(s -fl) - 7+(7+ -h 1) 

^ ■ 27(7 -h i) ^ 

One can simplify this formula if one considers that ^ = | and that therefore / 
can only be (/■^+ J) or — One can also again express A in terms of the 

^-values. 

Table IV gives the results for a few configurations in extreme (j, j) ooup- 
ling. ■ 

^®For equivalent electrons the g values for extreme {j, j) coupling can be obtained in 
general only with the help of the method of sums. This Section does therefore in reality not 
avoid the use of the sum rule, but it gives a connection between the hyperfine structure con- 
stants and the g values. The latter are considered to be better known and more easily derivable. 
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Table IV. Hyper fine structure for (j,j) coupling* 



ones in the same order p, p\ ps, p-s. 

7. HvpicRFixh: Stiuicture for Extreme Russell-Saunders Coupling 

When tiie intei'atiiDn between the different electrons of a configuration is 
\'ery large compared to the interaction between the spins of the electrons and 
their orbital motioiu one speaks of Russell-Saunders coupling. The spin vec- 
tors form together a resultant spin moment 5, the orbital moments I form a 
resultant L and thcf total angular momentum vector Jis the resultant of these 
two. I'o tliis one the nuclear spin I is again added to form the resultant F. 
This type of coupling yields the ordinary multiplet structure. 

In the rase of RusselbSaimders coupling one can imagine an applied mag- 
netic field \vliic*h is strong enough to overcome the coupling between the,.spins 
and orbits; that is, between the resultant S and the resultant L, but not yet 
stnnjg enemgh to dec«)uple the different electrons from each other. This situa- 
tion is reiiresenlecl at the right of Fig. 2. The left of Fig. 2 gives the levels 
without magnetic field, whereas the middle show^s them in an intermediate 
fielcL Tlie strung field has caused a complete Paschen-Back effect for each of 
tiie midtiplets, but the splitting up which it causes is supposed to be still small 
com|)arecI to the distances between the different multiplets. In this strong 
field each state will be characterized by the projections Ms and Mi oi 5 and 
L on the field <!irection. As these two are supposed to have a negligible inter- 
action under these circumstances, they will be independent and will restrict 
our sum rules. According to Slater*s procedure the sums will now be invariant 
over states which have the same value of the pair of quantum numbers ikf^. 
Ml. Table shcAVS the states of the example arranged in this order. This 
configuration )ields a KS, a ^I) and ^P; state. When we increase the field more 
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and more until it breaks the electron coupling, the total projection dfs of the 
resultant spin will remain invariant and can finally be interpreted us the sum 



Fig. 2. Schematical representation of Paschen-Back effect for p’ in e.-itreme Russell-Saun- 
ders coupling, (a) without field, quantum numbers: L,S,J. (b) weak field, quantum numbers 
L,S, J,Mj. (c) strong field, quantum numbers- L, S, Ml, Ms- 

of the tMs of the electrons. In the same way Ml will be converted into the 
sum of mi of the individual electrons. It is in this way that a certain pair 
Ms, Ml can be correlated to each of the states in Table V, simply 

Ms= Ml= (30) 


Table V. Configuration in Russell- Saunders couplmg. 




m.3 

7ni^ 

mi,, 

WZg 


Ml 

Mj 

Eq. (7) 

i 

i 

1 

2 

1 

0 

1 

2' 

2 

2-1 

2| ail// 

1 

. 2' ' 

4 

1 

2 

1 

0 

-1 

u 

0 


0 aMr 

1. 

1 

■ ■ 2 ■ 

-i ; 

1 

0 

0 

1 

2 

1 


: aM! ■ 



1 

-1 

1 



I a Mi 

1 

2 

■ _i 

1 

2 ■ 

v; T 

0 

'■ -I - 

1 

. 2 

n 

. ll aMr 

1 

2 

1 

" ' '2 

1 

~ 2, 

1 

0 

-1 

1 

. 2 .. 

0 

1 

2 

■ I'aMt ■ 


1 

-1 

0 




. . ~ 1 aMi 




0 

-1 

1 




, : ,1 aMi : 

i 

1 

2 

2 

0 

1 

0 

1 

: —2 

1 ..- 

1 ■ 

2. 

■ H a Mi 




1 

1 

-1 






With this table we hope to get information about the interaction with 
the nucleus for each multiplet if placed in a strong magnetic field. If we knew 
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this we eould again a].>ply the sum rule to each multiplet separately and ob- 
tain the interaction in a weak field or without field. Table V does not help 
us much in this respect, however. The different states are labeled with iCs 
and Ml only and w^e do not know the values of S and L to which they belong. 
For instance the pair and occurs three times. We do not know 

which cuie oi these three belongs to the ^5, the or the which can each 
gi\'e this pair in a strong field. The answer to this question is that neither 
of the three belongs to any one of the multiplets. In the language of Slater’s 
paper we should say that the energies entered in the last column of Table V 
have been calculated with eigenfunctions which do not take into account the 
interaction between the electrons. The correct eigenfunctions which can be 
associated with eacii multiplet are certain linear combinations of the ones 
wliich give the pert iirl)ation energies used here. The straightforward way to 
get further results is to use these linear combinations, which can be found in 
llie literature, and to use the quantum mechanics method for first order 
energy perturbations. In the following section we will describe a method, 
howws er, whicli does not involve the knowledge of the correct linear combina- 
tions of un|>ertiui)ed eigenfunctions but uses certain general properties of 
multiplets.-^ 

8. H yperfine Structure of a Multiplet 


The properties of a multiplet are in many respects a generalization of the 
properties of a doublet arising from a single electron. Darwin^^ was very suc- 
cessful in explaining every detail of the magnetic properties of a multiplet by 
treating it as if it wawe a single electron with an orbital moment L and a spin 
moment 5. It is obxnous that not all characteristics of a multiplet state can 
be obtained in this w^ay; for instance, one would find with Darwin’s method 
that the transition L~->L is forbidden, whereas in the correct theory it is not. 
As we are interested here in the magnetic interaction with the nucleus, it is 
possible that we may use again Darwin’s simplification. 

For the magnetic interaction with the nucleus we assume a generalization 
of Eq. (7): 


Wi + Ws = XMiMl - 


6Ml^ - 2L{L + 1) 


(31) 


{2L-l){2L + 3) 

Before using this expression two important remarks have to be made. This 
formula does not apply to the interaction between the nucleus and an un- 
balanced s-electron in the configuration. The interaction with an Y-electron 
is of the simple cosine form and gives therefore 


(32) 

‘•^0 J. A. Gaunt, Phil. Trans. A228, 184 (1929); J. H. Bartlett, Jr., Phys. Rev. 34, 1247 

(1929)* " . 

^ Table \', as it is now, does not give us much more information than we obtained with the 
general sum rule data of Table 1. The only additional information one gets is by considering the 
state with 1|, Ml = 0, This pair can only arise from the ; the table gives an interaction 
energy zero, thus the will have A =0 in extreme Russell-Saunders coupling. So the sum of 
the energies belongs to the Wii and the but further separation is not possible with this 
method/ 

C. G. Darwin. Proc. Roy. Soc. A1 15, 1 (1927). 
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If the configuration to which the multiplet belongs contains such an ^-electron 
one must add a term like Eq. (32) to Eq. (31). The second remark concerns 
the factors X and <r. For the case of one single electron these were Ijoth eciual 
to a. For a more complicated configuration one should not expect the coeffi- 
cient for the orbital part to be the same as for the spin part. As we shall see 
later on it is possible to obtain a relation betw^een X and a in certain simple 
cases. 

In order to find the values of ^(J) for each level of the multiplet we must 
again consider the sums of the results of Eq. (31) for a fixed choice of 
Mj = Ms+Ml. One takes first Mj = S+L, which occurs only once, next 

= occurring twice, and so on. The procedure is exactly the same 

as that followed in Section 3, but of course much longer, depending upon the 
values of S and L. It is possible to do it for general values of 5 and L and one 
obtains finally the general formula 

6r(2 - r) - 2{g - l)LiL + 1) 

The last term occurs only when there is an unbalanced s-electron. In this 
formula g is the ordinary Lande g value, and V stands as usual for^® 

r = SL cos (5, L) = {/(/ + 1) - L{L + 1) - 5(5 + l)|/2. (34) 

The derivation of this formula is elementary but too cumbersome and long to 
be given here, but I am willing to give personal information about it to any- 
one who really might need it. ^ ^ ^ 

In the preceding sections of this paper we have always taken together the 
interaction TFs with the spin and Wi with the orbital moment. It is quite 
simple, however, to go back to Eq. (7) and keep these two separate. If we 
then know these interactions for only one level of a multiplet, we can deter- 
mine \ and (T and find A for all other levels of the same multiplet. The sum 
rule of Table I or Table V will, in practically all cases, furnish us with suffi- 
cient information to do this. We shall show this again with the example. 

For the sum rule gives that for = 2y26a^. If we go back to Eq. (7) 
via Table I we find that this is divided as follows between the interactions 
with spins and orbits : 

with spins: y 25 «, with orbits: |-a, 

Furthermore, we know that for :r=+l,g = l| and we find from Eq. (33) 
(omitting the last term) : 


f a — Xf , Yssa == cr- 


2 | 

21 


from which 


X = a, O' — Ifa. 

r is the deplacement of the level from the center of gravity of the multiplet. 
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With these values we find for, the A of for which r~ — 1|, g = 

. . - + 2| 

- Xl| 

It is possible to find relations between X and a for the different miiltiplets 
of a coiifigiiratiori, or for the niultiplets which arise after the addition of an 
s-electroii. Lack of material to test such formulae make it useless to go intO' 
.more detail, also with, respect to the remarks made in the following section. 

For intermediate coupling one can apply to a great extent the same 
method as used in a p.revious paper.^'^ 

9. Serious Discrepancies 

Hie hyperfine structure Is in many spectra caused by a deeply penetrating 
s electron, the influence of other electrons being negligibly small. For such 
cases the theory is simple, hyperfine structure separations can be expressed 
in terms of Lande cosines and the experimental data have been shown to 
agree with the theory.^^' For non-5 electrons no such check has been obtained 
until now* 

The following enumeration of data shows that there are large discrepan- 
cies between the theory and the observations for non-s electrons. Though the 
experimental results are very scarce and often uncertain, the reality of these 
discrepancies in the example of bismuth is beyond all doubt. The present 
material is quite insufficient, however, to give quantitative information about 
the deviations. 

A part of the deviations will be due to higher order corrections. The 
method used in this paper assumes that it is sufficient to consider only first 
order perturbations for tlie interaction between the electrons and the spin 
orbit interactions. This means that our results are obtained by using only 
zeroth order eigenfunctions in the correct stabilized linear combinations. For 
hea\'y elements one must also consider the first order terms of the spin-orbit 
perturbation in the eigenfunctions. This will cause the hyperfine structure 
formulae to contain correction terms which are of exactly the same nature as 
those derived by Fermi“^^ for the anomalies in the alkali doublet intensities. 
An estimate of the order of magnitude of these corrections shows that they 
are probably not large enough to account for the deviations. 

Bisniiiih (/ = 4J) 

6s%iA mti: f(F + K' = 0.081 ± 0.002 

2p|. = 0.375 

{mil: IW - = - 0.040 ± 0.002). 

S, Goudsmit, Idiys. Rev. 3S, 1325 (1930), 

S. (.loudsriiit and R. F. Baclier, Phys. Rev. 34, 1501 (1929). 

» E. Fermi, Zeits. f. Piiysik 59, 680 (1930). This remark about the second order terms I 
owe to Dr. IL Casimir, with whom I discussed the discrepancies during his stay here last sum- 
mer. Phys. Rev. in preparation. 

P. Zeeman, E. Back and S. Goudsmit,,'Z€its. f. Physik 66, 1 (1930). , 



680 


5. GOUDSMir 


The coupling is not of the extreme (j, j) type. This does not however. af?ect 
the validity of the formulae given for the first two levels, ^ ^ 

ones with J = 2i and i in this configuration. The two hist equations g 


6^ J = |: a" ~ 0.375 

ji. a' = 0.007 + 0.003. 

The second order corrections for this case are uncertain, a study of the levels 
of Bi III makes one believe that they should decrease a and increase a J 
not more than about 5 percent. One sees that a is much too smdl for the 
theory predicts that a' = W'. Though the formula given for ^ 

strictly valid here, the negative value of its separation factor corroborate 

conclusion that uA is much too small. 

Bismuth 

6s^ 6fh7s 2,“; |a" + = ('..^‘11 X O.OOl 

61?^ s 92”: U'+lb = 0.109 ± 0.007. 


One expects the values for a" and o' of the 6p electron in Bi 11 to be about 
the same as in Bi I. The above equations are indeed in agreement with this 
and give both for b about 0.38. If one assumed, however, that o' were really 
|a" one would obtain an impossible negative value for b and a too large value 

for o' and a". 

Billl 

65^* Ip ”Pi; o" = 0.102 ± 0.003 
2Pii: o' = 0.021 ± 0.004. 


The second order corrections for the 7p electron are expected to be somewhat 
larger than for the 6p. They tend to increase o" by perhaps 10% and to de- 
crease o' by about 5%. We have here a case where indeed the theoretical 
ratio between o' and fl" is close to the observed one, but one has to keep in 

mind that a' is not known with accuracy. 

Manganese-^ (1=24). Most of the hyperfine structure in manganese is 
caused by the 45 electron. For a few levels the hyperfine structure is due to 
the 3d and ip electrons, but for these levels the separations are not known 
with sufficient accuracy to check any formulae. 

IndiumP The measurements on the principal doublet of the indium spec- 
trum made by McLennan and Allin and by Jackson differ so entirely from 
each other that they are useless.”' This example would have been a very sig- 
nificant check of the theory. 


28 New observations on Bi 11 and 1 11 made by R . .'1. Fisher and the present author, to be 
published shortly. Classification and notation from J. C. McLennan, A. B. MacLay and M. F . 
Crawford, Proc. Roy. Soc. A. 129j 579 (1931). 

H. E. White and R. Ritschl, Phys. Rev 35, 1146 (1930), 

30 J. c. McLennan and E. J. Allm, Proc. Roy. Soc. A128, 508 (1930). D. A. Jackson, Proc. 
Roy. Soc, Ai29, 208 (1930). 

3^ The fair agreement which Jackson seems to obtain between his measurements and the 
theory is caused by an unfortunate error in a paper by Fermi, hermi (ref. 2) gives formulae for 
the hyperfine splitting of a level in case If- Pie mentions in the text how these foiniu- 
lae change for a case where /<li and just this sentence happens to be incorrect. Jackson’s 
results again give too small. 
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Tlialliuiii I. ( / = i ). ( )ii'y one of the two lines"'of the principal doublet of 
thalHiim has been studied in detail."^ The present data on the other line are 
insufticient to draw any certain conclusions, though they also seem to indicate 
for this case (hat a' is too small. 

T'hallimn ///.““ 

Ip'^Pi: a" = 0.375 
27 ^, 1 ; a' = 0.218. 

The second order corrections are rather large in this case, namely about 15%. 
They would increase a” and decrease a'. For this example a' is much larger 
than the theoretical value. 

Conclusion 

I’liough th<‘ experimental data are scarce we come to the conclusion that 
the present tlux.re of the hyperfine structure separations is incorrect or at 
least im-omplete. 'The method used in this paper is not the cause, for it has . 
been applied ^■er^■ successfully to many other problems, but the use of the 

classical Kq. 

jl'j a- ir, = (i[ll cos (/, 1) - Is cos (/, s) + 3Is cos (I, r) cos (r, /jj. 

The correct quantum mechanical expression for the spin-spin interaction will 
perhaps contain different terms. The generalizations of the Dirac theory for 
he two-bodv problem given by Gaunt- and Breit- contain indeed extra 
terms for the spin-spin interaction. From a study of the heliuni triplet with 
which one can test a part of these extra terms, Breit- concluded that their 
presence was in disagreement with the experimenta data on the spin-spm 
interaction of two electrons. Perhaps such terms do have a real significance 
for iht* intcrac'tioii between nuclear and electron spin’ . 

This ,lis.-.,,-siun shmvs the importa.ice of the study of hyperfine structure 
■„ a Kuide for the furtlier development of the C|uantum theory, especially lot 
; ineraiisatioa of the Dirac e<,uation. Let us, there ore hope that enpert- 

me.,tar„ht sics tvill provide us tvith at least one doublet state for which 

the hyperline slruclnre of both levels can be given with ceitainty and accu 

rac\'. 

Ai^pendix 

lust bttfore .ending off this paper 1 received a letter from Dr. John Wulff, 

Xati::;.;., .a-tv,, irenow a. Ttlblngen, in which he 

measurements on the f a" = 0.708, whereas the 

principal thallium double . The ^1 ^ably of the order 0.015, 

level is unresuU ably small. 1 he value lorn 

thus about ten times loo small. 

»- 1-;. Back and J. Wulll, Zeits. f. Physik 66, 31 ^930). 

- J. C. Mct.cn.fan ami K. ^ f Ly.Soc. A122, 153 (1929). 

I . A. ( niiiiii , i hil. i ranb. 228, lol l-L" 

(b Breit, l^iys, Rev. 34,553 (1929). 

“ G. Breit, Phys. Rev. 36, 383 (1930). ^ 

This will lie (liscusBedm a paper by D.R.lnglis, tot p 
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THE VAN DER WAALS FORCES IN GASES 

By John C. Slater and John G. Kirkwood 
Massachusetts Institute of Technology 
(Received February 5, 1931) 

Abstract 

A calculation of van der WaaFs potential of two atoms at large separation has 
been carried out for hydrogen and helium. The method depends upon a representa- 
tion of the perturbed wave function of the system as 

^=^0 il'h'vR) 

where is the unperturbed wave function, v the perturbing potential and R is a func- 
tion of the radial coordinates of the electrons. The method is equally well adapted to 
the calculation of polarizabilities. A computation of the mutual energy of two hydro- 
gen atoms confirms the results of Eisenschitz and London . The polarizability of helium 
is calculated as 0,2i0X10“24 cc which agrees well with the experimental value, 

0.205 X 10“^^. The mutual energy of two helium atoms is found to be —3.18 E&/{R/ 

A correlation between the mutual energy of the two molecules, e, and the polariza- 
bility, «, is obtained: 

C = - 1.36 ^3/2 Eo/R<^ 

where ro is the number of electrons in the highest quantum state in the molecule, 

Eo the energy of the hydrogen atom in the normal state, and R is the separation of the 
molecules. By means of this formula, the van der Waals cohesive pressure constant 
is calculated for Ne, A, N 2 , H 2 , O 2 , and CH4. 

1. Introduction 

I T HAS been recognized for some time that the van der Waals forces in 
gases have their origin in a mutual polarization of the molecules. The idea 
was suggested by Debye/ but his calculation of intermolecular energies, based 
upon an electrostatic molecular model, did not meet with great success. This 
fact is not surprising in the light of recent work, which has shown that a 
rapidly pulsating field associated with the internal motion of the electrons in 
the molecule is the chief factor in determining the mutual energy of two mole- 
cules at separations sufficiently large to prevent the exchange of electrons. 
This fact was suggested, although not explicitly stated, in a calculation of 
the mutual energy of two hydrogen atoms by Wang.^ Recently, Eisenschitz 
and London^ have presented a general method of calculating the mutual 
energy of two molecules at large separation. Their method depends upon an 
expansion of the wave function of the system in terms of a selected set of the 
unperturbed wave functions of the two molecules. They have confirmed the 
form of Wang's result for two hydrogen atoms, although they have shown 
' Debye, Pbys. Zeits. 21, 178 (1920). 

2 S. G. Wang, Phys. Zeits. 28, 663 (1927). 

^ Eisenschitz and London, Zeits. f. Physik 60, 491 (1930); London, Zeits. L Physik 63, 245 
(1930). 
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it to he luinicrically in error. Hasse,^ with a variational method, . has calcu- 
lated Hie polarizability of helium. The wave function obtained by Waller^ 
ill a treatment of the quadratic Stark effect in hydrogen, serves as a. basis for 
the calculation. An empirical extension of the method employed in this case 
permits him to calculate the mutual energy of two atoms at large separation 
both for hydrogen and helium. 

The present method resembles that of Hasse in that use is made of the 
variation principle. However, his choice of wave function was more or less 
empirical and the perturbation energy was calculated as a part of the total 
energy. On tlie other hand, we have formulated the variation problem for a 
direct determination of the perturbation energy by itself, and from the origi- 
nal wa\ e equation have obtained a simplified Euler equation for this varia- 
tion problem, wliich when it cannot be solved directly, serves as a guide in 
choosing an approximate function. The method, while lacking the generality 
of that of London and Eiseiischitz, is applicable to most non-polar molecules 
in the norma! state. 


II. POLARIZABiLITV AND INTERATOMIC ENERGY OF HYDROGEN 


We shall begin by considering a system of v electrons with an unperturbed 
wave function while the correct wave function under the influence of a 
perturbing potential v is The wave equations in the two cases may be 
written 

+ /c“(Eo — I o)^o = 0 
VV + /c-(E - F)^ = 0 

/c2 = 

E - Eo + € 

V =:Vo + V, 


Here Eq and Vq are the initial total and potential energies of the system and € 
is tlie energy ac(|iiired by virtue of the perturbation. The operator is 
understood to be referred to the Sv dimensional configuration of the system 

of ¥ electrons. If we let 

\p = + <^) ( 2 ) 

we obtain the following equation 


+ 2 




d In fq 


7 P /£-(e — v){l + cp) = 0. 

dXj 


( 3 ) 


Since we shall not be interested in perturbation effects of higher order than 
the second, it is only necessary to retain terms of the first order in n and <[> 
Thus we can replace the factor (1+^) by 1, since it is multiplied by a small 
quantity. Further, in all the cases to which our method is applicable, the 
mean value of the perturbing potential over the unperturbed wave function 


* H. R. Hasse, i’roc. Camb. Phil. Soc. 26, 542 (1930). 
‘ tt^aller. Zelts. f. Phvsik 38, 635 (1926). 
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is zero, the first order perturbation in the energy vanishes, and € is small of 
the second order. For this reason we may replace e — v by —a, (4)taining an 
equation which does not contain an energy parameter at ail. W’hen we make 
these approximations, Eq. (3) becomes 


^ d In i/'o 

+ 2 Y. w 

jVfjT- j j 'j 


i4. 


The polarization of the hydrogen atom in its normal state by an lioim 
neous electric field, F, affords the simplest example of the application of liq. 
(4). Here 

= e-' , 

(5) 

u = Lgi^i 

where r is the radial distance of the electron from the nucleus expressed in 
units of do, the Bohr radius of the normal state, and 




eP X; . 


The components Fx.. of the field, F, are referred to a rectangular system of co- 
ordinates with origin in the nucleus of the atom. If we choose as new vari- 
ables, r and v, and if we let 


4 > = 


vR{r) 

”^0 


( 6 ) 


where Eo is the absolute value of the energy of the hydrogen atom in the 
normal state, a separation of variables in Eq. (4) is effected and there results 


d^R 

dr^ 


/4 \dR 2R 

+ {--2 1 

\r / dr r 


0 


(/) 


where r is measured in units of ao. The solution is 

In order that the integral 


f Cf- 


f 


\l/\j/dT 


may exist, it is necessary to set Ci and equal to zero. The new wave func- 
tion takes the form - 


V 


1 + 


If the original rectangular coordinate system is chosen with s-axis parallel to 
the field, v= ~eFz, and the above wave function becomes identical with that 
obtained by Waller.6 The energy is given by 

^ Waller, reference 5. 
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/i — An -j- e = 


Jif'ffHr. 


When cj) has the form, vRir), and is a function of r alone, the integrals 
curring in the evaluation of e are of the form 


j' v’\f(r)dT 


n == I, 2, 3. 


li r is a harmonic function which vanishes when r is zero, the term for w = l 
(and »~3) \'anishes. That is, the first order perturbation energy is zero, 
'riien the onl\- tei-m which we need consider is the one with n = 2. This con- 
ditif)!! is of coiir.so fulfilled in the problem which we have just considered, and 
will be fulfilled in the subsequent problems to be treated. The expression for 
€ now lH‘ronH*s 


j Wdr 


with the neglect of perturbation terms in the normalization oixf/. These will 
contribute only to terms in € of higher order than the second. 

A conipiitalioii of the polarization energy of the hydrogen atom using the 

wave fiirictioii mdiidi we have obtained yields 


2 . 25670’^/’^' 


tvhich corre<in>nds to a polarizability ■ 

a = 4.5ao’b 

These, values, of course, agree with those obtained by Waller. 

In this simple case, the solution of Eq. (7) offers no difficulty. It is of 
interest, iie\’ertheless, to see what value of the energy may be obtained, if 
our information is restricted to the fact that 4> = vR{r), Let us try as a repre- 
sentation nf Rin tise expression, The energy integral becomes 


J - p[A']Mo=dr 

J Wdr 


where 


d 'R ( 4 


dR 2R 
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■ 


n 


i 


ilMl 


ipili 

7 :| 


If*. 

■ 







: 


: I 


If we minimize the integral with respect to the parameters X and p, we obtain 

6 = - 2,24^o®i^2 

X - - OJ2S/Eo; p - 0.5. 

This value agrees with the exact one to somewhat better than 0.50%. 

The method may be applied with almost equal simplicity to the interac- 
tion of two hydrogen atoms. If the separation, Rq, of the two atoms is suf- 
ficiently large to prevent electron interchange, the wave fiiiiction of the 
system is 

= 1 ^ 01^02 = 

where 71 and f 2 are the respective radial distances of each electron from its 
own nucleus. When referred to two rectangular coordinate systems with 
their respective origins in the two nuclei and with s-axes directed along i?o, 
the dipole term in the perturbing potential is given by 

[xi:r 2 + yiy 2 2S1S2]. 

Rq^ 

Terms due to multipoles of higher order will be neglected. If we let 

vR{ri, r2) 


and change the variables in Eq. (4) to ri and r 2 , a separation is again 
effected and we have 


d^R 

7t: + — + 


1 1 

h — 

fi r2 


The existence of a solution of this equation is assured by the negative value 
of the coefficient of R."^ A solution by successive approximation may be ob- 
tained in the following manner. Let us write Eq. (9) as 

2 ri + f2 I L dfi^ dr2“ V ri / dri \ / dr^ ^ / 

If the differential function is neglected 

n I rifs 

^ = “TrV 7 ‘ 

I ri i-. f2 

Substitution of this expression in the differential function will yield a second 
approximation. Repetition of this process will yield a still closer approxima- 
tion. If we use merely the first approximation (10), we calculate a value of 
the energy, 

eW 

e = - 6 . 14 ^ 


^ Goursat, Cours d’Analyse Mathematique, vol. in,| 249 . 
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6.47- 


e-ao" 


obtained by Eiseiischitz and London.** The use of higher terms in the expan- 
sion of R would permit us to approach the true value as closely as we pleased. 
Although no difficulty is encountered in the evaluation of the integrals oc- 
curring in the energy expression, the tedium of the calculation is reduced by 
using the variation method. Eq. (10) suggests as a representation of R, the 
e.xpression 

XrVri”. 

If the function is inserted in the energy integral and the latter is minimized 
with respect to the parameters X and one obtains 


6.49- 


Ro^ 
f = 0.325. 

This is in e.xcellent agreement with the result of London and Eisenschitz. 
The fact that their value lies slightly higher instead of slightly lower than 
the one which has just been obtained is doubtless attributable to an error in 
estimating the contribution of the continuous spectrum in their expansion of 
since the variation method cannot give too low a value of the energy. 

The fact that the wave function in the two cases which have been con- 
sidered may be expressed as 

Mi + ^R) 

where i? is a function of the radial distances of the electrons from their nuclei, 
is indeed logical from a physical point of view. In the absence of degeneracy, 
one would expect the distortion of the wave function to depend in some simple 
way upon the perturbing potential. Moreover, for a given value of the per- 
turbing potential it is evident that the distortion will be greater, as the 
distance of the electron from the nucleus becomes greater, since the restoring 
force exerted by the nucleus will be smaller. The function R provides for this 
effect. The separation of the differential Eq. (4) in terms of v and the r’s 
appears to depend upon the linear properties of » in the rectangular coordi- 
nates of the electrons, and the spherical symmetry of the unperturbed wave 
function. 

III. GE.\tiR.VLIZATION OF THE METHOD: POLARIZABILITY AND 

Interatomic Energy OF Helium 

For the helium atom, or in general for an atom with f electrons each 
having a spherically symmetrical distribution, the wave function may be ap- 
pro.ximately represented by 


t/'O 


11^ /('■/) 

, y-1 ■ 


Cii) 


^ Eisenschitz and London, reference 3 . 
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where the function ypj depends only upon the radial coordinate ot the electron 
j. Such a function may be approximated by an expression 

where n is an effective quantum number, 5 a screening constant, the total 
nuclear charge. If we wish to represent the wave function accurately in the 
region of its maximum, we may choose n and s by minimizing the tcUal 
energy, as Zener has done. If, however, we are more interested in the value 
of the function for large values of r, we may choose x to be equal to the total 
number of electrons except for the one being considered, and use an effective 
quantum number which is non-integral. Thus for He, in the neighborhood (jf 
the maximum, we choose Z — x = 1.687S (or, for .some purposes, 1.70), n = l ; 
while for large r's, we take Z-s = l, w = 0.745.'' We use these formulas for 
approximate computation of polarizability and interatomic force. 

A better representation of the wave function can be obtained Ijy more 
complicated methods, as that of Hartree,"^'' or the method used by one of the 
authors on He.'^ These give almost identical results for He, as far as the pur- 
poses of this paper go, and for quantitative work we make use of the latter 
in one calculation of the polarizability and interatomic energy of helium. 

We shall first consider the polarization of the molecule by an homogeneous 
field F. The perturbing potential is 

» = Lr,- 

where 

s 

V ^ — eJ^FxjkXjk 

k~l 

If we let 

<#> = — (12) 


and make use of the facts that d in depends only upon r /, the distance 

of electron j from the nucleus and that 

dv 

dxjk 



we find that Eq. (4) splits into v equations of the form 
d^R 


dr^ 


' -+2 
r dr 


dlnt/'oWi? rflni/-o7e 

j— + 1 


dr 


0. 




If we use a wave function of the simpler type discussed above this equation 
becomes 

« C. Zener, Phys. Rev. 36, 51 (1930): J. C. Slater, Phys. Rev. 32, 349 (1928); J. C. Slater, 
Phys. Rev. 36, 57 (1930). 

D. R, Hartree, Proc. Carab. Phil. Soc. 24, 89 (1928). 

J. C. Slater, Phys. Rev. 32, 349 (1928). 
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n / dr 

The energy given by Eq. (8) is 
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,1-0. {14) 


f Z) ^Vi(t>k^pd^dT 

g ~ — __ — 

Since upon integration all terms involving mthjT^k vanish 


and 


e = Z«/ 


{ Vi<t>i<Po^dT 

J fo^dr 


In the computation of tj it will be convenient to use the variation method 
rather than to solve fvq. (14) explicitly. The expression becomes 


- p[Kr]Wd^ 


f 


yf/^Hr 


where 


,CT, ^ 

f/r/ \ fj, Uj / dr j \ 


'}!’ j 1 S 3 


nifi 




We. shall trv 

R - 

which is analogically somewhat more convenient than the representation Xr" 
employed in the case of hydrogen. When the energy integral is minimized 
with respect to the parameter X there results 

1 


E, /. 




where 


Ji = 


J r-« cos- 

j 4'<>~dT 

in + l)(w + I) 


2 1 

2 2iir d- 3 


do' 


(1 - m) 


3 


690 




/. C. SLATER AND J. G. KIRKWOOD 


/ { [(«+l)i3 2(?J- l)r-'‘ " I 


^2^iz-~8)rin 

For the energy we have 


’ O q~ 


f Wdr 

1 + (2«. - 5)(3/3 + (2»= 


■ + SW/b 


(1 - iS) ''•+=* 


where 


e< 


{iij At 1)“(mj 4" f)'?*/ 

(l_^)2.;+3 


(I3:i) 


(1 - |3/2)^»/+«[l + (2»; - 5)/3/3 + (2?;, -2 - + 5)^V6] 

Minimizing with respect to j3 shows that for w = l, 0y = O.124. In general 
0.124^0, -gO; Wj^l. For the total polarization energy we may write 

nf{ni+ 1 ) 2 ( k ; + + e,) 


jVi 


and for the polarizability 


= 4ao* 2- : 


9(Z - s,-)^ 


+ !)>,• + mi + ei) 


,-=i 9{Z-Siy 


We shall first compute the polarizability of helium taking » as 1 and Z — s as 
1.6875, the values obtained by minimizing the total energy of the atom. We 
obtain 


« = l.llao^ 


0.164 X 10-2>cc. 


If on the other hand we use the limiting values at large distances for n and 
Z-s we have w = 0.745; Z-5 = l, and we obtain 


a = l.SlOo® 


0.222 X lO-s^cc. 


The value of a corresponding to measurements of the refractive inde.x is 
0.205 X10“®^ As we should have anticipated it lies between the two values 
which we have calculated. The first wave function which emphasizes the 
smaller r’s at the expense of the larger gives a value of a about 20 percent 
below the experimental one, while the second wave function which empha- 
sizes the larger r’s gives a value about 8 percent higher than the experimental 
one. The second wave function which is accurate only for large values of r 
gives a surprisingly good result. 

A more exact determination of the polarizability of helium may be ob- 
tained with the use of the more accurate wave function mentioned above. 
After normalization and integration over the configuration space of one elec- 
tron, the square of the wave function for each electron may be represented by 
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0.7604(1 + 1.440c-i-w«’-)e-3’'+»-»2i4r^> < 3 

/ 0 1414 \ 

0.6048(1 + 1.440c-»-«“=’-)c“'‘-'“*’'r-'>-®i'>( 1 +— — - + . . . ] ; ^ > 3. 


We .shall use as a representation of R the function Xr. Minimizing the 
energy integral with respect to the parameter X gives 

E, JJ, • 


where 


io - I 


Jx = j 

r ^ dln^o ) 

/2 = I + 2)^2" + 2(v + l)-~™r2.+i j, 


Pro|)erly, this expression should be computed for different /s and the mini- 
mum chosen. On account of the labor of the integration, however, we have 
arbitrarily chosen the value ^ = 0.5. This was the value found for the simple 
wave functions used above, and moreover it was found that the result was so 
insensitive to that a variation of ±0.1 in did not affect the final result by 
more than one percent. The above integrals have been computed graphically 
for z> = 0.5 and the polarizability of helium was found to be 

« = i.43ao^ = 0.210 X IQ-^^cc. 



This yields a value of the dielectric constant at 0° and 1 atm. of 1.0000715 
which is slightly lower than the experimental value, 1.000074. It is however, 
somewhat higher than the square of the measured refractive index extrapo- 
lated to infinite wave-length, 1.000070. The agreement among the various 
values is not unsatisfactory when one remembers that the accuracy in the 
measured refractive index, and dielectric constant cannot be very great, in 
view of the experimental difficulties in such measurements. 

A calculation of the mutual energy of two atoms may be carried out in a 
similar manner. The dipole term in the perturbation potential may be 
written 

E' 

where the sum is understood to be taken over all possible electron pairs be- 
tween the two atoms. Each has the form 

y&yj 22jfcZ/] . 

: ^0^ 

If we^let : ■ 
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Eq jWJ, 


Eq. (4) separates into equations of the form 

2d In dR , / 4, ^ 2d In tPn \ dR 

dri: 


dm d^R 
— - H — + 
(9f/ 


+ 2R 

Moreover the energy may be written 


\ r/ dtj / dr^ \ ft 


df'k 


d In i/'o ^ 1 d In ^0 
dr^ r-u dru 


( 11 ) 


0 . 


« = E' E'*,./. 

jWl 


where 


/ 




^ik 


I 


\p(rdT 


If an exact vsoliition of Eq. (17) is used, pj/. which is the differential expression 
on the left hand side of Eq. (17) vanishes. We shall use the two representa- 
tions 

Rp, = Xrfri/'; R ji, == 

which proved effective in the case of hydrogen, according to their analytical 
convenience in conjunction with the unperturbed wave function which is 
chosen. The parameters are determined by minimizing the energy integral. 
The details of the calculation are quite similar to those in the calculation of 
polarizabilities. With the simple wave function 

V 

'Po = Jlrj’'i-'^e-yniv- y.=z-Sj 


we obtain the following result 


.(18) 


27 2?o® ,wi A-=i r/r /'(»/+ l)(«;+4)+Ty®«r(MA-+l)(nA.+l4 

For convenience in representation certain factors 1+0,* occurring in each 
term have ail been assigned the value which they assume for 1-quantum elec- 
trons. Since ' 

O S d,„ g 0.07 

the above formula will approximate the true one to within a few percent in 
every case. We shall calculate the mutual energy of two helium atoms first 

taking Z-j = 1.6875 and w = l. We obtain 
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ft we now take the values — 0.745, Z — 5 = 1, which occur in the asymptotic 
ionii of the \va\a‘ finiciion we obtain as in the case of the polarizability a 
soiiuevliaf. hireia* x'ulue: 


I he same calculation lias been made with the use of the more accurate wave 
function for Me. As a representation of the function J?, Xf/f/ was selected. 
I he iritei;ra.ls, similar to those encountered in the calculation of the polariza- 
I>ility, were co aliiated y;ra[)hi(cilly. The energy of two helium atoms was com- 
|niU.‘d as 


€ 


1 . 59-- 




3.18 


Zo 

{R,/a,Y ' 


This \'ahu‘ li(*s be I ween the two values obtained with the hydrogenic wave 
iunction. It is about 30 percent higher than that obtained with values of Z 
and n deituauined io giw the best energy for the atom and about 13 percent 
]>elow the \ alue < obtained with the asymptotic values of n and Z. Since the 
wave fuiK'tion which gave the above value also gives a good value of the 
poIariza!)ility, it is likely that the above value is correct within one or two 


percen t . ,f I a,ssc o! 1 1: ci i ns a 'va i tie 


2.93 


iR/ao)^ 


wiiich ditTt*ns from our result by about 8. percent. Both of these values are 
slightly a,i.Mj\'e llie ii|:)per limit for the mutual energy of two helium atoms 
calciilatt^d b\' {.ondon : 

€ = 3/'4an',://^« 

where « is the poiarizability and Vj the ionization potential. This has the 


I’he fact iliai bf ah llassZs and our values lie above London's upper limit is 
not Ui be cenhideia*<l as alarming. For London, in using the second order 
perturbation tnethod, neglected a factor which has been rather consistently 
overlooked in ^u^h calc'ulations: transitions in which two electrons are excited 
may contribute up])recittl.)K' to the dispersion and similar terms, and they are 
coimected with larger energy differences than the ionization potential, so that 
in the upper limit (jf hUcli an expression as London’s we should really have the 
highest poKmtial connected with a double jump, much larger than Vi, The 
rtdiition of our results to London’s limit suggests that these double jumps are 
strong enough to shift the center of gravity of the term system beyond the 
ionizatioii potential. 
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A result of considerable interest may be obtained from formulas (16) and 
(18). While neither of them gives particularly accurate representations of « 
or €, it is possible to reach through them a correlation befween these two 
quantities. First, it is to be noted that in both hjrmulas only terms arising 
from electrons in the outer shell of the atoms contribute appreciably to the 
sums. Terms arising from inner shells (if any), are virtually nullified both 
through a decrease in the effective quantum number and l»y an increase in 
the effective nuclear charge. We may therefore write 

4.5roao“ •»o'‘(»o + l)“(»o + IJ" 


(Z-^o)-* 9 

+ 1)’''(ko + ?)■’ 


{Z -S,Y 27 

where ro is the number of electrons in the outer shell of the atom; Wo and 5o 
are the effective quantum number and screening constant of these electrons. 
Elimination of wo and (Z — 5o) gives 


where 






( 19 ) 


Corresponding to the empirically determined polarizability for He, this gives 
a value /3 = 3.16ao®jEo. This is in excellent agreement with the value 3.18, 
calculated with the aid of the accurate wave function above. 


IV. Correlation with the Equation of State 

Although the computation of the last section applied only to atoms for 
which each electron had a spherically symmetrical distribution, still it is 
interesting provisionally to compute van der Waals forces in other cases from 
the polarizability. In cases where the whole atom is spherically symmetrical, 
though individual electrons are not, this seems fairly reasonable. Thus we 
obtain values of /3/ao^Eo for the noble gases as listed in Table I : 

Table:!. ■■ ,, , 


He 

3.16 


Ne 

17.0 


A 

148 


Kr 

275 


Xe 
582 : 


These values can be tested by calculating the equation of state. Of course, 
the attractive force is not the only interatomic force; there is also a repulsive 
force, increasing very rapidly as the atoms approach. This is often repre- 
seated by assuming the atoms to be rigid, and if the van der Waals attraction 
is fairly laige this is justified. For He, however, large errors are committed by 
this assumption. The repulsive potential has been computed for atomic hy- 
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drogen'2 helium.*^' It appears possible to represent it in the range of 

importance in thermal interaction between gas molecules by the approxima- 
tion forrmila 

€, = 

1 1 should therefore l)e possible to write approximately 

e = 

for tlie total interaction energy of two molecules. If the equation of state of a 
gas is written in the familiar virial form 


py^ 

RT 


B 

1 + — + 
F 


where j) is llie pressure, V the volume, R the ideal gas constant, and T the 
absolute teniijerature, it is possible to show that at high temperatures 


B 


2tN f 


(1 - e^^‘i'^'‘')RWi 


uniier the assuni})li(jii the molecules are spherically symmetrical. Here e is 
the Miuluai potential energy of two molecules. If, further the molecules are 
Irciited as rigid spiieres of diameter or, and the exponential function in the 
above integral is expanded, it is found that approximately 


where 


Ih = 




== — ItIS 






and the equation of state may be written in the van der Waals form 

^ RT A 
^ ~ F ~ O ' 

Moreover, if the repulsive potential is ignored when R>cr, we may replace e 
by €« calculated from Eq. (19). The expression for A then becomes 


4.76 X ergs cc/moi 


(20) 


where Bq is expressed in cc/moL It is to be remembered that this is a very 
rough approximation, for in reality the repulsive potential cannot be ade- 
quately represented liy a potential wall which rises to infinity when R = <x, 
This model is indeed entirely inadequate when the attractive field is very 

Heitler and London, Zeits. f, Physik 44, 455 (1927); Suguira, Zeits. f Phvsik 45, 484 

( 1927 ); 

: Slater, reference li. ■ ■ 
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weak as in the case of helium and hydrogen. This is illusl'rated in Fig. 1* The 
interatomic potential 

( 0.68 ) 

< 7.7d--2.43S/ao 

I (AVV/o)«i 

which we have obtained for helium has been plotted as a function of the 
separation of the two atoms. The dotted line represents the attractive com- 
ponent alone and the distance marked cr on the i2-axis represents the erfecti\ e 
atomic diameter calculated from the van der Waals Bi\ coiistant. In a later 



Fig. 1. The mutual energy of two helium atoms plotted as a 
function of the interatomic distance. 

paper a calculation of the second virial coefficient B of helium, based upon the 
above expression for the interatomic potential, will be presented. It leads to 
an equation of state and to a description of the thermodynamic properties of 

helium which are in striking agreement with experiment. 

In the present paper, however, we shall content ourselves with the ap- 
proximation of rigid molecules. We have calculated values of A for several 
gases by means of Eqs. (19) and (20), from the experimental values of the 
lefractive index and the constant So. We have not restricted ourselves to 
the noble gases, but have included several gases with poly-atomic molecules 
The electron confipration in most non-polar molecules resembles that of the 
noble gases except in the particular case of spherical symmetry. It was thought 
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that li(|. (19) niij 4 ’lit still be approximately valid in these cases, since most of 
the characiiTislies of the wave function employed in the calculation of o; and 
€ were (Zimina. ted in the formulation of this relation. The computed values of 
..4 are compared with the empirical values of Beattie and Bridgeman^^ in 
1 able II. 1 he A constants for Kr and Xe were computed from viscosity 

Table IL 



a.im 

(cc) 

^ Bo 
(cc/mol) 

.4 (calc). 10-“ 
(ergs cc) 

(exp) . lO"’^^ 

(ergs cc) 

Ne 

0.39 

20.6 

0.37 

0.21 

A: 

1.65 

39.3 

1.67 

1.29 

Kr 

2.50 

52.8 

2.33 

2.07 

Xe 

i 4.12 

70.4 

3.70 

3.86 


^ 1,74 

50.5 

1.58 

1.34 

Ih: 

0,82 

21.0 

.55 

0.20 

O. 

1 . 59 

46.2 

1.64 

1.49 

dh 

2 . 56 

55.9 

2.32 

2.28 


measnrenients. The agreement appears to be quite satisfactory. The com- 
|)iit(‘d \ allies (.>f A are of course somewhat larger than the empirical ones due 
to the neglect of the repulsive potential outside the sphere R==(t, However, as 
A l)ecomes large, the error introduced by this approximation becomes less 
importan t just as we should expect. It is to be hoped that a method of calcu- 
lating the repulsive potential may soon be developed, in order that a more 
adequate comparison with experiment may be made. 


Beattie and Bridgeman, Proc. Nat. Acad. 63, 229 (1928). 
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Abstract 

Unpolarized x-rays from an x-ray tube excited at 90 to 125 kv and filtered i hrough 
aluminum and copper were scattered by paraffin at angles of 75®, 97®30 ' and 1 2(V\ The 
intensity of the scattered rays was measured by the ionization produced in a chain 
ber containing air saturated with (1) methyl iodide (2) ethyl bromide. It was fourni 
very necessary to keep the temperature of the ionization dianilHir and the \*oIiage 
on the x-ray tube constant during an experiment. The results are expressed by tlie 
ratios of the ionization currents produced at scattering angles of 97 "30^ and 120' 
respectively to the current produced at an angle of 75®. 'bhe wavedengths present in 
the primary x-rays were determined by measuring the absorption of x-rays in a series 
of thicknesses of aluminum, the x-rays entering the same ionization chamber as that 
which was used in the scattering experiment. The absorp>tion curve so (drained was 
found to consist of two exponential curves which correspond to two wa\'e-lengths, 
the intensity of the shorter wave-length being much greater than that of the longer. 
With these wave-lengths and their relative intensities and taking account of the 
change of absorption in the ionization chamber due to the Compton change of wave- 
length the theoretical values for the above ratios were calculated by use of (1) the 
Dirac scattering formula and (2) the Compton formula. The agreement between the 
ratios calculated from the Dirac formula and the experimental ratios was excellent. 
The wave-lengths when methyl iodide was in the chamber were 0.205 A and D.39A 
and when ethyl bromide was in the chamber were 0.26 A and 0.4 7 A. At these wave- 
lengths the difference between the Dirac and the Klein and Nishina formulas is so 
small that experimental discrimination between them was not possible. 


L Introduction 

TN 1923, A. H. Compton^ and Jauncey^ developed theoretical formulas for 
A the spatial distribution of the intensity of scattered x-rays. The two for- 
mulas differ only in the higher powers of a, which is defined by 

a = hfmcX (|) 

where X is the wave-length of the primary x-rays and h, m and c have their 
usual significance. It is only in the region of 7 -rays that the two formulas 
differ, and as this paper has to do only with the scattering of x-ray^s and not 
7 -rays, we shall use the Compton formula as also representing Jauncey ’s 
forrnula with sufficient exactness. According to Compton,^ the scattering co- 
efficient per unit solid angle in a direction 0 with the direction of propagation 
of the primary x-rays is 

^ NZpe^ 1 + cos^ <;& + 2 a(l “h oj) vers^ < 5 ^ 

* WmV (l+avers(^)5 

^ A. H. Compton, Phys. Rev. 21, 491 (1923). 

2 G. E. M. Jauncey, Phys. Rev. 22, 233 (1923). 
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wheie A is Avoc^adfo s number, Z the number of electrons in a molecule of 
the scattering substance, p its density, W its molecular weight and <l> the angle 
of scmtteriiig. lu}. (2) is Compton^s formula for the scattering of unpolarized 
xu’ays. The minimum value of x., occurs when = that is, when 

'COS a/2 (3) 

ap|)r(.)xiinately, tlie s(..|uare and higher powers of a being neglected. 

In the I homsoni^ theory of the scattering of x-rays, the minimum occurs 
<it cos (jj — (I, oi at (f) == 90 . In the case of x-rays for which a = 0. 1, the minimum 
accau'cling to Lq. (a) occurs at ^ = 92^53', which is distinctly different from 
tlie f)OsilioH of the minimum on the Thomson theory. 

Ih'cit^ attacked the problem of the theoretical formula for the scattering 
of x-ra\ s froin t he point of view of the correspondence principle and obtained 
a foi muL'i dill (‘ring from haj. (2). Later Dirac,® using the principles of quantum 
mechanics, obtained a formula identical with that of Breit. The Dirac for- 
mula is 

NZpe'^ 1 + cos^ (j) 



(1 + avers</>)® 

Accorrling Bq. (4), has a minimum at 

cos ^ = — 3a/2 

approximate!)", so that lf>r a = 0.1, the minimum occurs at 98^36'. The mini- 
mum acx’ording to Dirac therefore occurs at an angle of 5°43' greater than 
according to ('ompOm and Jauncey. 

Recent!)', Klein and Xishina® have derived a formula on the basis of the 
qiiantum meclianics which is somewhat different from Dirac’s formula. The 
Klein and Nisinna fcnanula is obtained from the Dirac formula by multiply- 
ing the right side* of (4) l')y the factor 

^2 vers- 6 

k ^ — — . ( 6 ) 

1 1 + cos^ ^) ( 1 -f- a vers <#>) 

This factor has no etfect on Eq, (5) as far as the first power of a is concerned. 

In 1924 Jaunct^)'” derived a formula for the scattering of polarized x-rays, 
h'or scat tering in the plane of the electric vector, the position of the minimum 
is giv<m l'>y 

cos (j) = a (7) 

approximateh". so that fora: = 0,l the minimum occurs at 84° 15'. Tlieformu- 
las of Breit, Dirac and Klein and Nisliina all agree in giving the minimum at 
^ = 90°, which is in accord with the Thomson classical theory. 

^ J. J. ThuiJison, Conduction of Electricity through Gases, 2nd. Ed., p. 325. 

G. Breit, ITys. Rev. 27, 362 (1926). 

MC A. M. Dirac, Proc. Roy. Soc. All 1, 405 (1926). 

Klein and Xishinn, Zeits. f. Physik 52, 853 (1929). 

' 7 G. E. M, Jauncey, Phys, Rev. 23, 313 (1924). 
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In an early experiment by Jauncey and Staiiss® on the scattering of polar- 
ized x-rays, the experimental position of the minimum appeared to 
with Eq, (7). This experiment was repeated by Barrett and Beardoii,^ who 
found that the minimum occurred at angles somewhat greater tluin 9i)’" and 
within experimental error of 90®. Another repetition was made by Jauma^y 
and Hassler,^^ who found the minimum to be at an angle slightly greater than 
'90®. The results of these experiments are uncertain clue to (1) the difficulty 
of measuring the exact position of a minimum, (2) the lack of complete polar- 
ization, (3) the wide slits which are necesvsary in order to olitaio sufficient 
intensity, (4) 'the uncertainty of the wmve-length used, and (5) multiple 
scattering. The wide slits have the effect of flattening the minimum, and on 
that account making the position of the minimum still more difficult to de- 
termine. Referring to Eqs. (3) and (7), it is seen that the Compton-Jaiuicey 
formula gives the minimum for unpolarized x-rays at an angle greater than 
90®, while their formula gives the minimum for polarized x-rays at an angle 
less than 90®. It is possible therefore with partially polarized x-rays to ob- 
tain a minimum at 90® on the Compton-Jauncey theory. Complete polariza- 
tion can only be obtained by scattering at 90® or nearly 90® from a slab of 
some material such as paraffin, when the slab is very thin. Since, in experi- 
ments on polarized x-rays, the x-rays are scattered twice, the intensity (>f the 
doubly scattered x-rays is quite small unless both slabs of the scattering 
material are fairly thick. However, multiple scattering increases as the thick- 
ness of each slab increases. This multiple scattering increases the lack of com- 
plete polarization. 

Due to the above objections, the present writers have made the test on 
unpolarized x-rays and have abandoned the attempt to determine experi- 
mentally the position of the minimum. Instead the writers have attempted 
to measure the relative scattering at the three angles 75®, 97.5® and 120® as 
accurately as possible and to compare the experimental values with the values 
predicted by the various theories. It should be mentioned that in 1922 
Hewletri^ published scattering curves for certain organic liquids and that 
these curves show minima at about 100® to 105®. As we shall show in the 
present paper, it is very necessary to take account of the Compton change of 
wave-length in regard to its effect on the ionization produced in the ioniza- 
tion chamber, and this Hewlett did not do, since his paper was published be- 
fore the discovery of the Compton effect. 

2. Experimental Procedure 

X-rays from the tube Fig. 1, after leaving the target almost tangen- 
tially and passing through a slit system, fall upon the paraffin slab B, Part 
of the x-rays are scattered by the slab B into the ionization chamber D and 
part penetrate through the slab B and then fall upon a paraffin slab C. Part 

® Jauncey and Stauss, Proc. Nat. Acad. Sci. 10, 405 (1924). 

^ Barrett and Bearden, Phys. Rev. 29, 352 (1927). 

Jauncey and Hassler, Phys. Rev. 31, 1120 (1928). 

C. W. Hewlett; Phys. Rev. 20, 688 (1922). 
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of the rays falling on slab C are scattered, into the ionization chamber E . , The 
slab B is iiioiiiited on the axis of an x-ray spectro.meter and the ionizatiGn 
chamber, I) can, be rotated about this axis. The angle which the slab' C makes 
with the primary !::)eam and the position of the chamber E remains fixed 
throughout the experiment. The width of the beam of x-rays entering the 
<fiaml)er li is ccnUrrdled by tJie adjustable slit 5. The outer electrodes of D 
and E are connected to +100 a,nd —'100 volts respectively. The inner elec- 
trodes are connected together and to the electrometer as shown in Fig. 1. 
Doubling and halving the voltages on the chambers E and D had no effect on 
the observed ionization currents, so that the voltages on the two chambers 
were always above the voltages necessary for saturation. The chamber D 
was first filed with air saturated with methyl iodide vapor. Later D was 
filed with air saturated with ethyl bromide vapor. A reservoir containing 
either li(|uid methy l iodide or ethyl bromide was permanently connected to D, 
The chain! )tT E was filed with air alone. In order that the primary x-rays 
slunild be in ellect completely unpolarized, the axis of the x-ray tube made 
an angle of 45"" with the plane of scattering. 



I'he angular scale of the spectrometer was graduated in quarter degrees 
so that settings of the ionization chamber could be made with an accuracy 
of 5 miiiiites of arc. A pin was mounted on the axis of the spectrometer and 
it was arranged that, when the primary beam of x-rays was observed by a 
fluoroscope, the shadow of the pin was in the center of the fluorescence pro- 
duced by the beam. The target of the tube was turned so that the primary 
x-rays left the target nearly tangentially, the plane of the target being verti- 
cal. Under these conditions it was noted that the edge of the fluorescent 
image of the slit system as observed in the fluorescope was sharp on one side 
but m^as somewhat indefinite on the other. Consequently we could not be 
certain that the axis of the spectrometer passed through the ^+enter of 
gravity^^ of the primary beam. We therefore took readings for a given scatter- 
angle with the chamber D set first on one side of the primary beam and 
then on the other. Also with a given setting of the ionization chamber we 
took one set of readings with the paraffin slab B in the Crow ther^^ position and 

J. A. Crowther, Proc. Roy. Soc. A86, 478 (1912). 
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a, second set with the slab B turned through 18(f , so that it was again in tiio 
'Crowther position but with the opposite side presented to the primary heaiii. 
For each angle of scattering there 'were thus two settings of tlie i(mizatioii 
chamber and four settings of the paraffin slab. In this wa\% any ahynuneiry 
of the primary beam with respect to the spectroineter wa> r(?rreri(‘fL 

The primary voltage of the x-ray transformer was su[>plied by two inninr 
generator sets. The first set consisted of an a.<\ motor and d.c. gcmeratnr 
operated by Washington University power. By means of a \'ollage regulator 
connected to the field coils of the d.c. generator a constant d.c. \'oltage wa^ 
obtained, irrespective of variations in the a.c. voltage driving the a.e. motor. 
This constant d.c. voltage was applied to the d.c. motor of the second set, so 
that the ax. generator of the second set gave a constant a.c. voltage. 'Fhi^ 
constant ax. voltage was applied to the primary of the x-ray traiishamier. 
Full wave rectification of the high voltage was obtained by a sx'stem of four 
kenotrons. Care was taken to have the filaments of the kemjtrons al a tein- 
perature such that the fall of voltage across the kenotrons was too small to 
produce any detectable x-rays. This was necessary because irregtilar rv^u\i> 
were first obtained due to stray x-rays from the kenotrons. In spi(i‘ of ihr 
two motor generator sets, there were occasional variatirms of the primary 
voltage across the x-ray transformer and of the milIiani|H‘res through the 
x-ray tube. Accordingly, we placed a choke coil in the primary circuit of tlie 
X-ray transformer. By adjustment of the length of the iron core wiiliin the 
coil, any variation of the voltage could be annulled. The tube was o[)crateci 
at maximum voltages between 90 and 125 kilovolts arid a current of 7 rni!!i- 
amperes. The voltages were measured by the spark length between s|)heres 
of 10 cm radius. The target was of tungsten and was not water-cooled. The 
corona discharge from the leads to the x-ray tube was reduced by making these 
leads of f inch flexible piping. The x-rays were made more homogeoeous Iry 
passing them through a filter F of aluminum or copper. 

The intensity of the rays scattered by the slab B into the chamber D was 
compared with the intensity of the rays penetrating the slab B and entering 
the chamber E. By means of lead shutters, the rays were first allowed to 
enter D but not £ and then were allowed to enter E but not D, Readings of 
the scatteied and primary rays were thus taken alternately. The tinie for a 
deflection over a given part of the scale was measured. Due to the fact that 
the voltages across the chambers D and £ were in opposite directions, it was 
not necessary to ground the electrometer during a set of readings. With a 
given setting of the chamber, 5 readings on the scattered rays and 5 readings 
on the primary rays were taken. The slab B was then turned through 180"^ 
and the procedure repeated. This was done with a slab of given thickness and 
with a given voltage on the x-ray tube for the chamber angles of 12(f , 97,5^b 
and 75° on the right side of the spectrometer and 75° 97.5° and 120° on the 
left side. Thus a total of 60 readings on the scattered rays and 60 on the pri- 
mary rays were taken, making a total of 120 readings. In an effort to correct 
for multiple scattering, we then substituted a slab of different thickness and 
took 120 more readings. The whole of the 240 readings were taken without 
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interruption. Since the effect of change of temperature on the ionization pro- 
duced in tilt; sat urated methyl iodide or ethyl bromide vapor is quite consider- 
aiilc, we kept the temperature of the room constant during the whole period 
f)f lite 240 readings. Also, during the same period, the voltage across the 
x-ray tube and the current through the tube were kept constant. 

Readings of the ionization in chamber D were also taken with the slab .S 
removed so as to obtain any effect due to stray rays. Although this effect was 
small, it was not negligible. The effect was different for different settings of 



the chamber />. For a given chamber angle on one side of the spectrometer 
and a gi\-en thickness of paraffin, the average of the readings for the scattered 
i-ays was determined. This average was corrected for the stray rays. The 
average for the primary rays was also determined. The ratio of this corrected 
average for the scattered rays to the average for the primary rays is de- 
termined for a given scattering angle on each side of the spectrometer. The 
average of the ratios for the two sides is then determined These are the values 
shown in Tables I and II. 

The linear width of the primary beam when crossing over the axis of the 
spectrometer was measured with the aid of the fluoroscope and was found to 
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be 4 mm. Since the distance of the axis to the target of the x-ray tube is 80 
cm, the angular width of the primary beam is 17'. The distance from the axis 
to the window of the ionization chamber D is 15 cm. This window is 1 cm 
wide. The angle of scattering when the chamber D is set at a gi\'en angle 
therefore has a range of 5° 32'. The angular height of the primary beam is 
1° 23', while the angular height of the scattered rays is 11° 24'. Calculation 
showed that the angular range of the scattering angle from a thin .slab due to 
the height of the slits was about 30' at each of the angles 75° 97° 30' and 1 20”, 



Fig. 3. Absorptioa in aluminum. Methyl iodide, 125 kv. 

The inner electrode of the ionization chamber was placed so that no scattered 
rays from the slab could strike it. The diameter of the chamber was such 
that the rays did not strike the sides. The length of the ionization chamber 
was 43.5 cm. 

After completing a run of 240 readings on the scattered rays and meaur- 
ing the effect of the stray rays, the hardness of the primary rays was measured 
by placing the chamber D so as to receive the primary rays. In order to cut 
down the intensity the rays were passed through a pinhole in a sheet of lead. 
Different thickness of aluminum were placed in the primary. For each thick- 
ness several readings alternately with and without aluminum were taken. 
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I'he prorioi-Uon of the rays penetrating each thickness are shown by the black 
circles in 1‘igs. 2, 3 and 4. The absorption curve was obtained for the same 
voltage across the x-ray tube and with the chamber D at the same tempera- 
ture as wdien the scattered rays were being measured. 



3. Experimental Results 

The experiment was first performed with the chamber filled with air satu- 
rated with nieth>i iodide vapor at a temperature of 17°C. The results are 
shown in Table 1. Paraffin slabs of mass per unit area 0.365 gm/cm^ and 


L Scattering from paraffin. Methyl iodide in ionization chamber. 


Angle : 

1 

I ~ 90 kv 

I Mass/Area ~ 0.365 

Scattering ratios 
9()kv 

0.595 

125kv 

0.365 

12Skv 

0.595 


i 0.531 

0.837 

0.477 

0.760 

SO' 

0.573 

0.926 

0.550 

0.804 

120'“* i 

1 

0.864 

1.414 

0.823 

1.265 


0.S95 gin/cni'^ were used. The values under 125 kv are not comparable with 
the values under 90 kv. The 90 kv rays were filtered through 2.92 mm and 
the 125 kv rays were filtered through 7,22 mm of aluminum. The results of 
the absorption measurements for the 90 kv rays and the 125 kv rays are repre- 
sented by the black circles in Figs. 2 and 3 respectively. 

Later the experiment was performed with ethyl bromide in the chamber 
and the results shown in Table II were obtained. In this case the rays were 
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filtered through 0.1 mm of copper and 2.0 mm of aluminum. The temperature 
was maintained at 24.0°C. 

Table II . Scattering from paraffin. Ethyl bromide in ionization chamber. 

Potential 95 kv. 


Scattering ratios 

Mass/Area — 0.365 0 . LS 


0.368 0.645 
0.397 0.720 
0.635 1.150 


The results of the absorption measurements with ethyl bromide in the {‘ham* 
ber are represented by the black circles in Fig. 4. 

4. Comparisons with Theory 

In order to compare the experimental results with theory it is necessary 
to obtain the wave-length of the primary rays. Since we used rays of the cmi - 
tinuous spectrum filtered through aluminum or aluminum and (‘opper, tlu* 
rays were only approximately monochromatic. 

Smooth curves (not the curves shown) were drawn through the experi- 
mental points shown in Figs. 2, 3, and 4. From the smooth curve in a given 
case values of h/h were read off at each successive thickness of 1 mm of 
aluminum. It was found that after a thickness of about 4 mm the curve was 
almost exactly exponential. This exponential portion was produced back to 
zero thickness. Differences were then obtained between this exponential 
curve and the experimental curve for thicknesses less than 4 mm. It was 
found that these differences when plotted against thickness gave a fairly 
exponential curve. Thus the experimental curve appeared to be made up of 
two exponential portions. The solid curves shown in Figs. 2, 3 and 4 are 
curves calculated from the formula 

It/h == (g) 

The values of ii, i%y ixi and jU 2 are showm in Table III. 


Table III. 


kv 

Vapor in D 

ii 

Mi 

cm”^ 

ii 

M2 

cm’"^ 

Xi 

A 

x.> 

'A . 

h 

; I 2 

90 

methyl 

iodide 

0.67 

0.74 

0.33 

2.7 

0.205 

0.39 

0.68 

0.32 

125 

methyl 

iodide 

0,815 

0.74 

0.185 

2.7 

0.205 

0.39 

0.82 

0,18 

95 

ethyl 

iodide 

0.806 

1.03 

.194 

4.15 

0.26 

0.47 

0.91 

0.09 


In Table III, and /X 2 are the linear absorption coefficients in aluminum. 
From these the mass absorption coefficients can be found and the wave- 
lengths Ai and X 2 can be determined from Compton's table of absorption 


Angle 


75° 

97° 30' 
120 ° 
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coetficieiilsJ** how i-i and are the proportions of the two wave-lengths pre- , 
sent as nieasiired by the ionization produced in the chamber. These are not 
the proiiortions present in the primary x-rays. At first, we thought to obtain 
th(‘ prn]Hniions present in the primary rays by dividing by the amount of 
each wax e-lengt h ahsorb(‘(l in the gas in the chamber. These proportions are 
shown in the rolnnuis headed Ji and However, the energy of the x-rays 
whic‘h are absorbed in methyl iodide does not all give rise to ionization. By 
far (he greaUi^ part of the energy goes into iodine iT-radiation, and somewhere 
abcait 80 to 00 percent of this i?-radiation leaves the chamber without pro- 
duriag ionization. At'cording to Compton,^^ the fluorescent yield is indepen- 
d(*nt ol tlu‘ wa\ e-h*ngth, so long as it is short enough to excite the fluores- 
cent. radiation. 1 lius the same proportion of the absorbed energy goes 
into producing ionizatif)n in the chamber D for all wave-lengths shorter than 
t).375A, tht‘ K critical absorption wave-length for iodine. Let nti and m 2 be 
(he r(‘sp<H‘tivt‘ mass a!)sorption coefficients of the wave-lengths Xi and X 2 in 
(hi‘ ga^ (4 the cliambcr I\ The saturated vapor pressure for methyl iodide at 
1 7 ( ’ is mirbp trorn which the density of the iodine in the methyl iodide is 
t)JH)2fl0 gns enr’. The values of mi and for iodine can be obtained from 
(‘omptoii’s table ni mass absorption coefficients by interpolation and the 
fraction ot die radiatiem of each wave-length absorbed in the ionization cham- 
ber IJ i'lin be calculated. Let the fractions be represented by ki and ^2 for 
tlu* wax e-lengths Xi and X 2 respectively. Of the fractions ki and k^, the frac- 
tituis />! and p>> respectively appear as ionization. In the case of methyl 
iodide pi and p- differ !»ecause Xi is shorter and X 2 is longer than the K critical 
absorptifui wax'e-length of iodine. Hence the relative energies in the wave- 
lengths Xi and Xu as they enter the chamber Z), but not as they are absorbed 
in the chamber, art* /|, piki and h/p^h- These are taken as representing the 
energit/s of X} am! X*» in the primary beam. 

Xow let us c'onsider the scattering experiment. The scattered intensity 
Ip wlien file slab H is in the Crowther povsition is 

/* .1 V sec (<#>/2) 



/ 

where I is the inieiisity of tlie rays penetrating the slab B and entering the, 
t:liaml.?er A, Hiis intensity is proportional to the ionization in E, so long as 
the lemperatuia* of the room and the voltage across the x-ray tube is kept 
cxii'islant. Sp in Eep (8) is the scattering coefficient, t is the thickness of the 
slain A the area, of the window of chamber Z>, R the distance of the window 
fn.»m tlie spectrometer window and <i> the scattering angle. 

Let primed (|uantities {') represent values at and doubly primed quan- 
tities 1 ; represent values at <j>'\ Then, since the same slab of thickness t is 
used at both angles, we have froni (8) 

J'^/r - {/y.v0'(sec |<^»'')/(sec|<^)0 (9) 

where J - 4,. '/. 

A. li. (^onipum, X-Rays and Electrons, p. 184. 

A. H. Cimii>uno Rhil Mag. 8, 961 (1929),. 

Int. (Vif. Ta!:te. Ill p. 216. 
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With Eqs. (2), (4) and (6), the various theoretical values of J''/J' for a 
given wave-length can be found. However, the ratio of the ionizalioii cur- 
rents, produced in chamber D is not because of the Coniptcju chuiigci of 

wave-length 

= {hjmc) vers<^>. 

Due to this change of wave-length ' the proportion , of the scattered rays of 
primary wave-length Xi which is absorbed in chamber D is different for tlie 
scattered rays from the proportion of the primary rays of the wa\^e-length Xi 
absorbed in D in the absorption experiment. The absorbed scattered ra\’s 
are proportional to iiki/Piki where ki is the value of ki for the scattered rays. 
The ionization produced is proportional to iipihi / piki, where pi is the value 
of ^>1 for the scattered rays. However, according to Coniptond^ pi ' == Pu > h^ng 
as the Compton change of wave-length does not cross a critical al>sorption 
wave-length. Hence the ionization produced is proportional to iiki'/ki. T!ie 
values of ii/ki and ^ 2/^2 are shown in the columns respectively lieaded ii and 
J 2 in Table III. 

If we have two wave-lengths, and if the Ts of Eq. (9) are to represent 
ionization currents in chamber!), w^e have 

J" iiiW^/ki)s/' + sec 

J' {iiki/ki)si + sec (-|)<^' 

The values of J'^/ J' where (p' = 75° and == 97° 30' or 120° are shown for the 
various theoretical formula for in Table IV. The experinieiital \'aliies of 
jff/j' when methyl iodide is in the chamber D are also shown in Tai:)Ie IV, 

Table IV. Experimental and theoretical values of Methyl iodide in 

ionization chamber. 




90 kv 

125 kv 



Experiment 

Dirac 

Compton 

Experiment ■ | 

Dirac 

, 

Compton 



. A 

B 

Mean 

A 

B 

' Mean . 

75° 

75° 

97.5° 

120° 

1.079 

1.627 

1.107 

1.690 

1.093 

1.659 

1.098 

1.738 

1.170 

1.898 

1.152 

1.725i 

1.059 

1.663 

1 1.106 
[,1.694. 

1 . 103 

1 . 740 

1.174 

1.905 


Those values shown under A are for the paraffin slab whose mass per unit area 
is 0.365 gm/cm^ and those under B for the slab whose mass per unit area is 
0.595 gm/cm^. 

During the progress of this research, a paper by DuMond^*^ on multiple 
scattering has appeared. In this paper, DuMond discusses the problem of 
double scattering from a sphere, and obtains a formula for the ratio of the 
intensity of doubly scattered rays to that of singly scattered rays. The 
formula contains a function of the scattering angle, but this function is 
very nearly constant in the range <^ = 75° to 120°. We have been unable to 
find any certain direction in which /"/J' changes with the thickness of the 

isj. W. M. DuMond, Phys. Rev. 36, 1685 (1930). 


SCATTERING OF UNPOLARIZED X--RAYS 


709 


slab ill cair (‘xpariiiicnls, and this is, we believe,- in agreement with DuMond’s 
t!K*ort‘tic:;ii liiiding that the ratio of double to single scattering, does not vary 
with tin* angle* in the range considered. Instead, therefore, of extrapolating 
t!ii* \ ,'ihu*^ uf to z(TC) thickness, we have merely taken the mean values 

as sIh ?\ vn in 1'abi<* l\h 

In cah'ulating tint I hcorc'tical values, the range of scattering angles at a 
givcni selting of tin* ionization chamber has been neglected and the calcula- 
tion be(*ii made* on the assumption that the scattering angle is the angle at 
which the ionization chamber is set. This is allowed because the correction 
due to the raiig<* cd the scattering angle is small since the range of 5“^ 32' due 
to the width of the slits plus 30' due to the height of the slits only makes a 
difference in the tliird decimal place in the theoretical values of J"//' in 
Tables t\’ and \h Ibirther, in calculating the theoretical values it has been 
assunH*d that none of the vseattered rays at the angles used are of the un- 
modified ("omptuid^ writes Wentzel’s formula for the intensity of the 

unmodified rays in the form 



wherij k - (47r/X) sin (<j)/2) and ti{f)dr is the probability that an electron is at 
a distance r to f from the center of an atom, n is the number of electrons 
in an atom of the scatterer and le is the Thomson value of the scattering 
from a single electron. In the case of helium, Pauling^® gives the probability 
for each of tlie tvva.) electrons as , « 

?/(r) ~ I — exp { — (Z ~~ s)r/a] (11) 

where Z is the atomic number of helium, a is the radius of the normal orbit 
in the hydrogen atom on the Bohr theory and 5 is the screening constant. We 
have applied this formula for u{r) to the case of the K electrons of carbon, 
putting Z- 6, 5 = 0.39 and a=0.53A in Eq. (11) and ^ = 2 in Eq. (10). Per- 
forming the integration in Eq. (10), we obtain 

/«n,n - 4/./(l + .022.^2) (12) 

where x= (4/X) sin (#'2). For X = 0.26A and = from each carbon 

atom in paraffm is 0.065 A. The average chemical formula for paraffin is 
C24H50. The L electrons of C and the electrons of H do not scatter unmodified 
rays at so that the ratio of unmodified rays scattered by paraffin to 

the total scattering at <?1> = 75^ is 0.7 percent. We are therefore justified in 
neglecting the unmodified rays in our calculated values of J"//'. 

In Table III it will be noted that X2 for the absorption curves when 
methyl iodide is just on the long wave-length side of 0.37SA, the critical ab- 

A. H. Compton, Phys. Rev. 35, 930 (1930). 

G. Wentzel, Zeits. f. Physik 43, 1 and 779 (1927). 

L. Pauling, Proc. Roy, Soc. A114, 181 (1927). 
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sorption wave-length for iodine. We accordingly felt rather douhtful of the 
reality of this wave-length. For this reason we replaced the methyl ioflide 
with ethyl bromide. The temperature when ethyl bromide was used in the 
ionization chamber was 24.5'^C. At this temperature the density of the bro- 
mine in saturated ethyl bromide is 0.00197 gm/cm®. The primary x-rays were 
filtered through copper as well as aluminum in an aUem[)l to increase the 
homogeneity of the rays. The absorption measurements are shown f^y the 
black circles in Fig. 4. The absorption measurements were carried to a much 
greater thickness of aluminum than in the case where methyl iodide was in 
the chamber. This was done in order to obtain the wave-lengths as ac'ciirately 
as possible. The solid curve of the Fig. 4 is constructed with the use of the 
data shown in Table III. Again as in the case of methyl iodide we ha\'e two 
wave-lengths, but both are on the short wave-length side of the absorptioti 
edge from bromine. The experimental and theoretical values of are 

shown in Table V. 


Table V. Experimental and theoretical values of J "/J\ Ethyl bromide in 
ionization chamber. Potential 95 kv. 



Experiment 

Dirac 

Klein- 

Comp- 

'rhoin- 



A 

B 

Ave. 

Nishina 

Ion 

son 

75° 

75° 

97°30' 

120° 

1.085 

1.755 

1.110 

1.795 

1.098 

1.775 

1.097 

1.740 

1 . 102 : 
1.755 ; 

1.17 
1.89 ' 

■ 1.149 

: 1.860 


5. Discussion 

The agreement of the experimental values of J^yj^ with the Dirac or 
Klein and Nishina values as shown in Table V is excellent. At the wave- 
lengths used the Dirac or Klein and Nishina Formula is a much better de- 
scription of the experimental facts than the Compton or Thomson Formula. 
The agreement of the experimental values of J'yj' with the Dirac values as 
shown in Table IV is also good for the 90 kv x-rays. The agreement for the 
125 kv x-rays, however, is not so good although the agreement of the mean 
values with the Dirac values is good. The corona discharge when the x-ray 
tube was excited with 125 kv was considerable and this seemed to introduce 
irregularities into the electrometer readings. This difference between the A 
and ^ values for 0/' = 97° 30' is due to the irregularities. 

In calculating the theoretical values of J'yj\ two wave-lengths have 
been used. In the case of ethyl bromide, the longer wave-length was 0,47A. 
This wave-length is perhaps somewhat fictitious and we feel that the reality 
of the wave-length 0.26A is greater because by far the larger part of the ab- 
sorption curve in Fig. 4 is due to this wave-length. If it is supposed that only 
this wave-length is present in the primary rays, the Dirac values in Table V 
become 1.098 and 1.753 for ^" = 97° 30' and 120^^ respectively, while the 
Klein and Nishina values become 1.103 and 1.771. Also it might be objected 
that even the wave-length 0,26A is an average wave-length. We have there- 
fore calculated the Dirac values in the case of ethyl bromide for X = 0.22, 
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0.24, 0.28, C).3C)A in addition to 0.26A. The values of vary from 1.098 

to 1.108 at (/)'^ = 97^ 30' and from 1.73 to 1.76 at <^"-120°. The Dirac theo- 
retical values (4 are therefore practically constant for a wave-length 

range of O.CIHA about 0.26A. The Compton values are also practically con- 
stant ov(‘r the same range. This is our justification for using the average 
wave-Iengtli 0.26A in the calculation of the theoretical values. 

If tlie effect of the Compton change of wave-length on the ionization 
produced in the chaml)er is neglected, the Dirac theoretical values of J"//' 
for (),26A become 1.035 at <^" = 97® 30' and 1.S40 at <^" = 120° in total dis- 
agreemtmt with the experimental values. The ionization produced by the 
photoelectrons ejected from the brass wall at the end of the chamber and the 
aluminiim wind<)W were neglected because with the length of chamber used 
this ionization is only a small fraction of the total ionization in the chamber. 
The aluminum window was 0.005 cm thick and the absorption in it was 
neglected. 

We obser\ ed a rather curious effect during these experiments. The hard- 
ness of x-rays as determined by absorption in aluminum depends upon (a) 
the angle at which the. rays leave the target of the x-ray tube (b) the nature 
of the gas in the ionization chamber, and (c) the temperature of the chamber 
if saturated vapor is used in the chamber. The length of the ionization cham- 
ber is such that the x-rays are incompletely absorbed. It is quite possible to 
apply a higiier voltage to an x-ray tube and yet obtain less penetrating x-rays. 

For the wa\’e-lengths used in this research it is not possible to discrim- 
inate between the Dirac and the Klein and Nishina formulas. Recently, 
Chao^^^ using 7-rays of wave-length 0.0052A has shown that the Klein and 
Nishina Formula fits the experimental facts much better than the Dirac 
Formula. This research was assisted by a grant from the Science Research 
Fund of Washington University. 


C. Y. Chao, Phys. Rev. 36, 1519 (1930) 
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■ APPEARANCE OF EXTRA LINES IX 'I'lOX 

■ PATTERNS OF MIXTURES AND ABSILXCE I ll« Si }M E 
IJNES PECULIAR TO THE CXJMIXiXiiXTS nl' 

THE MIXTURES 
By Roy W. Drier 
Department of Metallurgy 
M icHiGAN College of U ini ng and Teit-inoi igy 
Houghton, Michigan 
(Received February 2, 1931) 

Abstract 

" Abnormalities in x-ray spectra of mechanical mixtures miuerals are described. 

The spectra of some show the presence of extra lines, and in I he spec! ra of ot hers soinc 
lines peculiar to the components are missing. Some possible reasons are briclly con- 
sidered. 

^T^HE x-ray, useful in the solution of. many problems, lias revealed the 
existence of others. Among these are the appearance in x-ray diffraction 
patterns of mechanical mixtures, of lines not peculiar to either of the com- 
ponents of the mixtures, and the disappearance, in llie spectra of tlie mix- 
tures, of some of the lines peculiar to the components. 

■ It is not the purpose of this paper to offer any definite explanation of 
these phenomena of the disappearance of spectral lines and tiie appearance 
of new. lines but rather to record them and to mention a few possible reasons 
for them. 

The diffraction patterns are composed of spectral lines produced in Debye- 
Scherrer or Hull type cameras. These lines are indicative of interplaiiar spac- 
ings in the crystal structure. 

These effects were first noticed by the writer while he was working with 
Dr. G. L. Clark, of the Department of Chemistry, of the University of 
Illinois. The mixture which drew attention to this phenomenon was one of 
rutile (TiO 2 ) and barite (BaS 04 ). 

The two minerals, rutile and barite, were rayed separately for their dif- 
fraction patterns. Mixtures of the two were made, and diffraction patterns 
of the mixtures were then obtained. These were simple mechanical mixtures, 
mixed on glazed mixing paper and placed in capillary tubes for raying. No 
heat or pressure entered into the process of sample preparation. 

The apparatus used was a G. E. diffraction unit. It supplied 30,000 volts 
R.M.S. to a molybdenum target, water-cooled Coolidge tube operating at 
20 m.a. The films were held in a cassette in the form of an arc 8 inches in 
radius. The samples ( — 200 mesh) were contained in small, capillary, Pyrex 
glass tubes about 2 inches long and approximately 0.03 inches in internal 
diameter. This tube is held in the center of the circle of which the film men- 
tioned above is an arc. By means of a Zr02 filter placed in the cassette be- 
tween the sample and the film, practically all but the MoKa radiation is fil- 
tered out, the film registering this monochromatic beam only. 
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A t'oni|)arisoii <?f the spectra' of the components -and of the mixture ' re- 
vealed that some of tlie lines peculiar to the constituents were missing in the 
mixture^ I'latlerii and that some of the mixture lines were not included in. the 
spectia of the c'onstituents. 

Se\'cral series of mixtures were then made up and rayed, for the purpose 
of iiu'osligaling this “extra line’^ phenomenon. The mixtures were Cu-Zn, 
Cii-Ag, Ihi-NaCl, and (hi-Ni. . Each series was composed of members whose 
proportions varied from 0% A-100% B to 100% A and 0% B. The Cu-Zii 
series had the following mixtures: 100% Cu-0% Zn, 95% Cu-5% Zn, 75% 
Cm25';; 7m, 50^;; (hn50% Zn, 25% Cu-7S% Zn, 5% Cu-95% Zn, and 100% 
Zn. Tliis series was proportioned according to weight, but the rest of the 
mixtures were proportioned according to volume, which was approximated 
l)y e\'e. AUJioiigh a more accurate method of proportioning and making the 
mixtures i*ouId have been followed, it was felt that each series would yield 
samples w hieh would vary approximately as desired. 

The (\i“Zn series was the most outstanding of the five. A few of the lines 
appearing in the Cu did not appear in the mixtures, and several of the lines 
i>( the zinc patterns were not a part of the composite spectrum. In each of the 
mixture s[)eclra there were found eight distinct lines which occurred in 
neither the Cu nor the Zn spectrum. 

The extra lines iii the Cu-Zn series agreed fairly well with the spectrum 
of alphadjrass, a fact wliicli seems to indicate the occurrence of interfacial 
diffusion. I li an attempt to reproduce this reaction, a sheet of zirib was ground 
to a knife edge. This knife edge was pressed into —100 mesh copper filings 
and held tliere for 24 hours. It was then removed; the copper filings were 
brushed off, and the knife edge was placed in an x-ray beam. The resulting 
spectrum contained only the lines which were in the spectrum of an untreated 
piece of the same zinc. If interfacial diffusion occurred in the powder mix- 
ture, it was probably due to a catalytic action, possibly of the x-rays them- 
selves. 

Spectra of pure Ag and pure Cu and of a 50-50 mixture showed no new 
spectral lines in the mixture, but did show that the (100) 4 copper line was 
missing in the niixture and that there was a slight gradual shift to the right 
(i.e., sliorteniiig) in the mixture as compared to the copper. Some slight 
traces of impurities were indicated in the spectra of the Ag and Cu. 

The Cii-AI series seemed to be regular; there were neither extra lines nor 
any lines missing. In the mixtures which had a low aluminum content many 
of the A1 lines were faint and some had disappeared, but such a disappearance 
is to be expected of reflections from an element of comparatively low atomic 
number. E. C. Baiiif noticed the appearance of extra lines in mixtures of Cu 
and Au heated to the sintering point. His spectrogram of the mixture before 
heating indicated merely the composite spectrum of Au and Cu. The writer 
is inclined toward the opinion that when the mixture was heated to the sinter- 
ing temperature some such sort of reaction as diffusion or solid solution took 




E. C. •B.ain, CIieiii.,Met. Eng, 28, 2 (1923). 
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place which would account for the new lines* Davidson and Aix^ni, iii then 
research on the structure of ZnO and CuO catalysts, carried on at 3(KI 
noticed "extra lines/’ It: might be that the temperature obtaining during the 
experimentation was near enough to the melting point of zinc to make pos- 
sible the occurrence of a reaction between the ZnO and the (. ut ), or it might 
be that the oxides were reduced and formed conditions whi(.h puiiiittcd the 
reaction to take place. Davidson and Aborn favor this latter possibility, es- 
pecially since the extra lines seemed to agree fairly well with the spectrum for 
gamma brass. 

There is a possibility, too, that if reduction did occur, the tendency for 
zinc to become brittle between 200^C and 300^C, indicating a possilde change 
in atomic arrangement, might account for their extra lines. In working with 
mixtures of ZnO and CroOs, G. R. Griffin, ^ noticed in the mixture-spectra 


Davidson and Aborn, J. Phys. Chem. 34, 522 (1930), 

G. R. Griffin, Inst, in Geol. U. of III. Paper not published 
Tamman, Lehrbuch der Metallographie 3 ed. p. 450. 

A. W. Hull, Phys. Rev. 17, 571 (1921). 
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11 n: DEVKKDENCE OF X-RAY ABSORPTION SPECTRA 
rPO\ (liEMlCAL AND PHYSICAL STATE 

By J. D. Hanawalt* 

University OF Michigan 
(Received January 30, 1931) 

Abstract 

l*he x ray abhorption spectra of As, Se, Br, Zn, Hg, Xe, and Kr, and of com- 
pounds of stiiiie of these elements have been photographed for both the solid and the 
sajKir states at a dispersic>n of about 5 X.U. per mm. The effect of the chemical and 
physical state of the absorbing atom upon the secondary structure which lies to the 
short wave length side of the main absorption edge was investigated. It was found 
t hat : lip 1 ’}k‘ monatoinic vaj)ors Zn, Hg, Xe, and Kr exhibit no secondary structure 
at distanc{‘ front the main edge greater than the ionization potential of the atom. 

(2), Polyatomic sapors usually, though not necessarily, have a secondary structure 
similar to iliat whicfi is exhibited by the same molecule in the solid state. (3). For a 
polyatomic molecule In the solid state there is often an additional structure obsei'ved 
is absent when the molecule is in the vapor state. (4). There is an additional 
structure in the se('ondary absorption of solid NaBrOg which is not observed in a 
solution of XalkO;*. (5). Completed electron shells of atoms in the solid state do not 
ne<'esHarily mean the absence of secondary absorption edges as has been suggested. 

In order to account for this dependence of secondary absorption on molecular and 
physical state it is suggested that perhaps the secondary discontinuities correspond 
to the excitation energies of the structure electrons postulated by 0. W. Richardson. 

Introduction 

A STri)\' of the X-ray absorption spectrum of a substance shows that 
there are sharp discontinuities in the absorption at wave-lengths corre- 
sponiling to the energies of the Bohr levels of the atom. These absorption 
disccHUinuities do not always have the same appearance for different ele- 
ments. The absorption edge may be what is known as /^simple,” or there may 
be some alisorption discontinuities of lesser magnitude associated with the 
princiixil absorption edge. Fig. 2 (a) and (b) illustrate respectively a simple 
edge and one with secondary absorption. This secondary absorption falls to 
the short wave-length side of the main edge and therefore means the absorption 
of ciuanta of greater energy than that which produces the main edge. In some 
(Vises the difference in energy between a secondary discontinuity and the main 
edge ma\' be more than 300 volt electrons. Experiments show that the wave- 
length of the main edge and the type of the absorption are functions of the 
chemical state of the absorbing atom. Experiments also show that the chemi- 
cal state of an atom affects the emission spectrum of the atom. These latter 
experiments are complicated by the fact that one can not be sure of the 
chemical state of atoms on the anode of an x-ray tube, so it seems that 
absorption experiments have an advantage in this respect. An excellent and 

'* National Research Fellow. 
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complete presentation of the researches on the influence of chemical combina- 
tion on the x-ray absorption and the x-ray emission spectra of an atom has 
been given by A. E. Lindhfl However, because of the complexity of the re- 
sults, no unified picture of the work can be as yet formed . 

There are two general questions, probably more or less related ieg<ii(ung 
absorption spectra to be considered. What are the factors which govern the 
position of the main edge; and, what is the origin or interpretation o the 
secondary absorption structure? The suggestions regarding the fli st question, 
as given by Wentzel, Coster, Stelling, Aoyama, Kimura and .Nnshina. are 
summarized by A. E. Lindh.» The latest work is that of Pauling- who was 
able to calculate quantitatively the shifts in the position of the K alisiirption 
edge in the alkali chloride series and in the potassium halide series. I he an- 
swer to the second question as given by Coster,’ Lindsay,'* Ray," and others, 
has been in terms of the simultaneous transitions of two or more electrons 
within the atom, due to the absorption of a single quantum. I his suggest ion 
does not give any idea as to why secondary absorption is a function ot chemi- 


K K 



Fig. 1. (a) Simple edge, (b) Edge with secondary absorption. 

cal state, though Coster and Wolf® have postulated that multiple jumps will 
be less probable in an atom which has completed electron shells. On the side 
of emission spectra, the suggestion of F. K. Richtmeyer^ of simultaneous 
transitions of electrons to account for x-ray satellites seems to be the most 
acceptable at present in view of the recent experiments of Du Mond and 
Hoyt.®-® This fact no doubt makes the same hypothesis more probable as an 
explanation of secondary absorption. The writer simply wishes to bring out 
here that with the present knowledge regarding secondary absorption one can 
not make much use of the experimental data, whereas, because of its pene- 

1 Handbuch der Experimental Physik XXIV 2. Teil (1930). 

2 L, Pauling, Phys. Rev. 34, 954 (1929). 

® D. Coster, Zeits. f. Physik 25, 83 (1924). 

^ G. A. Lindsay and H. R. Voorhees, Phil. Mag. 6, 910 (1928). 

5 B. B. Ray, Nature 122, 771 (1928). 

® Coster and Wolf, Nature 124, 652 (1929). 

^ F. K. Richtmyer, Journ. Frank. Inst. 208, 325 (1929). 

^ Du Mond and Hoyt, Phys. Rev. 36, 799 (1930). 

® Du Mond, Phys. Rev. 36, 1015 (1930). 
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trating power, it seeois that the x-ray has the. possibility of giving interesting 
information about the atom in the solid state* It was thought that a study 
of the x-ray absorption of vapors, where one is concerned with isolated atoms 
or molecules, would be of help to the problem. 

Apparatus 

In order :to study absorption in vapors one must have a cell which will 
transmit the radiation, which will stand the requisite temperature to secure 
sufficient vapor pressure, and which will not react with the hot vapors. One 
is practically limited to a study of those vapors which have their characteris- 
lic x-ruy absorption in the region from about one to two and one-half ang- 
stroms, since at shorter wave-lengths the energy dispersion becomes too 
small, and at longer wave-lengths nothing can be found to use for a cell. Fig. 
2 shows the arrangement which was used. 5 is the slit, C is the calcite crystal, 
and P is the photographic plate. The furnace B is for controlling the vapor 
[)ressure, and the furnace A is for superheating the vapor. The furnace box is 



iiiade of traiisite. The vapor cell V is made of Pyrex or of quartz, and the 
concave windows IF may be drawn as thin as 0.005 mm in Pyrex, and to 
0.003 mm in c|uartz, and yet maintain a vacuum and stand temperatures to 
the melting points. In order to prevent any vapor condensation on the win- 
dows IF, the openings in the ends of furnace A were covered with three sheets 
of A! foil or mica with air spaces between the sheets. IT is a glass tube with 
gold-beater^ skin windows. The air is flushed out with hydrogen simply to 
reduce the air patli of the radiation. The dispersion of this spectrograph in 
the region worked varies from 4.9 to 5.3 X.U. per mm. The usual slit width 
was 0.05 mm, though for special cases it was narrowed to 0.025 mm or widened 
to 0.1 mm. The x-ray tube was an extra large size of the Siegbahn type. The 
current was usually about 30 m.a., and exposure times varied from 4 to 30 
hours depending on the absorbing material. 

Preparation OF Materials 

The substances which were investigated in this work were As, Se, Br, Zn, 
Hg, Xe, and Kr, and compounds of some of these elements. When it was 
possible, each substance was studied in both solid and vapor forms. In the 
solid form the absorption spectrum was secured for various thicknesses of 
screen, while in the vapor state all degrees of absorption could easily be se- 

Slack, .i.O..S.A. 18,123 (1929)., 
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cured by regulating the vapor density through the temperature. After thor- 
ough cleaning and baking of the cell F, the material was inserted j and the cell 
sealed-off under high vacuum conditions. The cell was about 40 cm long. 
With this length of path a few cm pressure of vapor was usually sufficient to 
produce the maximum contrast in the absorption spectrum. I he vapor was 
always superheated so that there would be no condensation on the ends of the 
tube. When studying Zn, the vapor was superheated to 950 degrees C, though 
all of the other vapors could be studied at temperatures much lower than this. 
Attention must be paid to the fact that polyatomic molecules dissociate at 
certain temperatures, so that this temperature must not be exceeded. The 
fact that the x-radiation itself decomposes some molecules did not cause any 
difficulty in this work since, for example with AsH g, the As atoms froze on the 
walls of the cell and left only AsH 3 in the path of the radiation. 

In studying solids, if it is possible, the simplest method is to soak cigarette 
paper in a solution of the material and let it dry. A metal like Zn may be 
rolled to a thin sheet. Thin sheets of metallic As were formed by passing 
AsH 3 through a Pyrex tube heated to 500 degrees C. The AsH 3 decomposes, 
depositing a silvery mirror of As which can be peeled off of the tube. Because 
of its surface tension, it is hard to get a thin sheet of Hg. A screen of finely 
divided Hg was formed by reducing mercurous nitrate by formic add held in 
gelatine. This gives an emulsion containing very densely packed mercury 
globules of about lOjut diameter.^b The compound NaBrOa can not be had in 
the vapor form so it was studied as a solid and in solution. Solutions varying 
from saturated to 1/3 normal were put in cells from 0.7 to 2.0 mm thick. 
These cells had thin mica windows. 

Experimental Results 

Due to the character of secondary absorption, there has been no unifor- 
mity among different workers in the methods of recording measurements. 
The absorption regions may vary in width from the slit width of a few volts 
to as much as 40 volts. The tables in this paper record the distances of both 
sides of every absorption band, or the distance of the center of the absorption 
bands from the principal edge. The secondary discontinuities near to the 
principal edge are always sharper than those farther from the edge. This 
diffuseness of those farther out, makes it impossible to state their position 
to closer than about 10 volts. 

B. B. Ray^^ has introduced two definitions which it will be convenient to 
use for purposes of classification and of discussion. Any absorption discon- 
tinuities which exist at energy distances from the principal edge of less than 
the ionization potential of the atom will be called "fine structure” while the 
term "secondary absorption^^ will be used to designate absorption discontin- 
uities which occur at greater distances than this from the main edge. 

An inspection of Table I shows the following facts : The secondary absorp- 
tion of As in the solid and vapor states is radically different. AsCU m the solid 

Wolf, Zeits.f. Physik 53, ^ ^ ^ 

B. B. Ray, Ind. Journ. Phys. 3, 477 (1929), ' 


X-RAY ABSORPTION SPECTRA 


tonn shows an .icklitional structure near the main edge which does not occur 
for the vapor. Tlie same statement applies to the spectra of AS 2 O 3 in solid 
and m vapor form. AsH;, shows no secondary structure. In the vapor state, 
the principal edges agree within the experimental error, while in the solid 

state there are differences as great as 5.2 + 1.5 volts. 

The results of the study of Br 2 and its compounds are uncertain in a few 
cases because one can not get rid of the effect due to the AgBr in the photo- 
giaphic i)late. All of the solids and the NaBrOa solution show an extensive 
secondary absorption structure. A comparison of the NaBrOa solid and the 
solution shows the same type of additional structure which appeared in the 
solid As compounds here occurring for the solid NaBrOg. There are shifts in 

the positions of the main edges of as much as 6.9 + 2.3 volts. 

I he positions of 1 he main edges of the Se compounds were not determined. 
Sea vapor exhibits r)ne very close fine structure line but no secondary absorp- 
tion. Se solid has a white line absorption at the main edge and perhaps an 
indication of a fine line like that shown by the vapor. SeO^ solid and vapor 
both show a secondary absorption, and, as in the cases of the As and Br com- 
pounds, theie is an additional structure in the absorption spectrum of the 
.solid which does not a[)pear in that of the vapor. 

Table!. 


Syi'isiarice . J 

t yrc‘ "( 


X'apors 

350 

As* 270 

95 

AsCIs 35 

AssOa 320 

260 

. Asfl.i 20 

Outer levels of Se atoms 


Sol ills 
AgBr 
XaHr 
NaBrOs 


Solution 

NaBrOs 

i 

Vapors 

20 

iks 

■ -20 

HBr 

20 

AsBl'a 

170 

120 


Outer levels of Kr atom 


Main Edge X. U. 

AV 

(volts) 

1042.49 

0 

1042.41 

0.9 

1042.22 

3.1 

1042.03 

5.2 

1042.31 

2.0 

1042.31 

2.0 

1042.34 

1.7 

1042.43 

0.7 

918.23 

4.1 

918.04 

6.9 

918.09 

6.1 

918.09 

6.1 

918.51 

0 

918.41 

1.5 

918.44 

1.0 




Distances of both sides, or, of 
center of absorption bands 
from the main edge, (volts) 


0-3.6, 10-12, 40-58, 75-92, 130- 
152, 168-? 

0-7.6, 14-22, 33-38, 48-92, 145-? 
0-5.1,12-18,55-97,140-? 

0-5.4, (54-30)*, 60-118, ISO-? 


0-4.4, 57-102, 135-? 

0-3.8, 57-82, 125-? 
0-5.2, 55-93, 160-? 

0-3,0 

12., 61., 160., 236. 


0-6, 23.5, 52., 93., 129. 

0-9, 27.7, 60-? 

0-7, 15-23, 35, 52-110, 180-? 


0-23, 55-110, 170-216 


0 - 6 . 

13., 28., 96., 212., 295 
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Table 1 {Coni' d.) 





AT 

(veils) 

Distances of both sides, or, of 

Substance 

Tempera- 

ture?G 

Main edge X.U. 

center of absorption bands 
from the main edge, (volts') 

Solids 

Se 

SeOa 




0 4, 

0 5.4, U 15, 5.4 tOK, 

X^apors 

Ses 

510 



0-5.5, 10 12 


470 




Se02 

330 



0-32., 72-108, 1S9-? 


280 



11., 2.?.. 80., 183, 

Outer levels of Br atom 



Solid 

Zn 


1280.5 

0.0 

0-5.8, 9.7-16., 23., 28 43, 72 87, 



113-145, 175-214,252 280,310 ? 

Vapor 

Zn 

950 

1280.7 

-1.5 

0 4,5.8 9. 


750 



10., 22„ 106., 158. 

Outer levels of Ga Atom 



Vapor 

Kr 

20 

863.72 



X^apor 

Xe 

20 

Lm2587.2 


0-3.9 



Lii 2424.1 


0-3.9 



Li 2269.1 



Liquid 


Liii edges 

-2.5 


Hg 


1006.7 


Solid 

HgCh 


1006.4 

+ 1.2 

0-6, 18, ,50, 115 

HgO 


1007 . 1 

-7.4 

0 8, 16-66,80 ? 

X^apor 





Hg 

250 

1006.5 

0.0 


200 




HgCb 

330 

1006.9 

-4.9 

0-6,18,50,115 

230 


1 



* Faint absorption. 

# The upper temperature is the superheated vapor temperature, the lower is the tempera- 
ture at which the vapor would be saturated. 


No compounds of Zn were studied. The metal itself shows a very ex- 
tended secondary absorption which is absent in the absorption spectruni of 
Zn vapor at 950°C. There is a very faint fine structure line at 5.8 volts from 
the main edge for Zn vapor. The data given on the secondary absorption of 
Zn are the results of observations on a number of different plates obtained 
under different conditions. Plates were taken using slit widths of 0.025, 0.05, 
and 0.1 mm. The fine structure close to the edge is just detectable with the 
narrowest slit, but with this slit the radiation is so faint that it would take too 
long a time to secure the secondary absorption farther from the edge. The 
WijSi line falls close to the K edge of Zn, so that some plates were taken using 
a Pt filament with a Mo, and also a Pt target to eliminate any uncertainties 
due to the presence of emission lines. 
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I1u‘ k e«ij 4 r of Ivr fH'ovevS to !)e a simple edge without even a white line at 
the f*dKe, llie wave-length of the K edge of Kr is measured using SvKai 
X.n.) as a n^ferenr.e line. 

llie I. edges of sliow no secondary absorption, but at the Lni and 
Lii 4‘dges theri‘ is a white line absorption which is 3.9 volts in width. The 
]H»sitioiis ol tlse /.ni, /no and Lx, edges of Xe were measured from the WZjSi 
f!279.l7 X.r.), \V7A (1242.03 X.U.), and WL75 (1129.2 X.U.) lines, re- 

I1u‘ data on inercairy s1k)W that there is no secondary absorption for the 
li^fuid or tin* \ apor, lait there is for the Hg compounds. However, the struc- 
!urt* is \ er\‘ faint and the values given are only approximate. The Ln edges 
n\ solid and vapor also show a very faint secondary structure which has 

the same entagy separations from the main edge as has that associated with 
the Lin edgt‘s. No secondary structure was found for any Li edges. Noting 
du* positions f»f the mai!i edges, it is seen that HgCb solid has the shortest, 
arid Hgt) solid the lotigest wave-length. These edges can be determined to 
a!«mt I \ olts. 

Summary and Discussion 

A <'on'-lfleration of tlie experimental results permits a number of generali- 
/.iit ioiis t( f \)v made. 

AsCh AsCis 

solid vanor 


Fig. 3. AsCIa (a) solid; (b) vapor. 

1. The secondary al^sorption of a polyatomic vapor usually has the same 
main characteristics as that of the solid, though the solid shows some addi- 
tional structure, near the main edge, not found for the vapor. The examples of 
this are AsCh, AS2O3, and SeOj. Fig. 3 shows the data for AsCU. The micro- 
photoraeter trace records clearly the dark line which splits the first white 
region, but it cities not resolve the next dark region into the two close dark 
lines which can be seen on the original plate.* 

* One may feel some assurance that statement No. 1. is a bona fide effect because of the 
fact that due to its perfect homogeneity the vapor makes as good, and probably a better ab- 
sorbing screen for displaying secondary absorption than does the solid. 
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2. The Br secondary absorption shown by NaBrO, in 
the same characteristics as that of NaBrO,,in solution except that the. c .s an 
additional structure near the main edge for the solid 
the solution. This same experiment has been performed b> Mcy 


NaBrO, 

vsolid 




NaBrO:5 
solo tie II 


\ •• 






Fig. 4. NaBrOs (a) solid; (b) vapor. 


KBrOs and NaBrOs. He did not observe any additioiial structure m the ab- 
sorption spectra for the solid state. Yost- found no detectable difference m 
the^jr absorption of manganous and chromate ions in crystals and in ciqutous 

solutions. 


As solid 
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4. 14u‘ secondary ahsorption of a compound may differ from that of the 

(‘lenient, casi‘ investigated in this work corroborates this statement. 

Also, this tdTiM'l is well kjiown from previous work with the lighter elements, 
and has rec'ently been shown by Lindh^’^ for Cu and Ni. 

5, S(N‘ondary absorption is not observed for any monatomic vapor. Hg 
vapor. Zn \’upor, Xe, and Kr are the examples of this; and one may also in- 
(dinle ( 'oster’s and \'aii derTuuk’s^*' case of argon. Xe and Kr were not studied 
in the solid form. Licpiid Hg showed no secondary absorption, but Zn in the 
solid state exhibited the exteOvSive structure shown in Fig. 6. 

(). A nionatonii(' vapor may show a fine .structure a few volts from the 
main <Hig(‘, Zn wapor has a faint absorption at 5.8 volts from the principal 
edge, though it is too faint to be seen in Fig. 6. Coster and Vander Tuuk 
found an absorption line for A at 1.7 volts from the main edge. They inter- 



preted this as due to the transitions of the electron to different virtual orbits 
of the A atom, since the 1.7 volts coincides exactly with the resonance poten- 
tiiii of K which is the next higher atom in the periodic table. The 5.8 volts for 
zinc dues not coincide wdth the revSonance potential of Ga, which is only 3.06 
v'olts and would not be resolved. However, the ionization potential of Ga is 
5.07 volts. This might mean that the electron stops either at the first virtual 
orbit, causing the main edge, or travels entirely out of the atom causing the 
fine structure line. 

The Lin and Ln absorption edges of Xe showed a white line absorption at 
the main edges. The widths of these white lines were 3.9 volts. The short wave^ 
lengths edges were quite diffuse. Lepape and Dauvillier^^ have studied Xe 
and found a white line absorption only at the Lni edge. The width of their 


« A. E, Lindh, Zeits. f. Physik 63, 106 (1930). 

Coster and Van der Tuuk, Zeits. f. Physik 37, 367 (1926)* 
Lepape and Dauvillier, Comp. Rend. 177, 34 (1923). 
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white line was about 13 volts which they related to the ionization potential ot 
Xe (11 5 volts). However, with the K electron absent, the oiiter held of ^ t 
fhoud compar with the next higher atom which is fs, and winch has an loni- 
^tion rotential of 3.88 volts. The reason for there being no - ; 
sorptioLt the Li edge may be that according to the ^ " ' 

transitions to the first virtual orbit could take place ^ ^ ^ 

orbits, but not from the Li orbit. The ab.sorpt.on edges of 1 Ig and of K n r 
‘simple’ without the white line at the edge. However, diis 

cause the energy dispersion in this wave-length region is from /D to lolts 

per mm. while in the XeL region it is 9.7 volts per mm _ 

7. Secondary absorption is not exhibited by all polyatomic capois. 

vapor and AsPI 3 are two examples of this. .a,.!,. 

8 Completed shells of the atom in the solid state need not necessai iK . 
associated with the absence of secondary absorption. The Br absorption u. 
both AgBr (in the photographic plate) and NaBr shows a secondai y sti lu tin c . 
MeveH® has reported that secondary absorption is absent for these (.oin- 
pounds, and several people®''* have remarked that secondary absoriition will 

not be exhibited by atoms with completed shells such as Br . 

The points at which the results of these experiments (litter troin those ot 
other workers can be attributed to higher dispersion and better reso ution. 
The resolution is such that the WL 74 line, which is measured in Sieghahn s 
laboratory as 1025.8 X.U., is here separated into two^ comiKmenis l.i mni 
apart This is 0.79 X.U. and gives 0.68 v/R units or 9.25 volts tor the separa- 
tion of the 0„ and Om levels of W. The results of Meyer,'* for instance that 
there is no structure in the K edge of Br in the photographic plate, and that 
the secondary absorption of NaBrO, solid and solution are identiad, were 
gotten if the experiments were performed with an 18 cm radius Siegbahn 
spectrograph using a calcite 100 face (dispersion 16.6 X.U. per mm); or using 
a calcite 111 face (dispersion 7 X.U. per mm). This latter dispersion should 
be high enough to observe the additional structure but it is apparent froni 
the pictures obtained that the 111 face does not allow the resolution which 
can be gotten with the 100 face. 

It is not apparent as yet how successful the idea of multiple electron tran- 
sitions will be in explaining the effects of physical and chemical state on 
secondary absorption. Several workers have quantitatively correlated the 
energies of the secondary discontinuities with the energies of certain chosen 
multiple electron jumps. In the table are shown the energies of double electron 
jumps simply calculated from the energy levels of the atom next higher in 
atomic number. There is an approximate agreement with at least one com- 
pound of each element. A more precise calculation such as that of Kievit and 
Lindsay^^ was not attempted because the discontinuities here measured could 
not be located more accurately than about 10 volts unless the discontinuities 
were close to the main edge, where they are always sharper. It seems that if 

18 R, Swinne, Phys. Zeits. 30, 523 (1929). 

Kievit and Lindsay, Phys. Rev. 36, 648 (1930). 

20 Q. \;Ventzel, Ann. d. Physik66, 437 (1921); 73, 647 (1924). 
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sccutni.in' ih ihu' (loiihic electron transitions, then those dis- 

contiuuilies oci'mriHu iiuire distant from the main edge represent transitions 
cif citTiionh tmin deesier IfU'Is of the atom and so would be expected to be 
di.iriift . r.tiliti than tiioie ditl'iise, than tlie discontinuities occurring close to 
the main edva’ and re-presenting transitions of outer electrons. 

riie .-,11!.', >n III liansiiions ot eleclrems in multiply ionized atoms which 
luih been iti.t«le- !>> \\ eiitzi-l"" to account for x-ray satellites, and applied also 
to aiHorjtt i' *11 -pee tea ' " does not seem suited to explain secondary absorp- 
tinji, hecaiise the nuinber of cjuauta of radiation of sufficient energy for ioniza- 
tion whtcit are pruduced by the x-ray tube is so small that the number of 
ionizc-d atoms in the absurhing screen at any time is a negligible fraction of 
the lot.d mimltcr present. 

Ttie data as it appears in this work would seem to favor the idea of relat- 
ing the sctoiidacv .d)‘-ori)lion to somt; characteristic of the structure of the 
molecule oi solid. < *iie might suppose that the secondary edges correspond to 
the i-nergi'-s oi csiiiatioii of the \ii)rational states of “structure electrons” 
such as postulated by < >. W. Kichardson"-’ to account for the facts observed in 
experiments both on the .secondary electron emission of substances and the 
.s<fft-x-ray production of suhsliiiices. The relation between the secondary ab- 
sorption discoiitimiities aiui the kinks in the secondary electron curves can 
iifit Ite c.iriied very far at present because the sensitivity is so much less for 
the x-ray sei undary .ibsorption tleterminations of energies. However, there 
are some points of similarity between the observations made in the study of 
x-ray abs(»r()tion spectra, ami in the study of secondary electron emission. 

The kinks in the secondary electron curves correspond to the Bohr energy 
levels of tlie atom when tlie experiment is done roughly, but with increased 
sensitivity many more kinks are discovered which can not be related to the 
Bohr levels of the titom. The range in which these kinks occur is from zero 
to Jibout SOh volts. Above this range one finds only kinks which agree with 
Bohr levels. 'I’hese fjirts tire exactly paralleled by the study of x-ray absorp- 
tion spectra. Also, the present experiments indicate a close relation between 
the occurrem-e of secondary absorption and the structure of the substance, 
'rurning to the study of secondary electron emission, it is ^ ® 

number ami positions of the kinks which are not related to Bohr levels are 
functions of the structure of the substances which the primary electron deam 
bombards. I'or example, tlie kinks obtained using a ' 

Stance seem f<i !«* the siini of those from the faces of a sing e crys ^ 
substance stmlied separately. (I'his is presumably not a diffraction phe - 
non.) There are enough of these kinks so that Richardson , 

that thev could all be included in tables like sets of bands, and this lac 
to the idea of relating them to the excitation energies of the vibratio 

of some oscillating system, ^ fnr 

Aii ot)\ ions experiment to check the validity of such an i ea o 

E, C. Stover^ PliiL yiag. 2* 97 (1926). 

« H. R* lioblnmh Mag. 4, 763 (1927). 

« 0* W. Ricliardson, Roy. Soc. Proc. A128, 63 (1930), 
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secondary absorption would be to study the absorption spectra of both ele- 
ments of a chemical compound and see in how far the secondary absorption 
is a function of the individual elements and in how far a function of the com- 
pound. Satisfactory data for such a check do not exist at present. 

In order to be certain that the absence of secondary absor|)tion for zinc 
vapor at high temperature is not simply a temperature effect, e.xperiments 
are now being carried out on the effect of high temperature on the secondary 
absorption exhibited by solids. 

The writer wishes to express his warm appreciation for the excellent and 
ample facilities for research which have been available at the Department of 
Physics of the University of Michigan. He is particularly indebted to Pro- 
fessor G. A. Lindsay for much helpful advice, and to Mr. G. Kessler for his 
part in the difficult task of making the thin quartz windows. 
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INFRARED ABSORfTION BANDS IN 'HYDROGEN SULPHIDE ■ 
By Harold H. Nielsen and Ernest F . Barker 
Department of Physics, University of Michigan. 

(Received January 30, 1931) 

Abstract 

Absorption spectrum of H 2 S In the region from 1.0 m to 10.0^*— The absorption 
^mcArum of liyclrogeii sulphide in the infrared has been investigated with a prism 
spectroMiefer from 1,0^ to 10.0^. Two regions of absorption, one at 2.6 m and another 
3. /'m were located, l)oJ h of which revealed fine structure when examined under high dis- 
persion. 

Structure of the 2.6 m absorption band of H 2 S.“~The band at 2.6 m was found to 
consist of P , (), and R branches, the P and R branches being made up of somewhat 
irregularly spaced lines and the Q branch broadened unsymmetrically, sloping off 
more steeply (owani lower frequencies. The separation between the most prominent 
lines in the P and K branches was found to be about 10 cm“b A slight convergence 
was observed toward higher frequencies. 

Structure of the 3.7 m absorption band of H 2 S. — ^The 3.7 m band was found to con- 
sist of but one branch, made up of several prominent lines with weaker satellites on 
either side. Tlie average spacing between these is about 9.0 cm“b aud no convergence 
was disccrnable. 

Qualitative quantum mechanical discussion of structure of absorption bands of 
H 2 S#—* Only a qualitative discussion of the structure of the observed bands is given, 
based on the classical mechanical solution of an asymmetric rotator due to 

Witmer. I'he bami at 2.6m is accounted for by a vibration of the electric moment along 
the least axis of inertia while the band at 3.7 m is shown to arise from a vibration along 
the intermediate axis. It is pointed out that the rigorous quantum mechanical solu- 
tions of asyiiirnetric rotators confirm the conclusions drawn herein and in addition 
satisfactorily explain tiie broadening of the Q branch. 

ECENT quantum mechanical studies of asymmetric rotators^ have em- 
phasized the importance of investigating the vibration rotation spectra of 
molecules belonging to this class. The water-vapor absorption bands meas- 
ured by W. W. Sleator^ and again by Sleator and Phelps^ are characteristic of 
this kindj and they have suggested that a study of the infrared spectrum of 
hydrogen sulphide might prove fruitful. ' . . 

W. W. Coblentz^ has mapped the spectrum of hydrogen sulphide in the 
region from 3/x to 12^ with a prism spectrometer. More recently A. H. 
Roliefsen^ has published two bands in hydrogen suphide at 4.2/x and 8.0/x. In 
the present work an absorption cell forty centimeters long with mica windows 
was used, and the spectrum carefully remapped from 1.0^ to 10,0/x with a 
Wadsworth type prism spectrometer. It was, however, impossible to dupli- 

^ Kramers and Ittman, Zeits. f. Physik S3, 553 (1929); Wang, Phys. Rev, 34, 243 (1929); 
Klein, Zeits. f. Physik 58, 730 (1929). 

® Sleator, Astrophys. J. 48, 125 (1918). 

® Sleator and Phelps, Astropbys. J. 62, 28 {1926). ■ ■ ■ .' 

^ Coblentz, Pub. Carnegie Inst. No. 35, pp. 52 and 178. 

® Rollefsen, Phys. Rev. 34, 604 (1929). 
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e..e any o, .he bands psevions.y 

were located, lying at 2.6p and 3. p. ^ . investigation is shown in 

tmm of hydrogen sulphide as a„,, R„„etse„ was 

Pig. 1 A. The h- it disappeared 

found in the first trial, but up carbon dioxide as an impurity- 

and almost certainly is '» >>' °"ci, rock salt windows 

Likewise in another series of observe ions ;,„i. I„ all other 

was used, the band reporte y ° , j^ig gpectral region was carefully 

rtals, mica windows were used and although Aiss^ctra ^^^^ ^^^^ 

searched, the 8u band could not be found ‘ tCncc gcncc,,. 

3 . 7 ^ nrs, 

mg for It, the presence characteristic of some 

ruSrctfor“he interaction of hydrogen sulphide with the rock sal. 

windows. 



Fig, 1. Absorption bands in hydrogen sulphide A, Prism f 

Structure in the band at 2M C, Fine structure m the band at 

A prism grating spectrometer designed by C. F. Meyer was available for 
further investigation of the hydrogen sulphide spectrum under high dispei - 
sion. The apparatus was equipped with a vacuum thermopile constructed by 
Meyer and was used in conjunction with a Moll thermal relay and a Leeds 
and Northrup high sensitivity galvanometer. This gave a sensitivity sulh- 
ciently high to make the use of slit widths of 16 angstrom units feasible. _1 he 
grating used in both regions was one with a spacing of 7200 lines per me 
(2834 lines per centimeter) ruled on a copper-nickel surface. The calibration 
of this grating was obtained from a table prepared by A. A. Levin for this 
spectrometer, based upon the positions of the -3 and -4 lines of hydrogen 
chloride determined by Colby, Meyer and Bronk.® ^ _ 

Two lengths of absorption cell were used, the HsS being at atmospheric 

« Colby, Meyer and Bronk, Astrophys. J. 57, 7 (1923). 
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pressure in eiicli. I''<ir ilie hand at 2.6/x, a length of ten centimeters was found 
most advantageous. This cell was double, one side being filled with dried air 
to compensate for the water-vapor absorption in the atrnosphere. At 3.7m a cell 
twenty- live centimeters long was used. Compensating windows were not 
necessary here since the diminution of the energy due to the mica could satis- 
factorily be taken into iiccoimt by making a preliminary run with the cell 
empty, and no atmospheric absorption occurs in this region. 

'I'he hydrogen sulphide gas was obtained in ordinary lecture bottles from 
(he Matheson ('ompany, their analysis showing a purity of 99.7 percent. In 
order to remove any carbon dio.xide, carbon disulphide and hydrogen chloride, 

I'Aiii.i'. t. HVn'f numbers uud intensities of lines in the ban d at 2.7 u- 


intensity 

W:ive 

tem'd) 

Line 

No. 

Intensity 

2.(i 

.U><)2.5 

-.~12 

6.5 

2.0 

3(3 ^ 1 . 7 


7.0 

2.5 

3700.0 


15.0 

2M 

3701.3 


6.5 

UA) 

3706.5 

^-10 

6.5 

3.5 



6.0 

3,5 

3712.0 


5.0 

5.0 

3716.6 


7.0 

7.0 

3720.1 

8 

5.0 

!.0 

3722.5 


6.5 

7.0 

3728.0 

— 7 

7.5 

2.5 

2.5 

373 l.H 
3733.4 


7.5 

6.5 

5.0' 

3736.0 


6.5 

7,0 

3737.6 

.. 5 

8,0 

3.0 

3.0 

3740.3 

3743 . 1 


6.5 

6.5 

7.0 

3746.6 

— 5 

6.4 

3.0^ 

3750.7 


5.0 

5.0 

3754.0 


5.0 

8.0 

3756.2 

4 

7.5 

1.0 

3760.8 


5.5 

O.CI 

3764.5 

- 3 

6.0 

6.0 

3.0 

2.S 

3768.0 
3772.6 

3775 . 1 


5.0 

4.0 
4.5 

2.5 

3776,9 

™ 2 

4.5 

0 A 

3.0 

3780.1 


lA) 

2.0 

3782.5 


2*5 

2.0 


Wave No. 
(cm“‘) 


Line 

No. 


3786.0 

3789.5 

3793.9 

3797.7 

3800.5 

3804.1 

3808.2 

3813.7 

3819.9 

3822.9 

3825.0 

3831.8 

3834.0 
3837.7 

3840.3 

3843.6 

3848.5 

3851.5 

3855.6 

3757.1 

3861.2 
3866.1 

3870.5 

3873.3 

3878.5 

3879.7 
3886.0 
3889.9 

3892.5 

3895.8 


9 

10 

11 


the gas was passed through AfterSyin^^ phos- 

tained a solution of potassium hyd^f/^e ^ 

phorus pentoxide, the gas was gathered before each run. 

purified by partial distillation, was don ^ prismatically, reveal 

The two absorption maxirna which had been distinctly 

fine structure when examined under high d P j i jty of structure 
different in type, but are are con- 

suggestive of water vapor bands. ° . Aue to certain symmetrical 

sidered howe\ er, the patterns resemble the bands due 

molecules. 


liill 

ill 
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The 2 6a region. The 2.6/x band shows distinct P, Q and P branches, the P 
„d«;«tLtbein..adeupofi„e^.aHy^ 

inff for those of greatest intensity is about 10 cm . Mm i > . 1« « \ i- 
frL the center outward it seems possible to identify the yunous hues m the 
P branch with corresponding lines in the R branch. A slight co.u ergence is 
noticeable toward higher frequencies, and the Q branch » .•■roadened nns^n- 
metrically, sloping off more steeply toward lower frequencies, ( in v c l> sh nr s 
those details of this band which repeated themselves in the many sets of data 
taken. Original circle settings have been replaced for 
of frequencies, and in Table I the frequencies and approximate rcl.it 

sities of the lines are given. 

Table II. Wave numbers and intensities »J lines in tie hand at .1.7,^. 


Intensity 


Wave No. 
(cm“b 

2624.3 
2626.9 

2629.7 

2636.5 

2637.8 

2638.9 

2642.6 

2643.7 

2645.2 

2647.8 

2650.2 

2654.4 

2656.6 

2658.6 

2660.6 

2663.2 
2665.1 
2666.6 

2669.5 

2670.9 

2673.8 

2675.6 

2679.4 

2682.5 

2684.9 
2687.8 


Intensity 


Wave No. 

((■ni“q 

2690.1 

2692 . 2 

2693.3 
2()94.6 
2697 . 8 

2698 . 7 
2701.2 
2704.1 

2706.6 

2707.0 

2709.8 

2712.7 

2714.4 

2719.1 

2721.9 

2722.8 

2724.5 
2727.0 

2729.5 

2730.5 

2737.7 

27.38.4 

27.39.4 

2743.3 

2745.3 

2746.7 


The 3.7n region. The 3.7ju band is of the type which shows an envelop-- 
with but one maximum. It also has been resolved, at least partially , reveal- 
ing a number of prominent lines, characterized in general by accompanying 
satellites of lesser intensity on either side. No apparent convergence is dis- 
cernible and the most prominent lines are separated by an average spacing of 
about 9.0 cm-b Details repeating themselves in all sets of data are showm in 
curve C where as before a frequency scale replaces the original circle settings. 
Table II gives the frequencies and relative intensities of the lines measured 
in this region. 

Interpretation OF THE Observed Bands 
It is hoped in a later communication to give a complete description of this 
spectrum in terms of the rigorous quantum mechanics of an asymmetrical 
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rotator inoclel. At preneiit, it seems better, however, to consider qualitatively - 
only the general characteristics of the two observed bands. 

A solution for the asymmetrical rotator by a perturbation method is given 
l)y E. li. Wilmer’^ in the classical quantum mechanics where the perturbation 
function involves the third moment of inertia. ' Taking A, 5, -and C as the 
three principal moments of inertia where AkBkC, the energy levels. are 
shown to be of two kinds, .<4 -levels arising when the molecule rotates prin- 
cipally about tlie least axis of inertia, and C-levels, arising when the molecule 
rotates principally about the largest axis of inertia; their combined number 
being J+E The energy values of -levels are those of a symmetric rotator 
rotating about the i4-axis plus a certain perturbation component to the energy 
involving C. The C-levels are similarly determined by the energy expression 
of a symmetric top rotating about the C-axis plus another perturbation com- 
ponent involving A, 

HiukP and Dennison^ have shown that isosceles triatomic molecules have 
three fundamental modes of vibration, two of which are along the bisector of 
the apex angle, and a third perpendicular to this. If the three absorption 
bands corresponding to these three vibrations can be observed, the dimen- 
sions of the triangle (i.e,, the apex angle and the lengths of the sides) may be 
calculated, from which the three moments of inertia may in turn be deter- 
mined. In hydrogen sulphide only two bands have been observed, however; 
hence this means of determining the shape and moments of inertia is not 
available. The indeterminancy of the shape of the molecule introduces the 
further limitation that one can not know whether the bisector of the apex 
angle will be the least or the intermediate axis of inertia, since this depends 
upon the magnitude of the angle. Consequently the appearance of the third 
fundamental, were it observable, cannot be predicted, for if the bisector of the 
apex angle were the least axis of inertia, there would be two identical bands 
of one kind, while if it is the intermediate axis of inertia there would be two 
identical bands of the other type. 

In hydrogen sulphide the electric moment vibrates in the plane of the three 
atoms, i.e., along either the .4 -axis or the B-axis. When the electric moment 
changes along A^ and the rotation is principally about the same axis, quan- 
tum transitions occur among the 4. -levels governed by the rules (retaining 
the nomenclature of the symmetric rotator) AJ= ±1,0; AK = 0. When, how- 
ever, the rotation is principally about C, quantum transitions occur among 
the C-levels and are determined by the rules, A/= ±1, 0; ±1. This 

gives rise to a band having P, Q and R branches, the F and R branches origi- 
nating from the transitions A/~ ± 1, 0; AK== ± and A/= ± 1, Air = 0; and 
the <) branches from AJ==0, AZ-O. The band observed at 2.6m having dis- 
tinct, P, Q and R branches, is consequently due to a vibration of the electric 

moment along the least axis of inertia; i.e., the .4 -axis. 

Vibrations of the electric moment along the B axis are perpendicular to 

7 Witmer, Proc. Nat. Acad. 12, 602 (1926). 

® Hund, Zeits. f. Physik 31, 81 (1925). 

® Dennison, PMI. Mag. 1, 195 (1926). 
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This is seen to be small when K is small and the rotation is almost entirely 
about either A or C, but becomes large lor those levels which mark the transi- 
tion from rotation principally about one axis to rotation principally about the 
other. It is this doubling of the levels that accounts for the broadening of the 
Q branch. In the symmetric rotator, the Q branch arises from transitions 
from a rotational level in one vibrational state to the corresponding rotational 
level in another vibrational state. In the asymmetric case each rotational 
level save one is a doublet, and transitions now occur from the one doublet 
component of such rotational levels in one vibrational state to the other 
doublet component of the corresponding rotational level in another vibra- 
tional state. The Q branch thus arising is not a sharp maximum, but consists 
of many lines near the center of the band. 

The kind cooperation and support given to this work by Professor H. M. 
Randall, and Professor D. M. Dennison’s many helpful suggestions in the 
interpretation of these bands are gratefully acknowledged. 
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NOTIi ON THE INTERPRETATION OF CERTAIN 
TI BANDS OF SiH 

By Robert S. Molliken 

Ryekson Physical Laboratory, University of Chicago 
(Received February 4, 1931) 

Abstract 

It IS shown that Jackson’s >A,ni SiH bands have a regular m state and thus are 
doscly anulosous to the X4300 bands of CH. The orbit-spin coupling coeffiaent d is 
detcrniined for the '■‘U state of SiH and shown to agree closely with ^ of the Estate of 
the Si atom, from which the HI molecular state is supposed to be derived. This is 
a new example of a relat ion which seems to be universal.^ Another new eiample of the 
same relation, found in Bell, is also cited.-The coefficients A and B of the A state 

and B of the HI state of SiH are also discussed. 

C V. TA(’K.SON has obtained some SiH bands near X4100 and ha.s shown 
* bv a skilful analysis that they have a structure corresponding to a 
=A,'TI transition.! Because of the analogy of Si to ^ 

presum, Hi , .11 tliat these bands are analogous to the =4, n bands CH 

Loo. I,, the case of CH the 'A doublet is vt^ ““Tn*- liTl^or^/ng 

0 07, B = 14.57), while the^H is regular (A/B = -f 2.0,B - 14.2). Acco g 

to lackson the state of SiH is narrow and regular, but the m mverted, 
A/B'^ - 10 = 7.4. From a consideration of electron configurations, how- 

ever it is dear that if the TI state of SiH is inverted it cannot he at all analo- 
gous to that of CH , since in such simple molecules^ an 

a crouD of three equivalent tt electrons, whereas a regular H state implies only 
a TZ r dectron outside of closed shells. In the case of the ^A state, how- 

ever, the existence of .a“ j'oLTitaStedL 

rnCaHor ^ • n,-, in which the 

orbiif “ular of“w elec«n“- In similar «se, in atomm 

Lnnwr tin f doublets of this kind may be either regular or inverted. 
Vsludy of Jackson’s analysis shows that, while the fact that the 'A is regu- 
lar S ilntroiertible, the only evidence that the is W 

an application of V- 

question whether a giv g g^p. 

decided by determin ng the be used in the present 

posed to be -ni /2 ^plexity of the band and the weakness of the lines 

Ta" i ::iul ] V^n Vleck’I theory demands that in case a the A-type 

1 C. V. Jackson, Proc. Roy- SOC.126A, 373 (1930). 

’ R. -S. Mulliken, Phys. Rev. 33. 730 )• 

> J. H. Van Vleck, Phys. Rev. 33, 496 7 (1929). 
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doublets shall be much wider in the than in the i/, levels, and if we 
ass“case a, this criterion applied to the experimental data .nd, cates an 
inverted This was the basis of Jackson s conclusions. _ 

But as is mentioned in another forthcoming paper, we have in the II ) 
SiH a state which is case a for the lowest J values but goes rn'cr to case b with 
increasing J. In such a case the A-type doublets, altliough they .should 
Lt TrS be wider than those for should soon get narrower again and 

their widths should pass through zero, while the 

to widen rapidly under the influence of the approach to case h. Th .s would 
give on the whole wider doublets for *IIi m than for T ,/ 2 , and woukl recimre 
?hat we reverse Jackson’s conclusions and interpret the -II state as i tgu . . 
In order to prove that this interpretation is correct we should shmi that the 
A-type doublets change sign with increasing J in what is here considerec to le 
the *ni/, state (Jackson’s 1/2 state). Now according to Jackson, he- kwe Ls 
which we call ^Hi/a show measurable doubling only beginning with A - 14. 
e in the 1/2 levels doubling becomes appreciable at A - 8. But J ack- 
remarks that lines going to the levels^ = 5 and 6 of nUn akso show a 
doubling, which he classifies as a perturbation. If, however, we suppo,se th.it 
the A-type doubling in the ^Ili/a state first increases to a maximum, which 
is just large enough to be measurable, at A = S or 6, then decreases again, 
passes through zero at about A = 11 or 12, and again increases with opposite 
sign until at A = 14 it is again large enough to be detected experimentally, all 
the observed relations are explained, and we have surely a regular -li state*. 
Table I, based on Jackson’s Table VIII, gives the values of the A-type doub- 
let separations. 

Table I. k4ype doublet widths (cm”0 state of Sili.* 


K 

nisi 

14 O.3.? 

1.61 

15 0.60 

1.91 

16 0,84 

2.12 

17 ■ 0.99 * 

2.42 

18 1.32 



* Most of these values are weighted averages of values obtained from P, Q, and P branches 
given by Jackson in his Table VIII. The negative signs for the low numbered A va ues ol 
2m and the positive signs for all other values are of only relative significance here, and lurtner-* 
* ^ ^ the fact that according to Van Vleck’s theory, the sign of the doubling 

h (high K values) for 'Tli as for mth Empirically there is no way of 
deciding, from data on A, H bands, whether the Po or the Tb levels of the 11 state are higher. 
(In the case of a H, S transition this can be decided empirically) . 


Thus we have a regular and a regular TI state in SiH, and there is evei y 
reason to believe that these are analogous to the similar states of CH. It is 
of interest to determine the magnitudes of the coefficients A of the coupling 
between A and S for the two states of SiH. The value of A/B for the T1 
state can be estimated most accurately by fitting Hill and Van Vleck's for- 
mula® for the general intermediate case between cases a and & to the data on 

^ R. S. Mulliken and A. Christy, forthcoming Phys. Rev. 

5 E. L. Hill and J. H, VIeck, Phys. Rev. 32, 250 (1928). 
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INTERPRETATION OF SOME BANDS OF SiB ,, 

ti 1/2 states of the same K values (cf. 
er use of Jackson’s data on AF s in 
■, give 4/B = +19-5 and 5 = 7.35.0 
we did not know from Van Vleck s 
In a similar way one obtains for the 
7.3 {A/B = +2>A would equally well 
„ . iry small A for a o-r^ 
of CH, the value A/B- 

f 4 for the state and 4 = + 143 for the m state, which 
- 1 and A = +2S for the corresponding 
.iL-g relation between A 
■ y. of the carbon atom from 

derived by the addition of a hydrogen 
op atomic state, we know that for normal coupling the 
oPa-oPo, is Ih A. For the normal state of 
— 4 = +28 in exact agreement with A as 
Isimilar, although usually less exact, agree- 
+ from the molecule is 
■ — L is of interest 
[. For the atom, ®P 2 
excellent agreement with the value + = + 143 
of such agreements has been discussed in a previ- 

• I of A values of atoms and their+y- 
+ of Watsoo and Parke,^ is of 

the presumably lsff^2s(r^2pTr, II sta _sp 

+2.08 from the triplet separation C 2 0, 

•2s2/>, ■■’P state of the Be atom. 


the term differences betv 
Jackson's 'ruble IX). 1 
order to determine B 
\A/ F ~ — would dr 
theory of A-lype doublii 
‘A slate the \'alues A/B 

explain the observed spectrum, but since we expect a very 
■A state, and since A/B'^-QBl is very small in ^A cf C”, 

+0.6 is the more probalile] 

We thus have ri = 
may be compared with the values X 
states of Cl I. In the case of CH there is an interesting 
in the 'dl state of the molecule and A in the ®P state e. — 
which the “II r>f CH is supposed to be l _ , 

atoin.“ For a ■■■ p' 
over-all width of the triplet, i.e. 
carbon, ^’■>~^Pn = 42 cm-h giving 
olituincd from the “II state of CH. [ 
incuts are found in many other hydrides. Usually the 
somewhat less than that from the atom.“] A similar comparison 
for the normal ®P of the silicon atom and the “H of SiH. I'- - 
-“Po = 223, giving ri = + 149, in 
from SiH. 'I'he significance 
ous paper.® 

■ In connection with the comparison 
drides, a recent rest 
find + = +1.97 for 
agrees well with the value A 
A»f=3.12)of the Is' 


has been made to obtain very accurate values of ^ ^ 

f the state is fairly accurate, the calculations ha ^ 
.« in such a wav as to make the os 
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COLLISIONS OF THE SECOND KIND AND ^ 

THE FIELD IN THE POSITIVE COLUMN 
DISCHARGE IN MIXTURES OF THE RARE (.ASES 
By L. B. Headrick akd 0. S. Duffendack 
University of Michigan 
(R eceived January 24, 1931) 

Abstract 

A study was made of the collision processes in the uniform positive column ot u 
glow discharge in mixtures composed of two of the rare gases, heltum neon and .u i, m 
Ld a mixture of each of these gases with mercury vapor, hy means of measui cment s 
ofthe" field and by spectroscopic observations. The discharge ul.,e was of 
cylindrical form, 4.4 cm in diameter, with plane parallel electrodes I ht ck. . 
distance could be varied from zero to 32 cm by moans of an external elec 1 1 omagi l_. 

The phenomena were studied with currents from 20 to 40 m.a. ami pressures ftom .s 
to 30^mmof mercury. The mixtures were circulated through the d.sdmrge 
purifying system during the entire time that obrervations trere bcmg nmc e. 1 u as 
very important to maintain extreme purity of the gases._ Ihe results show 1 La ti c 
electrical and spectral characteristics of the uniform po.sitive column in nnxturts if 
monatomic gases can be explained principally in terms of collisions of ^ 

between the ions or metastable atoms of one gas and the neutral atoms of othu 
The effect of limitation of electron velocities is insufficient to explain the resul s, and 
its effect is shown to be negligible as compared with collisions of the second kind w hen 
the concentration of one gas is very small. The necessary condition for a large eff^t 
to be produced in the electrical and spectral characteristics of the positive column by - 
a small percentage of one gas added to another is that a close reronance exists between 
the metastable states of the main gas and the ionization potential or excited states ol 
the added gas atom or ion. By the introduction of as little as 0.4 percent neon or argon 
into helium, a marked increase in the electric field is produced, and the spectrum 
emitted is changed almost completely from the arc spectrum of helium to that of neon 
or argon respectively. The addition of mercury vapor at room temperature to neon 
caused a decrease of 45 percent in the field while the addition of mercury to either 
argon or helium produced a small increase. In the cases where the excitation and 
ionization potentials of the added gas were above the metastable states of the mam 
gas, no reactions between the two gases could occur to affect the concentration of 
metastable atoms. In these cases practically no change in either the spectral or elec- 
trical characteristics were observed upon adding a small amount of one gas to another. 
However, in larger proportions the change produced in the field was proportional to 
the amounts of the two gases and the difference between the field in each of the pure 
gases. This result is accounted for mainly by the difference in the energy of the ioniza- 
tion processes in the two gases by electron impact. 

Introduction 

T he phenomena occurring when electricity passes through a gas are many 
and complicated. The various phenomena have been the subject of many 
investigations and a great deal is known about the electrical and spectral 
characteristics of the different types of electrical discharges. Until^ the de- 
velopment of the Bohr theory of the atom, the beginning of the classification 

of spectroscopic data, and the measurements of critical potentials by means of 
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electrons of controlled velocity, very little was known about the mechanism 
of the elementary processes involved in the discharge of electricity through 

'I'lses With the information obtained from the classification of spectroscopic 

data the sped rose*, pic study coupled with measurements of the electrical 
.-h u-acteristicK of a discharge gives a very powerful means of studying the 
ekanentarv pn.cosses taking place. This method has been used by the writers 

If) Study the collision i)henonieiia occurring in the positive column of a glow 

discharge ill mixtures of the rare gases. 

Klein and Rossclaiub suggested that since a collision between a.n electron 
and a mokrule may result in the excitation of the molecule, due to its absorp- 
y,,, of tlu. kinetic energy of the moving electron, the reverse of this process 
shonkl also take place; that is. the change of excitation energy of a molecule 
to kinetic tatergv of an electron at a collision between an excited atom and a 
slowly mov ing electron. This type of collision is called a collision of the seco^ 
Hnd ^ The former process is called a collision of the first kind. Franck has 
ihown that the theory of Klein and Rosseland may be extended to include 
inmacts of the second kind between excited atoms and ^^utral atoms. ^ 

Nearlv all gases, unless very carefully purified, contain small amounts of 
other -uses us imimrities. It has been observed from spectroscopic studies 
tint in certain regions of a discharge and for certain gases as impurities, the 
sncctra oi the impurities were often stronger than that of the mam gas. These 

;d,servationslecltc>spectroscopicinvestiptmnsofdischargesmm^ 

I )ufTendack» and a number of his pupils have ^ 

studies on the excitation in a low voltage arc m mixtures of the rare gases 
with nitrogen, ctirbon monoxide, and various metal vapors m a tungsten fu^ 
The 1 im t. and maxima of excitation observed were explained on the 
baS of collSons of the second kind between the excited atoms or rare gas 

ions and the and others have used 

Ls metals and have explained the observed maxtma and brntts o£ exc.tat.on 

Str„'ttatTeLn phenomena regarding ^e spmking 
potLSs mixlnres of the rare g^es and also oUrer gases can be explatned 

by means of collisions of the second kind. 

1 Klein and Rosseland. Zeits f. PM' 4. ^6 (1921) 

2 J Franck,Zeits.f.Physik9, 2S9 (1922). , ..gjg. 

: a s: phvs rsv.bs, ..32 a92«. 

’ R. A. Sawyer, Phys. Rev. 36, 44 (1930). 

8 Y. Takahashi, Ann. d. Physik 3, 49 (1929). 

« S. aM. Naudfi, Ann. d. Physik 3, 1 (1929). 

n> G. Kruger, Phys. Rev. 34, 1122_( 1929) 
n R. Frerlchs, Ann. d. Physik 85, 376 (1928). 

18 F.M. Penning, Zeits. f. Physik 46, 335 1928 . 

18 F. M. Penning, Zeits. f. Physik 57, 723 (1929). 
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In the oresent investigation the study of the effect of collisions of die 
sJ”d kM on discharge characteristic has been extended to the posn.v. 
Sin of a glow dischrnge. Mixtures of the three rare gases, hehum, neon 
and argon and mixtures of each of these with mercury vapoi were used. 1 he 
studj of collision phenomena and the processes of production (if mns was 
madlby observing simultaneously the changes in excitation and in the t ci - 
tric field in the positive column with the change in the proportion of the two 
gases in a mixture. 

Theory OF THE Uniform Positive Column 

The phenomena occurring in the positive column are independent of the 
material and form of the electrodes and depend only on the propci ties of ic 
gas, the current density, and the tube diameter. For pure monatomic gases 
the positive column is uniform under almost all conditions In diatomic gmses 
or in mixtures, for certain limits of current and pressure, the positive colunin 
is striated. The electric field in the uniform positive column is uniform. In 
the striated positive column a slight sinusoidal variation is superimposed 
upon the uniform field. This variation has a wave-length equal to the distance 
between striations. The field reaches a maximum value at the cathode end of 
the luminous region of each striation. The theory of the uniform positive 
column will be discussed in detail since practically all of the work m this in- 
vestigation was done with a uniform column. While most of the data on Hus 
part of the discharge are qualitative, some approximate empirical relations 
have been worked out for a considerable range of the variables, h or a tube ot 
cylindrical form, the field is directly proportional to the pressure and inversely 
proportional to the radius of the discharge tube. At a small current density, 
for which the positive column does not completely fill the tube, the held in- 
creases with an increase in current. The field reaches a maximum value when 
the column just fills the tube and then decreases slowly until the current densi- 
ty reaches a high value, corresponding to nearly one hundred percent ionization 
of the gas, after which the field increases quite sharply and rapidly with 
further increase in current. This condition of practically complete ionization 
has never been attained in large discharge tubes. It has been studied by 
Langmuiri^ in capillary tubes with a current density of the order of 40 

amp/cm^. n • i 

Schottkyi® has made a study of diffusion currents to the tube walls m tlie 

positive column and has developed a theory on the basis of the results ob- 
tained. The assumptions made for a cylindrical discharge tube are the follow- 
ing: 

(1) The field in the positive column is the source of the energy necessary 
to maintain a certain degree of ionization which is required for a given dis- 
charge condition. (2) Ions are lost by diffusion to the walls where recombi- 
nation occurs. (3) The current density and concentration of positive ions 
and electrons is constant throughout the length of the column. (4) The 

I. Langmuir, G. E. Rev. 2*7, 762 (1924). 

Schott ky, Phys. Zeits. 25, 342 and 635 (1924). 
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radial component of the positive ion current is equal to the radial eomponent:. 
of the electron current. (5) The concentration of positive ions and electrons 
is zero at the walls and reaches a maximum at the tube axis. (6) The dimen- 
sions of the tiilie are large compared to the mean free path of the molecules. 
(7) Suffic'ient collisions occur to give both the positive ions and electrons a 
Maxwellian distribution of velocity. 

The equation obtained from these assumptions without the use of 
Poisson’s equation is given below. 



2.4 

"/7 


h 

E 


(IP + B-) 





Where G is electric field in volts per cm; R is tube radius in cm; Vi is 
lonizatum pt>tential of the gas in volts; H is an efficiency factor of ionization; 

is energy of random motion of positive ions in volts; B'~ is energy of ran- 
dom motion of negative ions in volts; K'^ is mobility of positive ions; and iT"* 
is mobility of negative ions. 

This exprevssion for the dependence of the field on the tube radius checks 
the empirical relation. The field will however not be equal to zero for R in- 
creased indefinitely but will reach a minimum value. The above form of the 
equations results from the assumption that ions are lost only by diffusion to 
the tube walls and therefore does not hold for large values of i? where re- 
combination in the body of the gas becomes important. This theory does not 
give the dependence of the field on current density or on pressure. 

Morse^® has developed an equation for the electric field in the positive 
column, giving its dependence on both the tube radius and the pressure, but 
not on the current density. He assumes that the relations for mobility and 
average number of ions produced by an electron under given conditions are 
known and uses the results of Schottky to determine the diffusion currents to 
the tube walls. The calculations are based on three general differential 
equations which represent the conditions for a stable discharge in a tube of 
unit cross section. The following result is obtained. 

Gp 

E = 5.76eF™- • 


Where E is field in the positive column in volts/em; G is a constant in- 
versely proportional to the mobilities of positive ions and electrons; ^ is gas 
pressure in mm of mercury; r is tube radius in cm; and Fr is ionization po- 
tential of the gas, or if metastable states are formed, the first critical potential. 

The value of the field given by this equation satisfied the empirical rela- 
tion for its dependence on both the tube radius and the pressure, but still 
leaves the dependence on current density to be explained qualitatively. The 
field increases with the current for small current densities where an increase 
in current increases the diffusion to the tube walls, but the field decreases 
slowly for large current densities where the increase in current decreases the 

P. M. Morse, Phys. Rev. 31, 1003 (1928). 
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VACUUM SYSTCFi 


Fig. L Diagram of vacuum system. 

percent of diffusion to the tube walls. In order to obtain 
the field as a function of the current it would be necessary 
diffusion current to the tube walls as a function of the curr 
tube. 


4,4C/>(. ^.cA 


9500 OHhS 

'"AAAAAAAAA” 


FIELD 

RHEOSTAT 


Fig. 2, Diagram of apparatus. 
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Apparatus 

A detailed diagram of the entire vacuum system is shown in Fig. 1. R 
represents the gas storage reservoirs, P the gas purifying tubes, D diffusion 
piinif)s, G tlie McIxhxI guage and T a Toepler pump. Fig. 2 shows a drawing 
of the (lis(‘harge tube and a diagram of the electrical circuit used. 

Purification OF THE Gases 

Since the results of this investigation depended largely on the purity of 
the gases used, each gas was very carefully purified before being admitted to 
the discharge tube. The helium, free from neon, was obtained from the Ohio 
Chemical Company in a steel bomb under high pressure and was purified by 
circulating it with a Toepler pump through a charcoal trap immersed in 
liquid air. The pure gas was stored at a little less than atmospheric pressure 
in a liter glass reservoir which had been well baked and evacuated. 

The neon, of spectroscopic purity, was obtained from Linde Air Products 
Co., Buffalo, N. Y., in liter glass bulbs. It was further purified in the same 
manner as described aliove for helium and stored in a liter glass reservoir. In 
most cases both of these gases were purified again just before being admitted 
to the tube by circulating slowly through charcoal in liquid air for about one 
hour. Ilcjwever, no difference could be found by spectroscopic means or by 
changes in the electrical characteristics of the discharge when the gases were 
admitted to the tube directly from the storage reservoirs. 

The argon, of commercial grade, was obtained in small metal bombs at 
high pressure. It contained more impurities than either the helium or the 
neon, and was the most difficult of the three gases to purify, since, because of 
its absorption of argon, charcoal in liquid air could not be used. The argon 
was purified by maintaining an arc of about 2 amperes between a mischmetal 
and an iron electrode in the gas at a pressure of 10 to 15 cm. The arc was run 
continuously for from one to two days with the argon in one purifier, then 
the gas was transferred to another purifier and run under the same conditions 
for about a week. After this treatment it was still found to contain a very 
small trace of nitrogen. It was then stored in a reservoir containing well- 
degassed charcoal where it was allowed to stand for several days at room 
temperature. When admitted to the tube from this reservoir it was found 
to be very pure with the exception of a small trace of hydrogen. Most of this 
hydrogen was removed from the argon by admitting a very small amount of 
oxygen, generated by heating potassium permanganate, to the gas and circu- 
lating the mixture through the discharge tube and liquid air traps. The argon 
was again stored over well-degassed charcoal for several days, after which 
time it was found to be very pure. 

Preparation OF THE Tube 

The electrodes were well-outgassed by heating with an induction furnace 
before being mounted in the tube. Before each set of experiments with mix- 
tures of two of the gases the whole system was pumped for several hours and 
allowed to stand over night, evacuated and with liquid air on the tiaps, to 
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* t fnr IP-iks In case the system was tight the tube was baked iit from 300 

fhaLlhL the tube and traps cooled. The whole system was wed to 

Stand over night, evacuated and with liquid air on the traps, to te.st again fot 
tel After pumping again tor about two hours the system was ready for use. 

Procedure 

After the gases were purified and the tube prepared as described above 
one o?tL gasl to be used was admitted to the tube very slowly by means o 
a qlnw leak grooved stopcock, through the system of traps, I ig. 1 , until th , 
desired pressure was obtained and was then circulated for aliout 20 minutes 
through^the discharge tube and traps with a discharge running at the desirei 
current The rate of circulation was then decreased to a very low value ami 
the pressure adjusted accurately to the value desired, i he current was kept 
constant, and voltage readings were taken at short time ‘I"" 

determine when conditions were constant for the taking of data - 

below. Pressure measurements were taken at various intervals to see that the 

pressure and rate of circulation remained constant, ' . , . i | 

^ If a very small amount of another gas was to be mixed with the gas already 
in the tube, the gas in the tube was pumped out with the mercury circulabng 
pump backed by a Toepler pump and stored in an empty reservoir or m a 
charoial trap in liquid air. The tube was well pumped out with the mercury 
pump and a small amount of the other gas admitted to the tube to the pres- 
sure necessary to give the percentage mixture desired. I he gas previm^iy 
used was readmitted to the tube slowly in the same manner as before. 1 he 
process described above of circulating the gases was repeated to insure a 
homogeneous mixture of the gases and the data were taken as described m 
the next section. For adding larger amounts of one gas to another, a separate 
system including a guage with its volume calibrated with respect to the tube 
volume was used. In this way by starting with one pure gas, mixtures with 
another gas could be studied in any proportions from very small percentages 
up to a 50 percent mixture. The results obtained were found to be repeatable 
within a few percent at any time. For each gas mixture studied a spectrogram 
of the light emitted from the positive column was taken in order to observe 
the change in excitation produced with changes of the gas mixture and to 
check the purity of the gas. 

Method Used in Measuring the Potential Gradient 
IN THE Positive Column 

The method consisted in measuring the total drop in potential across the 
tube at various electrode distances, while the current was kept constant by 
varying the e.m.f. in the circuit. The anode was moved by magnetic control 
from outside the tube. Before any measurements were taken, the discharge 
was run with the maximum electrode distance for from one to two hours at 
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constant current until the maintaining voltage across the tube remained con- 
stant. The maximum electrode distance was 32 cm. The anode was moved 
from this point, 2 cm at a time, to within 10 cm of the cathode and back to 
32 cm again. Readings of the total voltage across the tube were taken every 
two cm at intervals of one minute as the electrode distance was decreased 
and then increased again. The voltage readings for increasing electrode dis- 
tance checked those for decreasing electrode distance to within less than one 

method of measuring the field is applicable since a uniform cylindri- 
cal lulie was used, and only the uniform positive column was studied.^ Since 
the current density and the concentration of ions and electrons remain con- 
stant throughout the length of the uniform positive column, the anode drop 
in potential does not change with the anode position along the column. _The 
tube was run long enough before any data were taken so that the cathode 
drop in potential remained constant while observations were being made. 
The time required to take a complete set of observations was 24 minutes. The 
voltage readings, taken with decreasing electrode distance, 
against electrode distance, gave a straight line very accurately. The ^ope ot 
this line gave the potential gradient or electric field m the positive colum 

in volts/cm. 

Results 

The results of the investigation are shown by the data given m Tables I 
and 11 and by the curves in Figs. 3 to 8 inclusive. The-values of the electric 
field in the positive columns are given in Table I for the pure 
neon, argon and for mixtures of each of these gases with mercury vapor 

mercury vapor. Current, 40.0 m.a. Pressure, mnu 


Gas ■ ' ' 

Positive column 
(Field in volts/cm) 


pure He 
17,0 


He-Hg 

18.4 


pure Ne 
4.0 


Ne-Hg 

2.2 


pure A 
3.8 


A-Hg 

4.5 


vlry aX„t of argon added to either helium or 

dues the helium or neon 

wid. the ..ectrum becomes weak and the 

S'enspectum sTrong'undl «i4 more then S.O percent only the nitrogen 

Spectrum appears. 
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Table IL Results of spectrograms taken of radiation from the positive column of a glmv 
discharge in the various mixtures of the rare gases and mercury vapor studied. 


Percentage of added 
gas greater than 

Gas mixtures the amount given Spertimiu obtained 

below 


Helium — Neon 

0.4% 

Neon 

1 lelhiin and Neon 

Helium — Argon 

0.2% 

Argon 

Argon only 

Neon— Argon 

0.1S% 

Argon 

Argon only 

f Argon with a 1 

Neon — trace of nitrogen 1 

^ 0.5% 2.0% 

f Argon with a 1 
1 trace of nitrogen J 

f Argon and Nitrogen 

|Argon with a 1 
Neon — \trace of nitrogen j 

^ 5.0% 

f Argon with a i 
[trace of nitrogen J 

f Nitrogen only 

Helium— Mercury 

0.03% 

Mercury 

Helium and Mercury 

Neon— Mercury 

0.03% 

Mercury 

Mercury only 

Argon — Mercury 

0.03% 

Mercury 

Mercury only 


Fig. 3 shows the variation with pressure of the electric field in the positi\x' 
column for pure helium and for a mixture of neon with helium. These curves 
show that the field varies directly as the pressure for l)oth the pure gas an<l 
the mixture. They also show that the effect on the field produced by adding 
a small percentage of neon to helium does not change appre(da!)ly with the 
total pressure over a considerable range of pressure. 



Fig. 3. Variation of electric field with pressure for pure helium A and a mixture 
of 99.0 percent helium and 1.0 percent of neon B. Current, 40 m.a. 

Fig. 4. Variation of electric field with percent of neon added to helium. A, current 
40 m.a., pressure 14 mm; B, 20 m.a., 7 mm; G, 40 m.a. 7 mm. 

These curves of Fig. 4 show the variation of the electric field in the posi*- 
tive column with small amounts of neon added to helium under different con- 
ditions of pressure and current. The interesting point to note here is that the 
maximum field is a function only of the percent of neon in the helium and is 
independent of the pressure or of the current density. These curves also show 
that a large change in the field is produced by a very small amount of neon in 
helium. ■ ■ 
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Fig. 5, 6, and 7 show the variation of the field in the positive column with 
all possible mixtures of the three gases helium, neon, and argon taken only- 

two together. 

The curve of Fig. 5 shows that a small amount of neon in helium has a 
large effext on the field while a small amount of helium added to neon has 
very little effect on the field. 

It can be seen from the curve of Fig. 6 that argon-helium mixtures have 
about the same characteristics as those of neon-helium except that a smaller 
amount of argon is more effective in helium than in neon in changing the field. 
The discontinuity in the curve is probably due to the difference in mobility 
and large difference in ionization potential of the two gases. For pure argon 





20 ' 40 60 60 

Per'cent Argon in noon 

rig.7 



Fig. 8. 


20 40 60 60 100 
Percent argon C+ 1 r^ce Ng) i n neo n 

Fig. 5. Variation of electric field with percent of neon in he- 
lium. Current 40 m.a., pressure 14 mm. 

Fig, 6. Variation of electric field with percent of argon in he- 
lium. Current 40 m.a., pressure 14 mm. 

Fig. 7, Variation of electric field with percent of argon in neon. 

Current 40 m.a., pressure 14 mm. 

Variation of electric field with percent of argon, containing trace of nitro- 
gen, added to neon. Current 40 m.a., pressure 14 mm. 


and for mixtures of argon with small amounts of helium the discharge did not 
fill the tube completely but concentrated toward the axis of the tube. For 
from 2 to 7 percent helium in argon the discharge was unstable and could not 
be maintained at the current and pressure desired without changing the re- 
sistance of the circuit. For mixtures containing more than 7 percent helium 
the discharge filled the tube uniformly. The sudden increase in field produced 
is due to the change in the current density distribution over the cross section 
of the positive column. Where the current density is large at the tube axis 




■ From' Fig. '7 it can be seen that small amounts of argon have much less 

effect on the field in neon than of that in helium and that iiecm m small 
amounts has practically no effect on the field in argon. _ 

Fig. 8 shows how the field in neon-argon mixtures is affected by a small 

trace of nitrogen in the argon. 

Discussion AND Interpretation OF RES01.TS 

The interpretation of the electrical and spectral characteristics of the posi- 
tive column in the gas mixtures studied is based principally upon collisions 
of the secpnd kind between the excited metastable atoms or the ions of one 
gas and the neutral atoms of the other gas. The effect of limitation (ff electron 
velocities observed when a considerable amount of a gas <ff lower ionization 
and excitation potentials is added to another gas is insufficient to explain the 
large effects obtained with the very small percentages of the added gas. W itli 
a formula given by K. T. Compton calculations were made of the number 
of collisions an electron would make with gas atoms in a mixture of helium 
with 0.1 percent neon under the discharge conditions which obtained. It was 
found that an electron would make in the order of 1000 collisions with ps 
atoms and hence, on the average, one collision with a neon atom while gaining 
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■ X' is an excited gas atom, a' gas ion,;X-^' an excited gas ion, X++ a 
doubly ionizeci ion, and KE is kinetic energy. 

The reactions rcfiresented by the initial conditions 1 or 2 resulting in 7, 8, 
or 9 are of most common occurrence in discharges in mixtures and are most 
important in explaining the effects observed. 

Processes of ionization and excitation. The processes of ionization and ex- 
citation ill the positive column in pure monotomic gases having raetastable 
states can be represented by the following reactions. 

Reactions by which, ions are produced by electron impact. . 

e/ + X = X+ + 2e + KE (1) 

c« + X,/ = X+ + 2e + XE (2) 

where e/ is a fast moving electron with sufficient kinetic energy to ionize the 
neutral gas atom X, and is a slow moving electron with sufficient kinetic 
energy to ionize an excited metastable atom XJ, 

Reactions by which metastable atoms are produced. 

^/+X-X^' + a + X£ (3) 

X' — radiation =Xw', (4) 

X' + X-^X,.' + X + XE, (5) 

where X„/ is an excited metastable atom, and X' is an excited atom in a non- 
metastable state. 

Reactions producing excitation of non-metastable states of atoms. 

+ X ^ X' + e + KE, ( 6 ) 

r + e + KE, ( 7 ) 

where Cfi is a fast moving electron with sufficient energy to excite a neutral 
atom, and e^i is a slow moving electron with sufficient energy to excite a 

metastable atom. 

In gas mixtures composed largely of one gas with a small amount of gas of 
lower ionization and excitation potentials than those of the main gas, other 
processes of ionization and excitation take place by collisions of the second 
kind. 

Let Xi = atoms of the main gas and X 2 = atoms of the gas present in small 
amounts. 

Reactions of the second kind which produce ionization and affect the con- 
centration of metastable atoms in a discharge in gas mixtures are the follow- 

^ XiJ + X 2 = X2'^ + ^ + Xi +• XX (8) 

Xi,.' + X2 = X2+ + ^+Xi^+^^^^^ (9) 

Xi»,' + X2w' = + ^ + -^1 + (^9) 

A reaction of the second kind which decreases the concentration of metas- 
table atoms of the main gas and therefore affects the ionization processes in a 

discharge in a gas mixture is the following 

XiJ + X 2 = X 2 ' + Xi == Xi + X 2 + radiation. (11) 
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. The reactions involving collisions of the second kind between ions of the 
main gas and excited or neutral atoms of the mixed gas, do not tend to in- 
crease the number of ions. . Therefore, they will in general have very little 
effect on the field in the positive column. Reactions of this type will be dis- 
cussed only in a few particular cases. 

Tt was shown in the discussion of the theory of the positive column that 
the electric field gives a measure of the energy necessary to produce tlie con- 
centration of ions required by the current passed through the tube and in- 
cludes the energy lost in radiation as well as the heat conducted away l)y the 
tube walls. It was also shown that, for a pure gas, the electric field in the posi- 
tive column is proportional to the ionization or excitation potentials of the 
gas. It can also be shown that the electric field in the positive column will be 
a function of the excitation potentials of the gas and proportional to the rat io 
of the energy emitted as radiation to that producing ionization. 

If any process is introduced into the positive coliimn which will change 
the ratio of the energy expended In radiation to that expended in ionization 
the field should change. A process which increases the efficiency of ionization 
will decrease the electric field in the positive column, since tor a given current 
and pressure the concentration of ions remains constant. A pr{>cesB v/hich de- 
creases the efficiency of ionization or increases the energy expended in radia- 
tion will cause an increase in the electric field. 

By adding a small amount of one gas to another gas the processes of ioni- 
zation and excitation may be considerably changed. In case the added gas 
has lower ionization and radiating potentials than the main gas, very large 
changes in the field may be produced by very small amounts of added gas. 
When the added gas has higher ionization and excitation potentials than the 
main gas the field is only changed slightly, the change being proportional to 
the amount of gas added. 


Helium-Neon Mixtures 


Consider the case of helium with a small amount of neon added. The 
variation of electric field in the positive column with the percent of neon ad- 
ded to helium is shown in Fig. 4, for amounts of neon up to 20 percent. The 
maximum of the field curve comes at 5 percent neon for different values of 
current and pressure. The amount of increase in the field over that for pure 
helium caused by the addition of 5 percent neon is 28.3 percent, for curve .d ; 
60.8 percent for curve 5 ; 61.8 percent for curve C. This shows that the effect 
of the neon on the field of helium is practically independent of the current, 
but varies with the pressure. 

The following table gives the term values of the normal and metastable 
states, the ionization potentials and excitation potentials of the metastable 
states of the gases used in this investigation. 

To explain the rise in the field produced by adding neon to helium the re- 
actions producing ionization and excitation in the mixture must be con- 
sidered. 






COLLISION PROCESSES 


749 


'I'a H iji 111. Metastable states and ionization potentials. 



Mormul 

Ionization 

Metastable 

States 

Atom 

slate 

potential 

(term 

excitation 

(term in 

(volts) 

in cm“^) 

potential 


enr*^) 


(Volts) 

Ho 

'.Si 198298.0 

24.47 

2*5i 38454.7 

19.73 



2^50 32032.5 

20.51 

He 

‘.S’« 173930.0 

21.47 

3 SP 2 39887.0 

16.54 




33Po 39110.0 

16.64 

: A 

'.S', 127103.8 

15.69 

43 P 2 33996.7 

11.50 



15.87 

43Po 32557.79 

11.67 

ilg 

84178.5 

10.39 

63P2 40138.3 

5.43 



6»Po 46536.2 

4.66 


First consider the processes for production of ions occurring in 


helium. 


f'/ + 

>24.47 


He 


He+ -[■2e-\-KE 
24.47 


e, + He®' = He+ + 2e + KB.. 
>4.74 20., SI 24.47 

19.73 


pure 

( 1 ) 

( 2 ) 


The numlrers represent the energy of the state in equivalent volts. 
Reactions producing the excitation of the arc spectrum of helium. 

er + He = He' + e + KE 

>I9.73<24.47 >19.73<24.47 

c, + He„' = He' + e + KE 

<4.74 20.51 

19.73 >19.73<24.47 

He' — radiation = He or = He^' 

>I9.73< 24.47 W-73 


(3) 

(4) 

( 5 ) 


When a small amount of neon is added to helium the excitation of the 
helium arc spectrum is reduced to some extent while the neon arc spectrum 
is developed very strongly. Therefore the following reaction is considered to 
take place in the helium-neon mixture. 


He/ -f Ne = Ne' + He + KE 

20.51 19.69 to 20.62 

19,73 


( 6 ) 


These results in Table IV show very close resonance between the metas- 
table levels of helium and a large number of excited states of neon. The ex- 
cess energy to become kinetic energy is very small for the excitation o a arge 
number of the excited states of neon by impacts with^ metastable heliurn. 
Therefore, this reaction should have quite a high probability of occurrence in 
helium containing a small amount of neon. ■ - . \ 

This reaction (6) shows that the presence of a small amount of neon in 
helium will greatly reduce the concentration of metastable helium atoms, and 
practically eliminate the reaction (2), one of the processes of producing ions 
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Table IV. Excitation of neon by metastable helium. 


Helium I 

Metastable states 
term excitation 

(cm"0 potential 

(Volts) 

term 

(cm^O 

Neon I 

Excited states 

excitation 

potential 

(Volts) 

Energy ^ 

diltereiice in 
equivalent 
volts 




14395 

19.69 

0.04 



'Pi 

14549 

■ 19.67 

0.06 

2“5i 3S4S4.7 

19.73 

sPo 

20958 

18.78 

0.95 



^Pt 

22891 

18.65 

1 .08 



«P2 

23071 

18.62 

i.ii 



^Pi 

23012 

18.63 

1.10 



8 

ri 2419.0 

19.91 

0.60" 



levels 

\ 12228.0 

19.96 

0.55 ^ , ■ 



10 

Jl 1520.0 

20.05 ■■ 

0.46 



levels 

\10S29.0 

20.17 

0.34 

2i5o 32032. S 

20.51 

^Pi 

10272.1 

20.20 

0.31 



'P2 

10220.8 

20.21 

0.30 



»Pfl 

9643.5 

20.28 

0.23 



a 

f 6961.8 

20.61 

- 0.10 



levels 

\ 6880.8 

20.62 

-0.11 


in helium. Therefore, due to the presence of neon, a large amount of energy 
supplied by the field is transformed into radiation by reaction (6) which 
would have gone into ionization in the case of pure helium. Thus we see 
that the presence of a small amount of neon in helium greatly decreases the 
efficiency of ion production and therefore the field increases. The field de- 
creases again when the concentration of neon atoms becomes large enough 
so that a considerable amount of the ionization is produced by direct electron 
impact with neon atoms. After the maximum in the field is reached at 5 per- 
cent neon the field gradually decreases to that of pure neon. A small amount 
of helium has no abnormal effect on the field in neon, as shown by Fig. 5. 
No collisions of the second kind take place between excited neon and neutral 
helium because the excited states of helium are all above the metastable 
states of neon. The spectrum of helium disappears between 10 percent and 
5 percent helium in neon, for less than 5 percent helium in neon only the neon 
spectrum is obtained. This shows that when only a small amount of helium 
is present in neon, only very few helium atoms are excited by direct electron 
impact. 

The phenomena at this end of the curve show the effect of limitation of 
electron velocities in mixtures but here the gas of the lower excitation po- 
tentials is present in the larger amount. The fact that the helium spectrum is 
developed quite strongly in mixtures containing as much as 85 percent neon 
shows that neon is not very effective in limiting the electron velocities even 
when present in more than 50 percent. Thus limitation of electron velocities 
sufficient to cause a 20 percent increase in field could not be considered to 
occur with less than 1 percent neon in helium. Therefore, the effect of the 
limitation of electron velocities is negligible as compared to collisions of the 
second kind where neon is present in only a few percent. 
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■ Helium- Argoh' Mixtures, 

Fig* 6 shows that the maximum value of, the field for the mixture is pro- 
duced with 1.5 perretit argon which is less than the amount of neon required 
to produce the maximum effect In helium. However, the maximum increase 
in the field Un^ the mixture over that of pure helium is only 17.6 percent for 
argon, as co!U|)ared with an increase of 28.3 percent caused by the addition of 
5 percent neon to helium. The results of spectrograms given in Table II 
show tluit with. 0.2 .percent argon in helium .the arc spectrum of helium is 
completely surpressed and only the argon arc spectrum is developed. These 
facts would indicate that argon is more effective in removing metastable 
helium atoms than neon but that part of the energy of these metastable 
helium atoms is converted into ionization of argon and not entirely lost in 
radiation, as was the case of neon. These results are particularly interesting 
because neither the helium ion nor the metastable states of the helium atom 
are in close res<}nrince with any of the known excited states of neutral argon 
or of the argon ion. The lowest excited state of argon II is the term h 108730 
cm“ ^ or 13.41 volts above the normal state of argon II. The first ionization 
potential of argon is 15.69 volts. Thus to ionize and excite argon would re- 
quire at least 15,69 + 13.41=29.10 volts. The highest metastable state of 
helium is 2^Sq 32032.5 or 20.51 volts above the normal state, which is 
8.59 volts too low to ionize and excite argon. The ionization potential of 
helium is 24.47 volts, which is 4.63 volts too low to ionize and excite argon. 

Spectrograms taken of the positive column in mixtures of a small amount 
of argon in helium show that the spark spectrum of argon is not excited in 
mixtures with helium. The spectrogram of argon alone shows only the arc 
spectrum of argon. The spectrograms of helium-argon mixtures also show 
only the arc lines of argon and the strongest arc line of helium. However, 
there are a large number of strong argon spark lines in the region photo- 
graphed which would have appeared if an appreciable amount of excitation 
of the argon ion had occurred. Therefore, the only possible reactions between 
metastable helium and neutral argon are the following: 

He./ + A = A+ + He + KE +e (1) 

19.73 15,69 3.86 to 4.82 


Table V. Table for reaction (1), 


Energy 

Ionization +fference 
potential in equiv- 

(volts) alent (volts) 


Helium 


Term 


Term 

(cm”p 


Excitation 
potential of 
metastable 
state 


38454.7 

3.2032.5 

32032.5 

38454.7 


752 


X. BEAD RICK AND 0. 5. DUFFBNDACK 


The amount of energy going into kinetic energy is too large to make reac- 
tion (1). very probable. 'However, the results indicate that this reaction does 

occur to some extent in helium-argon mixtures. 

. From the results obtained with mixtures of a small amount of argon with 
helium it would appear that reaction (2) has a high probal)ihty ol occurrence. 
The outer electron configuration of argon is 35^ 3p^ It seems iirobable that 
two of the p electrons could be excited simultaneously by a collision of an 
argon atom with a metastable helium atom, which would excite negative 
terms in argon 1. Negative terms have not been observed in the argon I spec- 
trum, but there is no reason to expect negative terms to be excited iindei 
normal discharge conditions in argon when practically all of the excitation is 
by electron impact, However, if negative terms exist which are in dose reson- 
ance with the metastable states of helium, reaction (2) should be highly fiiob- 
able in mixtures of a small amount of argon with helium. Keactiun (2) will 
account for the strong excitation of the arc spectrum of argon in helium-argon 
mixtures and also will account for the increase of the field in helium produce<l 
by the addition of small amounts of argon. The negative terms which could 
be excited by reaction (2) would lie between three and four volts above the 
ionization potential of argon I. It would be interesting to make an extended 
spectroscopic study of the excitation of argon by metastable helium in the 
positive column to see if such negative terms could be observed. 

Neon-Argon Mixtures 

In this case the field in the positive column is small and nearly the same 
for each pure gas. Under the existing conditions of current, pressure, and 
tube diameter, the field in neon was 4.0 volts/cm; in argon 3.8 volts/cm. 
However, the curve in Fig. 7 shows that a small amount of argon added to 
neon causes a small increase in the field while neon in small amounts has prac- 
tically no effect on the field in argon. 

The possible reactions for argon mixtures are the following 


Ne„' 

+ 

A = 

= A+ 

+ Ne + 

e + KE 

(1) 

16.64 


15.69 


0.67 to 0.95 volts 


16.54 



15.87 




Ne„' 

+ 

A = 

= 

A' 

+ Ne + KE. 

(2) 

16.64 


16.54 

to 16.64 volts 


16.54 








Reaction (1) tends to decrease the field and (2) tends to increase the field. 
Reaction (1) would not have a high probility due to the large residual energy 
to be transformed to kinetic energy. The probability of transitions to the 
negative term states demanded by reaction (2) is also small. This is in agree- 
ment with the fact that argon has only a small effect on the field when added 
to neon. 

The curve Fig. 7 shows that a maximum field is reached at about equal 
proportions of argon and neon due to the fact that there are more possible 
excited states in a mixture of the two gases than in either gas separately. 
Therefore, a greater part of the total energy of the field is expended in radia- 
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tion than would be the case for either gas separately. The fact that the field in 
oure argon is only slightly less than that in pure neon even though the ioni- 
zation potential of argon is much less than that of neon inust be due to a pro- 
portionally greater amount of the total energy supplied by the field going 

into radiation and heat in argon than in neon. 

Heuum-Mercury Mixtures 

Excited states of mercury I and II which result fron, reactions wM 

helium, neon and argon. 


Mercury II 
Terni from 
normal state 
of ilg n (cnr“0 


Equivalent 
volts from 
normal state 
ofHgll 


Term^ from 
ionized 
state of 
Hg 1 (cm"^) 


Mercury I 

Equivalent 
volts from 
normal state 
of Hg I 


^D, 


119695 

134732 

135666 

144789 

196151 


235461 


14.75 

16.62 

16.71 

17.85 

24.20 

29.06 


6^Po -7860 
6^Pi -9798 
6^Pi -9798 

Ionization Potential 
6^5o 84178.5 


11.36 

11.60 

11.60 

10.39 

normal state 


The possible reactions which can occur in helium-mercury mixtures are 

the following : , jje = Hg+' -h He + « + K.E. 0) 

S®?, ^ 17^83 1.88 volts 


20.. SI 
1!>.73 


2.66 


He+ -1- He = Hg+' -h He -f e + 

24.47 ^ ^ 24 20 0’27 volts 


( 2 ) 


'ou'S.rrence but will have very little f it can 

From the results of spectropams ™‘”\®" jeveloped, which in- 

be seen that both the specto of e . gu^inating the raetastable 

“eUSeri*' with Se‘ l™ pttebility of tire occurrence of reaction (1) 
in helium-mercury mixtures. 

Neon-Mercury Mixtures 

The case is quite different tor neon and 
Bible reaction for neon-mercury mixtures is the follow g. 

...... ...... t? 


Ne„' -h Hg = Hg+' + e + 

16.64 16.71 

16.54 16.62 


K.E. 

0.02 or -0.07 
-0.08 or -0.17 


-f Ne 


( 1 ) 


This is the only reaction which 

will affect the field in ^ This reaction has a very high prob- 

ability of occurrence to be considerea. 
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ability due to the close resonance between the metastable states of neon and 
the excited states of the mercury ion. 

Since most of the energy of the metastable neon atoms goes into ionization 
of mercury this reaction greatly increases the efficiency of the ionization 
processes in neon-mercury mixtures over those of pure neon. This is shown 
by the fact that the field in the positive column of neon is reduced to almost 
one half of its original value by the addition of less than 0,03 percent mercury 
vapor. The results of spectrograms of the neon-mercury mixture given in 
Table III show that the mercury arc spectrum is developed strongly while the 
neon arc spectrum is completely absent. This would be expected according 
to the above reaction which would greatly reduce the concentration of me- 
tastable neon atoms in the mixture over that for pure neon. If the results 
were attributed to the effect of limitation of electron velocities, mercury vapor 
would be expected to have the same effect on helium as it has on neon and 
possibly to a greater extent, but instead mercury vapor causes a slight in- 
crease in the field for helium. This fact is strong evidence that the observed 
effects, where one gas is present in a small percent of the total volume, are 
correctly attributed to the action of collisions of the second kind. 

Mixture OB' Argon AND Mercury 

The possible reactions in argon containing a small amount of mercury are 


AJ + Hg = 
11.50 

11.67 

Hg+-f A fi- 
le. 39 

K.E. 

1.11 

1.28 


(1) 

A.' + Hg = 
11.50 

11.67 

Hg' fi- A fi- 
ll. 36 

11.60 

'K,E. 

0.14, 

0,31, 

-0.10 

0.07 

(2) 

A+ + Hg = 
15.69 

15.86 

Hg+' fi-A fi- 
14.75 

KJ£. 

0.94 

1.11 

+ e. 

(3) 


Reaction (1) has a low probability of occurrence due to the rather high 
residual kinetic energy. Reaction (2) has a high probability due to the quite 
close resonance, the residual kinetic energy being small. This reaction corre- 
sponds to the excitation of negative terms of the mercury arc spectrum which 
have been observed with hollow cathode excitation of mercury by impacts of 
the second kind.l^® Reaction (3) is not very probable and would not have much 
effect on the electric field in any case. 

The results of spectrograms given in Table II show that the mercury spec- 
trum is very much stronger than the argon spectrum in the mixture. This fact 
is in good agreement with the probability of reaction (2) being much greater 
than that of reaction (1). The fact that the field in the argon mercury mixture 
is higher than in pure argon shows that reaction (2) occurs with greater 
probability than reaction (1). 

By comparing curves in Figs. 7 and 8 the effect of a trace of a diatomic 
gas as an impurity in one of the gases can be seen. Only a trace of nitrogen 

“ F. Paschen, Preuss Akad. p. 3, 1928; also Naudfi (reference 9). 
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was sufficient to more than double the field in pure argon.^ This large inciease 
was due to the excitation of the nitrogen bands by collisions of the second 
lind with argon nietastable atoms. In diatomic gases also a larger proportion 
of the energy of electron impacts goes into radiation than in monatomic gases 
Id this cauLs an increase in the field. The spectrograms taken of these mix- 
lures show that the nitrogen band spectrum begins to be developed strongly 

where the field in this mixture becomes larger than the corresponding mix 

^Birge*'and HopfiekP" give the energy-level system for the positive bands 
of n rSr Th re are three states at 8.1, 8.5 and 9.4 veto, respectively 
Is Lf the states have a large number of vibration levels. These vibrational 

Lels extend from 8.1 to 14 volts. The jfdTvolts 

(riven as 16 7 volts. The metastable states of argon at 11.50 and H -o' . . 

w be in V„ ro«nance with a large number ^ 

S ogermnkJulc. The metaatable atatee ol neon at 16.S8 and ^ “ 

So^?re"onnnce with the ioniration potential of the n.trogen 

r?o„e »a.l,l etpeet a very alrong excitation ol the ^ f 

gen in a mixture of neon and argon containing a trace of nitrogen, by i P ^ 

S the Bocond hind between the 

neutral nitrogen molecules. !• rom the ^ b a,e addi- 

that the field in a mixture S?n°good agreLent with the fact that 

Conclusion _ ’ 

The results show that the electrical brSplained 

uniform positive column in mixtures o between the ions or me- 

principally in terms of collisions of ^ f other The effect of 

Ltabk atoms of one gas and the neutral of the 

limitation of electron velocities is gas and is 

obtained for mixtures containing a mac ^ , nf the second. kind. Thelimi- 

negligible as compared to the effect o co here both gases are pres- 
tation of electron velocities does occur in mixtures whe^^^^ g 

ent in large amounts and produces an appreci^ he oroduced in the electrical 
The necessary condition for ^ of 

and spectral close resonance between the 

one gas added to another is tha -nniyation ootential or excited 

metastable states of the main gas and the ionization potentia 

of the added gas atom or ion. 
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RELATIVE INTENSITIES OF THE MAONKTIC AXl) rj.ECTRn- 
STATIC ILLUMINATION COMPONENTS IN I'lno 
ELECTRODELESS DfSCMAROE 

By Charles T* Kkiff 

Department of Physics, University of Ilu:nois 
(Received January 22, !93l) 

, Abstract ■ 

Recent theory indicates that a considerable portion oi the iilundnation in the 
electrodeless discharge is due. to the electrostatic field. A discharp vessel mas am^ 
structed to test this point experimentally. Obstructions were set in it with the idea 
that each type of discharge would cast its own shadowL Distinct shadows were ob- 
tained for both discharges when acting separately. When the magnetic fkdd pre- 
dominated and the ring discharge was fully formed no evidence was obtained of 
shadows due to electrostatic discharges, and conversely, as is shown by the photo- 
graphs that accompany the article. The intensities of the two illuminations, as judged 
by the times of exposure, varied about as 1 to 50. The photographs seem to support i he 
calculations of Sir J. J. Thomson, 

R ecent theory indicates that a considerable portion of the illuniination 
» in the electrodeless discharge is due to the electrostatic field; that under 
favorable conditions of gas pressure and position of the energizing coil and 
electrodes this illumination may amount to a considerable part of the total. 
This result is in addition to the calculations made a few years back by Sir 
J. J. Thomson.^ 

0 o 0 O 0 O O O O O O O O O O o Oa 


_ l8Cm ■■ — I 

■ |<_ — - — ^ 
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Fig, 1. Sketch of discharge vessel. Similar to a large Dewar vacuum test tube. Asbestos 
obstructions are shown. These appear in the four photographs that follow. A cylinder, MN, 
of black paper screened off high lights on opposite side. The position of energizing coil is shown. 

A tube was designed by the writer with which it was hoped to test this 
point experimentally, at least qualitatively. In appearance the discharge ves- 

i J. J. Thomson, Phil. Mag. 4;il28 (1927). 
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sel was not loilikt* a wicle-mouthed Dewar vacuum flask. Two Pyrex beakers 
{4“ 1.5 a,iKl 2 liters c'aparity, respectively, were used in its construction. Its 
\v1h‘ii (^n!n|)leleci was 18 (an, its diameter 13 cm, and the interspace 
ahnui 7 nutu Asbestos disks about; 8 mm in diameter were placed at regular 
inters als t lir«a!ghout tlie interspace similarly to the spacing disks in a vacuum 
bottle. Mg. 1 >h<jws a seen ion through the vessel and coil. 

Ida* idea in mind was that these obstructions should cast shadows, similar 
to the Malteze <a*oss experiment in a Crookes tube, and thus under proper 
condiu(ins it was lamped that the direction of the discharge due to either 
field would be made visible. 

'idle study was made with residual air at pressures of about 0.2 mm of 
mercury, ddie discliarge vessel was energized by damped oscillations from a 
motor "generator high-voltage high-frequency set. The maximum voltage was 
about 25 kv o[)erating on a frequency of about 800 kc. 


log 2. Electrodeless discharge completely formed by using 8 turns of energizing coil. 
Residual air, pressure about 0.2 mm Hg. Illumination intense white. Time of exposure 6 
seconds, followed liy a photoflash to get apparatus. Shadows are in plane of coil. No shadows 

due to dertrostatic field are discernable. _ r o . 

Fig. 3. Eiectrodeless ring discharge completely formed when an energizing coil of 8 turns 
was placed inside of vessel. Illumination intense white. Time of exposure 6 seconds followed 
by a photodash. Again shadows due to the asbestos obstructions plainly show the paths of the 
carriers. No elect rost at ic ciTects are visible. 

To gi^■e prominence to the magnetic field the energizing coil should be 
compact and of comparatively few turns— 6 or 8 in this instance. This may 
be placed either round the vessel as indicated in Fig. 2 or the coil may be 
replaced by one of smaller diameter and placed within the discharge vessel 
as shown in Fig. 3. If an outside coil of too large a diameter, or of too many 

turns, is employed the ring discharge will not form. , . V m i .v 

On the other hand to give prominence to the electrostatic field a long 
solenoid, as shown by the extended coil turns in Fig. 1, should be used. Better 
still is to place external electrodes consisting of a band conductor to the right 
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and to the left of the medial line as shown in I'iji. 4. 'Fo isrex nil lieuN y spark- 
ing with the attending danger of disrupting the n*ssel a parallel eui <** al...ut 
10 turns should be inserted. By adjusting the nuniber ot lunis inrluded in 
parallel circuit a wide range of electric field intensHies inas' lx- oliianied. 

The two fields may indeed be obtained simullaneoiish' by 'imply iiMiig a 
long energizing coil of from 20 to 30 turns and of aboui 1 cm pilch. For ihe 
electrostatic field to predominate it is only necessary lo make conneciion>, a! 
the ends of this solenoid, Fig. 4. To localize the magnetic field 'as is necessarv 
in order to have the rjng discharge form) the connecting leails .'Innild now be 
transferred to include 4 to 6 turns at the center of the solenoid, h ig. i. .Mo\ - 
ing the leads from the ends to the center does not seem to reduce the re-uli- 
ortt Alpr'trnci-ntir field verv creatlv. but it does serve to loctilize the ring di>- 


Fig. 4. Electrostatic discharge only. Electrostatic tieltl obtained by nsing full length o 
energizing solenoid. Illumination faint (compared with thiii in the ring disrhargei. lime o 
exposure about 2 minutes. Overhead lights to get outline of apimratns. 'Die diretuion ot heh 
is clearly shown by the streamers. Magnetic field not intense enough to torm t he ring disciiarge 
Fig, 5. Electrodeless discharge only. The band electrodes are looped acnjss a coil ot . 
turns (this coil was placed on the inside of vessel in Fig. 3). Hiumimuiou a taint purplish re< 
glow. Time of exposure 130 seconds. The direction of held is clear]\' shown b\' tlu‘ sha<ln\\ 
cast. Overhead lights to finish exposure. 


charge due to the magnetic field. It should be added that at no time, even 
with the electrodes most favorably placed, was it possible to get the character- 
istic ring discharge by means of the electrostatic field alone. 

Summary 

1. To form an intense ring discharge required but a comparatively few 
turns of the energizing coil. Figs. 2, 3. 

2. The paths of the carriers in the ring discharge were in 'the\plane of the 
coil as is distinctly shown by the shadows cast. Figs. 2, 3. 

3. The illumination was very intense. It required but 6 to 8 seconds to 
make an exposure. 
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4. The eleetrc^sfatir. <li«-harp may be produced by either externa! elec- 
or hv a loiiK w>!eiu)id. Mgs. 4,5. 

«; The paths of the carriers in this case, as one should expect, were parallel 
I " ' . , f r.insri* IS shewn by the shadows cast. Figs. 4^ 5. .. 

‘'r' « p-ph* ^ed. a. coa,pared «i.h .he 

intense white of the ring discharge. It required 2 to 3 minutes to make an 

whilt'ihrri^^^^^^^ was formed were the electro- 

statk ellects visible, 'rhese, however, may have been masked by the greater 

intensity of tlu* fciriui'i. 
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(Received January 26, 1931) 

Abstract 

The methods of applying high frequency sounds to small scale meahiirements art* 
discussed. An interferometer was constructed .and used to meusmii the velocity tjf 
sound in gases, liquids, and solids at frequencies ranging from about 1(1 to 700 kc. 
Three types of sources were tried, viz: quartz and Rochelle-Hall crystals and snag- 
netostrictive rods. The determination of the velocity of stmnd in .solids is based upfjn : 

(1) optimum transmission of sound through a partitiosi whose thickness is an huegrul 
number of half wave-lengths; (2) relative displaceniejit of the nodal planes in a given 
liquid due to the immersion of a solid slab in the acoustical pat h. In the same nmnner, 
a small quantity of an unknown liquid is placed in a parallel walled cell and tlie latter 
is immersed in a liquid of known acoustic properties. Reactance and effective resist- 
ance of the interferometer (with a liquid medium) as a function of the reflector distance 
from the sound source were investigated. Approxiiuate \alues of tlie impedance, 
power factor and watts dissipated in the instrument were thus computed. An im- 
proved circuit for use in absorption measurements in gases is described as well as the 
extended use of the interferometer employing two identical sound gmernUits. 

Introduction 

|0ERTAIN physical and thermodynamic proper! tes of various substances 
may be deduced from their sound transmission and absorption character- 
istics. The latter are usually determined experimentally by employing some 
form of standing wave system. The Kundt's tube and its diverse interesting 
modifications have provided a large amount of useful data relating to the 
velocities of sound in gases/ liquids^ and solids.® However, velocities meas- 
ured by these so-called ^^tube methods^ at audible frequencies require special 
corrections due to the yielding of the walls of the tube.^ The disturbing effects 
caused in this way may be eliminated by increasing the frequency of the 
source to the extent that the emitted waves within the tube are plane. Under 
such circumstances the velocity of sound in a confined fluid, when calculated 
from a standing wave system is independent of the size or shape of the con- 
tainer. Practically, these conditions obtain when the ratio of the diameter of 
the radiating surface to that of the emitted wave-length is greater than 12. 
Furthermore, to be reliable, the measurements should be taken at a consider- 
able number of wave-lengths from the source, particularly if the radiator is 

* Published with permission of the Navy Department, 

^ Behn and Geiger, Ber. deut. Phys. Ges. 5, 657 (1907) ; Partington and Shilling, Phil, Mag. 
45, 416 (1923) ; Shilling and Partington, Phil. Mag. 5, 920 (1928). 

^ Dorsing, Ann. d. Physik 25, 227 (1908); V, lonescu, J. de Physique et le Radium 5, 377 
(1924). ,> ■ . 

® H. O. Taylor, Phys, Rev. 2, 270 (1913) ; E. C. Wente and E. H, Bedell, Bell System Techn. 
1.7, 1 (1928). ■ ■ 

M... G. Pooler, Phys, Rev. 35, 832 (1930). 
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elements, such as a, mosaic of piezoelectric 'crystals. In: 
radiated by a circular plate emitting longitudinal waves 
o a central beam, the width of which is found by the ex- 

sm0 - 1.22X/D 

between the axis of the radiator and the boundary of zero 
tral beam, D is the diameter of the aperture or radiating 

the wave-length of the emitted wave. . ^ ^ 

make wide application of supersonic waves by 
per ties of quartz. In 1916 in an experimental 
iiipersonic beam reflection at 100 kc. Since the 
^evin, Boyle® and his collaborators have done a 
nics (or “ultrasonics” as they called it) by the 
Among their researches are measurements on 
lumber of liquids and solids by the stationary 
Ipfprtnr was reouired to indicate the nodal or 
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an instrument in which stationary plane waves of high trequ 
generated and detected shall be termed a supersomc mterferon 
During the past few years several investigators have app 
interferometer to the study of sound in fluids. Pierce was tl 
in his determination of the velocities o sound m air and C 
quencies. His method employed an oscillating quartz crysta 
fold purpose; namely, to control the ^ 

generate sound waves from one face to a movable piston w 
oaS to the radiating face; and to detect the sound «av 
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T interferometer has been variously described as 
and an acoustic interferometer by Crandall and 
f these terms distinguishes the instrument from a 
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Hubbard and Loomis*" developed a compact interferonK'U-r with which 
they determined accurately the velocity of sound in vanous li'iuitls’- Then 
arrangement differs from that of Pierce in that the ciuartz crystal does not 
control the frequency of the oscillating circuit but is driven by an alternating 
e m.f. whose frequency is far removed from that of the crystal.^ One surface 
of the quartz disk radiates sound directly into the liquid which is being stud- 
ied The production of stationary waves in the liquid and their measure- 
ments are effected by the aid of a plane reflector attached to a micrometer 
screw. Here also the nodal and antinodal planes are located by their reactions 

on the crystal source. , i . 

In all work with supersonic interferometers heretofore recorded quartz 

was used as the source of high frequency sound, and the investigations were 
limited to fluids. The present experiments (leal with methods for using 
Rochelle-salt crystals or magnetostrictive rods as well as quartz for the inter- 
ferometer source. It is further shown that the same interferometer can l>e 
used to determine the velocity of supersonic waves in solids and minute 
quantities of liquids. 

Apparatus 

The interferometer employed in the present investigation is composed of 

three principal units as shown in Fig. 1. The upper part, (a), consists of a 
specially constructed micrometer screw whose spindle has a maximum move- 
ment of four inches and whose barrel is graduated every 0.025 inches for the 
entire travel of the spindle. The least count of the instrument is 0.001 inch. 
To the lower end of the spindle is attached a plane brass reflector which is 
accurately machined so that its reflecting surface always remains normal to 
the axis of the cylinder in which it is traveling. The lowest portion of (a) is a 
threaded cap to fit the various fluid containers. 

The central section, (b), may be a cylindrical or rectangular fluid con- 
tainer, each end of which is threaded so as to fit the adjoining units, (a) and 
(c), interchangeably. 

Part (c) represents one of several holders for the elements used as sources 
of supersonic waves. The side tube at the bottom accomodates the leads to 
the electrodes of the crystal or groups of crystals used. The dimensions of 
(b) and (c) differed according to the range of frequency and substance stud-^ 
ied. The fluid containers, (b), varied from four to sixteen inches in length 
and from three to nine inches in diameter. Among the elements used as 
sources are: a single disk of quartz 2.5 inches in diameter and 0,25 inch thick; 
a similar disk of Rochelle-salt ; several rectangular slabs of the above ^crys- 
tals about 1 XI X3/16 inches; a mosaic of quartz about four inches in diame- 
ter and one of Rochelle-salt 2.5 inches in diameter; several magnetostrictive 
rods 0.5 inch in diameter and 4 to 10 inches in length. 

In the photographs of Fig. 1 may be seen an assembled interferometer 
with a rectangular container, one side removed ; the three separate units; and 
three of the generating elements. 

Hubbard and Loomis, Phil. Mag. 5, 1177 (1928); Loomis and Hubbard, J.O.S.A, 17, 
295 (1928); J. C. Hubbard, Phys; Rev. 35, 1442 (1930). 
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d fill- impressing an alternating e.m.f. upon the source 
hen the latter is used in conjunction with liquids and 
!. A cpiartz crystal controls the driver frequency when 
eciuired. For work in which a continuously variable 


1. Diagram of interferometer. 


Control X 
Crystal ^ 


2 . Electrical driving circuit used with interferometer for work 
with liquids and solids. 





764 


ELIAS KLEIN AND If, :.7>. HERSl! BERGER 


freqiiency.is desired. a tuned-grid circuit is eiuployecl in the inastei usril!at<«* 
stage. Extremely loose inductive coupling is used between the interferoineier 
and the plate coil of the last tube. The circuit is clesigiied to c^iinuiate any 
effect of a variable load upon the frequency of the exiiting e.niJ'. The aciuai 
power drawn by the interferometer is a very small fracuitm of tin* availabU* 
output power of the last tube. 

Metfiods OF Dicri:K:Ticm 

There are numerous methods available for cleterling tite variations in im- 
pedance of the interferometer caused by changes in the position of the retlca*- 
tor. One of the simplest is to note changes in the series <‘urrent. Wlien ihv 
quartz disk is used as a sound source, it is essentia! nine tlu* can pul carcuii 
sharply by means of the small variable capacity in parallel with tlu* intei” 
ferometer in order that the relatively small changes in impedance may be- 
come evident. The quartz interferometer at frecpiencic's far renuued from 
the resonant frequency of the disk reacts very nearly as a pure ('apa<‘it y whic'h 
permits sharpness of tuning. On the other hand, when ]'iochellt*-sah is em- 
ployed the current through the instrument leads the voltage acr^^s its termi- 
nals by angles varying from 30^^ to 60^ de])ending upcm the reilector position, 
thus making sharp tuning impossible. The greatest fracticmal change in cur- 
rent observed with the quartz disk is about 15 percent, while if Ro<4ieIle-salt 
is used the fractional change in current ranges from 40 percent, to 60 |)ercenl. 
To measure the series current, a vacuum thermocouple and microammeter 
with a full scale deflection of 200 microamperes was employed. 

A novel method for detecting these impedance variations due to change 
in the reflector position is utilized by Hubbard and Loomis.^** 1'he>' actually 
permit the variations in load on the last tube to affect the driving freciuency, 
then readjust the tuning condenser which varies the frequency so as to com- 
pensate for this change. The curves obtained are condenser settings plotted 
against reflector position. 

A number of alternative methods were tried. In one set of experiments 
not only was the series current through the interferometer measured, but 
simultaneously the potential difference across its terminals w^'as determined 
with a thermionic voltmeter. Again, instead of employing inducti\'e coupling 
between the driving circuit and the interferometer, resistance-capacity couf)- 
ling was used. The reactions, though much feebler than those o!)tained with 
inductive coupling, were in entire agreement with them. 

The exact nature of the impedance changes taking place as the retlector 
position is varied was examined in detail by bridge measurements of the effec- 
tive capacity and resistance of the interferometer (with a liquid medium). 
The circuit of the bridge is shown in Fig. 3. Two of the arms were equal capa- 
cities of 500 micromicrofarads each. The Rochelle-salt interferometer was 
placed in one arm and a calibrated air capacity in series with a resistance 
in the remaining arm. A thermionic voltmeter indicated the state of balance 
of the bridge. Simultaneously, the series current through the interferometer 
was measured. No high degree of accuracy is claimed for these measurements, 
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due to the large phase angles encountered and due to difficulties with the 
shielding. The result of a set of observations at 122 kc is shown in Fig. 4. 
These curves show resistance, reactance, net impedance, power factor, phase 
angle, series current, potential difference across the interferometer terminals 
and milliwatts dissipated in it as a function of the position of the reflector. 


....^VVVW 




3. Circuit used in bridge measurements of effective capacity and 
resistance of interferometer. 


Exaniining the curves in detail, it is noted that to a first approximation, 
the capacitative reactance may be expressed by the equation: 

X - Xo + A sin a 

and the resistance by • 

i? = i?o + -4 cos a 

where a=4ir(/-L)/X; I is the micrometer reading; i is a reference point on 
the micrometer scale, and X is the wave-length of sound in the medium. Also, 
it may be shown that to a first approximation: 

= Zq + 4[ cos (a — B) 

where and B ^tm That is, the impedance of the 

instrument may be represented by the vector sum of one impedance whose 
magnitude and direction is constant and a second impedance whose magni- 
tude is very nearly constant but whose direction depends upon the position 
of the reflector. In general, the impedance of the interferometer may be 

expressed by the equation: . ■ ■ ' 

■ \ ■ ■■ 

2^ = 2o "1“ 23-4 «. cos {jtoL — Bi^ 


The impedance diagram obtained on plotting X against R possesses some 
similarities to those observed by Kennelly and Pierce^^ in their work on the 
motional impedance of telephone receivers and to those obtained by Black^^ 
in his work on magnetostrictive rods. However, in these particular cases 
the driving frequency is varied while the resonant frequency of the driven 


766 


ELIAS KLEIN AND W. D. HERSHBERGER 


remains constant. In the present case, the driving frequency is held constant, 
and the resonant frequency of the driven is varied l)y altering the length of 
the liquid column. Each time the length of this column is changed by a half 
wave-length, the set of observed points encircle the diagram once. By e.xter- 
nal mechanical means Kennelly, Pierce, and Black prevented any displace- 
ment on the part of the device whose motional impedance was being measured 
while here the motion of the crystals is never zero but is aided or impeded by 
sound reflected from the movable piston. 



Micrometer Reading (Inches} 
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Fig. 4. Curves showing relationship between reflector position and resistance, reactance 
impedance, phase angle, and pow’er factor of interferometer as well as current through it, e.m.l 
across its terminals, and watts dissipated in it. 


Let ^ denote the angle between the axis of resistance and the vector join- 
ing the center of the impedance diagram to any point on the perimeter. If 
the value of d4>/dl is constant around the diagram the simple set of resist- 
ance and reactance curves shown in Fig. 4 is obtained. In case d4>/dl 
around the diagram, the current curve no longer approximates a cosine func- 
tion. It will be noted in Fig. 5 that the curves taken at 130 kc and 148 kc 
differ markedly from those taken at 122 kc. The constancy oi d(p/dl and the 
shape of the curves are very closely dependent upon frequency. It is sus- 
pected that the sharpness of resonance in the liquid column is related to the 
selective transmission of. the reflector. 

Experimental Procedure 

Liqiiids. — The velocity of sound in a number of liquids was measured by 
means of this instrument using different types of generators. The set of curve 
shown in Fig. S are typical for the Rochelle-salt interferometer. The liquid 
used was a high grade of transformer oil. Half wave-lengths were deter- 
mined with an accuracy of 0.1 percent. Frequencies were measured to 0.03 
percent. Hence a relatively high degree of accuracy may be obtained in 
velocity calculations. Curves possessing ^fine structure^’ may be obtained 
by driving the interferometer at lower frequencies and favoring higher har- 
monics by the selection of proper coupling coils. Such a curve is shown in 
Fig. 6. The driving frequency was 45 kc while the third harmonic was em- 
phasized by tuning. This curve is of interest in showing particularly the com- 
plexity which may arise in the standing wave system. 
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Solids.~In order to measure the velocity of supensonir wav es in solids a 
suitable liquid (oil) was chosen as the medium for the solid uruler consifiera- 


Temp. 
130.5 Kc 
I = 0.Z3Z 



Temp. 18?£^ 
148 Kc 
•#= 0,Z04 


5 .6 7 8 3 1,0 1.1 l.Z 



Micrometer Reading ( Inches) 

Fig. 5* Curves showing magnitude of series current viirintions ohtciined Witli interferonieter 
and dififerences in general shape at various frequencies. 



Fig. 6. “Fine Structure” curve. The standing wave system involves both a fundamental fre- 
quency and a third harmonic. 
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tion. I'he positions of the nodal and antinodal planevS were accurately locat^^ 
in ! lie li<|U!cI alone. I1ien with temperature and frequency unchanged a plane 
parallel sla!) of the solid was immersed in the sound beam and the, relative 
disfilacements of the nodal and antinodal planes were ascertained.. That is, 
the cOfferemt^ in ac'oustica! path in the container when the liquid alone was 
pr(\seiit and when the sornl was inserted in the beam was deduced from the 
inicroiiieler readings, thus: , ' 

Let (I -- adual thickness of slab traversed by the beam 

Velocity of sound in solid 
I V Velocity of sound in liquid 

llien tin^ <lisplaceinent of the nodal planes can be shown to be: 


whenvv id --d/ld —As). 

'rids simple nu‘t hod works quite well when the product Vp for the solid 
is not greatly diffennU from that product in the liquid, where Fis the velocity 
of sound in the substance and p its density. This is the case in natural woods 
and Wf^od coinpositinns, in many varieties of bakelite and in rubber com- 
pounds. IVl^Ie \ iihistrates the method for an amber bakelite of French 
nutnufa<*t ure. 

I'Aiirj-; i. Iiluslruti(m of measurement of velocity of sound in an amber bakelite of French 
manufacture, I'e tape rat ure 'h^C. When micrometer reads zero reflector face is about 3 inches 
from sotirre. 


Micrometer Headings at 
Nodal Hanes , 


Shift due 
to 

bakelite 


Calculations 


Measured thickness of slab =0.412 in. 
Average shift =0.161 in. 

^==0.412/0.251 = 1.64 
Known velocity in oil = 1 .50 X 10^ cm /sec 
Vs = 1.50 X 10^ X 1 .64 = 2.46 X lO^cra/sec 


However, if the two respective products mentioned above are very dis- 
similar, then it is necessary to choose such a thickness of material as will 
yield optimum transmission at a particular frequency. Generally, it is more 
convenient to use a slab of fixed thickness and then to find that frequency 
for which transmission of sound through the material is a maximum. This 
condition is realized when the slab thickness is an integral number of half 
wave-lengths. The theory of this method was suggested by Lord Rayleigh.^ 
Boyle and Rawlinson*^ amplified Rayleigh’s analytical treatment and ap- 
plied it directly to supersonics. Later Boyle and Fromani® verified their 

Rayleigh, Theory of Sound, VoL II, p. 86. 
u Boyle and Rawlinson, Roy. Soc. Canada, Trans. 22, 55 (1928). 

Boyle and Froman, Canada Jour of Research 1 , 405 (1929). 


770 


ELIAS KLEIN AND W. D. HERSHBERGER 


theoretical conclusions by experiments in which they slnswed that at, nornuil 
incidence transmission is a maximum when the thickness of tiie plate is an 
integral number of half wave-lengths. On the other hand, if the lhickiK‘HS is 
an integral odd number of quarter wave-lengths reflection is .i luaxiniinn. 

Fig. 7 is a sample curve showing the sharpness of selective tnuistnission 
for a given thickness of commercial aluminum. As in the previous arrangc;- 
ment, the metal slab was immersed in oil at normal incidence. Series current 
through the interferometer source was observed ;it ntxlal anti iinlinodal posi- 



Fig, 7. Change in relative transmission with frequency for a slab of 
aluminum 0.825 ^ thick. 


tions of the reflector for the range of frequencies noted. The difference l)e- 
tween maximum and minimum currents divided by their sum is the ratio 
A J/I used as ordinates in the curve. This ratio indicates the relative trails- 
mission of any substance assuming that no selective absorption or scattering 
is present. The frequency for which the specimen is an integral number of 
half wave-lengths is thus readily determined. In general, by varying the 
thickness of the material studied; or, by changing the frequency of the source 
sufficiently, the exact number of half wave-lengths included in a given sam- 
ple can be ascertained. Quite often, the approximate number of half waves 
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in the siif'estaiice may tic calculated from a preliminary knowledge of some.of, 
its physical properties. The determination of the supersonic velocity in, the, 
solid from the measured wave-length in it and the frequency of , the source is 
then easily vcTifled by the nodal displacement method described above. , , , 

hiKainple: Thickness of aluminum slab = 0.82S inches==X/2. Best.trans- 
rnissloii frecpieiiry - 1 22 kc. 

A V = 122 X bT X 0.825 X 2 X 2,54 - 5. 11 X 10^ cm/sec. 
■r)isplace,iiierit niethod in oil: Av. shift at 126 kc = 0.583 inches. . 

= 0.825/0.242 = 3.31 
F ==1.5 X bF X 3.31 =.5.12 X lO^cm/sec. 

Temperature 2 FC. 

One of the fihotographs shows slabs of brass, aluminum, and bakelite 
used in these nuN'isurements as well as a holder for the slab which permits 
otlier than |)erpendicuiar incidence to be used. 

S^nall quanlities of liquids—Whm only small quantities of liquids are 
available, (say, less tlian 100 cc) the methods so far described are not readily 
afiplicable. in the first place the measurement of wave-length in thespecimen 
must of lUHTssity be made very close to the sound generator. And as was 
pointetl out earlier, the phase relations close to the source are such as would 
tend to diminish the sharpness of nodal plane locations. Also the number 
of wave-lengths that are measurable in the liquid is small; hence the accuracy 
is reduced. Furthermore, it is often undesirable to have the liquid come in 
contact with tfie reflector and container, especially if these are not gold or 
platinum plated. Such difficulties were obviated in the present experiments 
by putting the small quantities of liquid to be tested in a parallel walled cell, 
wliicli was iniiTiersed in a liquid medium of known acoustic properties. For 
example, the procedure for a specimen of turpentine was as follows: a bakelite 
cel! was immersed in the oil previously studied. The cell was filled with the 
same oil. Micrometer readings for a series of nodal planes in the oil were 
recorded. Now with the turpentine in the cell, all other conditions remaining 
the same, the displacement of the nodal planes was measured. The super- 
sonic velocity in the liquid was calculated by the same formula as in the ex- 
periment with the bakelite slab, thus: 

Shift due to 1 inch layer of turpentine = ^0.115 in. u = 1/1.115 '—0.897. 

Y = 1^5 X 10® X 0.897 = 1.34 X 10® cm/sec. Temperature 21 ""C 

In Fig. 8, curve I was taken when transformer oil only separated the 
reflector from the source; curve II was taken after the parallel walled cell 
filled with the same oil had been interposed in the acoustic path ; and curve HI 
when turpentine had been substituted for the oil. 

For measuring supersonic velocities in gases the Pierce interfero- 
meter is perhaps the simplest method yet devised. Fig. 9 shows a curve ob- 
tained in air with a Rochelle-salt crystal instead of quartz in the Pierce cir- 
cuit. At lower frequencies in air, magnetostrictive rods served admirably well 
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as sources of a stationary wave system. 'I'he <lri\ ing cii'ciiit for the rods w.is 
similar to that described by Pierce.*' On the other hand, for the measurement 
of sound absorption in gases, the Pierce arrangement nia\' h'ud to ernmeous 
results. For it should be noted, that both the fre(iueii<-v and amplitnde of the 
exciting e.m.f. are influenced by the re.sonant reaction of tiie gas enluniii u[ion 
the crystal. The change in frequency i.s so small tlmt only in ca.ses of e.vtrerne 
accuracy need it be taken into account. However, it is the periodic lluctnaiitm 


100 

80 

60 

40 





Fig. 8. Shift in position of nodal'planes illustrated. 

’ f possible the location 

a a JectitrTndTh t'^be acts 

as a rectifier and the changes m the rectified plate current, as the length of 

CTystaf ^ ® of variations in the e.m.f. across the 

^ Jhe experiments of Pielemeier, Reid, and others show that as the length 
of the acoustic path in the gas is increased, the changes in plate curren/dT- 
“ G. W. Pierce, Am. Acad. Proc. 63 , l'( 1928 ). 
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minish. This diminution is due largely to absorption. Nevertheless, absorp- 
tion coefficients calculated from this rate of diminution are inconclusive 
unless we possess an exact knowledge of the operating— -not the static— char- 
acteristics of the tube and in addition how the emitted sound wave amplitude 
varies with tliat of the driving e.m.f., as well as what part the received sound 
wave amplitude plays in determining the net e.m.f. across the crystal. Obser- 
vations made at 130 kc show that the rate of diminution of plate current 
variations, with increasing path length, may be altered at will by a factor of 
80 percent merely by changing circuit constants. 

In order to eliminate some of these difficulties Hubbard‘S proposes to use 
two (|uartz crystals tuned approximately to the same frequency. One crystal 
is used in a master oscillator circuit which supplies an e.m.f. of constant fre- 
(luency and amplitude, to the second crystal servinv as a driven source of 


Micrometev Readings (Inches) 

9. Air interferometer curve. The change in magnitude of the peaks with increasing path 
length is shown in pronounced fashion. 


sound. This method should prove valuable if and when constant mechanical 
amplitude can be maintained in the second crystal during a complete cycle of 
changes introduced by the motion of the reflector in the gas. Inherently, a 
quartz crystal displays a rather narrow resonance curve, and the task of 
holding to a fixed point on this curve as the reflector is displaced is trouble- 
some even though the temperature remains constant. 

To attain the same end, we have developed a circuit which promises to be 
useful in absorption measurements. The schematic diagram is shown in Fig. 
10. Three electrodes are used on the crystal plate, similar to an arrangement 
of Cady.^* The essential feature of this method is that it permits the ampli- 
tude of the exciting e.m.f. to be maintained constant, irrespective of the reac- 
tion of the gas column, by varying the resistance marked P. Moreover, since 
regeneration is employed, the difficulty in the two crystal system arising from 
the necessity of exact tuning is eliminated. 

Another method for the determination of absorption coefficient of super- 

” J. C. Hubbard, Phys. Rev. 36, 1668 (1930). 

W. G. Cady, U. S. Patent No. 1472583, Oct. 30, 1923. 
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sonic waves in gases which .appears to be free from iriiiiiy of tiie (iifliriilties 
mentioned above is an adaptation of the hot wire microphone of Tucker aiici 
Paris.^® Richardson^® has shown the possil)ility of using a singk* wire for ihv 
measurement of sound decay in tubes at low fre(|iiericies. Tlie sdierne pro- 
posed here is to mount a very fine platinum wire cross on a ring wliicli is Imuht 
the gas container {c) and is subject to small displacements parallel lo ihc* 
sound beam and may be moved independently from the reflector. l*'iiii,her 
investigation of this sort may be reported later. 

From the foregoing discussion it is readily seen that the genera! use of the 
interferometer is considerably enhanced by having similar sound genc*rators 
available in pairs For €.xamp1e if the second source is fdaced in tlie position 



Fig. 10. Improved circuit for gas interferomeier. 

normally occupied by the reflector and these two identical generaterrs are 
excited by the same electrical driving circuit, the amplitude of the interferiiig 
sound waves may be made to be nearly equal and the precision of velocity 
measurements be extended. Since this method was tried, Boyle and Frornan^^ 
have described a similar scheme for producing stationary waves. In one set 
of our experiments two sources were so disposed that either alone acted as the 
sound generator while the other served as a reflector. Also, the movable was 
made to receive supersonic waves while the fixed acted as a transmitter, after 
the manner of Hehlgans.^^ In absorption measurements two ideniical genera- 
tors are most valuable. 

The authors are indebted to Mr. Emil Kaiser for his constructive interest 
in the design of the apparatus and to Mr. John Boyd fur his careful and pre- 
cise workmanship of the various parts. 


IS Tucker and Paris, Roy. Soc. Phil. Trans. 221, 389 (1921). 
E. G. Richardson, Roy. Soc. Proc. AU2, 522 (1926). 
Boyie and Froman, Nature 126 , 602 (1930). 

22HehIgans, Ann. d, Physik86, 587 (1928). 
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VOLUMES? 


LETTERS TO THE EDITOR 

Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding month; 
for the second issue, the thirteenth of the month. The JBoard of Editors does not 
hold itself responsible for the opinions expressed by the correspondents. 

Relations between Hall Efiect and Resistance 

Measurements of the ILill effect have been portionality between Hall e.m.f and resist- 
made on sputtered while the films rxee in processes (2). (3), and (4) is readily 

110"C. These show a relation lietween the decrease of resistance and Hall e.m.f there is 

Hall eni.f and resistance like that obtained undoubtedly a coalescence 

for tellurium films (Phys. Rev. 30, 673 (1927)). creasing the 

During the first heating after the film was can pass from atom to 

sputtered the Hall e.m.f. and resistance alike agitation should occasions y “‘'San 

rierTcnt a r,pia decrease, in one case to of one atom near to the orbit of another atorn 

values of both Hall e.m.f. and resistance only so that the electron 1 

one-tenth that of the initial values. Thisrela- atom climbs oyer ^ ™ 
tion is then a property of metals and not a pe- Again, grater *erma g the elec- 

fuliarity of tellurium. Wait and Mackeown greater obstruction to the drift of the eiec 

havrielSly shown the Hall e.m.f. to be tion from atom to atom in the current stream, 

independent of resistance during aging of the giving the per 

film, and the tellurium films showed two types cient of t^istanye. S«ce e ^f. is work P 
of aging; (1) a decrease in resistance indepen- electron, the Hall 

dent of the Hall effect, and ^ in Hall 

Hall e.m.L in proportion to resistance, similar three stages, t ) tempera- 

to th. propor.io„.Ji.y .o «.»»». P) X. "L.f. 

the latter decreased with increase in tempera- ture coeffic e coefficients are 

ture. This pro,K.rtionality also held (4) when are negative; and (4) when the coemc 

the resistance increased with increase in tern- ^ith which an 

perature. Processes(3)and(4)arereproducible. ^ from atom to atom there is 

Wait explained process (1) by showing that etoron ^ i^tre number of 

the measured e.m.f. should be the sum of t e P™ ^ ^ ioarating from atofnic centers and 
e.m.f.-s across the granules. This measured etorons ^ ,e- 

e.m.f. should be constant, while the decrease 

in resistance was due to the elimination o e suk accounting for process (2), if the 

X;l“.Xr..‘S.T~.nr»Uu.c. .U.b„ oi w *»"• ""‘V “ 

on heating, in the case of metals and films temperature. ^ Warborton 

which have a negative temperature coefficient T. W. Todd 

of resistance, is due not to the increase in the of physics, 

number of so-called University of Oklahoma, 

February 25, 1931. 

Note on the Structure of Groups in Crystals 

In the February 15th number of the Ph^:-^ ;:::ntteTth: 

s....y ^ 
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it rather unfortunate that Mr.- Huggins -has Lewis hypot liesis wan laniiiiar Id everyone. 

based his, letter on this abstract, as I am now far the a|)plication of the iirirtriiilert of sliareil 

prep,armg for publication a full acx'ount of the eleclroii pairs on the alomie arnyigemeiit in 

results r have obtained during my investiga- inorganic rrystdln has provi'il iiiiKiirre.isful, 

tions of the last 3 years on groups (XOa)'""*** in while consideralioiB of the rrystal ht runt lire 

crystals. It .seems necessary .to me to give a from |Kiini of view nf iouh, ionic cliinwLsioiLH, 
few comments on Mr. Huggins’ letter, ionic poIarii5alHliiy, and cry.Htal entTgy in the 

In the letter is stated that I, in agreement hands of such men as W, L. Bragg, K. idij.ttis, 

w,ith earlier work on the crystal structure .of V. M. Goldsf^hniidl, Id I fund, L. Paiiiiiig, A. 

NaClOs and NaBrOs (Kolkmeijer, Bijvoet, E. van Arkel, J. A. Wasastjermi, and others 

and Karssen,^ Dickinson and Goodhue^) de- ' have given very valuable ami imi'iortaiit re» 

scribe the XOrgroup in these crystals as tetra- suits. 

hedral groups with one corner missing. This Until one is £i!?le to treat the c|uanli«itio« iif 
passage obviously must give' the reader the the electrons in polyatondr groupHronipkitdy 

■false impression that, these earlier investiga- on the I)asis of wave madKiiiicH, wc iiiiist he 

tors already had determined the structure of satisfied with ruugii approximafiorw. it isob- 

these interesting groups. ' This is not the case vious that one cannot amsider such groups to 

as every one. familiar with the above, papers be purely iordc in c;haracfer. The point of view 

can ascertain. I have shown that the struc- .1 have taken willi regani to the groups XOi is 

ture proposed by the Dutch investigators for the familiar one of rormidering the ccmstitio 

NaClOsand NaBrOg, as well as that proposed ' ents primarily as ions, and then take into con- 

by Vegard,® is incorrect.'^ The structure given sideraiion the <!eformatmn taking place in the 

by Dickinson and Goodhue is inaccurate, and electron clouds, llie final coin inuous dist ribu 
their results therefore do not allow conclusions lion of electron density may then be regarded 

to be drawn with regard to a possible non- as an approximation to the slatisticMl ronii- 

planar XOs-group. Dickinson and Goodhue nuity of lieosity one will get from a quantum 

w'ere as a matter of fact themselves aware of mechanical treatment, judging from the re- 

the inaccuracy, and only remark about the suits already obtained by this of view I 
XOs-group that the halogen lies nearly in the see at present no advantage in introdudrig the 

plane of the oxygens, indicating that they are ' conception of shared electron iiairs in crystals 

considering the XOg-group to be a copianar of this kind. 

group. There is thus a rather wide step from The most im|K.)rtant factor wddcis is inde™ 

this conception of the XOg-group, to mine, pendent of the point oi view one takes is, of 

The first description of “tetrahedral” groups course, the total miniber of valence electrons 

XO 3 in crystals was given by- me in 1928,* and in the group. In my paper on the groups XOs 

has been dealt with also in other of my papers' soon to be su!>mitted I have devoted a «‘hap- 

on these groups.^ ter to the relation between the number of 

It surprises me somewhat to learn that Mr. valence electrons and the symmetry of mole- 

Huggins finds it necessary to point out the culesorgroupsX\% and XVg, if we limit our- 

elementary fact that the two displaced elec- selves to considering groups coniaining atoms 

trons in the XOg-group can be correlated to a of relatively low atomic number I have showed 

Lewis electron pair. I thought the interpreta- that the following rule Imlds for ail oliserva- 

tion of e.g, the ClOg-ion according to the tions hitherto obtained; 


1 Kolkmeijer, Bijvoet, Karssen, Proc. Roy. 
Acad, Amsterdam 23, 644 (1920). 

2 Dickinson and Goodhue, J. Am. Chem 
Soc.43, 2045 (1921). 

2 L. Vegard, Zeits. f. PhysikT2, 289 ^922); 
Norske Vid.-Akad, Skr. Oslo Nr. 16, 1922, 
*W. H. Zachariasen, Norske Vid.-Akad. 
Skr. No. 4. p, 143, 1928; Zeits. f. Krist, ZL 
517 (1929). 

® W. H. Zachariasen, Zeits. f. Krist. 71, 501 
(1929); Paper in print in Phys. Rev. 
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niolecule has aii angular or pyramidal struc- 
ture, The (ievlalion from co-linearity or co- 
planarity probalily increases with increasing 
A, A few examples of the kind of structures 
we may exiH-ct according to this rule may be 
given. ■ 

C'oliuear: CO,, O'N,, CS,, (NN,)”*, (HF,)" 
Angular (polar): Oil,, SO,, OO2? (ozone), 
SH2, NO2, (NO,)- ■ ■ 

Co-planar: (CO,)-^ (NOs)-, SO3, 

BH3, BF:.> 

Bvramidal (polar): (POa)"■^ {SChy^ (CIOs)-, 


(AsOa)-^ (SeOs)"-^ (BrOs)^ (OHs)^, NH3, 

PHs, AsHa, PFs, PCIg and so on. 

In no case is there observed a contradiction 
to the rule, so it may be used with some con- 
fidence for predictions. For a more complete 
information about my work on the groups I 
can refer to my paper w^hich is to be published 
shortly. 

W. H. Zachvriasen 
Ryerson Physical Laboratory, 

University of Chicago, 

February 28, 1931, 


Interpretation of the Spectra of Rare Earth Crystals 

From the work of J. Becqiierel, Brunetti, gathering of the crystal lattice Absorption 
Ephraim, h'reed and Speckling, and others, it spectra of GdBr3*6H20 at room and liquid 
is known that the aijsorption spectra of rare nitrogen temperatures;®’’^ Transverse Zeeman 
earth crystals consist of narrow bands which effect on the a and h axis of monoclinic 
become resolved into sharp lines as the tem- 

])era 111 re of the crystals is lowered. The lines GdCI^^MoO QdBr3-6li?0 


tend to gather into rnultiplets, and arise from 
energy levels which resemble in their behavior 
the energy levels of atoms subjected to elec- 
tric and magnetic fields niuch more than they 
resemble the levels of molecules. For example, 
the positions of the lines are but very little in- 
fluenced by the negative ions present, and 
such influence amounts only to the expected 
slight shifting caused by the different electric 
fields set up by the various ions in the lattice. 
Furthermore, the lines do not fade out as the 
temperature is lowered, but are still strong at 
the temperature of liquid helium. Again, the 
lines are polarized, as would be the case if the 
levels were split apart by electric fields. 

In a paper which is to be published soon in 
this journal, Dr. Freed and I have presented a 
partial energy-level diagram for Gd'*''^'*' self- 
consistent within the accuracy we were able 
to attain (1 cm"”^ for position, 4 cm“^ for reso- 
lution), derived from eight sets of data. 
The data Absorption spectra of 

GdCL-6H20 at ordinary temperatures, and 
at that of liquid nitrogen and of liquid Hydro- 
gen, even at room temperatures gives 

sharp spectra, but as the temperature is low- 
ered the lines shift somewhat owing to changes 
in the effective electric fields caused by the in- 

^ F. Hund, Linien Spektren, Julius Springer, 
Berlin, ■ 

^ Woltjer and Kammerlingh Onnes, Leiden 
Comm. No. 167 C. 

® Giauque, J. Am. Chem. Soc. 49, 1870 
(1929). 
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Fig. 1. 

4 (a) H. A. Kramers, Proc, Amst. Acad. 32, 
1176 (1929); 33, 9 (1930). (b) H. A. Kramers 
et J. Becquerel, Proc. Amst. Acad. 32, 1190 
(1929). (c) J. Becquerel, W. J. de Haas, et 
H, A. Kramers, Proc. Amst. Acad. 32, 1206 
(1929). (d) H. A. Kramers, Proc. Amst. Acad. 
32, 1196 (1929) and private conversation. 

® Freed and Spedding (a) Nature 123, 525 
(1929); (b) Phys. Rev. 34, 945 (1929); (c) J. 
Am. Chem. Soc. 52, 3747 (1930); (d) Phys. 
Rev. 35, 1408 (1930). 
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GdQa ’ ^HsO;® Longitudinal Zeeman effect on 
the axis of GdCIs * 61120 . The diagram, 
shown in Fig, 1 , is not consistent with other 
methods of reasoning. For instance, in his 
brilliant work on complex spectra, by making 
use of Russell-Saunders coupling and the Pauli 
exclusion principle, Hund calculates the basic 
levels of the rare earth ions. He then calcu- 
lates the magnetic susceptibilities of the gase- 
ous ions and his values agree remarkably well 
with those obtained experimentally from the 
solids themselves. For Gd+'^‘^ he obtains an 
term, which is single, as are all S terms. WoII- 
jer and Kamerlingh Onnes* have measured 
the magnetic susceptibility of Gd2(S04)a * 8H2O 
from 1 . 3 °K to room temperature, and Giau- 
que^ shows that their results are in perfect ac- 
cord with the assumption of an basic level. 

Kramers and J. Becquerel,^ from their work 
on the paramagnetic rotation of polarized light 
in xenotime, conclude that the rotation is due 
to the presence of Gd'^'*"*' ions in the mineral, 
and that the Gd'^"^+ is in the state, which is 
split into several components in the crystal 
field. Even in the anhydrous crystals with 
which they were dealing the splitting is not 
expected to amount to more than a few cm~b 
Certainly in the hydrated salts which were 
used by Giauque and by Freed and me the 
effect must be much less, less even than our 
resolving power. 

The diagram as it is presented requires 
either metastable levels of high energy or wide 
splitting in the lower level, both forbidden by 
the arguments set down above. However, if 
the electron distributions in the rare earth ele- 
ments are examined, it becomes apparent how 
these conflicting notions may be brought into 
agreement. According to the Bohr-Stoner 
scheme, the distribution of electrons in Gd'^+^ 
ion is as follows: 

Is 2s 2p 3s 3p 3d 4=s ^p Ad 4 / 5 ^ 5p 
2 2 6 2 6 10 2 6 10 7 2 6 

In previous papers Dr. Freed and I point out 
that the optically and magnetically active 4/ 
electrons give rise in solids to atomic rather 
than molecular spectra since the complete 5;y 
and 5 p shells partially shield the 4 / electrons 
and tend to prevent close coupling bet'ween 
them and neighboring ions and water mole- 
cules. There are two ways in which one of the 
4 / electrons may be excited. Firstly, it may 
remain under this screening influence of the 5,y 
and Sp shells. To do this, however, w and I of 


the elect ron can not change siin'C the exclusion 
principle forbids any other values. Therefore 
the only poSHi!)le excitation comes about 
through one of the spins reversiiig itself, thun 
giving rise to sextet terms, A jump o! this 
sort rarely oc<!urs in atomic spectra and, more’ 
over, it is to be exi'iected that the energy in ■ 
volved would be large. Secoinily, the electtnai 
may jump outside the strong prolemion of the 
Ss and 5p shells and occupy llie Sd, 5/, and 
or higher shells, but mosl probably the Sd 
shell. In this event, RusseibSaiinfiers 
ling would presumably be effective for each 
part of the atom, but owing to the same screen- 
ing activity on the part of the and Sp levels 
it would be much weaker between the halves 
and would result in j—j coupling. In this in- 
stance a term would he formed inside and 
would join with the term outside to give 
the combined term, [^/'V/>3Ci]3/2. Of course, 
other types of coupling are possible, especially 
if the splitting of the terms caused by the tdec- 
tric fields of the crystals is large as c<Jin|)afe<i 
with the j—j coui^Iing. At least there would 
be a strongly couplet! part inshle jfjined by a 
relatively weak bond to the excited electron 
outside. 

If this is true it would be ext'jected that the 
intervals, and » on would 

occur in the spectra. Although as, a- first ap- 
proximation they would be equal for terms of 
the type, [»W„5]7/2[’AV£>wl9/2, there 
would nevertheless be some differences, great- 
er or less depending on the difference in energy 
of the terms coupling with them. Also, split- 
ting of the levels, [^F2*/J>3/2]7/2[^FW)#/2|5/2. 
owing to the electric fields in the crystal, 
should be nearly alike, but under high disper- 
sion differences should become apparent. This 
is precisely what is found to be the case, I am 
just now repeating the work cited aliove, using 
a spectrograph with a disjrersion of 2 A per inm 
and have found small differences, amounting 
to about 1 cm’'h between splitting arising from 
different groups. 

Evidences of coupling of the sort suggested 
should also be found in the gaseous spectra of 
the rare earths, so that very different terms 
from those predicted on the basis of Russell- 
Saunders coupling would be obtained. The 
spectra would be closely analogous to x-ray 
spectra with the exception that the energy 
values of the optical levels are of such an order 
of magnitude that their interaction with the 
x-ray levels can no longer be ignored. 
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It may be wc.‘ll to mention a few of the more 
striking fads noted when the spectra are 
photogra|>hed with an instrument of high dis- 
persion. (.Irclinarily, perhaps half the lines are 
<l(jnhlds of about 1 cnP'* separation, but if the 
crystals are iimler strain many more lines re- 
solve and tlie separation becomes greater. 
This splitting may l>e attributed to the action 
of the electric fields in the crystal on the basic 
level rVofcssor Kramers^'^ has suggested that 
the LS level should dissolve into four slightly 
separated levels. These, with the rules of se- . 
lection which are applicable, should give sepa- 
rations of the sort observed. Just as was 
antiri|)ated, the spectrum of a triclinic crystal 
photographed by Mr. G. C. Nutting and me 
shows the dissolution into pairs to be much 

High Velocity Vapor Jets at 

From measurements of the force of recoil on 
the ('athode of an arc drawn in a high vacuum, 
and from nieasurements of the amount of 
cathode material which was lost, Tanberg' has 
calculated the mean %^elocity of the material 
leaving the ciithocie to be the extraordinarily 
high one of over 10® cm per sec. K. T, Comp- 
ton'"* has proposed a theory of the development 
of high molecular velocities, but explains that, 

. this criticism does not alter Mr. Tan- 
berg’s basic conclusion regarding a high speed 
neutral vapor stream, It merely suggests an 
electrical mechanism for the acquiring of these 
speeds instead of assuming a terrifically high 
temperature at the cathode.” 

Close scrutiny of Dr. Compton’s suggestion 
that high velocity neutral molecules leave the 
cathode as a result of the existence of an^ ac- 
commodation coefficient for the positive ions 
neutralized at the cathode, indicates, however, 
that the velocity of these molecules cannot be 
nearly as great as the velocity obtained by 
Tan berg. The maximum velocity of the neu- 
tralized ions cannot be expected to be inuch 
greater than that corresponding to the cathode 
drop, whereas Tanberg observed velocities of 
an order corresponding to 70 volts. Hence, if 
the reaction of the neutralized positive ions is 
to account for the force upon the cathode ob- 
served by Tanberg, the stream of neutralized 
positive ions leaving the cathode with part of 
their original energy must be of much greater 
density than the high velocity stream calcu- 
lated by Tanberg. In fact, Compton,^ by as- 
suming that all the positive ions participate m 
the reaction, calculates that the average en- 


more pronounced, with several of the lines 
which apparently were single in the mono- 
clinic GdCb* 6 H 2 O resolved clearly into dou- 
blets. In a magnetic field the double lines s^lit 
into several components, usually five or more, 
and in most instances it seems that still more 
components would appear under higher dis- 
persion. As a usual thing the lines tend to sep- 
arate into two groups of components which, 
under low dispersion, show as doublets of the 
sort reported by J. Becquerel, and Freed and 
Spedding. 

Frank H, Spedding 
National Research Fellow 

University of California, 

Berkeley, California, 

February 20, 1931. 

.t Cathodes of Vacuum Arcs 

ergy of the neutralized ions need be less than 
0.4 volt to give the force measured by Tan- 
berg. 

The high speed stream of Tanberg must stul 
be assumed to leave the cathode region, even 
though the mechanism proposed by Compton 
may possibly account for the way in which 
force is communicated to the cathode itself. 
Because of the high vacuum, the only material 
leaving the cathode region is substantially 
only the material lost from the cathode, which 
Tanberg weighed. The force on the cathode 
must equal the momentum of the material 
leaving the cathode region, regardless of wheth- 
er this material acquires its velocity at the 
cathode surface or elsewhere in the region. 

The argument for the necessary existence of 
Tanberg’s high speed stream seems to be valid 
unless there is a high density of gas in the v^- 
sel in which the experiment is carried out. In 
such a case, the lower speed neutralized posi- 
tive ions of Dr. Compton could communicate 
their momentum to many gas molecules, with- 
out any of them acquiring a high velocity. 

: But a high gas pressure in the tube during the 
period of arcing does not seem likely. To ob- 

■ tain a high density of copper vapor through- 

> out the vessel would require almost complete 

• reflection of copper atoms at the walls of the 

i vessel, a condition which does not seem very 

■ probable for heavy metal atoms. Ifsuchcom- 

* plete reflection did occur, one would expect to 

- have a uniform deposit of copper on all parts 

1 1 Tanberg, Phys. Rev. 3S, 1080 

2 K. X. Compton, Phys. Rev. 36, 706 (1930). 
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of the containing vessel. Actually, however, 
experiment shows that the deposit is most 
dense directly opposite the cathode spot, with 
practically no deposit behind the cathode, the 
distribution of density following a cosine law 
roughly. So, little reflection must occur, con- 
densation must take place on first impact, and 
vapor must flow from the cathode region at a 
rate just equal to the rate of vaporization 
measured by Tanberg. Since the momentum 
measured by Tanberg is carried by the mass 
he used, the velocity he calculated must be 
correct. 

In the same way, the calculated high ve- 
locity of vapor striking a vane 2 cm from the 
cathode can be in serious error only if con- 
siderable reflection from the vane occurred, — 
a condition which does not seem to be true. 
Thus, if the force on the cathode is due to the 
reaction of neutralized ions, as proposed by 
Compton, some mechanism must exist where- 
by the many neutralized ions of low velocity 
transfer their momentum to the few atoms 
leaving the cathode region, with consequent 
high velocity. 


. The cathode hpot itself, an the itieial, need 
not be. and probably is not , at a high tcriiiMJr' 
aturc. The experiment ftierdy shows iliat' a 
very high t-’elocity vapor streafii issues from 
the cathode region. A siiiiilariv higlt read, ion 
upon the cathode of the menniry arc: has been 
.observed recently by Kobe!/^ 

Whether or not to ascribe a litgii tempera- 
ture to such a high velocity \dpor sircmti k 
merely a matter of use of words. Perhaps, for 
the sake of emphasizing the imiwiial iiiagiu- 
tude of the velocity, one may H|>eak liie 
temf>erature of the vafsor jet flirr»iigli tbe rtv 
lation3^J72 «iw#/i.. . 

fvxperiments to measure the iiiagniliidi* of 
the vapor jet vekeity !w an imltfi'ictfideni. 
.means are in paigrcss in tills laboratory. 

Joshl‘11 SlJ-JU \ \ 

R. (,b. \i\ms 

Kesc‘arch La!>oratf>ry, 

WestinghouHC! Klee, ami Mlg. Co,,. 

February 25, P>51. 

® Koliei. Phys. Rev. 36, 1636 (1630). 


again, and the number oi |>artic!es in tlie Ixix 
is so chosen that cases arise in whtcli one par- 



Knowledge of Past and Future in Quantum Mechanics 

It is well known that the principles of quan- 
tum mechanics limit the possibilities of exact 
prediction as to the future path of a particle. 

It has sometimes been supposed, nevertheless, 
that the quantum mechanics would permit an 
exact description of the past path of a par- 
■ tide.' 

The purpose of the present note is to discuss 
a simple ideal experiment which shows that 
the possibility of describing the past path of 
one particle would lead to predictions as to the 
future behaviour of a second particle of a kind 
not allow^ed in the quantum mechanics. It 
will hence be concluded that the principles of 
quantum mechanics actually involve an un- 
certainty in the description of past events 
which is analogous to the uncertainty in the 
prediction of future events. And it will be 
shown for the case in hand, that this uncer- 
tainty in the description of the past arises 
from a limitation of the knowledge that can be 
obtained by measurement of momentum. 

Consider a small box 5, as shown in the 
figure, containing a number of identical par- 
ticles in thermal agitation, and provided with 
two small openings which are closed by the 
shutter S. The shutter is arranged to open 
automatically for a short time and then close 





Fig. 1. 


tide leaves the box and travels over the direct 
path SO to an observer at 0, and a second 
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particle travels over thc^ longer .path 
through elastic rellection at the ellipsoidal re- 

Hector R. 

11'ie !>ox is accurately weighed before and 
after the shulter has opened in order to de- 
teniiinc the KUal energy of the particles which 
have left, and the ol>server at 0 is provided 
with means for observing the arrival of par- 
ticles, a (dork for measuring their time of 
arrival, and some apparatus for measuring 
moment unu Furthermore the distances SO 
and SRO are accurately measured beforehand, 

• thc^ distance SO being sufficient ,so that the 
rate of the clock at 0 is not disturbed by the 
gra\'itational effects involved in weighing the 
h<jx, and the distance SHO being very long in 
order to perntit an accurate reweighing of the 
l)ox before the arri\'a,l of the second particle. 

Let us now stJ|>poBe that tfie observer at 0 
measures the momentum of the first particle 
as it approaches along the path SO, and then 
measures its lime of arrival. Of course the 
latter observation, made for example wdth the 
help of gamnuoray illumination, will change 
the momentum in an unknown manner. Nev- 
ertheless, knowing the momentum of the par- 
ticle in the past, and hence also, its past ve- 
locity and energy, it would seem possible to 
calculate the time when ■. the shutter must 'have 
been open from the known time of arrival of 
the first particle, and to calculate the energy 
and velocity of the second particle from- the 
known loss in the energy content of the box 
when the shutter opened. It, would then seem . 
possible to predict beforehand both the energy 
and the time of arrival of the second particle, 
a parado-xical result since energy and time are - 
quantities which do not commute m quantum 
m-echanics. , 

The explanation of the apparent paradox 
must lie in the circumstance that the past mo- 
tion of the first particle cannot be accurately 
determined as w’as assumed. Indeed, we are 


forced to conclude that there can be no meth- 
od for measuring the momentum of a particle 
without changing its value. For example, an 
analysis of the method of observing the Dop- 
pler effect in the reflected infrared light from 
an approaching particle shows that, although 
it permits a determination of the momentum 
of the particle both before and after collision 
with the light quantum used, it leaves an un- 
certainty as to the time at which the collision 
with the quantum takes place. Thus in our 
example, although the velocity of the first par- 
ticle could be determined both before and 
after interaction with the infrared light, it 
would not be possible to determine the exact 
position along the path SO at which the change 
in velocity occurred as would be necessary to 
obtain the exact time at which the shutter was 
open. 

It is hence to be concluded that the princi- 
ples of the quantum mechanics must involve 
an uncertainty in the description of past 
events which is analogous to the uncertainty 
in the prediction of future events. It is also 
to be noted that although it is possible to 
measure the momentum of a particle and fol- 
low this with a measurement of position, this 
will not give sufficient information for a com- 
plete reconstruction of its past path, since it 
has been shown that there can be no method 
for measuring the momentum of a particle 
without changing its value. Finally, it is of 
special interest to emphasize the remarkable 
conclusion that the principles of quantum 
mechanics would actually impose limitations 
on the localization in time of a macroscopic 
phenomenon such as the opening and closing 
of a shutter. 

Albert Einstein 

Richard C. Tolman 

Boris Podolsky 

California Institute of Technology, 
February 26, 1931. 


Deviations from Kerris Law at High Field Strengths in Polar Liquids 


When an electric field is established in some 
substances they become doubly refracting 
with their "optic axes” in a direction parallel 
to the lines of force. This phenomenon was 
discovered by Kerr^ and is known as the Kerr 
electro-optical effect. Kerr and others* have 
shown that if ni and are the refractive in- 
dices for the components of the light vibra- 
tion parallel and perpendicular, respectively, 
to the lines of force, then their phase difference 
after passing through the electric field is 


D 


2'n‘l{in-~~ nl) 


^2TrBlE^ 


where X is the wave-length of the light, I is the 
length of the light path through the electric 
field whose magnitude is E, B is Kerr’s con - 
stant, but has been found to vary with differ- 
ent substances, wave-lengths and tempera- 

1 Kerr, Phil. Mag. (4) 50, 3*37, 446, (1875). 

* See G. Szivessy, Handbuch der Physik, 
724-808, 21, 1929. 
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tures. In the present work a method has been 
devised for testing the possible dependence of 
'"B upon the magnitude of E. The well-known 
theories^*^ show to a sufficient degree of ap- 
proximation that 

W-l)W+2)(E4-2)^, 




noT 




where Wo is the index of refraction, K is the 
dielectric constant, T the absolute tempera- 
ture and M the electric moment of the mole- 
cule. It has been shown that in polar sub- 
stances the dielectric constant varies with the 
strength of the applied electric field, and has 
been explained as due to an electrical satura- 
tion,® Therefore in polar liquids B might be 
expected to decrease with increasing E, 

In the present experimental arrangement 
light from an incandescent filament, made 
parallel by a lens, plane-polarized by a nicol 
prism, passed through a Kerr cell 5 cm in 
length and 3 mm spacing between the plates, 
then through a second Kerr cell 25 cm in 
length with a 3 mm spacing between the plates 
and finally through a second nicol prism 
crossed with respect to the first. The plane 
of polarization of the light made an angle of 
45® with the lines of force in the first Kerr cell 
while the plane of the plates of the second cell 
was 90° from that of the first. A high voltage 
d.c. potential was applied directly across the 
first Kerr cell and a variable running tap- 
water resistance. The second Kerr cell was at- 
tached in parallel with just enough of the re- 
sistance so that the double refraction in the 
first Kerr cell was exactly compensated by 
that in the longer second Kerr cell. The elec- 
tric field in the first cell was therefore more 
than twice that in the second. The potential 


across the first cel! and the lestatiiuce was 
■ then, for example, changed from JO, 000 volts 
per cm' to 60,000 volts per rm, so tiiat any 
change in B with increasing E would appear 
as a lack of compcitbathm the light. I'li the 
case of CS 2 which is iion-poIar, pracfiraily no 
light was oliserved to pans the HwomI nircj 
prism, that is, the doufik: reiVactJjm in the 
first cdl continued to be (‘ompeiLsaied by that: 
in the second within the iimils of precision. 
However, in the case of carefully distilled 
chloroform, which is polar, if. was foiiml neces- 
sary to lower the potenlia! across tlie serurtd 
. Kerr cell (many times the least de- 

tectable) in order to make the two ceils com- 
pensate eadi other or, again, to mhiva the 
intensity of the light passiiig the secfmd nicol 
to zero. This shows that hit chlorotVirm B 
decreases with increasing electrical field. Since 
the amount of light passing an arrangement of 
the kind here described is /■*/& sin®/i/2 the 
method is very sensitive to small variatkms 
in Kerr’s law and gives a simple and precise 
way of studying electrical saturation effects. 
The method is being improvcil and refined in 
order to make a study of both lii|iiids am! 
gases, A delailal descTiptioii of the niethotl 
and a discussion of .tlie results will appear 
’ later. 

J. W. Beams 

University of Virginia, 

March 3, 1931. 

^ See Debye, Marx Handbucli der Eadiolo- 
,gie, 5, 7S4--776, (1924). 

^ Raman and Krishman, Phil. Mag. 3| 724 

735, (1927). 

® See Debye, Polar Molecules, Chem, Cata- 
log Co., 109, (1929). 
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..BOOK REVIEWS 

Gruppentlieofie und QuantenmecliaEik. Hermann Weyl. Second Edition. . Pp. 358. 
S. Hirzel, Leip.zig, 1931. Price, bound, RM 26, 

The quantum theory has made it desirable , for physicists to become . acquainted with 
mathematical subjects of which heretofore they were, allowed to remain blissfully ignorant. 
This mathematical apparatus is related on. the one hand .to partial differential equations 
(Schroedinger’s wave-mechanics) and on the other to the theory of, Hermitean .quadratic 
forms and unitary transformations (statistical interpretation). In the third place the quan- 
tum theory makes use of the noncombining properties of term systems in the solution of special 
problems as well as in the familiar justification of the exclusion principle. An attempt has also 
been made !)y Dirac to introduce a symbolism having no direct relation to our number system 
iq numljers) which yields the numerical results necessary for physical applications only in the 
final stage of the sym!)olic operations, 

h'or the physicist ijU crested in the most direct experimental implications of the quantum 
theory the interrelations between these fields of pure mathematics are of little interest. The 
main parts of the subject may be presented in a small amount of printed space as has been 
done by Heisenberg in The Physical Principles of the Quantum Theory. Elementary develop- 
ments of the noncombining properties of angular momenta and the related intensity relations 
are well known and the symmetry properties of electronic proper functions are easily handled 
in most practical cases by Slater’s method. From, a certain point of view a deeper study of the 
mathematical landscape seems., therefore, superfluous. 

The transformation theory of classical dynamics is perhaps also superfluous in the same 
sense and the thc^ory of Maxwell-Faraday stresses could be subjected to the same criticism. 
The engineer has little occasion to refer to either and for the same psychological reason many 
physicists approach the study of the more fundamental mathematical aspects of quantum 
theory with a certain amount of disdain. This fact does not affect however either the beauty 
or the usefulness of these subjects and in fact an elegant application of Weyl’s presentation of 
the group of rotations has been made by Kramers in a recent paper on intensity formulas. 

In Weyl’s book the quantum mechanics is presented from the point of view of a mathema- 
tician and so far as the reviewer is able to judge in the best taste and with the most powerful 
machinery. The interrelations between the different aspects of the same mathematical prob- 
lem are kept in mind throughout. As indicated by the title the guiding principle is that the 
matrices representing physical quantities define transformations which are representations of 
certain abstract groups. Operations with abstract groups correspond to the q number calculus. 
The contents of the first edition have been amplified by the addition of a discussion of the Hei- 
senberg- Pauli wave field theory. The fifth chapter dealing with the group of permutations has 
been rewritten in a much more elementary form. The connection of the symmetric group with 
the group of homogeneous linear transformations has been kept in the foreground. Dirac’s 
treatment of permutations as dynamical variables falls in naturally with the methods used here. 
This is a convenient place for reference to formulas and derivations for group characters of the 
symmetric group. 

Throughout the book many pertinent mathematical subjects have been treated in an 
elegant and efficient ‘manner. As an example section 3 of Chapter II devoted to spherical har- 
monics gives in three pages all the necessary material. The treatment of Dirac’s relativistic 
equations is also very good and thorough. The reading of the book is greatly facilitated by a 
list of symbols used which has been added in the new edition. Contents: I. Unitary geometry 
IL Physical principles and simple problems of quantum theory. III. Groups and their repre- 
sentations. IV. Applications of groups to angular momenta, Dirac’s relativistic equations, the 
wave field theory, V. The symmetric group. 


G. Breit 
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Henley’s 20th Century Book of Recipes, Formulas and Processes. K<lit(!(l hy Hts.nx. 
Pp. 809, Norman W. Henley Publishing Co., New York, 19.10. Price $4.00. 

This book, as the title indicates, gives many recipes and formulas wliii-h may lie uf v'.iluo 
to the laboratory technician or the home shop-worker. The material, taken io.m v.irmu-, luitts 
of industry and craftsmanship, is alphabetically arranged throughout the. book, with u supple. 
mentary index at the end which is a help where there is more than one poptdar uomem-lalure 
for the subject matter under inquiry. The printing is good and the type of a si/ce.isy to (oHow. 

I believe the book is better suited for the amateur home worker than It is lor t he [trofes- 
sional laboratory man who has at least a meager idea of what the imlnstri;.! tmd sriemitir li- 
brary holds in the way of literature along the various lines, ll.aterial from the (ra-le.s is neces- 
sarily brief giving more of an outline than a workable procedure for the novice.^ For tlic re- 
search worker who is at a standstill for want of information on techiiii al mnnipnlnl ion, the hook 
may yield an inspiration for a new attempt. The latitude of the materia! might lie a boon under 
such circuni stances. 

\Vm, li. II.\L!!»\Y 

Atlas of Physical and Inorganic Cheimstry. A, von Antrui^ofi* \>iii M. vox Sr m'Kel- 
BEEG. 29 charts and 'descriptive volume 64 pp. Verlag Cliernie, ^ i.in.b.fl. fleiliri |02‘). I r ice 

RM 42.00. 

The atlas consists of 29 charts (11 x 14.25 inches) priuteii slid <*ard laur I. ia.otnp.uiitNi 
by a descriptive volume of the same size. The plates show the material in the form u| histo- 
grams or columnar diagram. The following physical and cliemical {|iiafiniies are representcdt 
(1) The periodic table. (2) The electron shells of the atoms. (5) Atomic diameftfrs. (4) lomc 
diameters. (5) Ionization potentials. (6) The crystal structure of the elemeuts. (7) .Melting 
and boiling points of the elements. (8) Mechanical properties of the elemeni h in the solid state. 
(9) Atomic frequencies of the elements. (10) The atomic force constant. (I I) S|)CTilic and atomic 
electrical conductivities. (12) Valencies of the elements. (13) Xorinal electrode potentials. 
(14) Heats of combustion. (15) Melting and boiling points of the chlorides and the electrical 
conductivities in the fused state. (16) Hydrides. (17) Carbides. (IS) Nitrides, < 10 ) Solubilities 
of hydroxides, carbonates, sulphates, chlorides, sulfides and a few other salts. Isotopes. 

(21) The geochemical distribution of the elements. (22) The occurrence of the elenieni s in tlie 
earth’s crust and in the whole earth. 

^ The. printed volume which supplements the charts gives in every cas<^ a short distmssiori 
and the necessary definitions 'of- the topics illustrated in the diagrams, It seetns to the re- 
viewer that the atlas is, on the one hand, too large for convenient <lesk use and on the other 
hand too small for 'the use with 'large classes. It should find its principal use with small mniriar 
groups where a few individuals need the material as a basis for discussion. 

George (k.iK’ RLE R 

Les Quanta. G. DijARDiN, Pp. 224. Armand Colin, Paris, 1930. Price tOf.SO unhounfl. 

Within its appointed scope as an elementary exposition of the conceptions and fundamental 
experiments underlying the quantum theory, this book seems for the most part eput e successful. 
Short chapters on radiation theory and specific heats present the basic ideas of the Planck 
radiation formula and the Einstein- Debye theory of specific heats of solids. Chapters on the 
photoelectric effect and x-rays give the salient features of the Auger effect, the angular dis- 
tribution of photo-electrons, the absorption of x-rays, and the Compton effect. Considerable 
space is devoted to a discussion of classical mechanics, Bohr’s atomic theory and correspondence 
principle, Sommerfeld’s fine structure formula and similar topics from pre-quantum mechanics 
atomic physics. After, a short chapter on thermionics, photochemistry and Raman effect the 
book closes with a few pages on wave mechanics. The explanations seem uniformly clear and 
the material well chosen. The reviewer, however, doubts the efficacy or the need of retaining 
the older theoretical explanations even in elementary treatments such as this one, for in many 
respects the conceptions associated with the newer theory are distinctly simpler than their pro- 
genitors, and besides, once learned they will not need to be unlearned for at least some time to 
come. 
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A PROBLEM IN THE QUANTUM MECHANICS OF CRYSTALS 

ByE.L. Hill 
University OF Minnesota 
(Received February 15, 1931) 

Abstract 

An elementary method is given for treating a one-dimensional lattice of the 
“tooth-valley” type containing any number of unit cells. The reflection of a beam of 
electrons from such a lattice is studied. For a semi-infinite lattice perfect reflection 
is shown to occur when the Bragg equation is satisfied, and an approximate formula 
for the widths of the reflection bands for high speed electrons is found. For the 
bound electrons the theory predicts occupied energy levels in the vicinity of the 
allowed levels for a single valley with infinitely high walls, in agreement with the 
perturbation theory. A simplified way of locating the edges of the reflection bands is 
discussed. The more complex case approximating real crystals is considered briefly. 

Introduction 

T he problem of determining the motion of the electrons in a crystal lat- 
tice has been treated by a number of authors. The usual method is to em- 
ploy some type of perturbation scheme,^ but the question has also been studied 
by the more direct procedure of replacing the crystal by a triply periodic field 
of force and then attempting the solution of the resulting equation for the 
characteristic function. Morse^ has recently carried out this treatment in 
great detail, and has given many interesting results, but the mathematical 
technique is rather complicated and it is difficult to obtain a clear idea of the 
physical processes involved. Because of this it was suggested to the writer by 
Professor Frenkel that it would be interesting to try to carry through the 
calculation in detail for the case of a one-dimensional lattice of the ^^tooth- 
valley” type (Fig. 1). The work for this case is comparatively simple because 
the characteristic functions for the different sections of the lattice can be 
written down at once and then fitted together by use of the usual boundary 
conditions. A suitable method for handling the case of an infinite crystal is 
given in this paper. 

1 Sommerfeld, Zeits. f. Physik 47, 1 (1928); Heisenberg, Zeits. f. Physik 49, 619 (1928); 
Bloch, Zeits. f. Physik 52, 555 (1928) ; Slater, Phys. Rev. 35, 509 (1928). 

2 Morse, Phys. Rev, 35, 1310 (1930). This paper contains references to previous work. 
Condon and Morse, Revs. Mod. Phys. , 3, 43 (1931). 
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Method and Calculation 


The type of one-dimensional lattice considerwl is illuslratcd in Mg'. 1. 
The valleys® are numbered consecutively 0, 1, 2, • • • , ?; as is indicated hj- the 
letters in parentheses, the region x<Q corrcsiwmdiiig to the Dtli valley aiul 
the region to the wth valley. As there are just h Unuh, 4 -- «d-)- ( h 1)«. 


W 


Ji 

%-o 








Fig. 1. 


; The plan is first to solve the Schrodinger equation for a lattice of n teeth 
and then let »oo . The equation to be solved is 


dhp 

dx^ 


+ {Mn/h^){W - F)# = 0. 


(i) 



In the ^th valley the general solution of (1) can be written as 

and in the ;^th tooth, which lies between the i)tli and the |?th valley, as 

For^ 


where 


X < 0 =: ji^i27rki(z+a) 

hki = [2mWYi^-,hh = [2w(Tf - 


(4) 

(5) 

(6) 


In these equations it is explicitly supposed that Vi but it is well known 
that for Fi > IF ^0 the same equations can be used by giving ^2 its value as 
a pure imaginary number from (6). 

“ By “valleys” and “teeth” aremeant, of course, the regions of low (F=0)and high (r= Fi) 
potential energy in Fig. 1. 

. , ^ extension to the case in which the wave number of the electron outside the crystal 
IS ^ 0 <^2 is considered later. 
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At till' hoiuidary 1 ictween a tooth and a valley we use the ordinary bound- 
ary condition of liie continuity of i/- and its first derivative^® By applying 
tins condition to the function given by (2) and (3) one obtains a linear rela- 
tion between the coefiicicnls («p, &j,) and (ap_i, &p-i) of the form® 


where 


Up ^ c^hp^i 

hp “ " 4 " ^p—’i 

Cl = ii/ 4 kih){{h + - (^1 - 

C, = - {\/ 4 hh)\ 2 i{h^ - W) sin 2x^20} 


Eriuations (7) permit one in principle to determine the coefficients in any 
part of the lattice provided they are assumed known in one valley, and in 
particular one can determine A and B in terms of a and b for use in Eqs. (4) 
'ind (3) In the present form this calculation is difficult because of the com- 
plicatetl character c»f Ci and Cj. To simplify the analysis we introduce a new 
set of variables y,, and Sp by a linear transformation which is to be so deter- 
mined that the transformation matrix from (yp_i, Zp_i) to {jp, Zp) is diagonal; 
i.e., and Zp arc to be simply multiples of y^-i and Zp_i respectively. By 
this artifice we can at once compute A and B in terms of a and b after calcu- 
lating the associated F and Z in terms of y and z. We assume then 

ap = ynyp + yn^p \ (9) 

bp = ^^lyv + 7 

and on substituting in (7) we get as the condition that and Zp shall be 

multiples of und respectively, 

7ii/T2X = (Wu + W2i)/(<^2*7n + ^1*^21) 

712/722 = (Wl2 + W22)/(<;2*712 + 

which is seen to be the condition that 711/721 and 712/T22 shall be roots of the 

. = (..r-|-c.)/(rA + .i7. ( 11 ) 

In general there are two different roots of (11) one of which must be taken for 
(7n/7n) and the other for (712/722) in order that the transformation (9) may 
bl non-singular. These roots may be found directly from (11) if we 

cj = M -b is; C2 = i? + (1^) 

with ■ ■ ■ 

« = {\/ 4 hh) I {h + hYcosMha -b m - ih - hycos Mha - h ^) } T 
a = {l/ 4 kM {{h+ hr sin 2 r{ha A-k^-ih-hY sin 2 r{ha ^ 

It is because of the character of the boundary condition that it is not "ecessa^ to give 

‘“’'.ney .r. .h. inv.,i.n, point, of th. I™- 
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' - {l/Akxk^\l{ki^ - 2rli«)(sin 2yW)| " , : , , 

.. f 5= {l/Akihi) {2{ki^ — litkia){s\\\ 2irk4f) !•.. 

It may be noted that 

' ] Cl I’ V- I <;2 1 ^ = ■(# + -- (t + i^) — bf ■ (bS; 

which is also required by the condition that the current; must lie coiibtaiit 
throughout the crystal and follows from the boundary t'oiiditioiis and the 
usual expression for the current* 

- The solutions' of (11) are most conveniently divicleci iiitc* three classes ac- 
cording to whether u^>li or #== 1 which we shall cali Case I, If, and 

III, respectively* Denoting the two roots by ti and ts we gf*f^ 

Case I. u^>l 

Ti = { [» - i(u^ - i)”=]/(r!= + r") 1 (- r + in) 

t 2 = { [® 4" ~ 4" i') i "4 in) ■ 

Case 11. 

= { [» + (1 - u^yi^]/(ri^ 4- C) I (" f 4- in) 

Ta = { [» — (1 — + y) j (— ,f + in) ■ 

Writing 711/721= T'l and ynlyn — Tz the transformation from v,, i to yp and 
from 2j_i to Zp is found to be 

yp = (C2*ri + Ci*)7p_i = 5i>'p_i 

Zp = (C 2 *r 2 4- Ci*)Zp_i = OaSp-i, 

where Si and 82 are defined by (18) and can be found explicitly by using (16) 
and (17). 

Case I. u^>l 

Si = U + (m** - 1)1/2; 3 ^ = _ J),/2 ^19) 

Case II. u^<t 

Si = « -{- i(l ~ m 2)1/2; — iQ _ «, 2 )I/S. (20) 

By repeated application of (18) one can write at once for the relation be- 
tween (F,Z) and (y, z) which are associated respectively with (yl, B) and 


Inverting (9) we find {A, B) from (F, Z) and (a, b) from (y, z) and then from 
(21) find A and B in terms of a and b. The result is 

/ - Si" -f (ti/t 2)52’* V . f ’■i( 5 i’* — 82") ) 


i (ri/ra) - 1 j 

Case III is treated in a later paragraph. 
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With the aid of these formulae we can now study the behavior of f as . 
We obtain the essential results, however, in a somewhat clearer fashion by 
studying the reflection and transmission properties of the grating,- 

Reflection AND Transmission 

To study tlie reflection of a beam of electrons from the grating assume 
that & = 0 so that to the right (x>^) there is only a progressive wave to the 
right while for x <0 there is an incident and also a reflected beam. The re- 
flection coefficient is then 

= I B/A I “ = 1 - 1) 1 V i - (ri/ra) j ^ (23) 

as from f.RO ‘‘^d (2(1) 6u~l/Si. 

Case L > + 1 . 

From (19) Sc' is real and > I, and from (16) and (17) \ti | = |r 2 ] = 1. Hence 

from (23) 

limi?n==l. (24) 


Thus whenm'er ir> I there is perfect reflection from the semi-infinite lattice, 
although not from a finite crystal. From (22) we find the limiting relation^^ 
between A and B 


It is quite easy to find the characteristic function in any part of the crystal 
by inverting the transformation (22) and replacing a and b by and Jj, and 
Si*" and 5'C l^y bC and If respectively. The determinant of the transforma- 
tion is readily shown to be -f 1 (for any p) and on inserting (25) one finds 

dp == T%BfB = r2bp, (26) 

the characteristic function in the :^>th valley being 

P r= I -f (27) 

A similar expression can be found for the ^th tooth. 

This result brings out very clearly the difference between a lattice 
bounded on one side only, and a lattice which is unbounded in both direc- 
tions.*^^^ In the former case^ there exist solutions of (1) which are finite at 
x = ±00 for all values of Hh whereas in the latter case there are no non-van- 
ishing solutions finite at both + and — Qo when the electron energy is such 
that u^> 1. This is to be compared with Morse's method in which the func- 
tion is written in all cases as : ■ 

where /(x) is periodic with period (a^+^)j the ‘fforbidden” energies being as- 
sociated with complex values of k* This function does not represent the gen- 

Note that from (22) this relation must be satisfied in order that [a j and | may remain 

, finite- as, becomes tnfiiiite, ' ■ . ‘“F 

We shall distintruish these as “semi-inaaite” and “toanite” lattices respectively,^ J;-; ’ 
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eral solution of (1) as we must assume a relation between a,, and h„ in order 
thatour solution (2) and (3) may be put in this form. 1 1 has not been possible 
as yet to show that the regions of complex k in (28) are identical with en- 
ergies for which u^>\. As ISjI <1 we see that is dainiH'd out witliin the 
lattice, being diminished approximately by a factf)r jSa in a distance 

Case II. u^<L 

From (20) §1 is complex and |Sil = l. Let 

S = tan-> [(1 - 5, = e-w 

Substituting for n and T 2 from (17) ill (2v1) 





“sin nO'^ 
^ sin $ ^ 


2 


1 + + n 


sin ;/f?T 
. sin 0 ^ 


L 


{29} 


This expression is always less than unity and as it dues not approach 

any limit but merely oscillates. In particular if 0 is coiiimensiirable with ir 
there are always values of n for which it is zero. There is olnioiis reason 
for this type of ^Tesonance” in terms of a fitting up of the electron wave- 
length with the lattice distances.® 

CasellLu^^L 

■ This case must be ■ considered separately for as ti-'Ts (9) is a singular 
transformation, the preceding analysis does not apply. Its treatment is not 
entirely unambiguous as there are two limiting processes to be considered ; i, e. 
the simultaneous passage of n to infinity and the behavior of i?» in the neigh- 
borhood of For a semi-infinite crystal as we approach a point for 

which u^-1 passing through values of W for which ii®> 1, .the limiting value 
.of the reflection coefficient is unity. To find the limiting value by traversing 
points for which ^^^<1 we may use (29) which yields 

«V + C)/[1 + «V + C)] (29') 

where it is supposed that n has some finite, although large value, f Jn allow- 
ing Ji to become indefinitely large we again get unity unless f“ = 0, which 
can occur only as a very special case since it implies u^= 1 and at the same 
time sin 27r&2i3 = 0 from (8). 

It is worthwhile to notice another method which offers a natural way of 
arriving directly at the formula for the positions of these reflection band edges 
F rom (16), (13), (14) and (15) we see that when — 1 

' ■ T2 — i 

« Cf, R, d’E. Atkinson, Zeits, f. Physik 64, 507 (1930), 
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the whether dX) or <0. (27) then, becomes 

where the upper or lower siRn in (I)" is taken according to whether m = 4-1 
or H= "I. As a similar equation can be shown to hold for the teeth we see 
that the energies for which h'^ = 1 are characterized by the fact that the wave 
function ran be written in the form of a standing wave in each valley and 
tooth. Moreover, the amplitudes in two consecutive valleys (or teeth) are the 
same or of opposite sign depending on the sign of ti, there being no damping 
out of the function within the crystal. In the next section it is shown that the 
even ordered Bragg reflections occur when m> +1 and the odd ordered when 
'll < - 1 HO that for the former the characteristic function is approximately 
the san’ie in consecutive valleys (or teeth) while for odd orders it is approxi- 

matelv the same except for reversal of sign. i + 

'Phis standing wave method was used by Professor brenkel m his lectures, 
under I he imin ession that it would pick out electron energies at the “nters o 
the reflection bamls, whereas it actually locates the edges. Knowing this, the 
method can be used to give the results of this paper for widths of the bands, 

etc. 

.Study OF THE Function m(W0 
“Free” eledrons. k i and h real and positive. 

By use of (13), t< can be written in either of the forms 

„ . + l-{l/2t.«[(t. + i.)< sin* W) - (t.- 

- - l + (l/2i.«l(4. + W’cosO(M+ W) - (4.- 4,)>co,-,(4,<.-4,ffl] 
from which we see that ti > + 1 if 

iki - hVsin^iriha - m > (31) 

and u < ! if ■ ■ ' 

{k, - hY cos“ rriha - U) > (*i + (ha + • (32) 

While it it not easy to specify precisely the valu« of IF for “032^ 

is satisfied, it is clear that they are respectively satisfied in the 

neighborhood of energies such that 

kia + ^ 2/3 == 5 or ^ + 2 ^ ^ 

where s is a positive integer.- If we define the wave-length of the electron in- 

side the lattice as ^ 

X = {a+pi)/{kia + hp) 

then (33) is just the Bragg reflection condition awr- 

analysis is incomplete as we have not taken account of the fact that 

. The order of the reflection is 2(fc«+M) and is just the number of 

tained ' 
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the Bragg condition reduces to 

sXo — 2^(a + 

in agreement with the simple theory for tlie case of normal incidence. 

Within the regions of validity of (31) and (32) reflection is p«»rfect, ho that 
for given values of a and one can determine graphically the Imeadihs of the 
reflection maxima* We can get a rough estimate the IsreadthH fc^r large* 
energies where ki md are large and approximately e(|iial. I'or simplicity 
suppose a-jS, and consider especially (31). Noticing that ku and sin w 
{ki—k^a slowly- varying quantities compared with sin t* (io+^s.)« and 
assuming that, the reflection band is approxi.mate!y symmelrical afioiit the 
point for which {ki +k%^)a-s we. can let ^i = /ei'+A and where 

A is small and is to be chosen such that (3!) becomes an equality. 'Fo c|uaiiti- 
ties of first order in A we get 

27rA^ “'± {hi V) sin 7r(.A’/ kt)a 

but as 

{ki — k^) = {2mVi/h^)/{ki + kt) = 2»iF|,«/s/i® 

this yields 

■ A (mFiO'/^W'^) sin . 

or for the width on the energy scale 

■ {i^W) ^ 2kihW/m ^ {ki -{’ k^) A/ m ^ (F|/«) sin {2rMa^Fi/sA®J 

which, ^ apart from the trigonometric term varies inversely as the order of the 
reflection. A similar, result is obtained from (32). This result seems to l>e in 

general agreement with other calculations.^*^^ 

^Boufid^\ elecifofis. ki feal atid positive^ k% pute iMugifidfy^ 

■ '.Let" ' ■ . 

k^^ ik ^ i{2m{Vi- W)y^^/h. 

Although not of importance in electron scattering experiments this region is of 
L. Bnllouin, Journ. de Physique (7) 1 , 377 (1930). 


■' ’ .V-vr-? 
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interest in the theory of metallic conduction. From (30) u is expressed in 

terms of hyperbolic functions^^ 

^ 1 _ (2//v'i/o)[/ci(coshTAi3)(sinT^ia) + ^(sinh7r^i(3)(cosT^ia)l^^^^^^^^ 

X [^?(cosh 7rA’j3)(sin nrkia) + i^ifsinh 7r^i8)(cos TrAia)] 

= >» 1 + (2//.’iA0[^’(cosh7r^/3)(cos7r^ia) — ^i(sinh7r^/3)(sin7rAia)] 
XlkiicoshTk^){coswkia)--k{^iTiii'jrk^){smirkia)], 

This shows t.hat u < + \ if 

I tan wkia > (k/ki) tenAiwk^ 


tan wkia > — (h/k) tanh Ttkfi 


wk^ \ 
irkfi J 


or if 


and u > — 1 , if 


or if 


tan rkia < 
tan rkia K 


(k/ki) tanhTrijS 
' (ki/k) tanliTrAjS 


From rough graphs of these functions it is apparent that z^^<l in the im- 
mediate vicinity of energies for which ki a = ll2, 1, 3/2, . . . which are just 
the positions of the energy levels allowed by the perturbation method, as they 
are the levels for a single valley with width a and infinitely high walls. It is 
difficult to give an estimate of the widths of these bands, but it is clear from 
the graph that they are very narrow when Vi is large and small, approxi- 
mately coinciding with the discrete levels for a single valley. 

Real Crystals 

In order to apply this method to real crystals, it is necessary to improve 
the starting point by considering a potential function similar to that shown 

iri Fijr 2 

When W>Vo the results are quite unchanged, the reflection regions being 
determined by the Bragg condition as previously discussed. All energy values 

are allowed even in the case of a semi-infinite lattice. ^ 

When IF< Fo some additions must be made to the previous results. 1 h 
concepts of reflection and transmission being no longer applicable, one mus 
make a study of the characteristic function itself, what is the same thi g. 
of the coefficients (a„ 6^). There is now the possibility that as , the 

modulus of the wave function will not remain bounded, so that certain ener- 

U It can be verified from (8) that the real and imaginary parts of a are still given by 

(13) when his purexmaginary. 
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gies may need to be excluded. Even for a finite lattice certain energy runges 
will he excluded due to the circumstance that for any value of ii, llie liotiiidary 
conditions- at the edges of the lattice and (22) mmt he siimihaii«‘oiisly satis- 
fied; wliile for. the semidnfinite lattice, one must insure in adcliti«m the fiiiite- 
ness of the wave function. ■ Probably the standing wiive ineliiod described 


previously will still be applicable,' although it seems possible tluii theiT may 
be additional excluded energies not appearing in such an analysis. This ques- 
tion would need to be studied in greater detail bebu'e the metlmd of the pres- 
ent paper could be applied to metallic conduction pn)bieins, 

Note added in proof: Kronig and Penney, Froc... Roy.. Soc. A!30| 499 
(1931 ) have just' published a treatment of the infinite lattice of t fie type shown 
in our Fig. 1 using functions of the type (28). The results are similar to these 
found here. The author intends to study in greater detail the connection of our 
general solution with this more special method since it seems possilde that the 
use of a single function of the type (28) Is associated with assumptions of pe- 
riodic properties of p which are not altogether recpiired by the nature of the 
problem. 
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IIYPKRMNE STRUCTURE AS A TEST OF A LINEAR ' 
WWXK I^Ql'ATION IN THE TWO^BODY PROBLEM 

By David R. Inglis 
University of Michigan 
(Received February 21, 1931) 

Abstract 

ll*.e proper treatnieut of the t vvo-body problem is not known. Dirac’s relativistic 
considerations, so successful in the problem of one electron, have been applied by 
Breit to the t wo-elecl ron probleiiu Energy terms appear of which the physical reality 
is very doubtful. 1 fere a very similar application is made to the problem of a nucleus 
arui ar][ electron, because of the failure of previous treatments of this problem to agree 
with measurements of hyperfine structure. The doubtful terms do not bring about 
agreement, so their reality remains intprobable. The present state of the theory sug- 
gests that the pn>jjer interactions have not yet been introduced in the problem of 
hyperhne structure. 

Introduction 

D irac has satisfied the demands of relativity for the problem of one 
charged fiarticle in a force field, obtaining spin as a consequence. Breit^ 
has treated tlie problem of two bodies in a similar manner. He has improved 
the calculations of CiaunC on the same subject by including the classical 
effects of retardation of potentials, as given by Darwin. A straightforward 
reduction of the linear equation, involving good approximations, leads to an 
equation for the largest components of the wave function. This may be com- 
pared directly with the waive equation resulting from a treatment of the atomic 
model with spins by the usual wave mechanical perturbation theory Breit’s 
equation contains terms representing spin-orbit interactions (with factors in 
agreement with the relativistically correct results of Dirac and of Thomas and 
Frenkel for single electrons), terms expressing the magnetic spin-spin and 
orbit -orbit interactions, terras due to relativistic change of mass, terms ap- 
pering in Dirac^s results and having a meaning only for 5-states, and in 
addition unexpected terms containing ^^and no h as factors, which contradict 
the correspondence principle. One of these terms in Breit has tested^ by 
calculating its probable effect on the He triplet. The results do not agree with 
experiment, whereas without this one term the agreement is quite as good as 
could be expected, considering the approximate nature of the wave functions 
involved. This contradiction means that the term making the disagreement, 
and perhaps all the terms in have no physical meaning. It is still barely 
possible that that invalidation may not be final, and even that the doubtful 
terms have a different meaning for a nucleus and an electron than for two 

^ G. Breit, Phys. Rev. 34, 553 (1929). 

® A. Gaunt, Proc. Roy. Soc. A122, 512 (1928); Trans. Roy. Soc. 228, 151 (1929). 

® W. Heisenberg, Zeits. f. Physik49, 499 (1926). 

« G. Breit, Phys. Rev. 36, 383 (1930). 
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urtanceof the problem nurtures the hope that the followinK 
rmsine^ maybe helpful, after liie appearanre of more copj. 

elertron and a nucleus nuniiij^ uiider one auother’.s iiillu- 
;on is made regarding the spin of eitlier. 'fhis fiiffcis frrun 
1 in the absence of the field of the fixed nueletis .md in the 
one of the electrons into a mndeus. The itaiwin-ilami!- 


/2mii — pi^/Ec^mi^ — /'uVSr-wjj'' 

CiCu/r ~ ieien/2chttimu)[ipi-pn)r + 'prrKpn Tj/r'’]. (1) 

refers to the nucleus, If to the electron; ei-Ze, cn =■ -e; 
m the nucleus to the electron. This lejids one to ilie (‘(piiva- 

f aiFp^^) + a^niic + aA^hnnc 


eien/2c)^ 


X) ai^a^^r 


T ((** ■ rjfo;’' ■r)r "* i 


'■P = Q (2) 


. „ ^ _ e^ii_ j _ 

2'iri cSt cr '^ 2ri dxt^ 

nitted entirely the four-potential A. The reduction of this 
identical with the calculation of Breit, and will lead to the 

ation of his Eq. ( 48 ') : 


(m + mn)c^ - eieu/r - pii/2mi ~ pa^/2mn (3.0) 

j(>iV8oti®C® -f- ;^iy8»fii®c2 (3.1) 

(eien/2«awiic*)[(pi-pii)r-i + - Xi^){xP^ - (3.2) 

i,3 

(eicn /n/87rc!»)r-3(r • [p%r“ -- p"?»ir2]) (3 

(eiCii/y87rc5“)r-»(-- OTr*'[r X pi]-(ri + Wji-2[r X p”]-cr>i (3.4) 

(2/ffrjmn){ — [r X p”]-<r^ -f- [r Xp’']-<r“|) (3.5) 

ieien/mimjx){k/4wc ) ® ( ( V“ • a ^) ( ) 1-3 _ 

(ei^eii^/4(mx+mn)c^) {3r-= - 2{c^ ■ + W ■ r)((r» •r)/-^ } = 0 (3 . 7) 

e sake of easy comparison, the energy equation which will be derived in 
m this wave equation is entered here. 

• . E= El + 


e for all the states in which we are interested and consists of the 
energy augmented by the contributions of (3.1), (3.2), and (3.3). 
he doublet and is given by 
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K-i + mu 

— (2/«/im») i(i s^) + (7-s’'’')} ] 

- i,v’,t/nnn:n)(.h/27rcfF^ )-3(si-r)(s“-r)F'^ 


( 4 . 4 ) 

( 4 . 5 ) 

( 4 . 6 ) 

( 4 . 7 ) 


1- ((.•i"(^ir/(wi + wii)c'^tr “ [(Wi )-(s’'-r)(s“-r)j-2] 

(3.4) faucl also (4.4)) represent the interaction of each spin with the field due 
to ils own orliital motion, while (3.5) gives the interaction of the spin of each 
particle with the orbit of the other. (3.6) corresponds to the classical inter- 
action energy of two dipoles. (3.7) contains the doubtful terms in e^._ If 
i)hysically extant, only the last of the three terms would effect the helium 
triplet separation, so it alone was tested by Breit. Each of the last two terms 
wcHild effect hyperfine structure, so we can test them both. The first gives 

only a displacement common to all the levels. , _ 

2. In the perturbation problem, (3) is the perturbed wave equation. To 
determine the unperturbed wave functions, we conader all the terms beyond 
(3.0) as perturbation terms, so that (3.0) becomes the unperturbed equation. 
The coordinates are taken to be those in which the center of gravity is at rest, 
since a transformation can always be made from more general coordinates of 
two particles to the coordinates of the center of gravity and the relative co- 
ordinates of the iiartides. The translation of the center of gravity being sepa- 
rated from the problem, p' = -p”. Thus we have the hydrogen wave equa- 
tion, and hence use hydrogenic wave functions. The wave function in the 
unperturbed criuation, as in (3), has two indices, each of which mayhave 
two values. The first index refers to the nuclear spin orientation, ^and is 
operated upon by <r> ; the second to the spin of the electron, and is acted upon 
by (t”. As a function of space and spin coordinates, the unperturbed function 

is separal)k% . ■ '■ 

where « .-md i- may each be either <r or ^ of Pauli's *eor^ 
operate on i’ a,„l S". respectively, in the usual 

placed by the one-clectron wave function stabilized for diaeonal 

Bitrh ns civen bv Bartlett, ‘ e.g., and the resulting would give the diagona 

termi of an energy matrix from which hyperfine 

rules Since the wave function is separable m radial and angu a p , 

m y Obtin the result of the angular integrations by ^nsider.ng the operator 
as (ectors in the vector model, and averaging over he 

a methial lo, obtaining (P-r) (.“ K “Intum 

angular integrations in the case of a strong field, when the quantum vectors 

‘ J. n, Bartlett, Jr., Pliys. Rev. 33, 230 (1930). 

‘ S. Goudsiiiit, Phys. Rev. 37, 663 (1931). 
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are decoupled, and using the results to find the value of the interaction with- 
out field by means of energy sum rules. 

From the latter term of (4.4) (the other term in (/-s”) is negligible) we 
get the energy that gives rise to the doublet separation : 

E' = — (AVien/87rV’*wiF)»'“‘*(f'S^0 

= /l'(/-s”) = A’l + 1) - /(/ + 1 j - J ! {$) 

It is apparent in (4) that the hyperfine structure contains the same constant 
A ' which is determined empirically by the doublet separation, llie following 
expressions, which give, the splitting up of the two doublet levels, are derived 
from (4.4), (4.5), and (4.6). The order of the terms lias Ijeen |)reser\'ed. 

E"i = A /'{s^ -j) = A /'I {/(/ + 1) - j(j + 1 ) - .v' (.s' + 1 j I (6) 


I +1 / + 2 (2/ + 5)(/ -f .1) 


87r‘'^facn^^n r ^ ( .1 

^ ...... y 

u + i 

mi ll + h ^ + I 2{l 

Sw^CiCiifHii ( 1 

- d ~ — - — -=■-< — - -f 

r-rU + l 


The symbol S has the value unity of the terms in e* are physical, otherwise it 
is zero. 

3. To compare the terms we must have an idea of the ratio of the radial 
integrals. For a Coulomb field. 


»®(^ + n uo' «’/(/ + loff + 1) flo" “ ' 

For the heavy elements some sort of approximation must be used. The elec- 
tron cloud alters the radial part of the wave function by producing a non- 
coulomb interaction. We will content ourselves with the classical application 
of the charged shell model of the atom, as used by Lande for doublet separa- 
tions.^ Using (9) for outer and inner orbital segments, we get 

~ 2Zo2 1 __ Z,Zu= 1 


T ^)(l -f- 1) ao® 


of which the ratio is 


2l{l -J- l)ao/Z. 


This in (7) and (8) gives 

l(^ + i)(/ + f) 

^ A. Land€, Zeits. f. Physik 25, 46 (1924). 


Sl{l +1)) Mil (16 16 

2/ + 3 j mi its 5 
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, Fill ( 2l{l + 1) 

A. ■ A “ ' 

mi \{l-l){l + \) 


41(1+1)] mn (16 ] 

/ - I j mi (3 y 


The last membe rs are f or the case 1. The presence of other electrons also 
replaces by Zef/r'^^ in the expression for A but the numerical change is 
small enough that it need not interest us here,® 

The present treatment leads naturally to a nuclear spin with but two 
orientations possible and a Lande g-factor 2 in units eih/iirmic. For the terms 
that classically have a meaning it is easy to believe that we may extend the 
result to other cases with the vector model by assuming a larger nuclear spin 
vector 5^ in (6), selecting its value and a diifTerent value of g to accord with 
observed intervals or intensity ratios. We postulate tentatively that a similar 
treatment of the terms in will give an estimate of their contribution to the 
energies. 

A comparison is made with the few experimental data available,® which 
are for In T1 the nuclear moment is | but in Bi it is 4|. 


Table I. 



A' 

exp. 

exp. 

A" 

5=0 

calc. 

5 = 1 

exp. 

o 

il 

calc. 

5 = 1 

Tl I^ 

5195 cm-i 
10000 

0.72 

0.40 

0.074 

0.14 

0.18 
0.35 ; 

^0.02 

^0.02 

0.015 

0.03 

1 I 
oo 

bo 


* John Wulff, appearing in Zeits. f. Physik, communicated to Professor Goudsmit. 

** Indirectly derived from Bi I and II data, R. A. Fisher and S. Goudsmit, Phys. Rev., 
in print. ' ■ 


The classical values, with 6 = 0, do not agree with experiment even when 
multiplied by the arbitrary factor g(I) which the usual theory allows. When 
such an arbitrary factor is introduced, the agreement in the case 8 = 1 is even 
worse. However, the present treatment of the problem, when not extended 
hypothetically, does not permit of such a factor. For the large separations, of 
which the measurements are most certain, the agreement is better with 8 = 1 
than with 6==:0. 

In the classical terms the value of the nuclear magnetic moment is defi- 
nitely determined as Zmiijmi Bohr magnetons for the nuclear spin |. This 
is as assumed and discussed by Jackson® and by Fermi®. 

This paper stresses once more the fact that we have at present no satis- 
factory theory of spin-spin interaction. 

I thank Professor Uhlenbeck and Professor Goudsmit for very helpful 
suggestions. 

8 E. Fermi, Zeits. f. Physik 60, 332 (1930). 

» The results for In I by Jackson (Proc. Roy. Soc. A128, 508, 1930) and by McLennan and 
Allin (Proc. Roy. Soc. A129, 208, 1930) disagree too radically to be of use at present. In Bi 
III and Ti III the second member of the P series is known, but second order effects make the 
values of .4 for our purpose uncertain. (Vide H. Casmir, Phys. Rev., in print.) 
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■ '.v, ABSORPTION BANDS OF HYDROGEN CYANIDIv c;AS 
■ IN. THE NEAR INFRARED 

■ By Richard M. Badger and John L. Binder 
Gates Chemical Laboratory, California Institctk of TEciiNoi.ociv 
(Received February 20, 1931.) 

Abstract 

The absorption spectrum of gaseous hydrogen cyaidde has lieen in vest iga ted i#y 
■ photographic methods in the region ■X7000-9200, Two weak bands of very siinipkt 
. : . structure were found, having P and R branches but no Q branches. l‘he bam! at X?!ll 2 
is apparently a harmonicof'a fundamental band at 3.04ju, and the very weak hand at 
X8563 is a combination band. The hydrogen cyanide molecule is linear in the normal 
state, and has a moment of inertia I - 18.79 X10""'®® g-rm-. The (fistanre of sc^para- 
tion of the carbon and nitrogen atoms is estimated to be 1.15 X 10” * cm. 1 lydrogen 
cyanide is discussed in regard to its three fundamental oscillations which have fre- 
quencies 3290, 2090, and 710, respectively, and in regar<i to its <lissociation energy and 
dissociation products. The evidence requires a molecular structure representc«i by 
the formula HCN, and shows that the normal molecule is built from a normal hydro- 
gen atom and a normal CN radical. The absorption of cyanogen gas lias also ham in- 
vestigated in the photographic infrared, but no absorption bands could he detected. 

Introduction 

T^YDROGEN cyanide has been the subject of two previfius infrared in-' 
-I A vestigations. W. Burmeister^ observed two double liands with maxima 
at 14.33m and 13.60m, and at 7.22m and 6.95m, respectively, a single strong 
maximum at 3.04m, and doubtful bands at 4.8m and 3.6m. E. F* Barker,^ work- 
ing with greater dispersion, confirmed the doubtful bands and found for the 
one three maxima at 4.79, 4,756, and 4.723m, and in the case of the other ap- 
parently a strong Q branch with maximum at 3,564m and two weak maxima 
on either side. Slight evidence of a rotational structure was found in the band 
at 7m. 

A calculation of the moment of inertia of the hydrogen cyanide molecule 
from the separation of the maxima of the double band at 14m, with the use of 
a classical formula, yielded the improbably large value J=33X10~^«.2 The 
separation of the maxima in the band at 7m is much greater and has been 
interpreted as due to rotation about an axis with moment of inertia J = 0 907 

X10-~4o.4 

Experimental Procedure 

The hydrogen cyanide gas used in the investigation was prepared by drop- 
ping a concentrated solution of sodium cyanide into sulphuric acid. The gas 

^ W. Burmeister, Verb. d. D, Phys, Ges. 15, 589 (1913). 

2 E. F. Barker, Phys. Rev. 23, 200 (1924). 

® R. C. Tolman and R. M. Badger, Jour. Amer. Chem. Soc, 45, 2277 (1923). 

® Schaefer and Matossi, Das Ultrarote Spectrum, Berlin, 1930, 
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ABSORPTION SPECTRUM OF HCN ^ ^ ^ ^ ^ ^ ^ wl 

evolved was dried with calcium chloride and then condensed in a tube im- 
mersed in a freezing mixture. This tube was then connected to the evacuated 
absorption cell until equilibrium between liquid and vapor was established 
at room temperature. The gas pressure in the cell was consequently usually 
slightly less than one atmosphere. It seemed undesirable to attempt to in- 
crease the pressure by warming the apparatus, since even at atmospheric pres- 
sure the absorption lines were rather broad. ^ _ 

The absorption cell was a steel tube 280 cm in length, with a niitror at 
one end so that the light from the tungsten lamp source traversed it ^ice. 
The exposures were taken with the first order of a ten-foot grating in an Eagle 
mounting, using Eastman Infrared Sensitive Plates hypersensitized in am- 
monia. As calibration spectrum the iron lines in the second order were used. 

Since both absorption bands were very weak it was not possible to make 
direct measurements on the plates with the use of a comparator. Micro- 
photometer records were consequently made of absorption and comparison 
spectra, side by side on the same plates, using a linear enlargement of ten 
times. The tabulated wave-lengths, except for a few weak lines, were calcu- 
lated from the mean of measurements made on four photometer curves ob- 
tained from different parts of two spectral plates. 


Experimental Results 

A careful examination of spectrograms covering the ^ 

suited in the discovery of two similar absorption bands at X7912 and 
respectively. Both are weak, the latter extremely so, and the lines are broad 
as is to be expected in a saturated vapor. Each band has a P and an R branch, 
a missing zero line, and no apparent g branch. The convergence in the P 
branches is so large that at first sight the bands appear to have a head. Du 
to the weakness of the absorption no attempt has been made to estimate rela- 
tive intensities. The two branches have in each case about equal intensity, 
and as should be expected there is no indication of alternating intensities. 

The wave-lengths and corresponding frequencies on the lines measured 
are recorded in the accompanying tables. A single question mark indica es 
low probable accuracy of measurement, and a double question mark, possible 
doubt as to the reality of the line. The measurements of the lines in the P 
branches are probably the less reliable due to incomplete resolution of the 

rather broad lines. ^ j- j r-m.r«P 

It should be mentioned that cyanogen gas was also studied in the course 

of this investigation, with pressures up to three atmospheres, but no absorp- 
tion could be detected. 

Discussion of the REStmTs 

The rotational energy levels of the upper and lower vibrational states of 
the molecule were isolated by means of the usual combination relations. 

A.P'(/) = P(/) - P(J) = FV + 1) - ~ 
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TAiitE I. m HCN bnml at h?V!2 


r.vni,E II. I'he HCN band at kSSOJ. 


AI- Branch 


P-Branch 


tktF'(J) 


11677.0 


8565 . 4 (??) 11671.7 

68.0 68.1 

70.1 65.3 

72.3 62.2 

74.9 58.7 

77.5 55.2 

79.8 52.1 

82.6 48.3 

85.1 44.9 

88.0 41.0 

90.6 37.4 

93.5 33.5 

96.4 29.6 

99.8 25.0 

8602.7 21.1 

05.3 17.4 

08.8 12.8 

11.7 08.9 

15.1 04.3 




J 

KAkmch 

A p 

F -Branch 

A p 


lAf/' * 

./4 1 

i) 

7910.4 

12638.1 





1 

08.3 

41.5 

7913.8 

,12632.7 

8.1 

5 . 

2 

06.5 

44.4 

IS.S 

■ 30.0 

14.6 

5.8. 

3 

04.9 

46.9 

17.4 

26.9 

20.8 

5.9. 

4 

03.3 

49. S- 

19.5 

23.6 

27.0 

6,01 

5 

01.8 

51.9 

. 21. S 

19.9 

32.8 

5.9f 

6 

00.4 

54.1 

23.8' 

16.7 

38.5 

5 9. 

7 

7898.9 

56.5 

25. 9 ■ 

13.4 

44.0 

5.81 

8 

97,7 

58.4 

28.0 

10.1 , 

5CK3 

5.9. 

9 

96.4 

60.5 

'■ 30.4 

06,2 

55.8 

5.81 

10 

95.5 

62.0. 

. -32.7 

02.6 

61 9 

5.m 

11 

94 .0 

64.4 

35.2 

12598.6 . 

67 .0 

5.8. 

12 

92.9 

66.1 

'37.5 

95.0 

73 , 6 

5. 8^ 

13 
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67.7 

■ 40.1 

90.8 

79.4 

5.8f 

14 

90.8 

69.5 

'42.7 

86.7 

85.3 

5,8^ 

15 

90.0 

70.8 

45.4 

82.4 

91.2 

5.8f- 

16 

8<S.8 

72.7 

48.0 

78.3 

97.0 

5.8^ 

17 

88.1 

73.8 

50,8 

73.8 

103.2 

5.9(] 

18 



53.6 

69.5 

mji 

S.K7 

19 



56.3 

65.2 



20 



59.7 

59,8 



21 



62.4 

55.6 



22 



65.4(?) 

50.8 



23 



68. 6(?) 

45.8 



24 



7L8C?I 

40.8 



25 



7B.2(?) 

35.4 



26 



78. 0(?) 

31.0 



27 




81. 8(?) 
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These clifferencos are presented in the right side of Tables I and II. No effect 
of the strelching of the molecule as a result of rotation could be detected, and 
within the accuracy of measurement the rotational energies in all three vibra- 
tional states may be represented by simple formulas of the form: 

iSrot = /(/+ 1)5. 

The best values for the constants for the two bands are given in Table III. 
The differences in vibrational energies of upper and lower states, and the 

Tablk 1 1 1. Constants of the HCN hands at \7912 and \8563. 


■ "X 


B" 

B^-B" 

'■■■ J" ' 

7‘)11 .<> 

8.S6.h.? 

126.15.8 

11074.5 

1.472 

1.480 

o o 

oo 

1 1 

18.79X10-" 

18.69X10-“ 


(linereuce in ine rouiLiuucu , 

graphiciil treatment of the combinations: 

|[5(J) -f P(/ +1)] = VO + (/ + iyiB' - B"). 

The slight difference in the value of B", the rotational constant for the 
ground state, as determined from the two bands, is probably not greater t an 
experimental error as the two bands seem to have a common lower level. 1 he 
X determined from the data on the band at X7912 is probably the more 


accurate. 


Structure of the Hydrogen Cyanide Molecule 

The simplicity of the two bands here investigated leaves no doubt as to 
the linearity of the hydrogen cyanide molecule in its normal state, and a so 
In the two other vibrational states concerned. It still remains to be discussed 
which of the three possible arrangements of the three atoms in a straight lin 
tree. o„.."The arrangement with the hydrogen - ^ 

once ruled out by the relatively small moment of / 

and need not be discussed on the grounds of chemicahinprobabihty. W^the 
the gas known to chemists should be designated as hydrogen cyanide, HCN, 
or iso evanide HNC, or whether it may be a mixture of two molecular species 
rarbr.t™bjec.Wnnmerou,di«^ 

to consider what the spectroscopic evidence has to say in this regard. 

tr^ll limply meLn at this point that the relation of all the observed 
infrared bands is such that they are apparently due to only one type of mo 

T? fCr !heir intensity is so great that this molecular species must con- 
stitute by far the greater part of hydrogen cyanide gas. This particular mole- 
1 n hi thToS with which we shall be concerned, and from now on we 
cule will be the molecule, and shall examine the data 

shall speak of it as the hydrogen cy ^ to dis- 

Se morent of inertia of the molecule, the frequenaee of yrbratron, and the 
heat of dissociation. 
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The moment of inertia of the hydrogen cyanide molecule in the normal 
state, as determined from thedataon the band at X7hl2 is, / - !K.7yx lb ‘"g- 
The fact that this constant is about half as large as thai previously esti- 
ted from the doublet separation of the band at 1 1 m may possibly be ac- 
counted for by the low resolution used in studying this latter band. It is of 
course not possible to determine uniquely both interatomic <listaiices in the 
molecule from the moment of inertia alone. However, the moment of inertia 
■ not very sensitive to the position of the light hydrogen atom, and an esti- 
mate of the carbon-nitrogen separation may be matie. In h'ig. 1 is plotted 


Fig. 1. The C-N separation plotted as a function of the C»li, or NT! separalion for HCN' 
and HNC molecular models with 18.79 X 10 


this distance as a function of the H-C separation, assuming the structure 
HCN, and of the H-N separation for the HNC structure, with the given 
moment of inertia. In either case the distance is small and strongly suggests 
a triple bond linkage between carbon and nitrogen. We may compare with 
the internuclear separation in the normal state of the CN radical, 1.17X10"^^ 
cm. 


Modes OF Oscillation of the Hvoroch^n Cyanide Molecule 


Designation 


The observed hydrogen cyanide bands may all be fitted into one simple 
scheme as given in Table IV, requiring three fundamental frequencies. 


Table IV. Designation of the HCN bands, 
?/i«3333.7 0-43.7 v^; ==2090; 5-710 
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The designation of the strong band at 3.04p as a fundamental, and the 
hand at X7912 as one of its harmonics seems without objection. These two 
hands arc represented within experimental error by the formula j' = 3333.7 
j,l-43.7 That the bands at Un and 7n are fundamental and first harmonic 
of a “deformation” oscillation is also reasonable, as such an oscillation should 
be expected to have a low frequency. A deformation oscillation does not 
necessarily lead to the presence of a strong Q branch as has been shown in the 
case of acetylene.® The choice of the other fundamental frequency, which 
seems to be comparatively inactive, is more difficult. The form of the 
solved band at 4.7/x suggests the overlapping of two bands, one of which is 
probably the fundamental in question and the other a harmonic of the 14/1 
band. The choice of a frequency around 2100 is confirmed by the combination 
band' at X8563, and seems settled by recent work on the Raman spectrum of 
liquid hydrogen cyanide.® 


— (H) 


(H)^ 



N 



.=3290 


= 2090 


5=710 


Fig. 2. The fundamental modes of oscillation of the HCN molecular model. 

Tf we reoresent the hydrogen cyanide molecule by a mechanical model 

with three mass«. in the ratio 1 .008: 12 : 14 bound by ^ ihie 

in o Straight Unc, we find that this model does in fact have tnree 

toda’Sntarmodef of vibration, al, of whit* winbe 

Two of these may b= designated as “valenoe osallabo^^^^^^ 

“qumbiium^epiad^nta^ 

Sfr“:a" -ch which of the two possible 

“ R. Mecke, Zeits. f. Physik, 64, 173 11?30). - 
8 Dadieu and Kohlrausch, Benchte 63, 1657 (1930). 
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molecular models is considewl. Forthe IK'N arrangement we find 
and for HNC nearly the same \-aliie, 3.1. The former is nearly exactly the 
ratio of the force constants for ('N in the normal state, and for IK 1 lor ( il), 
and whichever model we choose is strong e\idc-nce lor a triple liond iK'tween 
carbon and nitrogen. The ratio would be approximately 2 for a double bonded 
structure, as can for example be seen from a comjiarison f»f the binding con- 
stants in acetylene and ethylene.*” 

Dissocation Products amp Dissociation Fnhrc.y ot 

HvDROOKN CVANIDK MoI.KCIT.R 

We shall now consider the products of a dissociation process in which the 
hydrogen atom is removed from a hydrogen cx'anide molecule. Thret- energy 
states of the" CN radical are known. The normal state is a stale formed 
from a nitrogen atom and a 'W carbon atom." .‘\ small internuclear separa- 
tion and high o.scilkitional freciuency are evidence of a 1ri[>le bond. 'I'he two 
excited states are formed from 'bV nitrogen and carbon, 'fhe lower of these, 
a level with 1.8 volts excitation energy, has a relati\'e!y loose binding in- 
dicative of a double bond, but the higher, a state, lias surprising rigitiily 
considering its dissociation products tind small dissociation energy. 

The consideration of the oscilhitional fretpiencies remlered it imivrobable 
that the normal hydrogen cyanide molecule is formed from the CN radical in 
the state, and this improbability is confirmed by the following energy con- 
siderations. The dissociation energy of normal hydrogen cyanide gas mole- 
cules into normal hydrogen atom and CN radical may be calculated from the 
data embodied in the following equations. These data are partly spectro- 
scopic values, and partly thermal values corrected to the absolute zero by 
the use of specific heat data. 

|H 2 +C(graphite) + 2 N 2 = hydrogen cyanide-- 30,200 cals (-1.31 volts) (1) 


Ns = 2N- 212,000 cals (-9.2 volts) (2) 

H 2 = 2H-100, 000 cals (-4.34 volts) (3) 

C(graphite) = C(gas) — 158,000 cals ( — 6.86 volts)* (4) 

CN(normal)=C(normal) + N(normal) — 187,000 cals ( — 8.1 volts)^ (5) 
CN(normal) =CN(TI) -41,500 cals (-1.8 volts)^ (6) 

! ; From a combination of these data we find: 


hydrogen cyanide(normal) = H(normal)-i-CN('Ti) — 138,000 cals ( — 6.0 

volts) (7) 

This is again strong evidence that normal hydrogen cyanide molecule is not 
directly formed from *11 CN radical, since an abnormally strong binding for 
the hydrogen would be required by Eq. (7). We should expect a molecule so 
built to be of the form HNC, and there seems to be no reason to suppose that 
the binding energy of hydrogen to nitrogen in this case should be much 
greater than the energy of the H-C linkage. We find for example that the 

^ W. Heitier and G. Herzberg, Zeits. f. Physik 53, 52 (1929), 

® Brody and Miliner, Chem. Zent. I, 237 (1928), 
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dissociation energy of NH, into its atoms is about 4.0 volts per hydrogen 
atom. A similar argument renders it even less likely that hydrogen cyanide is 
formed from CN in a state of excitation higher than the ^II state. _ 

We are then left with the one possibility that the dissociation products of 
normal hydrogen cyanide are a normal hydrogen atom and a normal CN 
radical. This seems to require the molecular structure HCN, and we may 

write; , n /o\ 

HCN(normal) = H(normal)+CN(normal) -97,000 cals (-4.2 volts) (8) 

This result is thoroughly reasonable and may be compared with the value 
— 100,000 cals. (-4.34 volts) which is the dissociation energy of HCl mole- 

culc 

It is interesting to consider the possibility of the existence of a hydrogen 
iso-cyanide molecule formed from hydrogen atom and ^H CN radical. This 
molecule, as stated above, would probably have the form HNC but would be 
non-linear. If we may estimate the H-N binding energy at about 4^2 volts 
HNC should have about 41,500 cals (1.8 volts) more energy then HCN. We 
may make a rough estimate of the relative amounts of the two forms in an 
equilibrium mixture if we assume that the two forms have about the same 

specific heat and the same entropy. We find 

HCN ' . 

W = = 10^” (approx). 

We must then conclude that hydrogen cyanide gas consists almost en- 
tirely of linear molecules of the form HCN. f urNT W rhp use 

One may be tempted to calculate a dissociation energy for HCN by the use 
of th^e vibrational constants in the formula representing the bands with fund- 
amental at 3.04JU. The value so obtained is 6.4 volts, but can not be very 
significant since only one band of the series has been accurately measured and 
the constants are consequently inexact. In any case linear extrapolations are 
foLd to gte uncertain results even in the case of diatomic molecules, and 
with polyLomic molecules seem to give consistently too high values. This 
mighUn^some cases be explained by saying that the dissociation leaves^ 
radkil in an excited electronic state, but in other cases this is i“P>^°bable 
There seems to the authors to be a certain difficulty in principle in calculating 
SsTciatirenergies of polyatomic molecules from spectral data. When one 

ot the fundamental oscillations of such a “maUng 

until an atom splits off, at the moment of separation the radical remaining 
mav very likely be in a distorted condition, and after the separation will con- 
tinue to vibrate with considerable energy. This remaining vibrational ener^ 

r ?e)ubmc.ed from the value obmined from band ^s 

tion in order to obtain the true dissociation energy. We hope to discuss tms 

questionlore in detail in a later pper, and have some eap«rrments m pro- 

grass which may clarify the situation. 
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THE.'IONIZATION OF- MERCURY' VAPC)R BV iX IMPAC'T 


. . ■ , . By P.T. -Smith, ' 

Department OF Physics, University OF Minnesota 
(Received February 16, 193!) 

Abstract 

.Quantitative measurements .have been made of the total niirnlcr of positive 
chargeS' per electron per centimeter path at a definite pressure and li'Tiipcraiiire in 
m.ercury vapor as a function of the energy of the impacting electrons out to 750 volts. 
The maximum efficiency 19.40 occurs at about 85 vohs. 

^UUfa4onimtion potentials^ 10.60, 10.76, 10.88, 11.06, 11.27, 11.40, 

11.55, 11.70, 11.78, 11.92, 12.00, 12.06,' 12,17, 12.2S, 12.40, 12.77, 13,55, 18.20, I9J6, 
20.40, and 29.50 volts. Most of these agree with those previously observed. 






IONIZATION EFFICIENCIES SUV 

was a thin tungsten ribbon about 0.075 cm wide and 
of the hole, 5i, which was about 0.034 cm in diameter. 


Fig. 1. Diagrammatic sketch of the apparatus. 

The IR drop across this 0.034 cm length of the filament was 
volt so that the velocity distribution of the electrons was dete 
entirely by the temperature of the filament. , _ 

The positive end of the filament was connected to 5i, whi 
maintained about 7 volts negative with respect to 5^. The ■ 
electrons was determined by a variable potential between .5a ; 



►n iti}|>ac't I'rorti !0. 1 I <» 11 
' of io!H/,u iuii. 


V«|vf)itu) 


tn impact from 1!,.7 to 12,3 :vc)il;s, 
? of iofii&ilion. 


»n impact from 12.3 to 13.8 volts. 
T of ionization. 







IONIZATION EFFICIENCIES ^ ^ ^ 

The holes ^2 and 53 were about 0.18 cm in diameter, whereas 54 and 
55 were 0.6 cm and 0.5 cm in diameter, respectively. The plates Ps and P4 
were about 6 cm long and 3 cm wide. Plate P4 was 0.5 cm below P 3 and was 
maintained 300 volts positive with respect to P3. With the magnetic field, H, 
equal to 300 gauss, it is quite improbable that an electron will leave the trap, 
P, once it has entered, as both experiment and theory show. 

Results 

Fig. 2 shows the efficiency curve for the first 2 volts above the ionization 
potential. The ordinates are proportional to the efficiency of ionization. The 
curve indicates that the ionization does not rise sharply at the ionization po- 
tential, the rapid rise occurring almost a volt above this potential. Curves 
obtained with a poor velocity distribution did, however, show a more rapid 
rise at 10.40 volts. 

Figs. 3~8 show the efficiency curve plotted on a large scale. (They are not 
all plotted to the same scale.) The accuracy with which the breaks could be 
reproduced is shown in Fig. 3 where two independent sets of data have been 
plotted. 



Fig. 9. The ionization of Hg vapor by electron impact from 17 to 21 volts. is 
proportional to the efficiency of ionization. 

From 13.8 to 18 volts the curves were smooth and showed no obvious dis- 
continuous changes in the slope. Fig. 9 shows the curve from 17 to 21 volts. 
The four breaks in this interval could be reproduced very accurately. Beyond 
21 volts evidences of breaks were observed but the experimental errors in the 
measurements were greater than the deviations from a smooth curve, so that 
no satisfactory results were obtained although it is believed that several crit- 
ical potentials do exist beyond 21 volts. However, at 29.5 volts a definite in- 
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Fig. 10. The ionization of Hg vapor by electron impact from 
1+ is proportional to tlie efficiency of ionization. 


Table L The *^uUra4onizaimn polenHais^ in Eg vapor, 


Nielson 'and 
'Potter 


Hughes and 
Van Atta 


Aii'tlior 


Lawrence 
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IONIZATION EFFICimCIES 

crease was always observed, which may be attributed to the formation of 
Hg++. Fig. 10 shows a typical set of data in this region. 

A list of the critical potentials reported by the various investigators, to- 
gether with those found by the writer, is given in Table 1. The values given 
in the same row were assumed to correspond to the same critical potential. 
The agreement is in general very good. 

An "ultra-ionization potential’^ at 11.06 volts has not been previously re- 
ported, but as Fig. 3 shows, it apparently represents the minimum energy 
necessary for some quite efficient mode of ionization. It is of interest to note 
that in a study of the electron energy losses in mercury vapor, Castle W. 
Foard® found a pronounced peak which corresponded to a loss of 11.07 volts 
of energy. He was unable to account for this loss on spectroscopic grounds. 
This loss of energy can probably be associated with the ultra-ionization po- 
tential at 11.06 volts if we assume that ionization can result as a consequence 
of the simultaneous excitation of the two valence electrons. This would re- 
quire a quantized energy loss. 

The measurements of the positive ion current were made with a Compton 
electrometer having a sensitivity of about 3700 mm per volt. The electron 
current used in obtaining the data for the curves shown in Figs. 3~10 was 
about 5X10~^ amperes and for some of the work was measured with a gal- 
vanometer having a sensitivity of 2.70X10“^^ amperes per mm deflection by 
employing a suitable balancing-out arrangement. With this sensitive meas- 
uring device, very small variations in the electron current could be detected. 
A very careful study showed that there was no correlation between any ob- 
served deviations in the electron current and the observed critical potentials. 


Table II. Efficiency of ionization, e expresses as number of positive charges per electron per cm 
path per mm pressure at 0°C for various electron velocities. 


Va (volts) 

€ ' ' ! 

Va 

6 

F, 

e 

Fa 

6 

15 

3.43 

75. 

19.33 

175 

17.55 

475 

11.45 

20 

8.14 

80 

19.38 

200 

16.90 

500 

11.05 

25 

11.51 

85 

19.40 

225 

16.30 

525 

10.70 

30 

13.68 

90 

19.38 

250 

15.70 

550 

10.45 

35 

15.37 

95 

19.32 

275 

15.15 

575 

10.15 

40 

16.42 

100 

19.25 

300 

14.60 

600 

9.88 

45 

17.38 

105 

19.17 

325 

14 . 10 1 

625 

9.63 

50 

17.90 

110 

19.07 

350 

13.55 

650 

9.36 

55 

18.51 

120 

18.83 

375 

13 .05 

675 

9.12 

60 

18.85 

130 

18.64 

400 

12.55 

700 

8.90 

65 

19.05 

140 

18.40 

425 

12.15 

725 

8.70 

70 

19.25 

150 

18.15 

450 

- . ■ 11.77 ■ ■ 

750 

8.55 


The pressure used ranged between 3 X10~® and 1.85X10"^ mm mercury. 
The data shown in Fig. 11 and in Table II were taken with a pressure of 
8X10”® mm of mercury and agrees very closely with data taken at different 
pressures. The ordinates represent the total number of positive charges per 
electron per cm path reduced to a pressure of 1 mm of Hg at O^C. The posi- 


» C. W. Foard, Phys. Rev. 35, 1187 (1930). 
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tive ion currertt for these data was measured with a KaK‘anfftnei{*r havini^ a 
sensitivity of 2.70X10~“ amperes per mm defleetioi!. The eieetron rurrent 
used was about 6X10'"'' and was measured witii a galvaiiometia iru ing a sen- 
sitivity of 8.00 XIO-*" amperes per mm deflection. 


r 

.1 

1 


1 

i 

1 

1 

1 


j 




Velocitjy of electrons (volts) 

Fig. 11. The total number of positive charges per electron per cm path at i mm pressure and 
O^C plotted as a function of the velocity of the impacting elfclnms in volts. ' , 

Discussion 

It is very difficult to reconcile the values for the efficiency of ionization of 
mercury vapor given here with those obtained by Bleakney and by Jones, 
both of whom employed the same method. The present work was carried out 
with a better vacuum and a very careful study of all of the characteri.stics of 
the apparatus failed to reveal any objectionable features in the apparatus, 
method, or procedure. It is interesting to note that the copper apparatus, used 
in the study of helium, neon and argon, gave essentially the same values for 
Hg vapor as those given here. 

The author takes this opportunity to acknowledge the constant interest 
and many suggestions of Professor John T. Tate. 
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OSCILLATIONS IN THE GLOW DISCHARGE IN ARGON 

By Gerald W. Fox 

Department OF Physics, Iowa State College 
(Received February 16, 1931) 

Abstract 

Report is made of radio frequency oscillations observed in argon glow discharges. 

The frequencies lie in the range of 10^ cycles/sec to lOVcycles/sec in approximate 
harmonic relations. They are very sensitive to pressure changes but appear to bear 
no relation to the tube current. The peculiar action of a magnetic field on the oscilla- 
tions is described. Some frequency calculations are made on the assumption that the 
potential distribution throughout the Faraday dark space can be represented by a 
parabola. 

S OME time ago the wrIteH described experiments with oscillations ob- 
served in hot cathode glow discharges in neon. The present paper deals 
with a continuation of the same type of work in argon. The same discharge 
tube was used except that direct current was employed on the heater coil, 
since it was found that the a.c. introduced an extraneous sixty-cycle modula- 
tion. The argon was purified by a lengthy exposure to the action of a misch- 
metal arc. The experimental procedure was in all respects like that previously 
described. 

Characteristics OF THE Discharge 

The discharge in argon was steadier than in neon. The color appeared 
very nearly white to the eye but the brightness of the discharge for a given 
power input was not nearly so pronounced as in neon, while the heating was 
much greater. In neon, a current of 20 amperes could be run for a short 
interval and 10 amperes was possible continuously, with ordinary fan and 
water cooling. With argon, however, a current of two amperes caused the 
heavy copper anode to glow red in less than a minute and for this reason no 
observations were possible with currents larger than four amperes. 

The pressure range over which oscillations were observed was quite nar- 
row, the limits being approximately 0,2 mm Hg to 1.0 mm Hg. It was im- 
possible to obtain oscillations for random current values in this pressure 
range. Oscillations were present only for particular values of current and 
pressure and when observed their frequency appeared to be independent of 
the tube current. As in the case of neon the discharge must be steady to ex- 
hibit oscillations. The slightest fiickerings on anode or cathode produce enor- 
mous irregularities which are detected as "static’^ noises in the pick-up circuit. 
If one starts in at low pressure values a discharge may be maintained in argon 
at as low as 0.001 mm Hg but as listened to it is very noisy and the glow is 
feeble. With increasing pressure no noticeable change occurs in tube current, 

1 Fox, Phys. Rev. 35, 1066 (1930). 
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tube voltage, or glow until a pressure of about 0.1 mm lig is ren when 
the light from the tube suddenly increases many times and ilie disrliarge be- 
comes noiseless except for a slight hiss. Tuning through the fii^qiifuir) laiige 
then, shows the .presence of oscillations which seem to start HiiiiiilfaiteoiiHly 
with theincrease of ]ight'.from the tube. ■ . 

■' The maintaining voltage for the argon discharge averaged alioiit 2SS volts 
which is'approximately 75 volts higher than the inaiiitairiing voltage ffir neon. 

; As in the case of neon the interesting flashes described t:iy Wliiddingtciri® 
and Aston and KikuchF were generally p.resent. 

: Results... . 

h Frequencies present at a given pressura. 

Tables ,I and II show typical data on frequencicH fireseiit in the ciiscdiarge, 
As in the case of neon these frequencies seem to be harniciriics of one particu- 

Table 1. Frequencies' preseui in gkm discimr^e in iir pm. 


(Tube current' 2.6 amperes, tube voltage 255 volts, g.is pressure 0 
■Wave-length (meters obs.) , ■ Fre-quency (cycles/’sec calc.l 


lar frequency though this could not be observed due to the limited tuning 
range. In no instance was a complete series of harmonics observed nor was 
there exhibited any preference for particular omissions. 

Table II. Frequencies present in gloie discharge in argGn, 

■ current 1 a.mpere, tube voltage 254 volts, gas pressure 0.68 mm Hg). 

Wave-length (meters obs.) Frequency (cycles/sec calc.) Order 


Whiddington, Engineering 120, 20 (1925). 

Aston and Kikuchi, Proc. Roy. Soc, A98, 50 (1920)- 
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2, Variation of oscillation frequency with pressure. “ 

In the argon discharge, the frequency range covered was not as wide for a 
given pressure difference as in neon. A noticeable peculiarity was that the 
discharge frequency changed almost linearly with the pressure down to a cer- 
tain critical value when no further change could be produced, the frequency 
remaining constant but becoming weaker until, on further pressure reduction, 
it broke completely. (Fig. 1.) 



Fig. 1, Variation of oscillation frequency with pressure. 

3. Relation of frequency to tube current. 

It was not possible to show any frequency dependence on tube current 
such as appeared in neon. Having set on a particular frequency, this fre- 
quency persisted within a few cycles of the same value while the current was 
changed as much as an ampere when the oscillation would stop suddenly, to 
start again when the current was returned to its former original value. 

4. Effect of a magnetic field on oscillations. 

Some peculiar effects were noticed when a magnetic field was placed at 
right angles to the discharge. When a horseshoe magnet was moved from the 
anode end of the discharge toward the cathode, the frequency of the beat note 
in the telephone receiver fluctuated periodically from zero to a maximum, 
while moving the length of the positive column as shown in Fig. 2. On coming 
to the Faraday dark space, the regular oscillations disappeared altogether and 
the discharge became very noisy. Upon the removal of the magnet, however, 



818 


GERALD W. POX 


cj 

the discharge became quiet again and the oscillations reappcartvl after a time i 

of the order of thirty seconds. This observation was ma<le repeatedly. I 

Discussion 

From the work of Compton, Turner, and McCurdy' we Inu e a fairly good ! 

picture of the potential distribution throughout the gk»w discharge. They 
have shown the existence of a potential mininiuni in the ^■■.•!raday dark space, 
especially in cases of large ionization. In the discharges in both argon and 
neon, the tube currents were of the order of .several amperes .so that we may 
expect a large concentration of positive ions in the negative glow, for the 
ionization processes going on are more effective than the needs of the circuit 
as a whole demand. Positive ions from the cathode end of the positive column 
and from the negative glow, will both be accelerated into this region of mini- 
mum potential. This accelerating field is really necessary l(i prevent the ac- 



MAMMM! 

/Amplitude of BeaMafe 

Fig. 2. As the magnet is moved along the positive column the souncl in the telephone receiver. 

fluctuates regularly in intensity. ' 


cumulation of a negative space charge here by diffusion of electrons from the 
negative glow. The positive ions from the positive column and probably also 
those from the negative glow approach the potential minimum with terminal 
velocities attained in the fields through which they have travelled and, since 
these fields are rather weak, their velocities will be small. Thus some ions 
will be trapped for a time and we may imagine them oscillating about the 
potential minimum until they acquire sufficient energy to get over the hump 
on the cathode side. An ion's escape probably comes suddenly after a colli- 
sion with a molecule or another ion which provides a suitable energy transfer. 

The action of the magnetic field in the Faraday dark space lends some 
support to this idea of the origin of the oscillations. When the field is applied 
here, the additional magnetic force to which the ions are subjected, upsets the 
regularity in their motion and brings about the noise that is heard in the 
pick-up circuit. The high-frequency oscillatory component of the tube cur- 
rent is really very small. It is merely superimposed upon the main steady 
current through the tube. The fact that the frequency increases with decreas- 
ing pressure seems reasonable for we can imagine fewer collisions taking place 
to slow the ion down while it remains in motion about the potential minimum. 


^ Compton, Turner, and McCurdy, Phys. Rev. 24, 597 (1924), 
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The action of the mr^^netic field throughout the positive column makes 
one think of the presence of standing waves. It seems possible that electric 
sound waves of the type mentioned by Tonks and Langmuir® may be present, 
since the observed frequencies fall within the range of their calculations. The 
flashes, observed by Whiddington,^ which travel from anode toward cathode, 
and which are of low frequency and can be observed with a rotating mirror, 
can be explained by assuming the presence periodically of a large anode drop 
which produces excess ionization in the anode sheath. This excess of positive 
ions would travel toward the cathode, modifying the potential distribution as 
they go and causing local ionization and excitation. This would appear as a 
travelling striation. 

Simple Theory of Oscillation in the Glow Discharge 

If one assumes as a first approximation that the curve representing the 
potential distribution throughout the Faraday dark space is a parabola, it is 
not difficult to arrive at an expression for the frequency of the oscillation 
which gives a value which is of the observed order of magnitude. 




Fig. 3. 

Let P represent the potential according to the equation P==4ax^. Then 


The solution to this equation gives 

x -C cos {Sae/ my ^H+D sin {Sae/ my 

in which it Is seen that x repeats itself at Intervals of 2x in the time (Sae/my^H 
The period of a complete vibration is 2'n'{m/8aey^^ and the frequency is the 

^ Tonks and Langmuir, Phys. Rev. 33, 195 (1929). 
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a = Po/4a:“, or o = l0-'’ esu/cm' approxiniaieiy. iumhk '; 
hydrogen as 3X10‘* esu/gram and 40 as tlie atomic wiight of argo 
calculated frequency is 4X10< cycles per Hecoiid. I'his is of the oh 

order of magnitude. The frequency appears to he quite dependent on th 

of the width of the pit to its depth in volts. On the other hand, the freii 
is not very dependent on the type of ion in the discharge. I he. e/m foi 
is of the same order of magnitude as e/m for neon. As mentioiKsl hefn 
observed oscillations for both gases occurred in the same range. 

The presence of a series of harmonic frequencies indicates that the 
tial distribution is not so simple a function as has been assumed. W’e 
know the actual potential distribution throughoul the Faraday dark 
but since a slight distortion of our assumed distribution would allow th 
ence of harmonics, their presence can thus be accounted for. 

In conclusion, the writer wishes to thank Professor H. M. Rand 
rector of the Physics Laboratory of the l iniversity of Michigan, lor e.vt 
thp nrivileo-es of the laboratory, where the e.xi)erimcntal work was don 
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THE RELATIVE INTENSITIES OF MERCURY LINES^^^^^^^^^ ^ 

UNDER DIFFERENT CONDITIONS OF EXCITATION 

By Marcel J. E. Golay 
University of Chicago 
(Received December 15, 1930) 

Abstract 

The relative intensities of the lines of the 2i-2Pi triplet have been measured by a 
photographic method with a calibrated tungsten lamp as a 
The intensity ratios have been found to vary with conditions f f 
absorption of the 5461 and 4047 lines by atoms in the “^^astable stat^ gi and^2^s^ 

About three-quarters of the 5461 radiation and about one-third of the 4047 radiat on 
were absorbed in a commercial mercury-filled tube with three e ectrodes ^ 

plate current was passed through the tube. A to absorption found when 
an ordinary arc was used and when small plate currents were passed in the three 
electrode tube. A tube specially built to excite mercury by electronic bombardment 
and provided with means for controlling the mercury pressure i . 

under various conditions of mercury pressure and plate current, and the double ratio 
of 8.5 :3.3 : 1 was found for the intensities divided by the fourt powers o _ ^ 

spending frequencies. The ratio of 4078 :4047 was found to vary with plate voltage in 
a manner similar to the variation of efficiency of ionization with electron velo“ty. It 
was attributed to the presence of two mechanisms of emission giving widely different 
intensity ratios, namely, excitation of the neutral atom to a higher enerp level, and 
recombTnatidmH the ionized atom. A roughly quantitative survey of the intensities 
of the excitation and of the recombination spectra indicated 
atoms excited to a higher level by electronic impact occurs m 
atoms will Drefer the singlet to the triplet system, while within each system the ^ 

rrVXenJ. A, /d, ..d d, «ch . Uvd 

at about the height of the 45 level is preferred to the Others. 

General 

^HE purpose of the research reported here was primarily the 
-I 2s — IP triplet The intercombination line IS—lpi of wave-length 40 
„as also faduS t .Ms study because o. the .o.t of Ho-ton ’ w~ 
the lines 2S-2P, 2S-1H 2s-2P and 2s-2#, (l= l, 2, 3) as a whole. Ac 

cording to this author the ratio 5 ; 3 : 1 must be found for 

a4 (5461) 24(4358) -24(4078) H (4047) 

• -|- 




Nz 


Ni 


Nz 


where A designates the intensiw divided by the fourth power of the taquen^ 
and A the number of atoms in the respective initial states The quantit 
written above are proportional- to the squared amplitudes of the correspond- 
ing lines, and itis for these squared amplitudes that the “sum-rule must ho . 


T Notation of Paschen. ..-, ,.- . ^ ^ 

2 w. V., Houston, Phys. Rev. 33, p.-297-.(1929). 
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The squared amplitudes of the individual lines can also be determined from ^ 

the formulas given hy Houston. They give approximately the ratio 5:2.9:! 
for the relative intensities of the triplet lines, divided by the fourth powers of 
the corresponding frequencies. They also give the ratio of 0.1 : 1 for the lines . 

4078 and 4047. This signifies that for an equal population of their respective * i 

initial levels, line 4078 will have approximately one-tenth the intensity of line 
4047, the relative intensities of these two lines giving thus a basis for a com- | 

putation of the relative population of their respective initial levels. 

Method OF Intensity Measurements 

When two lines are but a few angstroms apart in wave-length, their rela- 
tive intensities may in principle be measured by weakening one line by a ^ ' 

known amount until it has the same intensity as the other, that is, until the | 

blackening of the photographic plate is the same for the two lines. Usually ' 

both lines are weakened by a series of absorbing screens, and their relative 
intensities are obtained through some process of interpolation which affords 
at the same time a number of results, which must verify each other, when the 
image of the weaker line through the clearer weakeners is comparable in 
intensity to the image of the stronger one through the more opaque portions. 

When the lines to be compared are sufficiently separated to warrant a 
determination of the sensitivity of the emulsion for the corresponding wave- 
lengths, a source of known spectral distribution such as a black body or an 
incandescent filament of known temperature and emissivity is used for this 
purpose. Each line is then compared with the continuous radiation of the 
same wave-length. This can of course be done as before, by means of weak- 
eners, calibrated for each of the different wave-lengths of the group under 
study. 

Their use, however, can be avoided very simply by using the standard of 
comparison to put on the plate a series of intensity marks of known relative 
intensities. As the standard of comparison emits a continuous spectrum, the 
gradation of intensities can be obtained by varying the width of the slit, and 
if a lens is used to focus on the slit an image of the tungsten ribbon of the 
lamp used as a standard, one can also place diaphragms of known geometrical 
transmission in front of the lens. 

A lower limit for the slit- width is set by the accuracy with which this width 
can be measured, and by the size of the diffraction pattern formed on the 
prism. It IS desirable that the main fringe and at least one or two lateral 
fringes appear on the prism when sighting it from the camera side of the 
spectrograph, in order to avoid losing more than a few percent of the light. 

Conversely, the largest slit-width must not allow the integrated spectrum 
thus obtained to misrepresent the intensity of the source, and the sensitivity ^ 

of the emulsion. According to Ornstein no errors due to the integration of the 
spectrum will be appreciable if the width of the slit corresponds to less than 
60A on the plate for any of the wave-lengths studied. 

The diaphragms placed in front of the lens must cover enough of the latter 
so that a full image of the uncovered portion can be seen on the prism from 

( . ... ." ■ • ".Vll 

i ■ ■■ . ■ . ■ ' 

I .. ■■ 
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the camera side, while if but little light is desired, these diaphragms must have 
holes not small enough to create on the slit a main fringe equal in width to the 
difference between the image of the filament and the opening of the slit. 

When a set of intensity marks has been put on a plate it is necessary to 
take only one spectrogram of the source of light, taking care to use a rather 
wide slit, and to compare the lines with the comparison spectrum at the same 
wave-length. One can thus take many exposures on one plate, which is ad- 
vantageous when studying the variations of relative intensity with certain 
conditions of experimentation. One obtains indeed but one figure for every 
exposure, while several are obtained when the source is photographed through 
a series of weakeners. If it is desired to obtain a few figures for every condi- 
tion of light emission studied, one has to take as many exposures, preferably 
using various diaphragms in front of the lens projecting an image of the source 
on the slit. 

In the work reported here, care was taken that light from all sources 
photographed followed tlie same optical path. As an added precaution it was 



Fig. 1. Diagram of mercury-filled tube. 

also verified that the transmission of the whole optical system was sensibly -the 
same along the optical axis and away from this axis. 

As sources of known radiation incandescent lamps with a flat tungsten 
ribbon were used and their temperatures determined photographically by 
comparison with a standard of knowm temperature and emissivity, supplied 
to Ryerson Laboratory by Dr. Forsythe of Nela Park. The secondary stan- 
dards were generally operated at 2780 to 2800°K, and the time of exposure 
was the same for the standard and for the spectrum studied, to avoid errors 
due to a difference in Schwarzchild^s constant for different wave-lengths. 
The radiation emitted by the standard lamp was calculated from the black 
body radiation formula. Corrections for the emissivity of tungsten at 2800°K 
at various ■wave-lengths were introduced. Corrections vrere also introduced 
for the dispersion of the spectrograph and for a difference in broadness of the 
lines due to different distances of the plate from the camera lens. 

Sources of Light and Results, 2s - 2pi Triplet 

Some preliminary measurements were carried out, wdth a home-made arc, 
a Cooper-Hewitt arc, and a mercury-filled tube, obligingly furnished^by the 
Bell Telephone Laboratories. Fig. 1 shows a schematic drawfing of this tube. 
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The spectrum of the ordinary arc was photographed at various time inter- 
vals, beginning at the moment the arc was started, and continuing until the 
steady state was attained. It was then observed that the ratio of 5461 .4047 
increased from about 4 to about 7, while the ratio of 4358.4047 decreased 
from about 5 to about 3. Similar results were obtained foi the Coopei -Hewitt 
arc. Table I shows a set of results obtained similarly for the tube furnished 
by the Bell Telephone Laboratories, by observing the white streaks emerging 
from the grid at a potential just sufficient to maintain an arc. 


Table I I/v^ values for lines from tube shoivn in Fig L 


Condition of tube 

5461: 4047 s 

4358:4047 

First exposure, tube cold 

5.1 

5.6 

3.7 

3.7 


5.8 

3.8 


6.8 

3.6 


7.4 

3 . 5 


7.3 

3.4 

Last exposure, tube hot 

7.4 

3.4 


The results to be discussed later suggest the following explanation of these 
figures. It will be shown that the true intensity ratio is about 8.5 : 3.3 : 1. The 
lines 5461 and 4047 are, however, absorbed by the atoms in the metastable 
states 2pi and 2pz. As the line 4358 terminates on the level 2p2 where the 
strong resonance line 2537 originates, it seems plausible to assume that the 
population of the 2 p 2 level is not large enough to cause any appreciable ab- 
sorption of the line 4358. The population of the metastable states is roughly 
proportional to the ratio of the rate at which these states are reached by the 
excited atoms, to the rate at which they leave them owing to collisions of the 
second kind. The rate at which atoms are sent into metastable states is roughly 
proportional to the current, while the rate at which they leave them increases 
with the number of collisions per unit time; this number increases about 
linearly with the temperature, and the density, this latter quantity rising 
rapidly with the temperature. It can therefore be expected that at a low 
pressure, the ratio of 5461:4047 will be considerably reduced, line 5461 being 
much more absorbed than line 4047 on account of the greater population of 
the state 2pi, while the ratio of 4358:4047 will be found somewhat too high 
on account of the absorption of line 4047. As the temperature and the pres- 
sure increase these ratios will approach their true values, due to the diminished 
population of the metastable states, as can be verified in the above table. 

The following tables show a typical set of results susceptible of similar 
interpretation. The temperature of the tube was kept approximately con- 
stant during the observation. The time of exposure for the spectrum and for 
the standard light was the same for each plate. Diaphragms were placed in 
front of the condensing lens to reduce the very different intensities photo- 
graphed to approximately the same level of blackness on the plate. 

® All ratios given in this article refer to the intensities divided by the fourth powers of the 
frequencies. ' 


RELATIVE INTENSITIES OF Eg LINES 


825 


Table IL I/v^ ratios for constant tube temperature hut varying plate current. 
(Observation of light emitted between grid and plate) 


Plate current 

5461:4047 

4358:4047 

1 .0 amp. 

3.2 


1.0 

3.6 

4.9 

0.27 

5.9 

4.4 

0.27 

5.0 

4.3 

0.0075 

8.1 

4.0 

0.0065 

7.9 

3.9 

0.0055 

8.3 

3.9 

0.004 

9.0 

3.7 


The explanation of these results is obvious. A higher plate current in- 
creases the rate at which atoms are thrown into metastable states, and higher 
absorption of line 4047, and especially of line 5461, results therefrom. 

From the foregoing it appears that the Hg density affects the results in a 
two-fold manner. A direct effect of higher density would be a more rapid 
elimination of the metastable states, thus reducing the effect of absorption in 
the intensity ratios. This first effect would be masked, however, by the more 
complicated and more intense phenomena accompanying high pressures. 

Determination of the true intensity ratios of the triplet. The facts mentioned 
above were not apparent at the time these experiments were carried out, for it 
was expected that the ratio 5:3:1 would be found for the relative intensities 
of the triplet divided by the fourth powers of the frequencies, and ratios 
higher than 5 for lines 5461 and 4047 could not be explained by an absorption 
of line 5461. At the same time it was obvious that the absorption of line 4047 
was much less than the absorption of line 5461, for the population of the 
2pi state is much larger than the population of the 2pz state, and this theo- 
retical prediction was confirmed by the comparatively smaller variations of 
the ratio of 4358:4047. Also, the glass of the three-electrode tube used was 
not very clear, and had a larger transmission for the 5461 line than for the 
other lines of the triplet. 

A tube was then built, with means for controlling the Hg pressure, and 
with a quartz window for the eventual study of the ultraviolet lines. 

This tube is shown in Fig. 2, Electronic emission was provided by a tung- 
sten filament. The leads into the tube were tungsten rods, while the other 
metallic portions were of nickel. A plate, jP, with a rectangular hole cut to 
correspond to the opening, A, of the cage was inserted as shown in the figure, 
to prevent the white light of the filament from reaching the slit of the spectro- 
graph. A number of spectra were taken with the end, B, of the cage open, so 
that a considerable amount of light due to the blue glow filling the tube con- 
tributed to the radiations photographed. Any amount of shielding in the far 
end of the tube failed to eliminate this glow. As it was thought that this glow 
was due to a somewhat different niode of excitation from that which produced 
the light in the cage by electrons of a definite velocity, the far end of the 
cage was subsequently closed, as shown in the figure. This was done by 
means of a little strip of platinum, blackened in the flame of a match. A 
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small nickel, C, was welded over the far end of the grid to prevent a 

direct of this end wall by the filament. At the time this change 

^as the nickel grid of rather coarse mesh, hitherto used, was re- 

placed ^ iiickel grid of the finest mesh obtainable. This was done for the 
pyrpo^^ of obtaining a more uniform flow of electrons in the cage, and sur- 
prisiijgly enough this new grid stood higher currents than the coarse one 
formerly used, without showing any trace of deterioration. In spite of the 
eiectri^^l screening provided by the shield, 5, and the front plate, P, the 
space, front end of the tube was filled with a weak glow, the part of 

this prolongation of the cage contributing, therefore, to the light 

photoS^^P^^^^' 

/pjje Hg pressure in the tube was indirectly controlled by placing the Hg 
trap ^ beaker of water of a certain temperature. 



Fig. 2. Diagram of apparatus. 


^ thorough baking out of the tube was found necessary to avoid nitrogen 
and monoxide bands. This was done by wrapping asbestos around the 
tube letting a plate current of 0.8 to 1 amp. flow under a potential of 

about volts for a few hours. Even though the CO bands were observable 
at the^^^ period, they would quickly disappear after the asbestos had 

been the tube brought to its normal running temperature. 

^ few refinements were introduced in the method of intensity measure- 
^entS' below. 

^ little strip of gray glass was placed in the camera on the path of line 
4358, order to bring this line to the same blackness level as lines 4047 and 
5461. As "this line and the standard radiation for its measurement were both 
modifi^^ same manner, no change was called for in the method of meas- 
uremeii^* While more accurate, the results thus obtained for the 4358:4047 
ratios well with a number of results obtained before this precaution 

was A.bout 40 exposures were taken on each plate, a little less than 

half tbis number being assigned to the intensity marks. Two was chosen for 
the ratto the geometric progression of intensities, and two or three expos- 
ures taken for each intensity, the slit width and the number of holes 
used i^ diaphragm being both varied so as to check the method used, and 
to red^^^ chance errors due to setting and variations in the emulsion. (The 
differe^^ measurements of blackness for marks of the same theoretical inten- 
sity closely grouped in the great majority of cases.) Also, each 

conditi^^ plate current and plate voltage studied was photographed two 
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or three times, as the light intensity permitted, using the diaphragm with 
maxiniiim openings, and others of one-half and one-quarter the area of the 
first. As a last precaution, all plates were wiped continuously while in the 
developer, to insure uniformity of development. 

Two current values, 0.3 and 0.6 amp. were used under various voltages to 
bring out any systematic dependence of the intensity ratios observed upon 
the plate current, as well as to bring out any voltage dependence for any one 
fixed current, especially with reference to the 4078:4047 ratio. 

The narrow range of Hg temperature explored (limited for the high tem- 
perature by the coolest point of the tube to avoid condensation in this point, 
and for the low temperature by the light intensity fit for convenient expos- 
ures) was considered wide enough to detect any dependency upon pressure 
on account of the comparatively large range of pressures corresponding to 
these temperatures. 

No dependence upon plate current, plate voltage and Hg pressure was 
found for the relative intensities of the triplet, while the ratio of 4078:4047 
showed a marked dependency upon plate voltage. 

The averages obtained for the triplet are given in Table III. 


Table III. I/v^ values for triplet lines obtained with tube shown in Fig. 2. 


Plate No. 

Temp, of Hg 

4358:4047 

5461 ;4047 

14 

100°C 

3.3 

8.3 

22 

0 

3.0 

8.5 

23 

22 

3.3 

8.5 

it 

60 

3.4 


25 

20 

3.2 

7.8 

29 

20 

3.2 

8.8 

a 

40 

3.3. 

7.9 

30 

40 

3.4 

7.9 

31 

22 


9.2 

34 

23 


8.8 

35 

41.5 

3.3 

8.6 

36 

25 


9.5 

37 

24 


8.5 



Average 3 . 3 

8-5 


The experimental error attached to the average given lor the ratio of 5461 : 
4047 is probably larger than for the other one, but should not exceed 10 per- 
cent, assuming, however, that the temperature of the lamp used as standard 
is correct. 

Ratio OF 4078 :4047 AND General Study OF THE Elec- 
tronic Bombardment Emission 

As mentioned above, the ratio of 4078:4047 varies with plate voltage. 
This is shown in Fig. 3, where this ratio has been plotted as a function of the 
plate voltage from the data obtained from five plates. These curves point to 
a rapid rise to a maximum, reached at about 100 volts, and then a slow down- 
ward trend.' , 




assumed that doubly and triply ionized atoms recapture successively, two and 
three free electrons respectively from the negative space charge inside the 
cage. 

The parallelism of this curve with the ratio of 4078 : 4047 seems to suggest 
the following explanation. Atoms which have been previously ionized will 
emit a recombination spectrum with a comparatively larger ratio of 4078 : 4047 
than excited atoms, while the observed ratio will vary somewhat parallel to 
the amount of light emitted which is due to recombined atoms, if the number 
of excited atoms is assumed to have no variations, as marked as the one 
shown by Fig. 3, beyond the ionization potential. This explanation would be 
supported by the fact that many ionized Hg lines were quite conspicuous at 
the higher voltages used (40 volts and above), while the presence in the cage 
of slow secondary electrons made conditions favorable for the recombination 
of Hg ions. ’ _ 

If the large diffeiences found between the intensity distributions in an 


^ Bleakney, Phys. Rev. 33, 139 (1930). 


The existence of a variation in relative intensity of two lines makes it 
necessary to assume the operation of at least two different mechanisms — if 
there were only one, the absolute intensity might vary, but not the relative. 
Each of these mechanisms will presumably be operative in producing both 
lines, but with a different ratio of intensities. The ratio measured will be some 
weighted average of the ratios which are characteristic of each of these 
mechanisms. 

This variation with voltage is strikingly similar to the variation of the 
efficiency of ionization as found by a number of authors. For the purpose of 
comparison, the probability of ionization of mercury atoms by electrons lias 
been plotted as the dotted curve. It was obtained from Bleakney’s^ data by 
adding the ordinates of his curves for the probability of single, double, and 
triple ionization. It also represents the variation in the intensity of the light 
due to atoms which have been ionized and recombined with electrons if it be 
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Fig. 3. Ratio 4078:4047 plotted as a function of the plate voltage 
from data obtained from five plates. 
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ordinary arc and in an electronic bombardment spectrum were attributed to 

the presence in the latter of a recombination spectrum certain consequence 
would follow which are brought out by Table IV. This table has been pre- 
pared from a table giving the intensities of the lines in an electronic bombard- 
ment spectrum at 70 volts using the intensities of the lines of an arc spectrum 
as units. All the values obtained for lines originating at a certain level have 
been averaged, and these averages have been given in Table IV. This table 
therefore gives an estimate of the population of the various levels in an elec- 
tronic bombardment spectrum in comparison with an arc spectrum. Accord- 
ing to what has been said above Table IV would indicate that by comparison 


Table I V. Relative population of levels— electronic bombardment — spectrum vs. arc spectrum. 


Level 

Relative 

Population 

Level 

Relative 

Population 

25 

1.5 

2s 

0.15 

35 

3. 

3s 

0.15 

45 

11. 

4.y 

0.8 

55 

4. 

55 

0.4 



6s 

0.15 

4P 

55, 



SP 

25. 

Api 

0.6 

6P 

2. 

Spi 

1.4 

IP 

1.5 

6pi 

0.6 

W 

0.4 

3di 

0.14 

4Z) 

2.2 

Ui 

0.15 

5D 

1.7 



6D 

0,4 

3d2 

0.16 

ID 

0.2 

4(^2 

0.3 

SD 


5d2 

0.8 



3dz 

0.2 



Uz 

0.1 


with excited atoms, recombined atoms will occupy a much larger proportion 
of singlet terms, while within each system of terms the P-state (or the ;^-state) , 
and within each state a level at about the height of the 45 level would be most 
favored in this new population distribution. 

This explanation for the variation of the ratio of 4078:4047, and the con- 
sequences of this explanation, are given with much reserve, however, as it 
has been the conclusion reached by F. L. Mohler^ and other authors that 
in a recombination spectrum the triplet terms are comparatively more pop- 
ulated than in an excitation spectrum. 

The writer wishes to express his appreciation to Professors Monk and 
Eckart for the suggestion of the problem and assistance throughout the dura- 
tion of the work. 



5 F. L. Mohler, Phys. Rev. Suppl. 1, 221 (1929). 
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By P. C. Ludolph 
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Abstract 

Two dififerent forms have been suggested for the methane molecule by various 
authors. They are the symmetrical tetrahedron and the symmetrical pyramid. Cal- 
culations have been made for the values of the specific heat at constant volume for 
the two types of structure. It is found that neither type gives values in agreement 
with experiment. The curve obtained on the basis of a tetrahedral structure however 
gives much better agreement than the resulting curve for the pyramidal structure. 

^ |"~^HE infrared absorption spectra of methane was investigated quite care- 
fully by J. P. Cooley^ several years ago. Dennison,- on the basis of 
Cooley’s results and with certain other fundamental assumptions, was able 
.to ascribe a symmetrical tetrahedral structure to the molecule. 

J. Kunz^ called attention to the fact that there was quite a difference be- 
tween the specific heat of methane as calculated from this model and the ex- 
perimental values. 

V. Guillemin'^ has shown, however, that on the basis of certain definite 
assumptions as to the forces between the ions in the molecule, the potential 
energy for the symmetrical pyramidal configuration is smaller than the value 
obtained for the tetrahedral structure. Hence the pyramidal structure is more 
stable than the tetrahedral. 

Numerous facts have been advanced by Glockler,® Henri, ^ and others sup- 
porting one or the other of the two alternative forms. 

Each model yields fifteen degrees of freedom, three of translation, three 
of rotation, and nine of vibration. Moreover, each model gives four funda- 
mental vibrational frequencies. Hence, giving to the translations and rota- 
tions their equipartition values, we obtain for the specific heat at constant 
volume 

/ ^ / hvi\^ ghv^kT Y 

= 3+ S4 — ) 

\ ^ KkT) ~ 1)V 

where the Ui gives the number of degrees of freedom of the corresponding 
vibration frequency I'i. 

The values of Vi and Ui are given below in Table I. 

Table I. Valties of vi and m. 


n 

m 

Vi 

Tetrahedral 

Vi cin“^ 

Pyramidal 

Vl 

1 

4217 

. 7760 

V2 

; 2 

1520 

3150 

J'3 

3 

3014 

6730 

Vi 

3 

1304 

1990 


^ J. P. Cooley, Astrophys. Journal 62 , 73 (1925). 

2 D. M. Dennison, Astrophys. Journal 62 , 84 (1925), 

3 J. Kunz, Phys. Rev. 29, 220 (1927). 

^ V. Guillemin, Ann. d Physik 386 , 81, 173 (1926). 

* G. Glockler, Jour. Amer. Chem. Soc. 48, 2021 (1926). 
VMIenri, Chem, Reviews 4, 189 (1927). 
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Values of c* have been calculated for temperatures ranging from 273°K to 
873°K. The results together with the experimentaF values are given below 
in Table II. 


Table II, Specific heats ^ experimental and, calculated. 


Temp. 

Experimental 

Cv 

Tetrahedral 

Cv 

Pyramidal 

273°K 

6.656 

6.311 

5.982 

373 

8.738 

7.188 


473 

10.577 

8.342 


573 

12.419 

9.620 

7.081 

673 

14.288 

10.855 


773 

16.015 

12.039 


873 

17.883 

13.151 

9.011 


The curves, Fig. 1, show the variation of with temperature. The one 
marked A corresponds to the experimental values while B and C give the rela- 
tion for the tetrahedral and pyramidal structures respectively. A and B are 
essentially linear while C is decidedly convex to the axis. The calculated 
values of for the tetrahedral model agree much better with the experimental 
values than the values calculated from the pyramidal model. 






Fig, 1. Variation of Ct, with temperature. 

If the degrees of freedom of the vibrators with frequencies and vi are 
interchanged, then one obtains the curve D in place of B. These values of Cv 
are the maximum possible values using the frequencies given in Table 1. 

Undoubtedly some of the discrepancy (especially at the higher tempera- 
tures) is due to the centrifugal stretching of the molecule. This effect is not 
sufficient, however, to account for all the difference between the experimental 
and the calculated values. 

It is a pleasure to thank Professor Kunz for his suggestions in regard to 
thiswork, 

FH. B. Dixon, Proc. Roy. Soc. of London lOOA, 24, 1921-22. 
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Abstract 

..fjcal theofy uf ^Quation of state is presented. Upon 
A brief review of thestati calculation of the interatomic energy, the 

the basis of a recent quantum ^ calculated. With the use of the theoreti- 

second virial coefficient of hen pj.operties of helium have been computed A 

cally determined virial coeffic> _^^j,^j ;s giy^n. 
detailed comparison with exp®* 

Introduction 

^ . i,g,ve seen a advance in our understanding of 

.pHE pas severa years H^itler and London on the resonance 

• a. ^toms suggested the nature of the repulsive force 

interaction of two hydrogen distances to determine the effective molecu- 
operating at sma in ermol Eisenschitz and London followed 

lar cross-section. More rec ^ j^^gj ^ calculation of the polarization 
by that of other investigaw^*;^^^^^^ distances to produce the van der 
Tt!:™rthe theory has so far been subjected to no critical 


Waals* attraction. However^ 
comparison with experiment* 


It is the object of the present paper to make 
1 • • of helium, the only gas for which a fairly ac- 

such a comparison in the has been carried out. 

curate calculation of the int®* 

Theory 

TV, • • I a-inns of state have been suggested for gases. All of 

Many empirical lamiliar virial form 

them, however, may be exp^^ 




( 1 ) 


, . • xu T/the volume of ^ gram-mol of gas, R the ideal eas 

rotLYafdV^raLr..---- ^ ■ are^„ 

'“irtLil'aTrlpfem^^^ •"' has no. 

Altftougn a CO p s j^le under certain conditions to obtain a 

been worked out in detail, ^ ^ i ^ 

correlation between the second virial coefficient, 5. and the intermolecular 
^°Tbove the critical 

fraction of the molecules in insignificant. 

Moreover, the Boltzmann dfe^bution function may probably be regarded as 


* Contribution No. 262. 
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“ the neighborhood of absolute zero are 
reached. Thus even m the case of hydrogen at a pressure of one atmosphere 
and a temperature of 2°K, both the Fermi-Dirac and the Bose-Einstei^ dis- 
tribution functions give the same result as that of Boltzmann within a few 
percent insofar as the translational energy is concerned.' Subject to these 

tegraF ’ "^‘th Gibbs’ phase in- 


- f ... Jg 


( 2 ) 

where E is the total energy of a gas consisting of N molecules averaged over 
c mteinal coordinates and k is Boltzmann’s constant. The integration is to 
be taken over all of the 6N dimensional momentum-configuration space 

enlt : If the thermodynamic potential, (Helmholtz'free 

entr|.,3 function) is defined by the relation 


1 

fl 


v^'lieie 5 is the entropy, Gibbs has shown that 


j.. ^ — kT In s 

M oreover , 

(3) 

a-- 

(4) 


1 he integral (2) may be evaluated in simple form under certain conditions.^* 
It IS to be assumed that the density of the gas is low enough so that molecular 
tonfiprations in which the fields of more than two molecules overlap, are 
sufficiently rare that they may be ignored. In the case of neutral gas mole- 
cules where the molecular forces are effective only at very short range, this 
condition is often fulfilled even at relatively high densities. Under these cir- 
cii instances it is possible to write 


w 


Jiere 


2 = .nX) n(T' - 2nB) 

7t==I 

~ § J' J J' (1 — e~‘^ '‘'^jdxdydz . 


(5) 


• dere 6 is the mutual potential energy of two molecules and the integration 
IS to be taken over all values of their relative coordinates. From Eqs. (3), (4) 
and (5), after expansion of the logarithm in powers of B/ V, it is found that 

iL 

RT 


B iB- 
I T ~ -| h 
V 3F2 


' R. H. Fowler, .Statistical Mechanics, p. 539 (1929). 

U J. W. Gibbs, Elementary Principles in Statistical Mechanics (1902) 

Sr- P- MWler-Pouillets Lehrbuch der 

.Pliysik, \'oL Kmetische Theone der Warme, p. 167. 


834 


J. G. KIRKWOOD AND F. G. KEYES 


where the second term may be identified with that of the virial Eq. (1). If, 
as in the case of helium the molecules are spherically symmetrical 


B = 27riV 


n CO 

J 




( 6 ) 


where r is the distance between the two molecules. 

Perhaps the most well known of empirical equations of state is that of van 
derWaals: 

RT A 
^ ~ Y - b 

It is of interest to see what form the intramolecular potential, e, must assume 
to be consistent with it. The virial Eq. (1) may be transformed Into van der 
Waals’ equation if 5/Fis assumed to be very small relative to unity and 

B = b- A/RT, 

If the molecules are treated as rigid spheres of diameter, a, it is obvious that 
when f ^cr, €= co , and formula (6) yields, after expansion of 

B A/RT 


where 


and 


h = 




■ 4 (total volume of the molecules) 


^ 00 

I ^ 


A, + YaJ{RTY-, A, = - lirm I irHr 

n=l 

r 


An = - 27rA^’“+2 




It must be concluded, therefore, that the coefficient A appearing in van der 
Waals’ equation is not a constant, but a slowly varying function of the tem- 
perature. This conclusion Is born out by experiment in the region of low 

00 

temperatures where the sum An/ {RTY may no longer be neglected. 

n=l 

Moreover, experiment at high temperatures, invalidates the assumption of 
rigid molecules. Thus, it is found that & is a slowly decreasing function of the 
temperature, a fact which can only be explained as due to an interpenetration 
of the molecules. Van der Waals’ equation is therefore to be regarded as merely 
a first approximation even at small densities.^ 

The Molecular Field 

Empirical information furnished by the equation of state suggests that 
the general character of the force between two molecules may be conveniently 
represented by means of two potentials, and The potential which 
predominates at small molecular separations, must ascend steeply with in- 

^ F. G. Keyes and R. S. Taylor, J. Am. Chem. Soc. 49, 896 (1927). 
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creasing slope as two molecules approach and diminish rapidly as they recede, 
thus giving rise to a strong repulsive force at small intermolecular distances. 
The potential, €^, nullified at small separations by must fall off less rapidly 
with the distance, giving rise to an attractive force at larger intermolecular 
separations. Thus the total intermolecular potential, €, might be written 

€ ™ €,• "T" • 

This representation is to be regarded as more or less schematic, since no 
sharply defined physical significance can be independently assigned to €r or 
€a. Still, it has the advantage of suggesting two different types of molecular 
interaction which we believe to be effective in determining the intermolecular 
energy. 

According to present quantum mechanical ideas, the "repulsive^^ poten- 
tial, €r, is to be regarded as arising from a resonance interaction between the 
molecules. A calculation of the resonance energy has so far been accomplished 
only for atomic hydrogen''^ and helium.® In the case of atomic hydrogen, the 
situation is complicated by the existence of two alternative modes of inter- 
action, one of them giving rise to the repulsion of which we have spoken, and 
the other to v-alence union. Helium is, therefore, the only simple gas for which 
we have a knowledge of the repulsive field. Although a somewhat complicated 
function of the interatomic distance, the resonance energy in the range of im- 
portance in the thermal interaction of gas molecules may be adequately repre- 
sented by the formula 

The “attractive” potential is to be regarded as arising from a mutual po- 
larization of the molecules,^ chiefly due to a rapidly pulsating field associated 
with the interna! motion of the electrons in the molecule. The dominant 
term in this energy comes from the oscillating dipole. If terms from multi- 
poles of higher order are ignored, the attractive potential has the form 





A general scheme for the calculation of has been developed by London and 
Eisenschitz.''^ They have made an exact calculation of the mutual energy of 
two hydrogen atoms as well as rough estimates in the case of some other 
gases. 

^ Heitler and London, Zeits. f. Physik 44, 455 (1927); Sugiura, Zeits. f. Physik. 45, 

4S4(i927). 

. Slater, Phys. Rev. 32, 349 (1928). ■ 

^ In 1920 Debye (Phys. Zeits. 21, 178, 1920) suggested that the van der Waals attraction 
in gases had its origin in a mutual electrical polarization. Upon the basis of an electrostatic 
molecular model, he attempted to calculate the van der Waals A constant for several gases in 
terms of their electrostatic multipole moments. That his theory was not very successful from a 
quantitative standpoint, is readily understandable in view of the inadequacy of the molecular 
mode! employed. 

s Eisenschitz and London, Zeits. f. Physik 60 , 491 (1930); London, Zeits, f. F^hysik 63, 245 
'(1930). / 

- ^ Slater' and 'Kirkwood,' Phys. Rev. 37, 682 (1931). 
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A calculation of the mutual energy of two helium atoms by another 
method has been carried out by Slater and Kirkwood.^ They obtain for the 
total intermolecular potential of helium: 

0.68 


7,7^-2.43r/a^ 


{r/aoV 


ergs 


(7) 


where ao is the Bohr radius of the hydrogen atom. In this expression, terms 
arising from variable multipole moments of higher order than the dipole have 
been neglected. Moreover, an error of a few percent in the coefficient of the 
exponential term is not unlikely since an approximate wave function was em- 
ployed in its calculation. 

The Equation of State of Helium 

With the expression for the intermolecular potential given by Eq. (7), we 
have computed the second virial coefficient of helium at several temperatures, 
by graphical integration of Eq. (6). The results are listed in Table I together 

Table I. Second virial coefficient of helium. 


r(“K) 

B (theory) 
cc/mol 

B (H and 0) 
cc/mol 

350 

10.80 

11.60 

300 

11.14 

11.80 

250 

11.34 

11.95 

200 

11.58 

11.95 

100 

10.75 

10.95 

20 

-6.94 

-4.00 


with experimental values of Holborn and Otto.“ The theoretical values of 
the virial coefficient B have been plotted as a function of the reciprocal tem- 
perature in Fig. 1, and as a function of the temperature in Fig. 2. For com- 
parison, the experimental results of a number of investigators have been in- 
cluded.“'^^ From Table I it may be seen that the computed values of the 
virial coefficient, while consistently lower than the experimental ones of Hol- 
born and Otto, do not differ from them by more than five or six percent 
between 100°K and 400°K. Below 50°K, the agreement between the two is 
not quite as close. This fact may probably be attributed as much to error in 
the experimental measurements as to error in the theoretical values of the 
virial coefficient. However, a real discrepancy at low temperatures might be 
expected if the proportion of molecules in quantized collision states became 
appreciable, for in that event, Gibbs’ phase integral would cease to be an 
adequate representation of the sum of state and Eq. (6) would lose its valid- 
ity. At present it is impossible to decide whether or not this effect is of im- 

Holborn and Otto, Zeits. f. Physik 33, 1 (1925); 38, 359 (1926). 

^V Nijhoff, Keesom, and Iliin, Leiden Communications 188C, Oct. 1927. 

Onnes, Leiden Communications, Verslag .Akad. Amsterdam 102a, 495 (1907); 102c, 741 
(1908); Onnes and Boks, ibid 170a, 170b, (1924); Onnes and Van Agt, ibid t76b, 625 (1925): 
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The second virial coefficient of helium plotted as a function of 
the reciprocal temperature. 


* ‘Thto retical 
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: \r r/cr- 

The second yirial coefficient of helium plotted as a function of the temperature. 
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portance because of inconsistency in the experimental values themselves in 
the low temperature region. 

On the whole the agreement between the theoretical and experimental 
values of the virial coefficient is extraordinarily good. The slight discrepancy 
between them is not surprising in view of the approximations which were 
made in the calculation of the intermolecular energy, Eq. (7). 

An examination of Fig. 1 shows that both the theoretical and experimental 
curves pass through a maximum at about 173°K. This phenomenon has been 
observed only in the case of helium, but presumabl}'" it should occur at suffi- 
ciently high temperatures for all gases. Thus, for hydrogen, neon, nitrogen 
and a number of other gases, the curve obtained by plotting B against l/T 
shows a decided concave bending in the region of high temperatures. The 
limitations of van der Waals^ equation are clearly brought out in Fig. 1. Below 
100°K, it would be possible to apply van der Waals’ equation to helium, since 
in a narrow temperature range the relation between B and l/T may be ap- 
proximated by a linear function. However, above i50°K, the van der Waals 
form of equation is entirely inadequate. Not only does the coefficient, A, 
cease to be constant, but it becomes very sensitive to temperature variation. 

Some Properties of Helium 

In order to obtain a more detailed comparison with experiment, some 
properties of helium have been computed with the aid of the theoretically 
determined virial coefficients. By means of Eq. (1) the pressure has been cal- 
culated at several temperatures and volumes. The computed and experi- 
mental pressures are given in Table II. 


Table TI. Helium pressures calculated from the first three terms of the theoretical viriaL 
Expansion: p--{RT/V)(l~{-B/VA-Wy3>V\) 


V (iiters/mol) 

P (calc.) 

p (obs.) 

A 

t^200‘^C 




2.000 

19.51 atm. 

19.52 atm. 

—0.01 atm. 

0.400 

99.60 

99.82 

-0,22 

^ = 100°C 




2.000 

15.39 

15.40 

- 0.01 

0.333 

94.96 

95.11 

-0.15 

/-OX 




2.000 

11.27 

11.27 

0,00 

0.250 

93.97 

94.12 

: -0.15 ■ 

/--lOOX 




2.000 

:7.i5.' 

7.15 

0.00 

0.200 

75.45 

75.66 

"■:- 0 . 2 T : 


The Joule-Thomson coefficient, ju, may be expressed in terms of the virial 
coefficient and the heat capacity Cp in the following manner: 



( 8 ) 
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At 25°C,jU is calculated to be — 0.061° atm*“"b Moreover, between +100° and 
— 100°C, the value of dB/d{l/T) is extremely small and therefore the tem- 
perature coefficient of ju is very small. Roebuck^® has recently obtained the 
value — 0.06° atm.“^ from measurements of the Joule-Thomson effect between 
+ 100°C and ““100°C. ^The temperature variation in ju lay within his experi- 
mental error, A rough calculation of the Joule-Thomson inversion point leads 
to the temperature, S4°K. Although there is no reliable experimental deter- 
mination with which to compare it the temperature S4°K is in accord with 
the fact that helium cannot be liquefied at the lowest temperature attainable 
by evaporating liquid nitrogen, about 70°K. 

The thermodynamic temperature scale may be identified with the scale 
of the ideal gas thermometer. In order to reduce the scale of an actual gas 
thermometer to the thermodynamic temperature scale, corrections which are 
functions of the virial coelficients of the gas must be applied. We have used 
the theoretically determined values of B in conjunction with recent measure- 
ments of the coefficient of expansion and the coefficient of pressure of helium^^ 
to determine the position of the freezing point of water under a pressure of 
one atmosphere on the absolute temperature scale. The coefficient of pres- 
sure of a gas at constant volume is defined as, 

p\M\ ~~ pO 

Oi I, = 

impo 

where po is the pressure at 0°C and pioo the pressure at 100°C. It is easily 
shown that 

To = l/ao 

where Tq represents the position of 0°C on the absolute temperature scale 
and ao is the coefficient of pressure of an ideal gas, for which pV=== RT, More- 
over, it is possible to calculate ao in terms of the a:« of an actual gas if its 
second virial coefficient is known. 

uro - + po{6.09SBo - 4.464iiioo) • 

where po is again the prevssure at 0°C, ^loo the virial coefficient at 100°C ex- 
pressed in cc/mol, and Joits valueat 0°C. aq may also be obtained from the 
coefficient of expansion in a similar manner. From the measurements of 
Heuse and Otto on helium, we compute for the average value of ao- 

0.0036609 atm. /° 

which corresponds to ■ , 

To = 273.16. 

By linear extrapolation Heuse and Otto find that 

To =273,16. 

The International helium thermometer is defined as a constant volume 
gas thermometer in which the pressure of helium at 0°C is equal to that of a 

and H. Osterberg, Phys. Rev. 37, 110 (A) (1931). 

W. Heuse and J. Otto, Ann, d. Physik [S ] 2, 1012 (1929); 


it 




At (calc.) 


At (H and 0) 


200 

100 

50 

0 

-100 

-200 

-250 


+0.006 

0.000 

-0.0003 

0.000 

+0.009 

+0.032 

+0.051 


+0.008 

0.000 

- 0.001 

0.000 

+0.009 

+0.028 

+0.043 
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one meter column of mercury at 0°C and standard gravity. The gas tem- 
perature is defined as 

_ Pi^g ~~ pQ 

tg — 

/>i00 “ ^0 

The corresponding temperature on the absolute scale is of course 

/ = T - To. 

The correction A/ which must be added to the gas temperature tg to bring it 
into agreement with the absolute temperature scale may be computed from 
the second virial coefficient by means of the formula 

M = 5.870{3.731/„(5,„o - B,) - (373.1 + - 5,,)} 

where the virial coefficients and Btg are expressed in cc/mol. The 

corrections have been calculated for several temperatures. They are listed 
with those given by the Reichsanstalt in Table III. 

Table III. Corrections to international helium thermometer scale. 


L. Holfaom and J. Otto, Zeits. f. Physik 38, 359 (1926); 30, 1 (1925). 


Baxter and Starkweather^® have measured the density of helium. Their 
value at 0°C and a pressure of one international atmosphere (pressure of a 
column of mercury 76 cm in height at 0°C and at standard gravity; g = 980.665 
dynes sec~^) is 

0.17847 g/liter. 


Using this density together with our value of B at 0°C and taking the gas 
constant, R, as 0.08206 liter atm. the mean for a large number of gases, we 
calculate the atomic weight of helium as 4.0022. This is to be compared with 
the atomic weight 4.0020 obtained by Baxter and Starkweather from the den- 
sity given above and their own compressibility measurements at low pressures. 

In all of the cases which have been considered, the theoretically deter- 
mined virial coefficient gives results which are in substantial agreement with 
experiment. When it is remembered that the calculation of the virial coeffi- 
cient is based upon purely a priori considerations and depends upon experi- 
ment only through the values of certain universal atomic constants, it seems 
to furnish a striking confirmation of the present theory of intermolecular 
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Mass Defects of Band Spectra, and the Relativity Relation of Mass and Energy 


Chadwick, Constable and Pollard,^ in a re- 
cent ariitde, on j)age 482 a plot of the 
‘bnass <lefect" of a number of atomic species, 
as a function of the number of a-particles in 
the isuchn.is. It is of considerable interest to 
add to this |>ka. certain atomic species recently 
discovered l>y means of band spectra. In the 
case of (Pb 0’^ and the mass of the new 
isotope, relative to the mass of the more abun- 
tiant species, has been calculated from the 
band spectra data. Thus King and Birge^ find 
that the mass of relative to is 13 : 12 ex- 
act, to about one part in 10,000. The mass de- 
fect pkit just mentioned is based on the atomic 
masses obtained by Aston.*'* Accepting his re- 
sults, one obtains 10.7X10*"‘* as the mass de- 
fect C*b (’Henceforth all mass defects will 
be given in 10 ■* mass units). This result is 

gi\*eji (as 11 XIO *1 in a footnote, page 481 by 

C.C.P. 

For 0^* Babcock and Birge‘* Iiav’e obtained a 
mass of 18.0065, based on 0^® = 16 exactly, 
which is alscj Aston's basis. The probable er- 
ror is only about one part in lOt The resulting 
mass defect of CP'* is 17.7. 

lieriKberg^ has obtained the mass ratio 
X^'V N'b his measured isotope shift for 
the heads of tiie M) and 2-0 bands of the sec- 
ond positive group of nitrogen, the molecules 
concerned being and The 

^ J. Chadwick, J. E. R. Constable and E. C. 
Pollard, Proc. Roy. Soc. A130, 463 (1931). To 

foe called C.C.P. 

“ A. S. King and R. T. Birge, Astrophys. J. 
72, 19 (1930). 

^ F. W’. Aston, Proc. Roy. Soc, A115, 487 
(1927). 

H. D. Babcock and R. T. Birge, (abstract) 
■Phys..'Rev,.,.37,, 233'(i931),'" 

• ■ *^'G.,"Herzberg,'2eits. f. phys. Chemie B9, 
43 (!930)."; V 


measured shifts are appreciably less than his 
calculated values, but unfortunately he made a 
theoretical error in his calculations which def- 
initely affects his conclusion. All isotope shifts 
are expressed as a function of (p^^ — 1) where n 
is some positive integer, p = (pi/p 2 )’^^ and p, is 
the reduced mass of the more abundant mole- 
cule. Thus for the band systems containing 
O*®, and the value of p is less than 
unity, and the vibrational shift is to the red, 
for bands located on the violet side of the ori- 
gin of the system. 

Herzberg, however, calculated p as (p2/pi)^^^ 
and so obtained a value greater than unity. 
This leads not only to a shift in the direction 
opposite to that observed, but also to an in- 
correct absolute magnitude. In order to ob- 
tain the calculated shift Herzberg made new 
measurements of certain band heads of this 
system. Fie thus derived a new vibrational 
energy function fiv') for the upper state, and 
combined this with the writer’s /(?;") of the 
lower state, to get an energy equation of the 
system. Birge and Sponer** had already given 
af{v') for this system, based on all available 
data, reduced where necessary to the I. A. sys- 
tem. The two f(v') appear somew^hat differ- 
ent, but fortunately lead to practically the 
same calculated vibrational shifts for the 1—0 
and 2—0 bands. The correct value of p, as- 
suming even 14 and 15 masses, is 0.98319, and 
the vibrational shifts are, from the Birge and 
Sponer equation, —35.16 and —65.79 cm~b 
and from Herzberg’s equation, —35.19 and 
— 65.72 cm-fo It seems best to adopt the av- 
erage values —35.17 and —65.76 cm~A 

Since a fine structure analysis of these two 
bands has not been carried out, one must use 
for the rotational isotope shift the sufficiently 

® R. T. Birge and H. Sponer, Phys. Rev. 28, 
259 (1926). 
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accurate approximation (p^ — where Pm is 
the distance from the origin to the head, for 
the middle component of the triplet series 
found in these bands. Fortunately the de- 
sired origin can be located, by mere inspec- 
tion, on spectrograms of an "effective low 
temperature” source. The resulting rotational 
shifts, as given by Herzberg, are +0.6 cm"^ 
and +0.8 cm"^ respectively, corresponding to 
origin-head distances of 18 and 24 cm^b (This 
distance in the 0—0 band is 13.3 cm'^b accord- 
ing to the writer’s fine structure analysis.) 

Now the f{v') to which reference has been 
made are based on measurements of the heads, 
and are slightly in error, due to the varying 
distance of origin to head. The resulting cor- 
rection to the vibrational shift I find to be 

— 0.08 and —0.18 cm~b for the 1 —0 and 2 —0 
bands, respectively. The final calculated 
shifts for the heads are then —34.65 and 

— 65.14 cm"'b as compared with Herzberg’s 
observed shifts —34.6 and —64.6 cm~b One 
thus obtains the result that the mass ratio 
Ni+Ni^ is than 15/14 by one part in 
10,000, and one part in 1700, from the 1—0 
and 2—0 bands, respectively. Then, using 
Aston’s value = 14.008, one obtains 
15.0065 and 14.999 respectively. From these 
figures there results a mass defect for of 
23.3 and 30.6, or an average value of 27,0 

We may now place these mass defects on 
the plot previously mentioned. The de- 
fect (10.7) lies just above the value obtained 
from <a:-ray disintegration experiments (given 
as 9.9 by C. C.P, but calculated as 9.8 by the 
writer). This mass defect, 9.8, is obtained 
from Aston’s mass defect 6.38 for com- 
bined with an energy loss equivalent to 3.42 
(in 10“® mass units), as observed by C.C.P. in 


the transformation The close agree- 

ment of the two mass defect values for O® 
(10.7 and 9.8) is of more than passing interest, 
for it constitutes a very rough, but direct ex- 
perimental check of the accepted relation be- 
tween mass and energy AE^c'^Am. So far as 
I am aware, it is the first experimental check 
by this very direct method. 

The mass defect for O’® (17.7) may be com- 
pared with that for (12.6), as evaluated by 
C,C.P. from their disintegration experiments,^ 
for O’® (8.64). The fact that these three 
points (corresponding to masses of 18.0065, 
17.0029 and 16.0000) are nearly equally 
spaced is probably significant. The spectral 
data for O’^ are very meager, as compared 
to O’®, but the mass of O” is now being 
calculated from such data and the result, if of 
sufficient accuracy, will constitute a second 
check on the mass-energy relation. 

Finally, the mass defect of N’® should lie on 
the curve passing through B”, F’® etc. The 
predicted value, from the published curve, is 
24.5, agreeing well within limits of error with 
the average observed value of 27.0. Other in- 
teresting relations may be deduced from the 
mass defect graphs published by C. C.P. but it 
is the primary purpose of this letter merely to 
locate on these graphs the new data for C’®, 
O’® and N’-h 

Raymond T. Birge 
University of California, 

March 4, 1931. 

^ The first calculation of the mass of 0’^ by 
such a process, with the result 17.0033 ± 
0.0009, was made by W. F. Giauque, Nature 
124, 265 (1929). 


Momentum Transfer to Cathode Surfaces by Impacting Positive Ions in a Helium Arc 


The present problem was suggested by 
K. T, Compton and may best be introduced 
by the following quotation from one of his pa- 
pers (Phys. Rev. 36, 706, 1930). "Although, 
as we have seen, the impact of a charged ion 
against the cathode contributes nothing to the 
pressure against it (on account of the counter- 
balancing pull during its attraction to the 
cathode), nevertheless if the neutralized ion 
leaves the cathode with any momentum there 
is imparted to the cathode an equal opposite 
momentum.” In the experiment here reported 
this hypothesis is tested by studying the mo- 


mentum imparted to an auxiliary cathode in a 
helium arc. 

The auxiliary cathode (or plane collector) 
was suspended from a vertical side tube in the 
negative glow of a hot cathode helium arc. 
The collector was a flat molybdenum plate 
one centimeter in diameter, insulated on one 
side by a glass plate. This collector was non- 
volatilizing so that there was no possibility of 
a pressure as a result of a stream of metal 
vapor leaving the collector. The suspension 
consisted of a long period glass pendulum sup- 
ported on two steel points and carrying a small 
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mirror. Thus by means of the deflection of 
a light beam, small forces on the collector 
could be measured. The forces were deter- 
mined as a function of the negative potential 
applied to the collector using several differ- 
ent values of the total current through the 
arc. 

From the data obtained the calculation of 
an accommodation coefficient for helium posi- 
tive ions is quite simple if corrections for the 
current that reaches the collector at its edges 
are neglected. Let ^ be the fraction of the in- 
cident energy of the ion which is retained after 
neutralization. /S is approximately equal to 
I ~a where a is the accommodation coeffi- 
cient. Assuming that the neutralized ions es- 
cape in random directions, the pressure on the 
collector is given by 

P = ;f(2meF/3)i'2 

2e 

where P is the pressure exerted on the collec- 
tor, i the positive ion current density, e the 

Raman Spectra of 

We have been investigating the Raman 
spectra of silico-chloroform and have suc- 
ceeded in observing a number of its Raman 
frequencies and particularly that character- 
istic of the Si-H-bond. The spectra were ob- 
served by illuminating with a mercury arc a 
tube filled with the liquid immersed in liquid 
ammonia contained in an unsilvered Dewar 
flask. The light was reflected from the top of 
the tube into a Flilger D78 glass spectrograph. 

The frequencies which we have observed to- 
gether with those of chloroform (Proc. Roy. 
Soc. A127, 360 (1930)) are shown in the fol- 
lowing table: 


CHCI 3 

SiHCls 

261 (5) 

179 (strong) 

367 ( 6 ) 

250 (strong) 

669 ( 6 ) 

489 (very strong) 

762 (3d) 

587 (strong diffuse) 

1218 (2d) 

799 (strong diffuse) 

1441 (1) 

— 

3019 (3d) 

2258 (strong diffuse) 


It is to be noted that we observe six frequen- 
cies which can be correlated with those of 
chloroform, the frequencies of silico-chloro- 
form being always smaller than those of the 
other compound. We have been unable to de- 


charge, m the mass of a helium ion and F the 
negative potential of the collector with re- 
spect to the surrounding space. Putting in the 
constants, 

4.63(10=^)P2 

^ = - 

PV 

where P is in milligrams per square centime- 
ter, i in milliamperes per square centimeter 
and V in volts, a follows immediately from 
the relation /? = 1 — O'. 

When a small correction for edge effects is 
included preliminary results indicate a value 
of about 0.5 for a. In further work the elim- 
ination of edge effects wall be attempted and 
the experiments continued using a number of 
other gases. 

Edward S. Lamar 

Palmer Physical Laboratory, 

Princeton University, 

Princeton, N, J., 

March 9, 1931. 

Silico-CMorofonn 

tect the seventh frequency which should be 
the w^eakest of the frequency displacements. 
The highest frequency which we observe, 
namely, 2258, is that which corresponds to 
the frequency usually assigned to the vibra- 
tion of the proton along its valency bond with 
revspect to the carbon atom in chloroform; so 
that it is to be interpreted as a similar vibra- 
tion of the hydrogen atom with respect to the 
silicon atom along the Si-H-bond. 

The differences in these two frequencies can 
be due only to the difference in the restoring 
force constants for the two cases, for the ef- 
fective mass in both cases should be approxi- 
mately the mass of the hydrogen atom. We 
have also been able to observe both positive 
and negative displacements for the lower fre- 
quencies from the yellow lines of mercury in 
addition to those more easily observed from 
the blue and violet lines. Complete details of 
this investigation and that of other com- 
pounds of this type will be reported at a later 
date. 

Harold C. Urey , 

Charles A. Bradley, Jr. 

Department of Chemistry, 

Columbia University, 

March 11, 1931. 
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New Lines in the Near-Infrared Spectrum of the Neutral Hg Atom 
Thirty-nine new lines have been observed in Research Tokyo, Sci. Papers No. 232, March 

the region 0.9/i to 2.25/^ with an automatic re- 20, 1930). All the lines in the region 0.9 to 

cording spectrograph^ of the Littrow type us- 1.0/x, observed photographically by Takamine 

ing the equivalent of five 60° prisms. The and Suga were discernible, and the line at 

lines are extremely weak so that an effective 0.940ja resolves into two, 0.9432 and 0.9447/i. 

slit-width of approximately 15 A° was neces- The line at 2.108^^ ± 10~3 is of the same inten- 

sary for detection with a single junction ther- sity as the one 2.2489^ observed by F. Pas- 


New Hgl Lines and Possible Classification. 

No. X V Classification 


1 

0.9253 

10807.3 


2 

0.9432 

10602.2 

2iPi -6^1)1 = 10600 

3 

0.9447 

10585.4 

2iPi-6’^P2 = 1058i 

4 

0.9697 

10312.4 


5 

0.9774 

10231.0 

2»Po-~2iP =10231 

6 

0.9780 

10225.0 

2^Pq-2^F =10227 

7 

0.9918 

10083.0 

2Wi~S-^Si =10083 

8 

0.9983 

10017. 

2'^Pi-4'*Pi = 10016 

9 

1.0211 

9793.3 


10 

1.0240 

9765.6 

2^Pj~5'Z)i = 9764 

11 

1.0276 

9731.4 

2^Pi-5'^P2 = 9730 

12 

1.0294 

9714.4 

2-‘5Pi-4-^Po = 97l3 

13 

1.0307 

9702.1 


14 

1.0361 

9651.5 

2% -S'* A -9654 

15 

1 .0436 

9582.2 

2iPi-5A-9583 

16 

1.1008 

9084.3 


17 

1.1018 

9076.0 

23^1 -9^Pi =9078 

18 

1 . 1036 

9061.2 

2^P.-¥Si -9060 

19 

1.1129 

8985.5 

U6'i-22Pi =8986 

20 

1 . 1363 

8800.4 

23 6i-8‘*Pi =8805? 

21 

1.1433 

8746.6 


22 

1.1790 

8481.7 

CO 

GO 

II 

L 

23 

1.1916 

8392.1 

2iPi-4'^i92 = S397? 

24 

1.2193 

8201.4 

=82002 

25 

1.2224 

8180.6 

2 A -4 A -8180 

26 

1.2376 

8080.1 

2iPi-4A-8082 

27 

1.2440 

8038.5 

2'Ai-4»Po=8039 

28 

1.3634 

7334.3 


29 

1.3979 

7153.6 

2A~3A=7161? 

30 

1.4027 

7129.1 


31 

1.4127 

7078.6 

2ii9i-4A-7068? 

32 

1.4160 

7062 . 1 

2ASV~5A=7062 

33 

1.7269 

5790.7 

2iPi-33Di=5791 

34 

1.7696 

5651.0 

33 P 1 - 6 A -5656? 

35 

1.7980 

5561.7 

33p -8 =5563 

36 

1.8084 

5529.7 

2Ai-3A=5530 

37 

1.9481 

5133.2 

2iPi-3A -5134 

38 

1.9571 

5109.6 

2A-3A-5110 

39 

2.1080 

4744 

23Pi»3A-4742 


^ Constructed by E. D. McAlister, Smithsonian Institute. 

2 Takamine’s x-term given by F. Paschen as a 3P2-term that may assume two different 
values. . 
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mocouple. The intensities of these lines are of chen, and the wave-length uncertainty is due 

the order of 0.002 that of the strong line at to the fact that the nearest known line is 

1.0142/i, which gave a 45 cm scale deflection 1300 A away. # 

at 4 meters. The arc was operated at 86 volts This brings the number of lines in this spec- 



aiid 3.8 amperes. 

Wave-length standards were taken from 
E. D. McAlister’s report (Phys. Rev. 34* 
1142-1147, Oct, 15, 1929) and T. Takamine’s 
and T. Suga’s report (Inst. Phys. and Chem. 


tral region, 0.90 to 2.25//, to a total of 96. 

PI. J. Unger 

Department of Physics, 

University of Oregon, 

March 10, 1931. 
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Spark Spectrum of Caesium (Cs 11) 

In pursuance of the systematic investiga- cathode discharge in helium is about two volts 
tion of the alkali spark spectra by means of more than sufficient to produce excitation of 
the hollow cathode excitation (Phys. Rev. 36, all the levels of the caesium ion so that higher 
219, 1931) we have now carried the analysis to members of the resonance series were excited 
the first spark spectrum of caesium. Contrary and a total of eight lines appeared in the vac- 
to Rb II, the excitation of the caesium hollow uum region (see table below). 


Tnt. 

X 

y Spectroscopic Origin 

(20) 

926.75 

107905) 5!:)«-5*K'’-Pii)6^ and 5(? 

(20) 

901.34 

110946 f 

(20) 

(20) 

813.85 

808.77 

mils! 5,!>«-5^>»C'A)6^and 5d 

(.12) 

668.43 

1496041 

( 5) 

657.15 

152172 }• 75 and 6d 

(12) 

639.42 

156392J 

( 7) 

612.82 

163180 — — 5aT‘^Ri) 7^ and 6i^ 


With the separation of these lines as a aforesaid five levels of 5 (^Ri-|) 6^. No levels 

guide, it has been possible to interpret the built upon ^Pi were found by Sommer, but 

classification of the Cs II lines in the visible re- the present data give clear indications con- 

gion as given by Sommer (Ann. d. Physik 75, cerning their position. In the above table, 

163, 1924). The energy level scheme given by the intensities, wave-lengths, and frequencies 

this author is correct but incomplete. For, due of the resonance lines are given as well as their 

to the large separation of the 5^'' (^P) term of spectroscopic origin. 

Cs III, the energy levels of each configuration The resonance potential corresponding to 
are split up into two distinct groups according the two strongest lines 926.75 and 901.34 is 
to whether they are built upon or upon equal to 13.32 and 13.70 volts, respectively. 
“Py Sommer’s classified lines are to be inter- Otto Laporte 

preted (a) as transitions from five of the six George R. Miller 

levels of the configuration 5p^ (^Pq) 6p, to five Ralph A. Sawyer 

of the ten levels of the configurations Department of Physics, 

{^PiO 6s and 5fJ' (^Pi0 5d, (l5) as transitions University of Michigan, 

from eight of the ten levels of the configura- Ann Arbor, Michigan, 

tions 5p^ (^Pq) 7^ and 5p^ (^Pi.§) 6d to the March 16, 1931. 

Hyperfine Structure and Incomplete Polarization of Mercury Resonance Radiation 

The author has made studies of the Zeeman Recently the author has extended the in- 
effect of the mercury resonance line in absorp- vestigations on the hyperfine structure of the 

t'on and has shown, that for certain intensi- resonance radiation excited with these filtered 

ties of the magnetic field mercury vapor trans- radiations. These investigations now in prog- 

mits, from the five hyperfine-structure com- ress show, that by excitation with the outer 

ponents of the 2537A-line: (1) only the outer component —25.4 mA alone, there appears in 

short wave-length component, —25.4 mA, or emission only the same component, that is, we 

(2) one inner and one outer component, have to deal with a pure monochromatic reso- 

— 10.4 and 4-21.5 mA, or (3) two inner com- nance effect. It is to be seen on the ac- 

ponents, 0 and 411.5 niA. Further the au company ing photographs obtained with a 

thor has determined the absorption coeffi- Lummer-Gehrcke parallel plate, from which 

cients and the life-times of the mercury atoms the first shows the five-fold structure of the 

excited with the above mentioned filtered ra- resonance radiation excited with the unfiltered 

diations. A full account appeared in Bull. radiation of the mercury vapor arc, the sec- 

Acad. Pol. Nov.~Dec. p. 464, 1930; prelimi- ond, the single structure of the same radiation 

nary communications in Nature, Nov. 1, obtained by the excitation with the —25.4 mA 

1930, and Phys. Rev. Nov. 15, 1930. component alone. 
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The experiments made up to the present on 
other components seem to show, that in gen- 
eral each of the five components gives a pure 
resonance effect, consequently there are no 
hyperfine levels of the 2^Pi-energy level from 
which more than one component can be 
emitted. 

The results communicated above and those 
from investigations of the Zeeman effect show 
that the five-fold structure of the 2537A line 
is due rather to the isotope effect than to a 
magnetic moment of the nucleus. At the same 


Fig. 1. Fig. 2. 

time they give interesting views concerning 
the cause of the incomplete polarization of the 
mercury resonance radiation in absence of 
magnetic field. 

In the first place, according to the supposi- 
tion of Olson (Phys. Rev. 32, p. 443, 1928), 
the degree of polarization must depend on the 
relative intensity of the components in the 
exciting light. Further, in the case of the ex- 
citation with the outer —25.4 niA component, 
previously investigated by the author, one 
should expect that the degree of polarization 
should be about 32 percent (in comparison 


with 50 percent by excitation with all five 
components). This difference is so small that 
I could overlook it in the approximate es- 
timations of the visibility of the interference 
fringes (I did not take into account the de- 
pendence of the plate density upon the time 
of exposure). It must be remarked that ex- 
periments made recently by^ A. Ellett and de- 
scribed by him in a letter in the January 15th 
issue of this Review do not contradict the re- 
sults of my^ investigations. From Fig. 2 of my 
paper (Bull. Acad. Pol. l.c.) it is to be seen, 
that under the conditions chosen by Ellett 
(2000 gauss) the filtering absorption cell does 
not transmit the outer —25.4 niA component ; 
the resonance radiation is excited probably 
not with cores, but by the transmitted wings 
of the hyperfine-structure components. 

As regards the other experiment, on the 
basis of which Ellett supposes that the parallel 
Zeeman component of the outer long wave- 
length component (~f21.5 niA) is shifted by 
the magnetic field, it must be remembered, 
that such a shift is not detected either in emis- 
sion (McNair) or in absorption (the author, 
l.c.). On this account I think that another e.x- 
planation should be sought for this experi- 
ment of Ellett. It is possible, for instance, 
that the whole effect could be explained by the 
relatively large difference of the absorption 
coefficients for the inner and the outer com- 
ponents. 

S. Mrozowski 

Physical Laboratory of the Society 

of Sciences and Letters, Warsa w, 
March 2, 1931. 
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Abstract 

Diffraction patterns of a beam of hydrogen atoms reflected from LiF.— Improved 
technique in the photography of the diffraction patterns produced by the reflection of 
a beam of hydrogen atoms from a crystal of lithium fluoride has resulted in more 
complete patterns than those previously described by the author. The observed 
patt<^rns are those expected on the assumptions (1) that the incident beam contains 
the distribution of wave-lengths derived from the Maxwellian velocity distribution by 
the use of the de Broglie relation between wave-length and velocity, and (2) that the 
surface of the crystal constitutes an impenetrable square array of scattering points 
with the arrangement and spacing of the ions of a single type as known from x-ray 
measurements. 

Wave-length distribution. — The intensity distributions in the diffraction pat- 
terns were measured, and were found to have maxima at positions in good agreement 
with those expected on the basis of the above assumptions. 

Interpretation of relative intensities in the different orders. — The relative inten- 
sities in the observed orders are discussed in relation to the scattering coefficients of 
the two types of ions, and in relation to the dependence of the scattering coefficient on 
azimuth. 

Diffraction by the secondary structure of the crystal. — A secondary spectrum is 
described, arising from a lattice of wide spacing the lines of which are parallel to the 
100 cleaved edges of the crystal face. 

I T HAS been well established for some time that the quantum mechanics 
correctly describes the motion of a free or a bound electron. Its success in 
the interpretation of band spectra has also shown that the motions of atomic 
nuclei within the molecule could be included in the theory, and because of 
this, it appeared almost certain that the new mechanics would be found 
correct in its description of the free motion of atoms and molecules. The com- 
paratively recent experiments of Estermann and Stern^ and of the author^ 
were not disappointing in this regard for they have demonstrated that atoms 
and molecules of low atomic weight behave as predicted, in that they exhibit 
the properties of a wave radiation of wave-length \ — hlmv in the plane-grat- 
ing diffraction phenomena which appear when these are reflected from the 
surface of a crystal. These experiments are of interest not only because of 
their confirmation of the predictions of quantum mechanics, but also because 

^ Estermann and Stern, Zeits. f. Physik 61, 95 (1930). O. Stern, Die Naturwissenschaften 
17 , 391 ( 1929 ). 

^T. H. Johnson, Phys, Rev. 55, 1299 (1930). 
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they introduce the possibility of applying atom diffraction to investigations 
of the atomic constitution of surfaces. A beam of atomic hydrogen, for exam- 
ple, with ordinary thermal velocities, has a range of wave-lengths of the right 
magnitude for this purpose, centering around lA, and the complete absence 
of penetration of these waves will insure that the effects observed arise en- 
tirely from the outermost atomic layer. 

The first experiments demonstrating the diffraction of hydrogen atoms 
when reflected from a crystal of lithium fluoride were described in some 
detail in the Journal of the Franklin Institute,® The diffraction patterns 
which were photographed in that earlier work were of low intensity and they 
showed only a part of the complete structure which should have been pro- 
duced by the array of ions on the surface of the crystal. Because of the low 
intensity in these earlier patterns, satisfactory intensity measurements were 
impossible, and only a rough comparison could be made between the observed 
distribution of wave-lengths and that predicted from the Maxwellian velocity 
distribution and the de Broglie relation between velocity and wave-length. 



Fig. 1, Collimating system for normal incidence. 


Recent improvements in the technique of obtaining photographic records 
of the diffraction patterns have overcome in large measure the deficiencies of 
the earlier work, and patterns of far greater intensity have been photographed 
which show all of the expected first-order branches. The intensity is now 
sufficient for the purposes of making photometric measurements of the wave- 
length distribution, and it has been possible to make some rough estimates of 
the relative intensities in the principle branches. In addition, some new fea- 
tures have been recorded which throw light upon the secondary structure of 
the crystal. 

With the exception of a few modifications, the apparatus and the experi- 
mental procedure were the same as in the earlier work. A sharply defined 
beam of hydrogen atoms had its origin in a chamber T, Fig. 1, in which mole- 
cular hydrogen was dissociated by an electric discharge, and it was collimated 
by a series of tubes with suitable pumping systems for eliminating the excess 
gas. This beam was reflected from a freshly cleaved surface of a crystal (C) 
of lithium fluoride, and the reflected atoms were recorded on a plate (P) 

3 T. H. Johnson, Jour. Frank. Inst. 210, 135 (1930). 
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coated with molybdenum oxide After an exposure the patterns recorded on 
the molybdenum oxide plate were made permanent by photographing in the 
usual way. 

Since it is believed that atom diffraction may prove useful in studying the 
structure of surfaces a discussion of some of the technical features will be in- 
cluded for its interest to other investigators in this field. 

Formation of the Beam 

In designing a collimating system for the production of a molecular beam 
for use in diffraction experiments there are two requirements; the beam 
should be intense and it should be sufficiently sharp to resolve the effects 
sought. In the limit these demands are conflicting in that an increase in the 
sharpness of the beam results in a decrease in its intensity, and vies vcTsa. 
Over the range of source chamber pressures which is of interest, the intensity 
of the beam, as regards its dependence on the configuration of the collimating 
system, is proportional to the area of the source aperture and inversely pro- 
portional to the square of the distance from the source to the point of detec- 



tion, and it is independent of the position and size of the collimating aperture 
as long as the point of detection is not occluded from any part of the source 
aperture. The sharpest beam, for a given intensity, may be obtained by mak- 
ing the collimating aperture a section of the cone of which the source aperture 
is the base, and the point of detection is the vertex. The linear dimensions 
{St, St) of the collimating aperture are therefore related to the corresponding 
dimensions {Si, Si) of the source aperture by 

St= Sib/{a + h), (1) 

where a and b are the distances indicated in Fig. 2. The corresponding dimen- 
sions of the cross-section of the beam at the point of detection are given by 

S, = 2Sib/a. (2) 

Similar expressions also hold for the S' dimensions. 

If a perfect reflector is placed a negligible distance behind the collimat- 
ing aperture two reflected beams separated by an angle Ad will be just re- 
solved if their linear separation is equal to the beam width, i.e. 

bAe = 2Sib/a. 


(3) 
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The resolving power of the collimating system, in the plane determined by 
S and the beam, defined as 

R = 1/A0 = a/2Si, ('i) 

is independent of b and would remain unaffected by shortening this distance 

as much as permitted by convenience of construction. 

The intensity I of the beam depends upon these dimensions of the colli- 
mating system in the manner 


a2 


SiSi' _ aSi' 

’ {a -b 6)2 ^ 2R{a ■+• b)^ iRR'(a -f b)'^ 


(5a, b) 


From (5a) it is seen that, with fixed resolving power in one diiection and fixed 
dimension normal to this direction, I has its greatest value, as regards its 
dependence on b when 6 = 0, and, as regards its dependence on a, when a = 6. 
If the resolving power is to be fixed in two dimensions, as, for example, would 
be the case with circular beams, (5b) shows that the intensity undergoes no 
variation with changes of the size of the collimating system, but it is inversely 
proportional to RR'. 

Under the first of these conditions the greatest intensity is obtained with 
the collimating system as short as possible and the sizes of the apertures de- 
termined by (4) and (1) to yield the required resolving power. 

The variation of beam-intensity with source-tube pressure is the next 
point to consider. The principles involved are not as clear in the case of 
atomic hydrogen beams as with other gases, for the degree of dissociation in 
the discharge tube depends, among other things, upon the pressure. With an 
incomplete understanding of discharge tube phenomena, considerations of 
this kind will be omitted and only the usual elements of the kinetic theory of 
gases will be taken into account. 

On this basis the number of atoms leaving the source aperture in the direc- 
tion of the beam is proportional to the pressure in the source chamber over the 
range of pressures for which ** molecular flow” subsists. This number is 
diminished by collisions over the path a ' , between the source and the entrance 
to the collimating aperture, by the factor where X is the mean free path 
in this region. Since the speed of the diffusion pump which is used to elimin- 
ate the excess gas from the region between the first two apertures is approxi- 
mately independent of the pressure, a constant ratio exists between the pres- 
sure within the source chamber {p) and that in the intermediate region, and X 
is inversely proportional to p. The intensity of the beam then varies with the 
pressure in the source chamber in the manner 

I = Ape-vl^^ (6) 

in which the constant pa is the pressure in the source chamber for which the 
intensity of the beam is a maximum. An expression of this form is in agree- 
ment with the observations on beam intensities in these experiments as well 
as with other published data, and with the apparatus used in these experi- 
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ments was found to be 0.3 mm. Corresponding to pQ, the intensity of the 
beam, from (6), is 

U^Ap.le. (7) 

From the above considerations it may be seen that p^ is proportional to the 
resistance of the source aperture, to the speed of the pumping system operat- 
ing between the source and first collimating aperture, and inversely propor- 
tional to the path a' of the beam in this region, while the constant A is 
proportional to the ratio of the number of atoms which have the direction of 
the beam to the total emission from the source, and inversely proportional to 
the resistance of the source aperture. To realize a large value of Jo, a high 
speed pump and large connecting tubes were used at the first stage, the path 
was made as short as possible by the use of an auxiliary collimating tube 
(Fig. 1), and the source aperture was tubular in shape to produce a favorable 
directional distribution of the emitted atoms. 



Fig. 3. Collimating system for 45° incidence. 

Insofar as the directional distribution of the atoms emerging from the 
source aperture is unaffected by changes in its dimensions, the resolving power 
can be increased without affecting the intensity by diminishing the dimen- 
sions of the source aperture and simultaneously increasing the pressure in 
the source chamber so that the total number of atoms which emerge from the 
source aperture remains unchanged. A change of this character should leave 
the number of collisions in the intermediate chamber unaffected, for there the 
free path depends only on the rate at which gas is flowing in from the source 
chamber. This consideration therefore leads to the conclusion that the intens- 
ity can be increased, with fixed resolving power in two dimensions, by di- 
minishing the size of the collimating system and simultaneously increasing 
the pressure in the source tube. 

The collimating systems (Figs, 1 and 3) used in these experiments were 
constructed along the lines of these principles except that, in the arrangement 
for normal incidence, it was inconvenient to place the crystal directly in front 
of the last collimating aperture. The important dimensions are included in 
the following table. 
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Diameter of source tube 
Length of source tube 
Diameter of first collimating tube 
Diameter of second collimating tube 
Distance {a') from source tube to first collimating tube 
Distance (a) from source tube to far end of second collimat- 
ing tube 

Distance (6) from end of second collimating tube to plate 
by way of specular reflection from the crystal at nor- 
mal incidence 

Distance {h) for 45° incidence 


0.65 mm 
1.3 mm 
0.67 mm 
0.18 mm 
1.0 mm 

24 mm 


9 mm 
10.5 mm 


Elimination of High Energy Ions from the Atom Beam 

One of the principal obstacles which stood in the way of the recording of 
intense patterns in the earlier work was the disintegration of the crystal sur- 
face by ion bombardment. Ions diffusing from the discharge chamber were 



Fig. 4. Electrical connections. 

subjected to a potential fall of the order of 5,000 volts between the center of 
the discharge and the observation chamber and some of these entered the 
beam and bombarded the crystal. The importance of their effect may be 
realized from the fact that, if unimpeded, the ion bombardment was sufficient 
to disintegrate the surface of the crystal in less than one minute to the extent 
of putting a stop to the regular reflection of atoms. The introduction of an 
electrode E (Figs. 4 & 1) to sweep the ions from the beam, materially im- 
proved the situation and exposures of three hours were feasible. There re- 
mained, however, a smaller number of neutral atoms of high energy in the 
beam which were formed in the first collimating tube by the neutralization of 
ions and these were not eliminated in this way. In the latest work, therefore, 
two additional precautions were taken. (1) The potential of the observation 
chamber was adjusted to be approximately the same as that of the center of 
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the discharge tube, so that ions diffusing from the source tube were accelerated 
as little as possible. (2) The remaining field between the center of the dis- 
charge and the entrance to the first collimating tube was made asymmetrical 
so that the ions were accelerated out of the line of the beam. The result of 
these precautions has been an almost complete elimination of the effects of 
bombardment with a resulting increase in the possible time of exposures to 24 
hours or longer and a corresponding increase in the intensity of the patterns. 
Fig. 4 is a diagram of the electrical circuit which was used to operate the 
discharge. A d.c. source of potential was supplied by a transformer and two 
kenetrons connected for half-wave rectification. This method of connecting 
the kenetrons had the advantage that the potential of the observation box, 
when adjusted to equal that of the center of the discharge, was close to the 
ground potential, and no trouble was experienced with leakage currents al- 
though the design of the apparatus made it inconvenient to insulate the box 
to withstand high voltages. To reduce the fluctuation of potential which took 
place during the cycle of alterations of the primary e.m.f., a condenser (C) 
having a capacity of 0.08 mf was used. A water resistance {K) served as a 
convenient potential divider and ballast resistance for the discharge. This 
was constructed of a series of four interconnected glass U-tubes, each 1.5 
meters in length and 5 mm in diameter through which tap water was continu- 
ously circulated. This resistance could be varied in any of its parts by the 
insertion of wires into the arms of the U^s, and it was adjusted so that no 
current was registered through the galvanometer (G). 

General Darkening of the Detecting Plate 

In the recording of faint patterns requiring long exposures it was neces- 
sary to exercise care to avoid a general over-all darkening of the molybdenum 
oxide detecting plate. A darkening of this character might have been pro- 
duced by any one of three causes. (A) Atomic hydrogen, dissociated in the 
source chamber, might have been diffusely emitted from the collimating tube 
after scattering from its walls, and these might have reached the detecting 
plate either directly or after other reflections in the observation chamber. 
(B) Atomic hydrogen might have been formed in the observation chamber 
itself by electrons which were emitted either photoelectrically from the walls 
of the observation chamber or thermionically from the crystal holder and its 
heating unit, and which attained high velocities in the fields which surrounded 
the electrode E and its lead wire. (C) The most important cause of over-all 
darkening was the reduction of the molybdenum oxide by molecular hydro- 
gen. This reaction can take place only if the molybdenum oxide is heated, but 
unless precautions were taken, the radiant heat from the crystal holder at the 
temperature used for degassing the surface of the crystal was sufficient to 
cause trouble. 

Unquestionably some trouble had been experienced from cause (A) but 
this was rendered negligible by plating the inside walls of the collimating 
tubes with platinum black so that scattered atomic hydrogen was adsorbed 
until recombination to molecular hydrogen took place. The effects of (B) and 
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(C) were almost eliminated by protecting the detecting plate with a metal 
shield which completely surrounded it except for a small opening close to the 
crystal through which the reflected atoms entered. (See Figs. 1 and 3.) The 
inside and outside walls of this shield as well as the interior walls of the obser- 
vation chamber were cleaned and freshly plated with platinum black before 
each exposure. To facilitate the cleaning of the interior of the observation 
chamber a copper lining was constructed which was easily removed, cleaned 
and plated. 

Photographic Technique 

The detecting plate consisted of either a "black-nickel” plated brass plate 
or a blackened photographic plate upon which was deposited a thin coating of 
molybdenum oxide formed by the oxidation of metallic molybdenum in an 
oxygen-gas flame. Since the blue reduced molybdenum oxide faded slowly 
when exposed to the air, the detecting plate was photographed as soon as 
possible after it was removed from the apparatus. The camera was of special 
construction and gave a 2.86 to 1 enlarged image. The plate was illuminated 
from the front by two 100 watt lamps placed beside the camera lens. To 
prevent fading of the pattern by reoxidation when exposed to the heat from 
these lamps, water filters were introduced between the lamps and the plate. 
A Wratten Aero No. 1 color filter was used in front of the camera lens to 
increase the photographic contrast between the white background and the 
blue pattern. The best reproductions of the patterns were obtained on East- 
man Process plates with their D-9 developer. 

Preparation of the Crystal 

The crystals of lithium fluoride were grown from a melt by the method of 
Kyropolus,^ which proved to be extremely siniple and satisfactory. These 
crystals are of the simple cubic lattice, and they are cleavable along the 100 
planes. From the lens shaped crystals which were grown in this way rectangu- 
lar blocks 2 mmX2 mmX4 mm were cut, the faces of which were parallel to 
the cleavage planes. During an exposure one of these crystal blocks rested in 
a grove in a copper holder of which two types were used to realize the desired 
orientations. These holders contained heating coils of tungsten wire wound 
on mica and imbedded in alundum cement. After all other adjustments had 
been made the crystal was cleaved and mounted, and as quickly as possible 
the apparatus was evacuated. Without further treatment the freshly cleaved 
surface at the start was generally found to give a weak specularly reflected 
beam of the order of 1 percent of the incident beam. An initial heating at 
500 C for about 3 min. with a subsequent cooling to room temperature in- 
creased the reflecting power to something of the order of 10 percent of the 
incident beam, but this again fell off in the course of an hour to very nearly 
nothing. If the temperature of the crystal was maintained steadily at about 
300 C its reflecting power was higher and it persisted for a much longer period 
of time, but it was still helpful to heat the crystal at SOOX for a few minutes 

^ Kyropolus, Zeits. f, anorg. allgemein. Chera. 154, 308 (1926). 
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at four or five hour intervals. With this procedure it has been possible to 
maintain a high reflecting power during 24 hour exposures with no apparent 
diminution. During the major part of the exposure it has been found best to 
maintain the crystal at as low a temperature as is possible without seriously 
interfering with its reflecting power, for at the higher temperatures, in addi- 
tion to difficulties introduced by the heating of the detecting plate, there 
was some troublesome diffuse reflection which might have arisen from either 
or both of two causes. (1) The roughening of the surface by thermal agitation 
may have produced a diffuse blurring of the regularly reflected and the dif- 
fraction beams. (2) Adsorbed hydrogen atoms may have been re-emitted 
from the hot crystal in the monatomic state, although at low temperatures 
these remained on the crystal surface until recombination to molecular hydro- 
gen had taken place. 

The best explanation which can now be given of the continually diminish- 
ing reflecting power at low temperatures is that vapors from the picein wax, 
which sealed the many joints leading into the reflection chamber, gradually 
condensed on the crystal surface. To minimize this difficulty the concentra- 
tion of this wax vapor was made as low as possible by the use of independently 
evacuated guard rings between the wax seals and the inside chamber. As 
further precautions against this vapor, a liquid-air-filled glass tube protruded 
into the observation chamber, and the inside walls were covered with an 
adsorbing layer of platinum black. 

The Diffraction Patterns 

For the purpose of demonstrating the principal features of the phenome- 
non of the diffraction of atoms, patterns were obtained by exposures with 
three different arrangements of the crystal and detecting plate. These will be 
referred to as (a) normal incidence (b) 45° incidence in the 110 azimuth and 
(c) 45° incidence in the 100 azimuth. In each case the patterns were those 
expected from the following two assumptions: (1) The distribution of wave- 
lengths in the beam was that calculated from the Maxwellian velocity distri- 
bution by the use of the de Broglie relation, and (2) The diffraction grating 
was made up of scattering points arranged on the surface in a plane square 
array with a spacing d equal to the value 2. 835 A obtained by x-ray measure- 
ments for the distance between two adjacent ions of the same type. The prin- 
cipal axes of this array lie in the 110 azimuths and the angular positions (^, B) 
of the diffraction beams with respect to these axes can be correctly calculated 
from the plane crovss-grating equations 

cos Bq — cos 6 = m\/d (8a) 

cos 4>q — cos 4> = n\/d (8b) 

in which m and n have the values 0, ± 1, etc. 

Of the patterns which have been recorded, the most complete is that repro- 
duced in Fig. 5 which was obtained with the crystal and the detecting plate 
arranged for normal incidence as is shown in Fig. 1. The specularly reflected 
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beam appears in the photograph at the center of the pattern superposed upon 
the hole drilled for the incident beam. The more intense dispersed branches 
of the pattern, which are reproduced in the vertical and horizontal directions, 
lie in the 110 azimuths of the crystal. These correspond to the four ways of 
assigning 0 and ± 1 to w and n in equations (8), and may be appropriately 
designated as (1, 0) beams. In addition to these, four other fainter beams are 
visible in the 100 azimuths corresponding to n= ±1, m = ±1. These will be 
designated as (1, 1) beams. The dispersion in these beams seems to be greater 
than that in the (1,0) beams as would be expected since these may be con- 
sidered as arising from a grating of the spacing The angular dimensions 

of the pattern may be judged from the fact that the distance from the crystal 
to the detecting plate, when increased in the ratio of the enlargement of the 
photograph, was 12.9 mm. 



Fig. 5. Diffraction of hydrogen atoms reflected at normal incidence from an Lit crystal. 
Fig. 6, Diffraction of hydrogen atoms reflected at 45° incidence in the 110 azimuth. 
Fig. 7. Diffraction of hydrogen atoms reflected at 45° in the 100 azimuth. 


A pattern produced by reflecting the beam at 45'^'^ incidence in the 111) 
azimuth is reproduced in Fig. 6. In this instance the arrangement of the crys- 
tal and detecting plate was that represented in Fig. 3. The (0, 0) specularly 
reflected beam again appears at the center of the pattern and the (1, 0) beams 
are now a straight line in the plane of incidence and a parabola symmetrically 
placed with respect to this line and intersecting it in the specularly reflected 
beam. If 9 designates the angles measured from the rows of ions which are 
parallel to the plane of incidence, and 0 those measured from the perpendicu- 
lar rows, then the beam which is dispersed in, the plane of incidence is repre- 
sented byw = -fl,^ = 0in equations (8). The two branches of the parabola, 
on the other hand correspond to m = 0 n= ±1. The straight branch in the 
plane of incidence on the lower side of the specular beam corresponding to 
^=—1,^ = 0 might have been expected to appear but the dispersion was such 
that the most probable wave-length fell below the plane of the crystal, and, 
on account of the greater dispersion in this branch and the paucity of the wave 
distribution in the region of short -wave-lengths, this branch was too faint to 
appear in the photograph. 

The (1, 1) beams in this case take the form of two hyperbolae intersecting 
in the specular beam but these were perhaps too faint to be distinctly visible 
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in the reprodurtion. Unquestionably they could be brought out more in- 
tensely if a special effort were made. 

The pattern at 45° incidence in the 100 azimuth (Fig. 7) was obtained with 
the same arrangement of Fig. 3, except that the crystal was rotated in its own 
p ane 45 from its former position. The plane of incidence was in this case 
parallel and perpendicular to the cleaved edges of the crystal so that the 

nf TS*" o?f intersected the plane of incidence at angles 

of 45 . The (1, 0) branches of the pattern now appear as the two hyperbolic 
intercepts with the plane of the detecting plate of the two cones, 0 = 60°, and 
^ - 60 The branches which lie above the specular beam are intense but those 
ying between the specular beam and the plane of the crystal, although visi- 
ble, are weak for the same reasons as were given in regard to the w = 0, m = - 1 
beam of Fig. 6. The (1, 1) beams in Fig. 7 should have the form of the (1, 0) 

beams of hig. 6 except for greater dispersion but these were too faint to ap- 
pear. ^ 


The Distribution of Wave-Lengths 

Assuming the Maxwellian law for the distribution of velocities of the 
atoms per unit volume in the beam, the distribution in wave-lengths of the 
intensity of the atom waves falling on the crystal as predicted by the de Brog- 

he relation is given by 


dl/d\ = 

in which Xo has the value hj {ImkTyD^ Xhe expected distribution of intensity 
along the path 5 of a branch of the diffraction pattern is calculable from ( 9 ) 
by the relation 


dl dl dK dd 
ds~ d\ ddTs 

dX/d0 may be obtained by differentiation of the grating equations (8) and 
dd/ds is calculable from the geometry of the arrangement. 

Since the intensity measurements were to be made with a densitometer the 
straight line patterns at normal incidence seemed at first sight to be the easi- 
est to manipulate. A comparison of these patterns with those obtained at 45° 
incidence however showed that the latter were less obscured by diffuse radia- 
tion and for this reason were less subject to errors. To combine this advantage 
with ease of measurement it was decided to use a pattern obtained with the 
ci\ stal oiiented for 45° incidence in the 110 azimuth and a slightly different 
arrangement of the detecting plate as shown in Fig. 8. With this arrangement 
branches dispersed along the periphery of the 45° cone appeared on the de- 
tecting plate as a cffcle (Fig. 9) and this form of pattern was easily measured 
with a Koch and Goos densitometer by the use of a simple attachment con- 
structed to give rotary motion. Besides its adaptation to measurement this 
pattern had two other great advantages. (1) All points of the circle were 
equally distant from the surface of the crystal and for this reason the general 
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darkening of the plate was distributed somewhat evenly. (2) The calculations 
were extremely simple and involved only the measurements of the angular 

positions on the plate. 


Fig. 8. Arrangement of plate holder for circular patterns. 

The grating equation (8b) in this instance reduces to 

cos = fiX/d 

and the measured angle of the circular pattern is related to ([> by 

cos (j) = sin \l/ sin 45®, 

from which 

dl/dil/ = 


Fig. 9. 

The angle t/'o of maximum intensity is found by equating to zero the deriva- 
tive of the right hand member of (13) and it is given by 

(2XoV^2 - 3)/8 + [{2'K,^/d\- 3)V64 + J]'/' (14) 

If it is assumed that the temperature of the source of the atom beam was 
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that of the water which circulated in a jacket surrounding the discharge tube® 
then 

= 2.835.4 

Xo2 = 3.13 X (10)~i®cm2 xPo = 32.7°. 

Intensity measurements were made from the photographic negatives. As 
regards the position of maximum intensity this method of measurement would 
have been independent of the plate calibration were it not for the fact that the 
pattern was superposed upon a background of variable intensity in spite of 
the advantages of the arrangement for overcoming this trouble. In order to 
correct the measurements for this background intensity the plate was also 
measured along the circumference of a circle of slightly different diameter 
from that of the diffraction pattern itself, and this set of measurements was 
applied to the first set as corrections. A calibration of the densitometer de- 
flection in terms of the intensity of an atom beam was obtained by exposing 
a separate plate in various places to the primary beam for successively in- 
creasing times so that a series of dark spots was formed which covered the 
intensity range of the patterns. This plate was photographed and developed 
under exactly the same conditions as pertained in the case of the plates which 
contained the patterns. Densitometer measurements then showed that the 
difference of the deflection produced by the center of one of the spots and that 
produced by the unexposed portions of the plate was very nearly proportional 
to the time of exposure of the spot. This fortunate coincidence led to the 
simple rule that the deflections of the densitometer could represent atom beam 
intensities if corrected by subtracting the deflection at an adjacent point of 
the background. Although this method of making intensity measurements 
cannot be regarded as possessing a high degree of reliability, as will be recog- 
nized by those familiar with the precautions necessary in ordinary photo- 
graphic photometry, yet it led to surprisingly consistent results in good agree- 
ment with what was expected for the angle of maximum intensity. Eight 
corrected sets of measurements from plates made from three different molyb- 
denum oxide originals gave a weighted mean value of = 31.6° with a prob- 
able error of 2.2° as compared with the calculated value of 32.7°. This ac- 
curacy probably speaks more for the uniformity of the background than for 
the method of calibration and correction, and it is felt that a more reliable 
calibration must be devised before the photographic method can be used 
satisfactorily for precise intensity measurements. 

Relative Intensities of the (1, 0) and (1, 1) Beams 

Measurements of the relative intensities in different orders of x-ray spec- 
tra have been applied® to a determination of the relative scattering powers of 
the different atom species in the crystal. It is of interest to attempt the 
same thing using the different orders in the atomic diffraction patterns. 

From the work of J. B. Taylor, Phys. Rev. 29, 309 (1927) this seems to be a reasonable 
assumption. 

® W. H. Bragg and W, L, Bragg, X-rays and crystal structure, page 187, et seq. 
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Because of the overlapping of the 1, 0 and 2, 0 orders these beams are not 
well adapted to this purpose until more homogeneous velocities can be used, 
but it is interesting to compare the intensities in the 1, 0 and 1,1 branches. 
In terms of the scattering powers U of the two ion types in the two directions, 
the ratio of the intensity of a (1, 1) beam of a particular wave-leiigtli to that 
of a (1, 0) beam of the same wave-length may be expressed, by the use of the 
principle ^f the superposition of amplitudes, as 


In/ho ^{Um+UiiLdViUiof-Ui,LdK ( 15 ) 


If the Z/'s are assumed to be spherically symmetrical functions of space, 
i.e., !7ii= UiOi the ratio Uf JUu can be determined from the measured ratio 
of intensities In/Iio. 

In making the intensity measurements one must take account of the fact 
that the beams are not homogeneous in wave length but they contain a distri- 
bution (9) which is more highly dispersed in the (1, 1) than in the (1, 0) 
branches. The maximum of intensity on the plate in the (1,0) branches of the 
normal incidence patterns should fall, according to these considerations, at a 
distance 5 from the central spot equal to 0.408 I, where I is the distance 
between the crystal and the plate. The calculated position of maximum in- 
tensity in the (1, 1) branches is at 5 = 0.589 L 

The ratio of intensities at these two points of maximum intensity is found 
from (9), (10) and (15) to be 


(Uu + V^y6,3iUu - I/f)^ 


The actual measurements carried out by means of the photometric technique 
described in the previous paragraph give a value of this ratio of about 1/6 
with the possibility of an error of 100 percent or more arising not only in the 
unreliability of the method of calibration but also from the faintness of the 
1, 1 branches. Although this inaccuracy of measurement renders a quantita- 
tive determination of Uu/Uf impossible, the assumption of spherical sym- 
metry of the U^s leads to a small value of this ratio. The same conclusion 
results from a consideration of the great intensity in the 1, 0 orders where the 
contributions to the amplitude from the two ion types is 180° out of phase. 
From these measurements It is not necessary to conclude that the scattering 
power of an ion is definitely less In the 1,1 direction than in the 1,0 direction 
as Estermann and Stern found from the extremely small intensity which they 
observed in the (1,1) beams, although this conclusion would be necessary if 
a more accurate determination of the ratio (16) leads to a value greater than 


Diffraction by a Secondary Lattice of Wide Spacing 

In addition to the spectra which have been described, arising from the sur- 
face array of ions, another type of spectrum of very low dispersion appeared 
on the plates. This type of spectrum was first noticed on a plate exposed at 
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45° incidence in the 100 azimuth where it appeared as a slight smearing of 
the specular beam in the plane of incidence. Later the same phenomenon was 
noticed on the plates exposed at 45° incidence in the 110 azimuth and in this 
case the spectra took the form of a blurred X extending out from the specular 
beam. These features may perhaps be distinguished in Figs. 6 and 7. An 
exposure at grazing incidence in the 100 azimuth increased the dispersion in 
this spectrum as shown in Pig. 10 but failed to separate the maximum of the 



Pig. 10. Secondary structure spectrum at grazing incidence. 

wave length distribution from the specular beam. It has been pointed out^ 
that this spectrum indicates the existence of a secondary periodicity on the 
crystal surface parallel to the 100 planes in agreement with the theory of 
Zwicky.® Work is now under way to increase the resolving power in this 
spectrum with the hope of measuring the constant of the secondary lattice. 

The WTiter wishes to take this opportunity to acknowledge his indebted- 
ness to Mr. C. K. Boyer and Mr. M. A. Roesch, both of the Drexel Institute, 
who have assisted in this work. 


^ T. PL Johnson, Phys. Rev. 37, 87 (1931). 

^ Zwicky, Helvetica Physica Acta III, 269 (1930). 
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Abstract 

Measurement of the intensity of scattering of x-rays by various gases has been 
made for scattering angles between 10° and 90°. Sober slits were insed to get a well- 
defined scattering angle and matched filters of Zr02 and SrO were used to isolate the 
Ka lines of molybdenum. Intensity measurements have been made for hydrogen, 
helium, oxygen, neon and argon. All the measurements were put on the same scale 
by comparison of the intensity of scattering from the various gases with the scatter- 
ing from hydrogen at 90°. This is equivalent to putting the intensities on an ab- 
solute scale since the scattering from hydrogen at 90° can be calculated with con- 
siderable certainty. Values of the structure factors for neon and argon were calcu- 
lated and comparison made with those determined from wave mechanics for similar 
atoms. 

Introduction 

I N VIEW of Compton’s^ recent theory for determining the electron distribu- 
tions in atoms from the angular distribution of intensity of x-rays scattered 
from monatomic gases it was thought desirable to get more complete experi- 
mental data. 

Barrett- in 1928 published data for the scattering of x-rays from most of 
the gases included in this paper. He measured the intensity as a function of 
angle but no attempt was made to get absolute intensity measurements. 

In the work reported here a more definite scattering angle has been ob- 
tained by the use of Soller slits, x-rays made homogeneous by the use of 
balanced filters have been used wherever the intensity permitted, and all the 
measurements have been put on the same scale by comparing the intensities 
from the various gases with that from hydrogen. This is equivalent to putting 
the intensity measurements on an absolute scale since the scattering from 
hydrogen at 90° can be calculated with considerable certainty. 

Apparatus and Procedure 

The set-up is shown in the diagram Fig. 1. A molybdenum target x-ray 
tube was operated at 40 kv peak and 35 m.a. with full-wave rectification. The 
tube was immersed in oil in a lead box fitted with a lead glass front. A small 
celluloid window within 2 mm of the tube transmitted the primary beam with 
only a small reduction in intensity due to the 2 mm of oil. This arrangement 

^ A. H. Compton, Phys. Rev. 35, 925 (1930). 

2 C. S. Barrett, Phys. Rev. 32, 22 (1928). Measurements of the relative scattering of hy- 
drogen and Argon have been made by Herzog but not with homogeneous radiation. G. Herzog 
Helvetica Phys. Acta 2, 169 (1929). 
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allowed the tube to be brought very near the spectrometer and the intensity 
was considerably greater than would have been possible with the tube in air. 

the intensities were measured with an ionization chamber and a Comp- 
ton electrometer with which currents of 5X10-^* amperes could be measured 
with a reproducibility of about five percent. 



Fig. 1. Arrangement; of apparatus. 


I he scat tering chamber is shown in Fig. 2. It was made from a brass tube 
5.5 inches in diameter, 3 inches high and having 1/8 inch walls. The top and 
liottom were 0.5 inch steel plates grooved and fitted with rubber gaskets and 



Fig. 2. .Scattering chamber. 


held in iiosition by three bolts as shown. The windows were of 0.7 mm cellu- 
loid 2 cm high. They were screwed down on rubber gaskets and picein wax 
used where it was found necessary. The base was fitted to the spectrometer 
table .so it could be removed and replaced without affecting the readings. The 
top contains a gauge, an oxygen tank connection, a needle valve for the cham- 
ber and a side tube for evacuating the chamber and the leads. The chamber 


864 


E. 0. WOLLAN 


was partially filled with sealing wax as shown in Fig. 1, and lined with lead. 
This cut the volume to about 250 cc and acted as a shield for the diffusely 
scattered x-rays. 

The chamber was found to be very satisfactory as pressures of 200 pounds 
were used with a leak of only a few percent per week and the corrections for 
scattering from the evacuated chamber were almost negligible. 

Reference to the diagram will show the arrangement ot the chamber and 
the slit system. Sober slits were used to collimate the primary as well as the 
scattered beam. These slits allowed a maximum angular divergence ot less 
than 2° in the horizontal plane. Slit Si was 3 mm wide and 1 cm high. Slit 
Si was I cm high and could be varied in width to 1.5 cm. Besides defining the 




Fig. 3. Transmission through ZrO^ and SrO filters. Fig. 4. High pressure mercury pump. 

scattering angle the second slit served the additional purpose of determining 
the scattering volume. With this slit remaining constant the scattering vol- 
ume was proportional to sin <^. The height of the slits Si and made the 
actual scattering angle slightly larger than indicated on the spectrometer 
circle. It was necessary to make correction for this on the readings between 
10° and 30°. 

The Ka lines of molybdenum were separated out by the balanced filter 
method.^ A filter of ZrOa containing about 0.025 gm per cm*-^ was balanced by 
a filter of SrO so that less than five percent of the radiation corresponding to 
the difference of these filters lay outside of the range between the K critical 
absorption edges of Zr and Sr. A curve showing the transmission by these 
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filters is shown in hig. 3. The shaded portion represents the difference of the 
transnussum hy the two filters. The filters were additionally tested by meas- 
uring the absorption coefficient of aluminum which gave a straight line when 
OR ( 0 / ) wa.s plotted against thickness. It is very important that these fil- 
ters be well balanced so that reliable corrections for absorption can be made 
wlicii clLniciiits iiru'on src compisrcscl witli oxy^6jni. 

Since .some of the gases were originally at atmospheric pressure it was 
necessaiy to construct a pump to put them into the chamber at the desired 
pressure, hig. 4 shows the construction of the pump. The cylinders were of 
seamless steel tubing with welded bottoms and top and connecting tube. The 
lest was constructed mainly from iron pipes and connections. The vertical 
pipe was cut through at two places and a glass tube waxed inside to make the 
mercury level visible. With waived closed and all the others open the system 



Fig. 5. Curve I hydrogen, Curve II helium. 


could be evacuated through valve D. Closing valve D and breaking the tip in 
the glass container by means of the electromagnet, the gas expanded into the 
upper cylinder of the pump. By closing valves C and F the gas could be 
forced into the scattering chamber by applying the oxygen tank pressure at 
valve £. With repeated pumping it was necessary to draw the mercury back 
into the lower container by applying the vacuum pump at F. 

Hydrogen 

The hydrogen used in this experiment came from a tank especially pre- 
pared and analysed by Burdett Oxygen Company and found to have less than 
. percent oxygen and CO 2 and 0.07 percent water vapor by volume After 
scattering measurements had been made on the gas the density was measured 
by weigiiing and no additional impurities were found to be present The 
scattering chamber connected directly to the hydrogen tank, was evaraated 
together with all the leads, flushed out several times and filled to about 200 
pounds pressure. It was then placed in position on the spectrometer table 
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and the scattered intensity measured from 10° to 90°. Even at 200 pounds 
pressure, however, it was necessary to use general radiation in place of the 
balanced filters. Curve I, Fig. 5 shows the scattering per electron corrected 
toX = 0.71A plotted against^. On the basis of the classical theory of scatter- 
ing the value of S^IJZI, for hydrogen would be unity at 90°. The fact that 
practically all the intensity scattered at 90° from hydrogen is modified will 
make the experimental value at this angle slightly lower than unity. The 
Breit-Dirac relation may then be used 

Sciass = *501011 ( 1 + 7 vers (1) 

Placing for 90° 5oi,.8s. = l, we have thus, .SsAmod. = (1+7 vers 90°)-®. For 
X = 0.71 A, 7 vers 90° = 0.0243, whence 5 = 0.91. 

The data included in table I are all based on a value of S for hydrogen 
equal to 0.91 at 90°. To get the classical values of S Eq. (1) must be used.* 


Table I. Scattering per electron, \—0.7lA. 


Angle 

Hydrogen 

Helium 

Oxygen 

Neon 

Argon 

10'^ 



8.05 

8.55 

13.90 

15° 

1.27 

1.45 

4.90 

6.87 

10.65 

20° 

1.10 

1.34 

2.96 

5.16 

8.50 

25° 

1,03 

1.27 

2.00 

3.85 

6.35 

30° 

1.00 

1.20 

1.72 

3.11 

5.23 

40° 

0.98 

1.08 

1.43 

2.04 

4.15 

50° 

0.97 

1.01 

1.15 

1.53 

3.32 

60° 

0.95 

0.97 

1.04 

1.32 

2.74 

70° 

0.93 

0.95 

1.02 

1.24 

2,28 

80° 

0.92 

0.92 

1.01 

I.IS 

2.10 

90° 

0.91 

0.91 

0.96 

1.06 

1.95 


In so far as the scattering per electron from hydrogen is known, the scattering 
from other gases can be put on an absolute basis by comparison with it. Since 
the intensity of scattering from hydrogen is weak and difficult to measure it 
was first carefully compared with oxygen which was then used as a secondary 
standard of comparison. 


* Equation (1) gives the classical value only when all the scattered radiation is modified. 
In the case of oxygen, neon and argon the unmodified radiation must also be considered. 
Comoton (ref. 1) has shown how the classical value of 5 can be crotten in this case. 


Comparison of Oxygen and Hydrogen 


Oxygen and hydrogen were compared several times at 90 ° using general 
radiation and pressures of about 200 Ib/sq. in. for both gases. This involves 
a large correction for absorption for an unknown wave-length. To make this 
correction the intensity of scattering was plotted as a function of pressure. 
The decrease in scattering per gm at 200 Ib/sq. in. over that at small pressures 
was taken as the absorption correction. 

Comparison of hydrogen at 200 pounds pressure with oxygen at 40 pounds 
pressure, taking account of the difference in pressure and making only a very 
slight absorption correction, gave results in very close agreement with those 
of the first method. 
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The hydrogen curve was corrected to a wave-length of 0.71A by a method 
shown by the curves of Fig. 6. The curves are: I, hydrogen with general 
radiation; II, oxygen with general radiation; and III, oxygen taken with 
X = 0.71A and arbitrarily fitted to the other oxygen curve at 90°. From these 
curves the intensity of scattering from hydrogen for X = 0.71A was deter- 
mined. 



Fig. 6. Curve I hydrogen (general radiation), Curve II oxygen (general radiation), Curve III 
oxygen (filtered radiation, X==0.71A). 

Helium 

The helium came in liter containers at atmospheric pressure and was in- 
troduced into the chamber by means of the mercury pump described above. 
The pressure used was about 115 Ib/sq. in. A number of sets of readings were 
taken and the intensity compared directly with hydrogen. The intensities of 
scattering from hydrogen and helium at 90° were found to be equal within the 
experiraentai error. Curve II, Fig. 5 shows the scattering per electron from 
helium corrected to X = 0.71 A in the same manner as for hydrogen. 

Ill introducing the helium into the chamber about 0.9 percent of air by 
volume entered as an impurity. This was found to be the case by measure- 
ment of the density after the readings had been taken. Correction was of 
course made for this and would not lead to any appreciable error because 
the scattering from air could easily be measured. The data for hydrogen and 
helium are in very close agreement with the results obtained by Barrett. 
Although he obtained no excess scattering from hydrogen his data only ex- 
tended to what corresponds to = 30° on the above curve. 
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Neon 

Neon was also obtained in liter containers at atmospheric pressure and 
was put into the scattering chamber with the aid of the mercury pump. 

The intensity measurements were made with filtered radiation and a num- 
ber of sets of readings taken. In order not to have to evacuate and refill the 
chamber repeatedly, a sheet of celluloid was used for an intermediate com- 
parison. Comparisons of the intensity from neon were made with the celluloid 
scatterer and then the chamber was evacuated and filled with oxygen and the 
comparisons with the celluloid scatterer again made. Corrections were made 
for the different absorption coefficients, and the results are shown in curve IV, 



Fig. 7. X=0.71A. Curve I hydrogen, Curve II helium, Curve III 
oxygen, Curve IV neon and Cur\'e V argon. 

Fig. 7. The scattering per electron from neon at 90° is very nearly that from 
oxygen. The neon curve begins to rise at larger angles than does the oxygen 
curve, a difference similar to that between hydrogen and helium. 

Argon 

The argon used in these measurements was obtained in a tank with about 
0.3 percent impurity. The chamber could be readily filled to any desired pres- 
sure directly from the tank. This gas, however, presented greater difficulties 
than the other gases since its absorption coefficient is so much larger. Fig. 8 
shows the relation between intensity and pressure for argon and oxygen. 
Curves I and II represent respectively the measured intensity from argon and 
oxygen; curves IV and III represent the values after correction for absorption 





scattering of X-rays from gases S69 


has been made. To make the corrections as small as possible and still get 
suifiicient intensity from both oxygen and argon pressures of about 40 to 50 
Ib/sq. in. were used. ' 

In the case of argon, the comparison of intensity with oxygen was done 
directly by taking a number of readings with one gas and then refilling the 
chamber with the other gas with the x-ray tube in operation during the proc- 
ess. Several of these comparisons were made and the pressures varied some- 
what to make the absorption corrections more certain. 

It is noticeable that in argon the scattering per electron is considerably 
larger than for the other gases. This would correspond to a greater electron 
density near the center of the argon atom. 


20 40 60 , 80 

Pressure (lb./5q.in.) 


Fig. 8. Curves I and II represent respectively the measured intensity from argon and oxygen 
curves. Curves IV and III represent the values after correction for absorption has been made. 


Errors 


The largest errors involved in measuring the scattering per electron would 
probably be those of comparing the scattering from one gas with that of 
another. In the case of the comparison of the intensity of scattering from 
hydrogen with that from oxygen the probable error from the mean was about 
1 percent. It is likely that there are other errors such as uncertainty of wave- 
length, measurement of pressure and corrections for absorption which would 
also amount to about 1 percent. This would mean that the scattering from 
oxygen would probably be correct to about 2 percent. In comparing neon and 
oxygen, considering the probable error already mentioned, the uncertainty 
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in the neon data would be of the order of 3 percent. In argon the large correc- 
tion for absorption would probably increase the uncertainty to about 4 or 5 
percent. In the case of hydrogen and helium the probable error of any point 
of the curve was about 2 percent. 

Structure Factor 

Calculation of the structure factors for neon and argon have been made 
from the relation given by Compton 

, 1/2 

( 2 ) 




where S is the classical value of the scattering per electron, Z is the atomic 
number and F the structure factor. The values thus calculated are given in 
Table II. In order to make comparisons between these data and the structure 

Table II. Structure factor. 


4> 

/ sin <f>/2\ 

Neon 

S class P 

Sclasa 

Argon 

F 

\ X ) 

10^ 

0.123 

8.55 

9.16 

13.90 

15.63 

15*^ 

.190 

6.87 

8.08 

10.65 

13.53 

20*^ 

.245 

5.16 

6.80 

8.50 

11.93 

25° 

.306 

3.86 

5.64 

6.36 

10.10 

30° 

.365 

3.12 

4.86 

5,26 

9.00 

40° 

.482 

2.06 

3.43 

4.17 

7.77 

50° 

.596 

1.56 

2.49 

3.35 

6.69 

60° 

.704 

1.37 

2.02 

2.79 

5. 84 

70° 

.808 

1.30 

1.80 

2.34 

5.06 

80° 

.90S 

i 1.26 

1.70 

2.18 

4.72 

90° 

.995 

1.17 

1.37 

2.05 

4.49 


factors calculated from crystalline reflection it is necessary to correct the lat- 
ter for the effect of thermal agitation which does not affect the intensity of 
x-rays scattered from gases. 

Some very interesting comparisons have been made by James and others^-® 
between the crystal reflection data at low temperatures and the structure 
factors calculated from Hartree’s wave mechanics solution of the charge dis- 
tribution in the K+, Cl~ and Na+ ions. Making temperature corrections and 
assuming the existence of zero point energy they get structure factor curves 
which are in good agreement with the theoretical curves. 

The values of Ffrom Table II are plotted in Figs. 9 and 10 together with 
F values from wave mechanics taken from the above mentioned papers. 

In Fig. 9 the solid line represents the F curve for Na+ calculated from wave 
mechanics and the broken line represents the F values for neon. From a con- 
sideration of equation (2) the reason for the apparently large inaccuracies in 

‘ R. W. James and Brindley, Proc. Roy. ’Soc. A 121 , 1S5 (1928). 

‘ R. W. James, I. Waller and D. R. Hartree, Proc. Roy. Soc. A118, 343 (1928) 
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the values of F when S is nearly equal to unity can be seen. For neon at (sin 
(?[>/2)/X= 1.00 an error of 2 percent in S gives rise to an error of 9 percent in F, 

A more significant comparison between theory and experiment is shown 
in Fig. 10. The curve represents the average of the F values for K+ and Cl~ 
determined from wave mechanics. The circles give the F values from Table 
11 for argon. The agreement is seen to be very satisfactory. 

As has recently been shown by Compton® a comparison of these data with 
that determined from reflection from a crystal of KCl and corrected to 0°K 
gives a good experimental check of the existence of zero point energy. 

Conclusion 

These data furnish a significant check of Compton’s recent theory of the 
intensity of x-rays scattered from gases and the use of these data for the 
determination of electron distribution in atoms. The agreement between the 
F curves of argon and those determined from wave mechanics and also from 
crystal reflection should give more confidence in the use of these methods for 
determining the distribution of charge in the atom. 

A comparison of the F curves determined by these three methods is also a 
further check on the existence of zero point energy. 

Calculation of the electron distribution curves from these data are now in 
progress. 

In conclusion the author wishes to express his appreciation to Professor 
A. H. Compton, who suggested this problem, for his continued assistance in 
its solution. 


A. H. Compton, Phys. Rev. 37, 104 (1931). 
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INTERACTION OF X-RAYS WITH BOUND ELECTRONS 

By Austin J. O’Leary 
Columbia University 
(Received February 28, 1931) 

Abstract 

I. Change of wave-length of scattered x-rays. A previous analysis of scattered 
x-rays in this laboratory by means of the double crystal spectrometer showed fine 
structure in both the unmodified and modified lines. These fine structure lines were 
interpreted as being due to absorption of an amount of energy equal to the binding 
energy of the electrons in the scattering substance. Since then, other experimenters 
have failed to observe this phenomenon in scattered x-rays. The earlier work has been 
repeated using measuring apparatus having greater stability and sensitivity but with 
experimental conditions for producing the scattered radiation as nearly as possible 
like those of the earlier experiments. No fine structure was found though a line of in- 
tensity greater than 10 percent of molybdenum Kai unmodified could have been de- 
tected. 

II. Change of wave-length without scattering. A change of wave-length ascribed 
to this type of phenomenon without scattering has been reported by B. B. Ray and 
R. C. Majumdar. A number of experiments have been performed in an attempt to 
detect a change of wave-length of this type due to partial absorption of molybdenum 
Kai and copper Kai ,2 characteristic rays in the K4evel of carbon. No indication of 
a modified line was found though a line of smaller intensity than that of the lines re- 
ported could have been detected. Two possible sources, other than a change of wave- 
length, are suggested which may give rise to lines of the type reported. 

1. Change of Wave-Length of Scattered X-Rays 

T^ISCUSSION. Spectroscopic analyses have in general shown that when 
monochromatic x-rays are scattered by matter, the scattered radiation 
consists of two wave-lengths.^ An unmodified line appears, having the same 
wave-length as the incident radiation and a modified line for which the wave- 
length separation from the unmodified is given by the Compton theory of 
scattering by free electrons and is 

SX = hfmc{l — cos 0) (1) 

where h is Planck's constant, m the mass of an electron, c the velocity of light 
and (p the angle of scattering. A theory of scattering by bound electrons was 
proposed by A. H. Compton^ in 1924. For the special case in which the recoil 
electron has zero kinetic energy, the theory predicts wave-length changes 
given by 


X2 



where X is the wave-length of the incident radiation and Xs the critical ab- 
sorption wave-length of the level from which the bound electron is ejected. 

A. H. Compton, X-Rays and Eleetrons, Chapt. IX. 
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An analysis of scattered x-rays in this laboratory by means of the double 
crystal spectrometer which gave greater resolution than was hitherto possible 
with the single crystal methods, gave results which indicated fine structure in 
both the unmodified^ and modified® lines. The change of wave-length for the 
fine structure lines found in the unmodified characteristic molybdenum 
Kai x-rays scattered at 90° by carbon, beryllium, and aluminum, agreed with 
that given by Eq. (2). In the case of beryllium, an ^^anti-Stokes” line was ob- 
served but no line in the position of Kai, Similar fine structure lines were re- 
ported in the modified radiation scattered by carbon at 155° and beryllium 
163°, the wave-length change being given by 

X2 

5X = hlmc{\ “ cos(l>) + (3) 

Xa — ' X 

except that using the estimated angle of scattering, the constant h/mc was 
found to be about 9 percent less than the theoretical value. These fine 
structure lines were no broader than in the unmodified in spite of the large 
divergence in (p. 

Since then, Ehrenberg,^ Coster,® and Kast,® using single crystal spectro- 
graphic methods failed to observe this reported phenomenon. More recently, 
the question of scattered radiation was investigated by Bearden,^ and Gin- 
grich,® using double crystal spectrometers without finding any indication of 
fine structure. Bearden analyzed copper Kai ,2 and silver Kai ,2 scattered by 
graphite and aluminum, and Gingrich, molybdenum Kai,^ scattered by gra- 
phite. They each observed the Kai,^ modified lines and found the wave- 
length separation from the unmodified to be accurately given by Eq. (1), the 
constant h/mc agreeing with the theoretical value within experimental error. 

About the same time, the author repeated the earlier work done in this 
laboratory using measuring apparatus having greater stability and sensitiv- 
ity but with experimental conditions for producing the scattered radiation as 
nearly as possible like those of the earlier work. A brief description of the 
experiments is given in the following. 

Apparatus and method. A double crystal spectrometer of the type devel- 
oped here, with both crystals set for first order reflection, was used to analyze 
the scattered radiation. Two slits, 43 cm apart, IS mm high, and 7 mm wide, 
defined the direction of the scattered beam with a third slit between the crys- 
tals. Power was supplied at 125 volts and 500 cycles to a three kilowatt oil- 
immersed transformer and the high potential current rectified by means of 
two kenotrons and a large condenser. The voltage was read on an electro- 
static voltmeter. 

2 B. Davis and D. P. Mitchell, Phys. Rev. 32, 331 (1928); D. P. Mitchell, Phys. Rev. 33, 
871 (1929). 

3 B. Davis and H. Purks, Phys. Rev. 34, 1 (1929), 

^ Ehrenberg, Zeits. f. Physik 53, 234 (1929). 

5 Coster, Nature 123, 642 (1929), 

» Kast, Zeits. f. Physik 58, 519 (1929). 

’ J. A. Bearden, Phys. Rev. 36, 791 (1930). 

^ N. S. Gingrich, Phys. Rev. 36, 1050 (1930). 
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The ionization chamber consisted of two aluminum cylinders, 10 cm long 
and 4 cm in diameter, one at positive and the other at negative potential, 
suspended inside a grounded brass box. The central collecting rods in each 
were connected together and to the lead from the insulated quadrants of the 
electrometer. There are thus two ionization chambers connected so that the 
ionization currents in the two are in opposite directions and tend to balance 
each other. The leak in each chamber due to natural ionization was almost 
zero. To minimize the irregularity in the electric field produced by the 
grounded case, an aluminum cap was placed over the end of each cylinder 
with a window 2 cm high and 1 cm wide corresponding to a similar pair of 
windows in the grounded case. The x-ray beam entered one window while in 
front of the other was placed a small radio-active source behind a shutter. 

The chamber was filled with methyl bromide to absorb the rays. 

The sensitivity of the electrometer was 11,000 mm per volt at 1 meter. 

The capacity of the system as measured with a string electrometer was 38 
e.s.u. distributed as follows: 10 e.s.u. each for the ionization chamber and 
electrometer with the remaining 18 e.s.u. in the shielded lead wires between 
the two. 

The method of measurement was as follows. The shutter was adjusted 
until the ionization current produced by the radium source just balanced that 
due to the background radiation. Rocking curves of the unmodified Kai ,2 
scattered rays were taken by timing the drift over a definite part of the scale. 

The width at half maximum of these curves was always between 20 and 25 
seconds. Then a careful search was made to detect the existence of any other 
lines by insulating the grounding key for a definite time, say 10 minutes, for 
each setting of the second crystal and noting the drift if any during that 
time. Compensation for large backgrounds is unsatisfactory but for the small 
amount of background radiation present in these experiments, the method 
proved quite successful. The stability of the system was remarkably good, 
the drift from the zero position never being greater than 3 divisions during the 
10 minutes for each reading. 

Scattering from carbon at 90°. A cylindrical tube 6.5 cm in diameter with 
a molybdenum target was placed just out of line of the slits so that no radia- 
tion scattered by the glass could pass through. The tube operated steadily at 
62 milliamperes and 45 kilo-volts. Both graphite and paraffin blocks were • 

used to scatter the x-rays and were placed along side of the tube so that the 
average angle of scattering was about 90° with a fairly large divergence. 

When paraffin was used, a stream of cold air was blown against it continu- 
ously to keep it from being melted by the heat from the tube. In no case was 
there any indication of a line other than the unmodified iTai . 2 lines though the 
method was sufficiently sensitive to detect a line of intensity greater than 10 
percent of the unmodified Koci line. With the radium source removed, read- 
ings were taken with and without the carbon, everything else remaining the i 

same. The ionization current was zero with the carbon removed , showing that | 

all the x-rays entering the ionization chamber came from the carbon. I 
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Carbon at 150°, beryllium 154°. A tube was built with molybdenum target 
and graphite scattering element inside as closely similar as possible to the 
tube used in the original investigation® of fine structure in the Compton effect. 
The focal spot was 5 mm wide and 9 mm long and faced a small graphite 
block supported about 2 cm from the center of the spot. This gave a large 
divergence in scattering angle, the average being about 150° with a plus or 
minus divergence of about 15°. A similar tube had a beryllium scattering ele- 
ment with an estimated scattering angle of 154° + 18. The anode in each tube 
was tilted sufficiently toward the scattering block to insure against any 
possibility of direct radiation from the molybdenum target and was out of 
line of the slits so that no radiation from the copper anode itself could come 
through. This was checked by a photographic method. Curves for the 
Ka\,i lines scattered by graphite were similar to those found for 90° scatter- 
ing, with n'o indication of fine structure. An unmodified line of very small 
intensity was observed from beryllium with no indication of an “anti-Stokes” 
line. A curve for the modified radiation was not taken in either case but a 
search was made in the position where the fine structure lines were originally 
observed without finding any indication of them. The modified radiation 
apparently formed a very broad hump as would be expected from the diver- 
gence in scattering angle. 

II. Change of Wave-Length without Scattering 

Discussion. A change of wave-length ascribed to this type of phenomenon 
has been reported by B. B. Ray* at zero angle of scattering, his conclusion 
being that a change of wave-length of x-rays on traversing matter does occur 
but without change of direction. He passed x-rays from a metal tube with 
tungsten filament through carbon soot and air and photographed the trans- 
mitted radiation with a Siegbahn spectrograph with calcite crystal. Besides 
the lines to be expected, several broad and diffuse lines appeared each time 
on the photographic plate and were interpreted as being due to a change of 
wave-length of the characteristic lines caused by absorption of an amount of 
energy equal to that necessary to raise an electron from the Z-levels of car- 
bon, nitrogen, and oxygen, to a higher level or remove them from the atom 
with zero velocity. Lines due to a similar absorption in the L-levels would be 
expected but could not have been detected with the apparatus. A variety of 
characteristic wave-lengths was used, all showing the same effect. R. C. 
Majumdar,** working in the same laboratory, has reported a similar effect 
due to partial absorption of characteristic x-rays in the li level of aluminum. 

The following considerations indicate the factors which are important in 
testing the existence of this phenomenon in the presence of continuous radia- 
tion. Suppose monochromatic radiation of frequency v, and intensity I, falls 
on a thickness of matter d. Assuming the particular type of absorption men- 
tioned above, the amount of radiation emerging from the matter with 

* B. B. Ray, Nature 125, 746 and 856 (1930); Nature 126, 399 (1930); Zeits. f, Physil; 66, 
261 (1930). 

fi, C. Majumdar, Nature 127, 92 (1931). 
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modified frequency v' — (v—vt) where vk is the critical absorption frequency of 
the i?-level, would be: 


kle- 





where /i is the linear absorption coefficient for radiation of frequency Pj p' 
that for radiation of frequency / and k the linear absorption coefficient for 
this particular type of absorption in the iC-level. The absorption due to 
modification of the frequency v' itself has been neglected. Taking 
which is approximately true, (4) reduces to 


r = ( 5 ) 

This is a maximum for d — Xjp which would be the optimum thickness to use 
if no continuous radiation were present but this is not the case in the experi- 
ments under discussion. The continous radiation is absorbed in the usual way 
though it is not affected to any extent by the type of absorption under con- 
sideration and if /i is the incident intensity of the continuous in the region of 
frequency then its intensity on emerging is Thus the ratio R, of the 

modified line to the background in its neighbourhood, which determines the 
contrast on the photographic plate is: 


R = UIIU (6) 

and is directly proportional to the ratio ///i and the mass of absorbing mate- 
rial. Conversely, knowing the amount of absorption produced by the absorb- 
ing material and the ratios //Ji and i?, one gets the ratio of the intensity of an 
observed modified line, or of one which might be observed, to the intensity o 
the incident radiation producing it. This is given by ^ 


V 

I 


1 





( 7 ) 


To test the existence of this phenomenon, the following requirements 
should be observed : 

(1) . The mass of material producing the effect should be as large as possible. 
This is, of course, limited by the time of exposure and the intensity of the 
radiation. 

(2) . The ratio J/Ji should as far as possible be a maximum. This is deter- 
mined for the most part by the operating voltage which should be high since 
the ratio increases with the voltage. Impurities in the target reduce this ratio 
and also extraneous scattered radiation if the plate is not properly shielded. 

(3) . To eliminate errors, photographs should be taken with and without the 
absorbing material in place before concluding that any lines observed are 
produced by its presence. 

When a fixed crystal method is used, with a single narrow slit to give re- 
solution and the x-ray beam having the necessary divergence in angle for 
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reflection of different wave-lengths, each wave-length comes from a different 
part of the target and errors may arise if the distribution of intensity over the 
target is not uniform. A pin-hole and a narrow-slit photograph of the target 
of one of the x-ray tubes with coil filaments used in this laboratory is shown 
in Fig. 1 ,and shows clearly the image of the filament coils on the target 
Similar photographs of the targets of many other tubes were taken and 
showed widely different patterns, the particular distribution of intensity 
depending on the shape and position of the filament, filament cup, and anode. 
In no case was the distribution of intensity uniform. After reflection of the 
x-rays from a crystal, the characteristic lines appear on a background having 
the same pattern as that given by a narrow slit photograph of the target. If 
the distance from the narrow slit to the photographic plate is short enough, in 
comparison with the distance to the target, lines, not much broader than the 
characteristic lines, might appear on the plate and be erroneously interpreted. 
The tube used by Ray was of the heated filament type and it is possible that 
the lines observed by him, in every case broad and diffuse, were really due to 
lines in the target which accidentally appeared in a position where they might 
be given the interpretation he gave them. Also if the narrow slit is not close 
to the crystal, each wave-length is reflected from a different part of the crys- 
tal and there is the possibility of error due to imperfections in the crystal face. 
No sta.tement was made as to whether or not photographs were taken with 
and without the absorbing material in place or other precautions taken to 
eliminate the possibility of such errors. 

In the discussion Ray has assumed, without explaining how he arrived at 
the figure, that the intensity of the new lines, as compared with that of the 
primary, is only of the order of one in 400 or 500. However his photographs 
show that the intensity of these new lines above the background is at least as 
intense as the background (i.e. R>1) and since the ratio of the intensity of 
the primary line to the background (I//i) is not likely greater than 50 Eq (7) 
requires that the amount of absorbing material must have been sufficient to 
absorb 90 percent of the incident rays. The mass of absorbing material has 
not been given but it is unlikely that the amount of nitrogen and oxygen in 
which the rays were absorbed, was sufficient to produce this amount of aLorp- 
tion. In such case, the intensity of these lines, as compared with that of the 
primary , would be greater than that given above. 

The experiments described in the following were carried out in an attempt 
^ of wave-length of this type due to partial absorption of 

^rbon^^"^”^ copper JTai , 2 characteristic rays in the iC-level of 

Absorption of molybd^eaum in carbon. The change of wave-length 

bv considered was given 

by For molybdenum JFai absorbed in the carbon iT-level this change 

would be about IIX.U. The modified wave-length would hLeft^cS 
angle from a calcite crystal 6.5 minutes greater than MoiTai. 

An x-ray tube with molybdenum target, thin glass window’, and line focus 
was operated at 25 milliamperes and 52 kilovolts peak voltage. Two sHts; 
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0.05 mm wide and 76 cm apart, defined the x-ray beam. A calcite crystal 
mounted on a spectrometer table with a crystal rocking device reflected the 
rays to a photographic plate, placed at a distance of 2.4 meters and carefully 



Fig. 1. Pinhole and narrow slit photograph of the target of an x-ray tube with coil filament 
showing the image of the filament coils on the target. 


shielded from scattered radiation. This formed a system with high resolving 
power. The Kai and Ka^ lines were separated by a distance of 3.5 mm on the 
plate. Compressed lamp black was used to absorb the x-rays and was placed 



Fig. 2. Photograph taken with molybdenum target, carbon absorbing material and crystal 
rocking device to reflect radiation in the neighborhood of a line which w'ould be produced if 
MoKai were partly absorbed in the iT-level of carbon. 

Fig. 3, Microphotometer curve of one of the plates similar to that shown in Fig. 2. 
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in front of the slit nearest the tube. It was found experimentally that the 
lamp black absorbed 85 percent of MoKai and that the ratio I /Ii was 57. 

After the crystal had been’ adjusted and the positions for reflection of Kai 
and Ka^ carefully determined, the method of procedure was as follows: With 
the carbon in place, short exposures of Kai and Ka^ were taken to give two 
reference lines on the plate. Kai was usually exposed for about 15 minutes 
and Ka<i 30 minutes so that the two lines would have approximately the same 
intensity. The crystal was then turned through an angle of 6.5 minutes from 
the setting for Kai and the crystal rocking device set so that the crystal was 
rocked over a range of 4 minutes, covering 2 minutes on each side of this 
central position. Exposures were then taken for periods between 65 and 95 
hours. 

One of the photographs is shown in Fig. 2. The plates were projected on a 
screen under high magnification and microphotomet:r curves of two plates 
were taken but in no case was there any indication of a modified line. One of 
the microphotometrr curves is shown in Fig. 3. A line of intensity 50 per- 
cent greater than the intensity of the background could easily have been ob- 
served. By Eq. (7), the intensity of such a line, as compared with that of the 
incident primary radiation, is one in 750. 

The double crystal spectrometer was also used in a search for this modified 
wave-length. Direct radiation from a molybdenum tube, operating at 7 
milliamperes and 37 kilovolts, was passed through the compressed lamp black. 
The ratio I/h in this case was 75 and a line of intensity 15 percent greater 
than the continuous radiation could easily have been detected but no indica- 
tion of such a line was found. In this case then, the intensity of a line that 
could have been observed as compared with that of the primary is, by equa- 
tion (7), one in 3000. 

Absorption of copper Kai ,2 in carbon. The change of wave-length pre- 
dicted for copper Kai, undergoing this particular type of absorption in the K- 
level of carbon, is about 55 X.U. and the reflection angle from a calcite crystal 
for this modified wave-length would be 33 minutes greater than for Kai. In 
this experiment the crystal rocking method was not used. Pin-hole and nar- 
row slit photographs of two tubes with copper targets showed them to be un- 
suitable for a fixed crystal method. One target however showed a band of 
uniform intensity which was suitable for the purpose provided the rest of the 
target was blocked out. This was done by means of two slits 20 cm apart. 
The slit nearest the lead box was 0.04 mm wide and the width of the other 
slit and the position of the tube, were adjusted until the radiation coming 
through formed a beam of uniform intensity with a divergence of about 44 
minutes. 

The tube was operated at 30 milliamperes and 52 kilovolts peak voltage. 
The carbon used was a uniform slab of graphite of a thickness which absorbed 
70 percent of the Ka rays. It was interposed in the beam at the slit nearest 
the tube. The photographic plate was placed 75 cm from the crystal and 
was carefuly shielded so that no radiation could strike it except that from the 
crystal. 
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The central positions of the crystal for reflection of and Kai,^ were 
determined. Then with the graphite in position short exposures were taken 
of and Kai ,2 and a 24-hour exposure taken with the crystal set at an angle 
33 minutes greater than the central position for reflection of Kai. Photo- 
graphs were also taken without the graphite in place and were exactly similar 
to those taken with. In no case was there any indication of a line. The 
method was however not entirely satisfactory since each wave-length was 
reflected from a slightly different portion of the crystal and the band on the 
plate was somewhat patchy due to imperfections in the crystal face. One of 
these photographs is shown in Fig. 4. 



Fig. 4. Photograph with carbon absorbing material and fixed crystal, using the radiation 
from onb^ that portion of a copper target which gave uniform intensity. Narrow slit was 25 cm 
from crystal. 

Fig. 5. Photograph similar to that shown in Fig. 4 except that narrow slit was 

close to crystal. 

This objectionable feature was eliminated from the next set of photo- 
graphs. The slit* nearest the tube was reduced in size to 0.04 mm. In order 
that the divergence in angle from the small portion of the target giving uni- 
form intensity, be large enough to give a band of the desired width on the 
photographic plate, the distance between slits was reduced to 5 cm and the 
tube moved up as close to the opening in the lead box as safety would permit. 
The width of the slit nearest the tube, and the position of the tube, were ad- 
justed until the radiation coming through was only that from the portion of 
the target which gave uniform intensity. The short distance between slits 
made this difficult but it was finally accomplished.’ The divergence in angle 
of the beam was this time about 28 minutes. Each wave-length was reflected 
from closely the same part of the crystal and conditions were very favorable 
for observing a modified line. 

Photographs were taken with and without the carbon in place as an added 
precaution against error, the time of exposure varying between 20 and 35 
hours. One of the photographs is shown in Fig. 5. A microphotometer curve 
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of the band on the same plate is shown in Fig. 6. In every case the band 
was perfectly uniform with no indication of a line. A line of intensity of the 
order of one in 800, as compared with that of the primary , could easily have 
been detected. 

Another set of photographs was taken using the radiation from the 
whole target. The distance from the narrow slit to the tube was small enough 
in comparison with the distance to the plate that any lines in the focal spot 



Fig. 6, Microphotometer curve of band on plate shown in Fig. 5. 


would appear broad enough on the plate that they would not be confused with 
the characteristic lines. One of the photographs is reproduced in Fig. / . On 
the original, three broad and diffuse lines can clearly be seen in the position 
marked X due to lines in the focal spot which might cause error, were not 
their true origin known. The tungsten lines are due to evaporation from 
the filament and the nickel lines from the nickel used in spot welding the 




Fig. 7. Photograph taken with fixed crystal, no absorbing material, and narrow slit close 
to crystal, using radiation from the whole copper target. Three broad and diffuse lines due to 
lines in the target are marked by an X. 


filament cup. Photographs were again taken with the carbon absorbing 
material in place and showed no indication of a modified line due to absorp- 
tion. 

III. Summary of Results 

An analysis, by means of the double crystal spectrometer, of characteristic 
molybdenum Ka\ x-rays scattered by carbon and beryllium, has failed to show 
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the existence of fine structure lines due to absorption of an amount of energy 
equal to the binding energy of the electrons in the scattering substance. The 
method was sufficiently sensitive to detect a line of intensity greater than 10 
percent of molybdenum Kai unmodified. This is in agreement with the re- 
sults of all other experimenters since the fine structure was first reported. 

An analysis of x-rays transmitted through carbon has failed to show a 
similar change of wave-length without scattering, as certain lines observed 
by Ray and Majumdar were interpreted. For molybdenum Kai absorbed in 
carbon, a line of intensity of the order of 1 in 750, as compared with the inten- 
sity of the incident primary radiation, could have been detected with the single 
crystal method, and a, line of the order of only 1 in 3000 with the double crys- 
tal spectrometer. For copper irai ,2 absorbed in carbon, a line of the order of 
1 in 800 could have been detected. In discussing his results, Ray assumed that 
the intensity of the new lines as compared with the intensity of the primary, 
was of the order of 1 in 400 or 500. Thus the present experiments were 
sufficiently sensitive to detect a line of considerably less intensity. Two 
possible sources are suggested which may give rise to lines similar to those 
observed by Ray and ascribed to this absorption phenomenon. 

In conclusion, the author wishes to express his indebtedness to Professor 
Bergen. Davis for his interest in this work and for full privileges in his labor- 
atory, and to the authorities of Columbia for a University Fellowship. 
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PHOTOELECTRIC PROPERTIES OF COMPOSITE SURFACES 
AT VARIOUS TEMPERATURES AND POTENTIALS 

By Dimiter Ramadanoff 

Department of Physics, Cornell University, Ithai’a, New \ ork 
Abstract 

Experiments designed to determine the variation of photoelectric current with 
temperature and plate potential for barium photoelectric cells are descrilied. f he tech- 
nique used in making the cells is also given. A new method, emplo\inp; int(.*rrupted 
illumination, a transformer coupled amplifier and a cathode ray oscillography, is de- 
veloped for measuring the photoelectric current. In this way the 1 herminna: current 
and currents of slow response are completely eliminated and only ihe a.c. component 
of the photo-current is amplified. 

Experimental results. With constant plate voltage tlie pliotoelectrii* current in- 
creases gradually with temperature and at about 60WC is nearly twice as large as the 
current at room temperature. As the temperature however is raised from OObH’ to 
750°C the increase in photoelectric current for steady illumination is lOb fold while for 
interrupted illumination it is only 17-fold. The smaller increase in t lie latter case may 
be explained in view of the elimination of all sluggish currents tiroduced b\' light in 
some secondary w'ay. While the two curves for steady and interrujiti'd dlummat ion 
are similar in appearance, the latter has a maximum at 560“(.' which resembdes very 
much a resonance peak. 

The increase or decrease in photoelectric sensitivity with temiieralure for com- 
posite surfaces consisting of barium and oxygen on platinum may be explaincfl by the 
diffusion of barium or oxygen on the surface. The increase in saturation voltage of ilie 
potential-current curves with temperature may likewise be explainefl l/y tm increase in 
the contact potential brought about by a change in the work furictiom 

Introduction 

^HE variation of photoelectric current with leniperaturt* bir Inith oxides 
and pure metals has been studied by a nuinlier of in\'(‘stigaioi>. Mer- 
ritt^ found that the photoelectric current olitained l>y illuminai iivg- tlie oxide- 
coated filaments of Western Electric audion bulbs increased in sonu* instances 
1400 times as the temperature of the filament was raised from that of the 
room to dull red heat. Large increases of photoeletarii' (mrrent with tmn- 
perature for filaments coated with various oxides were also reported by Kop- 
pius,2 Crew,'^ Bergerd Newburyd and others. Similarly for jmre metals Du 
Bridge^ and Warner’’ using platinum and tungsten res|)ect ively ha\'e measure<I 
an increase in the photoelectric current with temperature. In all of these 

1 E. Merritt, Phys. Rev. 17, 525 (1921), 

- 0. Koppius, Phys. Rev. 18, 443 (1923), 

2 W. H. Crew, Phys. Rev. 28, 1265 (1926). 

^ C. E. Berger, Phys. Rev. 34, 1566 (1929). 

•* K. Newbury, Phys. Rev. 34, 1418 (1929). 

® Du Bridge, Ph3's. Rev. 29, 451 (1927). 

^ A. H. Warner, Phys. Rev. 33, 815 (1929). 
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instancCvS however, both the oxide-coated and the pure metal filaments were i 

poor photoelectric and good thermionic emitters and consequently a number 
of difficulties were encountered. The photoelectric current at room tempera- 
tures was small, while at the higher temperatures the thermionic current was 
large and in most cases masked the whole photoelectric phenomenon. More- 
over in the investigations referred to the photoelectric current was measured 
with no regard to time response, for which Lawrence and Beams^ have re- 
ported a value of 3X10““‘^ second. Sluggish currents which may have been 
present with the photoelectric current are attributed to the true photo-cur- 
rent. In this connection Bodemann,'-^ who has studied the photoelectric emis- 
sion from filaments coated with the oxides of Ba and Ca at various tempera- 
tures, has named the increase in photoelectric current with temperature 
“addition current.” This “addition current” he explained as due to the action 
of light on the negative space charge adjacent to the cathode. According to | 

this view the “addition current” is to be regarded as nothing else than an 
increase in the thermionic current. Such currents however should be expected 
to have considerable time lag and are hardly to be regarded as true photo- 
electric currents. 

The present investigation was undertaken for the purpose of studying 
the variation of the photoelectric current with temperature for barium photo- 
electric cells with both continuous and interrupted illumination. The barium 
cells were constructed in a manner similar to that described by Case.’^^-^^ It 
was felt by the author that the barium cells were particularly suited for the 
study of the above mentioned phenomena not only because they were re- 
markably sensitive to ordinary visible light, but also because Case^^ has al- 
ready observed a 100-fold increase in the photoelectric current as the tem- 
perature of the cell was raised to just under dull red heat. The determination 
of the variation of the photoelectric current with temperature with and after 
eliminating all sluggish currents with rapidly interrupted illumination and 
proper filter circuits, forms the chief endeavour of this investigation. 

Apparatus 

a. Vacuum system. The vacuum system consists of two liquid air traps, 
a two-stage mercury difi'usion pump and a Cenco oil pump. No stopcocks 
were used on the high Vcicuum side. The McLeod gauge which was made 
entirely of glass is sealed between the liquid air traps and the mercury diffu- 
sion pump. The high vacuum side was made as short as possible with tubing 
of large diameter. Pyrex glass was used for the whole system and for con- 
venience it was mounted on a rigid metal frame. This latter arrangement per- 
mitted a complete torching of the entire high vacuum side before the photo- 
electric cells were made. 

" Lawrence and Beams, Phys. Rev. 32, 478 (1928). 

^ E. Bodemann, Ann. d. Physik 3, 614 (1929). 

T. W. Case, Phys. Rev. 17, 398 (1921). 

n T. W. Case, Proc. Am. Electrochem. Soc. 39, 423 (1921). 
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b. Photoelectric cells. In the experiments to be described later several 
cells of slightly different construction were used. The most photoelectric 
typical cells are shown in Fig. 1 and Fig. 2. The glass of the cell in Fig. 1 is 
made of Pyrex and quartz joined together by means of a graded seal. No 
cement joints were used at any time with the photocells. In this particular 
cell the anode F consists of an oxide-coated Western Flectric filament which 
was spot-welded to two tungsten leads. A thin platinum strip P , about 3 mm 
wide and 2.5 cm long, was similarly welded to another pair of tungsten leads, 
and served as cathode. These latter leads were made of two different sizes of 
tungsten wire. The finer leads were so selected as to reduce the cooling at the 
ends of the platinum strip which was heated by passing a current through it 



Fig. 1. Diagram of photoelectric cell made of Pyrex and quartz joined with a graded seal. 



Fig. 2. Photograph of a typical photoelectric cell made entirely of Pyrex glass. 

from a storage battery. Provision was made to measure the potential drop 
across the platinum strip in order to determine its temperature. For this 
purpose two fine platinum filaments were welded across the plate and the 
center pair of tungsten leads. All tungsten wires were sealed directly through 
the Pyrex. 

No efforts were spared in thoroughly outgassing the cells before the photo- 
sensitive material was deposited. Three electric ovens were used to bake out 
p:>hotocells together with the traps and the few centimeters of adjoining tubing. 
The temperature of the ovens was kept constant at 550°C for more than 24 
hours. In the meantime the McLeod gauge and the remaining glass on the 
high vacuum side were thoroughly torched. During the bake out, the fila- 
ment F and the plate P were heated several times to yellowish-red colour. 
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Se'cdr WhiTe if f 'I-O” getting into 

r , , ■ , ® the cell and the trap next to it were kept at 5S0°C, the oven 

appl ed to the next trap, and finally the oven of the cell was removed. In 
making some of the cells a charcoal trap immersed in liquid air was used next 
to the cel to improve the vacuum still further. In most cases howevt the 

Wi^h all these precautions taken, the pressure was not greater than 10-^ mm 

During the process of making the photoelectric cells the functions of the 

lOOXrr Z ""’J ^ a temperature of lout 

, ^ ^ thermionic current. At the same 

time the platinum strip P is used as anode and its potential with respect to the 
filament is gradually increased to 400 volts or more. For several minutes the 

lXrdr“'’>Tfi as the filament is “activated” or 

and fiLlnT; thermionic current increases greatly and the plate voltage 

limitedTn f ""til the emission currentl 

vol ffor vn " fii ^ P'"te voltage from 200 to 700 

volts for various filament temperatures a condition is finally reached when 

n or both begin to evaporate from the filament and deposit 

whiclS a thin layer of de^sit 

tivltnl appearance. The plate so coated is remarkably sLsi- 
e to light and is used as the emitter of photoelectrons, while the filament 
serves as collector. That the evaporated material is barium and oxygen on 

that meTal^T work of Beckeri^ who found 

thf^r evaporates from an activated oxide-coated filament if 

foundXTor'' the emission current is small. He also 
tfiA • • evaporates if the temperature is high enough and if the 

themiomc current is limited not by space charge but by emissiL Since the 
conditions under which the photoelectric cells wire made ^rZpond ^tho e 

s?ns iX consecutively. In such a case one would expect the 

the ^ the thermionic emission, with 

tive position of barium and oxygen with respect to the platinum As 

will be seen later this seems to be the case in most of the experiments H tte 

ZtT f the cell to a very hLh 
temperature barium oxide evaporates. A cell which was made in this wav 
gave no measurable current with the sensitive galvanometer in use. ^ 

At the present time there seem to be two different opinions as to thp 
mechamsm of production of barium from an oxide-coated filament. One vUw 
maintains that the oxide dissociates by a thermal reaction, while the other 
view favors Re production of barium through electrolysis ;>f the oxide In 
t IS connection it may be of interest to mention that a photoelectric ceil can 
be made by merely heating the oxide-coated filament i.e. without applying 

J. A. Becker, Phys. Rev. 34, 1323; (1929). ' ' 
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any voltage. Under this condition however the “breaking down” of the fila- 
ment is rather slow and the temperature to which the filament should be 
heated is much higher. The result is that mostly barium oxide evaporates and 

the cell SO made is rather insensitive to light. 

The filaments of most of the photoelectric cells were coated with oxide by 
rubbing barium nitrate crystals on a red hot platinum-iridium ribbon, or by 
dipping the ribbon several times in a solution of barium nitrate. These fila- 
ments were more desirable than the commercial type because the oxide 
coating consisted mostly of barium oxide with traces of strontium and calcium 
oxides. The photoelectric cells which were made with these filaments were 
sensitive, not only to the ultraviolet light but also to visible light. This latter 
feature was particularly desirable because it made the use of the quartz mer- 
cury arc unnecessary. 



Fig. 3. Disk used to interrupt the light falling on the photoelectric cell. 

It was found best to make the photocells after they are sealed off. If a 
cell is made while on the pumps its sensitivity decreases considerably in the 
course of time. This shows how detrimental traces of gases are to the sensi- 
tive material. 

c. Source of illumination. As already mentioned the cells which were 
made with the Western Electric oxide-coated filaments were sensitive only to 
the ultraviolet light and therefore a quartz mercury arc was used for a light 
source. In all cases the total radiation from the light was allowed to fall on 
the cell. The intensity of the light remained remarkably constant after the 
lamp had reached its operating temperature. 

For a detailed description of the disk, the amplifier and their use in connection with the 
photoelectric cells and the cathode-ray oscillograph see: Method of Studying the Effect of 

Temperature on Photoelectric Currents,” D. Ramadanoff, R, S. 1. 1, 76S (1930), 
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For the interrupted illumination^* an incandescent lamp was used. The 
filament of a 500- watt projection lamp was focused on the platinum strip of 
the cell. Between the cell and the source were situated a water cell, a shutter, 
and a revolving disk. The disk shown in Fig. 3 has twenty holes around its 
periphery. The shape of the holes is of the form y=sin*x. It is easy to see 
that the light passing through these holes, as the disk revolves at constant 
speed,will vary sinusoidally and will give approximately a sinusoidal photo- 
electric current superimposed on a d.c. current. Each hole of the disk gives 
a complete cycle of the a.c. wave. 

d. Measuring instruments and method. The photoelectric current was 
measured with two different sets of apparatus both of which are shown dia- 
grammatically in Fig. 4 and Fig. 5. Two galvanometers having current sensi- 
tivities of 2.96 X10~^* and 3.4X10“® respectively were used. The difference 
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Fig. 4. Circuit diagram of photoelectric cell and galvanometer used to measure the current 

produced by steady illumination. 

in the galvanometer deflections obtained with the light on and off were re- 
corded as true photoelectric currents. In most cases the thermionic current 
was not balanced because the photoelectric current was large and was read 
with no difficulty. One of the photoelectric cells which was used in the ex- 
periments gave 0.592 \ia saturation current with the plate cold, when the 
light from 150- watt lamp was focussed on the cell. It is evident from the brief 
description of the circuit that with the galvanometer only the total current 
due to light can be measured. Sluggish currents which may be due to light 
in some secondary way cannot be distinguished from the true photocurrents 
which are characterized by a very short time response. 

The circuit in Fig. 5 was designed to eliminate the thermionic current and 
any sluggish currents which may be present, and to amplify only the true 
photocurrents.^® After two stages of amplification the current is impressed on 
one pair of plates of a ^^Bedell-Reich Stabilized Oscilloscope,” a visual cath- 
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ode-ray oscillograph. The deflections of the cathode spot indicate on the 
fluorescent screen. not only the wave shape of the current but also its magni- 
tude. From measurements of the amplitude of the voltage wave the photo- 
current can easily be determined. A photograph of the a.c. wave as it ap- 
peared on the screen is shown in Fig. 6. In this particular case a disk with cir- 
cular holes was used and therefore the wave shape of the photoelectric current 
is not sinusoidal. 



Fig. 5. Circuit diagram of photoelectric cell, amplifier and cathode-ray oscillograph used to 
measure the current produced by interrupted illumination. 

The temperature of the photoelectric material was varied by passing va- 
rious currents through the strip. By measuring the potential drop across the 
platinum strip, it was possible to determine its change in resistance and 
therefore its temperature. At the higher temperatures an optical pyrometer 
was used as a check. During the photoelectric measurements the heating cur- 

wv 

Fig. 6. Photograph of a.c. wave as it appeared on fluorescent screen. 

rent was not interrupted since it was found that the oscilloscope deflections 
were the same whether the heating current was on or off provided that the 
temperature of the strip did not change when the photoelectric current was 
measured. The Ovscilloscope was particularly useful for eliminating this diffi- 
culty since the response of the cathode spot is practically instantaneous. 
Such an observation would have been impossible with the ordinary galvano- 
meter or electrometer. It is of interest to notice that this result is contrary 
to the hypothesis of Shenstone^^ who suggested that the change in photoelec- 

A. G. Shenstone, Phil. Mag. 45, 918 (1923). 
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trie sensitivity was due to changes in the metal which were produced by the 

current flowing through it. ' 

Experimental Results 

A. MEASUREMENTS MADE WITH GALVANOMETER*^ 

a. Potential-current saturation curves. Fig. 7 shows the variation of pho- 
toelectric current with potential applied between the electrodes when the 
light mten^ty is kept constant and the photoelectric surface is at room tem- 
perature. The low saturation potential and the reproducibility of the photo- 
electric current with both increasing and decreasing potentials is typical of all 
photoelectric cells used in the experiments. This latter feature is clearly in- 
dicated on the curve with large and small circles, the large circles being used 
for increasing potentials.** It is also easy to see from this curve that the 



^ /o 20 50 40 JO io 70 80 

POTENTIAL IN VOLTJ 
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Dosbr^^^'f ''' be expected of a cell with a com- 

voS whlrr-^' k” ® the plate potential was increased to 300 

volts which IS about 40 times the saturation potential and produces a vra- 

dient between the electrodes of more than 1000 volts per cri. But even at 

Stent. Potentials the photoelectric current remained substantially con- 

^ r" ^ saturation curves for constant illumination 

and for different temperatures of the photoelectric surface. The values of 
the photoelectric current for increasing and for decreasing potentials are so 

iTrentlrthele ' '’"f represented by single curves. The thermionic 

small or zerJ ^’^^oh the curves were obtained was either 

smaH or zero. The saturation potential of all three curves increases with 

defleltbL^ wfth “ galvanometer 

** This notation is used for alteurves. ® >-ad.ation from the lamp was used. 
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temperature, i.e., the saturation points are shifted to the right. This experi- 
mental evidence is just the opposite of what has been reported by Crew! 
who found that the saturation potential decreases as the temperature of the 
photoelectric surface is increased. That the shift should be as in Fig. 8 is evi- 
dent from the fact that the contact difference of potential changes with a 
change in the work function. If the thermionic current however is large and 
the emission is limited by space charge then the increase in saturation poten- 
tial with temperature will be greater and will be due partly to the increased 
space charge. 
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Fig. 8, 

From the curve in Fig. 8 it is also evident that the photoelectric current in- 
creases with temperature. This increase in emission can be accounted for 
qualitatively by the relative position of barium and oxygen with respect to 
the platinum- The experiments which were performed to obtain these and 
other curves seem to indicate that the decrease in activity of the photoelectric 
material at room temperature is due to the negatively charged oxygen ions 
which have diffused to the surface on top of the barium layer. Since the 
photoelectrons come from the barium the strong surface field of the oxygen 
will tend to hinder the emission. But as the temperature of the plate is in- 
creased, more and more barium diffuses to the surface and exchanges place 
with the oxygen. Beyond this point any further increase in temperature 
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should not increase the emission. As will be seen later temperature-current 
curves were obtained which tend to show that this is probably the case. 

Another possible explanation is that the light acts not only on the barium 
layer but also on the negative adsorbed oxygen ions and changes them to 
neutral atoms. Under this condition the photoelectric and thermionic emis- 
sion will increase with light. In this connection Bodemann® seems to main- 
tain that the total increase in the photoelectric emission with temperature is 
due to the action of light on the negative space charge and he calls this in- 
creased current “addition current,” which in reality is nothing else than an 
increase in the thermionic current. It is hard to believe however that the 
total increase in current due to light is thermionic, because currents which 
are produced indirectly by the action of light on a negative space charge 



Fig. 9. 


should be expected to have considerable time lag. As will be seen later experi- 
ments were performed to prove this point by the use of rapidly interrupted 

illumination. 

A group of saturation curves which in all respects are similar to those in 
Fig. 8 are shown in Fig. 9. These curves however were obtained with a dif- 
ferent photoelectric cell the anode of which was built in the form of a squirrel 
cage by welding fine thoriated tungsten wires on two nickel rings. The fila- 
ment wires were spaced two mm apart and could be heated to incandescence 
by passing current from one ring to the other. In this way the anode served 
not only as collector but also as a “getter. ” 

b. Variation of photoelectric current with temperature at constant plate 
potential. The curve in Fig. 10 brings out many interesting points which were 
not evident from the previous curves. In spite of the fact that this curve 
was taken when the total radiation of the mercury arc shone on the cell, its 
general appearance has a striking resemblance to the curves reported by War- 
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ner^ for pure tungsten with monochromatic illumination. The curve shows 
that at 800'^C the photoelectric current reaches saturation and is at this tem- 
perature about 100 times greater than the photoelectric current at room tem- 
perature. The fact that the emission increases only slightly until a tempera- 
ture of 600°C is reached, seemingly confirms the hypothesis that the increased 
activity is due to the diffusion of barium to the surface. It is particularly 
significant, in view of the low melting point of barium (SSO'^C), that the great- 
est increase in photoelectric current occurs between the temperatures of 
600X and 750'^C. 

xZ.4>tlO'^ 



TEMPERATURE IN DEGREES CENTIGRADE 
Fig. 10. 

B. MEASUREMENTS MADE WITH CATHODE RAY OSCILLOGRAPH 

a. Variation of photoelectric current with temperature at constant plate 
potential. In this group of experiments three photoelectric cells were tested 
and found to exhibit the same general characteristic. The curve in Fig. 11 
was obtained by varying the light intensity sinusoidally with a frequency of 
1000 cycles per second. The thermionic current, the d.c. component of the 
fluctuating photoelectric current, and all sluggish currents were completely 
filtered out. Only the a.c. component of the photoelectric current was al- 
lowed to pass through the amplifier. The sluggish currents were noticeable 
in the measurements only when the frequency of the interrupted light was 
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reduced to a few cycles per second. The data for the curve in Fig. 11 were ob- 
tained by measuring the amplitude of the a.c. wave on the fluorescent screen 
of the cathode ray tube. This curve is very similar to that shown in Fig. 10 
except that the maximum and minimum values differ by a factor of 16 in- 
stead of 100. The peak at 560°C suggests a resonance phenomenon and was 
reproducible with both increasing and decreasing temperatures as shown by 
the large and small circles on the curve. The curve further shows that the 
optimum emission occurs at 7S0°C. Above this temperature the photoelectric 
emission decreases gradually. This decrease may be caused either by the 
diffusion of more barium ions which increase the surface concentration be- 



-m jw 700 m ' 

71?mpenff7t/re of PSotookefnc Surface - Degrees Cmtigraele 

Fig. 11. 

yond that necessary for the optimum emission, or else by the reappearance of 
oxygen ions. It is doubtful if this decrease is caused by the evaporation of 
barium or oxygen ions since thin adsorbed layers will adhere to the platinum 
surface at high temperatures much better than thick, heavy coatings. 

It is of interest to obtain potential-current curves as in Fig. 8 and Fig. 9 
with interrupted illumination. It is of particular interest to determine what 
effect the sluggish currents will have upon the long wave-length limit of the 
photoelectric surface used. At the present time the apparatus is not sensitive 
enough to permit such measurements. 

Discussion 

The increase in photoelectric emission with temperature from composite | 

surfaces containing barium and oxygen on platinum cannot be explained 
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satisfactorily by surface gas contamination. The activity of such surfaces de- 
pends not only on the surface concentration of metallic barium and oxygen , 
but also on the relative position of the two. It is unlikely that the thin ad- 
sorbed layers of oxygen and barium will leave the surface without using very 
high temperatures which will distill off the photoelectric material and ruin 
the cell. Most of the oxygen on the surface due to its strong electron affinity 
is negatively charged. The barium which diffuses on the surface at the higher 
temperatures changes the intensity and the distribution of the surface fields 
and as a result changes the work function. This change in work function pro- 
duces a change in the contact differences of potential which manifests itself 
in an increase of the saturation potential with temperature if the thermionic 
current is small. When large thermionic current limited by space charge is 
present the increase in saturation potential with temperature is caused also 
by the increase in space charge. 

Any increase in thermionic current which may be caused by the heat rays 
of the light source or by the influence of the light alone in some secondary way 
should not be regarded as a true photoelectric current. The experiments with 
the oscillograph show definitely that part of the increased emission due to 
light at the higher temperatures is not caused by such secondary effects but 
is due to an increase in the photoelectric current. This finding is contrary to 
the results obtained by Bodemann. The increased photoelectric current is 
independent of the frequency of light interruptions for the range used from 
500 to 1000 cycles per second. 

The author is deeply indebted to Professor Ernest Merritt for suggesting 
the problem and for his many valuable suggestions and helpful criticism, and 
to Professor Frederic Bedell for his general interest in this investigation and 
for providing the Oscilloscope and other facilities in connection with the work. 
He also gratefully acknowledges the benefits derived from discussions with 
Dr. J. A. Becker and Professor H. A. Barton. For the construction of the 
glass apparatus thanks are due to Mr. H. W. Banta. 
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THE ENERGY OF DISSOCIATION OF MERCURY 
MOLECULES 

By J. Gibson Winans 

Department of Physics, University of Wisconsin 
(Received March 5, 1931) 

Abstract 

The absorption spectrum of mercury vapor in the Schumann region showed three 
apparently continuous bands with maxima at wave-lengths 1849, 1808, and 1692 The 
1849 and 1692 bands appeared without the 1808 band in the emission from an elec- 
discharge through mercury vapor. The absorption spectrum in the region 
1900 1804 IS correlated with a pair of potential energy curves for Hgj. From these 
curves, the energy of dissociation of Hg 2 is 0.15 volts. 


Introduction 


''■y^HE problem of the energy of dissociation of mercury molecules is par- 
ticularly interesting because, as far as chemical evidence is concerned, 
mercury molecules do not exist. For example c„/c„ for mercury vapor is 1.666, 
the value for a purely monatomic gas. Also the molecular weight of mercury 
vapor equals that of liquid mercury. ^ Nevertheless mercury molecules exist 
m both the excited and unexcited states as evidenced by the presence of bands 
in the absorption and emission spectra of mercury vapor. ^ 

The binding force between two mercury atoms must be similar to that 
between two helium atoms since both have a closed outer shell containing 
two paired ^ electrons. So far three types of binding for diatomic molecules 
have been proposed; ionic as in NaCl, exchange forces as in Hj, and polariza- 
tion or van der Waal’s forces. The binding between neutral mercury atoms 
can not be ionic, and Heitler and London® have shown that the exchange 
forces between helium-like atoms must be repulsive if the Pauli exclusion 
principle holds. There remain only the polarization forces to hold the mer- 
cury molecule together. The analysis of Eisenschitz and London^ has shown 
that the polarization forces may, at large separations be greater than the 
exc ange forces and produce a definite equilibrium when the exchange forces 
are repulsive. Mercury molecules are probably of this type. 

■ energy of dissociation of mercury molecules have been ob- 

tained by Koernicke® and Mrozowski.® Koernicke, following the work of 
branck and Grotrian,’ measured the change in total intensity of the mercury 

766 ^ Treatise on Inorganic and Theoretical Chemistry, vol. 4, p. 


F I°M^’ u Rayleigh, Proc. Roy. Soc. A116, 702 (1927); 

F. L. Mohler and H. R. Moore, J.O.S.A. 15, 74 (1927). 

4 London, Zeits. f. Physik 44, 455 (1927). 

R. Eisenschitz and F. London, Zeits. f. Physik 60, 515 (1930). 

E. Koernicke, Zeits. f, Physik 33, 219 (1925). 

® S. Mrozowski, Zeits. f, Physik 55, 338 (1929). 

’ J. Franck and W. Grotrian, Zeits. f. Tech. Physik 3, 194 (1922). 
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band at 2540 with superheating and calculated the energy of dissociation of 
Hg 2 as 1.4 kg. cal./mol. or 0.06 volts. Mrozowski measured the total intensity 
of fluorescence in mercury vapor at different positions along the direction of 
the exciting light. He obtained the absorption coefficient of saturated mer- 
cury vapor at different temperatures for several exciting wave-lengths. As- 
suming this coefficient proportional to the number of Hgg molecules, he cal- 
culated D for Hg 2 as 17 kg. cal./mol. Koernicke’s and Mrozowskrs values 
differ by a factor 12. The two methods will be discussed in detail in a later 



paper. 

The results of the present investigation give a value for Z> for Hg 2 which 
lies between the two above mentioned but is quite different from either. The 
method is the same as that used to obtain D for Zn 2 and Cd 2 .^ The value of 
D conies from an interpretation of the absorption region in the vicinity of the 
resonance line This line comes at wave-length 1849 for mercury. 

Apparatus AND Procedure 

The absorption spectrum of mercury in the region 3000-1550 was photo- 
graphed with a small vacuum fluorite spectrograph on Schumann plates. The 
absorption cell, shown in Fig. 1, was made of fused quartz. The windows were 


very thin to give increased transparency and hemispherical in shape to with- 
stand atmospheric pressure. The cell was heated in an electric furnace, A 
hydrogen discharge tube served as a source of continuous light. 

For photographing the emission spectrum of mercury, the cell of Fig. 1 
was waxed to a tube leading to the spectrograph, a wire wrapped around each 
end, one wire grounded and the other connected to a low-voltage Tesla coil 
(leak chaser). When the tube was heated by a bunsen burner, a brilliant 
mercury discharge was obtained, CO bands from a discharge through air 
were used as standards for wave-length measurements.'^ 

Results 

The absorption spectra taken with increasing pressures of mercury vapor 
(Fig. 2) show first the atomic line 1849 which broadens rapidly, then a con- 
tinuous band with a maximum intensity at 1808 A (Fig. 2 No. 1) and finally 
another continuous band with maximum at 1692 (Fig. 2, No. 2), Fig 3 is a 
microphotometer record of Fig. 2 showing the 1692 band. Fig. 2, No. 2 shows 
how, at Increased pressure the 1808 band is broadened principally toward 


J. G. Winans, Phil Mag. 7, 555 (1929), 

T. Lyman, Astrophys. J. 23, 204 (1906); ‘The Spectroscopy of the Extreme Ultraviolet. 
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longer wave-lengths and the absorption region surrounding 1849 broadened 
toward shorter wave-lengths as far as the 1808 band but no farther, and to- 
ward longer wave-lengths beyond 2200 A. The lack of intensity below 1690 
in No. 1 Fig. 2 was due to short exposure and not to absorption. 




Fig. 3. 


In the emission spectrum from the electrodeless discharge (Fig. 2, No. 3), 
the band surrounding 1849 and the one at 1692 were observed but not the one 
at 1808. The distribution of intensity in the 1692 band was the same in emis- 
sion and absorption (Fig. 3). 


Table I. 



Description 

Wave-length 

Vacuum 
wave- number 


Absorp t ion maxi m u m 

1691.4 

59123 


Emission maximum 

1692.1 

59097 


average 

1691.8 

59110 


Absorpt ion maxi m urn 

1808.0 

55311 


*Short wave limit 

1804.2 

55427 


* The wave-length was measured at the point where the photographic blackening from the 
source had been reduced to one half. 


Table I gives a summary of results. Wave-lengths previously given (Phys. 
Rev, 36, 1020(1930) should be corrected to agree with Table 1. 

Discussion 

The continuous bands at 1808 and 1692 do not coincide with atomic transi- 
tions and are observed only at pressures much greater than that needed to 
show the atomic line IhS — 2^P, They are therefore attributed to molecules 
of mercury and these molecules are assumed to be diatomic. The character- 
istics of these bands as described above can be correlated with a set of poten- 
tial energy curves for the Hg 2 molecule. 

The band at 1808 was observed in absorption but not in emission in the 
electrodeless discharge. In the spectra of atoms, absorption lines are some- 
times missing in emission because they are absorbed by the vapor surround- 
ing the source. This can not be the case for the 1808 band; since, from the 
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„,.„o.app.a.a.ceof.he.a„aswM.^ 

fident of the raissing band 1808 I, ee 

and 1602, both i 0= nnlonl,. i- 

the non-appearance of 1808 in emibM. _ ^ 

f.n;,, ,-,.h„.o 

tionf Iccordin? to the Franck-Condon rind, tie, the n, .ole, ol a „ deonk 
r„o. ln.e .blit eepatatfon ; t:;;::;; r":: ^d, , 

bn, ont, 

connS the two curves. For interpreting nl.sorp_l ■■ m ra, , me a^mnnes 

rBrl^ann distribution of molecules in the v il,ran..n .1 .m-e^ -I 

mSe so that the lowest vibratiomiis.a.ewnh t i.iuaniumt.l energs is 

the most thickly populated. The most intense part <■! an lund 

Slid he reoresented by vertical lines through the pfmn-...nl^ mole- 



Vm. 4. 


cule curve, corresponding to this lowest energv . If ah.-onni-m .4 me l^i'h iMinl 
results in dissociation of an Hg-. molecule, the potential ciktuv emwes must 
have relative positions like either r and fi in: like i- and in 1 iu,. -I. I pn^u ions 
c and a are correct, after absorption ui ISO-S, .^fraiiMiiMji ii- ihe injHei iind 
themselves with sufficient iioteniial energy i,. t!is-oeiate into one lAeiied and 
one normal atom. This is the usual interpretation gi\ eit to a plioioo lit mit al 
dissociation. Tf curves cand b are rorreei. the nuclei -impK lo-e all attraction 
for each other upon absorption of 1 SOS, and luni tlieni'cl>t e~ Iree ii, di ill ap.n t. 
In either case the band 1808 should be ..bH-iwed in abo.rption but mn in 

emission. . • • • . 

If the original assumption that absorption <>1 18<>s; inean-. ili'-bociation is 
correct, it is not difficult to decide which .»f the two relaiitc po-iiioii- diown 
in Fig. 4 must be right. From tinalogy with llcj, which i- louni! to i\i>t 
only when excited, the energy of binding in the e\i itcii niei cuiw niolctaile is 
probably greater than that in the normal molecule. In pracm .dcf all mole- 
cules wffiich have been studied, greater energy of binding i- ;i>'oct,ited with 
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smaller nuclear separation at the minimum of the potential energy curve, so 
that curves c and b should be required for Hg 2 . If curves c and a were correct, 
with increase of pressure and temperature and corresponding increase in the 
number of normal molecules in higher vibrational states, the 1808 band {B, 
Fig. 4) should broaden toward both longer and shorter wave-lengths corres- 
ponding to transitions from points g and d. This does not agree with the 
observation that the 1808 band broadened almost entirely toward longer 
wave-lengths. On curve c and &, however, we see that 1808 represents the 
longest vertical distance between the two curves and absorption from points 
g and d would give a broadening toward longer wave-lengths only. 

Further we can also explain the very interesting fact that the absorption 
region surrounding 1849 reaches a short wave limit coinciding with that for 
the 1808 band, but reaches no definite long wave limit. Consider two mer- 
cury atoms making a collision. Their mutual potential energy would follow 
the curve for the normal mercury molecule (estimated as curve c. Fig. 4). If 
they absorbed light during a collision, the energy absorbed would correspond 
to vertical lines between the two potential energy curves of Hg 2 , and since 
they come to rest at point g, Fig. 4, and move more slowly at point d than at 
Oy the positions g and d would be more probable positions for the absorption 
of light. This would represent wave-lengths slightly greater and slightly less 
than that of the atomic absorption line 1849. Now suppose the number of 
colliding atoms which absorb light to be greatly increased, one should ob- 
serve absorption from points c and o. This would mean a continuous broad- 
ening of the 1849 line toward both longer and shorter wave-lengths but it 
would reach a limit on the short wave side coinciding with the limit for the 
1808 band. This exactly describes what was observed. Of course, it is not 
sure that the short wave limit of 1849 exactly coincides with that of 1808 
since the observed limit comes from a superposition of both. It is, however, 
significant that the 1849 band does not broaden beyond 1804 on the short 
wave side but broadens beyond 2200 on the long wave side. 

We have correlated a set of curves such as b and c, Fig. 4, with three ob- 
servations; the appearance of 1808 in absorption but not in emission, the 
broadening of the 1808 band toward longer wave-lengths with pressui'e, and 
the peculiar broadening of the 1849 band with pressure. 

From Fig. 4 it is easily seen that the energy of dissociation of the normal 
molecule is simply the difference in energy between the 1849 and the 1808 
bands. This gives D foi" Hg 2 equal to 0.15 volts or 3.5 kg. cal./moL This value 
is three times Koernicke's value and one-third of Mrozowski's. The three 
methods will be compared and discussed in a later paper. 
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PROPERTIES OF SOME ZINC, CADMIUM, 

AND MERCURY BANDS 

By J. Gibson Winans 
University of Wisconsin 
(Received March 16, 1931) 

Abstract 

Zinc bands at wave-lengths 2139, 2064, and 2002 are shown to resemble the 
corresponding bands of cadmium and mercury in emission as well as in absorption. 

T he absorption spectra of zinc, cadmium, and mercury each show three 
corresponding continuous bands which may be called /I, B, and C. The 
wave-lengths at the maxima are given in Table L It has been shown^ that 


Table I. 



A 

B 

C 

Zinc 

2139 

2064 

2002 

Cadmium 

2288 

2212 

2114 

Mercury 

1849 

1808 

1692 


for cadmium and mercury the bands A and C appear in emission in an elec- 
trodeless discharge but not the band The present experiment w'^as under- 
taken to see if the same thing were true for the zinc bands. 

A quartz tube was evacuated and sealed off after having had some zinc 
distilled into it. Nicrome wires wrapped around the ends served as external 
electrodes. One electrode was grounded and the other attached to a small 
Tesla coil (leak chaser). When the tube was heated by blow torches to give 
a stream of zinc vapor through the tube, a bright discharge was obtained. In 
stagnant vapor the discharge was very weak. This may have been the result 
of impurities as observed by Wood and Voss^ in mercury vapor. vSpectra were 
photographed with nitrogen flowing through the spectrograph to eliminate 
oxygen. 

The resulting discharge through zinc vapor showed band ^4 with great 
intensity and with the maximum reversed, and showed also band C. No trace 
of band B was observed. These observations are the same as those on the cor- 
responding bands for Cd and Hg.^ An interpretation for one set of these 
bands will apply to all since the bands are shown to have the same properties. 
One interpretation^ gives energies of dissociation of zinc, cadmium, and mer- 
cury molecules of 0.24, 0.20, and 0.15 volts respectively. 

There was observed only one difference in the behavior of these bands rel- 
ative to each other for the various elements. In the absorption spectra, the 
zinc bands B and C appeared with increasing pressure at practically the 
same pressure; the cadmium band C required about 1.7 times that required 
for band B, and the mercury band C needed about 5 times as much presvsure 
as the mercury band B for equal intensities. This does not affect the inter- 
pretation given to the bands but it may indicate an interesting change in 
properties of similar elements with increasing atomic weights. 

1 Winans, Phil Mag. 7, 555 (1929); Phys. Rev. 37, 897 (1931). 

2 R. W. Wood and V. Voss, Jour. Frank. Inst. 205, 486 (1928). 
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PERTURBATIONS AND PREDISSOCIATION IN THE S 
BAND SPECTRUM ' 

By Andrew Christy and S. Meiring Naud£ 

Ryerson Physical Laboratory, University of Chicago 
(Received February 27, 1931) 

Abstract 

The Mowing .1. 

/'=32250.9+429.S(v' + 1/2)-2.75(f'+1/2)2-727.4(f''+1/2)+2.91(»"+1/2)2 

were observed (mainly in absorption) about 20 cm"* to the violet of the 

ca ^ Perturbations found in the levels with »' >9 are attributed to a sn„ state whi4 
causes predissociation in these bands. 

^ Predissociation. This phenomenon is discussed in terms of th^ r i 

principle of transition probabilities. It is shown that the continuous state which ' 

causes predissociation must intersect the U{r) curve of the - staffs af f 

So,' S '"".Sr ''*'«• ■>' P«di The , .L& 

t es for the radiationless jump m the two regions are discussed. 

to be^‘S ‘2 oVSts^S"' " of the lower and upper states are found 

of the S atom. separation of the and states 

I. Introduction 

^HE Ss bands which extend from X6000 to X2300 have been studied bv 

these bands, found that the band heads could be represented by the equation 
F = 32290 + 427.1(1,' + f) - 2.7(v' + - 727.4(." + |) 

+ 2.91(z," + 1)2. (1) 

0 - 300 c„-. i„ the 

...i, a G. nn. 3, 390 ^ '' 

(1928)! ’ ■ '■ >»» <««)( (b) M. «. S4S (IPlthSISd. S3, ,s 

b ““b. th.. lb. h.„ 
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There are large discrepancies in the combination differences^ AG(z;+34) 
given by Rosen (cf. Table 15 of reference 2a) which should be the same within 
experimental error for any one row or column of his table. It may be con- 
cluded, therefore, either that his experimental errors were very large, which 
is possible since his dispersion was very small, or that the assignment of the 
vibrational quantum numbers to at least some of the heads, was wrong. The 
latter alternative is not so impossible as it may appear, since with larger dis- 
persion in the present work it was found that many of the heads which 
Rosen measured as one, consist of groups of two or more heads. Further- 
more, in the region above X2900 the spectrum is so complicated due to over- 
lapping, as can be seen from our plates, that the heads with <% all may have 
been assigned incorrectly. Therefore it became necessary for us to determine 
the correct assignment of the band heads before proceeding with the rota- 
tional analysis of the bands. The latter has already been published*'' and will 
be referred to,here as I. 

In the course of this investigation it was found that the irregularities in 
the AG(y+J^) values given by Rosen were due partly to an incorrect assign- 
ment of some of the band heads and partly to numerous perturbations in the 
vibrational levels of the upper state. The perturbations are larger than any 
that have been observed in the band systems of other molecules and therefore 
need special consideration. 

The phenomenon of predissociation which Henri® found to occur in the S 2 
bands, has also been studied in relation to the vibrational analysis. The inter- 
pretation of this phenomenon as it is observed in these bands differs from 
that given by other investigators. 

II. Experimental Procedure 

Since absorption spectra obtained at different temperatures offer the best 
means of studying the vibrational analysis, especially of the upper electronic 
state, a quartz absorption cell, having a length of 5 cm and a diameter of 2.5 
cm was used. The cell was first baked out and sufficient distilled sulphur was 
added to give a vapor pressure of 12 mm^ at 450°C. The cell was heated elec- 
trically. Since the amount of sulphur in the cell remained constant through- 
out the investigation, the vapour pressure of the sulphur within the cell 
(above 4S0°C) was proportional to the temperature. 

A hydrogen tube was used as continuous source.® 

^ l/2) -G(z;+l) -G(i;) where (cf. R. S. Mulliken, Phys. Rev. 36, 623, 625 

(1930)). 

5 S. M. Naud6 and A. Christy, Phys. Rev. 37, 490 (1931), 

6 V. Henri, Structure des Molecules, Paris 1925; V. Henri and M. C. Teves, Nature 114, 
894 (1924). 

7 V. Henri (see Symposium of the Faraday Soc.' on Molecular Spectra and Molecular Struc- 
ture, Sept. 1929, p. 765) used 0.1 mg of sulphur in a 16 cc quartz-tube at 600°C which gave him 
about the same S 2 vapour pressure. 

s xhe hydrogen tube used has been described previously: S. M. Naud6, Phys. Rev. 36, 
333 (1930). 
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The region between X3500 and X2400 was studied in absorption. The ab- 
sorption plates were taken with an El Hilger spectrograph giving a disper- 
sion varying from 1mm = 7.7A at X3500 to 1 nim = 2.3A at X2400 as weh as 
oer mm" ^ Rowland grating, giving a dispersion of 2.6A 

. per mm. Elastman 33 plates were used. The iron and copper arcs were used 
comparison spectra, the wave-lengths of which were taken from Kayser’s 
_ Haupthnien and Shenstone s work,* respectively. The copper arc was used 
mainly in the region below X2800 since the iron lines are very weak and too 
numerous in this region to serve as standards. ^ 

The wave-lengths of the band heads on the plates obtained with the El 
spectrograph wje calculated with Hartmann’s formula. The measurements 

™ Thfs e" both instruments agreed within experimental 

error. This error was relatively large (about 2 cm-i), because the band heads 

Below X279"2 sThe h d "b^^acteristic rotational structure. 

Below X2792.8 the heads are fuzzy due to predissociation which increases the 

m?k- ^'bl5 the heads become very diffuse 

making the experimental error as large as 10 cm -i 

tbe region between X3500 and 
X2400 The spectrum was excited by means of a Geissler tube described in I 
The p ates weie taken in the first order of the 21 -foot grating. Iron standard 
wave-lengths were used as comparison spectrum. standard 

III. Description of the Plates 

Fig la is a reproduction of the bands obtained in absorption. When the 
absorpdon tube is heated to about 450=C the maximum absLption occurs in 
the region between X2/41 and X2799. Plates were also taken wfth the absorp- 
lon ce 1 at about 600°C and 750°C. With higher temperatures the maxi "m 
absorption is shifted to longer wave-lengths as is to be expected. For tem- 
peratures of the cell below 400“C (i.e., below the boiling polt of sulphur) no 
bands appeared m absorption in the region investigated. In emission le 
maiamum intensity lies in the region between X3000 and X3500. In this regLn 
the band heads are not clearly defined owing to the great amount of overfap- 
p ng. Phis overlapping causes many clusters of lines to be formed on the 
p ates m this region which are not easily distinguishable from heads. These 
intensity relations, both m absorption and in emission, can be understood 
with the help of the potential energy curve obtained from the vibrational and 
■ rotational analyses given in section VII below. 

Below X2792.8 (cf. Fig. lb) the absorption bands become diffuse. As can 
a dTffTrenn ^ ^ diffuse to 

2615 and X2440. The bands in the latter region are more diffuse than those 

second seems to be a continuous absorption in the 

second region which reaches a maximum at X2549. Although indications of 

mord“anir 

A. G. Shenstone, Phys. Rev. 28, 449 ( 1926 ). 
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Accompanying tlie strong heads in absorption and about 20 cra~i to the 
violet of these lie a number of faint heads Indicated by in Fig. lb. These 
heads Henri and Teves^.evidently accounted for as R heads, the strong heads 
being supposed to be formed by Q branches. It has been shown in I that the 
main system of bands is due to a transition. Furthermore, the 

authors have found that no <2 branches appear in these bands. Therefore the 
weak heads are probably due to a different electronic transition. 

IV. The Vibrational Analysis 

The Ijand heads obtained in absorption can be arranged now as shown 
in Ta!)le I A. One would expect the bands which appear at the lowest tem- 
perature in absorption to correspond mainly to those having v" = 0, Hence 
the liand heads which were measured on the plates corresponding to the cell 
temperature of about 4S0°C can be assigned to transitions for which v" —0 
and = 1, the former being much more intense. These bands lie within zone 
( 1 ) (cf. Table lA). When the temperature of the cell was raised to about 
600®C, the band heads with = l became more intense and in addition the 
band heads for which = 2 appeared. These bands lie within zone (2). Simi- 
larly at about ySO'^C the bands for which z;" = 3 appear in absorption as well 
as a few for which = 4 and 5. These bands lie within zone Most of 

these bands are indicated in Fig. Ic and le. 

The consistent values of AGiv+}^) for any one column and row in Table 
lA prove the correctness of the assignment of vibrational quantum numbers 
to the various heads as brought out by changing the temperature of the ab- 
sorption celL Table lA reveals a number of irregularities in the values of 
AGiv^+j4) which will be discussed in section V. One would expect the AG(z;'-f 
^4) values to decrease regularly as increases. As is clear from Table I A, 
however, these values vary irregularly as v' increases. 

The band heads measured on the plates taken in emission in the region 
X3S00 to X2800 are given in Table IB. Most of the band heads observed in 
emission agree within experimental error with the absorption values. It is 
seen from Table IB that all the bands observed in emission have v' < 10. 

The values of the vibrational constants 3xid given by Rosen^^ are 
essentially correct. He obtained the vibrational constants co/' and cu/'jc/' of 
the lower state from the progression having t?' — 3 which was excited in flu- 
orescence by the mercury line X3132A = 31922 cm.~b Further he derived the 
vibrational constants < 0 / and oj/x/ for the upper state mainly from the ab- 
sorption bands having However, most of the beads with v^>1 meas- 

ured by him are the weaker heads of the bands designated as A bands (cf. sec- 
tion Hi) which are discussed later. The differences between the weaker and 
the stronger heads are approximately constant (20 cm""^) and hence the value 

For the higher temperatures the absorption in the region between X2800 and X2600 be- 
comes complete. 

By adding more sulphur to the absorption cell and increasing the temperature it would 
be possible to obtain the bands having ?;">4 in absorption. This was not carried out as the 
above results were sufficient for our present purpose. 
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Table I. Band heads of the system, 

A. Absorption 



0 

1 

2 

3 4 5 

Mean AG 

(v' + i) 

0 


31399 

30681 

29974 29271 28577 




402 

407 

408 

405.7 

1 

39525 

31801 

31088 

30382 



433 

436 

435 

434 

434.5 

2 

32958 

32237 

31523 

30816 



400 

398 

396 2 

: 393 

398.3 

3 

33358 

32635 

31919 

31209 3 



422 

421 

422 

418 

421.6 

4 

33780 

33056 

32341 

31627 



384 1 

385 

385 


384,7 

5 

34164 

33441 

32726 




399 

400 



399.5 

6 

34563 

33841 


31717 



391 

388 

0 

392 

389.5 

7 

34954 

34233 


32109 



385 

386 



385,5 

8 

35339 

34619 


3, - - ... _ 



374 

373 



373.5 

9 

35713 

34992 





388 

389 



388. 5 

10 

36101 

35381 





368 

371 

1 


369.5 

11 

36472 

35749 





356 

360 



358.0 

12 

36828 

36109 





366 

366 



366 

13 

37194 

36475 





356 

357 



356,5 

14 

37550 

36828 





346 




346.0 

IS 

37896 






333 




333.0 

16 

38229 






326 




326.0 

17 

38555 






330 




330.0 

18 

38885 






336 

1 


336.0 

19 

39221 






316 




316.0 

20 

39537 

38832 





310 

303 



310.0 

21 

39847 

39135 





292 

290 



292.0 

22 

40139 






310 

309 



310.0 

23 

40449 

39734 





260 

255 



260.0 

24 

40709 






301 

297 



301 .0 

25 

41010 

40286 





269 

268 




26 

41279 




269.0 



270 



270,0 

27 


40284 






277 



277.0 

28 


41001 





In obtaining the mean value of i), we have considered the accuracy of the meas- 
ured band heads. ^ 
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Table I. B. Emission 


1 

v' 

0 

1 

2 

3 

4 

5 

6 

0 





29275 








402 



1 




30381 

29677 







437 




2 



31527 

30818 







394 

393 




3 


32634 

31921 

31214? 



29123 



422 

420 





4 


33056 

32341 

31628 


30231 




384 

386 





5 


33440 

32727 


31315 





402 

404 


402 



6 

34563 

33842 

33131 


31717 

31019 



392 

393 



389 



7 

34955 

34235 


32812 

32106 


30717 


385 

383 





385 

8 

35340 

34618 




31796 

31102 



370 






9 


34988 

34269 






of derived from them is essentially correct. The dispersion used by Rosen 
was not sufficient to resolve these heads, and furthermore, when the vapour 
pressure of the sulphur in the absorption tube is increased, the weak heads 
become completely absorbed, and consequently one is liable to measure 
these as the main heads as Rosen apparently has done. This can be seen by 
comparing our assignment of vibrational quantum numbers to the various 
band heads with that of Rosen as is done in Table II. For wave-lengths greater 


Table II. Comparison of assignment of vibration quantum numbers to hand heads 


Present 

Rosen 

Present 

Rosen 

v'-v" 

V 


V 

v' —v" V 

v'-v'' 

V 

7-1 

34233 1 

7-1 

34237 

13-0 37194 

13-0 

37210 

6-0 

8-1 

34563 \ 
34619/ 

6-0 

34589 

A 37214 

14-0 37550 

14-0 

37550 

7-0 

9-1 

349541 

34992/ 

7-0 

34970 

A 37569 

15-0 37896 

15-0 

37900 

8-0 

35339 

8-0 

35358 

A 37915 



A 

9-0 

35358 

35713\ 

9-0 

35720 

16-0 38229/ 

A 38247/ 

16-0 

38240 

A 

35733/ 

36101/ 

36123/ 

17-0 38555 

17-0 

38580 

10-0 

A 

10-0 

36110 

A 38885 

18-0 38885 

18—0 

38910 

11-0 

A 

36472/ 

36496/ 

11-0 

36480 

A 38911 

19-0 39221/ 

19-0 

39240 

12-0 

36828 



A 39250/ i 

A 

36851 

12-0 

36850 




Note: The bracketed heads have been measured as one by Rosen. 


than X2926 the absorption spectrum becomes complicated and consequently 
Rosen's results become less trustworthy. In this region it is impossible to 
correlate our results with those given by him. Owing to these errors in 
Rosen’s assignment the vibrational constants of the upper state as well as 
should be changed as follows: 


( 2 ) 
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ve = 32250.9 + 429.5(®' + I) - 2.75(/ + - 727. 4(®" + |) 

+ 2.91(®" + |)^ 

The above mentioned faint absorption heads (cf. section III) which lie 
about 20 cm-i to the violet of the v” = 0 progression , have been observed only 
next to the main band heads having v' ranging from 8 to 20. Some of these 
heads are indicated by A in Fig. lb. A few more weak heads have been found 
to appear in absorption and a few in emission which seem to belong to the 
same electronic transition as those marked A. These band heads are tabu- 
lated in Table III which gives a possible arrangement. This arrangement, 
however, is uncertain, since no more heads can be found , as they are relatively 


Table III. The A System of ba?ids of S2 



33476*’ 

37214 


33879^^ ' 

37569 


34269' 

37908 

3S358 

34640? 

38249 

35733 

1 

38577 

36123 


38911 

36496 


39248 

36851 

35794 1 

39555 


Note: (") These band heads have been found in both emission and absorption. 

(0 Found only in emission. All the other heads have been observed only in absorption. 

(?) Doubtful value. . , 

The band heads are arranged in this manner m order to show the parallehsm between these 
heads and those of the system. 

weak compared with the bands of the main system and are overlapped by 
these bands. It is therefore impossible to determine whether the upper or 
the lower state is common to these two systems. This might be decided 211 
case a series of experiments were performed in which the temperature in the 
cell was comparatively low and the pressure was increased gradually. In 
addition to these two systems of bands a large number of heads have been 
observed above X3500 which appear in emission. A special study of these 
bands, if possible with a low temperature source such as active nitrogen 
which would diminish the excessive overlapping of the bands, should be made 
in order to determine whether or not they belong to the transi- 

tion. 

V. Perturbation's 

In the great majority of band systems which have been analyzed thus 
far the vibrational combination difference AG(v+}4) has been found to de- 
crease regularly as the vibrational quantum number increases.^^ If in Table 
lA we compare the mean AG(«?'+J4) values, we see that perturbations must 

^ It was observed by G. Nakamura in the NaH bands (Zeits. L Physik 59, 218 (1930)) and 
by T. Hori in the LiH bands (Zeits. f. Physik 62, 352 (1930)) that the AG(t?' + l/2) values, in- 
stead of decreasing with z?', increase up to a certain value of v' and then decrease regularly. W. 
Weizel (Zeits. f, Physik 60, 599 (1930)) showed that this may be accounted for by uncoupling 
of the per and sa electrons. 
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be present in the vibrational levels of the upper ^2““^ state. This is shown 
more strikingly if one compares the observed and calculated energy levels 
as shown in Table IV. The calculated values were obtained by passing the 
best graph through the observed AG( 2 ;'+J^) values, and then adjusting the 
value of the calculated z;' = 0 level until the best fit was obtained with the 

Table IV. Calculated and observed energy values of the vibrational levels for the 
{upper) state of the system. 


v' 

0 

c 

o-c 

v^ 

0 

c 

o-c 

0 

32120.0 

32002.0 

+18,0 

12 

36828.8 

827.0 

+ 1.8 

1 

32525.7 

526.0 

- 0.3 

13 

37194.8 

37185.0 

+ 9.8 

2 

32960.2 

944.5 

+15.7 

14 

37550.3 

537.5 

+12.8 

3 

33358.5 

33357.5 

+ 1.0 

15 

37896.3 

884.5 

+11.8 

4 

33780.1 

765.0 

+15.1 

16 

38229.3 

38226.0 

+ 3.3 

5 

34614.8 

34167.0 

~ 2.2 

17 

38555.5 

560.0 

- 6.7 

6 

34564.3 

563.5 

+ 0.8 

18 

38885.3 

890.5 

- 7.2 

7 

34953,8 

954.5 

- 0.7 

19 

39221.3 

39215.5 

+ 3.6 

8 

35339.3 

35340.0 

- 0.7 

20 

39537.3 

535.0 

+ 0.3 

9 

35712.8 

720.0 

- 7,2 

21 

39847.3 

849.0 

- 1.7 

10 

36101.3 

36094.5 

+ 6.8 

22 

40139.3 

40157.5 

-18.2 

11 

36470.8 

463.5 

+ 7.3 

23 

40449.3 

460.5 

-11.2 


Note: Our measurements below the 23<— 0 bands are very inaccurate, hence no compari- 
son can be made for v^>2^. In considering the o-c values it must be remembered that the 
experimental error for the bands having v'<9 is about 2 cm"^ and for v'>9 probably greater 
(cf. section II), 

experimental values. It Is seen that the o-c values for and 8 are zero 
within the experimental error. We know from I that the rotational levels for 
z;' = 7 and 8 are normal , whereas those for y' = 9 are perturbed. From Table IV 
we see also that the vibrational levels v' = 7 and 8 are normal and z;' == 9 seems 
to be displaced. It appears that the levels with z>' = 0, 2, 4 are perturbed by 
about +17 cm^h From z;'>9 predissociation begins and it appears that 
practically all these levels are perturbed in varying degree. The perturbations 
for z>' = 0, 2, 4 as obtained by measuring the heads of the bands, might be 
due either to perturbations of the rotational lines near the heads or to pertur- 
bations of the vibrational levels. 

Johnson and Asundi^® found that in the Cameron CO bands all band heads 
with v' — 1 are displaced by 4.2 cm.*"^ Rosenthal and Jenkins^^ showed that 
all the rotational lines near the heads of these bands are perturbed, all the 
lines being displaced in the same direction, thus giving a displacement of the 
head and consequently an apparent displacement of the vibrational level. In 
the CN bands Rosenthal and Jenkins^® showed that the perturbations of the 
rotational lines occurring in some of these bands are due to the fact that cer- 
tain rotational levels of the upper state have energies approximately equal 

^3 R. C. Johnson and R, K. Asundi, Proc. Roy. Soc. A123, 560 (1929). 

J. Rosenthal and F. A. Jenkins, Proc. Nat. Acad, of Sciences 15, 896 (1929). 

^ J. Rosenthal and F. A. Jenkins, Proc. Nat. Acad, of Sciences 15, 382 (1929). 
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to the rotetions.! levels of another state with the result that the two sets of 
levels are mutually perturbed, as we would expect from Kronig’s theory.^^'^^ 

It may be that the perturbations of the S 2 band heads for zi' = 0, 1, 2, 4 
are of the same type, i.e. that all the rotational lines near the band heads aie 
displaced in the same direction and that, consequently, the heads are dis- 
placed by about +17 cm But in order that the alternate vibrational levels 
might be perturbed, we must assume the presence of another state having 
an w which is approximately twice that of the state. If such a state were 
present, we would expect transitions between this and the normal state of the 
molecule. It may be, however, that some of the emission bands are due to 
such a transition. 

The observed perturbations of the band heads with 2, 4 may, 

be due to perturbations of the vibrational levels. In this case one would 
expect the U{r) curve to be irregular and not a smooth curve as it seems to 
be for the electronic states of most other molecules. A similar type of per- 
turbation to that observed in S 2 has been found by Jevons^s in the bands of 
CS, where the band heads having z;' = 1 , 2 , 4 were found to be displaced in 
the same way, the maximum displacement of the CS band heads being 7.4 
cm“^ as compared with +18 cm“^ for S 2 . Moreover, by comparing the ob- 
served displacements of the R and Q heads from their calculated positions, 
Jevons concluded that the observed perturbations were due to perturbations 
of the vibrational levels. 

Whether this type of perturbation as observed in the S 2 bands is due to 
rotational or vibrational perturbations or to a superposition of both can only 
be determined by studying the rotational structure of the S 2 bands having 
v' = 0, 2, 4 with reference to the unperturbed bands. Owing to the great 
amount of overlapping of those bands in the S 2 spectrum, this study is im- 
possible unless some other type of excitation (active nitrogen or fluorescence) 
will excite fewer and less extensive bands, and consequently give less over- 
lapping. Although still difficult, this study may be carried out in the CS 
bands.^^ 

The perturbation present in the vibrational levels for >9 may be due to 
the continuous state which causes predissociation and which is discussed in 
the next section. Although the probable error In the measurement of these 
diffuse bands {v'>9) is large (cf. section II), consequently making it difficult 
to interpret correctly the observed minus calculated values, it may be pointed 

R. de L. Kronig, Zeits. f. Physik 50, 347 (1928). 

But cf. H, H. Hyman and C. R. Jeppesen, Nature 12S, 462 (1930) and R. T. Birge and 
C. R. Jeppesen, Nature 125, 463 (1930). These investigators have found a perturbation in the 
y'' = 0 level of the normal state of H 2 , where presumably there could not be another interacting 
state present. 

18 W. Jevons, Proc. Roy. Soc. A117, 351 (1927-1928). 

If both the R and Q heads were displaced by the same amount, one might attribute this 
displacement to a perturbation of the vibrational level. If, however, the two heads were dis- 
placed by different amounts, this displacement might be due to the perturbation of the rota- 
tional levels. Cf. also references 13 and 14. 

This investigation has been started by one of the authors (S.M.N.). 
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out that, whereas the level v' = 9 seems to be displaced downwards, those 
above the intersecting curve (y' = 10-16) seem to be displaced upwards 
which suggests some interaction between the corresponding U{r) curves. 

We know according to I from our rotational analysis of the 9-1 and 9-2 
bands that the rotational levels of the v' = 9 level are perturbed. In these 
bands we have found that the mean value of obtained from the 

graph is larger than the and B^'F^ The fact that B^' obtained from lower 
values of K is less than the values obtained from higher values of K (the fac- 
tor has been considered) seems to indicate that the perturbation in- 

creases with K. 

VI. Peedissociation* 

It has been remarked in a previous section of this paper that there are two 
regions in this spectrum where the bands are diffuse. As can be seen from 
Fig. Ib the absorption bands are sharp^^ up to X2799.1 {v' = 9, z)" = 0).^* To 
the violet of this point they become at first more and more diffuse, the maxi- 
mum diffuseness being at about X2741.0 (11<— 0) As we proceed toward 
shorter wave-lengths the bands become sharper. At 2615.0 (16<— 0) the bands 
suddenly become much more diffuse, the maximum diffuseness of the second 
region being at X2S49.0 (19'f— 0). From this point on the bands become less 
diffuse. Although the spectrum has been photographed down to X2400, the 
bands below X2492 are no sharper than those between X2792 and X2615, as 
can be seen from Fig. Id. In the first region of predissociation (X2799-X2615) , 
the bands although diffuse, still preserve some of their rotational structure, 
the diffuse lines merging into definite groups (cf. Fig. lb). In the second re- 
gion (X2615— X2435) the bands are completely diffuse, all group structure 
disappearing. 

All the bands which are diffuse in absorption fail to appear on our emis- 
sion plates (cf. Figs, le and If and also Table !).“< No bands were observed 
in emission with v' = 10, although the exposures were long enough to photo- 
graph these had their intensity been one tenth of that of the others. The 
non-appearance of these bands may be ascribed primarily to the small life 
time of the molecule in the vibrational levels of the state with v'>9, 
due to the transitions from these levels to those of another state with sub- 
sequent dissociation. The non-appearance of the 9^0 band may be explained 
by the fact that the transition probability from v' = 9 to v" = 0 is small. The 

“ B,=5e— ae(ii-|-l/2). Hence should decrease as increases. 

* The authors appreciate the discussions with Drs. J. L. Dunham and Carl Eckart about 
points brought up in this section. 

“ When we use the expressions; bands are “sharp” or “diffuse,” we actually mean that the 
rotational lines of the bands are sharp or diffuse. 

^ V. Henri gave X2792.4 as the wave-length at which the bands become diffuse (cf. refer- 
ence 6). However, the band at X2792.4 (2792.8 according to our measurements) does not be- 
long to the main system, i.e. ®S--ssy, but to a weaker group of bands which are designated 
here as A bands and are given in Table IV. As will be shown in section VII, this wave-length 
has no special meaning. 

This fact was independently observed by H. H, van Iddekinge, Nature 125, 858 (1930), 
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transition probability tor a'>9 to ."-0 is still smaller, hence these bands 

would be weak even if predissociation was not present. ^ ^ 

Various investigators==’^“'^^ have given explanations of the predissociation, 
which occurs in this spectrum. Franck^^ showed that if we assume two inter- 
secting curves as in Fig. 2A, we may expect transitions to take place at the 
nointli with immediate dissociation of the molecule.^ The theoretical ex- 
danation based on wave mechanics, as given by Kronig^« involves the same 

£ic principles as those used by Franck. Ay^O^d 

rules for radiationless transitions are AA = ± 1, 0, Aa. or A5 U, u, a a 
that transition can occur only between two -Kor-) rotational levels belong- 
ing to two electronic states that are both g or both «.^MIt 
out that the ordinary transition rules are AA= + 1, 0; Aa. or A6 -0, AJ 0, 
+ 1 . _L(or-) levels to -(or-b) levels and g(or u) to «(or g) states (if equal 
atomJl. The probability of a radiationless transition is proportional to 
P £ is the energy difference between any level of the state and 
the line h V V being the dissociation energy of state a. The above formula 
would indicate that no transition is possible between the two intersecting 
curves below h. Hence we would expect predissociation to begin sharply and 
then decrease gradually as we reach the vibrational levels above the point 6. 
However, in both the first and second region, predissociation begins suddenly 
and increases gradually to a maximum before it decreases . . 

The explanation given by Herzberg^^ for the observed predissociation in 
the Sa bands is a further development of Franck’s principle According to 
Herzberg curve cuts the curve at two points, c and_&, as in hig. 2B, 
corresponding to the two regions of predissociation. He points out that the 
bands of the second region may be more diffuse, first because in this region 
the bands will be overlapped by the continuum^i due to and sec- 

ondly, because at c the probability of predissociation will be greater, for at 


»J. Franck and H. Sponer. Nachricht Gesellschaft d. 

Klasse p. 241 (1928); K. F. Bonhoeffer and L. Farkas, Zeits. Phys. Chem. 134, 337 (1927), 

“ R. de L. Kronig, Zeits. f. Physik SO, 347 (1928); 62, 300 (1930). 

27 G. Herzberg, Zeits. f. Physik 61, 604 (1930). _ 

2 s The last rule as formulated by Kronig (cf. Zeits. f. Physik 62, 300 (1930)) is symmetncal 
to symmetrical, and antisymmetrical to antisymmetrical states The -b and the heie 

referred to are the “gerade” (g) and “ungerade” («) rotational levels of Kronig (cf. Zeits. f. 
Physik so, 351 (1928)) and Mulliken (cf. Phys. Rev. 36, 617 (1930). The g and « used here refer 
to the “gerade” and “ungerade” electronic states of Hund as Hu, etc. (cf. Zeits. f. Physi 

51, 759 (1928)). . . . • t aa m Fnr 

29 The term in Kronig’s formula eaters only when the transition involves dA = ± 1. i^or 

a transition for which AA =0, the probability is independent of /. The dependence on J would 
indicate that within any diffuse band, the rotational lines would become more diffuse as we 
go away from the origin. The probability essentially depends upon J and not on since 
j 2 /(£)i/2oc J, It is difficult to determine from our results whether or not the lines withm a band 

become more diffuse as we go away from the origin. 

Herzberg points out that curve a may or may not have a minimum. His explanation fits 

either case equally well. , . , , t r 

31 Fig. 3 shows that the most probable’ transition from the lower vibrational levels of the 
3 Si," state is to the left of the upper curves. 
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this point the radiationless transition may occur before it is necessary for 
the molecule to complete half a vibration as it would at point b. It is highly 
improbable, however, that the overlapping continuum will make the bands 
appear more diffuse than they actually are. Furthermore, since the frequency 
of vibration is much larger than that of rotation, the fact that the molecule 
will have to complete half a vibration at b and not at c before it dissociates, 
can have no appreciable effect on the relative probability of predissociation 
of the bands in the two regions. 

The first idea which suggests itself is that there may be two curves inter- 
secting the ®S„- curve, giving the two regions of predissociation. It may be 
well, therefore, to consider here the various possible states which may be 
present. It has been shown by us® that the main system of bands which show 
predissociation is due to a transition, being the lower state. 

By a comparison with the Schumann-Runge bands of O 2 (cf. also section VII), 
one would expect the of S 2 to dissociate into two atoms, and the ex- 
cited state, into one and one atom. It is evident also from the 

U(r) curves that the states which cause predissociation must dissociate into 
two normal atoms. By applying the results of Wigner and Witmer,®^ one finds 
that the molecular electronic states resulting from similar atoms both in a ®P 
state are the following: »n„, iS„-, ®A„, ®n„, ®n„, ®2„+, 

®A„, ®II„, The state or states causing pre- 

dissociation (curve a in Fig. 2B or Fig. 2C) must be among the above. But 
according to the rules given by Kronig^® for a radiationless transition, the 
only state in the above list which can interact with a state is a ®n„ 
state. Hence the state which causes predissociation must be a ^IIu state 
and must intersect the ®2„- at two points as Herzberg assumed.^’ However, 
we have still to explain why the bands in the second region corresponding to 
c are more diffuse than those in the first. 

It may be shown that Kronig’s formula does not apply to the region c. 
In deriving his formula,®® he assumed that the nuclear momentum of the 
molecule in state a (here identified as a ®n„ state) is constant. That is, 
he was dealing only with the flat portion of the curve, line b b' of Fig. 2A.- 
If, however, the curve has no minimum®^ as in Fig. 2C the momentum will 
not be constant near either of the points b or c.®® 

E. Wigner and E. E. Witmer, Zeits. f. Physik 51, 859 (1928). 

Kronig took as the wave function of state a an oscillatory function with a constant pe- 
riod, Le., constant momentum. 

The state may have a very shallow minimum. If it had a sharp minimum we would 

expect to find discrete bands either in emission or absorption due to a transition. 

No such bands have been found although there is a region of weak continuous absorption be- 
ginning at about X2600 which may be ascribed to this transition. The group of bands designated 
in this paper as A bands are not due to this transition, for they are found in absorption after the 
point c has been passed. 

Since the intersects the curve at c, we will have to suppose that although the 
interaction between the two atoms forming the state is almost zero for very small distances 
of internuclear separation, when this distance is made still smaller, the repulsion between the 
two atoms is smaller than that in state (This wilTbe the case if the electronic configura- 
tion of the state resembles the united atom more closely than that of the ’ state.) 
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In the tentative explanation given, here we shall make use of the Franck- 
Condon theory^^ of transition probabilities between the two states and 



r 

Fig.2C 


^ITw. According to this theory the probability of a transition is greatest when 
E. U. Condon, Phys. Rev. 28, 1182 (1926). 
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the nuclear separation as well as the momentum remain unchanged during 
the transition. Since the slopes of the two intersecting curves are more nearly 
alike at the point c than at &, and furthermore remain closer together at the 
former point than at the latter, a transition from a discrete vibrational level 
whose energy is near that of c to the continous curve will involve a very much 
smaller change in the nuclear separation at this point than at the point h. 
The ratio of the nuclear momenta in the neighbourhood of the two points is 
approximately the same in both cases. This can be seen from Fig. 2C. If we 
take two discrete vibrational levels Ei and so that = and con- 

sider the points on Ei and E% having zero nuclear momentum it is quite evi- 
dent that the difference of the nuclear separation for the former is much less 
than for the latter. For two other points on Ex and E^, having nuclear separa- 
tions Ti and ^2 so that ri — rc = rh-~r 2 the ratios of the nuclear momenta in the 
former case will be about the same as in the latter. Hence the probability 
of the predissociation at the former point will be greater (therefore the rota- 
tional lines more diffuse) than at the latter point. Furthermore, since the 
two curves remain closer together near r, i.e. the second region of predissocia- 
tion, we would expect more bands to be diffuse in the second region of predis- 
sociation than in the first. Finally, from the above explanation we would ex- 
pect that, in both regions of predissociation, the bands tend to become more 
diffuse as we approach the points of intersection from either side.^^ These 
phenomena are exactly what we observed. 

It has been stated in a previous section that the overlapping continuum 
reaches a maximum at X2549. This maximum could not be due entirely to 
transitions between the and the states, for according to Fig. 3, the 
maximum probability of this transition should occur at X2662. We have also 
seen that the band at X2S49 (19<— 0) is the most diffuse band in this spectrum. 
Hence the overlapping continuum at this point must be due to the fact that 
the rotational levels for the v' = 19 are so diffuse as to be practically continu- 
ous. 

For a quantum mechanical formulation of the results obtained by applica- 
tion of the Franck-Condon principle, we would make the step by step con- 
version from one to the other exactly as Condon has done for ordinary transi- 
tions.®^ One sees that the overlapping of the wave functions of the two states 
and ^IIw) is greater at c than at h since the internuclear distances (with 
zero nuclear momentum) on both curves are nearer the same in the neigh- 
borhood of the former point than of the latter. Therefore the two waves will 
tend to reenforce each other more at c than at giving a greater transition 
probability in the neighborhood of c. 

^ L, A. Turner (Am. Phys. Soc. Meeting, New York, Feb. 1931, Paper No. 12) refers to two 
types of predissociation. In one the broadening of the lines sets in suddenly at a definite wave- 
length and in the other it sets in gradually. The former is the type discussed by Kronig (cf. 
Fig. 2A) and is also approximated at point 6 of Fig. 2C. According to our interpretation the 
continuous curve at point & has almost the value of dissociation. Hence at this point one would 
expect the broadening of the lines to set in more suddenly than at point c. 

E. U. Condon, Phys. Rev. 32, 858 (1928), also Condon and Morse, Quantum Mechanics, 
pp. 168-170, 
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In the above discussion we were concerned mainly with the 
bands. The other system of bands which we have designated as A bands 
shows exactly similar characteristics. Whenever a band of the main system 
is diffuse the corresponding A band is also diffuse. 

While this paper was being written AsundP’ reported that in the presence 
of argon at high pressures, he was able to photograph the bands in emission 



Fig. 3. Potential energy curves of the known states of the S 2 molecule. The “S a and 

curves have been draw^n using Morse’s equation. 

beyond the first limit of predissociation. If the mechanism of predissociation 
given by all thus far is correct, it is difficult to see what effect the presence 
of argon could have except that of increasing the population of the levels with 
v^>9. Thus, although dissociation does take place there are still sufficient 
molecules present in these states to emit the bands with sufficient intensity 
to be observed. 

VIL Heats of Dissociation 

In our previous paper® we showed that the main system of S 2 bands is 
due to transition, and is analogous to the Schumann-Runge 

bands of O 2 . We should, therefore, expect the normal ^2^,“ state of S 2 to dis- 
sociate into two atoms just as in the case of O 2 , and similarly the upper 
state to dissociate into a V and a atom. 

From the graph for the state we obtain by linear extrapolation 
2.07 volts for the heat of dissociation D' of this state.^^ Hence the total energy 
required to excite the molecule into the state and to dissociate it is : 

+ i}' = 3.98 + 2.07 = 6.05 volts. 

R. K. Asundi, Nature 127, 93 (1931). 

^0 Of the 2.07 volts the energy is known up to 1.01 volts and the rest is extrapolated* 
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The level which causes the predissociation must also dissociate into 
two atoms, since there is no other possible atomic state between the 
and W states. From the description of the phenomenon of predissociation 
as observed in these bands given in section VI it is clear that the rotational 
lines of the bands, are sharp up to X2792.8 where they begin to become diffuse. 
The rotational lines immediately belowX2792.8 which are diffuse in absorp- 
tion correspond to transitions from the higher rotational levels in — 0 to 
the corresponding levels of z;'==10. These lines are diffuse because the rota- 
tional levels of = have energies which lie in the continuous energy 
range of the curve (i.e. >Z)"). Since the lines near the head of the 
10-0 band ( 1 ^ = 36101 cm~^) also are diffuse the energies of these lines are 
greater than P". The head of the 9-0 band is sharp so that its energy is less 
than P'h In I, moreover, it was shown that the rotational lines of the 9-1 
and 9-2 bands could be followed to ir~30. The line having K^SO corre- 
sponds to an energy 35713 cm"“^-f P 9 ir(X+l) ^^36000 cm“h This energy must 
be less than P" otherwise the rotational lines could not have been observed 
in emission. P" must therefore lie between 36000 and 36100 cm.“^ Therefore 
P" =4.45 ±0.01 volts.'^^ This value is in good agreement with the chemical 
value 103600 cal =4.5 volt obtained by Budde.^^ By extrapolation of th cov^v 
graph for the ^2^“ state we ought to obtain the same value for its energy of 
dissociation P'h But, as in the case of O 2 , this extrapolation leads to a value 
of P" which lies above the correct values for S 2 as obtained from predisso- 
ciation. 

Using the values of r/ and r/' given in I and the values of Ve, P' and P" 
obtained above, we are able to draw the potential energy curves of the ^2^" 
and ^2^"" states of S 2 using Morse’s equation, (see Fig. 3). Assuming the 
^riw curve to intersect the ®2 "'m curve at about v' = 19 and v' = 11 according to 
section VI and to give two ®P atoms, we may draw this curve as shown in 
Fig. 3. 

According to the above results the separation of the ^P and *P atomic 
states must be 6.05 —4.45 = 1.60 volts. The value of this separation for O 
as given by Frerichs^ is 1.95 volt and the corresponding separations in the 
Se and Te atoms as determined by McLennan and Crawford^® are 1.2 and 1.3 
volts. By interpolating we obtain 1.6 ±0.1 volts for S which is in good agree- 
ment with the value given above; 

The authors wish to thank Professor R. S. Mulliken for his interest and 
criticism in connection with this work. 

G. Herzberg, Zeits. f. Physik 61, 604 (1930) lays great stress on the fact that one can ob- 
tain only a maximum value of the energy of dissociation from predissociation data. From our 
interpretation of the phenomenon it is clear that a fairly accurate determination is possible 
' for S 2 :.' 

Budde, Zeits. f. Analyt. Chem. 78, 169 (1912). 

The linear extrapolation in this case will be very inaccurate as it is much greater than 
in the state. 

P. M. Morse, Phys. Rev. 34, 57 (1929). 

« R. Frerichs, Phys. Rev. 36, 398 (1930). 

J. C, McLennan and M, F. Crawford, Nature 124, 874 (1929). 
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NOTE ON MODES OF SPECTROGRAPH 
SLIT IRRADIATION 

Donald C. Stockbarger and Laurence Burns 
Radiation Measurements Laboratory 
Massachusetts Institute of Technology 
(Received February 26, 1931) 

Abstract 

The mercury lines, 3650-63, have been photographed with very approximately 
coherent slit irradiation and with a number of different slit-widths. Maximum sharp- 
ness and resolution were obtained when the slit -width had a rather critical value. 
Multiple lines appeared when a multiple of the critical slit-width was used. Diffraction 
patterns appeared between the lines when the slit was made narrower than the critical 
value. A more detailed account of the research, of which this is but a small part, will 
appear later. 

T he recent appearance of a mathematical paper by van Cittert^ has 
prompted us to publish a small portion of the experimental results which 
we are accumulating in our study of spectrograph slit irradiation. Although 
the work has been in progress for nearly a year we do not feel justified in at- 
tempting to treat the subject in a general way until the entire program has 
been covered. The results presented will serve, therefore, merely as an in- 
dication of what we are finding, viz., that the width and shape of a line 
image are influenced to a large degree by the mode of slit irradiation. 

We were led to undertake the research by difficulties encountered during 
the past few years in connection with such things as line absorption and in- 
tensity measurements. Evidently others have experienced similar difficulties.^ 
Sometimes photographed lines appeared to have absorption cores when there 
were no assignable reasons for self-reversal. In one instance several lines 
seemed to suffer a shift of wave-length so great that no known agencies could 
account for it. Although the false effects could be eliminated usually through 
adjustment of the optical system, we felt that a systematic investigation 
should be made in order to remove the necessity for cut-and-try methods. 
Practically no help was found in the literature. 

Van Cittert treats the two special cases, coherent and noncoherent mono- 
chromatic irradiation, in some detail and draws conclusions in regard to a few 
intermediate modes such as would be met in practice. Wadsworth® and 
Schuster^ had already treated the completely noncoherent case but, as van 
Cittert suggests, a self-radiant slit which is sufficiently narrow is practically 

' P. H. van Cittert, Zeits. f. Physik 65, 547 (1930). 

® Shenstone, Phys. Rev. 34, 726 (1929). 

2 Wadsworth, Ast. Jour. 1, 52 (1895); ibid. 3, 170 and 321 (1896); ibid. 4, 54 (1896); Phil. 
Mag. 43, 317 (1897). 

^ Schuster, Ency. Brit. Article on Spectroscopy; Ast. Jour. 21, 197 (1905). 
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unattainable. Approximately noncoherent irradiation can be realized through 
the use of a very broad source or by imaging a source on the slit with a very 
large condenser lens. Departure from noncoherency of irradiation may lead to 
narrower lines but it can also seriously affect their shapes. In ordinary prac- 



Fig. 1. Slit 2.5 divisions. Note the pronounced diffraction background. 

Fig. 2. Slit 3.5 divisions. 

Fig. 3. Slit 4.5 divisions. Sharpness and resolution appear to be best with this slit width. 

tice this departure may be considerable. For every mode of slit irradiation 
there exists a slit-width which should not be exceeded. This width being 
measured in wave-lengths, the correct setting for one spectral region is in- 
correct for another. 



Fig. 4. Slit 9.5 divisions. 



Fig. 5. Slit 12.5 divisions. 

Fig. 6. Slit 14.5 divisions. 

In general, we find our experimental results to be in qualitative agreement 
with van Cittert’s mathematical analysis. We are including intermediate 
modes of irradiation, however, and consequently are finding different orders of 
effects and some effects not mentioned in his paper. 
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111 the example selected for this note, the source was a low pressure quartz 
mercury arc placed 2.25 meters from the slit of a Hilger E2 quartz spectro- 
graph, To narrow the beam of radiation an opaque screen with a window, 
about one centimeter in diameter, was mounted 25 cm in front of the arc. The 
arc and screen were carefully adjusted in position so that the radiation passed 
through the center of the collimator lens. This mode of irradiation, which 
approached the coherent case, was of such a nature that pronounced diffrac- 
tion effects were observed, but it was not an extreme case. The 3650-63 lines 
were photographed with different slit-widths, and then the plates were exam- 
ined with the aid of a recording microphotometer. 


Figs. 1-10 show that maximum sharpness and resolution of the lines were 
obtained when the width had a rather critical value, viz., 4.5 divisions on the 
drum. At multiples of the critical width the lines tended to appear equally 



Fig. 7. Slit 21.5 divisions. 

Fig. 8. Slit 26.5 divisions. 

Fig. 9. Slit 31.5 divisions. 

Fig. 10, Slit 36.5 divisions. 

multiple, e.g., a doubling occurred at twice the critical slit-width. For widths 
between multiples of the critical value the diffraction patterns were not as 
regular. The lines were often well resolved even when they appeared to be 
multiple. Below the critical width, however, the spaces between the lines 
were filled with a diffraction background of considerable density. 

Evidently accurate estimates of the relative e intensities would be 
difficult to make in some of the cases illustrated, either thi'ough measure- 
ment of areas or from reading maximum densities. Furthermore, very mis- 
leading information concerning true line shapes could easily be got from an 
examination of the images. The minima due to doubling might be mis- 
interpreted as an indication of reversal. In extreme cases the diffraction 
patterns might even suggest fine structure. 

We plan to present in much greater detail in a forthcoming paper the re- 
sults of similar studies made with a number of modes of slit irradiation. Some 
of these modes give rise to doubling or trebling with wide separations between 
components. 
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THE MASSES OF 01^' 

By Harold C. Urey 

Department of Chemistry, Columbia University 
(Received March 9, 1931) 

Abstract 

The rest mass of 0^^ is calculated from the known rest masses of He^, and 
and the masses due to the kinetic energies of He^, and as determined by Black- 
ett and Harkins in the transmutation reaction N^'^+He^—^O^^+H^. The only assump- 
tions involved are that the conservation of momentum and of mass-energy holds in 
these reactions. The masses secured in this way from seven sets of data do not agree 
within the probable limits of error for the experimental data. It is suggested that this 
is due either to the formation of 0^^ atoms of different masses and energies in this re- 
action or to the emission of gamma-rays during the collision. The former of these 
predicts discontinuous energy levels while the latter would probably cause the rest 
mass of as calculated here to vary continuously. The relation of this calculation 
to the experiments of Bothe and Pose on the ranges of H particles from boron and 
aluminum is discussed. 

“D LACKETT^ and Harkins and his coworkers® have reported the presence 
of anomalous forked cloud tracks when a particles from thorium C and C' 
bombard nitrogen gas in a Wilson cloud-tract apparatus. These forked tracks 
consist of the usual a-particle track up to the point of the fork; beyond this 
point there is one heavy track due to a heavy atom and one thin track having 
all the characteristics of the tracks of high speed hydrogen particles. These 
forked tracks are anomalous in that the kinetic energy is not conserved. 
Blackett has given a critical discussion of these tracks and shows that the 
range of the heavier secondary track is consistent with the assumption that 
it has an atomic number of 8 and a mass somewhere between 12 and 20 
atomic weight units. It seems certain that only two particles are produced 
as a result of the collision between the a-particle and the nitrogen nucleus be- 
cause only two tracks result and because these two tracks and the original 
a-particle track lie in one plane. The approximate conservation of mass re- 
quires that the heavy particle produced have an approximate atomic weight 
of 17 and thus that it be 0^^. The subsequent discovery of this nucleus in at- 
mospheric oxygen increases our confidence in the correctness of this conclu- 
sion. • 

These authors have secured the velocities of the He^, 0^^ and HVnuclei 
(that of is zero) and using Aston's values for the rest masses of He^, 
and Hh it is possible to calculate the rest mass of 0^^ assuming the conserva- 

^ This paper is Contribution 653 of the Department of Chemistry, Columbia University, 
'New York, N.'Y. , 

2 P. M. S. Blackett, Proc. Roy. Soc. 107 A, 349 (1925). 

® W. D. Harkins, and H. A. Shadduck, Zeits. f. Physik 50, 99 (1928); W. D. Harkins, and 
A. E. Schuh, Phys. Rev. 35, 809 (1930), 
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tion of mass and energy. The mass of 0^^ is then easily seen to be given by 

Mo = [Mneil - + i/N - Mh (1 - (1) 


where and Mn are the rest masses of the corresponding atoms 

in atomic weight units (0^® = 16) and viu, vn and the corresponding veloc- 
ities. The velocities vn and Vq are calculated from the angles between the 
direction of the original a-particle track and the directions of the oxygen and 
hydrogen tracks using the formulae 


^0 


If He sin \l/ if He siu CO 

.j = ^ y 

Mq sin (i/ + co) ifo sin + co) 


( 2 ) 


where i/ and o) are the angles between the a-particle track and the hydrogen 
and oxygen tracks, respectively. These formulae follow if the law of conserva- 
tion of momentum holds for these collisions. The velocity of the a-particle is 
secured from the remaining range of the a-particle at the point of collision by 
using the well-known relation between range and velocity, R = kv^, 

Blackett used ilfHe = 4, ifH==l and = ii^ calculating the values of 
Vq and and did not correct for the change of mass with velocity. Harkins 
probably used the rest nuclear masses (not the atomic masses) but did not 
correct for the change of mass with velocity. In making the calculations for 
ilfo, If He “4.00107, JfH = 1.00723, ilfo = 17 have been used in securing pre- 
liminary values for vb.q VRy Vq and Mq, Using these results values for Miu 
(l_^ 2 j^^/^ 2 )-i/ 2 ^ j|fj^(l_^ 2 H/^ 2 )-i /2 ilfo(l ^ zf^o wci'c securcd whicli 
were then used in repeating the entire calculation in order to correct for the 
change of mass with velocity and to use only the rest masses of the nuclei 
and not those of the atoms. These corrections changed the values of Mq by 
nearly a constant amount of 0.0007 at weight units and did not change the 
variations in ikfo appreciably. 

The probable errors in this calculation can be estimated more readily 
by expanding (1) in the form 


1 

ifo = if He + ifN ~ ifl-I + — if I 




1 vn^ 
—Mil — 

2 


vo^ 


"(if He + ifx ifri)- 1 ifl-Ie 

8 


0 . Vif 

- -Mb—- + • • • . (3) 

8 c‘^ 


Then substituting the values of (2) in (3) and neglecting the terms in vSu and 
we secure 

i/T nr nr nr j ^ nr ^ 

ifo == if He + ifx ■” ifn d Mbq 


sin^ 0) 


2 ifn sin^ (^ -f* a?) 

1 Mue^(Miu + Mu — ifn) sin‘^f 


sin^ (tjJ' -f w) 
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In the last term Mq can be set approximately equal to ilfne+i^N — ■M'h since 
this term is small and the equation then becomes 

1 2 

Mq = If He + ~ M^ -| — 

2 

Mne sin^ ^ 

Mfie + '—Mb. sin^ + 

From this it is easily seen that the errors in the rest masses of He, N, and 
H introduce the same error in each calculation and that this is approximately 
Aston’s error in the rest mass of namely'^0.0028 atomic weight units 
and that the error in the energy of the a-particle only affects the small quan- 
tity Mq — Mbq — M-^-^-Mb* An error of one percent in the energy of the a- 
particle makes an error of only a few units in the fifth decimal place as will 
be seen below. A study of the effects of errors in co and yp on the mass shows 
that the error in co is by far the more important because it is a small angle in 
the case of all the forked tracks measured by Blackett and because Mbb/Mb 
( = r^4) is much larger than M’ne/CMHe+.MN-ilfH) ( = ^0.235) so that the 
error in the second term within the parenthesis of Eq. (4) is the important 
one. Blackett estimates his mean error of measurement of angles^ as about 
10' providing the tracks are not curved and the angles are not near 90°, i.e., 
less than 75°. These conditions are fulfilled in the case of co for every case 
except one in which the tracks are curved. The least laborious way for cal- 
culating this error was found to be a repetition of the calculation of Mq using 
6J + 10' instead of co throughout. The probable error in Mq is then taken as 

AMq - (AMi^ + AM2^yf^ 

where Ailfo is the probable error of Mq and AMi and Alf 2 are the errors pro- 
uced by a one percent error in the energy of the a-particle and an error of 
10' in cij, respectively. 

The probable errors in Harkins’ measurements cannot be estimated. The 


Table I, Atomic weights of with that of 0^® taken as 16, 


Author 

Mo(n^^deus) 


XIO” 

AMz 

X10» 

AMq 

xio^ 

B4 

17.00067 

17.00504 

2.7 

1.1 

7.6 

B7* 

16.99965 

17.00402(?) 

1.6 

7.1 

7.3(?) 

B1 

16.99927 

17.00364 

1.3 

6.0 

6.1 

B5 

16.99893 

17.00330 

0.9 

1.2 

7.3 

B3 

16.99863 

17.00300 

0.6 

6.6 

6.6 

B6 

16.99857 

17.00294 

0.6 

27.7 

27.7 

B2 

16.99698 

17.00135 

1.0 

8.3 

8.4 

Preliminary Mean 

16.99895 

17.00332 




Harkins and Schuh 

17.0007 

17.0050 

? 

? 



* The measurements are in doubt because the tracks are curved. 



^ P. M. S. Blackett, Proc. Roy. Soc. 103A, 62 (1923). 
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track observed by Harkins and Shadduck® is difficult to explain because both 
0 ) and are obtuse angles so that the conservation of momentum is impossi- 
ble and thus Eqs. (2) cannot apply, while the angles between the tracks are 
not reported in the case of the track observed by Harkins and Schuh. 

The results of the calculations are listed in the Table I. Column 1 con- 
tains a symbol, Bl, etc., indicating the first track of Blackett, etc. Alto- 
gether the data are complete for seven tracks. 



Discussion of Results 


It is evident that the total variation of the calculated masses of is very 
much greater than any reasonable estimate of the experimental errors. The 
lowest value is 0.00197 below the mean. It would be impossible to make a 
sufficient error in the kinetic energy of the oj-particle to account for this error, 
for in order that this lowest value should agree with the 17.00300 value it 
would be necessary to assume that the energy of the o'-particle was about 
1/6 of that actually used in the calculation. The error in the measurement of 
0 ) necessary to account for this difference would be about 4°. Yet the track 
meets all of Blackett's requirements and the published track appears to be dis- 
tinct and capable of exact measurement. The largest value is 0.00172 above 
the average. The angle \p in this case is 78°52' and thus difficult to measure 
according to Blackett, but errors in this angle will make only small errors in 
Mq and thus there is no reason to believe that the mass calculated from this 
track is in error. Thus the conclusion that these values of the mass of 0^*^ 
do not agree within experimental error seems justified and the preliminary 
average is not permissible. 

The following ways of accounting for the discrepancies may be con- 
sidered : 


1. The oxygen atoms formed may not have the same mass and energy 
the mass differences measure the energy-level differences of the 0^^ 

nucleus. If this is the case, one would expect 7-rays to be emitted by the 0^^ 
nucleus very soon after the collision. 

2. 7-rays may be emitted during the collision process. 

A descision between these possibilities is not possible on the basis of these 
experiments, nor, in fact, on that of the experiments of Bothe® and Pose'^^ 
who have shown that the ranges of the H particles produced when a particles 
of uniform range bombard boron and aluminum respectively fall in discontin- 
uous groups. The second assumption is the one usually assumed by workers 
in this field. I choose, however, to use the first, for it is more nearly in accord 
with the well established interpretation of collision phenomena of the ex- 
ternal electron shells. Moreover, the time of collision is of the order of mag- 


® The figure drawn by these authors does not agree with the angles reported but the writer 
has been unable to reproduce their values for the velocities of 0^^ and by assuming different 
ways of defining the scattering angles. 

® W. Bothe, Zeits. f. Physik 63, 381 (1930). 

^ H. Pose, Zeits. f. Physik 64, 1 (1930). 
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nitude of 10“^^ sec. while the probability of emission of a quantum from the 
nucleus should be about 10^® so that the emission of a quantum during the 
collision is relatively improbable. The calculations in either case are subject 
to about the same errors due to neglect of the momentum of the quantum. 
An estimate of these errors can be made easily for the calculations as made 
here. 

It is likely that the 7-ray quantum would be emitted within 
seconds after the collision,® During this time the 0^^ nucleus would move a 
distance equal to the diameter of one atom and thus the angle between the 
track of the excited nucleus and the original o;-particle track would not be 
the observed angle used in deriving equations (2), since the momentum of the 
quantum would deflect the track of To see how large an error this would 
make we shall consider the B4 track and assume that a quantum having 
energy equivalent to 0.00369 atomic weight units is emitted. This should 
give the greatest pOvSsible error. If this quantum were emitted in a direction 
parallel to the direction of the 0^^ nucleus, no change in the angle co would re- 
sult and thus no error be made in the calculation. If it were emitted perpen- 
dicular to the approximate plane of the three tracks, only a slight error would 
be made since the angle between the and ce-particle tracks would be 
changed but slightly. Finally if it were emitted in a direction perpendicular 
to the 0^^ track and in the plane of the three tracks, a maximum displacement 
of the 0^^ track would result. This angle is given by the relation 

Ifo^^o sin (Aco) = 0.00369<; 
or 

0.00369 X 3 X 10^0 

Ao) ^ = 0.014 radians = 50^ 

17 X .454 X W 

A comparison with the calculated errors in Mq assuming an error of 10' in the 
measurement of co shows that the maximum error possible in the B4 case is 
about ±0.00038. The error cannot be this large in any other case for the 
quantum cannot be as large as the quantum assumed here unless the rest 
mass of 0^^ is considerably less than 17.00135 which does not appear likely. 
Thus the actual spacings of the energy levels may be uncertain due to this 
effect by not more than 10 percent of their total separations from the lowest 
level. If the B2 collision does not produce a normal nucleus, the maxi- 
mum uncertainty increases in approximately direct proportion to the excita- 
tion energy and the uncertainty remains the same fraction of the excitation 
energy. The probable error would certainly be less, for the quantum may be 
emitted in a more favorable direction and the total excitation energy may not 
be emitted at the same time or in the same direction. The largest atomic 

® The probability of emission of a quantum is proportional to where v is the frequency 
and a a length of the dimensions of the emitting system. Taking v equal to about 10^ times the 
frequencies emitted by atoms and a equal to of the diameter of an atom, we see that this 
probability will be 10^ times that of an atom which is known to be 
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weight difference of 0.00369 is equivalent to 0.00358^ or 3.4X10® electron- 
volts. 

Altogether these estimates of possible errors lead to the conclusion that 
the Bl, B5, B3, and B6 values may all be due to one energy level but that B4 
and B2 are due to the formation of nuclei of different masses. Finally the 
B7 track may be disregarded because of the uncertainty arising from the 
curved tracks. Three masses separated by about equal differences are in- 
dicated by the data as shown in Table II. The data are too meager and 


Table II. 


Track 

Mo 

Av. Mo 

LMo 

B4 

17.00504 

17.00504 


Bl 

17.00364'! 


>0.00182 

B5 

17.003301 

1 17.00322 

B3 

17.00300 


B6 

17.00294; 


>0.00187 

B2 

17.00135 

17.00135 



the uncertainty to great to regard these differences as certain, but equally 
spaced vibration levels due to a proton (or neutron) vibrating relative to an 
0^® residue of the 0^^ nucleus immediately comes to mind as a possibility. 

Bothe's and Pose’s experiments showing discontinuous ranges of H par- 
ticles agree with the assumption of discrete energy levels in the heavier nu- 
cleus as they have indicated.® If the range of the a-particles is uniform as was 
the case in their experiments, and if the energy of the heavier nucleus is small 
as compared with that of the hydrogen nucleus, discrete ranges of H particles 
will occur, the higher range particles occurring when a nucleus of low’ energy 
is formed. These conditions are not fulfilled by Blackett’s data for the energy 
of the a-particles are not sufficiently uniform. It is of interest, however, to 
note the rough agreement between this data and the data of these authors. 
Table III shows the atomic weight of 0^^ as calculated, the kinetic energies 


Table III. 


Track 

Mo 

Ese 

XlO+3 

E, 

X10+“ 

Eh 

Xio-f'S 

Vll 

X10"« 

Eh (cm ) 

B4 

17.00504 

8.35 

1.94 

4.30 

2.58 

17.2 

B7 

17.00402 

8.64 

1.08 

5.95 

3.25 

34.3 

Bl 

17.00364 

7.63 

0.98 

5.40 

3.09 

29.5 

B5 

17.00330 

7.45 

1.90 

4.65 

2.87 

23.6 

B3 

17.00300 

6.96 

1.72 

4.64 

2.87 

23.6 

B6 

17.00294 

8.70 

3,15 

4.49 

2.64 

18.4 

B2 

17.00135 

8.28 

1.55 

7.78 

3.71 

51.1 


of the a-particle, and of the H and 0^'^ nuclei, the velocity of the H nucleus 
and its range in air calculated from the formula, Rn/Rm — ^hi He* The 


® E. Rutherford and J. Chadwick, Proc. Camb. Phil. Soc. 25, 186 (1929) conclude that the 
variation of Blackett’s data is outside experimental limits of error, but do not calculate the 
masses of 0^^ as is done here. 
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kmeac enemies are expressed in atomic weight units per gram molecule 
(at. wt. of 0 =16). The energy of the 0^^ nucleus is considerably smaller 
than that of the hydrogen nucleus except in the case of the B6 track. The 
shortest range H nucleus is indeed that of the B4 track and the longest that 
of the B2 track as expected. The irregularities of the ranges as compared to 
the calculated masses of 0^^ can be seen to be due to the variations in the 
kinetic energies of the a-particles or of the 0 ^’’ nucleus. 

Bothe and Becker” have detected the emission of y-rays from lighter 
elements during the disruption of the nucleus in agreement with the expecta- 
tions of this calculation and the interpretation of the results. They report, 
however, that the y-radiation in the case of nitrogen gas bombarded with 
a-particles from polonium is very weak. This does not contradict the predic- 
tion of y-rays in the collisions observed by Blackett, for they are all due to 
a-pardcles of considerably longer range (6.24 to 7.79 cm) than those from 
polonium. 

On the basis of this calculation the atomic weight of Qi’' cannot be greater 
than the minimum value calculated, namely, 17.00135 + 0.0028 if the atomic 
weight of is taken as 16.000. 


“ W. Bothe, and H. Becker, Zeits. f. Physik 66, 289 (1930). 
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PROPAGATION OF LARGE BARKHAUSEN DISCONTINUITIES 

By K. J. Sixtus and L. Tonks 
General Electric Company, Schenectady, New York 
(Received February 28, 1931) 

Abstract 

Large Barkhausen discontinuities have previously been observed by Forrer and 
by Preisach in nickel wires and hard-drawn wires of the nickel-iron series respectively 
under stress. A prediction that these discontinuities occur in form of a propagation 
along the wire, starting at a nucleus, has now been substantiated. In the experiments 
an additional local field was used to start the propagation at a definite point on the 
wire, which was in a uniform magnetic field, and the velocity was determined by meas- 
uring the short time interval elapsing between the passage through two search coils 
around the wire. With a fixed value of tension on the wire, the velocity v was found 
to vary approximately linearly with the applied uniform field II, so that v~A (11— IL). 

A is the slope of the velocity-field characteristic and Ho is called the critical field. 
Measured velocities range from 500 to 40,000 cm sec~h JJo varies with composition, 
amount of cold working, and with the stress applied to the wire. Increasing tension 
reduces the critical field over the greater part of the Ni-Fe alloy composition range. 
The behavior of Ho with increasing and decreasing tension shows the presence of elas- 
tic hysteresis. A is nearly constant for changes in tension, in diameter of wire, for 
composition of wire, and is the same for a strip. Its value is approximately 25,000 cm 
sec“^ gauss~i. 

The existence of eddy currents limits the speed with which magnetism can 
penetrate the wire. A rough calculation of this time gives values in the neighbor- 
hood of 10“2 sec. Thus a discontinuity travelling at 10'^ cm per sec. occupies a length of 
some 100 cm on the wire. This was substantiated both by measurements of the peak 
voltage induced in a search coil and by oscillograms taken of the induced voltage. The 
observed passage times agree well with the theoretical penetration times. 

The constancyof thezz-Hslope for wires of different diameters is believed to indicate 
that the velocity depends upon surface phenomena rather than volume phenomena. The 
velocity would thus be determined by conditions existing near the front edge of the dis- 
continuity where the penetration is still slight. The critical field is believed to repre- 
sent a threshold value of magnetic field w’^hich must be exceeded at all points of the 
wire before reversal of magnetism can occur. The excess of the impressed field over the 
critical is nullified during propagation by the fields arising from the eddy currents. A 
possible picture of the discontinuity is one in which the reversal occurs within a min- 
ute distance of an approximately conical surface in the wire, the edge of the base of the 
cone forming the front of the wave. 

The explanation advanced by Preisach for the asymmetric hysteresis loops 
■found if one limit of the magnetization cycle was reduced has been extended. 

In this case magnetic inhomogeneities act as nuclei. Mechanical distortion in- 
troduces inhomogeneities of another type which also lead to the very easy formation 
of a nucleus. The phenomena found with torsion are more complicated than for 
tension. In some cases the slope of the z;-H lines shows appreciable variation with 
direction of twist. The results of tests with various compositions of the nickel-iron 
series are described using both tension and torsion, but no newrelations to other proper- 
ties of these alloys can be given so far. Identifying Ho with coercive field, R. Becker’s 
theory has been compared with our results. It appears that in most cases increased 
elastic tension and increased cold working stresses shift Ho in opposite directions. 
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1. Large Barkhausen Discontinuities 

S INCE the discovery of the Barkhausen effect, it has been a well-established 
fact that a great part of the change in induction in a ferromagnetic when 
subjected to a varying field, is made up of discontinuous changes. These or- 
dinary discontinuities can only be observed after amplification and are not 
detectable by the ballistic method. Large discontinuities were first observed 
by Forrer^ in 1926 in the hysteresis loop of a strained nickel wire. Later 
Preisach^ showed that wires of Ni-Fe alloys under the influence of any stress 
(tension, torsion, bending) gave large discontinuities in a longitudinal field. 
In some cases these discontinuities were equal to almost the whole change in 
induction between saturation in the two directions. 

If one tries to picture the manner in which such a magnetization discon- 
tinuity occurs, one is struck by the difficulty of accounting for a simultaneous 
reversal in the whole length of a fine wire. This consideration led Langmuir 
to predict that the magnetization first reversed at one point in the wire, form- 
ing a nucleus, and that the two boundaries which were thus formed then trav- 
elled along the wire with a finite velocity which probably depended on the 
magnetic field strength and the elastic strain. This prediction has been well 
substantiated by the experiments which will be described in what follows. A 
preliminary report of this work has appeared in the Phys. Rev. 35, 1441 
(1930). 

2. The Propagation of Magnetization 

Several investigations on the propagation of magnetic waves have been 
carried out.® The method used has been the same in all cases. An iron wire or 
bar was subjected to an alternating magnetic field at one point and the phase 
shift and maximum value of induction a certain distance away were meas- 
ured. Zenneck^ proposed a theory for the observed effects, based on the as- 
sumption of eddy currents as a determining factor, and postulated the 
equivalence of electric and magnetic waves propagating along a ferromag- 
netic conductor. But the velocities corresponding to the observed phase shifts 
differed within a wide range (10® to 10® cm/sec), the whole phenomenon ap- 
peared to be very complex, and no effort was made to relate theory and ex- 
periment to each other. 

The problem appears simpler in the case of the propagation of a single dis- 
continuity, particularly a 100 percent discontinuity, by which is meant one 
in which the reversal of saturation is complete. In such a case we are dealing 
with a medium of finite conductivity and permeability unity but capable of 
reversing its magnetization at a point under a certain critical local condition. 

VM. R. Forrer, Journ. de Physique [Vl] 7, 109 (1926). 

2 F. Preisach, Ann. d. Physik 3, 737 (1929). 

® A. Oberbeck, Ann. d. Physik 21, 672 (1884); 22, 73 (1884). H. A. Perkins, Amer. Jour 
Sd. 18, 165 (19G4). Lyle and Baldwin, Phil. Mag. 12, 433 ^906). C. V. Drysdale, Electrician 
67, 95 (1911). 

^ T. Zenneck, Ann. d. Physik 9, 497 (1902). 
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This local condition is defined by two variables, the state of elastic strain and 
the magnetizing force. 

It was thought that general energy considerations might enable us 
to make an attack on this problem. A change of intensity of magnetization 
AI in a field H represents an available energy density of HAL This 
must at least exceed the energy dissipated by the eddy currents accom- 
panying the magnetization wave.® These losses can be estimated as follows. 
The whole change of magnetization intensity, A/, is assumed to occur in a 



Fig, L Illustrating the induction of eddy currents by a moving magnetic discontinuity. 

thin plane slab, 5, moving with velocity v as shown in Fig, 1. The time inte- 
gral of the e.m.f. induced in an annular volume dw of radius r will be that due 
to the change in flux, A^, inside that ring, that is, 

Fdt = Aip/c = Trr^ • 4TrAI fc (1) 

where F is the e.m.f. induced in dw and c is the ratio of units. The chief con- 
tribution to this integral will occur while the discontinuity is within a distance 
of which is comparable with its radius r. Accordingly, instead of jFdt, 
where F is the e.m.f., we may write FAt, approximately, where At = 2r/v. 
Applying this to Eq. (1), we have 

F == lir^vAIfc, (2) 

Since F is acting for a time A^ the eddy current loss in dw is F^Atdrdl/ 
2wrf> where p is the specific resistance. Combining with Eq, (2) and integrat- 
ting, the energy loss per unit length of wire of diameter a Is found to be 
E-(4:/3)TVv{AI)ypc^. The magnetic energy available is Em=^ 7 raHIAI. 
Equating the two we find for the velocity 

V - {SMpcm/aM (3 A) 

in magnetic units or 

V = 0.76 X lOV-ff/aM (3B) 

in practical units. 

^ This reasoning obviously neglects any elastic energy changes which may occur. 
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Another calculation based on what appeared to be a less favorable hypothe- 
sis at the time was made by Dr. H. Poritzky. The assumption that the mag- 
netization change occupies a length, X, of the wire, long compared to a, gives 

M = \/v. 

Reasoning as before, it follows that 

V = (l/2Tr^) pc^E\/a^AI (4 A) 

in magnetic units, or 

?) = 0.51 X (4B) 

in pratical units for this case. 

3. Apparatus 

Theory of method. In measuring rectangular hysteresis loops of the same 
type as published by Preisach, it was noticed that the field strength at which 
the large discontinuity occurred, which will be called the starting field, was 
variable within a few percent in successive experiments. Since the occurrence 


BalLGalv. 



Fig. 2. Schematic diagram of circuit for velocity measurements. 


of the large discontinuity depends upon the spontaneous formation of a nu- 
cleus, as described in Section 1, this erratic behavior can either mean that one 
nucleus was itself starting erratically or that different points along the wire 
were acting as nuclei. To control the creation of a nucleus an ^'artificial nu- 
cleus was made by locally increasing the field strength by means of a current 
through a small magnetizing coil which created a local adding field. If then 
the homogeneous field, which will be called the main field, was set at a value 
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below the starting field, the large discontinuity could be initiated by applying 
the local adding field. The change in magnetization then begins at this point 
and propagates into the homogeneous part of the field where its velocity can 
be determined in the following way. If we place two search coils around the 
wire at a known separation, the discontinuity in travelling along the wire will 
produce successive voltage surges in these coils. If their time interval be 
measured, the velocity can be calculated. 

Design of apparatus. The main field (Fig. 2) was furnished by a helix of 
65.5 cm length containing 1200 turns of copper wire of 0.051 cm diameter, 
wound on a glass tube. Thus the uniform part of the field is given by Jf = 23.0 i 
(f being the magnetizing current in amperes). The decrease in II 23 cm from 
the middle of the coil is 0.5 percent. At first a liquid resistance allowing con- 
tinuous variation of current was used, but later on a slide-wire resistance was 
found to give a sufficiently gradual variation. 

The wire under investigation was held in the axis of the coil and could be 
subjected to tension or torsion or both in the same way as described by Prei- 
sach. The tension was read by a spring balance and the twist by a pointer 
connected to the wire. The wire was surrounded by a capillary glass tube 
so as to permit its easy replacement with the search coils in place. 

Each search coil consisted of 5000 turns of copper wire of 0.008 cm diam- 
eter. Since the length of the winding was 0.65 cm and the inner and outer 
diameters were 0.4 and 1.8 cm respectively, the voltage induced in them could 
not be proportional to the change in flux in one point on the wire, but gave an 
average over a distance comparable with the outer diameter (i.e., approxi- 
mately 2 cm). The coils were wound on hard rubber spools and could be 
moved separately along the capillary tube by means of strings connected to 
them, and their positions could be read by pointers fastened to the strings and 
sliding along a scale. In most cases their separation was kept at 20 cm, each 
being 10 cm from the center of the main field. 

The additional local field was produced by a coil of 10 turns of copper wire 
of 0.051 cm diameter, wound on a spool which was also, movable along the 
wire. Generally the adding coil was placed at a distance of 24 cm from the 
middle of the main field. 

Time«measuring arrangement. For measuring the time interval between 
the voltage impulses induced in the two search coils by the passing discon- 
tinuity, a vacuum tube device (Fig. 3) was built. This system, which is sim- 
ilar to the one used by Turner for his Kallirotron amplifier,® has two stable 
states of current distribution, if voltages and resistances are properly ad- 
justed. In State 1, plate current is flowing only in Tube I and there is no 
measurable plate current in Tube II ; in State 2, current is flowing only in Tube 
II and there is no current in Tube !. To explain this let us assume that both 
tubes carry current. If a negative voltage impulse is now applied to the first 
grid, the plate current in Tube I decreases and in turn reduces the potential 
drop in J?j, which makes Grid II more positive. The plate current in 11 there- 

L. B. Turner, Radio Review 1, 317 (1920). 
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fore rises, causing an increasing potential drop in Ru, and since this drop fur- 
nishes the grid bias for Tube I the grid voltage in I becomes still more nega- 
tive. This cumulative action proceeds until practically no current is flowing in 
* I, while the plate current in II has its full value. The current may now be 

shifted back to Tube I by applying a sufficient negative voltage to the grid of 
Tube II. Since the minimum value required increases as the resistances Ri 
^ and Rn are increased, the sensitivity of the circuit is under control. Two UX- 

ik 112A tubes were used. 



Galvanometar 

Fig. 3. Time- measuring circuit. 

m making a time interval measurement this circuit was put into State 1 

and a negative voltage impulse excited by Search Coil I was applied to the 
grid of Tube 1. This shifts the current over to Tube II. After a time interval 
t the impulse from Search Coil II impressed on the second grid stops the cur- 
rent in Tube II. Thus the quantity of electricity which has passed through 
Tube II is a measure of the time t between the impulses. This quantity was 
measured by a ballistic galvanometer so that t was given by 

ipt = Cd (^5) 

^ where ip is the plate current, Cthe ballistic constant of the galvanometer, and 

0 its deflection. 

This relation was checked by means of a pendulum which opened two 
^ contacts in succession. Each contact was joined in series with a battery and 

the primary of a transformer, and the secondaries were connected respectively 
I to the grids of Tubes I and II of the timing circuit. The opening of the con- 

! tacts thus produced voltage impulses on the grids. The pendulum was cali- 

f boated by using a known condenser discharging through a known resistance. 

The time interval found from the pendulum calibration agreed with those 
calculated from Eq, (5). This means that the shift of the current from one 
tube to the other occurs in a time short compared with the time intervals to 
be measured. 

The negative voltage impulse applied to tube I had to exceed a certain 


t 
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minimum value (for given voltages and resistances in the timing circuit) but 
if it were too large, the current, after shifting to II, failed to return with the 
negative impulse on IL Thus it was necessary to keep the impulses within a 
certain range. The timing circuit was so adjusted that impulses of 1 volt op- 
erated it, and this voltage was obtained independently of the magnitude of 
the voltage induced in a search coil in the following way: The impulse from 
each search coil was amplified by a two-stage resistance-coupled amplifier 
whose output was impressed on the grid of a thyratron^ as shown in Fig. 4. 
The sudden rise of plate current, from 0 to 100 m.a. in the present circuit, 
being independent of the voltage impressed on the grid, always gives the 
same voltage of approximately Iv. across the secondary of the transformer in 

To Time Measuring 
Circuit 



Fig. 4. Thyratron relay. 


the plate circuit. The 4-^f condenser and 50,000-ohm resistance made it pos- 
sible to stop the discharge in the thyratron by simply closing the switch S, 
thus setting the circuit for the next impulse. 

The maximum voltages induced in the 5000 turn search coils were of the 
order of 0.1 v. The amplification of the amplifiers used was about 120. As the 
grid bias of the thyratrons was so adjusted that positive impulses of about 1 
V. would start the discharge, both thyratrons were started before the voltage 
impulse reached its maximum (See oscillograms Figs. 11 and 12). The whole 

^ A thyratron is a three element tube containing a small amount of mercury. The cathode 
of the one used was oxide coated. In a thyratron which is initially carrying no current, current 
does not start to flow as long as the grid potential is less than a certain value. As soon as the 
grid voltage exceeds this critical value, however, the full plate current begins to flow, and fro^a 
this rnoment on the grid has no further influence on this current. By using a proper value of 
grid bias this tube can be used as a relay, as in Fig, 4, or as a peak voltmeter. See: A, W. Hull, 
Hot-Cathode Thyratrons, Gen. Elec. Rev. 32, 213, (1929) and 32, 390 (1929); A. W. Hull and 
T. Langmuir, Proc. Nat. Acad. Sci., March 1929; A. W. Hull, Trans. A.I.E.E. 47, 753 (1928). 
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arrangement, it was found, worked satisfactorily down to time intervals of 
0.5X10“® sec, "'since all time constants were kept as low as possible. 

Hysteresis loops. Hysteresis loops were taken with the magnetizing coil 
and one search coil (Fig. 2). The latter was connected to a ballistic galva- 
nometer (Leeds and Northrup Type HS No. 228Sd) with a sensitivity as used 
of 1425 Maxwell/Sc. div. and a period of 30 sec. The direct effect of the mag- 
netizing coil on the search coil was compensated as usual by a mutual induc- 
tance. 

4. Velocity Measurements • 

Composition and treatment of specimens. The wires used in our experi- 
ments were made from ingots of electrolytic nickel and Armco iron plus 0.25 
percent manganese to make the alloy ductile. The ingots were swaged and 
then drawn down to 0.10 cm diameter, sometimes to 0.076 cm, with anneal- 
ing. From this diameter the wires were cold drawn to 0.038 cm. The per- 



Fig. 5. Hysteresis loops for a wire under different tensions. Wire of 0.038 cm diameter from 
ingot No. 32, 15 percent Ni-Fe (only half of the total loop is shown). 

centage of Ni was determined for each wire investigated by chemical analysis. 
In this section we shall deal mainly with alloys of between 10 and 20 percent 
Ni since these show the phenomena of propagation very markedly. In Section 
11 the results with wires of other compositions will be considered briefly. 

The wires were aged by stretching them for about 1 hour with loads near 
to the elastic limit, because more consistent results were obtained in this way. 
The aging load was never exceeded by the tensions used in the course of an 
experiment. Incidentally, in these hard drawn wires the breaking point lies 
only slightly beyond the elastic limit. 

Effect of tension on hysteresis loops. Fig. 5 shows hysteresis loops for a 
wire of 15 percent Ni Fe and 0.038 cm diameter (cold drawn from 0.076 cm) 
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under different tensions. These loops are of the same type as the ones ob- 
served by Preisach. With no load only the ordinary Barkhausen discontinu- 
ities occur and these cannot be detected by the galvanometer. With rising 
tension the formation of large discontinuities begins until with high tension a 
great part of the whole change between negative and positive saturation oc- 
curs in one single discontinuity. The maximum magnetizing field was in all 
cases 34.5 gauss. The curves show that for increasing tension the remanence 

cm scc.-i 



Fig. 6. Velocity- field curves for a wire under different tensions. Wire of 0.038 cm diameter 
from ingot No. H, 14 percent Ni-Fe. 


increases until it equals 100 percent saturation as exactly as we could meas- 
ure. The coercive field on the other hand is reduced by increasing tension. 

Velocity measurements. A complete set of velocity measurements covered 
both variation of tension and of magnetic field. This was accomplished by 
finding the relation of velocity to field at each of a series of values of tension. 
In this series the tension was increased from zero to a maximum and then de- 
creased again. At any one tension the starting field (see Section 3) was de- 
termined so that it might serve as an upper limit to the fields which could be 
used in the velocity determinations The main field was then set at a value be- 
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low this, and the propagation was started by sending a current through the 
adding coil. The velocity of propagation was obtained from the throw of the 
ballistic galvanometer in the timing circuit and the known separation of the 
coils. 

The results for a wire, 14 percent Ni-Fe, 0.038 diameter, are given in Fig. 
6 for several values of tension between 38 and 92 kg/mm^, the range in which 
large discontinuities were found. These curves exhibit some very striking 
features. They are, except in two cases, straight lines and are approximately 
parallel to each other. The higher the tension the further are the curves 
shifted to lower field strengths. The failure of the curves taken with decreas- 
ing tension (marked “Deer.”) to coincide with the curves taken with in- 
creasing tension (marked “Incr.”) shows the presence of elastic hysteresis 
which was observed directly by stress-strain measurements. When the wire 
which had undergone the stress cycle described was allowed to “rest” without 
tension for an hour, it reverted almost completely to its original condition, 
so that approximately the same cycle could be reproduced. 

Observations of velocity were made down to velocities as low as possible 
but in many cases the experimental points could not be measured below 1000 
cm/sec. In this neighborhood the discontinuity, after passing the first coil, 
often failed to reach the second one. In view of the linearity of the curves it 
is quite reasonable to suppose that the failure to propagate at low velocities 
does not arise from any inherent limitation in the mechanism of propagation 
but rather from irregularities in the wire which, influencing relatively small 
portions of the material, are unable to affect seriously a discontinuity propa- 
gating under more favorable conditions. For this reason the curves have been 
extrapolated to zero velocity, and the intercept with the il-axis has been in- 
terpreted as the limiting field in which propagation at a velocity approaching 
zero would occur in an ideal wire. This field will be called the critical field and 
will be designated by 

The behavior of the v-H curves with respect to the elastic hysteresis men- 
tioned is peculiar in that the successive curves with decreasing tension instead 
of lagging with respect to the “Incr.” curves, as they would if Hq were a func- 
tion of elongation, show the opposite behavior. This could be due to two 
types of response in the wire, one an immediate elastic response, and the other 
a slower and limited plastic yield. A lowering of iTo by the elastic strain com- 
bined with an increase of J/o with plastic deformation would account for the 
phenomenon observed. (See Section 12). 

Judging from their general character, the curves may best be represented 
by an empirical formula of the type 

V = A{H ~ Ho) (6) 

where v is the velocity of propagation, and A is the slope of the line which was 
within 25 percent of a value of 25,000 cm sec~i gauss“h 

When the velocity was measured over subdivisions of the usual 20 cm and 
over other portions of the wire still within the uniform 46 cm of field, this 
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velocity was found to be always the same for the same conditions in the cases 
where the v-H characteristics were straight lines. When these characteristics 
were curved, however, the velocity showed some variation. This suggests 
that the curvature arises in some way from a variation in the state of the wire 
along its length. 

One of the cases in which the characteristics showed the greatest curva- 
ture was that of the wire whose hysteresis loops were shown in Fig. 5. These 
characteristics are reproduced in Fig. 7 as an example of the greatest devia- 
tion from the simple relations usually found. 

The above tests were originally made with a view to testing the constancy 
of the velocity of propagation. Another test consisted of varying the position 
and intensity of the adding field. It was found that for a certain position of 


cm 5CC.-1 



Fig. 7. Velocity-field curves for a wire under different tensions. Wire of 0.03S cm diameter from 

ingot No. 32, 15 percent Ni-Fe. 


the adding coil a certain minimum current was required to start the discon- 
tinuity, but that this minimum varied in successive trials. The average of 
this minimum at each of several successive points along the wire was found to 
vary considerably, exhibiting maxima and minima even in the homogeneous 
part of the field. The velocity of propagation was independent of both posi- 
tion and magnitude of adding field as long as this field did not add to the uni- 
form field between the search coils appreciably. 

The magnitude of the discontinuity is nearly constant over the homogene- 
ous part of the field ; only at very low velocities do large differences at different 
points appear. Since large differences at the same point in successive trials 
were also found, we can only conclude that the behavior is erratic at low ve- 
locities. 

It is significant to note that the general effect of the aging process referred 
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to at the beginning of this section is to increase the critical field but to leave 
the slope of the characteristic in most cases unchanged. This suggests that 
while the critical field depends on the strain state of the wire, the slope de- 
pends on other factors. 

5. Comparison of Experiments and the Eddy-Current Theory 

It is now possible to make a direct comparison of the velocities appearing 
in Fig. 6 with those calculated from the eddy current formulas derived in Sec- 
tion 2. For 15 percent Ni-Fe p = 30 X 10"® ohm cm and using an average value 
of H of 5 gauss and an average value of A/ of 2400, Eq. (3B) gives = 250 cm 
sec"^ compared to velocities well exceeding 10^ cm sec"^ in many cases. A 
discrepancy in the other direction might well have been explained on the basis 
that the magnetic energy was only partially available for conversion into eddy 
currents. Eq. (4B), however, permits of velocities greater than those given 
by Eq. (3B) roughly in the ratio that X exceeds a. Actually, the observed ve- 
locity of 10^ cm sec"^ would require a ratio \/a = 60. But how could a transi- 
tion 60 times as thick as the diameter of its front characterize the definite 
self-propagating phenomenon we were observing? 

At least, the formulas gave experimental hints and also served to empha- 
size certain features of the velocity-field characteristics. We have already re- 
marked that these characteristics do not pass through the origin so that v is 
not proportional to TL This might be an indication that, for some reason, the 
magnetic energy available is not HAI but so that on this hypothe- 

sis 

= 0.51 X - Ho)/a^AI (7) 

On the other hand, such reasoning would increase X/a over ten-fold since 
H—Hq is some 0.4 gauss compared to the 5 gauss assumed for Hatv- 10^ cm 
sec“b 

A comparison of velocity-field slopes with A/ (or AB as in Fig. 8) shows no 
such correspondence as indicated by Eq. (3B) and a check of slope against wire 
diameter gave the values of slope shown in Fig. 9. The wires used were of 
10 percent Ni-Fe and were cold drawn from 0.102 cm to the different diame- 
ters. Over a three-fold range of diameters, namely, from 0.020 to 0.061 cm 
the observed slopes, taken for one wire at different tensions or for different 
wires, lie scattered in the range 2 to 3 X 10^ cm sec"^ gauss"^, and show no 
evidence of an increase in slope with a decrease in diameter. The 0.071 cm 
diameter slope is probably not comparable with the rest because the magni- 
tude of the discontinuity gradually decreased as it proceeded along the wire. 

The successively smaller wires have been subjected to successively greater 
amounts of cold working thus raising the question as to how comparable the 
results can be on this account. It has been pointed out, however, (Section 4) 
that the aging process has a marked effect on the critical field but almost none 
on the slope. And later it will be seen that annealing wires of various di- 
ameters, succeeded by cold drawing to a uniform size, again yields specimens 
having different values of Hq but approximately equal v-H slopes. Thus the 
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differences in cold working are probably of no significance as regards our 
present conclusions. 



H 

Gauss 


Fig. 8. Magnitude of the discontinuity and velocity as functions of field and tension. Wire of 
0.038 cm diameter from ingot No. 14, 14 percent Ni-Fe. 


The evidence against the eddy-cuirrent theory which we considered to be 
most convincing was given by the following experiment. A wire of 0.254 mm 

cm. sec."' Gauss"' 

40000 

^30000 

a. 

O 

(020000 
10000 

0 

Fig. 9. Slope of velocity-field curves for wires of different diameters. Wires from ingot No. 24 

10 percent Ni-Fe. 



diameter was rolled down to a strip 0.076 mm thick and 0.53 mm wide Al- 
though the influence of eddy currents is, of course, reduced considerably in 
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comparison with the round wire, the v-H slopes measured for the strip fall in 
the same range as the slopes found for wires. 

At this stage in the investigation we found ourselves in the position of 
observing magnetic discontinuities travelling with such high velocities that 
for the phenomenon to be energetically possible this ^discontinuity” must oc- 
cupy a length on the wire of at least 60 times and perhaps 750 times (if energy 
available is (if— Ji‘o)AI) the wire radius. The proof that this actually occurs 
is a result of the measurements on the voltage induced in the search coils and 
of the oscillograms of the wave shape which are described in the next two sec- 
tions. 

6. Voltage Measurements 

We have already mentioned the fact that the voltages induced in the 
search coils are of the order of several tenths of one volt, but we should expect 
much higher voltages on the basis of a plane wave front. Let us make the as- 
sumption that the total change in flux, A0 =47 lines (for a change in induction 
of A< 55 > =40,000 gauss) in a 0.038 cm wire, produces a voltage in the coil during 
the time A/, which the jump needs to travel a distance equal to the diameter 
(2 cm) of the coil. That will give us an average value of voltage to be ex- 
pected, and the maximum voltage might be much higher than this. Now 
v = 10~HtAcl>/At where v is the voltage induced in a coil of n turns. Taking 
?z = 5000, and At = 2Xl0~'^ sec (for a velocity of 10,000 cm/sec), we obtain 
11.8 volts as a lower limit for the peak voltage. The existence of any such volt- 
ages would have rendered the use of amplifiers in the original velocity meas- 
urements entirely unnecessary. It therefore became of interest to eliminate 
this large discrepancy by direct voltage measurements. 

In our determinations a thyratron circuit, similar to the one shown in 
Fig. 4, was used as a peak voltmeter. By adjusting the grid bias in several 
trials, a bias value was found at which the single impulse just started the dis- 
charge. The difference between the known critical voltage and the applied 
bias is the peak voltage of that impulse. The voltage induced in a 200-turn 
search coil was amplified by two screen-grid stages, giving a uniform amplifi- 
cation of 120 in the frequency range between 30 and 10^ cycles/sec. While a 
single search coil permits the measurement of the voltage peak only, it was 
thought that two search coils with variable separation and connected in 
series-opposition would allow a rough determination of the wave shape itself 
to be made simply by plotting the observed peak voltage against coil separa- 
tion. A more detailed analysis made after numerous measurements had been 
taken shows that this experiment would give the same apparent wave-front 
shape for a variety of actual shapes. 

Thus in Fig. 10 the shape of the curves which were obtained in this way is 
roughly that to be expected from the method used, leaving as significant 
features only the voltage maximum attained and the least separation of the 
coils which gives that maximum. The former yields the maximum rate of 
change of flux, the latter the distance from wave front to this point in the 


wave. 


944 


K. /. SIXTUS AND L. TONKS 


The curves of Fig, 10 depict measurements made with different values of 
main field, that is, with different velocities. Over a 3-fold range of velocities 
the maximum is seen to come between 4 and 6 cm from the beginning, and the 
plot to the right shows that the peak voltage is proportional to the velocity. 
This indicates that the discontinuity retains an approximately constant 
shape as its velocity changes. 

Although the two-coil method fails to give the wave shape near the wave 
front it is reliable beyond the voltage maximum. This region was explored by 
connecting the coils in series-addition (the negative peak voltage with the 
series-opposition connection could also have been used) but as the oscillo- 
grams taken subsequently cover the same range in greater detail these results 
will not be given. 



Fig. 10. Amplified peak voltage induced by the discontinuity in two search coils connected 
in series-opposition. Voltage amplification 120 times. Wire of 0.038 cm diameter from ingot 
No. 14, 14 percent Ni-Fe. 

A comparison between the voltages induced in two coils of 200 and 5000 
turns, respectively, was made to make sure that the internal capacity of the 
coils was not reducing the coil voltages. The ratio of voltages found, namely, 
0.023/0.59 = 0.039, so nearly checks the turn ratio as to prove that any such 
effect is negligible in these experiments. 

7. Oscillograms 

^ Further information concerning the nature of the discontinuity was ob- 
tained from oscillograms of the voltage induced in a search coil. The circuit 
connections were made in this order : 5000-turn search coil to high resistance 
potentiometer to amplifier to oscillograph. The potentiometer was used to 
obtain a suitable oscillograph deflection in each case. The amplifier had 
3-resistance-coupled stages. The oscillograph was of the Blondel type. The 
vibrator used to reproduce the voltage had a sensitivity of 1.45 m.a./mm and 
a natural frequency of 1000 cycles/sec. Figs. 11 and 12 show the amplified 
voltage wave superimposed on the plate current of the last tube for a wire of 
14 percent Ni-Fe and 0,038 cm diameter under a tension of 92 kg/mm^ In 
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Fig. 11 the discontinuity is traveling at a rate of 17,000 cm sec-^ in a field of 
4.25 gauss, in Fig. 12 the velocity is 7000 cm sec~i in a field of 3.91 gauss. We 
note the steep rise of the voltage and the long tail with many irregularities. 
But in interpreting these curves we have to bear in mind that the resolution 
of the method is limited by three factors. First, there is the limited space 
resolution of the search coil, a factor also present in the method employed in 
Section 6. It has already been estimated that this limit is of the order of 2 cm 
for the 5000-turn coil used. But of more importance here is the second factor, 
the limited time resolution of the oscillograph vibrator. The maximum in 



Figs. 11 and 12. Amplified voltage induced in a 5000-turn search coil by the discontinuity. 
Velocities: Fig. 11, 17,000 cm sec“"^ (see Table I, Osc. No. 29); Fig. 12, 7000 cm sec“^ (see Table 
I, Osc. No. 28). 

Fig. 11 occurs only 0.68X lO""^ sec after the beginning of the deflection. Since 
the period of the vibrator is 10"^ sec, the oscillograms can give us no useful 
information concerning the fore-part of the wave. 

The two factors mentioned are of little importance as regards the general 
shape of the tail of the wave, but here the third factor enters, the fact that the 
voltage surge produces a charge on every inter-stage condenser, which dis- 
charges comparatively slowly. This appears in the zero shift occurring in the 
oscillograms. In this connection it is interesting to note that the peak volt- 
ages were about 25 percent lower than those found in the preceding section, 
undoubtedly on account of the second factor. 
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The area under the oscillogram curve is proportional to the total change 
in flux through the search coil. The area when measured (allowing in any 
reasonable way for zero shift) gave a value of flux change only a few percent 
less than that found ballistically, Section 3. Thus the third factor can be 
estimated with fair accuracy. 

It is essential to know which features of the wave are characteristic of a 
propagating discontinuity in general and which arise from special local con- 
ditions. Successive oscillograms at the same point are identical except for 
small variations in the details. Oscillograms taken at different points along 
the wire show greater variation in the minor discontinuities, but the total 
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Fig. 13, Change of induction with time (upper part) and penetration of induction into the 
wire. (The shaded area represents the portion of the wire which has changed direction of mag- 
netization). The radial dimensions are magnified 675 times wdth respect to the axial dimensions. 

duration of the wave and for the most part the main structure, involving per- 
haps two or three major peaks, are preserved.® The main structure is un- 
altered if the main field is changed so that the wave velocity is different. 

Incidentally, the oscillograph was used to obtain a check on the velocity 
measurements made with the timing circuit by recording the impulse from 
the two search coils connected in series at a known separation. The agree- 
ment was exact. 

Since the integral of the voltage curve from its beginning gives the total 
flux change in the wire up to the corresponding time, an oscillogram enables 
us to plot this flux as a function of distance along the wire if we make use of 
the known velocity. In addition to the plot of the integral in Fig. 13, we have 

^ In the single experiment made, the voltage maximum decreased with distance travelled 
by 20 percent in the central 20 cm of the main field, although ballistic measurements have 
shown in general that the magnitude of the whole discontinuity remains unchanged. 
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shown the change as progressing from the surface of the wire inward, assum- 
ing that each element of the wire completely reverses magnetization instan- 
taneously.8 The existence of eddy currents definitely requires that the prog- 
ress of the change shall be inward, and the instantaneous reversal is plausible 
if a quantum phenomenon is involved. 

Such an analysis applied to the oscillogram of Fig. 11 gives Fig. 13. In this 
particular case the jump was 97 percent of saturation reversal, and as shown, 
the 3 percent deficiency has been localized at the axis of the wire. The justi- 
fication for this is not clear-cut but has some basis in the consideration that 
the orienting forces are probably least at the axis. 

The most striking feature is the experimental demonstration of the fact 
that the wave occupies a length of some 100 cm in the 0.038 cm wire, a length 
of the same order of magnitude as calculated in discussing Eq. (7). The com- 
parison of experiment with theory will, however, be based on time of passage 
rather than length of discontinuity for two reasons. First, because the oscil- 
lograph measures time directly and second because the formulas developed in 
Section 2, being based fundamentally on skin-effect considerations have to do 
with the time required for a magnetic field to penetrate to a certain depth. 
They are not concerned with conditions at other points relatively large dis- 
tances away. On this basis, the only possible interpretation of these formulas 
is in terms of the time required for the change at a single cross-section to com- 
plete itself. Eq. (3) has been definitely found to be inapplicable. Eq. (4), as 
modified in Eq. (7), gives for this time, 

5/ = X/i, = 1.96 X 10-VAJ/p(£r - J/o) (8) 

Table I sets forth our most representative comparisons between the di- 
rectly observed times required for the discontinuity to pass (Column 5) and 


Table I. Comparison between the experimental and calculated times of penetration. 


Osc. 

No. 

- 

Main Field 
Gauss 

A/ 

Gauss 

Velocity 
cm sec”"^ 

Time ht in 
Exp. 

lO'^ sec. 
Calc. 

Ratio 

Si^exp/ 5/calc 

Length X 
cm 

18 

4.48 

1740 

4000 

13,5 

4.0 

3.4 

54 

11 

4.60 

2110 

7400 

11.1 

2,5 

4.4 

81 

14 

4.72 

2250 

10700 

6.2 

1.8 1 

3.4 

66 

15 

4.84 

2300 

14000 

4.8 

1.4 : 

3.4 

66 

48 

4.48 

1740 

4000 

18.7 

4.0 

4.7 

79 

49 

4.60 

2110 

7400 

9.4 

2.5 

3.8 

70 

50 

4.72 

2250 

10700 

10.2 

1.8 

5.7 

109 

51 

4.84 

2300 

14000 

6.6 

1.4 

4.7 

92 

28 

3.91 

3240 

7000 

22.5 

4.2 

5.4 

157 

29 

4.25 

3240 

17000 

6.0 

1.7 

3.5 

102 


Nos. 28 and 29 are taken with 92 kg/mm^ tension ( 2^0 = 3.68 gauss), the rest with 62 
kg/mi# (£ro=4.35 gauss). 


the times calculated from Eq. (8) (Column 6). The small numerical value of 
the ratio of these two (Column 7) constitutes a satisfactory check in view of 
the manner of deriving Eq. (7), and the constancy of this ratio for velocity 


® In this connection see Section 8. 
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ratios of 3.5 to 1 lends strong support to the fundamental correctness of the 
calculation.^ Unfortunately, simultaneous velocity and oscillograph measure- 
ments on wires of other diameters have not been made so that the deoendencp 
of 6; on a has not yet been checked. 

The question as to whether the whole hysteresis loss is an eddy-current 
loss or whether appreciable transfer to heat occurs through magnetostrictive 
vibrations, quantum transitions, and possibly other mechanisms, has never 
been conclusively answered. The present results, however, furnish a very 
strong indication that at least for large Barkhausen di.scontinuities only a 
small fraction of the magnetic loss goes into eddy currents. 

The possibility presents itself that the remaining energy appears as mag- 
netostnctive energy. An experiment in which we tried to detect either a mo- 
mentary or permanent change in length of the wire accompanying a reversal 
pve a negative result. The accuracy was not quite good enough, however to 
be able to reject this hypothesis definitely. 

_ In view of the large penetration times found by us, it becomes of some 
interest to inquire just what Preisach (reference 2, p. 778) was measuring 
when he detected harmonics to 10' cycles/sec in a stretched wire subjected to 
a 6000 cycle magnetizing field. It is impossible to say conclusively in the ab- 
sence of definite data, but it may be pointed out that in 0.5 X 10“' sec. 0.01 cm 
of wire surface to either side of a nucleus can reverse by propagation and that 
the increase of field in that time interval may well cause a large number of 
magnetic elements to reverse spontaneously, thereby becoming nuclei The 
combination of propagation and nucleus formation may easily cause the re- 
versal of an appreciable fraction of the surface of the wire during this time 
On this basis the reversal time of a nucleus or any small portion of the wire 
may be far less than the minimum fixed by Preisach ’s experiment. 

8. The Nature of the Discontinuity 

Experiments have enabled us to outline roughly the flux distribution in 
thp discontinuity, Fig. 13, and an eddy-current theory has been advanced 

which throw the slightest light on the longitudinal velocity are those which 
show that the slopes of the v-R curves for different size wires and even for the 
strip are all approximately the same. This indicates that the velocity which 
co„espond, to a given if-ij., being independent of ctoss-se(t“, fe leter 

W the flow X‘‘rfr ““I? 

Since the front edge of the wave lies in the surface, we have been led to the 
vew that the forces at the wave edge determine the velocity, the rS o) t je 

trj'suSa't' the*?' ™ ’* plausible 

.rvh if I ^ ^ ^ too-rapid progress of the wave 

frof ^ currents or alter the wave configuration near the 

front in such a way as to reduce the force at the wave front belof tre mif 
.mun. rev.rs.ng value. In Uris case no new elenrents could reverse „nffl Z; 
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currents had decreased or later portions of the wave had advanced sufficiently 
to reestablish the minimum field. 

Any theory must take cognizance of the electromagnetic field set up by 
the discontinuity. As a solution of Maxwell’s equations for the discontinuity 
shown in Fig. 13, travelling at a high velocity, seems to be extremely compli- 
cated at the best, the attempt might be made to disentangle the various fac- 
tors for the simpler case of very low velocities. As a first step we shall assume 
as an approximation that the vshape of the wave is independent of velocity in 
the experimental range and remains constant in the limit as >0. It may 
then be possible to make a first order calculation of magnetic field arising 
from eddy currents for low velocity and assume that this remains valid at the 
highest velocities measured. The proportionality of peak voltage to velocity 
and the approximate shape constancy found by experiment themselves 
strongly suggest that first order effects are the important ones. 

Let us tentatively assume that Fig. 13 indicates the nature of a discon- 
tinuity travelling from right to left with magnetization reversing from posi- 
tive to negative. Both unchanged and reversed portions of the medium pre- 
sent north poles to the wave front with the result that it is a surface of mag- 
netic charge of pole strength m per unit area, m being given by 

m = tdiyjdx (9) 

where y is the depth of the discontinuity below the wire surface at a distance 
% back from the front edge. This distribution of magnetism, supposed sta- 
tionary, gives rise to an almost radial magnetic field from the discontinuity 
surface outward. An approximate calculation of this field can be made on the 
assumption that y oc x. For the 100 cm discontinuity in the 0.038 cm wire with 
AJ equal to 3240, Eq. (9) gives 

3240 X 0.019/100 = 0.62 

whence the radial field near the front edge is 

Er == 47rw == 8 gauss. 

A field of this magnitude would not allow the elements which are com- 
pleting their reversal to align themselves axially, but a little consideration 
will show that their deviation from axial alignment need be very little in order 
to annihilate the internal poles. Referring to Fig. 14 showing the discontin- 
uity travelling with velocity it is readily seen that if the intensity of I 2 
in the reversed domains forms the same angle with FF' as the original intensity 
Ji, there is no pole development in the wire. The angle /3, being twice a, will 
thus be about 2X0.019/100 = 3.8 XlO-^ radians which is a negligible devia- 
tion from perfect alignment. Finally, this deviated 1% can be joined to the 
axial It which is supposed to exist when the discontinuity has completely 
passed with a discrepancy only of the order of (3.8X10”^)^. 

In this representation the reversal of intensity occurs within a distance 
equal to the thickness of a domain, but it is also possible to picture the transi- 
tion as being much less abrupt. The one condition to be fulfilled, established 
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by the requirement that no internal poles develop, is that the intensity of 
magnetization be solenoidal throughout the wire, or, mathematically, that 
V* I = 0. This means, of course, that we can imagine tubes of intensity drawn 
in the wire and that all poles develop on the surface. A little consideration 



Fig. 14. Compensation of interna! poles. 


shows that this surface distribution of pole strength is given by the oscillo- 
grams. Fig. ISa shows two possible configurations of intensity tubes for an 
iron-nickel strip with idealized surface distribution. Only half the strip is 
shown. As represented, the tubes are of equal strength and therefore ter- 
minate at the surface in equal poles as given by equal partial areas under the 




Fig. 15. a. Possible configuration of lines of intensity in a strip, b. Detail of reversal region. 

distribution-of-magnetism curve. Jj can join either via the sharp dashed 
bend or via the smooth curve. The former corresponds to Fig. 14, the latter 
to a more gradual transition. 

The interesting feature of this transition is that it cannot occur as a uni- 
form progression. Referring to Fig. 15b, which gives the detail of Fig. 15a, it 
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is seen that such a progression would mean a continually increasing rotation 
of I from domain to domain in going from m to n. This in turn would require 
that the intensity of all domains along pg be parallel. Now it is evident that 
a tube of intensity expands between rs and pq, both of which represent sur- 
faces normal to the tube. Since I is solenoidal, I at pq must be less than I at 
rs, which is incompatible with detailed parallelism of the domains. But if we 
abandon the idea of uniform progression and suppose that as the reversal re- 
gion mn begins to traverse any small volume (large compared to a domain) 
certain of the domains scattered throughout it reverse before others, then no 
such inconsistency arises. 

The representation of the discontinuity just given has only been recently 
devised and no calculation of the fields arising from eddy currents in the 
neighborhood of the front edge has been made. It seems quite possible, how- 
ever, that they may be comparable with IT—TIq, In that case we shall have 
reached the simple viewpoint that the excess magnetic field over iJo is just 
that necessary to overcome the opposing eddy current field. 

The velocity would thus be dependent upon the surface magnetization 
in the neighborhood of the wave front, the length X of the discontinuity is in 
turn the product of this velocity and the calculable penetration time dL Both 
X and A/, as well as a, then fix the average pole strength of the surface. But 
what in turn establishes the surface distribution of magnetism? That must 
probably await a detailed solution. 

9. The Effect of Inhomogeneities in the Wire 

Magnetic inhomogeneities. The magnetic and mechanical uniformity of 
the wire is of utmost importance with respect to large Barkhausen discon- 
tinuities. The importance of the first factor has been pointed out by Preisach 
in the experiment in which he varied the limits of the hysteresis cycle. We 
now look at it from a new viewpoint reached through our knowledge concern- 
ing the propagation. In all the preceding experiments the cycle of magnetiza- 
tion was carried as far as ±34.5 gauss. Later we performed an experiment 
somewhat similar to Preisach 's. In successive cycles the positive field 
strength limit was decreased as indicated in Fig. 16. On the negative side the 
limit was always at 34.5 gauss. We note that reduction of the maximum field 
on the positive side reduces both starting field and the magnetization change 
at the succeeding jump. In the limiting case, if the maximum positive field 
used is that required to cause the jump, the succeeding negative starting field 
is little less than the critical field for this wire. 

The explanation for this lies in the following. The usually small change in 
induction which occurs after a large discontinuity is irreversible and contains 
smaller Barkhausen discontinuities. Thus in not carrying the cycle to satura- 
tion on the positive side, we have failed to turn a number of elementary mag- 
nets into the positive direction. These particles set up fields in the negative 
direction and thus act as nuclei where a discontinuity may start. The bigger 
such a nucleus is, i.e., the higher the field it produces, the lower the starting 
field which we have to apply in order to start propagation. We should expect 
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that the starting field could never be less than the critical fields since we 
found this to be the lower field limit for propagation. In experiment this ex- 
pectation was not quite confirmed since the lowest observed starting field in 
some cases was lower than the critical field. But the deviation in no case 
amounted to more than a few percent. 

Mechanical inhomogeneities. In a special case the range of field strength, 
within which propagation could be observed in a 14 percent Ni-Fe wire of 
0.038 cm diameter and under 62 kg/mm^ tension was found to be 4.25 to 
4.65 gauss. This wire was bent in its middle to a semicircle of 2.5 mm radius 
(the wire being strained far beyond its elastic limit in doing this), was then 
straightened out again and was finally put under the same tension as before. 
After this treatment the starting field coincided with the critical field at 4.25 
gauss so that propagation could not be obtained. This behavior can be ex- 
plained by the fact that the bent part has a magnetization curve different 
from the rest of the wire as shown by curves A and B of Fig. 17. Curve A 
was taken in the usual way with a search coil placed at the bent portion of 
the wire. The hysteresis curve so obtained gives a change of induction just 
below the starting field which is even less than the actual because of the flux 
leakage arising from the shortness of the bent portion. Thus when the critical 
field of the normal wire is reached, a considerable part of the bent portion 
has already changed magnetization and again those elementary particles, 
which point in the field direction, act as nuclei to start propagation. 

Another example of the same type of phenomenon is the fact that hand- 
drawn wires have starting fields which lie only slightly above the critical 
field. The irregularity of hand drawing undoubtedly creates "weak nuclei” 
just as the bending did. Since a low starting field makes it impossible to meas- 
ure the higher speeds of propagation, machine drawn wires were used in all 
experiments. 

In all but one early experiment the wire projected from both ends of the 
magnetizing coil so that it extended into regions of comparatively low field 
strength. In that experiment, however, a short wire terminating within the 
homogeneous part of the field was used. This wire was clamped to copper 
wires with brass fastenings and was put under tension. The ends of the wire 
where it was clamped were not under the same strain as the middle part. 
Accordingly they did not have rectangular hysteresis loops and acted as weak 
nuclei. 

From these experiments we can conclude that the upper limit of the 
propagation range is fixed by the non-homogeneity of the wire. The greatest 
range observed extended from 3.20 to 4.75 gauss in the case of a 14 percent 
Ni-Fe wire under combined tension and torsion. To the higher field value 
there corresponded a velocity of 40,000 cm sec“b which is the highest one 
measured so far. 

10. Torsion 

Preisach obtained great discontinuities in magnetization also when he 
applied torsion to a wire. In this case, too, we found that the magnetization 
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propagated in the same way as in the case of tension. We also observed a 
parallel shift of the velocity field lines to the left for increased twist in the 
range between 8 and 20 percent Ni-Fe, but we obtained much greater varia- 
tions with respect to slope than in the case of tension. Fig. 18 taken for a 
0.038 cm, 25 percent Ni-Fe wire shows this behavior very clearly. For this 
particular wire it made a great difference whether the twist was applied clock- 
wise or counter-clockwise and if tension was added still another slope was 
found. All these curves were perfectly reproducible which shows that the 

cm sec.-“i 



Fig. 18. Velocity-field curves for torsion and combined tension and torsion. Wire of 0.038 cm 
diameter from ingot No. 19, 25 percent Ni-Fe. The black dots represent check points. 

strains were elastic. (The black dots in Fig. 18 were taken after the direction 
of applied torsion had been changed several times.) As another wire from 
the same lot did not exhibit this dependence of slope on direction of twist, it 
is probable that internal strains have an important influence on the slope in 
the case of torsion. More work on wires having different strain distributions 
has to be done before the observed effects can be explained. 

The data for these cases are insufficient as yet for checking the applica- 
tion of Eq. (7). 
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11. Wires of Different Composition 

Nickel iron wires of 3, 5, 8, 10, 12, 14, 15, 20, 25,35,40, 55, 60, 78, 80, 90 and 
100 percent nickel content have been examined. We were able to obtain large 
discontinuities (i.e., of more than 80 percent of the double saturation value) 
with tension only in the ranges 8 to 25 percent and 55 to 78 percent.^^ From 5 
percent down and from 80 percent up no large discontinuities could be ob- 
served and with 35 and 40 percent only small Jumps of about 1/10 of the 
double saturation value appeared under tension. These jumps were very er- 
ratic and probably only included a short length of wire at a time so that 
velocity measurements with these compositions were impossible. Throughout 
the remainder of the range the v-IT slope did not deviate much from an aver- 
age value of 25000 cm sec“^ gauss™b but the effect of tension on the critical 
field varied profoundly. Between 8 and 20 and at 78 percent increasing ten- 
sion reduced the critical field but at 55 and 60 percent it increased J/q. At 
25 percent there was a pronounced reversal in the dependence of Hq on ten- 
sion. Up to a certain value of tension lU increased with increasing tension; 
after passing this value the critical field decreased again. 

Torsion produced large discontinuities over the entire range between 8 and 
100 percent Ni-Fe, and the great variations in v-IT slope already mentioned 
as existing in the 8 to 20 percent interval were found to be present over this 
wider range, varying between the values 10^ and 6X10^ cm sec“^ gauss~b 
There were no simple relations between either composition or amount of 
twist and critical field. The characteristics were occasionally curved, 
but no more frequently than in the case of tension. 

No experiments have been carried out on the propagation in wires under 
an elastic bending force. 

12. The Critical Field 

Some of our experimental results allow comparison with a theory recently 
advanced by R. Becker^^ which has already been applied successfully to the 
case of nickel under tension. Becker introduces the close and important re- 
lation between the magnetic and elastic state of materials by the assumption 
that the direction of magnetization in each Weiss domain is determined by 
the stress tensor in that domain in the absence of an external field. The theory 
enables him to derive hysteresis loops for these districts for different initial 
angles bet ween magnetization and applied field. 

F(jr the limiting case of anti-parallelism between magnetization and field, 
this theory yields a rectangular hysteresis loop for which the coercive field 
is given by 

Ec=^^SAIm 

Preisach (p. 755) has already painted out that the upper limit coincides with the com- 
I)c.)sition at which magnetostriction and accordingly the effect of tension on magnetization 

change sign. 

» R. IkiCker, Zeits. f. Physik 62, 2S3 (1930)., 

^ R. liecker and M. Kersten, Zeits. f. Physik 64, 660 (1930). 
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where 5^1 is a factor calculated from magnetostriction, A is the elastic de- 
formation of the domain and Im is the saturation intensity of magnetization. 
With exact antiparallelism, however, the force couple exerted by the im- 
pressed field is zero, with the consequence that the domain may conceivably 
retain its position of unstable equilibrium even for values of H exceeding 
It is interesting that the Ni-Fe wire as a whole exhibits this behavior. On 
this basis the critical field i?o is to be identified with the coercive field Ha, 
while the somewhat erratic starting field corresponds to the indeterminate 
field at which the equilibrium of the Weiss domain may be destroyed. 

As a matter of fact, the wire only approximates to a single Weiss domain, 
both because of the peaks evident in the oscillograms and because of the fact 
that for fields only slightly greater than JJo the reversal of the wire is incom- 
plete (as may be seen in Fig. 8), indicating that the coercive force for certain 
portions of the wire exceeds fJo. It is possible that the AJ vs H curves in 



Fig. 19. Critical field for wires of different diameter. AH Wires cold drawn from annealed wire 
0.102 cm diameter from ingot No. 14, 14 percent Ni-Fe. 

that figure give the proportion of the wire for which H exceeds the coercive 
field. 

Becker's formula, when applied to our conditions, yields values more than 
10 times higher than those observed by us and predicts in the case of iron 
and low nickel-iron alloys for which S is positive, an increase in Hq with in- 
creasing elastic deformation .4. In our experiments with Ni-Fe wires of 8 to 20 
percent nickel content, we observed just the opposite relation. This is shown 
clearly by Fig. 19 in which the reciprocal of tension is plotted vs. the critical 
field for different diameters. In a certain range of tensions we obtain almost 
a linear relation between 1/r and Ho! In his second article Becker recognizes 
this difficulty. 

Fig. 19 allows of one other comparison with experiments made by Becker 
and Kersten. The critical fields obtained for wires of different diameter for 
the same stress are quite different. Since all wires were cold drawn from 0,102 
cm, the explanation lies in the different amounts of cold working the wires 
have suffered. The more cold working, the greater are the internal strains, 
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and the higher the coercive force. In their experiments with nickel wires 
Becker and Kersten are able to obliterate differences in internal strain condi- 
tions entirely by application of high tension and they can account for this 
satisfactorily by assuming that hard drawing produces only longitudinal 
strains in the wire whose influence disappears in the limiting case of high ap- 
plied tension. 

In our case, however, this does not occur, for even with tension near to 
the breaking point, the coercive forces are still considerably different for 
wires subjected to different amounts of cold working. This is illustrated by 



Diamcte.r at Last Annealing 

Fig. 20. Critical field at 62 kg/mm^ tension for wires with different amounts of cold working. 
All wires of 0.038 cm diameter from ingot No. 22, 20 percent Ni-Fe. 

Fig. 20 which shows the critical field for wires of 0.038 cm diameter annealed 
at the diameters shown and then cold-drawn. Even with 62 kg/ mm=“ tension, 
the coercive force varies between 3.3 and 6.8 gauss. It may well be that radial 
and associated ring strains introduced by cold working play an important 
role in determining the coercive force. On the other hand, Becker and Ker- 
sten’s results on stretched Ni wires where only continuous and reversible 
changes are present show that any radial strains can be neglected. Further 
investigation of propagation in thin strips may give additional information 
regarding the role of strains in this connection, as the strain structure is prob- 
ably much simpler in rolled strips than in drawn wires. 
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Among the various possibilities which present themselves for extending 
this work we intend to refine the oscillographic method further and to use 
that method on different sized wires and strips and also on composite strips 
(strips with a surface layer only of Ni-Fe) with the hope of obtaining a more 
detailed picture of the magnetic discontinuity. We also intend to examine 
the effect of temperature change both on nucleus formation and propagation 
velocity. 

We appreciate the interest which Professor R. Becker has shown in this 
work, and we wish to express our gratitude to Dr. 1. Langmuir who, as we 
have said, not only foresaw the magnetic propagation, but has also given 
many suggestions and much advice. 
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OF SPACE CHARGE IN THERMIONIC EMISSION 

By Russell S. Bartlett 
Yale University 

(Received March 2, 1931) 

Abstract 

This paper develops mathematically the state of an electron gas in equilibrium 
with a plane electrode when the electron gas obeys the Fermi-Dirac rather than the 
classical distribution law. For a part of the range of integration graphical methods 
were found necessary, but fortunately a change of variable leads to a solution, shown 
graphically, which is independent of the temperature and of the nature of the emitting 
electrode. Thus a single graphical integration can be applied to any emitting surface 
at any temperature, giving the density, electric intensity, and potential at any desired 
distance from the surface. A simple extension of the theory makes possible the calcula- 
tion of the thermionic current between plane electrodes. Numerical examples are 
given, and the validity of the asumptions is discussed briefly. 

W HEN Schottky^ first proposed that the thermionic work function could 
be explained by the attraction of an escaping electron to its electric 
image in the surface, he discussed at some length the possible effects of space 
charge and ^^structure effects,” and finally concluded that other forces were 
small compared to the image force. Recently Waterman and the author^ have 
questioned this conclusion, and have suggested that, at least under certain 
conditions, possibly always, space charge and structure effects are more im- 
portant than the image force. 

Schottky, assuming the image force to be correct, and assuming a Max- 
well distribution of electron velocities, was able from measured electron emis- 
sion currents to calculate the concentrations of the electron atmosphere at all 
points outside the metal and found it so rarefied that space charge could be 
neglected. This extension of the image force from a region out from the sur- 
face where it can be confirmed experimentally down towards the surface 
through a region where it could not be expected to be valid appears to be un- 
justifiable. The alternative treatment by space charge analysis, which is to 
be developed in this paper, is certainly not free from criticism. In particular, 
it is necessary to apply Poisson’s equation to an electron gas, thus assuming 
a continuous distribution of electricity which certainly does not exist. On the 
other hand it would appear, as is pointed out in a previous paper by Water- 
man and the author, that the choice of suitable statistics may in part avoid 
that difficulty. In any case the space charge method of attack seems justified 
close to the surface where the image force certainly breaks down. In order to 

^ Schottky, Phys. Zeits. 15, 872 (1914). 

2 Bartlett and Waterman, Phys. Rev. [2] 37, 279 (1931). 
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shed more light on this question certain calculations have been carried out, 
assuming that the electron concentration is controlled by space charge alone. 


Equilibrium. Classical Distribution Law 

After the manner of Fry,* Langmuir,‘‘ and others, consider a stream of 
electrons emerging from an infinite plane electrode with initial velocities 
distributed according to some law. The electrons outside the surface of the 
electrode will induce a charge on the electrode tending to draw the electrons 
back to it. There will be a potential distribution outside the metal surface 
through which the electrons move, those with higher initial velocities normal 
to the surface getting further out before they are turned back. 

With no external field and no neighboring electrode, we may write an ex- 
pression for the charge density at any point in potential space. 


P 


2e 




fino) 




■dvo 


(1) 


where f(vQ)dvo gives the number of electrons emerging from the surface per 
square cm with initial velocities normal to the surface lying between Vq and 
VQ+dvo, while v represents the normal velocities of these electrons at the point 
in question. Clearly 

2Ve 




m 


Using Poisson’s equation we get 
dW 
dx^ 


/ » CsO 


fin) 


■dvQ. 


( 2 ) 


(3) 


Multiplying both sides by 2 dV/dx and integrating in the usual manner 
gives 

/dvy 

j vfivQjdvQ. 


{ J = 16rm 

\dx/ 


(4) 




We cannot proceed further without knowing the distribution law of velo- 
cities expressed infivo). For the classical case 


mvQ . 

f(Vo) — no J2hT Qj- 

kT 


/ m 

= iVol ) V 

XlirkT/ 




(5) 


where is the number of electrons passing through a square centimeter of 
the surface per second, and No is the number of electrons per unit volume at 
the surface. Then 


\dx/ 


/ m Xi/* r® 

IfiTWiVo ) 

Kl-xkT Jr 




CToe““'''’ . 


( 6 ) 


* Fry, Phys. Rev. [2] 17,441 (1921). 

^ Langmuir, Phys. Rev. [2] 21, 419 (1923), 
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Changing the variable to v gives 


dV\^ / m \ 

I = l^irmNA 

dx / xlirkT/ 


^2^~mv^l2kT-V€lkTgy 


since the integral is a well known form having the value 

Taking the square root and performing the next step in the integration 
gives 

/kTVfn 


The first boundary condition requires that V and x shall approach infinity 
together as dV/dx approaches zero, and this is satisfied by the above equa- 
tions. The second condition specifies that at the surface the number of free 
electrons per cubic centimeter has a fixed value, in this case No. That requires 
that the surface of the metal shall be at Xo given by 

/ kTVf^l 


\t No/ 26 

Combining Eqs. (1) and (5) and integrating at once gives Boltzmann's 
equation 

iy = Noe-^^i^^. (10) 

We could, in fact, have arrived at Eq. (8) by combining (10) with Poisson’s 
equation. But (10) is of interest now in that, combined with (8) it gives us the 
concentration at various distances from the surface. The quantities F, 
dV/dXj X, and N are so related that as soon as we have fixed one all the others 
may be determined from various combinations of Eqs. (7), (8), and (10). It 
is also seen that a different metal, with a different electron concentration at 
the surface, could be handled by the same equations with an appropriate 
value of xo at the surface. 

Equilibrium. Fermi-Dirac Distribution Law 

If in Eqs. (1) and (4) we replace the classical expression for f(vo) by that 
obtained from Fermi-Dirac statistics, the problem becomes much more com- 
plicated. 

Now 

lirkTCm^ 5 

fivo) - "“——^0 log + 1) (11) 


where .4 is a measure of the degeneracy of the electron gas. This gives us 
instead of (1) and (4) the following. 


4t TGm^ 




■log ^ 
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= 32 irHTG\ 


( 1 ) 7 . 


(2Fe/»n)^/’‘ 


vvq log (Aoe l)dvo, (13 ) 


Making the change of variable from z)o to t) gives 
A-nkrGtn^ f' 


N 


log 4. 

J Q 


(14) 


where 

and 


A = 


'dVV 

\dx/ 


32 ir^-kTG(^jJ log + l)dv. (15) 


Since the evaluation of these integrals is rather complicated, it will be 
convenient to make certain substitutions. 

Let 

mv^ 


2 kT 




Let 


and 


Then 


and 


f{A) = I log + \)du 

do 

p CO 

g(^) = I u-\og + Ddu, 

Jo 


li^ClmkTyt^ ^ 


'dvy_ l(>io^Gm^‘K2kTyi^ 

\d%) ¥ 


tw. 


(16) 


(17) 


For the case where ^ < 1 the solution is fairly simple. Expanding the log 
du we get 


poo 

f{A) = [Ae-d‘ - 1.426-2“=“ + . • • ]dt, 

Jo 


(18) 


and 


p 00 

giA) = [Auh-'d - \AVe-'^'d + \AH^e-^'^ ■■•]du. (19) 

Jo 
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The Integrals involved are ordinary probability integrals. Hence 

j{A) - + Ayz^!^ • • • ] (20) 

g(A) = ^ ^2/25/2 + ^ 3 / 35/2 , . . (21) 

Further, for the case where A <K1 we get the usual Boltzmann relation that 
When the gas is not classical the Boltzmann relation becomes 
A — A as Waterman has found from a different point of view. 

When ^ > 1 the solution becomes more difficult since the expansion used 
above is not valid over the total range of integration. It is necessary to divide 
the range of integration into two parts, for which Ae~^^ is less than or greater 
than unity. Then 


i/a 1/3 

j »(log^) ^(logA) 

log [Ae--"]du + log [e“V^ + l]du 

0 A ^ 


and 


^ 00 

+ 1 log [^6-“'+ 1]<^M 

1/2 

J ’ (log 4 ) p (iogil) 

M^og [Ae-'‘^]du + I u^log [e“V4 + l]<^; 

0 Aq 

\ 

/ • 00 

w® log [Ae~"^ + ijdu. 


( 22 ) 


(23) 


If (i.e., the electron gas completely degenerate) the first term is the 
only one of consequence. 

This first term can be integrated directly to give 

/(A) = 2/3(logAy'‘ (24) 


g(T) = 2/lS(log^)*/2 (25) 

And finally by means of series expansion and integration by parts, involving 
steps of questionable rigor but justified by the result, one obtains 


/(A) = -(log^)2/=> 1 
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(27) 
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where these series, though not convergent, may be used for large values of A , 
and have been checked by graphical integration . 

In the Sommerfeld-Fermi-Dirac statistics, the number of particles per 
unit volume and the energy per unit volume are expressed in terms of two 





t -lOOOh 


lo|=,o(i00-9^) 




Fig. L iV=S.4830X10i® P/2/(4)/cm3 £ = 1843.9 volts/cm. X = 2.1631X10~ 

<^.U)/P/^cm. 7=1.9851X10-^ r log 10^4 voits. 


functions F{A) and G{A), It turns out that/(i4) as used above is equal to 
7ri/2/2-£(^), while g(A)=^7r'^fy 4 rG{A), thus confirming the results of the 
questionable steps mentioned above. 
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We now have expressions for/(4) and g{A), hence for N and {dV/dxY 
over four regions, completely degenerate, less degenerate, approaching clas- 
sical, and completely classical. The two extremes are handled by exact ex- 
pressions, the intermediate regions by series, and there is a region between for 
which neither series is valid. f{A) and g(A) have been evaluated graphically 
for this intermediate region. Numerical results of this graphical integration 
and of the series expansions are given in Figs. 1, 2 thus covering the regions 
between the exact expressions for completely degenerate and completely 
classical states. 

For the degenerate state N=4:TrG(2mkTyy3¥- (log Ay>^ and for the 
classical state N = G(2TrmkTy'yh^‘A. For intermediate states iV = 2xG 
(2mkTy'y¥-f(A) wherof(A) for any value of^ may be found from the figures. 

Further for the degenerate state 

/dV\^ 

( — j = 32ir^?»3/2(2^7’)6/Yi5^3. [log 


Taking the square root of both sides and integrating directly gives 

151 / 2 ^ 3/2 


X = 


2V/4^GX/2^3/4(J^r)l/fi 


log A- 


■ 1/4 


(28) 


For the classical state 


dVy 4Gm3i^(2wkTyi^ 


fdVY_ 
\d^) ~ 




This also may be integrated directly to give 


26/4Cl/2^3/4^6/4(y^7')l/4g 




■A-^iK 


(29) 


For the intermediate region graphical integration is required, since there is no 
exact solution. It is seen that 


dV 

dx 


= const (g(.4))i« = const (g(A<ie-‘^’'‘'^)yi^ . 


Since values for the expression under the radical have been tabulated as a 
function of A, easily convertible to a function of V, it is possible to perform a 
graphical integration. To simplify the arithmetical work this has been done 
to give a new function ^(^4) proportional to x, values for which are given in 
Figs, land 2. 

f (^)i f(-4), and ^(^4) are perfectly general functions, independent of tem- 
perature and of the nature of the electron emitter. The coefficients of these 
functions in the various equations take care of the effect of temperature. The 
curves in Fig. 1 show these functions plotted against A. The origin at log 
A =0 is purely arbitrary. In effect there is no origin, or better, perhaps, each 
particular problem provides its own origin, fixed by the conditions of the sur- 
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face. In practice it is convenient to consider distances and potential differ- 
ences from:!Ci, Fi corresponding to ^1, to X2, F2, corresponding to The for- 
mulae below together with the tables cover the entire range of an electron gas. 


F(volts) = 300;l!r/6-log^ = 690.8jfer/6-logio/l 

(30j 

= 1.9851 X 10-4riog,o-4 

N = 2i:G{2mkTyi^-/¥-fiA) = 5.4830 X (31) 

A » 1 N = 47!G{2mkTyiy3¥-ilogA)>l^ = 1.2772 X lO^ep'Hlogio (32) 
^ «1 N = G{2T:mkTyiyh^-A = 4.8591 X (33) 

£ = U(-^)]''*E.S.U/cra 

= 1843. 9r®^^[g(d)]^'® volts/cm (34) 

di » 1 £ = 2^^i*TtG^VKkTyiyi5^iVt^<^-{logAyi^ 

= 1909. 8P^^(logio d)®/^ volts/cm (35) 

d « 1 £ = 2^i*ir^i‘>G^Vi*{kTyi^/h^l^-A^i^ = 1227. 4P/'Vi 1/2 yolts/cm (36) 

a: = X 0.046052/2i3/%Gi'%®'^(i&r)i/^e-d>(d) cm 
= 2.1631 X 10-V(d)/P/<cm (37) 

d»l a: = 15i/V?3/V2’'W'%5/H*r)i'‘e-(logd)-i/'‘ 

= 4.1770X10-VP/^-(logiod)-i/‘cm (38) 

d«l a; = A3/2/25/4G:i/2^3/4^5/4(^r)l/4^.4-l/2 

= 1.4112XlO-Vr/^-d-i/2cm. (39) 

A small additive correction is necessary to join different regions. This 


may easily be calculated, but has been omitted here to avoid further com- 
plications. 



Fig. 3. Height of potential barrier at different distances from the surfaces. 
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If then N is known for any point, A, Vj x, and E may be found from these 
formulae used in conjunction with the figures. And as soon as one of these 
is fixed for another point, all the others may be found. The separation of the 
points in space and in potential is found by subtracting the F's and x’s for the 
two points. Figs. 3, 4 give some characteristic results for various conditions. 



log X 

Fig. 4. Distances between electrons at different distances from the surface. 

Current to the Anode 

The analysis just given applies to the case of no current, effectively an 
equilibrium case, though it was considered from the point of view of emerging 
and returning streams. Fortunately it is possible to take advantage of earlier 
work by Fry and Langmuir in going over to the case where a current is flow- 
ing from the hot cathode. In Langmuir’s paper two variables are defined 


7? = e{V - V^)/kT. (41) 

It is easily seen that ri^log A— log Am in our notation. Now the current 
passing a potential barrier V is given by 

i = 2'K€kTGw?‘ j W ‘ I u log {Aoe^^^ _|^ ^42) 

i = 2TrGme(kT)^/h^-Aoe~~^^^^'^ = 2T(Gme{kTy / • A (43) 

provided A o^“ < 1 . 

If this value of i is put into the expression for ^ above we get 


from which it appears that ^ = 0 . 0460527 ri^y 2 ^^^-<;^)(^) similar rela- 
tions beyond the range of 0(^). Thus it is possible to apply the Langmuir 
Fry analysis to this case if a little care is exercised, using the relation ^ 
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The Langmuir-Fry analysis assumes electrons streaming out from the elec- 
trode with velocities according to Maxwell s distribution law. Of these the 
highest velocity electrons escape completely, so that the returning stream 
consists of only a part of the Maxwellian distribution. Now in thermionic 
emission the currents are generally so small that the loss of electrons to the 
returning stream is of no conseciuence close to the electrode where the distri- 
bution is no longer classical. In the region where the loss of electrons is of 
consequence, the distribution is classical or so nearly so that the Langmuir- 
Fry analysis can be joined to mine as indicated without serious error. 

Illustration of the Method of Calculation 
Let us take the case of an emitter at 3000°K. 
iVo = 6.2 X 10^2 (tungsten) Parallel plane electrodes 1 cm apart. 

From the figures log = 9.534 A^=A z.t surface 

Arbitrarily log A „ = -3.0000 A ™ = A at potential minimum 

A simple calculation gives i corresponding to Am ns 3.612X10 ^ amps/cm^ 
From the figures ^(As) = 126.59 ^(A „,) =2002.06 

Using equation (45) = 43.399 |is=— 2.744 §i=46.143 

Multiplying by A’-'^ gives $ = 1 .4592 
To this we add 1.1397 to fit classical to Fermi, 
giving §i' (from surface to potential minimum) =2.5989 
From40 or 44 ^'=43.041 

so that (from potential minimum to collecting electrode) = 40.442 
From tables of Langmuir, extended to cover some cases dealt with here, 
172 = 87.49 (from potential minimum to collecting electrode.) 
i?(total) = 74.96 F= 19.387 from equation 41 

Repetition of this process for a series of values of A leads to the results given 
in Fig. 5. 



Fig. 5. Current from emitter at 3000* to parallel electrode 1 cm distant for 
different accelerating potentials. 
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Discussion OF Results 

Fig. 3, showing the height of the potential barrier at various distances 
from the surface, for tungsten, iV'o==6.2 XlO^Vcm® is interesting in that it 
shows a value for the work function much larger than that conventionally ac- 
cepted, this larger value being necessary to nullify the effect of the zero-point 
energy of a highly concentrated electron gas. 

Fig. 4 shows in effect the average distance between electrons as a function 
of distance from the surface. The distance between electrons is comparable 
with the distance from the surface at a point so close that the image force is 
meaningless, and slightly further out it is seen that an electron is further from 
the surface than its nearest neighbor, showing that space charge is certainly 
important. 

When considering the calculations shown in Fig. 5, it should be remem* 
bered that the calculations were carried out for plane parallel electrodes, 
whereas experiments have almost invariably used coaxial cylinders. The 
rapid change of space charge outward radially from a fine wire would natur- 
ally lead to different results. In order to test this question, an attempt is now 
being made to reproduce experimentally the conditions here treated theoreti- 
cally. 

There are two more questions of importance that must be recognized here. 
In the first place, the calculated electric field at the surface is so large that a 
great reduction of electron concentration within the surface should result 
from the very large surface charge. Just what effect this might have on the 
case of a current cannot be predicted. The calculations for the equilibrium 
case are still valid, if one chooses a proper electron concentration at the sur- 
face. A second question, of course, is that of the validity of Poisson^s equa- 
tion. It seems to the author that probably this calculation is reasonably close 
to the truth in regions where the concentrations of electrons is large. But at 
considerable distances from the surface, where the concentration is low, 
the approximation to the truth cannot be as good. It is for this reason that 
for the calculation of emission currents the electrodes were chosen so close 
together. Also for this reason results are not given for currents at lower tem- 
peratures. This particular problem will be investigated further. 

In conclusion the author wishes to thank Professor A. T. Waterman for 
many helpful discussions of the problem. 
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THE ANGULAR DISTRIBUTION OF ELECTRONS SCAT» 
TERED BY MERCURY VAPOR 

By J. M. Pearson and W. N. Arnquist 
Norman Bridge Laboratory, California Institute of Technology 
(Received February 27, 1931) 

Abstract 

Instead of using pressures of the order of 10~2 mm the apparatus described is de- 
signed for pressures in the range IQ-'^ to 10“'^ nim. Heavy primary current densities 
are used to afford measurable scattered currents, and high angle scattering is found to 
be more easily measurable. It is found that the angular distribution curves for elec- 
trons scattered by mercury are not monotonic functions of the angle of scattering. 
For a given energy of incident electrons the curve passes through a minimum, the 
angular position of which depends upon the energy. 


L Scheme of Experiment 



Fig. 1. Diagram of tube, 

^"T^HE principles of design of this type of apparatus are well enough known 
so that it will be necessary here to point out only the salient features. 
The tube is constructed of brass. It is 15 cm in diameter, and shaped as in 
Fig. 1. Electrons are accelerated from the tungsten filament F (supplied at 
the center-tap), through the grid .4, and retarded between the grid A and the 
first of the collimating slits 5i. 

The circuits are so arranged that the entire enclosure is maintained at 
ground potential. The electron beam passes diametrically across the chamber 
to the slits S 2 , and through these to the Faraday cage C 2 . 

The axis of the main beam is oriented to be parallel to the horizontal com- 
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ponent of the earth's field, which is carefully neutralized by one set of large 
Helmholtz coils. A magnetic pendulum was used to determine the necessary 
current. 

Slits Si and ^2 are optically aligned, and by means of another pair of large 
Helmholtz coils the vertical component of the magnetic field in the apparatus 
is adjusted until the main beam is received on C2. By changing the current in 
the latter coils the beam can be moved back and forth across the slits 
This affords a means of measurement of the divergence of the beam. 

Electrons scattered from the main beam are collected principally by the 
walls of the chamber, which are made more absorbing by the use of the copper 
gauze as shown. 

A portion of the electrons scattered at an angle d in the center of the ap- 
paratus, pass through the slits ^3 and reach C3. The axis of collimation of 
slits 53 passes always through the center of the apparatus as 6 is varied. See 
Fig. 2 for a vertical section. 



Slits 53 and cage Cz are mounted in the lid on a movable, central, stem 
with a tapered joint as shown. A pointer P reads the angle 0 , on a scale en- 
graved on the lid. 

Slits Si and 52 are 10 mm long. Slits ^3 are 8 mm long. The spacings and 
widths are so adjusted that, with length considered, 90 percent of the elec- 
trons passing any pair of slits is contained within an angle of ± 1 . 5 ® of the 
central axis of that pair. 

Other details such as accessibility of the filament or of the chamber, are 
explained by the figures. 

The electric circuits are shown in Fig. 3 . 

II. Theory OF Apparatus 

Let AF be the volume of the intersection of the paths of collimation 
of Si and 53. Let be the gas pressure in mm Hg; a the coefficient of scatter- 
ing in the expression, 

J = Jo exp (— 
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Let I be the current in amperes, at the point "x” measured along the main 
beam from AF; Jo the main beam current entering AF; ^2 the distance from 
C2 to AF; h the distance from Cz to AF (constant). Let f(d)dd be the prob- 
ability under given conditions that a scattered electron will be deflected be- 
tween the angles d and d+dS. 

At any point x in the beam passing A F we have the current 


I — lo exp (- 


So in the distance dx 


since x = 0 at A F and dx — Wz / sin 6 , Hence the fraction of that is scattered 
between 6 and 6 +ddis given by 

( 3 ) 

sin d 

Of this current only a fraction, Kz, will reach Cz because of slits Sz. The cur- 
rent is also attenuated by scattering along the path of length k from AF to 
Cz- So the current, Jg, received on Cz is 

aplQWzf(e)Kz ,, 
sm B 

Consider next the current received on C2: because of the slits 5*2 only a 
fraction, K2, of the incident main beam will reach C2. The beam is also atten- 
uated by scattering along the path of length k. Hence the current, Ig, re- 
ceived on C2 is 

Ig = Joi^Bexp (- aph). ( 5 ) 

If we divide ( 4 ) by ( 5 ) we eliminate Jo: 


so that 


ly apKz m ; ,, 

= de exp {ap[h - h]) . 

Ig Kz smd 

^ Kiexpi-ap[h-ls]) I, 

JW sm 9 . 

K-zapdOwz Ig 


where 


m = K— sin e 
I a 


_ Ki exp ap[h - Izl) 


KzapdBwz 


dl = ^ Jo exp (— apx)dx . (2) 

— J J, is therefore the scattered current in the distance dx. 

Let us consider now the current we can hope to receive on Cz at the angle 
6 . Let Jfi be the current scattered in A F; the width of slits 53. Then 

la — dl = apio exp (— apx)dx = apIoWz/ sin 6 . 
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The value of K is constant so long as one set of conditions is constant, 
since dd, i? 2 , h, and h, are all functions of a fixed geometry. The jS^'s seem 
to depend upon the electron speed, and upon the condition of equilibrium of 
the apparatus. This is probably because the condition of the slit surfaces de- 
pends upon the bombardment they receive. During a given run, if the ap- 
paratus has previously been brought to equilibrium, K will remain quite 
constant. However, when the apparatus has been out of equilibrium between 
runs, K will vary by as much as a factor of 5. 

It follows that by measuring Je, and 0 , the value of /(0)/i? can be cal- 
culated as a function of 0 . 

It is noted that the current received by C 3 , 

aphwzKzf{e)de 

le = exp (— apk) 

sin d 

goes to- zero for high pressures because of the exponent, and to zero for low 
pressures because of the factor p. However it goes to zero much more slowly 



on the low pressure than on the high pressure side of its maximum. This is 
fortunate since the maximum lies at such a high pressure that the condition 
of “single” scattering Is not satisfied in an apparatus of practical dimensions. 

In using lower pressures if the product plo is kept constant, le can be 
maintained at a readable value. 

le was measured by a “null” circuit using a modified Dolezalek electro- 
meter.^ . 

From the experimental values of a, and the dimensions of this apparatus, 
the mean free path of an electron is about the diameter of the apparatus at 
^ = 10”® mm Hg. Thus at the pressure used (1.8*10’^mm) the condition for 
single collision scattering is well satisfied. 


^ J. M, Pearson, Journ, Op. Soc, 19, 6, p. 371, 
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In order to obtain the intensities of main beam desired some concessions 
had to be made in the voltage distribution of the electrons. Coated, equi- 
potential, low temperature cathodes were tried, but were short lived owing 
to the heavy positive ion bombardment. Heavy tungsten was finally used, 
with a center-tap through which to supply the space current. 

Studies were made of the voltage distribution of the electrons received on 
the Faraday cages. Two things were discovered, namely: (1) that the elec- 
trons were distributed over a range of 3 volts at E ; and (2) that the cages were 
inefficient electron collectors. This was made evident by the fact that the 
electron current was cut off by a bias as much as 20 volts less than £, in 
vacuum, when the bias was applied to the cage. If however, the bias was 
applied to a grid somewhat ahead of C 2 (not shown), the cut-off bias was the 
same as E, This indicated that a deeper cage was necessary, or at least that 
an assisting gradient towards the cage was necessary. 

Because of this low resolving power both at the collectors and at the fila- 
ment, inelastic electrons were not resolved from the elastic electrons. 

The currents received on C 2 are of the order of microamperes, and are 
measured by a suitably shunted wall galvanometer (Fig. 3). 

III. Manipulation 

The apparatus is manipulated as follows : 

(1). After several hours of pumping the filament is lit and the slits are 
bombarded. Liquid air is maintained on both traps, (see Fig. 4.) From two 
to five hours generally suffices to reach a state of equilibrium. 


to pumps 


to n^Leod gauge 


scattering 
trap no.l chamber 


trap no. 2 

Fig. 4. Scattering chamber and connecting traps. 


(2) . When equilibrium is reached, an ice bath, vigorously agitated, is 
substituted for the liquid air on trap No. 1. Liquid air is maintained on trap 
No. 2, on the other side, connected to the chamber through a long tube. Thus 
after another lapse of hours the mercury vapor pressure inside the chamber 
becomes stable at very close to 1.8 • mm Hg. 

(3) . With the magnetic field neutralized and the values of the accelerating 
and retarding potentials adjusted, two sets of simultaneous readings of 4 and 
4 are made at each setting of 0. When these pairs of readings check to ±5 
percent at each point, the run is accepted. Otherwise the apparatus is con- 
sidered to be out of equilibrium. 

In order to eliminate the effects of the positive ions that are collected due 
to the negative bias on the cages, readings are first taken with a low bias and 
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then with a high bias so that the difference of the readings gives the electron 
current. The positives are usually of the order of one-tenth the strength of 
the electrons. The biases used are marked on the curves. 

IV. Results 

The curves of Figs. 5 to 9 give a graphic summary of the results obtained. 
Of special interest is the fact that the curves are not monotonic, but behave 
as though the scattering were negligible at a certain angle for each electron 
energy. That these phenomena are associated with the mercury is attested 
by the fact that other gases (air, for instance, in thise case) gave monotonic 
scattering curves. In a vacuum (as in (1), manipulations,) no scattering is 
found at all. 



0 ® 0 “ 


Fig. 5. Scattering curves. Energy, 100 volts. A, 95 volts; E, 100 volts; M, 0.007 amp.; 
B, —75, —102 volts. Curve 1, positive angles; Curve 2, negative angles taken several hours 
later; Curve 3, negative angles taken several days later. 

Fig. 6. Scattering curves, Energy 125 volts. A, 165 volts; E, 125 volts; M, 0.0058 amp.; 

—100, —126 volts. Curve 1, positive angles; Curve 2, positive angles taken later; Curve 3, 
negative angles taken next day; Curve 4, negative angles taken two hours later. 

An interesting relationship is presented by the last curve, where the co- 
tangents of the positions of the minima are plotted with the energies. How- 
ever, lacking a theoretical interpretation this relation may be fortuitous. 

For energies less than 100 electron-volts the main beam currents become 
unmanageably small, while above 200 electron-volts the minima are con- 
cealed in the steep part of the curve. 

That these minima have not been reported before is perhaps due to the 
high angles at which they occur. In this case the use of high primary currents 
makes measurements at the higher angles comparatively easy. 
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The apparatus can also be used to check the scattering at low angles, and 
the results fit Langmuir^s^ empirical equation very well : 

f(e) = /(^) 0 =o exp (-“ 02 /^ 0 ^). 

The experimental points found fit best when ^o = 12.7'^ at ISO electron-volts 
energy. 

Langmuir finds that for Arnot's^ curve for 82 volt electrons, 0o = 11.3° is 
the best value. 



Fig. 7. Scattering curves. Energy 150 volts. A, 190 volts; E, 150 volts; M\ 0.006 amp.; 
B, - 120, - 150 volts. Positive and negative angles read in succession. The solid dots are check 
points taken later. 

Fig. 8. Scattering curves. Energy 175 volts. A, 210 volts; E, 175 volts; M, 0.007 amp.; 
S, -140, -180 volts. Curve 1, negative angles; Curve 2 positive angles taken later. The 
triangles are check points on negative angles taken two days later. 

Some objections to measurements made at small angles can be offered in 
that the resolving power is somewhat diminished at small angles becau.se of 
the slit length. Further investigations may justify a correction for this effect. 

It is the authors intention to present these data as being more of a pre- 
liminary than of a final nature. Improvements and simplifications which will 
follow from further work with this type of apparatus, will undoubtedly make 
for greater precision. At present, the loci of the minima are probably not 
determined better than ± 1,5°. 

2 K. T. Compton, Irving Langmuir, Revs. Mod, Phys. 2, 123 (1930). 

^ F. L. Arnot, Proc. Roy. Soc. A125, 660 (1929). 
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In conclusion the authors wish to express tfieir appreciation *and in- 
debtedness to Dr. R A. Millikan for his continued interest and advice in this 
work. We should like to thank also the members of the laboratory shops for 
their care and skill in constructing the apparatus. 


Fig. 9. Scattering curves. Energy 200 volts. A, 258 volts; E, 200 volts; Mj 0.006 amp.; 
Bj —160, —200 volts. Readings made at different times with apparatus out of equilibrium in 
meantime. 

Fig. 10. Variation of the cotangent of the angle of minimum scattering with electron energy. 
Energy ^min Weight 

100 Volts 65 3 


V 








\ 

\ 








\ 








\ 









\ 

















\ 

i 

V 








\ 









\ 









1 
























1 























:/N 

1 




T 


ri 

\ 








\ 







\ 

L- 




APRIL 15, 1931 


PHYSICAL REVIEW 


VOLUME 37 


ELECTRONIC VELOCITIES IN THE POSITIVE COLUMN 
OF HIGH FREQUENCY DISCFIARGES 

By Egon Hiedemann 
Physikalisches Institut 
Universitat Koln 
(Received March 9, 1931) 

Abstract 

Theoretical discussion of the mechanics of individual electrons in the positive 
column of high frequency discharges with special consideration of the effect of elastic 
impacts proves that small mean values of the electric force do not prohibit the produc- 
tion of electrons of sufficient velocity to excite or even ionize gas molecules. 

I N A recent paper Charles J. Brasefield^ has published measurements of the 
potential drop at the electrodes and the electric force in the positive column 
of high frequency discharges in mercury, helium, and neon for different gas 
pressures and frequencies of oscillation. The procedure of measuring the 
electric force in the positive column was the same as that used by the author." 
and others in earlier work on high frequency discharges. It consisted in meas- 
uring the total voltage between the electrodes for various distances of the 
electrodes and a given current. The mean electric force of the positive column 
can then be calculated in the known manner, if one assumes that the drop 
in potential at the electrodes is, for a given current, independent of the sep- 
aration of the electrodes. 

Discussing his interesting results Brasefield concluded that “these results 
showed that in general, the magnitude of the electric force was too small to 
produce electrons whose velocity would be sufficient to ionize or excite the 
gas.” This statement would be of the greatest importance for the theory of 
the positive column in high frequency discharges if it were the only reason- 
able inference to be drawn from the experimental results. But an explanation, 
and a very plausible one, may be obtained by calculations similar to those 
given by the author for a similar problem in an earlier paper.^ 

In order to look clearly into this matter it Is necessary to give the experi- 
mental results, the calculations and the proposed solution of the problem in 
essential detail. 

Brasefield, as others, observed that for a gh^^en current and a given fre- 
quency there exists an optimum pressure at which the conductivity is a maxi- 
mum. The electric force at this gas pressure and at gas pressures near to it 
is very small. He then calculates the electric force necessary to give an 
electron the ionizing velocity in an electric field alternating with high fre- 

1 Charles J. Brasefield, Phys. Rev. 37, 82 (1931). 

2 E. Hiedemann, Verb. D. Phys. Ges. (3) 7, 47 (1926); Ann. d. Physik 85, 649 (1928). 

^ L. Ebeler and E. Hiedemann, Ann. d. Physik (5) 5, 625 (1930). 
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quency. His calculation gives values for the necessary minimum electric 
force, which is much higher than the electric forces measured at or near the 
maximum of conductivity.. 

It may be pointed out at first that this calculation is based on the assump- 
tion that the electric force in the positive column of the high frequency dis- 
charge is the same at any point of the column, which supposition is by no 
means proved or even probable. But supposing that the above-mentioned 
procedure of measurement really gives the electric force in the positive col- 
umn, not merely the mean value of it, a more comprehensive calculation 
gives a result, which differs slightly but not unimportantly from the result 
of Brasefield. 

If is the amplitude of the electric force and / the frequency of oscilla- 
tion, then the following equation is valid: 


mx = cEq sin 2^//. 


( 1 ) 


Integration of Equation (1) gives 

e Eq 

X — cos lirfi + C. 

■m ItJ 


( 2 ) 


If at the time zero, the electron has the velocity 2^0 in the initial direction of 
the electric field"^ then 


C = 2;o + 


e Eq 
m lirf 


The velocity of the electron in the direction of the field is then given by Equa- 
tion (3):^ 


e Eq 
m lirf 


(1 


— cos It/I) + Vq. 


( 3 ) 


The maximum velocity in the direction of the field will be obtained when t = 
1 / 2 / and is given by 


- + ^^0. (4) 

m Trf 

^ By the direction of the electric field that direction is meant, in which the e.m.f. accelerates 
an electron. 

® Brasefield gives the equation : 

e Eq 

X — [cos 5— cos 

m 2 Trf 

where 5 is a phase constant depending on the value of £ at the instant the velocity of the elec- 
trons is zero. Brasefield’s equation includes therefore only those electrons which, at the time 
zero, have no velocity or a velocity contrary to the initial direction of the acceleration and 
smaller than the maximum velocity obtainable in half a cycle by the acceleration produced by 
the electric field. Equation (3) on the contrary includes electrons of all directions and velocities. 
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The total maximum velocity of the electron is the velocity in the resulting 
direction of the electron. If this direction forms an angle B with the direction 
of the electric force, then the total maximum velocity will be given by 




I / e Eq 
)S d\m TT 


cos 


'/ 


The real velocity V of the electron at any moment is the essential element in 
all processess of exciting or ionizing gas molecules. For the following dis- 
cussion, however, it will be sufficient to regard only the velocities in, or 
contrary to, the direction of the electric field. To simplify matters, Eq. (4) 
instead of (4a) will therefore be used from now on. 

The essential difference between the result of this calculation and that 
given by Brasefield is that, to the velocity an electron may obtain in half a 
cycle the velocity of the electron at the beginning of the half cycle must be 
added, with the right sign of course. To calculate the electric force necessary 
to give to an electron the ionizing velocity Vi, we must use 


— »o 

JSo niTj . 


Now the electric forces measured by Brasefield demand near the maxi- 
mum of conductivity at least— velocities Vo which are not small compared 
with Vi. That means that electrons of nearly sufficient velocity must be 
present at the beginning of half a cycle. How can such electrons be produced? 
This can easily be seen, if one remembers that an electron will make elastic 
impacts with gas molecules before it has obtained the excitation energy.® 
By these elastic impacts it will lose insignificant amounts of energy only, but 
the direction of its motion will be changed. To simplify the discussion only 
those impacts will be regarded, for which an electron will after the impact 
have a component of velocity v' in the direction contrary to that before the 


impact. 

Let us consider now an electron which, at the time zero, has the velocity 

Now this 


zero. After half a cycle it will have obtained the velocity v„ 
electron may have an elastic impact and may immediately after the impact 
have the velocity v' in the direction contrary to its direction before the im- 
pact. As v' is a part of its former velocity, we may define »' by 

V' - Va,!txfn. (6) 


The next half cycle will give to this electron the velocity v' 


V^.^ + v' = F„«x(l + !/«)• 


^ Here purposely no correct discrimination is made between the possibility for an electron 
to get excitation and that to get ionization energy because the difference of these energies is 
small compared with the difference between one of these energies and the maxlmiini energy ob- 
tainable by the e.ni.f. in half a cycle. The excitation energy is of primary importance too; es- 
pecially in those cases in which metastable states are produced and ionization effected by suc- 
cessive impacts. 
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As this may happen several times and the various must not be large com- 
pared with unity, one easily sees that, as a result of elastic impacts, an elec- 
tron may obtain a multiple of the maximum velocity obtainable in half a 
cycle. , ' ' 

This effect of the elastic impacts on the electronic velocities will, be effi- 
cient especially at gas pressures for which the path of an, electron during half 
a cycle is comparable with the mean free path of the electron. The path' of an 
electron with the velocity z/o at the time zero between /==0 and /=,-l/2/ 
has been calculated^ by integration of Equation (3) to be, 

^^0 e Eo 

X = — — I . 

2 / m 4crP 

The gas pressures at which will be comparable with the mean free path of an 
electron can thus easily be calculated. The result gives pressures of the same 
order of magnitude as the optimum pressures measured.'^ 

From Eq, (8) one sees that Equation (7) is not quite correct, because if an 
electron of the velocity zero at the time zero has made an impact with a gas 
molecule after ^ = 1/2/ then the electron will after the impact meet a gas 
molecule before the second half cycle is finished. The velocity of the electron 
immediately before the second impact will therefore be smaller than 
A correct equation can be obtained without difficulty, but even without doing 
so it can easily be seen that matters are much too complicated to allow more 
than a very rough calculation of the critical order of magnitudes. 

In determining the conductivity not only the electrons with excitation or 
ionization energy are of importance, but the positive ions and the slower elec- 
trons too. In an earlier work A. v. HippeF has shown that the energy which 
positive ions may periodically acquire in the alternating electric field of a high 
frequency discharge, is to be neglected compared with the ionizing energy. 
He has also directed attention to the fact that positive ions oscillate with only 
very small amplitudes, which at the optimum pressures measured by Brase- 
field may be neglected in comparison with the mean free path. This means 
that, if positive ions have once been produced, the chance of their getting lost 
from the discharge is relatively small when no static electric field is present. 
A small loss of ions on the other hand means a high degree of ionization and 
a high conductivity. The degree of ionization is limited by recombination 
and molecular diffusion to the glass walls and to a large extent probably by 
the static field due to the potential of the glass walls. By elastic impacts 
electrons will not only get a component of velocity parallel to the direction of 
the alternating electric force but also norm to it. As this velocity will not be 
altered by the electric force and as the mobility of the electro is large a 
steady current of electrons should be directed to the glass walls and produce 
there a negative charge. A short time after the beginning of the discharge 
a stationary state will be reached and a static electric force will be produced. 

^ See also Charles J. Brasefieid, Phys. Rev. 35, 1073 (1930). ^^ ^ ^ 

® A. V. Hippel, Ann. d. Phys. (4) 87, 1035 (1928). 
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This Static field will enlarge the loss of positive ions and produce a deforma- 
tion of the electric field of the alternating e.mi. Hence the supposition that 
the electric force in the positive column is the same at any point of the column i 

cannot be right and any calculation based on this assumption will not give i 

correct, but at the best only approximate results. This is another reason that 
the small measured mean values of the electric force in the positive column i 

do not call for the conclusion that electrons of excitation energy cannot be 
produced in the high frequency discharge at the maximum of conductivity. ' 

Another important factor in the conductivity is introduced by the oscilla- 
tion of the slower electrons in the alternating electric field. Their importance 
for the mechanism of the high frequency discharge at low pressures was 
pointed out first by F. Kirchner.^ The motion of these oscillating electrons is 
given by® 

; , , i 

mx ~ cEq cos 2Trfl (9) 



and the path in a quarter of a cycle; i.e., the amplitude of oscillation; is given 

by 


m 


By comparison of Eq. (10) with Eq. (8) it can be seen that the optimum pres- 
sure for the oscillating electrons has not quite the same value as for the non- 
oscillating electrons, but that it is of the same order of magnitude. The im- 
portance of the oscillating electrons for the conductivity of the discharge lies, 
as is known, in the fact, pointed out by Kirchner, that by oscillating in the 
field these electrons will remain in the discharge. 

Those electrons which at the time zero have no velocity or a velocity in the 
direction of their acceleration in the initial half cycle, will not oscillate in the 
discharge, but go in one direction only (of course without taking account of 
the effect of impacts). During half a cycle, they will be accelerated, during the 
next half they will be retarded by the alternating e.m.f. but they will always 
go forward. At very low pressures, where the mean free path of the electrons 
cannot be neglected compared with the separation of the electrodes, such 
non-oscillating electrons produced near the electrodes may thus reach the 
positive column and their part in the excitation or ionizing processes in the 
positive column may perhaps not be neglected. 

In conclusion it may be said, that the surprisingly small mean values of 
the electric force measured in the positive column of high frequency dis- 
charges near the maximum of conductivity do not at all force one to assume 
that electrons of excitation energy cannot be produced in the positive column 
of these discharges. 
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THE ELECTRICAL STATE OF THE SUN 
By Ross Gunn 

Naval Research Laboratory, Washington, D.C. 

(Received March 13, 1931) 

Abstract 

The magnetic field due to the rotation of our galaxy is calculated, and it is shown 
(a) that electricity cannot be annihilated in the sun or stars; (b) that the net electrical 
charge on the sun or a typical star cannot exceed 1 coulomb. The electric fields, 
space charge and potentials of the solar atmosphere are calculated from data relating 
to the solar anomalous rotation and numerical values given. The negative surface 
charge on the sun is calculated to be of the order of 10^ e.m.u. The problem of the 
maintenance of the solar electric field is touched upon. 

SYSTEMATIC observation of the solar surface by Mount Wilson astron- 
^ omers and others has sho'wn that many solar phenomena are of such a 
nature that they can be attributed to electrical and magnetic effects. The 
magnitude and distribution of the solar magnetic field has been determined 
by a laborious analysis of Zeeman spectra^ and sufficient data accumulated to 
show that the solar magnetic field is not unlike that of the earth, save for its 
radial limitation. In 1915 an attempt was also made by Hale and Babcock^ 
to determine the electric fields by measurements of the Stark effect but they 
could not detect fields smaller than 100 volts per centimeter and were only 
able to set an upper limit to the suspected electric field. Investigators have 
generally stated that the electrical fields in the emitting layers of the sun were 
negligibly small due to the high electrical conductivity and important effects 
arising from such electric fields were therefore absent. In the following dis- 
cussion we shall endeavor to indicate the importance of the electric field and 
give numerical values for the electrical constants of the sun, insofar as they 
apply to obvious solar problems. 

Separation of Charge Inside the Sun 

In an important paper A. Pannekoek^ noted that in any highly ionized 
gaseous region acted on by gravitational forces and in thermal equilibrium, 
the lighter ions diffused upward until their separation produced an electric 
field which opposed further separation. It is readily shown that the volume 
charge expressed in e.m.u., resulting from the separation, is given by 

Pg = ydiilcH ( 1 ) 

where y is the gravitational constant, d is the density of the ionized matter, 

^ Hale, Astrophys. Jour. 38, 31(1913); Hale, Scares, Van Maanen and Ellerman, Astrophys. 
Jour.47, 1 (1918). 

^ Hale and Babcock, Proc. Nat. Acad. 1, 123 (1915). 

® A. Pannekoek, Bull. Astro. Inst. Netherlands #19 (1922). 
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/A the mean mass of the molecules, c the velocity of light, and e the electronic 
charge expressed in e.m,u. Using data appropriate to the sun and Eq. (1) we 
find that the total positive volume charge inside the sun amounts to 33 e.m.u, 
or 330 coulombs. In another place we shall show that a negative charge of 
equal magnitude probably resides on the solar surface. 

When the temperature is non-uniform the more mobile ions in a conductor 
diffuse toward cooler regions and in the equilibrium state, an electrical field 
is set up which prevents further diffusion. The space charge pt existing when 
equilibrium has been attained is given (in the one dimensional case) by 


Pi 


StcH dr^ 


where h is the Boltzmann constant, r the space coordinate and T the absolute 
temperature. Application to the interior of the sun at the present time will 
not be attempted for little is known about the internal solar temperature. If 
we follow the star models considered by Eddington'^ the temperatures are so 
related to gravitational forces that the space charge due to non-uniform tem- 
peratures will be of the same order 'of magnitude as the space charge due to 
gravitational forces. If, on the other hand, we should adopt Milne V star 
model which suggests central temperatures of the order of 10^^ degrees, it is 
evident that the interior space charge is likely to be large. 

Annihilation OF Electricity 

Attempts to account for the earth's atmospheric electric current have led 
several writers to assume that electricity is annihilated at some definite but 
slow rate. Simpson® suggested that electricity might be generated spontane- 
ously while Swann^ assumed that positive electricity died constantly inside 
the earth but neither writer suggested where the required energy for the 
transformation might originate. Anderson® supplied the theoretical deficiency 
and assumed that the loss of the protonic mass supplied the necessary energy 
to annihilate the protonic charge. Thus he postulated a subatomic transfor- 
mation in which the mass of one proton vanished for each protonic charge 
annihilated. Evidently if the energy corresponding to a given transformation 
is known then the lost mass and electrical charge can be immediately calcu- 
lated. Anderson’s calculations indicated that the sun was throwing off nega- 
tive electricity at a rate of 4X 10^® e.m.u. per second. This tremendous nega- 
tive charge was assumed to dissipate itself through all space and finally be 
lost. In many respects Anderson’s hypothesis is interesting in spite of the 
objections which will occur to the atomic physicist. We proceed to show, 
however, that in stars the annihilation of electricity is not probable unless the 
released ions leave our universe in a highly specialized and improbable manner. 

^ Eddington, Internal Constitution of the Stars (1926). 

^ E. A. Milne, Monthly Notices 91, 4 (1930). 

« C. G. Simpson, Monthly Weather Rev. 44, 121 (1916). 

^ Swann, Jour. Franklin Inst, 201 , 143 (1926). 

» W. Anderson, Zeits. f. Physik 42, 475 (1927). 
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The system of stars embraced by the Milky Way stretches far out into 
space and forms our galactic system. The motions of the stars in this system, 
their masses, radiation, numbers and distribution are known and if electrical 
charges are constantly given off by each member of the galactic system, 
observable magnetic effects should be measured on the earth. We will assume 
that when ions are thrown off by a star the ion preserves its angular momen- 
tum about the gravitational center of the galaxy as it finds its way to outer 
space. Thus the systematic motion of the stars about the center of the galactic 
system is shared by the electricity which has been thrown off by them. 

The systematic motion constitutes an electrical convention current and 
will produce a magnetic field. In the present connection we need only the 
order of magnitude of the effect and a rough calculation which directs atten- 
tion to the physics of the problem will readily serve. Let us suppose that the 
entire negative charge in the space outside the stars but inside the galaxy, is 
compressed into a ring of radius equal to the mean radius of the system. Then 
the magnetic field II at the center of the system is 

II = lirQoi (3) 

where Q is the total free charge and co is the mean angular velocity about the 
center of the .system. The earth is not at the center of the system but.it is 
difficult to see how its position and motion could change the value of the 
magnetic field at the earth by more than an order of magnitude. 

The angular motion of our galaxy is known from astronomical data and 
<2 is determined by calculating from the total radiation of the galactic system, 
the rate of release of negative electricity. We must note further that the time 
the released electricity remains in the system proper must be at least as great 
as the time it would take light to traverse the path. Thus 

Q^Ir/c (4) 

where J is the total current thrown off by all stars of the galaxy as calculated 
by Anderson’s hypothesis, r is the mean radius of the galactic system and c 
the velocity of light. The mean star of the galaxy has a mass 1.6 that of the 
sun and there are roughly 10^° of them,^ so that we may assume that the total 
current I of the system is 10^® that of the sun or 10^® e.m.u.^^ Taking> = 10^ 
parsecs, oo ~ 10“^® rad/sec and combining Eq. (4) with Eq. (3) we find that the 
magnetic field at the center of the galaxy is of the order of 10^^ gauss. 

Such a large magnetic field seems absurd and we conclude that observa- 
tion demands either that the charges which leave a star, leave in a very 
special manner, or else that annihilation of positive charge in stars does not 
occur. The evidence is such that we believe Anderson’s and other similar 
hypotheses must be abandoned. 

Net Solar Charge 

An upper limit may be set for the net charge which the sun may carry if 
we are willing to assume that the sun is a star typical of the average star of 

® Russell, Dugan and Stewart, Astronomy (1927). 

10 R. Gunn, Phys. Rev. 32, 133 (1928). 
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our galaxy. Magneticians have been collecting precise data on the variations 
of terrestrial magnetism for a great many years but there is no evidence of 
which we are aware that suggests that there may be an extra-terrestrial 
magnetic field which would be observed to have a period of a siderial day. 
Certainly such a field would have been found if it was as great as gauss 
and probably a field much smaller would be noticed. We may then assume 
that if a galactic magnetic field exists its value II is probably less than 10“® 



gauss. 

If the stars of our galaxy (of which the sun is typical) carry free electrical 
charges, then certainly their ordered motion in our galaxy will give rise to a 
magnetic field. In Eq. (3) we substitute for Q the product of the total number 
of stars n, by q the mean charge on each, and write the inequality 

q Ilflrmi, (5) 


Substituting the appropriate numerical values in Eq. (5) we find that the 
mean charge on each star of our galaxy cannot be greater than 0.1 e.m.u. or 
one coulomb. In the present case there is no question regarding the motion 
of the charges for they are attached to the stars. When we reflect that the 
total surface charge of the earth is of the order 10^ coulombs we see that stars 
are neutral to a high degree of approximation. We note in passing that meas- 
urements show the earth is probably neutral as a whole. These considerations 
lead us to assume that the sun as a whole is electrically neutral. 


Solar Atmospheric Electricity 


The highly ionized regions of the solar surface which can be observed are 
known to be regions of low pressure and the ion free paths are therefore very 
long. An early paper^^ showed that when ions execute long free paths in 
crossed electric and magnetic fields, ions of both kinds were swept in a direc- 
tion perpendicular to both the electric and magnetic fields with a velocity 
which depended only on the relative magnitude of the crossed fields. This 
effect is of the nature of a mass motion and is of great importance because it 
connects directly the easily observable mechanical motions of an ionized re- 
gion with the magnitudes of the impressed electric and magnetic fields. In a 
series of papers^^ the above electromechanical effect was shown to account 
quantitatively for the observed anomalous solar rotation, if the sun possessed 
an atmospheric electric field which was strikingly similar to the field observed 
on the earth. 

The superposed drift velocity u of an ionized atmosphere is given by 

EXB 

■ + (5/X)^] 

where £and B are the electric and magnetic fields respectively, R the radius 
of the spiral generated by an ion as it is constrained to move about the im- 
pressed magnetic fields and X is the mean free path. We calculate R from 


“ R. Gunn, Phys. Rev. 35, 635 (1930) ; 36, 1251 (1930) ; 37, 283 (1931). 


ELECTRICAL STATE OF THE SUN 


987 


niv^ (ImkTyf^ 


where m is the mass of the ion, the component of its velocity perpendicular 
to the niag^netic field Hj and 6 the ionic charge in e.m.u. In the atmospheric 
levels of the sun which we can see, X is large compared to R and if we agree 
for simplicity to consider only the motions at the solar equator, Eq. (6) takes 
the simpler scalar form. 


E = Bu (8) 

where E is now the radially inward electric field, B the northward magnetic 
field and u the eastward atmospheric ion drift measured with reference to the 
surface of the sun proper. The eastward superposed drift u is readily deter- 
mined from 

u = Uq — aco sin 4> (9) 


where Mq is the measured velocity of the observed point whose colatitude is 
(p, a is the solar radius and co is the angular velocity calculated from the rota* 
tion of the sun’s magnetic pole. The magnetic field B can be measured di- 
rectly by the Zeeman effect, so that E can always be calculated for all ob- 
served levels. The drift velocity u is known to change with altitude, solar 
activity and to be subject to large local fluctuations. As we have seen else- 
where^^ the fluctuations are probably due to variations in E rather than B. 

In a typical region of the reversing layer the magnetic field is observed to 
be 25 gauss and the difference of velocity of the surface proper and that 
actually measured or is 5 X 10^ cm/sec. By aid of Eq. (8) we find the electric 
field in this region is 0.013 volts/cm. Similarly where the magnetic field is 55 
gauss the electric field is 0.027 volts/cm. Now the difference in altitude be- 
tween these two points is roughly 8X10® cm, according to Mt. Wilson data, 
and we can estimate the volume charge by a one dimensional Poisson’s equa- 
tion. Thus 


u dB 
Attc^ dr 


( 10 ) 


where pa is the atmospheric volume charge in e.m.u. and the other quantities 
are those defined before. From Eq. (10) and the foregoing observational data 
we find that over a small interval the space charge in the solar reversing layer 
is + 1.66X 10'“^® e.m.u./cm® or on the average there is one singly charged free 
positive ion per liter. 

The space charge increases rapidly as we go deeper and deeper into the sun 
and if the magnetic field and drift velocity were known at all levels the sur- 
face charge and total atmospheric charge could be determined. The solar 
astronomical data giving the intensity of the magnetic field as a function of 
the altitude are not very reliable on account of the difficulties of measurement 
and there is even sharp disagreement as to the scale of altitudes in the revers- 
ing layer. In an earlier paper^^ a semi-empirical relation was employed to 
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represent the magnetic field as a function of altitude and the constants so 
chosen as to fit observation over a limited range. Precise analysis requires 
appeal to direct observational data for it is unlikely that the radial distribu- 
tion of the magnetic field is as simple as our assumed formula indicates. We 
will assume that the magnetic field at any level in the solar atmosphere is 
given” approximately by 


B = Bo exp 


zHgjr — a) ' 
2kT 


( 11 ) 


where Bo is the magnetic field of the sun at the “surface proper,” s the mean 
atomic weight of the atmospheric ions, g the acceleration due to gravity, H 
the mass of the hydrogen atom and (r-a) the altitude above the sun. Rela- 
tion (10) becomes by aid of Eq. (11) 


uzEgB 

Sirc^kT 


( 12 ) 


so that the total atmospheric volume charge in a prism 
is given by 



uBofivC' 


cm“ in cross-section 


(13) 


and since on the whole the sun is neutral and there is no external electric 
field it follows that the surface charge on the sun proper is equal and opposite 
to the positive space charge. Following earlier work*^ we use 12,000 gauss for 
5o and calculate the total positive charge in a prism 1 cm“ extending from the 
sun outward and get -1-5.3 X 10""” e.m.u. The surface charge is equal and op- 
posite. The total negative surface charge of the sun is therefore 3 X 10° e.m.u. 

We can use Eq. (11) to determine the potential difference between the 
surface proper and free space if we combine it with Eq. (8) and integrate.” 
Let be the potential difference, then 



which by aid of Eq. (10) becomes 



ItiBikT 

zHg 


(15) 


where Bi corresponds to a level where the atmospheric electrical conductivity 
begins to drop off rapidly due to the solar magnetic field”’” and it amounts to 
about 280 gauss.” Substitution of the approximate values in Eq. (15) shows 
that the sun proper is negative with respect to free space by 1.5X10° volts. 
The foregoing values, calculated by aid of semi-empirical formula cannot be 
expected to be precise for we have made the assumption that the equatorial 


“ R. Gunn, Phys. Rev. 33, 614 (1929) ; 34, 1621 (1929). 
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drift velocity was the same constant at all altitudes. In the region of the 
reversing layer where the constants were made to fit the known points the 
equations are more reliable. 


Maintenance of the Solar Electric Field 

The electrical conductivity of the solar atmosphere is high even in the 
reversing layer where the magnetic field greatly reduces the mobility of the 
ons. t IS rea i y shown that the solar atmosphere would discharge itself 
in 10 seconds if no mechanism was provided to maintain the current. We 
are therefore faced with precisely the same problem that has puzzled physi- 
cists ior years m connection with the earth’s electric charge. As in the case 
of the earth we may now assert that the sun is neutral to a high degree of 
approximation and we may further maintain that electricity does not con- 
tinuously leave the sun. These restrictions narrow down the investigation to 
fairly definite problems and several have been examined keeping always in 
mind that the mechanism of replenishment should also be capable of modifica- 
tion to fit the earth. Even though the mechanism in the sun must be quite 
simple compared to that on the earth, no definite conclusion has been reached 
The extreme variability of the electric field as indicated by the atmospheric 
motions suggest that local conditions may affect the field greatly somewhat 
in the manner that an electrical storm disturbs the earth’s local electrical 
State. \ oung ^ had the idea long ago that the solar atmosphere ^‘rained” con- 
densed metallic particles and brought charges down with them. While the 
idea IS tempting because of present ideas regarding the maintenance of the 
earth s charge it has several weak points and cannot be made quantitative. 
It has been shown" that the electrical energy dissipated in the solar atmos- 
phere IS an appreciable fraction of the total radiated energy and any mecha- 
nism which will account for the field must be a moderately efficient one. 

Conclusion 

_ Our study has shown that the rather artificial postulate of the annihila- 
tion of charge is inconsistent with observation and that to a high degree of 
approximation the sun is electrically neutral. Our calculations show that the 
separation of charge in the solar atmosphere is considerable and that the 
resulting distribution of electric field is remarkably similar to that observed 
on the earth. In a typical equatorial region of the reversing layer the electric 
field is radially inward and amounts to 0.015 volts/cm, a value far too small 
to be detected by measurements of the Stark effect. In the present paper the 
fields have been calculated from data derived from the observed solar at- 
mospheric motions. In a forthcoming paper the electric fields will be calcu- 
lated from certain spectroscopic data and the values obtained shown to be 

consistent with the present estimates. 
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SURFACE TENSION OF MERCURY 

By Marie Kernaghan, R.S.CJ. 

Department of Physics, The Saint Louis University 
(Received March 9, 1931) 

Abstract 

Consistent values for the surface tension of mercury in a high vacuum (air pres- 
sure less than 1.2X10-^ mni Hg throughout the period of experimentation), ranging 
from 438.4 +0.3 dynes per cm at 12.5®C to 423.9 + 0.6 dynes per cm at 67®C, have 
been found by a modified flat-drop method. In evaluating them Worthington’s 
equation 

(K-k'pp 1.641 L 


2 iMlLA-(K-k) 

was used. The temperature gradient, determined from the best mean straight line 
through the experimental points, is 0.3015 dyne per cm per degree. Hence the average 
value of k, in the E tv"s relation, was found to be 1.82. Reproduction of concordant 
results at intervals during a period of four months affords ample evidence of the 
thorough outgassing of the apparatus and is attributed to the great care used in secur- 
ing relative perfection of details. 

Introduction 

W ITHIN the last decade many publications (between one and two on an 
annual average) have been concerned with the surface tension of mer- 
cury^“2i tb.e greater number have dealt with its measurement in a vac- 
uum. Hogness® and later Bircumshaw^ have given excellent summaries of 

1 L. L, Bircumshaw, Phil. Mag. 2, 341-350 (1926). 

2 L. L. Bircumshaw, Phil. Mag. 6, 510-525 (1928). 

3 R. c. Brown, Phil. Mag. 6, 1044-1055 (1928). 

^ R. S. Burdon and M. L. OHphant, Trans. Faraday Soc. 23, 20S-“213 (1927). 

5 S. G. Cook, Phys. Rev. 34, 513-520 (1929). 

« W. D. Harkins and E. H. Grafton, J. Am, Chem. Soc. 42, 2534-2538 (1920). 

^ W. D. Harkins and W. W. Ewing, J. Am. Chem. Soc. 42, 2539-2547 (1920). 

8 J. Hartman, Phys. Rev. 20, 728-744 (1922). 

» T. R. Hogness, J. Am. Chem. Soc. 43, II, 1621-1628 (1921). 

T. Iredale, Phil. Mag. 45, 1088-1 100 (1923). 

+1 T. Iredale, Phil. Mag. 48, 177-193 (1924). 

12 T. Iredale, Phil. Mag. 49, 603-627 (1925). 

18 M. L. Oliphant, Phil. Mag. 6, 422-433 (1928). 

1^ E. Perucca, Atti. Acc. Torino 57, 81 (1921), 

18 E. Perucca, Atti. Acc, Torino 57, 541 (1922). 

18 E. Perucca, Phil. Mag. 7, 418-419 (1929). 

17 M. J. Popesco, Comptes Rendus 172, 1474-1476 (1921). 

18 M. J. Popesco, Comptes Rendus 175, 148-149 (1922). 

10 M, J. Popesco, Ann. de Physique 3, 402-464 (1925). 

20 T. W. Richards and S. Boyer, J. Am. Chem. Soc. 43, 1, 274-294 (1921). 

2^ Sauerwald and Drath, Zeits. Anorg. Chem. 154, 79 (1926). 
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the work done in that line since 1898. Hence another summary just now is || 

unnecessary. Suffice it to say that in spite of the great variety of methods jj ' 

painstakingly tried by eminent experimenters, the final results continue to <!:• 

be discordant even in single experiments, the values obtained ranging from 
"340 to 575 dynes per cm.”^ The true value of the surface tension of mercury j;. , 

cannot be as erratic as the above quoted discordant values would make it. ;|^ 

Since the modified flat-drop method, used in finding the surface tension of 
sodium in a vacuum, gave perfectly consistent results, it was decided to try | 

it out on mercury. Some of its marked advantages are: a high degree of ac- n; 

curacy, perfect control of temperature conditions, facility in the production j:'-' 

of fresh and uncontaminated surfaces, possibility of maintaining a high vac- i;! 

uum during a long interval of time, and independence of the contact angle. 

Apparatus 1; 

The apparatus (Fig. 1) though similar in general outline to that used in 
the experiment on sodium,^^ differed in several details. The chief difference j!" 

lay in the shape and size of the surface tension chamber C (Fig. 1). It was 



arranged in a horizontal position and though shorter it was wider and more |1 

roomy than the first. The plane circular glass window W (made to order by M 

the Corning Glass Company) was fused into the end of the tube in preference J 

to the side, in such a way as to render the entire disk optically available. The ® 

shallow cup P in which the flat drop of mercury was formed was ground with 
fine emery until all clip scars had disappeared. While similar in general ap- 
pearance to the cup used for sodium it was wider (average outer diameter 
6.04 cm) and deeper (maximum depth 1.2 cm). The difference existing be- 
tween the various diameters was not more than 0.02 cm. As in the case of 
sodium, the mercury was introduced into the cup by means of a thick-walled 
capillary tube F which served to prevent too rapid introduction and conse- 
quent surging back and forth of the liquid. The tube J necessary for outgas- 
sing purposes prevented an accumulation of pressure behind the cup. To 


F. E. Poindexter and M. Kernaghan, Phys. Rev. 33, 837-843 (1929). 
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procure a fine levelling adjustment at any time during the course of the ex- 
periment the cup chamber was tightly clamped and exteriorly cemented to a 
levelling stand 5; and coiled tubes G one on either side of C were inserted into 
the apparatus. The presence of the flask M was merely an added precaution 
against contamination resulting from any possible overflow of mercury from 
the McLeod gauge. The entire piece of apparatus, including the McLeod 
gauge, was constructed of Pyrex glass, having only glass seals throughout. 

Redistilled mercury was well shaken with chromic add solution and then 
thoroughly rinsed with distilled water. It was next distilled in a current of 
air, then in a vacuum. This whole process was gone through twice before ad- 
mitting it into the flask ri. After sealing off E and thoroughly outgassing the 
apparatus the mercury was carefully distilled in a vacuum with a hand burn- 
er into the reservoir B from which it was distilled into the cup D as needed. 
The surface tension chamber was sufficiently roomy to allow the cup to be 
emptied and refilled without disturbing the apparatus. 

The heater of the sodium experiment, adjusted to suit the modification 
of the cup chamber, was used, hence the temperature conditions were those 
of the former experiment and hence within one degree of correct values. A 
frosted glass window arranged in the back panel of the heater made it possible 
to illuminate the drop from without and thereby get a sharp focus along the 
meniscus. Once this arrangement was perfected there was no difficulty in 
determining the exact top of the drop. 

The combination of travelling microscope and dividing engine, used as a 
measuring device in the sodium experiment, was again employed. But instead 
of locating a number of points on the meniscus of the drop and then graphing 
the curve, it was decided to use a small carbon filament lamp for locating the 
top of the meniscus. It was mounted in a manner similar to that described by 
Richards and Boyer^^^ and used by Iredale,^^ Cook,® and others. The small 
lighted lamp, attached to the telescope some distance behind it and on a level 
with it, was reflected from a spot on the maximum horizontal diameter as a 
tiny star which could be brought easily to a focus on the cross hairs. The 
vertical distance from the maximum horizontal diameter to the top of the 
drop {K—k in Table I) could then be found by direct measurement- The 
diameter of the drop was measured directly by means of the dividing engine. 

Data and Results 

A summary of the results obtained from readings taken at intervals dur- 
ing a period of more than four months is given in Table 1. The temperatures 
below 41® (second column) were room temperature in degrees centigrade. 
The number of separate readings of K (the top of the drop) and of k (the lo- 
cation of the star), from which K-k was in each case determined, may be 
found in the third column. The values for the density quoted in column 4 
have been taken from the Smithsonian Physical Tables.^® For each set of 

23 Smithsonian Tables, Handbook of Chemistry and Physics, Thirteenth Edition, p. 746 
(1928). 


SURFACE TENSION OF MERCURY 


993 


Table I. Surface tension of mercury in a vacuum. 


No. 

Temp. No. of 
C Trials 

Density Radius 
P L cm 

K-h 

cm 

Uncorrected 
<T dynes 

Corrected 
or dynes 

Date 

1 

12.5° 

11 

13,5646 

2.87 

0.2639 

462.9±0.3 

438.4 + 0.3 

Nov. 

26, 1930 

2 

14.° 

20 

13.5610 

2.87 

0.2638 

462.4+0.3 

437.9+0.3 

Nov. 

28, 1930 

3 

18.3° 

15 

13.5504 

2.87 

0.2635 

461.0+0.3 

436.6+0.3 

Nov. 

26, 1930 

4 

20.° 

9 

13.5462 

2.87 

0.2634 

460.5+0,3 

436.1+0.3 

Nov. 

28, 1930 

5 

21.° 

9 

13.5438 

2.87 

0.2633 

460.1+0.3 

43S.7+0.3 

Nov. 

29, 1930 

6 

21.5° 

15 

13.5425 

2.87 

0.2633 

460.0 ±0.3 

435.7+0.3 

Nov. 

30, 1930 

7 

22.5° 

15 

13.5400 

2.92 

0.2632 

459.6+0.2 

435.7+0.2 

Nov. 

2, 1930 

8 

23.1° 

13 

13.5389 

2.87 

0.2630 

458.9±0.3 

434.6 + 0.3 

Nov. 

30, 1930 

9 

23.5° 

11 

13.5377 

2.87 

0.2629 

458.5+0.3 

434.2+0.3 

Nov. 

27, 1930 

10 

23.5° 

10 

13.5377 

2.87 

0.2630 

458.8+0.6 

434.5+0.6 

Nov. 

30, 1930 

11 

24.° 

10 

13.5364 

2.87 

0.2628 

458.1+0.3 

433.8 + 0.3 

Nov. 

27, 1930 

12 

25.1° 

9 

13.5337 

2.91 

0.2631 

459.05+0.2 

435.1+0.2 

Oct. 

12; 1930 

13 

25.2° 

9 

13.5335 

2.92 

0.2631 

459.03+0.2 

435.1+0.2 

Oct. 

11; 1930 

14 

25.8° 

9 

13.5320 

2.91 

0.2632 

459.3+0.2 

435.4 + 0.2 

Oct. 

11, 1930 

15 

26° 

8 . 

13.5315 

2.84 

0.2630 

458.6+0.3 

434.3+0.3 

Sept. 

25, 1930 

16 

28° 

10 

13.5266 

2.84 

0.2628 

457.8+0.3 

433.5+0.3 

Sept. 

25, 1930 

17 

31° 

11 

13.5193 

2.89 

0.2624 

456.1+0.3 

432.2+0.3 

July 

31, 1930 

18 

31° 

12 

13.5193 

2.89 

0.2624 

456.1+0.3 

432.2+0.3 

Aug. 

1, 1930 

19 

32.3° 

10 

13.5161 

2.86 

0.2624 

456.0+0.3 

431.9±0.3 

July 

29, 1930 

20 

32.3° 

24 

13.5161 

2.86 

0.2624 

456.0+0.3 

431.9±0.3 

July 

29, 1930 

21 

33° 

9 

13.5144 

2.89 

0.2624 

455.95+0.3 

432.1±0.3 

July 

30, 1930 

22 

33.3° 

12 

13.5136 

2.85 

0.2623 

455.6+0.3 

431.5±0.3 

Aug. 

5, 1930 

23 

34° 

10 

13.5119 

2.91 

0.2622 

455.2+0.3 

431.5±0.3 

July 

27, 1930 

24 

34.8° 

10 

13.5100 

2.85 

0.2622 

455.1+0.2 

431.0±0.2 

Aug. 

6, 1930 

-25 

35° 

10 

13.5095 

2.91 

0.2621 

454.8±0.2 

431.1±0.2 

July 

26, 1930' 

26 

35° 

10 

13.5095 

2.91 

0.2622 

455.1+0.3 

431.4±0.3 

July 

27, 1930 

27 

35° 

9 

13.5095 

2.85 

0.2621 

454,8+0.3 

430.7±0.3 

Aug. 

4, 1930 

28 

41° 

12 

13.4949 

2.91 

0.2619 

453.6+0.2 

429.9±0.2 

Aug. 

1, 1930 

29 

43° 

8 

13.4900 

2.87 

0.2618 

453.1 ±0.3 

429.0±0.3 

Nov. 

30, 1930 

30 

44° 

9 

13.4875 

2.87 

0.2617 

452.6±0.3 

428.6±0.3 

Nov. 

30, 1930 

31 

47.5° 

7 

13.4790 

2.85 

0.2616 

452.0±0.3 

428.1±0.3 

Aug. 

2, 1930 

32 

48° 

13 

13.4778 

2.92 

0.2615 

451. 6 ±0.3 

428.1±0.3 

July 

27, 1930 

33 

48° 

11 

13.4778 

2.92 

0.2616 

451.96±0.3 

428.4±0.3 

Aug. 

1, 1930 

34 

48° 

9 

13.4778 

2.85 

0.2615 

4S1.6±0.3 

427.7±0.3 

Aug. 

5, 1930 

35 

49.5° 

10 

13.4741 

2.85 

0.2614 

451.2±0.3 

427,2±0.3 

Aug. 

6, 1930 

36 

54° 

10 

13.4632 

2.85 

0.2613 

450.4±0.3 

426.5±0.3 

Aug. 

2, 1930 

37 

57.5° 

11 

13.4547 

2.85 

0.2612 

449.8±0.4 

425.9±0.4 

Aug. 

6, 1930 

38 

64° 

9 

13.4389 

2.85 

0.2609 

448.2±0.5 

424.5±0.5 

Aug. 

2, 1930 

39 

67° 

10 

13.4317 

2.84 

0.2608 

447.7 ±0.6 

423.9±0.6 

Aug. 

2, 1930 


readings two values for the surface tension are given. That under uncor- 
rected value (seventh column) was found by means of Quincke^s simple for- 
mula24 


<r = l^^p.pgQ 


( 1 ) 


(where cr and p are surface tension and density respectively; 980 cm per sec^ 
is the value of the acceleration of gravity in Saint Louis.) The corrected 
values of <r (eighth column) were determined according to Worthington^s 
equaton^^ 



{K - kYp 
2 


+ 2a{K 



1 

3.282jL 


} 


( 2 ) 


" G. Quincke, Ann. d. Physik, 105, 1-48 (1858); 139 , 1-89 (1870); 160, 337-374 (1877). 
A, M. Worthington, Phil, Mag. 20, 51-66 (1885). 
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(where (Z-^i) =A=distance from vertex to maximum horizontal diameter; 
& = radius of curvature at the vertex and L = maximum horizontal radius). 

According to Worthington® for values of L greater than 2 cm the term 
1/& is negligible. Therefore since in this experiment the minimum value of 
L was 2.84 cm it was at all times sufficiently large to justify the omission of 
1/6 from the equation, which consequently reduces to the form 


{K - hyp 


1.641L 
1.6411- + {K 


‘“'O 10 30 40 50 60 70 

Temperature (®C) 

Fig. 2. Surface tension of mercury as function of temperature. 


Hence to correct values computed from equation (1) we have only to 
multiply the result obtained by the correction factor 


1.6411. 


Since there was scarcely any appreciable variation in the size of the drops 
used, the correction factor reduced to either 1/l.GSS or 1/1.056. 

From the two surface-tension, temperature graphs (Figs. 2 and 3) it is 
evident that temperature variations gradually decrease as temperature in- 
creases. However, for values of T lower than 6S°C the deviation of experi- 
mental points from a straight line is slight. Hence from the best mean 
straight line through the experimental points (Fig. 3) <r at 0^ and at 63° was 
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judged to be 442 and 423 dynes per cm, respectively. Hence the temperature 
gradient is 0.3015 dyne per cm per degree. 

Upon differentiating with respect to temperature, the EOtvos relation 
av^i^=zk{Tc~-T) we get, 



“*j (XV 

V 3 



k 


( 4 ) 


(cr, V, T represent surface tension, volume of a gram atom, temperature re- 
spectively. Tc and k are constants.) ’ ; 

The Eotv5s constant, k, was found at 20°C by substituting in Eq. (4) 
for (d(r/dT)v and for a experimental values, and for v and {dv/dT)a values 



Fig. 3, Surface tension of mercury as function of temperature. 


calculated from data given in the Smithsonian Physical Tables, as quoted in 
the thirteenth edition of Handbook of Chemistry and Physics.^® The value 
found is 1.82. 

Discussion 

Every possible precaution was taken to procure absolute cleanliness. 
Boiling hot chromic acid solution was used to cleanse not only the entire 
glass apparatus (including the still used for distilling the mercury in a current 
of air), but also the beakers and the bottles into which the mercury was 
poured at any stage of experimentation. Several consecutive days were de- 
voted to a thorough outgassing of the apparatus. During periods of four or 
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five hours each, while the pump was running, the entire apparatus was kept 
at a high temperature by means of the heater and a hand burner. The thor- 
oughness of the process was proven by the fact that the McLeod gauge reg- 
istered stiction (a gas pressure less than 1.2X10™® mm Hg) except when 
filtered air was purposely admitted into the apparatus. Occasionally over 
night the pressure rose to 4.6X10™® mm Hg, but then the apparatus was 
again outgassed. No readings were recorded except when the McLeod gauge 
registered stiction. 

The main purpose of this experiment was to get consistent values for the 
surface tension of mercury in a vacuum hence no perfection of detail that 
might lead to a higher order of accuracy was overlooked. To eliminate vibra- 
tion of the mercury drop a special wall table was constructed. The difficulty 
experienced by Cook® in determining the exact position of K (the top of the 
drop) was obviated by keeping the drop enclosed in the heater, even when 
working at room temperature, and by illuminating it from without. As pre- 
viously mentioned, for all readings recorded the top showed as a sharp dark 
line. The small lamp used for determining the point of vertical tangency was 
set at the same level as the center of the objective of the travelling micro- 
scope, by means of a reading telescope. The utmost care was used to keep it in 
that exact position for it was noticed that the least deviation from it caused 
a considerable difference in the readings of K and k. The same is true of the 
level position of the travelling microscope and the dividing engine. 

A tenths thermometer, calibrated by comparison with a standard ther- 
mometer was throughout immersed in the heater to the same depth and at 
the same angle of inclination. Stem correction was, however, found to be 
negligible for temperatures lower than 70°C, i.e., for temperatures used in 
this experiment. 

No set of readings was recorded until all details were brought to relative 
perfection. On the other hand no set of readings was discarded after that 
point had been reached, except in cases of fluctuating temperature. 

On two different occasions a set of readings was taken in a vacuum (IS 
and 16; 19 and 20, Table I) the dish was partially emptied by violent shaking, 
filtered air was admitted and the apparatus was allowed to stand for a while. 
When again pumped to stiction the change in surface tension was merely that 
to be expected from variation in temperature. 

Popesco^^’^®’^® Iredale^^ and Cook® have determined the surface tension 
of mercury in a vacuum by the flat-drop method. However, the experiments 
of the first two differed from this experiment in some important details— to 
mention only a few: the method of forming the drops was essentially differ- 
ent; both used wax seals. Iredale was himself conscious that ^The experi- 
mental conditions would be very much improved if such adhesives could be 
done away with.” (reference 12, page 607) Both worked on drops too small 
(Popesco’s was about 3.6 cm in diameter; and Iredale's ranged from 1.2 cm 
to 1.5 cm in diameter) to be considered perfectly flat. The values obtained by 
Iredale from eleven consecutive drops, at a temperature of 19.5°C, vary from 
430 to 472 dynes per cm. Cook's flat-drop method is essentially the same as 
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the one used in this experiment. But he has quoted only one value found for 
the surface tension of mercury in a vacuum ; and that value seems abnormally 
high even though in the author’s words “the measurements were very care- 
s fully checked.” (reference 5, page 517). The apparatus of this experiment 

was as completely outgassed as his, but not once was a value any where near 
as high as his obtained. His readings of K and k were taken with a catheto- 
^ meter the vernier of which “reads directly to 0.02 mm and under the micro- 

scope can be estimated to 0.01 mm” (reference 5, page 516). The travelling 
microscope used in this experiment records to 0.002 mm. 

The dates given in the last column of Table I show how well conditions 
were reproduced. In turn the consistent values obtained seem to point to the 
fact that, more than a new theory, we need a high vacuum, uncontaminted 
surface and utmost care in manipulation. 

This work was suggested by and carried on under the guidance of Doctor 
F. E. Poindexter in the laboratories of Maryville, Corporate College of Saint 
Louis University. I wish to thank him for his generous cooperation. I wish 
to thank both him and Rev. Professor James 1. Shannon for their many help- 
ful and encouraging suggestions. Thanks are also due to Brother A. Zeller 
for his kindness in rearranging the heater to fit the remodelled apparatus. 
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Abstract 

Previously published values of the coefficient of recombination are found to be 
twelve percent too high because of the distortion of the field between the plates of the 
ionization chamber. Corrected values which may be used for the purpose of calcula- 
tion are given as follows: Air, (1.23 ±0.1) X 10“®; O 2 , (1.32 ±0.1) Xi0“®; N 2 and A, 
(1.06 ±0.1) XIO"®; H 2 , (0.28 ±0.05) X10“®. 


R ECENTLY one of the writers^ has published results of research on the 
- recombination of ions produced by x-rays in a number of gases. It was 
found that the coefficient of recombination given by a = (1//) (1/?^ — l/?^o), the 
integrated form of the equation dn/dt— —an^ is not a constant, but varies 
with the age of the ions. It was assumed that the high initial values of a and 
rapid drop at short time intervals (up to 0.05 to 0.1 seconds after the forma- 
tion of the ions) is due to non-random distribution, and that the later more 
gradual drop is due to the loading up of the ion with impurities and subse- 
quent selective recombination, producing abnormally low values of a at long 
time intervals up to one or two seconds. On the assumption that normal con- 
ditions were most closely approximated between the ages of 0.05 and 0.1 
seconds, so-called ''absolute values” were set which would be useful for pur- 
poses of calculation. Hydrogen is the only gas which did not exhibit any 
change in the value of a with time. 

In all the results heretofore published it was assumed that the volume of 
ionization swept out by the electric field was the total geometrical volume 
contained between the plates of the ionization chamber. In planning for 
further work with the same apparatus, it has been found that, despite the 
guard ring surrounding the upper plate, there is an error of about twelve 
percent in this assumption. Owing to the proximity of the grounded walls 
of the chanber, the field is not uniform between the plates, the lines of force 
curving slightly towards the walls. (See Fig. 1.) The magnitude of the error 
was obtained by plotting the equipotential lines for a cross-section model of 
the chamber, making use of a telephone buzzer and probe points in a con- 
ducting solution. On drawing the lines of force, which are perpendicular to 
the equipotential lines, it was found that the volume swept out by the field 
was about twelve percent smaller than the assumed geometrical volume. In 
this connection it is interesting to note that under conditions where grounded 

^ 0. Luhr, Phys. Rev. 35, 1394 (1930). 

^0. Luhr, Phys. Rev. 36, 24 (1930). 
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walls are within a few centimeters of the plates of the ionization chamber, 
the guard ring would have to be approximately equal in width to the distance 
between the plates to obtain a uniform field. 

In calculating the coefficient of recombination, n, the number of ions of 
either sign per cm^ is found by dividing the total number of ions swept to 
the upper plate by the volume. Hence the equation is of the form a = {y/t) 
{1/N— l/iVo). As the volume was actually twelve percent smaller than that 
assumed in the previous results, all values of a should be reduced by a cor- 



Fig. 1. Cross section ot the ionization chamber drawn to scale showing equipotential lines 
and lines of force when a potential is applied to the lower plate. ABCDis the geometrical vol- 
ume, while shows the actual volume of ionization swept to the upper plate by the field. 


responding amount. This error is not as serious as it might seem offhand 
since the curves will retain their same form, which after all is the most im- 
portant result of the experiments as apparently there is no absolute value for 
the coefficient. The so-called “absolute values’" which may be useful for pur- 
pose of calculation are now set as given in Table I. 

Table I. Corrected values of the coefficient of recombination. 


Gas 

Coefficient of Recombination 

O 2 

(1.32+0.1 )X10-8 

N 2 

(1.06 ±0.1 )X10-« 

A 

(1.06±0.1 )X10-« 

Hr 

(0.28±0.05)X10-« 

Air 

(1.23+0.1 )X10-« 






1000 O. LUHR AND N. E. BRADBURY 

It must be understood that the possible error of plus or minus one-tenth 
indicated in these results is not an experimental error, but represents a por- 
tion of the curves between ages of 0.05 and 0.1 seconds. The experimental er- 
ror is probably not more than two or three percent for all of the gases except 
hydrogen. The writers take pleasure in expressing their gratitude to Profes- 
sor R, B. Erode whose critical suggestion led to the present revision of the 
values of a, and once more to Professor Leonard B. Loeb under whose able 
direction the whole research has been accomplished. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart-- 
ment are, for the first issue of the month, the twenty-eighth of the preceding month; 
for the second issue, the thirteenth of the month. The Board of Editors does not 
hold itself responsible for the opinions expressed by the correspondents. 


An Attempt to Measure the Energy of the Cosmic Elec- 
trons by Magnetic Deflection 


An attempt has been made to measure the 
energy of the cosmic electrons with an appa- 
ratus based on Bothe and Kolhorster’s^ coin- 
cidence principle making use of Geiger-M til- 
ler tube-counters. A description of the method 
has previously been given. ^ 



(produced directly in the iron), and C is a 
third counter which serves to analyse the 
beam which has passed through the magnet. 
An electrical vacuum tube system records on 
an impulse counter only triply coincident dis- 
charges of the three counters, events which 
are assumed to indicate the passage of an elec- 
tron through the apparatus. 

The principal experiment consisted in mak- 
ing counts of the triple coincidences for vari- 
ous displacements id) of the analysing coun- 
ter with the magnet un magnetized and with 
it successively magnetized to a magnetic in- 
duction of 17,000 in either direction. The re- 
sults are shown in the curve of Fig. 2. The 
values are believed to be reliable to about 8 
percent (the statistical error is about 4 per- 
cent) with the exception of the points at the 
central position and those at 4 cm north 
which were studied more carefully and should 
not be in error by more than about 4 percent. 
The shape of the curve is about what is ex- 
pected from the geometry of the arrangement, 
assuming rectilinear passage of the ionizing 
particle, and the count at the 10 cm displace- 
ment represents that due to chance coinci- 
dences. It is seen that within the present lim- 
its of error no deflection exists. This result 
is of interest because if the assumptions on 
which the operation of this apparatus is 
based are correct the energy of the particles 
is very high. On making what appears to be 
the correct assumption that the force on an 
electron in the iron is given by {e/c)[vXB\ 


Fig. 1. 

The arrangement is schematically shown in 
Fig. 1. A and B represent two tube-counters, 
viewed end-on, which serve to define a beam 
of the particles, Af is a closed-core "magnet” 
which furnishes the deflecting magnetic field 


^W. Bothe and W. Kolhorster, Zeits. f. 
Physik 56, 751 (1929). 

2phys. Rev, 35, 1125 (1930). Experiments 
with the present method have been independ- 
ently made by Rossi, Rend. Acc. dei Lincei 2, 
478 (1930). 
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where B Is the magnetic induction, a deflec- 
tion of 2.2 cm measured at the analyser is ex- 
pected for electrons of energy 10® e-volts. It is 
seen from the curve that an easily observable 
change in count should be produced by such a 
deflection, particularly at the most favorable 
displacement of about 4 cm. Accordingly, 
with the reservation mentioned above, it ap- 
pears that the energy of the majority of the 
cosmic electrons is greater than about 2 X 10® 
e-volts. The possibility that these particles 
may be protons or heavier nuclei should also 
be considered. This seems unlikely on various 
grounds, but even if the particles were pro- 
tons we can conclude that the energy must 
be greater than about 10® e-volts. 


ficient for the cosmic radiation, that a consid- 
erable fraction of the electrons should have 
energies ranging from zero to a few hundred 
million d-volts (about 30 percent between zero 
and 2X10^^ e-volts). Were this the case, an 
effect of the magnetic field should have been 
observed. Consequently, if we wish to inter- 
pret this experiment to mean that the energy 
of the bulk of the electrons is as great as in- 
dicated above it is necessary to find a method 
of absorption for very penetrating electrons 
which gives considerably greater absorption 
than that expected on the ordinary theory. A 
possibility in this direction whiclr should be 
investigated is a consideration of nuclear ef- 
fects which are negligible when treating the 
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Fig. 2. 


There is, however, a difficulty with the as- 
sumption of electrons of such high energies, 
which comes from a consideration of the proc- 
ess by which they are absorbed. From the 
usual theory of multiple scattering it is found 
that the path of such a particle should be 
nearly rectilinear until it has lost a large frac- 
tion of its energy, so that absorption must be 
principally due to a gradual loss of energy 
by the production of ions along the path. Ac- 
cordingly, since the cosmic radiation (assumed 
electronic) is known to follow an exponential 
absorption law, we should expect to find at 
any point electrons with a definite distribu- 
tion of velocities ranging from zero to some 
maximum. In fact, if the Thomson absorp- 
tion law is still valid for these high energies, it 
is found, by using the known absorption coef- 


absorption of electrons of low energy but 
which might be expected to become important 
when dealing with electrons of such large, pene- 
trating power. 

It should be mentioned that absorption 
measurements have been made with this ap- 
paratus by taking counts with the magnet 
in position and with it withdrawn from the 
'beam. , In agreement w.ith the result of Bothe 
and Kolhorster, the. O'bserved ' absorption is 
. nearly ^ the same as the value calculated , for 
these ■ conditions from the absorption coeffi- 
cients obtained by the electroscope measure-, 
ments. 

It is also necessary to be sure that the coin- 
cidences are' actually produced By '''a corpus- 
cular radiation and 'not by a y-type radiation." 
,This question has been investigated' by .Bothe 



LETTERS TO TEE EDITOR 


1003 


and Kolhorster^ both experimentally and the- 
oretically, with the result that they do not 
find it possible to ascribe the coincidence ef- 
fects to a 7 -type radiation unless some new 
phenomenon is postulated. In view of our 
present result it would seem desirable to re- 
examine this question. On the experimental 
side a possibility in this direction would be to 
look for a definite correlation between coin- 
cidences in tube-counter and tracks in a suit- 
ably disposed cloud expansion apparatus. 
Such an experiment appears feasible and is in 
progress. 

In view of the foregoing considerations and 
also on account of certain difficulties^ with 
the assumption of a corpuscular nature for 


the cosmic radiation, it would seem that a 
definite conclusion with regard to the signifi- 
cance of the present experiment must await 
further study. 

A part of this work was done at the Cali- 
fornia Institute through the kindness of the 
members of the administration of that institu- 
tion. 

L. M, Mott-Smith 

Department of Physics, 

The Rice Institute, 

Houston, Texas, 

March 25, 1931. 

2 See R. A. Millikan and G. H. Cameron, 
Phys, Rev. 37, 235 (1931) 


Transmission of Gases from 20 to 33ju 

In a letter to this section Dickinson and been determined in the spectral region 20~33/i 
West^ reported a Raman shift for liquid sulfur and the results are given in Table I. These 
dioxide of 524.3 cm~^ Bailey, Cassie and An- values are for a layer of gas four inches thick 


Table I. 


Gas 

Reststrahlen 

Wave-length: 

20.75// 

22.9// 

27.3m 

29.4// 

32.8m 

SO 2 


7 

58 

100 

99 

96 

NHg 


65 

95 

84 

79 

63 

HsS 


96 

98 

93 

89 

82 

N 2 O 


86 

100 

100 

100 

100 

C 2 H 2 


95 

100 

100 

98 

97 


gus^ interpret this as a combination band. I 
have found the transmission of a four inch 
layer of this gas for the 20.75// quartz rest- 
strahlen to be only 7 percent. Such strong ab- 
sorption would seem more likely to be asso- 
ciated with a fundamental band. 

The transmissions of several gases have 

^ Roscoe G. Dickinson and S. Stewart West, 
Phys. Rev. 35, 1126 (1930). 


at atmospheric pressure and are probably cor- 
rect to 2 percent. 

John Strong 
National Research Fellow, 

California Institute of Technology, 
Pasadena, California, 

March 25, 1931. 

2 C. R. Bailey, A. B. D. Cassie and W. R. 
Angus, Roy. Soc. Proc. A130, 133 (1930). 


A Preliminary Report of the Application of the Photoelectric Cell to the Reading of 
Minima in a Magneto- Optic Method of Analysis 


It has been found that chemical compounds 
in solution, when traversed by polarized light 
and subjected to particular types of transient 
magnetic fields, are characterized under cer- 
tain conditions by the scale readings of the 
minima of light intensity produced, by means 
of which a compound may be detected when 
present in a concentration as low as about 1 
part in lO^t (Allison and Murphy, Journal 


the American Chemical Society 52, 3796 
(1930); Physical Review 36, 1097 (1930)). 
These results have been interpreted upon the 
hypothesis of differential time lags in the 
Faraday effect. Inasmuch as the results thus 
far reported were obtained by visual observa- 
tions only, the importance of devising some 
objective means of reading the minima has 
long been recognized. We have recently sue- 
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ceeded in building a photoelectric cell circuit 
which indicates the presence of the minima 
by the deflection of a galvanometer. The 
method of current amplification is similar to 
that described by DuBridge (Physical Review 
37, 392 (1931)), two FP-54 Pliotron tubes be- 
ing employed together with other tubes for 
additional amplification. We have as yet had 
opportunity to take observations with the 
photoelectric cell upon only a few of the com- 
pounds which have been studied visually, but 
those selected are representative and their 
metallic elements contain isotopes. We used 
concentrations ranging from about 1 part in 
10^^ to 1 part in lO^. Our results, which con- 
firm those based on visual observations, may 
be summarized as follows, 

(a) The photoelectric cell reads minima at 
the exact points of the scale at which they 
have been observed visually. 

(b) The photoelectric cell is able to detect 


a compound when present in an amount as 
small as about 1 part in 10.*-' 

(c) The photoelectric cell, in addition to 
detecting minima corresponding to the num- 
ber of isotopes of the metallic element of the 
compound, indicates by the galvanometer de- 
flections the relative abundance of the iso- 
topes. This indication,' however, is a rough 
one and does not as yet yield quantitative es- 
timates of precision. 

(d) The photoelectric cell registers but 
very slight differences in the blackness of the 
minima with changes' in concentrations' over 
wide limits, a result in agreement with visual 
observations, 

Alabama Polytechnic Institute, 
Department of Physics, 

March 21, 1931. 

F RKD Al J.ISON 

J. H. Christensen 

CiEukiiE V. Waldo 


A New Source of Active Nitrogen 


It has been possible for the first time to 
produce the afterglow of active nitrogen in an 
uncondensed discharge. The discharge was 
produced by a 25000 volt 1 KW Thordarssen 
transformer at pressures ranging from 0.1 ram 
to about 5 mm. Although a tremendous num- 
ber of discharges of the same type in the same 
gas have been observed by the writer during 
the past four years, this is the first time that 
the afterglow associated with active nitrogen 
has been obtained. The afterglow was as 
strong as those obtained with the usual sources 
of active nitrogen, namely, condensed dis- 
charges and electrodeless ring discharges. The 
spectrum of the glow was observed with a 
direct vision spectroscope and also photo- 
graphed and it consists of the usual sharp se- 
lection of the first positive bands of nitrogen 
as obtained in the ordinary afterglow. If 
there are any differences between this and 
other glows then more photographs may bring 
them out. The glow was obtained in two dif- 
ferent tubes, each time however only after 
about two weeks running of the tubes at al- 
most a no-discharge vacuum, i.e., at about 
0.001 mm pressure. While other factors may 
have an effect, the long running of the tube 
certainly indicates that the condition of the 
walls is an important factor in the production 
of the glow. 

A few very interesting points about the 


glow will be mentioned, which will help to 
emphasize the unusual nature of the phenom- 
enon. For example, the exciting discharge 
itself possesses a spectrum which 'Cou!d readily 
be taken for an afterglow spectrum. The 
bands of nitric oxide and the violet cyanogen 
bands, both of which are usually observed in 
nitrogen afterglows and but seldom in electric 
discharges, were both present in the exciting 
discharge. These, and the first positive bands 
of nitrogen comprised most of the radiation 
of the exciting discharge in the visible and the 
first positive bands also showed a structure 
similar to the one observed in active nitrogen. 
The second positive bands of nitrogen, which 
are strong in almost any type of nitrogen dis- 
charge and which are unusually strong in the 
condensed discharge, were almost completely 
missing from the exciting discharge in the 
present experiments. Just one remark will 
be made regarding the significance of the na- 
ture of the exciting discharge Jn these experi- 
ments. 'The writer has at various times as- 
signed the weak radiations of the aurora spec- 
trum to the first positive bands of 'iiitrogen 
and has explained them as arising in processes 
similar to those that take place in active ni- 
trogen. This' assignment always raised the 
embarrassing question in .'the writer's mind 
as to the nature of an electric discharge in 
which the spectrum is so much like that of an 
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afterglow or a chemiluminescence phenome- aurora the present experiments should merit 

non. This question has now been answered some attention. In another communication 

and one can say that as far as the first positive more will be said about some experiments in 

bands of nitrogen are concerned there is added which other spectroscopic features of the 

spectroscopic evidence that the auroral dis- aurora are pointed out and studied. 

plays are electric discharges at low pressures, Joseph Kaplan 

That the discharge conditions in the upper r r*i • 

atmosphere are unusual can be seen by the epartment of Physics, ^ 

consideration that the upper atmosphere is University of California at 

really a discharge tube without walls. In Angeles, California, 

view of some recent attempts to explain the March 24, 1931. 

The Zeeman Effect and Uncoupling Phenomena in Helium Bands 


Weizeh has calculated the energies due to 
the uncoupling of the electronic angular mo- 
mentum from the electric axis in light mole- 
cules. He predicts that such uncoupling 
should, if present, be greater for large values 
of the total quantum number, n, for large 
values of the difference between the orbital 
angular momentum quantum number of the 
series electron, and its projection on the 
electric axis, X, and for large values of the ro- 
tational quantum number, R. For the helium 
molecule, rigid coupling of I to the molecular 
axis, so that X is a true quantum number, 
should correspond to Hund’s case b'. For 
large rotational energies the coupling should 
be destroyed and the molecule correspond to 
Hund’s case d'. Since this uncoupling is not 
expected to be abrupt, many levels should 
correspond to cases intermediate between b' 
and d'. The energy of a case b' molecule in a 
magnetic field of strength H is well known to 
be 

AE=^— 

K{K+1) 

where M is the magnetic quantum number 
and A — X for the present case. The corres- 
ponding relation for case d' can be calculated 
in the same manner as for the above case. The 
relation is 

_ _ l)-ig(i^+l)] 

2ir(K+l) 

where R is the rotational quantum number, 
and K the quantized resultant of I and R. It 
is evident that the Zeeman effect should afford 
a means to determine the degree of conformity 
to the limiting cases and indicate the presence 
or absence of uncoupling phenomena. In- 
formation may be drawn from partially re- 
solved patterns by applying the intensity re- 
lations for the components of a spectral line 


given by HonP and Kronig.^ Harvey^ has 
pointed out that unusual widths of the helium 
band lines in a magnetic field can be inter- 
preted as indicative of uncoupling phenomena 
in certain states of this molecule. To check 
the above predictions quantitatively, an ex- 
tensive investigation of the Zeeman effect 
in the ortho-helium bands has been carried 
out. 

The spectrum has been photographed in the 
second and third orders of a 21-foot grating 
affording a dispersion of 1.31 A per mm in the 
second order with field strengths up to 30,500 
gauss. Measurable Zeeman pattern have been 
obtained for at least six lines of the bands 
2^7r3n(0>-45<r3Z«», 25(r3S(0)~3^7r3n(o), 25o-3S<0) 
-4^7r3nW, 2^7r3n<o> -4(f53A(0>, 

A<0>, 2^7r»n(«-4i7r3n^0), 

2^^3n(0)_4^^S(0), and 
In agreement with previous investigators, the 
first three above mentioned bands correspond 
rigorously to case predictions. Departure 
from case ¥ appears in the band 
— 4(f53A^®^ at values of K greater than 9. 
Evidence of uncoupling in the band 2pTc^W^'^ 
is shown by departure from case 
¥ patterns for all values of K greater than 
2 and a gradual approach to case d' predic- 
tions as K increases to 14. Similar evidence 
of uncoupling is found in the band — 

44^0-^ for values of K greater than one. The 
approach to case d' patterns is more rapid in 
this band than in the others mentioned above. 
In the last two mentioned bands the rate of 
uncoupling is somewhat more rapid than for 

^ W. Weizel, Zeits f. Physik 54, 321 (1929). 

2 H. Honl, Zeits. f. Physik 31, 340 (1926). 

® R. de L. Kronig, Zeits. f. Physik 31, 885 
(1926). 

^ A. Harvey, Proc. Roy Soc. A126, 583 (1930). 
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the bands of the same electronic transition 
but of total quantum number 3. 

It may, therefore, be stated that Zeeman 
patterns of the ortho-helium bands confirm 
the idea that the peculiarities of some of these 
bands, in particular those with large values 
of n and with I greater than X for the series 
electron, can be explained by a gradual un- 
coupling of I from the molecular axis with in- 

The Alleged Production of Adsorbed 

Pure molecular nitrogen has no effect on the 
thermionic emission from tungsten. The de- 
crease in emission that occurs if a discharge is 
passed through the nitrogen with voltages 
above about 20 has been attributed to the 
formation of a film of adsorbed nitrogen.^ 
Kenty and Turner found that the accommo- 
dation coefficient for heat conduction from 
the tungsten surface by nitrogen was increased 
about 20 percent by this treatment. 

More recent experiments in this laboratory 
have showm that the film produced on the 
tungsten by active nitrogen is an oxygen film. 
The active nitrogen, coming into contact with 
the walls of the tube and the surfaces of elec- 
trodes, decomposes adsorbed water vapor or 
metallic oxides which are almost alvirays pres- 
ent and thus drives oxygen (probably atomic) 
into the gas phase, whence it reacts with the 
filament. With great care to avoid oxygen and 
with the bulb cooled in liquid air, active nitro- 
gen does not produce any adsorbed film which 


creasing rotation. The Zeeman patterns offer 
a new means of following the progress of the 
uncoupling. 

A complete report of data and results will 
be presented at a later date. 

John S. Millis 

Lawrence College, 

Appleton, Wisconsin, 

March 18, 1931, 

Films on Tungsten by Active Hitrogen 

alters the electron emission or the accommo- 
dation coefficient, but instead it is able to re- 
move any oxygen film already present. 

A similar evolution of oxygen from well 
baked out glass surfaces occurs when neon 
metastable atoms strike the walls of a dis- 
charge tube. 

The detailed description of these experi- 
ments will soon be submitted to the Journal 
of the American Chemical Society for publica- 
tion. 

Irving Langmuir 


Research Laboratory, 

General Electric Company, 

Schenectady, New York, 

March 24, 1931. 

^ 1. Langmuir, Phys. Rev. 2, 460'-72 (1913); 
Phys. Zeit. 15, 523 (1914); J. Amer. Chem. 
Soc. 38, 2279 (1916); C. Kenty and L. A. 
Turner, Phys. Rev. 32, 799-81 ! (1928). 


Partial Absorption of X-Rays 


Ray,^ Majumdar,^ and Bhargava and Mu- 
kerjie^ have found evidence that a quantum 
of x-rays may, in passing through matter, 
give only a part of its energy to a bound elec- 
tron and continue in its original direction with 
diminished frequency. These authors do not 
give detailed information regarding their ex- 
periments, but Ray reproduces spectrograms 
which clearly show the lines which he ascribes 
to partially absorbed x-rays, Ray estimates the 
intensity of these lines to be between 1/400 
and 1/500 of that of the parent line. 


^ B. B. Ray, Nature 125, 746 and 856 
(1930); 126, 399 (1930); Zeits. f. Phys. 66, 
261 (1930). 

^ R. C. Majumdar, Nature 127, 92 (1931). 

^ S. Bhargava and J. B. Mukerjie, Nature 

127 . 9 . 7 .^ 


Cork^ and Lindsay® have tried to produce 
these modified lines, but with negative results, 
Cork claims to have been able to detect lines, 
if present, of 1/1000 to 1/3000 of the intensity 
of the parent line. Lindsay reproduces photo- 
metric ' curves of the iiT-spectrum ' of copper 
taken through a carbon absorbing screen 
which show definitely the presence of the 
satellite of copper, known to have about 1 /400 
the intensity of the ai line, but no trace of a 
modified line. 

We have tried to find lines corresponding to 
the partial absorption of the Ka doublet of 
molybdenum by aluminum, but without suc- 
cess. ■ We used the spectrometer and calcite 

^J, M. Cork, Comptes Rendus 192, 153 
(1931). 

6 n. A T I'nrlcoir NTn f 1 QAC 
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crystal recently described by us.® The source 
of x-rays was a water-cooled Coolidge tube 
with molybdenum target, operated at about 
60 KV peak potential and 12-13 ma current. 
The first slit was about 16.8 cm from the crys- 
tal and 0.04 mm wide. The second slit was 4.5 
cm from the crystal and wide enough to per- 
mit the full beam from the first slit to fall on 
the crystal. The photographic plate was placed 
normal to the direct beam at such a distance 
from the crystal that the Kax line of molyb- 
denum was in focus. The absorbing screen 
consisted of powdered "alumina” (obtained 
from the General Electric Co. of Schenectady) 
pressed between two sheets of "celophane” 
about 0,02 mm thick and was placed close to 
the second slit, between it and the tube. In 
some cases the screen was about 1 mm thick 
and in others about half that thickness. Dur- 
ing exposures the crystal was rotated back and 
forth through an angle of about 52.5' around 
a position at which it should reflect the modi- 
fied lines due to absorption in aluminum. The 
rotation was produced by means of a cam 
designed to give the crystal approximately 
constant angular velocity between turning 
points. The mean position about which the 
crystal rotated was slightly different for dif- 
ferent plates. The exposures for the modified 


lines lasted for about 15 hr., and then short 
exposures were taken to record the central 
image and the Ka and iC/3 lines of molyb- 
denum on both sides of the latter. 

All the plates showed a band of continuous 
spectrum corresponding in position and width 
to the range of rotation of the crystal. The 
band on each plate had a structure which was 
probably due to irregularities in the cam since 
the structure remained fixed with respect to 
the band when the position of the latter on the 
plate was changed. No lines were found as 
definite as those appearing on Ray’s photo- 
graphs. 

Since the bands of continuous spectrum 
were quite dark, the modified lines may have 
been obscured. We are planning to eliminate 
the continuous spectrum as much as possible 
by introducing a crystal between the first slit 
and the x-ray tube. 

D. Cooksey 
C. D. Cooksey 

Sloane Physics Laboratory, 

Yale University, 

March 18, 1931. 

® C. D. and D. Cooksey, Phys. Rev. 36, 85 
( 1930 ). 


The Absorption Spectrum of Bromine 


In the absorption spectrum of bromine va- ing giving 5.4A/mm) was not sufficient to . i 

por at room temperature with columns of determine the character of the bands, which j 

vapor long enough (two to four meters) to should consist of Q branches only, if the new ; 

bring out the progressions of the visible band level is MuIliken'sOu”’ level. : 

system arising from the fifth and sixth vibra- The vibrational isotope effect has not been ; 

tional states of the normal level a number of definitely located so that the numbering, on i 

new bands appear in the region 6400A to which calculations of the constants given in I 

7500A. These can be classified into five rap- the accompanying table are based, is arbi- \ 

idly converging progressions of which three trary. This table shows also the constants re- 
can be followed nearly to the point of con- suiting from a re-examination of the main 

vergence. Assigning v" — l to the lowest ob- system in which the isotope effect has been 

served progression the G" differences agree observed for a number oLbands in the 

well with those for the "main” system, and the 1, and 2 progressions. These measurements 

point of convergence agrees with the assump- indicate that Kuhn’s^ numbering should be 

tion that these bands constitute a new system increased by four. This is in addition to a 

the upper level of which leads to dissociation further correction of -|-5 to be made for v' 

into two atoms in the ^Fun state. This level greater than Kuhn’s 11, which resulted from 

may thus be a member of the case c^U multi- an incorrect assignment of bands.® The AG:v 

plet predicted by Mulliken.^ The dispersion curves for the upper level of the main system 

employed (first order of a 3 m. concave grat- and of the extreme red system show points of I 

1 R. S. Mulliken, Phys. Rev. 36, 699, 1440 ^ h. Kuhn, Zeits. f. Physik 39, 77 (1926). 

(1930). ®R.T.Birge,I.C.T.V, 411 (1929). 
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inflection^ at about 65 percent of the dissocia- 
tion energy, and only observations at points 
lower than these have been used in making 
least squares calculations of the constants 
given in Table I. The ground level of the 

Table!. Moleadar constants of bromine. 


Bands which may correspond to the extreme 
red system of bromine have been found in the 
infrared absorption spectrum of iodine (vapor 
pressure 1 atmosphere, in a 1 m tube at 
185°C) between 8000A and 9000A. These 


Electronic 

Level 

ve cm“i 

We 

WtXfi 

D (volts) 

Dissociation 

products 

A 

0 

323.86 

1.150 



B 

15,910.5 

165.39 

1.579 

0.464 


C 

14,841.4 

115.69 

3.395 

0.144 



molecule is denoted by vl, the upper level of 
the main system by and of the extreme red 
system by C, 

From the measurements of Bodenstein" on 
the dissociation equilibrium an estimate of the 
moment of inertia of bromine has been made 
by means of the Gibson-Heitler equation, the 
mean value of T' from observations at the ten 
highest temperatures being 445 C.G.S. 

and the average deviation from the mean 
5,6X10’"^°. With this value of I the equation 
gives AF® 298.1=38,600 cal for the reaction 
Br 2 (g)= 2 Brff, The heat of dissociation de- 
duced from the equilibrium measurements is 
in excellent agreement with the spectroscopi- 
cally determined value, 1.962 volts. 


have not yet been analysed. An account of 
them will be given at a later time as veil as 
detailed results for bromine. Further experi- 
ments with a view to determining the charac- 
ter of the new bromine bands and the isotope 
effect are being undertaken. 

W’hloox G. Brown 

Department of Chemistry, 

University of California, 

B erkeley , Ca li f orn ia . 

^ R. T. F3irge, Trans. Faraday Soc. XXV, 
707 (1929). 

® M. Bodenstein, Zeit. f. Elektrochemie 22,' 
327 (1916). 
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BOOK REVIEWS 

Applications of Interferometry. W. Ewart Williams. Pp. viiiH-104, diagrams 43. E. P, 
Dutton and Company, New York. Price $.85. 

This is as complete a treatment of the subject as could reasonably be presented in a mono- 
graph. As the author says in his preface, it is not possible to include in such a book all the appli- 
cations which can be made of interferometry. Certainly the selection made is representative 
and interesting. 

Perhaps the most prominent feature of the vrork is the classification of interference phe- 
nomena into two groups: first, those in which a division of wave front is accomplished as in 
Young’s interference experiment, second, those in which there is a division of amplitude as in 
the Michelson interferometer. For a monograph devoted largely to technical applications it 
contains a considerable amount of theory, with simplifications which enable a technical man, not 
extensively trained in mathematical theory, to understand what is meant without too much ad- 
ditional reading. Particular!}^ lucid are the description of Michelson ’s apparatus for the meas- 
urements of stellar diametei's and the chapter on multiple beams, in which the Fabry- Perot in- 
terferometer, the Lummer plate, and similar instruments are described. 

A good bibliography is given at the end of each chapter. It is unfortunate that the ab- 
breviations of the journal references are not more consistent. For instance, on page 45, Annales 
de Chimie et de Physique is abbreviated in three different ways. The book is free from technical 
errors, and the diagrams are good. It should make a very substantial addition to the reference 
material for teachers and students of optics, and persons engaged in other divisions of scientific 
work, 

George S. Monk 

Matter and Radiation, with particular reference to the detection and uses of the infrared 
rays. John Buckingham. Pp. 144, figs. 15. Oxford University Press, London, 1930. Price 
$3.00. 

This book summarizes in a semi-popular way, the many interesting discoveries concerning 
matter and radiation that have been made in the last century. In particular, the complete 
electromagnetic spectrum is discussed in connection with the recent theories of atomic structure. 
It is pointed out that the powerfully destructive rays one occasionally reads about in the news- 
papers are the result of imagination, or at least enormous exaggeration. While the text is usually 
accurate, there are a few blunders and inaccuracies. Occasionally, but not always, these are evi- 
dently introduced for simplicity or for effect. Thus the miracle of the shortest light path would 
lose some of its effectiveness if it were also pointed out that sometimes light chooses the longest 
path. One also finds the naive statement that x-rays readily pass through matter because their 
wave-lengths are smaller than the holes between the atoms. However, while it occasionally falls 
short of scientific accuracy, the book makes very interesting reading. 

Joseph Valasek 

A Treatise on Light. R. A. Houstoun. Pp. 494, 6th Edition, Longmans, Green and Com- 
pany, New York, 1930. Price $4.00. 

The sixth edition of this much used text book is not greatly different from the preceding 
editions. There seem to be no changes in the first two “parts” of the book, viz. : (I) Geometrical 
Optics and (II) Physical Optics. In part III, Spectroscopy and Photometry, the most impor- 
tant changes are the addition of three paragraphs dealing with the elements of the Bohr theory 
of spectral series, resonance potentials, and band spectra. It seems unfortunate that the treat- 
ment of the Zeeman effect was not changed so as to introduce the idea of the Larmor precession. 
In part IV, mathematical theory, the principal changes are the introduction of Einstein’s proof 
of Planck’s Law of radiation and a restatement of the status of the relativity principle. In the 
“Notes” on recent advances is a notice of the Raman effect. Houstoun’s Light has the virtue of 
giving a little information about a great many subjects. That is also its weakness, along with 
the lack of any adequate number of references to sources of fuller information. 

, T. Townsend Smith ' 
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PROCEEDINGS 

OF THE 

AMERICAN PHYSICAL SOCIETY 

■ Minutes of the New York Meeting, February 26 - 28 , 1931 

Joint Meeting WITH THE Optical Society OF America 

The 169th regular meeting of the American Physical Society was held in 
New York City on Thursday, Friday and Saturday, February 26 - 28 , 1931 , 
as a joint meeting with the Optical Society of America. The presiding officers 
at the sessions of the Physical Society were Dr. W. F. G. Swann, President of 
the Society, Dr. Paul D. Foote, Vice-president and Professor R. C. Gibbs. 
All sessions were held at Columbia University. 

The joint session with the Optical Society of America was held on Friday 
afternoon at 2:30 o^cIock in the McMillin Theater of Columbia University. 
This session was a Symposium on ^Thysical Problems Related to the Biolog- 
ical Effects of Radiant Energy.” The President of the Optical Society, Dr. L. 
A. Jones presided. The invited papers were as follows: ''Some Physiological 
Effects of Light,” by Brian O’Brien, Institute of Optics, University of Roches- 
ter; 'The Spectra and Anti-Rachitic Potency of Various 'Therapeutic/ 
Lamps,” by Harvey B. Lemon, University of Chicago; and "Methods of 
Measuring Radiant Energy,” by Harold W. Webb, Columbia Uiiiversity. 
The attendance was between four and five hundred. 

The Optical Society held its sessions at the Museum of Science and In- 
dustry Thursday morning and afternoon, occupied with papers on "Color”. 
Their regular Friday morning and Saturday morning and afternoon sessions 
were held in the Physics Laboratory of Columbia University. 

On Friday evening the Society joined with the Optical Society for dinner 
at the Hotel Commodore after which they attended the Color rixhibition at 
the Museum of Science and Industry. Thisdinner was attended by 175 guests. 

Meeting of the Council. At its meeting on Thursday, Feburary 26 , 1931 , 
Professor Albert Einstein was unanimously elected to Honorary Membership 
in the Society. 

The Council accepted the cordial invitation of Union College and the 
General Electric Company to hold the summer meeting in Schenectady in 
September. It was decided that this meeting should be of an informal nature 
much like the one held last year in Ithaca. A one-half day session of this 
meeting is to be devoted to papers on Faraday and Henry commemorating 
their notable work in the field of electromagnetic induction. The Council 
furthermore accepted the invitations extended by Harvard University and 
the Massachusetts Institute of Technology to hold the meeting of the Society 
in February, 1932 in Cambridge. 
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The Treasurer reported the receipt on January 29, 1931 of a contribution 
of $1,425.42 to meet the deficit of the Physical Review as of December 31, 
1930 and moved that the thanks of the Council be expressed to the Chemical 
Foundation for this contribution. 

The Council elected four persons to fellowship, one hundred and nineteen 
persons were transferred from membership to fellowship and twenty-five were 
elected to membership. Elected to Fellowship: G. H. Dieke, Rudolf Laden- 
burg, Leo J. Peters and Max von Laue. 

Transferred from Membership to Fellowship: Fred Allison, Donald H. An- 
drews, Alice H. Armstrong, Edward J. Baldes, Russell S. Bartlett, J. W. 
Beams, J. A. Bearden, Ralph D. Bennett, F. Russell Bichowsky, Francis 
Bitter, Oswald Blackwood, Walker Bleakney, C. Boeckner, Joseph C. Boyce, 
Charles J. Brasefield, A. Keith Brewer, Ferdinand Brickwedde, James B. 
Brinsmade, W. G. Brombacher, Detlev W. Bronk, S. Leroy Brown, Andrew 
B. Bryan, Perry Byerly, Thoedore W. Case, Andrew Christy, George L. 
Clark, Kenneth S. Cole, J. R. Collins, Richard T. Cox, Donald Cooksey, 
William H. Crew, Leo H. Dawson, David M. Dennision, Elmer Dershem, 
Jane M. Dewey, Leo A. DuBridge, Jesse W. M. DuMond, Theodore Dun- 
ham Jr., James M. Eglin, Frederick E. Fowle, John G. Frayne, James B. 
Friauf, William F. Giauque, George Glockler, Frank Gray, Grover R. Green- 
slade, Ross Gunn, Otto Halpern, William R. Ham, Arthur C. Hardy, L. 
Grant Hector, Edward L. Hill, Maurice L. Huggins, Elmer Hutchisson, Syd- 
ney B. Ingram, Lewis V. Judson, J. C. Karcher, Sebastian Karrer, E. Lee 
Kinsey, Dewey D. Knowles, Lewis R. Koller, Frank C. Kracek, Victor K. La- 
Mer, R. M. Langer, Karl Lark-Horovitz, Charles C. Lauritsen, Victor F. 
Lenzen, H. H. Lester, Noel C. Little, Walter A. MacNair, Louis R. Maxwell, 
Helen A. Messenger, Louallen F. Miller, Allan C, G. Mitchell, Philip M. 
Morse, L. L. Nettleton, J. Rud Nielsen, Wayne B. Nottingham, Christian 
Nusbaum, Paul S. Olmstead, A. R. Olpin, Lars Onsager, Dimitry E. Olshev- 
sky, John M. Ort, Frederic Palmer Jr., L 1. Rabi, Hubert H. Race, N. Rashev- 
sky, Howard P. Robertson, Vladimir Rpjansky, Duane Roller, Edward 0. 
Salant, William Schriever, Nadiashda Galli-Shohat, Francis G. Slack, Wil- 
liam W. Sleator, Sinclair Smith, Ambrose H. Stang, F. W. Stevens, John B. 
Taylor, James D. Tear, Lewi Tonks, Alva Turner, M. A. Tuve, J. T. Tyko- 
ciner, D. S. Villars, G. R. Wait, Warren Weaver, Lars A. Welo, T. Russell 
Wilkins, Robert C. Williamson, Thomas A. Wilson, Enos E.Witmer, Jay W. 
Woodrow, Winthrop R. Wright, Oliver R. Wulf, Ralph W. G. Wyckoff, Otto 
J. Zobel and Vladimir Zworykin. 

Elected to Membership: C. Adkerson, R. H. Bacon, L. J. Buttolph, 

Jessie Y. Cann, Samuel L. Case, T. C. Chow, H. M. Evjen, Isidor Fankuchen, 
Louis W. Gardner, Maria Goeppert-Mayer, Harold W. Harkness, Francis E. 
Haworth, Nathan Howitt, Lorenz D. Huff, George B. Lamb, K. 0. Lee, 
Charles F. Lucks, John C. Melcher, Harry B. Mulkey, Edward J. Murphy, 
H. V. Neher, Filmer S. C. Northrop, Robert W. Perry, William B. Plum and 
James G. Potter. 

The titles and abstracts of papers presented before the Optical Society 
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of America will be found the Proceedings of that Society, published in the 
Journal of the Optical Society. 

The regular scientific program of the American Physical Society consisted 
of 49 papers, numbers 5, 6, 8 and 35 were read by title. The abstracts of 
these papers are given in the following pages. An Author Index will be found 

at the end. 

W. L. Severinghaus, Secretary 

ABSTRACTS 

1. Water vapor absorption spectnnn in the near infrared. E. D. McAj^ster, Division of 

Radiation and Organisms^ Smithsonian Institution^ and H. J. Unger, University of Oregon. The 
1.13, 1.38 and 1.45/>s water vapor bands have been obtained with a self recordin 5 .r spectrograj^b 
using an effective slit width of 6A. The fine structure of the 1.13 and barals has been 

revealed for the first time and several lines have been added to the 1 .38m ibirty lines ap- 

pear in the l.lju region and eighty-five in the 1.4 m region. A comparison of tlicse Ijands with simi- 
lar ones due to atmospheric absorption in the solar spectrum identifies several superimposed 
solar lines. Regularities in frequency and intensity are lacking, due to the fact that a 6A slit is 
much too coarse to reveal the true structure of these bands. 

2. Transmission of radiation through fog. S. Herbert Anderson, Signal Corps Labora^^ 

lories. — A laboratory method for the production of fog was deveio]>ed in wliich the processes of 
formation natural fogs were closely simulated. Transmission of radiation through this labo- 
ratory-made fog was measured for arange of wave-lengths from 3000A to 26,000 A. A wide range 
of fog densities was used corresponding to natural fogs in which the visibility varies from 5 
meters to 500 meters. A minimum transmission was found in the visible spectrum, the position 
of the minimum being a function of particle size. From Xmi« to X = 26, 000 A the transmission 
increased, likewise from Xmin to X==3000A. The transmissions obtained have been used to test 
King’s equation This equation if found not to hold for transmission of radiation 

through fog, contrary to the conclusion reached by Granath and Hulburt (Eliys. Rev. 34, 140, 
1929). The discrepancy is probably due, (1) to the difference in particle size, (2) the width of 
the bands in the infra-red used by Granath and Hulburt, (3) to the absorption of water vapor, 
the effect of which was eliminated in this work but not in Granath and Hulburt's. 


3. The absorption spectrum of blood and its relation to rickets. R, C. Gibbs, J . R. J ohnson 
AND C. V. Shapiro, Cornell University.— Hho. ultraviolet absorption spectra of solutions, ob- 
tained by haemolyzing the red blood cells of healthy and rachitic rats, have been found to be 
identical. This result is contrary to that reported by Suhrmann and his co-workers, Phys. Zeits. 
30, 959 (1929), whose curves for the two sets of animals show a difference in intensity, which 
increases in the direction of shorter wave-lengths. Calculations based on Rayleigh’s law of light 
scattering indicate that this difference can be attributed to the presence of an excess of a dis- 
perse phase in the solution whose absorption is the more intense. Evxperimental verification of 
this hypothesis has been obtained by measuring the absorption of one of our solutions after it 
had been centrifuged to remove most of the suspended matter. The new curve so obtained is less 
intense than the original and the difference increases toward shorter wave-lengths, in close 
accordance with the Rayleigh law. This evidence points to a physical cause for the varmtion 
reported by Suhrmann and renders unnecessary his improbable assumption of a chemical 
change in the haemoglobin. The discrepancy between his results and ours may be accounted lor 
by assuming either that there are two types of rickets, possibly brought on by different diets, 
or else that the variation reported by him, especially in view of its physical origin, is due to 
some cause, not necessarily associated with rickets. 


4. Energy distribution in the lunar ultraviolet spectrum. Brian O’Brien and E. Dicker- 
man O’Brien, Institute Optics, University of Rochester, N. F.— The energy distribution in the 
ultraviolet spectrum of sunlight reflected from the full moon has been measured from X4400A to 
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X3020A, by the method previously applied to direct sunlight. (Phys. Rev. 36, 381 (1930)). Uni- 
formity of slit illumination was secured by an astigmatic telephoto combination of quartz pro- 
vided with rectangular stops, the measured spectral energy distribution being an average across 
a lunar diameter. Transmission coefficients and ozone content of the earth’s atmosphere were 
obtained directly. The amount of ozone at night has been found to differ only slightly from the 
day values obtained on succeeding days in agreement with Chalonge and Gotz (Gerl. Beit. z. 
Geophys. 24, 20) (1929)). By comparison with direct sunlight the reflection coefficients for the 
moon’s surface have been calculated throughout the above spectral region. No pronounced 
maxima or minima of reflecting power have been found within this range of wave-lengths. A 
test of some delicacy is thus provided, with negative results, for very small amounts of ozone 
(and hence oxygen) surrounding the moon. 

5. Raman spectra of some organic halides. Claud Edwin Cleeton and R. T. Dueford, 
The University of Missouri, — Raman spectra obtained by helium excitation from nineteen or- 
ganic compounds, several of which have not been studied previously, are reported and discussed. 
It has been found by one of the writers (C. E. C.) that in the cases of many simple organic 
halides the observed frequencies can be expressed as harmonics or combinations of four funda- 
mentals (five in the cyclic compounds), two of which are not found in the Raman spectra, and 
are lower than predicted by any theory available, and hence may prove to be illusory; but the 
scheme does serve to point out certain regularities in these spectra. The bearing of such theory 
as is available is discussed. 

6. Raman spectra and a slight as 3 rmmetry of the carbon and nitrogen atoms. R. T. Duf- 
FORD, The University of Missouri, — The interpretation of the Raman spectra of the simpler 
organic halides and other related compounds is discussed ; it is shown that most of the observed 
frequencies can be associated with vibrations of pairs or groups of atoms as predicted by theory, 
except that, in order to explain the multiplicity of certain lines, it seems necessary to assume a 
slight dissymmetry — i.e., a lack of equality of the valance bonds — of the carbon atom. Similar 
but less extensive evidence seems to indicate that the three valences of nitrogen are also not 
quite equally strong. 

7. Vibrational quantum analysis of the ultraviolet SO 2 and CS 2 absorption bands. Wil- 
liam W. Watson and Allan E. Parker, Yale University, — Analysis of spectrograms taken 
with a Hilger E-1 spectrograph shows that the SO 2 bands may be represented by the formula 

.•=30586+{[381.1(»i'+i)+6.22(i^'+4)2-0.223(»x'+i?]-[l381(t-."+i)-20fe"+«i*]} 

+ { [436.7(ti2'+|)+2.94(!i2'+i)2-0.199fe'+i)s]- [llS7(7>a"+4)-12.5 (%''+!)»]} 
Noteworthy points are: positive quadratic term of the upper state levels, agreement with two 
of the fundamental frequencies determined by Raman and infrared analysis, no evidence for 
the 606 cm“Meformation frequency, and the existence of various addition series as.given by the 
double formula. Apparently a triplet electronic level is involved. High dispersion plates do not 
resolve the rotational fine structure. Most of the bands of the CS 2 system are given by 
».=:28880-|-215(z?i'-fi)-802(z;i"+i)+270(z;2'+i)-1466(z^2"+4) 
the anharmonic coefficients being nearly negligible. There is slight evidence for a deformation 
frequency of 208 cra“^ in the ground state. Series of addition bands are found as for SO 2 . The 
Raman frequency 655 cm*"^ is the difference between the 1466 cm~^ and 802 cm"^ fundamental 
frequencies. 

8. Paschen-Back effect and hyperjBme structure in the spectrum of bismuth III. J, B. 
Green, Ohio State University. — K study of the spectrum of Bi in a field of 34000 gauss yields 
interesting data with respect to the hyperfine structure of Bi III. In particular, the line 4561, 
classified by McLennan as ^Pn%^Sii% gives 2.52 cm~i for the ^S separation, and 0.53 cm-i for the 
2Pi/2 separation. Several "forbidden” components appear on the plates. The line 3695, classi- 
fied as ^Pm^^Si n seems to indicate that the ^Pzn separation is much smaller, 

9. Hyperfine structure in Bi II and Bi III. R. A. Fisher and S. Goudsmit, University of 
Michigan.’ — The hyperfine structure of several lines in Bi II and III has been determined. The 
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results form a partial confirmation of the classification given by McLennan , McLay and Craw- 
ford (Proc. Roy. Soc. AI29, 579 (1930)). It is possible, to derive the liyperfine splitting for a 
number of levels. Together with the data on Bi I they form useful material for theoretical 
investigation. Bismuth is at present the only element for which hyperfine striictiire depending 
upon other than a single s electron is known for several levels. 

10. Difficulties in the theory of hyperfine structure. S. Goudsmit, Unmrsity of Michigan, 
—Sum rules and formulae for the hyperfine separations of the levels are derived for complicated 
configurations. The observed hyperfine structure of neutral and ionized bisiiiuth, shows large 
deviations from the theoretical expressions. The nature of the discrepancies suggests that the 
present theory of the interaction between a single electron and nuclear spin is incomplete. 

11. The theory of complex spectra II. E. U. Condoh and G. II. Shortley^ Princem 
University,— FormulsiS for the relations between the energies of multipiets arising from the same 
electron configuration for all two-electron configurations up to //and several cases of three-elec- 
tron configurations have been worked out following Slater’s method. A systematic comparison 
of the known data with this first-order perturbation theory shows only rough agreement in most 
cases although in a few there is excellent agreement. The theory predicts the observed alter- 
nation in the relative position of singlet and triplet through 5, P, 1/ F, etc. in the pd and pf 
triads and the dd and df pentads. For the configuration it was found that good fits are ob- 
tained except for the ^S which theory indicates is much higher than the bS which spectroscopists 
assign to this configuration. The same is probably true for ^S in dh, 

12. The determination of heats of dissociation from predissociation spectra. Louis A. 
Turner, Princeton University . — Two distinct types of predissociation spectra are known. In 
one the broadening of the lines begins suddenly at a definite wave-length, in the other it sets in 
gradually. Consideration of various possible relationships of potential energy curves suggests 
that the one or the other type occurs according to whether the curves for the two states con- 
cerned intersect below or above the energy of dissociation in the perturbing state, respectively. 
Accurate values of heats of dissociation can be obtained only from predissociation spectra of the 
first type. The others give merely upper limits. A predissociation of each kind is observed in 
the spectrum of NO 2 and the numerical relationships are in accord with the theory. 


13. The inverse-cube central force field in quantum mechanics. G. H. Shortley, Prime- 
ton University . — The problem of the motion of a particle in an inverse-cube central force field 
is fully treated by quantum mechanics and the results compared with the classical theory. Tak- 
ing the effective radial potential energy as one gets good correspondences be- 
tween the quantum mechanical and classical solutions except for S between 7(1 -|-1) and 

where one gets a peculiar absence of oscillations in the i^-functlon near the 
origin and somewhat poor agreements in regard to the radial probability functions. This is 
interesting in view of the uncertainty as to which value to compare with the classical angular 
momentum. However, the correspondence in allowed energies is complete only if the value 
/(/+1) is taken. Solutions are found corresponding to the six classical types of orbits, with no 
quantization whatever. The solutions involve Bessel functions of both real and imaginary 
order with both real and imaginary arguments. 


14. van der Waals’ forces of helium and the stability of a small energy helium molecule. 
Henry Margenau. Yale Hopfield (Astrophys. J. LXXII, 133 (1930)) has recently 

postulated the existence of a He molecule of very low energy of binding. Theoretical evidence 
for the existence of such a molecule will here be given. The work consists of two parts. (1) A 
general method is outlined by which van der Waals’ forces can be calculated without the knowl- 
edge of wave functions. Main features are: The expression for the interaction energy of 2 
atoms in their lowest state is written in terms of the dispersion /-values, which are shown to be 
derivable with good approximation, by the aid of the “Summensatz” of Thomas and Kuhn, 
from the relative intensities of the resonance lines and the polarizability. The method is applica- 
ble to atoms (and molecules) more complex than He. Results for He: 

AsE = 11.58/Rexi0“«iergs, F>F.. 
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(2) From the potential energy curve given by this expression and AiE ~ for R<Rq, Rq being 
taken as 2.33 X 10"*®cm, the vibrational states for the resulting molecule are computed. Results: 
Minimum of potential energy = — ergs; the molecule has but one vibrational state of ener- 
gy about 3.3 ergs =0.2 millivolts, which is in qualitative agreement with Hopfield’s pre- 

dictions 

15. Group theory and the electric circuit. Nathan Howitt, Naval Research Laboratory 
Bellevue, D. C. {Introduced by Elias Klein ). — ^The paper shows that electrical networks consist- 
ing of inductances, resistances, and capacitances form a group with the impedance function as 
an absolute invariant. That is, to a given impedance function there corresponds an infinite 
number of networks, any one of which can be obtained from any other by a special linear trans- 
formation of the instantaneous mesh currents and charges of the network. In this manner one 
may arrive at the complete infinite set of networks equivalent to a given network of any number 
of meshes. This is done by writing down the three fundamental quadratic forms of the network. 
Then a linear affine transformation of the instantaneous mesh currents and charges of the net- 
work results in the formation of new quadratic forms, the matrices of the coefficients of which 
represent a member of the group, i.e., an equivalent network. Instead of performing the substi- 
tutions, the three matrix multiplications C'^Care used, one for each quadratic form, where A 
represents the original matrix, C the transformation matrix, and C' its conjugate. It may be 
possible to extend this theory to include continuous systems where the quadratic forms become 
integrals or infinite series and one deals with infinite matrices and infinite transformations. 

16. Magnetic lag at low flux densities. L. W. McKeehan, Yale University . — Energy 
losses in alternating magnetization are often compared by assuming that H and B vary sinu- 
soidally, B lagging by an angle e. At low flux densities e is not fully accounted for by calculated 
eddy current and hysteresis terms if each branch of the hystei'esis loop is assumed parabolic 
with least slope equal to that at the origin of the normal magnetization curve. The residue, 

is a true magnetic lag. No explanation for it has hitherto been offered. It is now pointed out 
that Barkhausen discontinuities involve a magnetic lag which may suffice to explain the exist- 
ence of €n. For example, 600 equal discontinuities per half cycle would suffice if = 10"^. The 
necessary mean magnitude of these discontinuities is improbably great unless it is principally 
strained regions which are affected by weak applied fields. If Jordan, Zeits. f. techn. Physik 11 , 
2-8 (1930), is right in supposing that €» is independent of JTmax over the small range in which it 
can be measured with any precision, the average magnitude of the discontinuities would have 
to vary directly with iJmax throughout this range. This is not inconsistent with the parabolic 
form of (smoothed) magnetization curves at low flux densities. 

17. Ferromagnetism of dilute solid solutions. Francis Bitter, Westinghouse Elec. ^ 
Mfg. Co., East Pittsburgh . — Since the atoms of the solvent are known to move about in the solute 
it is possible to consider annealed and aged solutions as systems in thermodynamic equilibrium. 
It is shown that the strains set up by the atoms of solvent in the solute do not produce long 
range forces. There are, then, no long range repulsive forces tending to produce a microscopic- 
ally uniform distribution. Under these circumstances the fluctuations in density of the solute 
will be at least as large as those in a perfect gas, and may become much larger (as large as those 
giving rise to opalescence, for instance). Local concentrations or rarifications of impurities 
may play an important part in determining magnetic properties through the inhomogeneities 
and strains they set up. For instance, in the iron-carbon diagram, the observed magnetic trans- 
formation of Austenite at 770°C would necessitate a drastic revision of ideas about ferromagne- 
tisms if it were granted that Austenite is a solid solution of carbon in 7 -iron. If, however, it is 
assumed that Austenite contains small inclusions of a-iron where there are local rarifications 
of carbon concentration, the difficulty disappears. Whether Austenite contains a-iron at 770°C 
should be determined by x-ray investigations. It is further suggested that the magnetic proper- 
ties of dilute solutions of ferromagnetic substances in other metals are largely determined by 
local concentrations of ferromagnetic atoms. 

18. Capillary rise in sands of uniform spherical grains. W. 0. Smith, Paul D. Foote, 
AND P. F. Busang, Gulf Research Laboratory, Pittsburgh . — Uniform spheres packed in regular 



1016 AMERICAN PHYSICAL SOCIETY 


array form a noii'Cylindrical cyclic capillary, characterized by a maximum and mininiiim capil- 
lary rise with intermediate positions of possible equilibrium. In practice spheres may be 
packed to a variety of porosities P thus requiring a mixture of regular and uTegular piling ar- 
ranged in a very distorted pattern. However the meniscus is also distorted to conform in a 
general way with the distortions of the lattice. Accordingly positions of maximum and imm- 
mum rise may be expected. The meniscus for maximum rise tends to pass through the plane 
of centers of neighboring spheres. Slight deviations from this condition due to the rise at sphere 
contacts are shown to be of minor importance. Any piling may be treated statistically as a 
hexagonal array with a spacing 2rA-d where d is computed to give the observed porosity. In 
such a system three types of cell occur with a definite frequency, and these cell types are as- 
sumed present in the meniscus with the same frequency distribution. Hence it is possible to 
evaluate prja^^pghr/o' where ;^ = perimeter, r=grain radius, a— area of pore opening, g = ac- 
celation of gravity, cr= surface tension, p = density and /i = capillary rise. I he final formula so 
derived reduces to 

pr _ ^ 

(1-P)2/3 

This agreed with experiments made with several sizes of grains, porosities, and litjuids. Ihe 
minimum rises were also determined but a satisfactory interpretation in terms of a model has 
not been effected. 


19, The variation of the thermal boundary layer of a miniature airfoil. Mmtrr Scott, 
Guggenheiffi Reseatch Physicist, Cornell University , — By mounting thin, narrow conducting sti ips 
parallel to the span of an airfoil, and flush with its surface, it is possible, experimentally, to 
measure a thermal dissipation coefficient, pc, associated with a particular location on the lifting 
surface, as well as its variation with velocity and angle of attack, a. Such measurements have 
been accomplished with a velocity range of 12 to 24 m/sec and for angles of attack varying 
from —40° to 4-35°. It is found that pc, independent of position on tlie surface, is a linear 
function of the velocity at the strip. Curves, showing its variation with angle of attack, present 
definite maxima and minima, characteristics which bear no direct correspondence to the veloc- 
ity at the strip. It was to be expected that the variation of pc, at a. given location, with angle 
of attack would be of the same character as its variation with position along the chord. This 
is experimentally verified. Theoretical considerations suggest converting this coeflicient to 
boundary layer thickness, B, and interpreting this thickness as identical with the viscous bound- 
ary layer. The measurements have been extended over the wide range of angle of attack so 
that the relation of these quantities to the useful range of the airfoil might be studied. 


20. The variation of Cp of oxygen and nitrogen with pressure at 20° and 60°C. E. J. 
Workman, National Research Fellow, Bartol Research Foundation , — ^By the use of improved 
apparatus of the type previously described by the author (Phys. Rev. 30, 1083 (1930)) the 
ratio of Cp at a pressure p to Cp for the same gas at a pressure of one atmosphere is determined. 
Oxygen and nitrogen gas have been studied at 20 and 60°C in the pressure range 10 to 130 Kg 
per cm^. Values of the ratio as measured may be inferred from smooth curves drawn through 
the points plotted from the data in the table below, where the pressure is given in Kg/cm*. 


Oxygen, 26° C Oxygen, 60° C Nitrogen, 26° C Nitrogen, 60°C 

Pressure Ratio Pressure Ratio Pressure Ratio Pressure Ratio 

Kg/cm2 Cp's Kg/cm^ Cp's Kg/crn^ Cp's Kg/cnP 


1 

1.032^ 
1 . 066 ^ 
1 .()99« 
1 . 139« 


1 

1.0443 

1.090® 
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21. Some Physiological Effects of Light. Brian O’Brien, Institute of Applied Optics, i 

TJniversity of Rochester. 

22. The Spectra and Anti-Rachitic Potency of Various “Therapeutic” Lamps. Harvey 
B. Lemon, University of Chicago, Invited paper, 

23. Methods of Measuring Radiant Energy. Harold W. Webb, Columbia University 
Invited paper. 

24. X-ray measurements of the elastic deformation of metals. William P. Jesse, The 
General Electric Company. — The metal wire to be tested lies along the axis of a precision x-ray 
camera. A series of photographs is taken with various loads on the wire. On the photograph 
only the lines are measured where the resolving power is a maximum, i.e., where the incident 
angle 6 is almost 90°. As the load on the wire increases, these high order lines shift in the direc- 
tion indicating smaller grating spaces. This shift measures the contraction of the crystal lattice 
in a direction perpendicular to the direction of stress. For duralumin wire this contraction is in 
approximate agreement with the value calculated from the macroscopic Young’s modulus and 
Poisson’s ratio for the material. Similar results have been obtained with steel piano wire. 

25. A new x-ray tube based on the “ transparent target” principle. Dimitry E. Olshevsky. 

Yale University. — A new 'Transparent target” x-ray tube is described in which the portion of 
x-rays transmitted through the target is utilized. It is found that by using a properly designed, 

thick, double layer target in contradistinction to the thin single layer targets used by Owen and ?, 

by Coolidge satisfactory heat dissipation may be secured at comparatively little sacrifice due 
to absorption. The new tube has a target made of a thick layer of low atomic number metal, 
backing a thin layer of high atomic number metal, in thermal contact with the former. A simpli- ;i 

fied theory of heat dissipation from the cathode spot is developed and a table is given, showing 
merits of various target materials as functions of wave-length. Important advantages of the 
tube over the conventional Campbell-Swinton arrangement are: proximity of the cathode spot 
to the outer surface of the tube and the possibility of utilizing x-rays in the direction of the 
initial electron beam. As applied to crystallographic purposes, vertical beam models were built 
in which the first slit of the spectrograph is defined by a hole drilled in the body of the tube im- 
mediately behind the target. This arrangement permits higher intensities at the second slit on 
account of a shorter slit distance from the cathode spot. Both slits are made integral with the 
tube, the whole arrangement possessing complete symmetry around the vertical axis. This 
vertical design, with the beam directed upwards, complete shielding of the tube proper and high 
tension leads concealed in a grounded table, contributes to the safety and comfort of work and 
is valuable for x-ray studies involving the liquid state. Special tubes based upon the new princi- 
ple may prove of value for medical purposes. 

26. New JT series x-ray lines. William Duane, Harvard University.r—K series x-rays 

have been examined by means of a Bragg spectrometer, the Moseley photographic method being ‘ 

employed. The incident ray and that reflected by the crystal to the photographic plate through 

distances of 4725 mm passed through long metal tubes, exhausted of air in order to reduce the 

absorption. The doublet lines of molybdenum (AX =0.0005 6 A), examined by photometric i 

curves, appear separated 0.88 mm. No third line lies in the immediate neighborhood of the jS 

doublet. Between the y line and the short wave-length limit of the series appears a marked 

blackening that represents several lines close together. They are not in the position of a line ; 

reported by Leide. The new lines may be due to 0 electrons falling into the AT level, but a better 

explanation is, perhaps, that the lines are produced by falls into the K level of conductivity 

electrons which may from time to time lie in outer atomic energy levels. Several photographs 

produced by long exposures show a fainter single line, roughly halfway between the /32 and the 

7 lines. It does not correspond to a known x-ray line of any chemical element reflected in the i 

first or second order* | 

27. Electron diffraction by a silver crystal. H. E. Farnsworth, Brown University.— k | 

previous investigation of electron diffraction by a copper crystal, for normal incidence on a (100) 

face (Phys. Rev. 35, 1131 (1930)) revealed a series of weak beams requiring unit refractive 
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iadex, in addition to the more intense beams requiring refractive indexes greater than unity. 
These weak beams are in most cases so close in voltage to the main beams that they appear as 
components, or satellites of them. A similar series of measurements for two silver crystals 
shows, in general, the same to be true for silver, although certain beams have more complex 
structures containing additional components. In many cases the different components are ex- 
traordinarily sharp and intense. These results for low-velocity electrons suggest a complex 
variation of the inner potential near the surface of the metal. 

; 28. Radiation from low speed electron bombardment of metals. F. L. Mohlee and C* 
Boeckner, Bureau of Standards.— k smB\\ probe surface at a positive potential ha a discharge 
may draw a current of many amperes per cm® with the potential gradient limited to a thin 
sheath over the surface. Under such conditions a continuous spectrum is emitted by metal 
surfaces in caesium, potassium, and helium discharges. With a copper prolic at 7 volts in 
caesium vapor, the intensity J remains of the same magnitude !)etween 62{M)A and 2400A with 
a minimum at 5800 and a maximum at 3800. Below 4 volts the spectrum has a high frequency 
limit in this range (3000A for copper at 2.15 volts). On the assumpl ion that this is analogous 
to a continuous x-ray spectrum, observed limits indicate work functions of 1.^>5 ft)r Cu, 2.1 
for Ag, 1.45 for W (all in caesium vapor). The absolute intensity (except for Ag) agrees within 
a factor of 2 with values computed from the theoretical equation for intensity of the continuous 
x-ray spectrum. Efficiency for Cu at 7 volts is estimated as 3XlO‘'"h CVjinpjirison with pub- 
lished data on photoelectric effect of radiation from electron bombardment of metals indicates 
that the magnitude of effects below 10 volts can be explained by this continuous spectrum. 

29. The distribution of electricity near the surface of contact of two conductors. A. T. 
Waterman, Yale University , — Two dissimilar metals are postulated in contact along an infinite 
plane, and the equilibrium distribution of electricity is sought in a direction perpendicular to 
this plane on the basis of Sommerfeld^s electron theory using Poisson’s equation and tlie Boltz- 
mann principle. The problem is solved under the assumptions that the potential and the electric 
intensity are continuous across the boundary, and that the P.D. Ixjtween points In the two 
metals far from the boundary is equal to the contact P.D. In general, if tlie iiornia! concentra- 
tion of conducting electrons is assumed to be one per atom the electrons in both metals re- 
main in the degenerate state, though their concentration may vary from riurmal by 30 to 50 
percent at the boundary. In this case the distribution is unaffected by temperature. In this 
special case of a pair of metals with high contact P.D., such as Cs anti W, the electrons near the 
boundary in the more electropositive metal are reduced to the classical state and the distribu- 
tion is a function of temperature. The possible bearing of these results the properties of 
thin metallic films is discussed. 

30. An estimation of patch sizes on a thoriated tungsten filament. Leon B. Linford, 
National Research Fellow^ Princeton University.— It is well known that coated filaments fail 
to follow Schottky’s equation for thermionic emission in strong accelerating fields. Becker and 
Mueller (Phys. Rev. 31, 341 (1928)) showed that the emission from thoriated tungsten is what 
would be expected if the surface fields were much larger than image fields at distances greater 
than 10’“® cm from the surface. These fields were confirmed by the author using the photo- 
electric method (Phys. Rev. 36, 1100 (1930)). Gne explanation assumes that these large fields 
are due to a non-uniform surface distribution of positive ions, if these patches are assumed to 
be square and of dimension arranged checkerboard fashion with a contact potential difference 
Vo between adjacent patches, the field above the center of a more positive area can l,>e calculated. 
Using two values of the observed ion field the size of the patches was found to be about 2 X 10""^ 
cm, with about 0.5 volts contact potential difference Fo. The sum of the field produced by such 
a charge distribution and the image field was within experimental error of the observed field. 
From the surface field, and the threshold at a known accelerating field, the work function at 
zero field was found to be 2.7 volts or 1.8 volts less than that of pure tungsten. 

31. Some thermionic properties of barium films absorbed on tungsten. Herbert Nelson, 
RCA Radioiron Company, Harrison, New Jersey (Introduced by G. R. Shaw)— The activity and 
the change in contact potential difference have been studied as a function of the thickness of 
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the barium film. The velocity distribution of the electrons, the effect of non-uniformities in 
the film, and the effect of field intensity on the activity have also been studied. The experi- 
mental tube was constructed such that the measurements could be made on a small area of 
the filament in order that errors due to lead losses, non-uniformities, and voltage drop along 
the filament might be minimized. A vacuum tube electrometer was used in measuring the elec- 
tron currents. The experimental results obtained by Eglin were confirmed, i.e., the activity 
of the composite surface was found to increase with the thickness of the barium film until an 
optimum thickness was reached after which further deposit caused the activity to decrease. 

A relation such as derived by Richardson was found to exist between the thermionic constants 
and the contact potential difference. The distribution of velocities of the emitted electrons 
were found to be Maxwellian for all thicknesses of the barium film. The presence of non-uni- 
formities in the emitting surface had the effect of decreasing the slope of the Maxwellian dis- 
tribution curve. 

32. Time changes in oxide-coated filaments. E. F. Lowry and W. T. Millis, Westing- 
house Electric and Mfg. Co., East Pittsburgh. — The oscillograph is made use of in studying time 
changes in the electron emission of oxide-coated filaments. The decay of emission with time 
while drawing current is compared with rate of recovery when instantaneous measurements are 
made. It is found that similar phenomena, though of much less magnitude, occur when tho- 
riated tungsten or bariated filaments are used. It has also been found that this fading effect 
is not a universal characteristic of oxide filaments though it is present in greater or less amount 
in the majority of instances. Oscillograph methods have also been employed in studying oxide 
emission at normal operating temperature. 

33. Grid current required by hot-cathode, grid controlled mercury arcs before discharge. 

W. B. Nottingham, Bartol Research Foundation. — The hot-cathode, grid-controlled mercury 
arc or "thyratron” has been described by A. W. Hull, (G. E. Rev. 32, 213 and 390 (1929)). Al- 
though the thyratron has been called "an electrostatically controlled arc rectifier,” a definite 
grid current is required in the grid or control circuit. With a d.c. plate potential, this grid cur- 
rent, before the discharge begins may have any value from 6X10“® amp. to —10”^ amp. i 

depending on the type of thyratron, the plate potential and the mercury condensation tempera- 
ture. In certain cases, the temperature enters so drastically that a change in ambient tempera- 
ture of only a few degrees can cause the thyratron to fail to operate. With 60 cycle a.c. plate 
and grid potentials, experiment seems to show that 0.001 second is required to set up conduction 
in the thyratron. A time lag of this amount was unexpected. A comparison of the "phase 
shift” and "critical potential” methods of controlling a thyratron wnth photoelectric currents 
showed that for extremely small light intensities, the critical potential method is the more sensi- 
tive, although for greater light intensities the phase-shift method is perhaps more reliable. Satis- 
factory operation using either method of control was obtained with 10“® amp. photoelectric 
current (approx. 3 XIO*^ lumen). The measurements were made on General Electric FG-17 ; 

FG-27 and FG-67 thyratrons. 

34. A further study of galvanoluminescence. Roy Richard Sullivan with R. T. Duf- 
FORD, Bell Telephone Laboratories and The University of Missouri.— Frevious work by one of the 
writers has been checked and extended in several directions. The glow surrounding aluminum 
anodes was studied in several new solutions, as well as those already described. Several-fold 
larger efficiencies have been obtained by using water-cooled electrodes. Study of the glow seems 
to be against the theory of a gas film covering the electrode; the spectrum of the glow is a typical 
luminescence spectrum, and the brightness and efficiency lie in the same range as for other 
luminescent reactions under study in this laboratory. In many cases, the law of increase of 
brightness with voltage seems to have closely the same form as for a tungsten filament. The 
spectrum of the sparkles which appear at higher voltages is, however, a bright-line spectrum; 
the two strongest lines coincide with the strongest lines in the spark spectrum of aluminum. 

The glow surrounding various metals in ether solutions of Grignard reagents and of MgBr 2 ’ 

2 (G 2 H 6)20 has been studied, giving the highest efficiencies so far found in this type of lumines- 
cence. Systematic differences between chemical groups of metals are found. The work was 
done at the University^of Missouri. 
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35. Intensities of the magnetic and electric iilnmination components in the electrodeless 
discharge. Chas. T. Knipp, University of Illinois, --Recent theory (J. T. Tykociner and J. 
Kuiiz, Chicago Meeting, American Physical Society, November 1930, paper No. 5) indicates 
that a considerable portion, perhaps even 80 or 90 percent of the illumination in the electrode- 
less discharge is due to the electrostatic held. A discharge vessel was constructed €\xperiinen tally 
to test this point. Obstructions were set in it with the idea that each type of discharge would 
cast its own shadow. With the most favorable conditions for a discharge passing due wholly 
to the magnetic field, shadows were obtained in the plane of the exciting coil which extended 
one-third way around the tube, while there were no indications of shadows at right angles, i.e., 
in the direction of the electrostatic field. By placing a band conductor to the right and to the 
left of the medial line, and removing the energizing coil entirely, a powerful electrostatic field 
was produced and shadows in this direction were now readily obtained, but the characteristic 
ring discharge was gone. Hence it appears, when conditions are favorable for the formation of 
rini discharges, that the intensity of the attending illumination is in part, if not entirely, due to 
carriers moving in the plane of the energizing coil. This result seems to support the calculations 
of Sir J. J. Thomson. 

36. High frequency behavior of a plasma. Lewi Tones, General Electric Company, 
Schenectady, N, F. — Earlier work on spontaneous short-wave oscillations in a low-pressure 
mercury arc plasma (Phys. Rev. 33, 195 (1929)) has been extended to forced oscillations by 
experiments similar to those of H. Gutton (Ann. de Physique 13, 62 (1930)), Theory gives 

where v is the impressed, Pe ( = 8980 the plasma-electron frequency, for 

the specific inductive capacity of a plasma. The unit cube thus behaves like a tuned shunt 
circuit C—i/4:Tr, L— Me/ NeC^. This disagrees with Gutton’s conclusion, A modified Mossotti 
theory requires that a cylindrical plasma between plane condenser plates show shunt resonance 
when p„-{ 2 yth^ With a constant impressed frequency, the positive column of a Hg arc al- 
ways resonated at two values of arc current (ionization density) and sometimes at three, due 
possibly, to the non-uniformity of the plasma cross-section. The two main resonance densities 
were roughly in the ratio 2 to 5 and lay above and below the theoretical value. The variation 
with frequency was Pe^p^'^ cf. theoretically. Above resonance (pe> (2yt^p} the variation 
of K with Pe as given above was confirmed. 

37. Oscillations and travelling striations in an argon discharge tube. T. C. Chow, Prince* 
ton University. {Introduced by H. D. Smyth). — Oscillations of audible frequencies in an argon 
discharge tube with a long positive column were observed in a pressure range 0.06 to 4.2 mm 
Hg. The amplitude of the fluctuation of voltage across discharge tube is of the order of magni- 
tude of 10 volts. Only in a certain portion of that pressure range distinct travelling striations 
were observed. The flash frequency, defined as the number of striations passing across a certain 
cross-section per second was approximately equal to the frequency heard in a telephone receiver 
attached to the circuit. It was found to depend on conditions in the circuit, such as current, 
external I'esistance, inductance, capacity, and filament current. The space potentials in the 
tube were also found to fluctuate. Tonks and Langmuir have described a kind of electric sound 
waves, possible if a certain condition involving electron temperature and concentration and the 
wave-length of the sound waves is satisfied. This condition was satisfied in our experiment. 
From their expression for the velocity of electric sound waves and the experimentally deter- 
mined flash frequencies a set of wave-lengths were calculated most of which are integral or 
half-integral multiples of the length of the discharge tube. 

38. The fall of potential in condensed discharges, J. C. Street, University of Virginia. — 
The fall of potential in the initial stages of discharges has been studied by utilizing the well- 
known fact that an electric pulse on a wire when reflected from an open end of the wire has its 
maximum potential doubled at reflection, provided the length of the pulse is not greater than 
twice that of the wire. Transient electric pulses produced by the condensed discharge under 
investigation traveled along two parallel, symmetrical, straight wires to their open ends where 
they were reflected. The maximum potential across the open ends was measured as a function 
of the length of wire from the spark gap by two independent methods and was found to de- 
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crease when the lead wires became a few meters in length. From this curve the rate of potential 
fall can be obtained directly by electric circuit theory. In the case of static sparks at atmos- 
pheric pressure, where the potential was slowly applied, a comparatively slow fall of potential 
(6% in 2 X10"*8 sec.) was obtained at the beginning, but a very rapid (94% to Ife of value in 
2X 10“^ sec.) fall later. This result is in fair agreement with the results obtained by Rogowski 
and Klemperer (Archiv. f. Electrot. 24, 127 (1930)) using a different method. When the pres- 
sure in the spark gap was decreased the rate of fall of potential in the initial stages was decreased. 
The method gives an easy way of studying the fall of potential in various kinds of discharges 
and is free from certain objections inherent in other methods. Such measurements, aside from 
giving information concerning the electrical breakdown itself, are desirable for a complete 
understanding of the operation of Kerr cells and cathode-ray oscillographs. 

39. The Kerr electro-optical effect in gases. E. C. Stevenson and J. W. Beams, Univer- 
sity of Virginia. — The electric double refraction or Kerr electrooptical effect in CO 2 has been 
studied as a function of the density and the temperature. The method previously reported 
(Phys. Rev. 35, 1440 (1930) and O.S.A. program Oct. 31, 1930) has been refined so that the 
temperature of the Kerr cell can be set and maintained to 0.05°C. The average deviation of 
the Kerr constant per molecule was found to be less than 2 percent throughout the density 
range from 0.08 to 0.18 grams per cubic centimeter when the temperature, electric field, and 
wave-length band (4700A to 4300A) were kept constant. Holding the density, electric field 
and wave-length fixed the Kerr constant per molecule was observed to increase with decreasing 
temperature. Our preliminary results show that this increase was approximately 10 percent for 
a temperature change from 45°C to 20°C which is in rough agreement with what might be ex- 
pected from theory. 

; 40. On the correlation of radio reception with the position of the Moon in the observer’s 

j sky. Harlan T. Stetson, Ohio Wesleyan University. — Observations of the intensities of radio 

j' reception at the Perkins Observatory and elsewhere have been utilized for a study of correlation 

' of signal strengths with cosmic phenomena. Papers already published by the writer and by 

Greenleaf W. Pickard call attention to apparent change in the altitude of the Kennelly-Heavi- 
side layer with the change in solar activity. The same data have now been utilized in an in- 
vestigation of the possible relation between the intensity of signal strength and the position 
of the moon with respect to the observer, on the assumption that the moon is at a different 
electrical potential from that of the earth. The result of the observations indicates that the 
height of the Kennelly-Heaviside layer is substantially decreased by the presence of the moon 
above the horizon, and elevated as the moon passes underneath the observer, A plausible ex- 
planation follows on the assumption that the moon is negatively charged with respect to the 
earth. The form of the curve showing correlation between the moon’s altitude and the intensity 
of radio reception suggests an electronic tide which follows a hypothetical equipotential surface 
in the electrostatic field of the earth-moon system. 

41. Optical dispersion of helium. Henry Margenau, Yale University. — The numbers of 
dispersion electrons (/-values) for helium calculated from Hopfield’s intensity data by the semi- 
empirical method outlined in the author’s first paper in this bulletin are used to construct an 
optical dispersion formula. Attention is to be called to the fact that transition matrices, com- 
puted from intensities of emission lines, are subject to considerable error. Nevertheless, the 
dispersion formula thus obtained, in which none of the constants are adjusted in the usual fash- 
ion, shows satisfactory agreement with the experimental data on the refractive index. — The 
theory of molecular forces is extended to a calculation of dissociation potentials and vibrational 
levels of the molecules Hg-rare gas, observed by Oldenberg. 

42. Intensities in the ultraviolet spectrum of mercury. E. D. Division of 

Radiation and Organisms, Smithsonian Institution. —The. intensities of the major spectral lines 
in the region 2000 to 4000A from a mercury vacuum arc have been measured. A quartz double 
monochrometer and vacuum thermocouple were employed. The effective slit width was 2 A 
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at 2100A increasing to 12A at 4000A. The 2537 line gave a deflection of SO mm with a 4A slit 
width. The intensities of the first four "sharp” triplets are quite close to the theoretical 1-3-5 
.rule;.- ^ ' 

43. Application of spinor analysis to the Maxwell and Dirac equations. Otto I.aporte and 
George E. Uhlenbeck, University of Michigan. With the spinor analysis developed by B. 
Van der Waerden (Gott. Nach, 1929, p. 100), which comprises all representations of the Lo- 
rentz group, even those not contained in ordinary tensor calculus, one is able to write all deriva- 
tions and equations in an automatically covariant form. For the convenient translation into 
spinor language of Maxwell equations, it becomes important to introduce three self dual tensors, 
one representing the electromagnetic field, one corresponding go the Hertzian vector, and one 
representing a kind of current potential. These correspond to symmetric spinors of the 2nd 
rank. Many spinor equations thus become simpler than the corresponding tensorial equations, 
especially the expression for the stress energy tensor. From the ist order E)irac equations in 
spinor form, as given by v.d. Waerden, we derived the 2nd order equations, which agree with the 
Gordon-Klein form but for a correction term which again contains the self dual field tensor. 
Further the expression for the current was obtained, and its decomposition into conduction and 
polarization currents, and finally both Maxwell and Dirac equations were derived from a 
spinorial variation principle, analogous to the results of Gordon and Darwin. 

44. Stereoscopic three dimensional models showing the electron’s motion in the Stark 
effect. R. W. Wood, Joh 7 is Hopkms University. By means of multiple exposures with a stereo- 
scopic camera of a rotating wire frame representing the curved quadrangle formed by the 
intersection of the parabolic coordinates of the Epstein -Sdiwarzchild treatment of the Stark 
effect, within which quadrangle the electron is progressively advanced along a properly curved 
wire, the orbital motion within the anchor-ring is very clearly brought out. The pictures when 
viewed with a stereoscope show^ the anchor-ring as a wire cage within which the precessing orbit 
appears as a white dotted line. The change in orientation and eccentricity of the orbit, with the 
constancy of the distance of the electric center from the YZ plane (field parallel to X) are easily 
seen. Photographs are shown illustrating various assignments of the quantum numbers «i and 
n^. 

45. Improved technique for Raman effect R.W.Wood^ Johns Hopkins University. — For 
excitation by the mercury arc I find that the highest efficiency is obtained with a Hanovia 
quartz arc (220 volts) in a metal housing with a narrow rectangular aperture just over the hori- 
zontal burner. After much experimenting with filters, I have found that tw^o only are needed, 
except in special cases. A solution is made of about 1.5 grams of suphate of quinine in 500 cc 
of water, acidulated with a little sulphuric acid. This is contained in a glass tube 2 inches in 
diameter and 12 inches in length which acts as a cylindrical lens, when mounted just above the 
burner. Photochemical change can be nearly prevented by a thin sheet of Corning no viol glass, 
transparent to 4046 A and opaque to 3650 A. The yellowing of the quinine is due almost entirely 
to the 3650 group of lines, A space of about 1 cm is left between thenoviol plate and the aper- 
ture in the lamp housing for a stray draught of air from a fan. A concave reflector of polished 
aluminum is placed over the tube containing the liquid under investigation, which is mounted 
above and in contact with the filter tube. This arrangement is two or three times as efficient as 
any arrangement for absorbing 4046 by glass filters. The Zeiss filter, if heavy enough to reduce 
4046 to one percent of its value, reduces 4358 to one third of its value. Quinine is perfectly trans- 
parent to 4358. For excitation by 4046, the 4358 line is removed by a solution of iodine in car- 
bon tetrachloride. A saturated solution diluted to about 1:15 with CCI4 will practically sup- 
press 4358, when contained in a tube 1.75 inches in diameter. A 1 :30 dilution will suppress all 
modified lines due to 4358, but the unmodified group comes out fairly strong. A 1 : 10 or even a 
1 :5 dilution can be used but with the latter concentration 4046 is considerably weakened. The 
iodine tube is used with the noviol glass plate below it. The cooling can be increased by mount- 
ing a flat plate in such a position as to concentrate the air draught into the gap between the top 
of the lamp and the noviol glass plate. 
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46. Tile masses of Harold C. Urey, Columbia University. — Blackett (Proc. Roy Soc. 
IOTA, 359) and Harkins and his co-workers (Zeits. f Physik 50, 97; Phys. Rev. 35, 809 (1930)) 
have given the velocities of the nuclei involved in the transmutation reaction 
+H^ and these together with the rest masses of He^ and H^ of Aston permit a calculation of 
the rest mass of theO^^ atom by assuming the conservation of mass and energy. The atomic 
weight of 0^7 calculated from 8 sets of data available varies from 17.00133 to 17.00502 (0^®== 16). 
The absolute value is not certain to this number of significant figures since Aston’s values are not 
so certain but the uncertainty due to the probable errors in the rest masses of He^ and H^ is 
the same for all 8 cases and the differences must be accounted for in some other way. The dis- 
crepancies are far greater than the probable errors in Blackett’s measurements. The most prob- 
able reason for them appears to be that atoms with different masses and energies are pro- 
duced and that the different values are due to different energy levels of the nucleus. Then, 
the gram atomic rest mass of the atom in the normal nuclear state is equal to or less than 
17.00133 ± v-^0.0028, i.e. the smallest value observed. 


47. Regularities in an emission spectrum of CO 2 . H. D. Smyth and T. C. Chow, Prmce- 
ton University. — About a year ago Smyth and Arnott did some work on the excitation of the 
band spectrum of nitrogen by an electron beam. The method used seemed to offer two advan- 
tages for the study of the spectra of polyatomic gases, namely small chance for dissociation and 
a somewhat simplified spectrum. The method has been applied to CO 2 and spectra obtained 
showing hardly a trace of CO bands. The spectrum obtained is nearly identical with that meas- 
ured by Fox, Duffendack and Barker. With their data, supplemented by preliminary measure- 
ments of our own plates, we have found a divergent set of 14 vibration terms given by j' ~ 1101.7 w 
-f 1.7?^^ taking the lowest as zero. These combine with three higher doublet terms which are 
probably part of another vibration set and appear to converge strongly. Referred to the lowest 
of the first set as zero they are, taking the lower of each pair, 31,953.1, 34,833.0 and 37,455.1 
wave-number units. The upper member is 167 wave-numbers higher in each case. Though it is 
impossible to be certain which is the higher and which the lower of these two sets of levels, either 
choice gives one set of levels divergent over the range studied. 

48. Absorption of iodine lines by atoms from optically dissociated molecules. Louis A. 
Turner and E. W. Samson, Princeton University. — Great improvement over former results 
(Phys. Rev. 31, 983 (1928)) has been obtained by use of (1) a vacuum spectrograph, (2) argon 
at 5 cm pressure in the absorption cell, to retard diffusion of atoms to the walls, (3) a source giv- 
ing fine unreversed lines (pressure 0.003 mm, excitation by short wave oscillator, outside elec- 
trodes). The absorption cell contained I 2 at a pressure of 0.03 mm and was illuminated by full 
light from a 13 ampere carbon arc. The only three lines in the region investigated (X>1630) 
which result from combination with the ground term, viz. 1830, 1782, and 1642 are all 
strongly absorbed upon illumination of the absorption cell. Six others from combination with 

are not absorbed. 

49. Hyperfine structure in the copper spectrum. A. G. Shenstone, Princeton University 
—As a result of recent observations of hyperfine structure in the copper spectrum, it can be 
stated that the nuclear moment is almost certainly 1§. Several lines for which the upper 
state is d^Sj s^ D 31 have four rather widely spaced components and all other lines from that 
level are wide, though unresolved by the apparatus available. The term d^s, s^ has two com- 
ponents. Lines due to the other two members of this term do not appear in the source at all. 
This is probably due to the Auger effect; and, if so, it is the first observation of that effect in 
an atomic spectrum. Back’s observation of the resonance lines and Wali-Mohammad’s observa- 
tion of the dh^ lines can be reconciled with the nuclear moment IJ. Silver shows no hy- 
perfine structure. 


; 

! 


I 

! 

"I I 

■ 


i 



1024 ^ UTHOR INDEX 

AUTHOR INDEX 


Anderson, S. Herbert-— No. 2 

Beams, J. W. — see Stevenson 
Bitter, Francis — No. 17 
Boeckner, C. — see Mohler 
Busang, P. F.— see Smith 

Chow, T. C.— see Smyth 
-No. 37 

Cleeton, Claud E. and R. T. Duford— No. 5 
Condon, E. TJ. and G. H. Shortley — No. 11 

Duane, William— No. 26 
Dufford, R. T.— see Su llivan 

— see Cleeton 

-No. 6 

Famsworth, H. E.— No. 27 
Fisher, R. A. and S. Goudsmit— No. 9 
Foote, Paul D. — see Smith 

Gibbs, R. C., J. R. Johnson and C. V. Sha- 
piro — No. 3 
Goudsmit, S. — No. 10 

see Fisher 

Green, J. B.— No. 8 

Howitt, Nathan— No. IS 

Jesse, William P. — No. 24 
Johnson, J. R. — see Gibbs 

Knipp, Charles T. — No. 35 

Laporte, Otto and George E. TJhIenbeck — No. 
43 

Lemon, Harvey B. — No. 22 

Linford, Leon B. — No. 30 

Lowry, E. F. and W. T. Millis — No. 43 

McAlister, E. D.— No. 42 
— and H. J. Unger— No. 1 


McKeehan, L. W. — X o. 1 6 
Margenau, Henry —No. 14 , I. 

Miller, W. T. - - see l..owry 

Mohler, F* S. and C. Boeckner No, 28 

Nelson, Herbert No. 3! 

Nottingham, W. B. No, 33 

O’Brien, Brian- - No. 21 

—and E. Dickerman O’Brien— No, 4 

Olshevysky, Dimitry E. No, 25 

Parker, Allan E.- ^see \\“a ( sc h i 

Samson, E. W.“see Turner 
Scott, Merit No. 19 
Shapiro, C. V. see ( u b bs 
Shenstone, A, G. - No . 4 9 
Shortley, G. H. see C'cmdcjn 
13 

Smith, W. O., Paul D. Foote and P, F. Bu- 
sang -No. 18 

Smyth, H. D. and T, C. Chow-'-No. 47 
Stetson, Harlan T.— No. 40 

Stevenson, E. C. and J. W* Beams --No. 39 

Street, J. C.— No. 38 

Sullivan, Roy R. and R. T. Dufford' '*No. 34 

Tonks, Lewi -No. 36 

Turner, Louis A, — No. 12 
— and E, W. Samson -Ho. 48 

Uhlenbeck, George E. - ■ see Laporte 
Unger, H. J. — see Nl c A, lister 
Urey, Harold C.— No. 46 

Waterman, A* T.— No. 29 
Watson, William W. and Allan E. Parker— 
No. 7 

Webb, Harold W. -No. 23 
Wood, R.W.-NOS. 44,45 
Workman, E. J.— No. 20 


Second Series 


May I, igj I 



V0I.37.N0.9 



THE 

PHYSICAL REVIEW 


THE THEORY OF COMPLEX SPECTRA IP 

By E. U. Condon AND G. H. Shortley 
Palmer Physical Laboratoi^y, Princeton University 
(Received March 20, 1931) 

Abstract 

Formulas for the relations between the energies of multiplets arising from the 
same electron configuration for all two-electron configurations up to // and several 
cases of three-electron configurations are worked out following Slater’s method; 

Slater’s table of a’s and 5’s being extended to cover / electrons. A systematic com- 
parison of the known data with this first order perturbation theory shows poor agree- 
ment in many cases and good agreement in many. The theory predicts the observed 
alternation in the relative positions of singlet and triplet through 5, P, D, P, etc, in the 
pp^ pd, and pf triads, and the dd and df pentads. In general the p electron configura- 
tions fit very poorly; a uniform trend with atomic number is observed for and good 
fits are obtained for ^pZd in Ti III, V IV, and Cr V. For d electrons the theory fits very 
well in the first long period of the periodic table, and fairly well in the second. The i. 

of and the W of are predicted much higher than the levels assigned to those mul- I 

tiplets when such an assignment is made, d^ fits well except for ^P. An energy level | 

table of La II is given as recently analysed by Meggers and Russell. Here we have j 

complete 5 J4/ and 4/“ configurations which fit the theory very well, these calculations 
having assisted in the assignment of some of the singlets and resulted in a rearrange- 
ment of singlet lines. • 

§1. Introduction 

T his paper is a sequel to one^ published last fall in which the first steps 
were taken toward working out the second approximation for atomic 
spectra with Russell-Saunders coupling. Before going on with that work it 
was thought desirable to make a careful study of the application of the first 
approximation formulas, given by Slater's method,^ to all of the known data. 

That is the subject of this paper. 

It will be recalled that the first-order calculation gives formulas for the 
energy of each of the multiplets arising from a given electron configuration 
in terms of certain integrals taken over the radial factor of the wave function 
for an electron in the central force field that lies at the basis of the calcula- 
tions. These integrals represent the perturbation energy due to the electro- 

This paper was presented at the New York Meeting of the American Physical Society, 

February: 27, 1931. ,, 

A Gondon, Phys. Rev. 36, 1121 (1930). 

2 Slater, phys. Rev. 34, 1293 (1929). 
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static repulsion of the electrons. It is inconvenient to woi k out these integrals 
for they' involve the unknown wave functions of the screened a\''erage force 
field in which the electrons move. Instead these integrals are treated as 
adjustable (except for restrictions such as that certain of them are essentially 
positive, etc.) in order to see how well the data can lie represented. It a good 
fit is obtained that is, therefore, only a partial confirmation ot the theory, 
for the question .still remains open whether the relative .niagnitudes assumed 
for the several integrals are really compatible with their definition as inte- 
grals. 

' Since Meggers and Russelh^ have recently obtained for the first time, in La 
11, complete sets of multiplets involving the two-electron ('oiifigurat ions pj\ 
df,f we have thought it worthwhile to extend Slater’s tables of u’s and //s to 
provide the necessary coefficients for applying the method to <'f)ntigii rations 
involving / electrons. These results are presented in $2. In $3 ami 5^4 the 
explicit formulas are given for the first-order energies in a number of impor- 
tant configurations and in §5, §6, and §7 comparison of the tormulas with the 
data is made. 

§2. Slater’s Coefficients for/ Electron (k:)Ninca;RATiijxs 

In Slater’s paper^ there are a few details connected with normali;<ation 
that need to be straightened out. Slater, in his manuscript, had normalized 
his wave functions in an unusual way: namely, so that the norinaliziiig in- 
tegral over the spherical harmonic factor was set equal to 47r instead of 1. 
This requires the normalizing integral over the radial cofifdinate to be set 
equal to 1 /47r. When his paper went through the Physical Review office one of 
us (E.U.C.) thought that a mistake had been made in the normalizing factor 
and inserted a (27r)""^ to normalize the ^(mi/(j>) on page 1308 in the usual way. 
As Slater was in Europe at the time he did not have an opportunity to set 
the matter straight again. Therefore this factor should be removed from the 
on page 1308 and then it should be borne in mind, what Slater 
does not mention, that the radial wave-function is to be normalized to l/4ir 
instead of 1. The usual normalization of each factor to 1, is the one we prefer. 
To have this one needs to leave the # factor as printed on page 1308, to insert 
2~4on the right side of the equation defining Q(lini/d) on that page, to remove 
the factor 47r in the equation for linl) on page 1310 and the factor (4x)'' in the 
equations for F* {nl; n^V) and G^{nl; n^V) on page 1311. 

We have also found it convenient to treat the a’s and Vs of page 1311 as 
integers by associating the denominator of the a’s and Vs as they occur in tlie 
tables of page 1312 with the corresponding F. Therefore wm write 

Fk(nl;n'V) ^ ~F^(n.l;nr) 

F)k 

where is Slater’s F and I>& is the denominator of the fractional value for 
mi; Vmi^) as given on page 1312. The corresponding definition of G& is 
also made. 

^ See §7 of this paper. 


THEORY OF COMPLEX SPECTRA 


1027 


Having detected an error in Slater’s table of Vs by reaching an incon- 
sistency in deriving the energy levels for the pd configuration it was thought 
worthwhile to check these tables by a complete recalculation using Gaunt’s 
formulas^ for the integrals. These formulas were also used to extend the 
tables to the pairs, pf, df,ff. This straightforward but laborious computa- 
tion makes us now feel confident that there are no errors in Slater’s table of 
page 1312 except the one originally detected. The value 

5^1, ± 1; 2, T 2) = 45/245 

is correct, instead of 9/245 as printed. 

The extension to/ electron values is covered in Tables I and 11. 


Table I. Extension of table of a^{lmi; Vmi) 


Electrons 

1 

mi 

V 

mi 

0 

2 

4 6 

sf 

0 

0 

0 

±3 

1 







±2 

1 







+ 1 

1 







0 

1 



Pf 

1 

±1 

3 

±3 

1 

5/75 



1 

±1 

3 

+ 2 

1 

0 



1 

±1 

3 

±1 

1 

- 3 



1 

±1 

3 

0 

1 

- 4 



1 

0 

3 

±3 

1 

-10 



1 

0 

3 

±2 

1 

0 



1 

0 

3 

±1 

1 

6 



1 

0 

3 

0 

1 

8 


df 

2 

±2 

3 

±3 

1 

10/105 

3/693 


2 

±2 

3 

±2 

1 

0 

- 7 


2 

±2 

3 

±1 

1 

- 6 

1 


2 

±2 

3 

0 

1 

- 8 

6 


2 

±1 

3 

±3 

1 

- 5 

-12 


2 

±1 

3 

±2 

1 

0 

28 


2 

±1 

3 

±1 

1 

3 

- 4 


2 

±1 

3 

0 

1 

4 

-24 


2 

0 

3 

±3 

1 

-10 

18 


2 

0 

3 

±2 

1 

0 

-42 


2 

0 

3 

±1 

1 

6 

6 


2 

0 

3 

0 

1 

8 

36 

ff 

3 

±3 

3 

±3 

1 

25/225 

9/1089 1/7361.64 


3 

±3 

3 

±2 

1 

0 

-21 - 6 


3 

±3 

3 

±1 

1 

-15 

3 15 


3 

+ 3 

3 

0 

1 

-20 

18 - 20 


3 

±2 

3 

±2 

1 

0 

49 36 


3 

+ 2 

3 

±1 

1 

0 

- 7 - 90 


3 

±2 

3 

0 

1 

0 

-42 120 


3 

±1 

3 

+ 1 

1 

9 

1 225 


3 

+ 1 

3 

0 

1 

12 

6 -300 


3 

0 

3 

0 

1 

16 

36 400 


Note : In cases with two ± signs, the two can be combined in any of the four possible ways. 


§3. The Energy Levels in Two-Electron Configurations 

Slater has treated in detail the method whereby the energy levels of the 
several multiplets are to be found in terms of the F and G perturbation in- 
tegrals and has given some examples. He has shown that the electrons in 

^ Gaunt, Phil. Trans. Roy. Soc. A228, 151 (1929). 
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closed shells are without direct effect on the perturbation theory, although of 
course, they have the indirect effect of determining the nature of the best 


Table II. Extension of table of b’={lm ; I'nii') 


Electrons 

1 

mi 

V 

mi' k=^0 

1 

2 

3 

4 

5 

6 

sf 

0 

0 

3 

±3 



1/7 




0 

0 

3 

±2 



1 





0 

0 

3 

±1 



1 





0 

0 

3 

0 



1 




pf 

1 

+ 1 

3 

±3 


45/175 


1/189 



1 

+ 1 

3 

±2 


30 


3 




1 

+ 1 

3 

+ 1 


18 


6 

10 




1 

+ 1 

3 

0 


9 





1 

1 

1 

0 

0 

0 

3 

3 

3 

±3 
±2 
■f 1 


0 

15 

24 


/ 

12 

15 




1 

0 

3 

0 


27 


16 




1 

+ 1 

3 

+ 3 


0 


28 

21 




1 

+ 1 

3 

T 2 


0 





1 

±1 

3 

+ 1 


3 


15 



dj 

2 

+ 2 

3 

4 - 3 

15/35 


in /315 


1/1524.6 


2 

+ 2 

3 

- 1-2 

5 


20 


5 



2 

+ 2 

3 

4-1 

1 


24 


15 

35 



2 

+ 2 

3 

0 

0 


20 




2 

+ 1 

3 

4-3 

0 


25 


7 



2 

+ 1 

3 

4-2 

10 


15 


24 



2 

+ 1 

3 

4-1 

8 


2 


80 



2 

±1 

3 

0 

3 


2 




2 

2 

0 

0 

3 

3 

4-3 

±2 

0 

0 


25 

0 


28 

63 



2 

0 

3 

±1 

6 


9 


90 



2 

0 

3 

0 

9 


16 


100 



2 

±2 

3 

+ 3 

0 


0 


210 



2 

±2 

3 

+ 2 

0 


0 


1,26 



2 

±2 

3 

+ 1 

0 


10 


70 



2 

±1 

3 

= F 3 

0 


0 


84 



2 

±1 

3 

+ 2 

0 


25 


112 



2 

±1 

3 

4- 1 

0 


15 


105 


ff 

3 

- 1-3 

3 

±3 1 

25/225 


9 / 10,89 

1/7361.64 

3 

+ 3 

3 

4-2 0 

25 


30 


7 


3 

±3 

3 

4-1 0 

10 


54 


28 


3 

- 1-3 

3 

0 0 

0 


63 


84 


3 

- f 2 

3 

+ 2 1 


■ 0 


49 


36 


3 

- 1-2 

3 

4-1 0 

15 


32 


105 


3 

±2 

3 

0 0 

20 


3 


224 


3 

+ 1 

3 

4-1 1 

9 


! 


225 


3 

±1 

3 

0 0 

2 


15 


350 


3 

0 

3 

0 ^ 


16 


36 


400 


3 

±3 

3 

0 

0 


0 


921 


3 

± 3 , 

3 

+ 2 0 

0 


0 


462 


3 

i 3 

3 

T 1 0 

0 


42 


210 


3 

+ 2 

3 

+ 2 0 

0 


.70 


504 


3 

±2 

3 

+ 1 0 

0 


14 


378 


3 

' . ±1 , 

3 

+ 1 0 

' 24 


40 


420 


Note : In cases where there are two ± signs, the two upper or the two lower signs must be 
taken together. 


central field on which to base the approximation. Therefore, we do not need 
to give the details of the calculations but merely summarize the results. 
Slater's integrals are necessarily positive and decrc^asing with increas- 
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I 
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ing k, from their definition. Therefore, since the denominator D in the defini- 
tion of our Fk increases rapidly, Fk necessarily decreases very rapidly with 
increasing k. Since the G’s are not essentially positive by definition, no defi- 
nite statement can be made concerning their relative magnitudes ; however, in 
every instance we have found, the Gk’s have been positive and rapidly de- 
creasing with k. Although not consistent with its definition as an integral, it is 
convenient to measure F^, which occurs in the formula for each multiplet, 
from an arbitrary low level of the spectrum. (Slater’s theory provides an 
integral I, dependent only on the configuration, to locate the height of the 
whole multiplet.) ■ 

If one electron is in an s state the result is simply a singlet and triplet 
whose L is the I of the other electron outside closed shells, as Slater shows on 
page 1315 , duplicating by this method a result of Heisenberg. 

For pp, non-equivalent p electrons. Slater gives the triplet intervals. The 
complete formulas are, if is written for “relative energy of the center of 
gravity of the terms,” 

- Fo + IOF2 ■+ Go -f ICG2 
=F^+ IOF2 - Go - IOG2 
=Fo- 5 Fi - Go + 5G2 
^P=Fo- 5F2+G0- 5G2 
^Z) = jPo H- -F2 “h Go -f- G2 
F2- Go- G2 

We note that the arithmetic mean of the corresponding singlet and triplet 
energies is independent of the G’s while corresponding singlet-triplet intervals 
are independent of F's, Also since G 2 < 3 CGo usually we have ^S>^S and <®P 
and W>^D; an alternation which is quite a general prediction of the theory. 

For equivalent p electrons, the ^P and are ruled out by the exclu- 
sion principle and the formulas for what is left are the same as those for the 
arithmetic means of singlet and triplet in pPj namely 

15 ==Po+ IOP2 

Fo- 5P2 (p^) 

ID -=Fo+ P2. 

The formulas for dd and d^j also// and/^, show similar relationships. For 
d^iwehave 


- Fo + 14^2 + I26P4 ± (Go + I4G2 + I26G4) 

^P, ^P = Po + IF 2 - 84 F 4 T (Go + 7G2 - 84G4) 

m, m - Po - 3P2 + 36P4 ± (Go ~ 3G2 + 36G4) {dd) 

P, P = Po - 8P2 - 9P4 T (Go - 8G2 - 9G4) 

^G, 'G - Po + 4P2 + P4 ± (Go + 4G2 + G4) 
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■where the upper sign is for the singlet and the lower for the triplet. For d- 
the multiplets are «P. ^D, ^F, and Aeir energies are given by the same 
formulas upon omitting the terms involving G integials. 

For pd the formulas are 

ip, = Fo + Wi ± ( Gi + CSGx) 

W, W == Fo- 7P2 + i2Gi - 2'.G:i) ipd) 

1 /?^ 3 /? = jPo ■+• 2p2 + (6Gi ■+• 3 G-i) . 

This shows the same alternation in sign of the leading 6 integral but differs 
from the preceding ones in that the F and G parts are not .siiuilai . 

The formulas for pf are 

^D,^D = Fo + l2F‘i ± ( 2Gi + 36G,)j 

W, W = Fo - 15 F 2 + flSGs - 9 G.i) (pf) 

'G, ’G = F’o + SF2 ± (4SG2 + G.i) . 

The formulas for df are 

ip^ sp = 2 ?^, -p 24F2 + 66F4 + ( Gi + 24 G;i + 3 . 1 flG.-,) 

3 D = Po + 6F2 - 99F4 + ( 3 Gi + 426 ’:) - 165 G..' 

ip^ 3p _ pj _ 11P2 -j- 66P4 + ( 6G1 + 19 G .1 + 5 . 5 ^ 4 ) idj) 

“G, 3 G = Fo - I5F2 - 22F4 + (ICGi - 35 G:i - IIGV) 

= Fo + IOF2 + 3P4 + ( 15 Gi + IOG3 -(■ Go). 

Finally the formulas for two non-equivalent / electrons are 
^S, = Fo + 6OF2 + I98F4 + 1716Pc ± (Go + 6CG2 ■+• I98G4 + nifiGo) 

'P, 3p = Fo + 45P2 + 33P4 — 1287P6 + Go ■+■ 45G2 + 33G4 ~ 1287G«) 

ID, 3D = Po + 19P2 - 99F4 ■+ 715P6 ± {G, + I9G2 - 99G., + 715G6) 

ip, W = Po - IOP2 - 33P4 - 286P6 + Go - ICG2 - 33G, - 286G,;) 

iG, 3G = Po - 3OP2 -f 97P4+ 78Pc, + (Go - 3OG2 + 97G4 + 78Gi;) 

ip, 3f/ = Po - 25P2 - 5IP4 - 13Po + Go - 25G2 - 5IG4 - i3G,:) 

1/, 3/ = Po + 25P2 + 9P4 -F Fo ± (Go + 25G2 + 9G4 + Go) , 

from which the values iotf can be obtained by ignoring the part involving G 
integrals and remembering that the allowed terms are 'S, ^P, '■D, ^p, 'G, W 
and ^I. 

The most striking thing about these results perhaps is the uniform way in 
which an alternation of the relative height of singlet and triplet is predicted, 
since in most cases the G of lowest index will be enough larger than the others 
to dominate the whole expression in the G’s. Russell and Meggers^ called 
attention to this alternation in 1927 and “commended it to the attention of 
theoretical investigators.” Its explanation by the quantum mechanics must 
be counted as an important success for the theory. 

Sci. Papers Bur. Stand. 22, 364 (1927). 
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§4. Three-Electron Configurations 

It would be a waste of time to work out all possible three-electron con- 
figurations at present, therefore we confine ourselves to cases for which we 
have been able to find experimental data with which to check the results. The 
addition of an s electron to p^, or pd gives three important cases. 

According to the vector coupling viewpoint the addition of an s electron 
to p^ gives the results and and In the formulas 

for p^s the F integrals are of the type F(np^) while there now appears a G 
integral to represent the action of the 5 electron, which is Gi{np, n's) : 

=Fo+ lOFi - Gi 

^P = Fo- 5Fi -H Gi 

^P =Fo- 5Fi - 2Gi ^ 

=Fo+ F2- Gi 

where Fii = lF(,{np, n's)-\-F(j{np^). Thus 3Gi is the ^P — ^P interval and the 
quantities ^S, (^P-l-2'*P)/3 (which is the center of gravity of this combina- 
tion), and have the same intervals as ^S, ®P and in p^. 

Similar results hold for d^s. Here too the singlets of P become doublets 
and the triplets split into doublets and quartets; 

25 = Po + I4F2 -b I26P4 - G2 

+ 7P^ _ 84p^ 4 . 

^P = Po + 7P2 - 84 P 4 - 2G2 


=Po 
P = Po 
P =Po 


IFt 84P4 - 2 G 2 
3P2+ 36P4- Gi 
8P2 - 9P4 + Gi 


2 G=Po+ 4P2+ P4- Gi 

in which 

Po = Fo(nd^) + 2Fo(nd, n's) 

Gi = Gi(nd, n's) . 

The relation to d^ is evident on comparison. Further we see that the doublet- 
quartet interval is the same for the P and the P multiplets, being equal to 
3G2. 

In the case of pds we encounter the first instance in which it is impossible 
to get complete formulas by Slater’s diagonal sum method since this configu- 
ration gives two different ^P, W and ^P. This comes about because pd gives 
^•^P,D,F and the added 5 electron makes the singlets into ^P,D,F, and splits 
each triplet into ^•‘^P,D,F. In such a case the method gives simply the arith- 
metic mean of the two doublets of similar L value: 

(2p) =p„ + 

. ^P = Po -f 7P2 - ( -b 63Gi^^ - - Gi’"^ 



1 Paschen and Kruger, Ann. d. Physik 7, 1 (1930). 

2 Fowler and Selwyn, Proc. Roy. Soc, AllS, 42 (1928)* 

Slater, Phys. Rev. 34, 1317 (1929). 

^ Russell, Astrophys. J. 66, 190 (1927), 

® Rao, Proc. Roy. Soc. Ai24, 475 (1929). 

® Gieseler and Grotrian, Zeits. f. Physik 39, 377 (1926); Sur, Phil. Mag. 3, 736 (1927) 
" McLennan, McLay, and Crawford, Proc. Roy. Soc. A129, 584 (1930). 
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m=Fo-1F, 

m = F, - 7F, + - Ga"'' 

(^F) =Fo + m 

W = Fo + 2F2 - (6Gx»‘' + 3 GF'") - Gx»" - G.."' 
in which (^P) indicates the mean of the two =P’s and 

Fg = F(,{ns, n'p) -{■ Feins, Fi)(n'p, n"d) 

F\— Fiin'p, n"d) 

Gi^p = Gi{ns, n'p) G^”^ - Geins, n"d') 

Gi^^ = Giin'p,n"d) Ge’"^ = Ggiii'p, n"d') . 

Slater has worked out p^, the result being that the energies inciease in the 
order *S, ^D, and the interval {^P—^D) is to (i^D—*S) as 2:3. 

For the configuration P we find the energy levels to be, 

^P = 3 Fe - (d '2 - I 2 F 4 

4p = _ 147i.\ 

i^D) = 3Fo + 5Fe + 3Fi 
^F = 3Fo + 9 F 2 - S7Fi (d^) 

*F = 3 Fo~ 15 F. - 72F4 
^G = 3Fo - IIF 2 + 13F4 
m== 3 Fe~ 6F2- I2F4 
where {W) indicates the mean of the two ^P’s. 

§5. Comparison with Experiment.al Data, Configurations 
WITH Electrons 

The simplest case for comparison with the data is p^, where the theory pre- 
dicts that the multiplets come in the order ®P, ^D, as Slater noted. 1' rom 

- Table III. p co«7i£«ra/wMs _ 


Element 

Config. 


Reference 

Theory 


1,500 

1 

■ C I ' 


1,13 ■ . 

N II 

it 

5 . (? on 

2 

0 III 

u 

1.14 

' 2 ■ 

Si I 


1.48 

3 

Cal 

4^V 

■ '-“0.01 . . 

. '4' 

Gel 

« 

1,50 

■ ■ 5 ■ ' 

Sn I 

5{^ 

^ 1.39 ■■ 

' ■ s ■ 

Pbl 


.pO.62 

■' 6 : ■ ■ ' ' 

Bi IT 

u 

0.51 

■'c 7' . 
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§3 we see that the ratio {^S — W) / (}D —^P) =3/2 according to theory. Slater 
gives the normal configuration of Si I as an example, and we find several more, 
as given in Table III. 

From this it would appear that some influence depresses the in general, 
and that the doubtful given by Fowler and Selwyn for N II is probably 
wrong. Pb I and Bi II are so far from Russell-Saunders coupling that a good 
fit would hardly be expected. 

The configurations and p^ may be discussed here because they are sim- 
ilar to p’^. For p^ the theory says that the ratio (^P — ^D) equals 2 /3. 

Table IV gives the known instances. 


Table TV. configurations 


Element 

Con fig. 

(2p_2£,)/(2£,_45) 

Reference 

Theory 


0.67 


N I 

2^3 

0,50 

1 

0 II 

u 

0.51 

2 

F IIP 

It 

0.46 

3 

S II 

3p^ 

0.65 

4 

As I 

4/)3 

0.72 

5 

Sb I 

5p^ 

0.91 

6 

Bi I 

6p^ 

1.12 

6 


1 Compton and Boyce, Phys. Rev, 33, 147 (1929) ; Ekefors, Zeits. f. Physik 63, 442 (1930). 

2 Russell, Phys. Rev. 31, 27 (1928). 

3 Dingle, Proc. I^oy. Soc. A122, 144 (1929). 

Ingram, Phys. Rev. 32, 172 (1928); L. and E. Bloch, C. R. 188, 160 (1929). 

® Rao, Proc. Roy. vSoc. A125, 240 (1929). 

® Charola, Phys. Zeits. 31, 458 (1930). 

* No intercombinations are found between the quartet and doublet systems, and the 
relative term values are probably quite inaccurate. 

The continued increase in this ratio as the total quantum number in- 
creases is to be noted particularly. The closeness of the ratio for N I and Oil 
would indicate that the ratio for the unreliable F III should perhaps be closer 
to O.Sl. 

For p^ the theory gives the same result as for p^. Table V gives the ex- 
amples. 


Table V. p‘^ configurations 


Element 

Config. 

eS-W)/(W-^P) 

Reference 

Theory 


1.50 


0 I 

2p^ 

1.14 

1 

Se I 

ipi 

1.71 

, 2 

Te I 

5p^ 

1.71 

2 


1 Frerichs, Phys. Rev. 36, 398 (1930); Hopfield, Phys. Rev. 37, 160 (1931). 
^ McLennan and Crawford, Nature 124, 874 (1929). 


The new data of Frerichs show that 0 I is not in as good agreement with 
the theory as indicated in one of Slater’s examples, his ratio being 1.55. Slater 
took his data from a remarkable energy-level diagram by McLennan, Mc- 
Leod and Ruedy, Phil. Mag. 6, 565 (1928), in which the wave number differ- 
ence for ^5—^1) is given as 39,500, although the main point of the paper is the 
identification of this transition with the auroral green line! 
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We have touad Wo complete ffs configurat.one wluch shou d be a,m, at 
to iL indicated ia §4. Tbe ratio (. 5 -> 0 )/CO-n - «re i>. (2.p + -P), 3. 

which should be 1.50, is 0.58 in As I* and 3.58 in bb III. 

op Od and Ofuivesimilar triads, in which the means of siiiRlet and tiipiet 

shonfd he in thfcLesponding ordersi P D S D FPF G D. h-s. ei.e^y 
first, with the ratios (S-P)/(0-P) -9/Oi (P- F)Hf -ID- (P-GH 

tor C Ih N II-, and ( > III'" l.ul since 
these all occur with the means in the wrong order we do not gue the details. 

This failure of C I, N II, and 0 III to agree with the theory appears also 
in the known pd configurations, the mean of the F’s being low in cAery 
case Yt II,” La II, and Ge I” 4pSd, also have the pd means in t.he 
wrong order. The means of Ge I 4^4^, and Zr III Sp-^d^' <■<>””•>” ''>1^ 

order with the ratio (P-F)/(F-P), which is theoretirally O.aaa, luu mg the 
value 0.28 and 3.58, respectively. More interesting is Uie helun im of 4/;. d in 

theisoelectronicsequenceCal”, ScIP', Ti Iil”, \ I\ ‘^''* ,, 5. 

two come in the wrong order, giving (P-F);(F-/;) = -0.1a and - .06. 
respectively, but the last three agree satisfactorily, the ratios being t 0.4.a. 
0.49, and 0.548. Since P- F= iOP,(4/>3d) and P- D = 18P.f4F3fi/) , we can get 
two values of P 2 for each of these last three ions. Taking the average ot these 
two, we have P 2 ( 4 ^ 3 d) for Ti III, 427; V IV. 569; Cr V, 707 cm”. 1 hese are 
perfectly linear, as shown by the plot in Fig. 2, together with corresponding 
P’s for dl We have a further check on the three singlet-triplct separations in 
terms of the two parameters Gi and G 3 , which it is fruitless to apply to the 
cases in which the means fitted poorly, but interesting in the other three cases. 

Table VI. Sp 4d singlet -triplet separations^ 

■Cr V 


calc. 

obs. 

calc. 

4873 

-1,935 

6590 

6894 
- 826 
8161 

7208 

-1704 

7648 


47.4 
<>200 
1 1600 
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Ti III, V IV and Cr V all alternate properly, as pointed out in §3. Table VI 
shows the results of fitting the data to the formulas for the separations by 
least squares. 

It is seen that, in the opposite order from the means, Ti III fits best and 
V IV next. The G’s are again approximately linear functions of the ionic 
charge. becomes greater than Gh which is allowed. 

For in La IP^ the ratio {D — G)/{G — F) is 1.05 instead of the theoretical 
0.35. 

There is one more instance of a configuration with p electrons in which one 
gets a determined ratio, namely pds. In this case (see §4) nothing can be pre- 


25| 


'5— 


26570 




> 

> 


p 

> 

6 

p 

•T— 





Fig. 1. The configuration dr. 



dieted concerning the quartets, ^P, ^P; but the theory predicts a constant 

ratio between the means of the two ^P’s, the two and the two which 
occur. If we designate these means by P P P, we have the order P P P as in 
pd^ with the same ratio (P — F)/(F—D) =5/9. In Sc P® these means have the 
wrong order, D P F; and in Yt and Zr IP^ the above ratio has the values 
1.86 and 2.08, respectively, much too large. 

In general the predictions of the theory have been seen to fit very poorly 
for configurations with p electrons, a uniform trend having been observed in 
and good fits having been obtained for pd in the higher members of the Gal 
isoelectronic sequence. 


Kiess and Kiess, B. S. Jl. of Res. 5, 1210 (1930). 
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§6. ; Comparison with Experimental Data, d Electrons 

For the theory predicts (see §3) the energies of tlie live rnultiplets 
KS, in terms of three integrals, the KS being predi('ted extremely 

high. In no instance, where a ^5 is reported, is it anywhere nearly high enough, 
and so we have investigated the other four levels, making a least-squares lit 
of the separations of ^P, from the low which three separations the 

theory gives in terms of the two parameters F2 and F4. 

In the isoelectronic sequence Sc Ti IIP^, V and Cr V it was 
found possible to make the excellent fits plotted in big. 1 for Ihe pre- 
dicted height of in Sc II is shown, the other being corresfirindingly high. 
Russell and Meggers reported a ^5 between the and tP of Sc If, but 
later, in a note to their Yt paper^^ they ascribe this not to 3# but to 45‘S Fhe 
3d^ as predicted would be in the midst of the configuration 4:p3d with which 
they get their strong combinations, and so difficult to find. In I i If I, Russell 



Fig. 2. Values of some integrals for the Ca I isoelectronic sequence. 

and Lang report a ^5 just under the but with a question mark. This un- 
doubtedly does not belong to 3d'^, In V IV and Cr V, White reports a kS just 
above the ^G, but since these spectra were analyzed practically by extrapola- 
tion from Sc 11 and Ti III these levels also are probably not part of 3rP. 
The values of and as determined in this way show a striking linearity as 
plotted in Fig. 2. Slater's F^{3d^) and F\3d^) are plotted in place of our Ft and 
P4 in order to show their relative magnitudes. Table VII gives these values 

(1)2 = 49,1)4 = 441): 


Table VII. 



Sell 

Tiiii 

VIV 

V CrV ■ 

H3d^) 

36180 

52840 

69300 

■■ 34330 

F\3d^) 

22740 

32520 

47020 

, ■■•60380 ^ ■ 


These values are in good accord with Slater's rough estimate that is ap- 
proximately half of Pk 
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Russell^o has completed the 3^^ also in Ti I, the levels being shown in 
Fig. 1, together with the theoretical levels with Fi{Zd}) = 9,99.5 Fi{Z<F) 
= 66.15. This is again an excellent fit except for ^S, as was pointed out by 
Slater. Meggers and Russelfii have found all but the in the of Yt II, 
but here, see Fig. 1, not a very good fit is obtained of the rest of the levels, 
although the perturbations are not great. This plot is made with FMdP-) 
= 625.2 and F4(4d2) = 55.1. 

In contrast to these reasonable fits we have the Zr III of Kiess and 
Lang , in which not only is the much too low, but the two intervals between 
no three of the other levels may be fitted with possible values of the too para- 
meters F2 and Fy, either it is necessary to assume that one of the integrals is 
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Fig. 3. The configurations d'^s, dd, and d-’. (Scale in thousands of wave numbers.) 


negative or that F* is many times greater than F\ In the 5(7^ of La II (see §7 
for energy levels) we have a somewhat different situation. No *5 is reported, 
and of the four remaining levels there are three, and just three, which may be 
fitted with possible values of the parameters. These are ®P, ®F, with 
^2=495 and ^4=35.4. (The two parameters fit the two intervals exactly, of 
course.) This leaves the almost 5000 cm~^ too high. 

In d^s we have exactly the same situation as in when we take the 
weighted means of and ^P, and ^P and *F, as analogous to =*P and ^F, re- 
spectively. Here again we can get good least squares fits of the F,^D,P,^G 
levels of 3^245 of Ti IPi and U^Ss of Yt Ph These are plotted in Fig. 3. In 
Ti II a ^5 is observed at about the same relative position as the of Ti I, 
while calculated it should be much higher. Again in Yt I no is observed. 
The values of the parameters are, for Ti II , Fi= 1014.7 , P4 = 59.2 and for Yt I , 
P2=433.6, P4=32.1. We have P^=1.91P^ and 1.51P^ respectively in these 

Russell, Astrophys. J. 66, 347 (1927). 

Russell, Astrophys. J. 66, 283 (.192 7), 
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two cases. In Zr IP®, 4i25s, we have the first instance in which a "S is found 
reasonably high. In this configuration, altliough wc caniKjt gel a ver\- good 
fit, in contrast to the of Zr III almost any tiiree of (he levels will give 
reasonable values of the parameters, and we can get an approximate fit of all 
five by taking i^2=905, ^4 = 55 as indicated in Fig. .3 (Fn~G~.= H(M) cm-’ 
measured from Kiess and Kiess’ low •‘F,.;, see §3). The fit would not Ijc much 
improved by omitting any one of the raultiplets from consideration so here we 
have probably a generally large second order perturbation. W’e have a fur- 
ther check in this configuration on the doublet-quartet separations, which 
should be the same for P and F terms, being equal to 3Gb. We have for Ti II , 
2p_4p = 6620, ®F=4558; and for Yt I, — '’P = 3064, -F— ’Fj = 4357. 

These show reasonable agreements, but Zr II is badly off, for here we have 
2p_4p=: _i 877 _ and ^F-^F= 4-5404. 

The dd configuration gives us a pentad, '■\SPDFG, with three F’s to fit 
the means and three G’s to fit the separations. The first and best in.stance (A 
this configuration is the Sc II idid of Russell and Meggers.”' Mere wc can fit 
the PDFG means as .shown in Fig. 3 using Fil.fid-W) = 107, PdMAd)=G 
(Fo = 62330). The 5 mean is observed some 1600 cm' ’ t(H) low, which could 
be caused by the '■S being about 3000 cm~' too low. When we consider the 
separations {singlet— triplet) we find that we can obtain a fairly good fit of the 
PDFG separations, with the observed S separation much too small, as 
shown by Table VIII. 


Table VIII. Sell 3d 4d separations 



Obs. 


Caic. 


3872 


6368 


-4275 


-4385 

w-w 

4384 


4492 

ip^zp 

-3935 


-3810 


4864 


4760 


These are calculated using Go = 2230, Go = 36.7 and G 4 = 3.5,making C?HM4.d) 
= 2230 , G^{3d4:d) — 1800 , G'^(3d4:d) = 1540. (The G'-^ , unlike P , carries Iiere its 
full meaning as an integral.) The S separation is about 2500 cm“^ too small, 
which would indicate a about that much too low. This is in good agree- 
ment with the predictions of the calculation of the means and indicates that 
this is perhaps incorrect, the correct one being some 2500 -3000 
higher. An error in the assignment of a singlet term, especially a hS, is qiiite 
likely to occur, since the identification of such terms is very difficult. An in- 
teresting example of this sort will be discussed in §7. 

The other instances of the dtf configuration are not as good. (.)f the MSd 
of Yt IPb no three of the means will fit with reasonable values of Fg and iG* 
the D and the S in particular being very low. vSince the S separation was also 
large and negative where the theory, by comparison with the other separa- 
tions, says it should be positive, Professor Russell assigned the 61367 ^5 to 
4fi5i, discovering that the 59615 level he had assigned was not real; but this 
still is perhaps not the right level, since we have now a separation of only 
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+ 167 whereas the 5 separation should probably be a great deal larger. The 
other levels do not fit well enough to say anything definite. In the 4d5d of 
Zr IIP^ Kiess and Lang do not find a 'G, but of the means of the S P D F 
singlets and triplets, no three will fit with positive values of Fi. Of the La 
5d6d means the P D F G will fit very well, with P2 = US, P4 = 4 (Po = S4430), 
with the 5 much too low, as in the case of Sc II, but this fit is not borne out 
by the separations, which are entirely skew, the P separation even being 
— 2176 when it should probably be positive. 

The other d configuration which we have found almost complete is d®. 
Here we get ^PFGH, ^PF, and two ^D's. RusselPi in Ti II 3d^ has found all 
but one W, and Kiess and Kiess have found all the multiplets of the 4P of 
Zr ILi® The theory predicts, surprisingly, that and ^P should have the 
same energy. Of these, in our two instances, the fits well, but the ^P is 
considerably separated from it. Of the two W’s only the mean is given by the 
theory, but in Zr II this comes far from fitting well. However, in both cases, 
we can fit the other five levels, ^FGH and ^PP surprisingly well with our three 

Table IX. La, 11 


6^2 

W 

40458 

iP 

27424 


W 

38835 

zp 

23003 

15 7473 






ip 

37210 

W 

18895 

6s6p 

zp 

37034 

W 

22174 

iP 45692 


39221 

iP 

24523 

32699 


37479 

zp 

18411 



$d‘^ 

1(7 

16599 




3(7 

21478 

1394 


— 



“D 2760 

zp 

5949 


28525 


W 

10095 

m 

18835 

6^4/ 

zp 

1183 

— 



^G 

7473 



15773 

— 




2P 14888 


5d6d 

15 

69505 




zp 

63960 

6p 


54794 

w 

59900 


35 

55230 

zp 

57939 

15 66592 



1(7 

59528 

P 61779 

ip 

56037 

m 

56080 

W 62026 

zp 

53861 

1 / 

62408 

6p5d 

W 

551841 





53067 



30353 





3p 28833 

iP 

52138? 




zp 

548191 



W 24462 





27538 

^G 

56036 




^G 

53659 



ip 32201 

— 




sp 27477 


5d4f 






^ The W ‘2 and ®,F 2 of the 5d6d may possibly be interchanged. pF 4 = 5v')321, 3^3=54840, 
'^^ 2 = 53885 .), ; ' • ■ 


1040 E. U. CONDON AND G. IL SHORTLEY 

parameters, as indicated in Fig. 3. For Till we have FsCdd-j = 845, F.i(5d~) = 54 
(3Fo = 17750) ; corresponding to P = 1.74Fh The mean of the ^D's is predicted 
at 22140, which would throw the W not found at about .51000, \ ery high in- 
deed. For Zr II we have F 2 = 683, F 4 = 36 (3Fn = 16000) ; corresponding to 
F2 = 2.11Fh The mean of the Ws is predicted at 1952,1, observed at 14214 
(multiplets at 13869 and 14559). 

We have seen that the theory works much better for d electrons than for 
p. It has been good in every instance in the first long period of the periodic 
table, and better in the second than the third. 

§7. La II AND the/ Electron Configurations 

W. F. Meggers and H. N. Russell have recently completed the analysis 
of La II, obtaining the first complete pf, df and f configurations. Through 
their kindness in allowing us to use these data we have been aliie to olitain 
, two beautiful fits of the df and configurations, and to prove the actual 
service of this theory to spectroscopists by helping to straighten out the 
analysis at two or three points. 

Since these data are unpublished as yet, Meggers and Russell have kindly 
allowed us to publish a preliminary energy table, the kn-els being measured 
up from the low 5d^ We give only the centers of gravity of the multiplets 
in Table IX. 

Of these the p^, pd, pf, d^, and dd have already been discussed, and were 
not found to agree particularly well with the theory. The new 5d4f and 4f^ re- 
main to be considered, which will be done in some detail. 



Fig. 4. Illustrating the method of locating poorly fitting multiplets and a method of estimating 

the values of the integrals. 

As we received the data from Professor Russell , the df " J/ was placed at 
18169, rather close to -W, instead of having the extremely great separation of 
about 10,000 units and being the highest level in the configuration. An at- 
tempt to fit the means by the method illustrated in Fig. 4 was made. This is 
incidentally the method used on many of the previous configurations. The 
formulas to which we are fitting these means are as follow's; 



6 ode . 

P = 25214 = Fo + 24F2 -f ■ 66 F 4 

25216 

D = 20534 = Fo -f 6 F 2 - 99Fi 

20506 

F = 21467 = Fo - IIF 2 + 66 F 4 

21191 

G = 19038 = Fo - ISFa - 22 F 4 

19323 

H = 18502 = Fo + IOF 2 -j- 3 F 4 

22598 
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Since jFo occurs uniformly , we plot in Fig. 4 the value of these means against 
the coefficients of F2. Then the line determining must be so drawn that its 
separations from these points are as closely as possible proportional to the 
coefficients of F'i and in the direction shown by the arrows. It is seen at once 
that we can thus fit (7,F,D, and P quite well, but that H is far too low. From 
the slope of the line we get F2 = 1 1 5 , from the average separations F4 = 1 6 (and 
frorn the height at zero abscissa, Fo= 21400). From the level diagram in Fig. S 
we see that changing none of these values will tend to improve the general fit , 
so that these are approximately as good as can be found. A more exact deter- 
mination of these values, such as a least squares fit, gives an accuracy which 
is meaningless. The calculated means are shown in the above table. From 
the calculated H mean it would seem that the ^FI should be about 8200 units 
higher. 

When we consider the separations we have the following formulas to de- 
termine the G's 

Calc. 


ip _ 

- sp = 

- 4421 = ■ 

— 2( Gi 

+ 

24 G 3 

+ 

330G6) 

- 4638 

ID - 

- = 

3279 = 

2( 3Gi 

+ 

42 G 3 

— 

I 65 G 5 ) 

3397 

ip - 

- 3p = 

- 6112 = - 

- 2 ( 6 G 1 

+ 

I 9 G 3 

+ 

SSGs) 

- 5837 

’G - 

- = 

4879 = 

2(10Gi 

— 

35 G 3 

— 

llGs) 

4987 

ip _ 

- m = 

+ 666 = - 

- 2 (lSGi 

+ 

IOG 3 

+ 

Gs) 

- 11330 


It is inconvenient here to use such a method of fitting as described above, but 
such a diagram will readily show that the H separation relative to the others 
should be very large and negative. A least squares fit of the P D FG separa- 
tions gives (?i = 357.6, G3==29.7, G6 = 3.78, and the calculated separations 
show in the table, a good fit. These values correspond to GH5^^4/) = 12,500, 
G3=93S0, G® = S750. This calculation shows that the W should be about 
12,000 units higher. 

In the data as received from Professor Russell, the was placed at 
52,052 instead of the value noted in the table, and two possibilities given for 
and W , as noted below. Thep consists of seven levels to be fitted with four 
parameters as follows: 



^695051 

166592) 

= Po + 6 OP 2 + I 98 P 4 + 1716P6 

ap = 

63963 

= P„ + 45 P 2 + 

33p4 - 

1287P6 

ip = J 

^599001 

162026 ) 

= P„ + 19P2 - 

99 P 4 + 

715P6 

ap = 

57939 

11 

0 

1 

to 

1 

33 P 4 - 

286P6 

>G = 

59528 

= Po ~ 3 OP 2 + 

97P4 + 

00 


56080 

= Po - 25 P 2 - 

5 IP 4 - 

13P6 

1 / = 

52052 

= Po + 25P2 + 

9 P 4 + 

Pe 
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Now from a diagram such as Fig. 4, it may be seen that /^6 wiU be ex- 
tremely small, for a good fit of the high ^S, the low the , ^6, and "// 

may be. obtained using just the parameters ^2 = 94.0, /^ 4 ,= 22.1. 1 lie is defi- 
nitely observed 10000 units too low. The correct and aie at oiitt deter- 
mined, since the other possibilities will not fit under any circumstances. 

Thus we have seen that the theory predicted the W of df and the off 
both about 10,000 units higher, and when this was called to the attention of 
. Professor Russell, he discovered that he could make this shift by rearranging 
, ' his lines as shown in Fig. 6. Upon doing this he immediately was able to check 
each of these levels by faint cross-combination lines, thiis definitely proving 


I- — ^P- 

—'I 
'D- 


:'D_ 

'G— 

-T— 

-'H — 


‘r. 

-D- 

. 0 “ 
h ti 


5d4P 

means 


armnsement arrangernent 


Fig. 5. The configurations df and 
P of La II. (Scale in thousands of 
wave numbers.) 


Fig. 6. RusselFs rearrangenient of 
the La 11 singlets according to the pre- 
dictions of the theory. (Scale in thou- 
sands of wave numbers.) 


the correctness of this arrangement. Both of these singlets were raised lb, 356 
units to the places shown in Table IX. In Fig. 5, the old Ie\'els are shown 
broken and the corrected levels by full lines. The i/ diagram is merely the old 
diagram determined from the means of P D F G, with the II mean put in its 
proper place. The separation becomes now 9690 against tlie calcu- 

lated 11330 from the other four separations. The W was raised just about the 
average of the predictions from the means and from the separations. It is sup- 
posed that the SdM^S of Sc 11 would behave in about this fashion. For the/- 
the is placed within 300 units of its prediction using the two coefficients 
above. Fig. 5, however, is a recalculation using Icctst squares to fit the three 
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coefficients ¥ 2 , Fa, Fq to the separations of all the levels from the low This 
gives a surprisingly good fit of the 6 intervals in terms of the 3 integrals, with 
the value of F^ = 21,000, jP^ = 23,500, 7^^ = 1930. Unfortunately comes out 
a little larger than whereas it must be smaller. 

Thus we have obtained quite pleasing results with these two /-electron in- 
stances, the theory having stood the test of prediction and been of actual 
service in the analysis of the spectrum, both in the assignment of and 

the former of which Professor Russell says he had little possibility of as- 
signing definitely, and in the rearrangement of the levels in both df andp. 

Kiess and Lang^*^ have completed the 4(^4/ configuration of Zr III except 
for the ’Uf , but when the other four means are plotted as in Fig. 4, it is seen 
that no three of them will fit in any fashion. The P, P, and P separations 
alternate but the G does not. 

In conclusion we may say that this first approximation seems to be most 
accurate for those configurations with lowest total quantum numbers in com- 
parison with the angular momentum quantum numbers, the 3d and 4/ in par- 
ticular giving good results. 

We wish to thank Professor H. N. Russell for his helpful interest in this 
work, and him and Dr. Meggers for permission to publish their lanthanum 
data. 
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DENSITY AND CONDUCTIVITY OF BISMUTH SINGLE 
■CRYSTALS GROWN IN MAGNETIC FIEIJ.)S WITH 
RELATION TO THEIR MOSAIC STRUCTURE 


By Alexander Goetz and Alfred B. Focke 
Caijfornia Institute OF Technology, Pasadena 
(Received March 2, 1931) 

Abstract 

In continuation of the study of the thermoelectric effect, i>reviously flescrilxid by 
Goetz and Hasler, existing between the two halves of the same liismmh single crystal, 
of which one has been crystallized within, and the other outside of a str(aig magnet ic 
field (21,000 gauss), the density and the specific resistance of different seta it his of t hese 
crystals, grown by the discontinuous method, have now !>cen measured. 

The change of density of ‘‘magnetic” crystals. The densit\’ ‘ {>erfect <;r>'stals 
grown under normal conditions was found to be between 9.82 and 9.83 i.e,, 0.2 iiercenl; 
higher than the values of other authors. Furthermore, it was found that any crystal- 
line imperfection such as twinning, etc., decreases the density; that , further there ex- 
ists a difference of density between the “normal” and the “magnetic” half of the same 
crystal, the sign of which depends on the orientation with which t!ie lu-ystal entered 
the field: In case the trigonal axis is normal to the axis of the rod and normal to the 
lines of force, the “magnetic” half shows an increase of density, whereas the op|>usitc 
is true in case the principal axis is parallel to the rod (and therefore parailtd to the rli- 
rection of growth and to the heat-flow). The difference of density is ca. 0.3 percent 
but can be several percent in imperfect crystals. The purity of the metal affects the 
change of the density. The results indicate that the ideally pure metal would not be 
affected by the magnetic treatment. 

The specific resistance of “magnetic” crystals. The values of tlie specific resis- 
tance obtained on “normal” single crystals agree approximately with the result.s ob- 
tained by Bridgman and Kapitza and also with those obtained by spectroscopic anal- 
ysis. The value of py/px was found to be much larger for bismuth, being sensiti\’e to 
the “magnetic” treatment. There is a small change of resistance hetweeti tim normal 
and the magnetic half, depending on the orientation of the crystal to the field ; In case 
the orientation is such as to decrease the density the resistance increases and vice, versa. 

The accuracy necessary for the satisfactory quantitative determination of the change 
could not yet be reached, since the change is of the magnitude of 0.5 percent. 

An attempt is made to combine the phenomena of the magnetic effect thus far 
known. It seems probable that the influence of the magnetic field upon Uie formation 
of a crystal consists of a change within the mosaic structure of the lattice. The invest i- 
gation is being continued. 

Introduction 

p. THERMOELECTRIC effect within one and the same Bi single crystal 
yy of which one half had crystallized under normal conditions, the other 
within a strong transverse magnetic field has recently been described by A. 
Goetz and M. F. Haslerd It was found that the size as well as the sign of the 
e.m.f. depends on the orientation of the crystal with respect to the lines of 
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force and on the method of growth; also that the e.m.f. depends largely 
on traces of impurity within the crystal. 

Due to the fact that this magnetic effect is altogether new, very little 
information as to the cause of the observed e.m.f. can be obtained from the 
observations themselves and accordingly additional measurements of another 
type have been here undertaken . 

Although we realized in advance that the thermoelectric effect would be 
by far the most sensitive indicator, and other volume effects should be very 
minute if at all measurable, there seemed to be encouraging indications in the 
observations of previous authors concerning the density and the electric 
conductivity of Bi crystals. 

The Density of “Magnetic” Bi Crystals 

The density of bismuth has been measured very frequently by different 
authors and it seems quite remarkable that there is no other common element 
for which the different observers differ so largely though they seem to have 
worked with great care. A study of the literature^ shows that the measured 
density of Bi varies between 9.66 (Marcus, Giebe) and 10.055 (Zavaffiero), a 
difference of more than 5 percent. There can be no doubt that part of this Vari- 
ation is due to fissures and inclosures of gas within the metal which falsify the 
measurement of the volume. It is quite remarkable that the average value of a 
perfect single crystal is far below the maximum density measured on speci- 
mens consisting of compressed powder, thus indicating that the bismuth lat- 
tice is not the closest possible packing of Bi atoms. 

For the present measurement of densities the usual hydrostatic method 
was improved only in that thin transformer oil was used for the immersing 
liquid instead of water. In the case of water, it was found that shortly after 
boiling (a process which is necessary to prevent the formation of gas-bubbles 
on the surface of the specimen) the absorption of air gradually changes the 
density until saturation is reached again. In case of oil dried artificially this 
trouble does not occur and its density can be kept constant for months if one 
works carefully. The density of the oil was measured in a pyknometer. 

To reduce the inaccuracies to a minimum, two pieces of equal length were 
cut out of one crystal, one belonging to the normal, one to the magnetic side 
of it. It goes without saying that the crystal had to be free of imperfections — 
these could be tested for by the thermoanalyseF — and also that its surface 
had to be etched in order to free it from any layer of oxide. 

But in spite of the care taken in the measurements and in producing the 
crystals, the results obtained are not as uniform as expected. Furthermore, 
according to the thermoelectric results, only measurements on crystals of the 
same orientation and grown by the saine method can be compared. Crystals 
of the Pi and Ps-type grown by the discontinuous method, have been investi- 
gated, since these orientations show the largest magnetic effects, whereas the 
P 2 -type is almost neutral. In addition to this, it was found that even in the 

® Gmelin’s Handbucli der Anorg. Chem. Vol, 8, page 35. 
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measurement of density only crystals of the same sort of bismuth® could 
be compared. Thus most attention had been paid to crystals of the “B” bis- 
muth due to the large “magnetic” effect observed on it in the thermoelectric 
measurements. 

Results. In to to, the density of 76 different specimens was measured. 
These belonged to 29 different crystals grown in general especially for these 
measurements. Of these specimens, 15 were of the orientation 6 of 7^2, 16 
of Pz, 2 of Pi_ 2 , and 2 of P 2 - 3 **. Several specimens of the magnetic (M) and 
the normal (N) halves of the same crystal were cleaved into several pieces, 
each being measured separately in order to determine the influence of local 
irregularities and to reveal the accuracy of the method. Table I shows part 
of the results obtained. The section “number of measurements” in Table I 
indicates how many different measurements of the same crystal or of its 
different parts were taken, each measurement consisting of the necessary 
number of readings. 

Table L 


Numher of 


Crystal 

Orientation 

Kind 

Treatment 

Density 

measurements 

48/00/0 

62/00/0 

62/00/0 

Pi 

u 

a 

B 

u 

il 

N 

a 

M 

9.820 

9.815 

9.845 

(+) 

Two 

One 

Two 

65/20/0 

u 

u 

N 

9.824 

One 

6S/20/n (X) 

u 

it 


9.818 

(++) 


65/20/g(XX) 

ii 



9.819 

(t) 

it 

65/20/0 

u 

it 

M 

9.844 

(4-) 

ii 

65/20/n (X) 

u 

il 

ii 

9.849 

(++) 


65/20/g(XX) 

a 

il 


9.838 

(t) 

ii 

73/00/0 

u 

a 

c 

il 

N 

M 

9.833 

9.827 


u 

83/21/1 

li 

u 

B 

il 

N 

M 

9.830 

9.842 


Two 

u 

49/00/0 

Pi 

B 

N 

9.822 


Three 

59/00/0 

a 

a 

N 

9.813 


One 

il 

u 

It 

M 

9.813 


a 

60/00/0 

Pl~2 

a 

N 

9.807 


a 


Cl 

it 

M 

9.825 


ii 

49 / 00/1 

Pz 

ii 

N 

9.826 


a 

61/00/0 

U 

il 

N 

9.835 


Two 

U 

il 

a 

M 

9.805 


a 

96/31/1 

U 

<< 

N 

9.837 

(*) 

? 

a 

u 

« 

M 

9.817 

(*) 

? 

96/21/1 

u 

a 

N 

9.847 

(A) 

? 


II 

u 

M 

9.836 

(A) 

,? 

69/00/0 

II 

u 

N 

9.803 

One 

a 

il 

il 

M 

9.781 


a 

70/00/0 

ti 

li 

N, 

9.809 


a 

Cl 

a 

a 

M 

9.798 


it 


(X X) The specimen included a small twinned region. 

(X) The same specimen after removing the twinned region. 

(+) Probable error 0.005 
( -f +) Probable error 0 .008 
(t) Probable error 0.01 
(*) N Field strength 17,000 Gauss 
(A) N Field strength 13,000 Gauss 

The designation of the latter two orientations indicates mean intermediate orientations 
between Pi and P 2 etc. 
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With regard to the absolute value of the density it is apparent that the 
average value for single-crystals is between 9.82 and 9.83, slightly higher than 
the result obtained by Kapitza (9.80).^ This result was checked by measure- 
ments made upon normal crystals in distilled water immediately after its 
separation from the abvsorbed air. . , 

The density of Bi, generally speaking, appears to be abnormally sensitive 
to crystallographic imperfections, since polycrystals for instance as well as 
crystals with large twinned regions showed abnormally low values, this prob- 
ably being due to the enclosure of gas at the intercrystalline borders, as was 
verified several times by the microscope. This sensitivity is also indicated by 
the fact that the highest values of the density on our best crystals (9.83) are 
still below the value to be expected from the x-ray data (9.86). 

Nevertheless the values given in Table I have but relative importance 
(with the exception of the crystals 48/00/0, 49/00/0 and 49/00/1) since they 
are obtained in oil, the density of which could not be checked in the pykno- 
meter as accurately as the values taken with the balance, though the accuracy 
indicated by the data given is justified for one and the same crystal because 
these values were obtained in immediate succession and under similar condi- 
tions. 

The measurements thus obtained indicate the following connection be- 
tween the normal and the 'biiagnetic” part of the same crystal: If the crystal 
has an orientation in which the principal axis is normal to the lines of force {Pi 
and Ps) the density of both hakes differs considerably, whereas no change can be 
found if the axis is parallel to the field. {Pf)» 

Furthermore with relation to the first part it is evident that the density 
of the ^^magnetic^^ half is larger than that of the normal, in case the trigonal axis is 
normal to the axis of the rod, (Pi), whereas the opposite is true if the axis is paral- 
lel to the axis of the rod (P 3 ). 

In intermediate orientations (P 1 -. 2 ) where P 2 is unaffected, the resulting 
change is the same as it is in the case of Pi, but one should not rely too much 
upon it, since there exists only the measurement of one crystal (orientation 
ca. 30®). Concerning the measurement of the crystal 73/00/0 which has the 
Prorientation but consists of the kind C (i.e., the purest metab) it is striking 
that no change of density could be observed. 

In consideration of the large experimental difficulties connected with den- 
sity measurements of this kind, one should not put too much stress on the 
absolute value of the differences of the density between the normal and the 
"magnetic” parts, since an almost invisible layer of oxide or grease and small 
enGlosures, difficult to detect, affect the results fatally by fogging the whole 
effect. Thus a number of observations had to be discarded among which were 
a few whose sign was not in agreement with the above statement. Neverthe- 
less the discarding was done only after it was evident that the crystals were 
'imperfect. ; 

^ P. Kapitza, Proc. Roy, Soc. A119, 358 (1928). 
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The Electric Resistivity of “Magnetic” Crystals 
As soon as i-t was evident that the growing of crystals in a magnetic field 
affects their density, it was decided to measure their electric lesistivity, since 
it is well known that these qualities are closely related within the same metal. 

There are a number of very exact investigations published concerning this 
subject (Bridgman, « Schneider,® Borelius and Lindh,® Schubnikow and de 
Haas'" and Kapitza®). It is made quite certain by Bridgman that the Voigt- 
Thomson law holds also in case of Bi, whereas concerning the absolute values 
of the specific resistance, a small discrepancy still remains between the recent 
authors, a discrepancy which is very probably due to the fact that it is very 
difficult to obtain bismuth of sufficient purity, or better of equal impurity. 



Also the measurements themselves must be performed with special pre- 
cautions, so as to avoid the large thermoelectric forces due to small changes 
of temperature as well as any permanent or elastic distortion of the crystal, 
for these affect the results largely. 

We used for our measurements, for the most part, the arrangement al- 
ready desci'ibed by Kapitza^ with certain modifications however, dictated by 
the much larger size of our crystals and by our special purpose of comparing 
the values of two different parts of the same crystal. Thus the arrangement 
was as shown in Fig. 1. 

4 P. W. Bridgman, Proc. Am. Acad. 63, 351 (1929). 

® G. W. Schneider, Phys. Rev. 31, 251 (1928). 

® G, Borelius and A, E. Lindh, Ann. d. Physik 51, 607 (1916). 

' A. Goetz, Phys. Rev. 35, 193 (1930). 
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After a crystal of 13 to 15 cm in length, of the desired orientation, was 
grown within a graphite trough previously described,^ one half of which (N) 
was grown under normal conditions, the other (M) within a magnetic field, 
both ends including the transition between the seed crystal and the main 
crystal were carefully cleaved off so as to obtain the standard length of 12 cm. 
Then the crystal was etched and searched for imperfections or twin lamellae. 
In case it proved satisfactory two copper cups (K ) — the current leads — were 
soldered to the crystal with Wood’s metal. This method has the advantage of 
avoiding the necessity of heating the crystal long enough to produce an alloy 
between bismuth and Wood’s metal, which makes the further use of the 
bismuth impossible, whereas here one has only to heat the cup filled with 
Wood’s metal up to its melting point and then to put one end of the crystal 
into it, after which the liquid metal solidifies shrinking around the crystal. 
Thus a reliable contact for comparatively large currents is made. 

The potential leads consisted of 0.1 mm silver wire which was spark- 
welded on to the crystal at 4 different points as shown in Fig. 1 to allow the 
measurement of the specific resistance separately across the normal and the 
magnetic parts of the crystal. In order to keep the temperature constant the 
whole arrangement wms immersed in a bath of oil within a container of 
paraffin (P). 

The current was measured by means of a standard ohm (St. O) and a pre- 
cision potentiometer F, whereas the voltage across one pair of silver wires 
was measured directly with the potentiometer. There were furthermore the 
usual precautions for balancing the thermoelectric effects etc. 

The largest difficulty consisted in the exact determination of the cross sec- 
tion of the crystal, since it could not be taken from direct measurement be- 
cause of the peculiar shape of the trough. Thus it was necessary to calculate 
the specific resistance from the length (L), the weight {G) and the density 
(P) by means of the relation : 

EG 

P = — ^ 

where J and E are current and voltage and p the specific resistance. Since it 
was impossible to obtain any better accuracy by this method than 1 — 2 per- 
cent the variation of density between W and iff, as described before, was not 
considered. For P the value of 9.82 was taken. 

The reason for the inaccuracy of this method is found in the assumption 
that the cross section over the length used is constant. This becomes less true 
the larger this length is chosen. This distance between the potential leads on 
the other hand has to be large enough to avoid the influence of the unequal 
current distribution in the neighborhood of the leads and the uncertainty of 
the distance due to the cross section of the welding spot, which was in the 
present case at least 0.5 mm. The distance used was in general between 30 
and 40 mm so as to decrease the uncertainty of p to about 3 percent. 

Results. It is well known that the specific resistance parallel to the trig- 
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onal axis of aBi crystal is larger than normal to it, furtlu'i inorc, that tin; ratio 
between these two values increases with the increasing amonnt f)f impurity, 
since in this case, the resistance along the trigonal a\i'< increase-- faster than 
perpendicular to it. The minimum values of p pi are 1.27 ( Mridgnian ') and 
1.30 (Kapitza®), whereas SchneiderHlnds 1.62 usinga nu-tal with (l.dl i)erceiit 
silver. Table II gives the results which seem the most reliable ones. .\’o 
reliable values for bismuth could be obtained, since tliis kind is sei y hard 
to obtain in single-crystalline form without inclosed air-lnilibies. 

Takle 11. 
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M 

1 .493 

U 

ti 

a 

X 

i .393 

86/11 

Pi 

A 

X 

1 . 334 a\"erage 

85/21 

P, 

ti 

N 
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The values for pi/ pi in Table II are taken at temperature of 25'’C which is 
slightly higher than the temperatures used by Bridgman and Kapitza (20”). 
This difference makes it necessary to decrease our \-aIues about 2 jjercent to 
compare them with the values of these authors. 

The main reason why our values are not as consistent as Kapitzu's and 
Bridgman’s is probably the indeterminancy of the ci-o.ss secuion of the 
crystals. Nevertheless these observations (which arc nut consid(!red to be 
final) indicate the following facts. 

The variation of the specific resistance of the different kinds of l}i.smuth 
used is in agreement with the spectroscopic analysis puldished prex’iously'^ 
showing that C is the purest metal with a resistance pi =1.09X10 ‘ and pj 
1.36(?) to 1.43XlO~h The latter value is slightly larger than Ikidgman’s 

(1.38X10-^) but can be easily explained by the lack of longitudinal coni» 
pression in which case Kapitza obtained values up to 1.5 X 10 h bisniuth .4 
can be easily recognized as impure and B is still worse, agreeing with the 
measurements of Borelius and Liiidh. Fig, 2 shows the results for the three 
different kinds of Bi used; the hatched line below C shows Bridgman’s best 
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values,* the dotted line crossing B gives the conductivity for B crystals 
grown in the magnetic field in the corresponding orientation, the abscissa is 
given in the usual terms of cos^ of the angle of orientation. 

The most important fact suggested by the results consists in the influence 



Fig. 2. Results for the three different kinds of Bi used. The hacked line below C shows 
Bridgman’s best values. The dotted line crossing B gives the conductivity for B crystals grown 
in the magnetic field in the corresponding orientation. 

* There is one discrepancy worth mentioning in the fact that Bridgman used Kahlbaum 
metal which is the same as our D. Kapitza’s remark about this metal as well as our analysis 
shows that it contains a considerable amount of impurity which is different from the con- 
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the magnetic treatment. of the crystal .has on the r-esistaiicc*. I his runs as 
fo.llows: {f crystal has an orientation in tvhich its trigonal axis is normal to 
the lines of force and normal to the direction of the current the specific resistance 
of the magnetic half is smaller than the normal one; if the Inmntfl axis is normal 
to the lines of force and parallel to the direction of the current ilir specife rcsistfinrc 
of the magnetic half is larger than the nornuiL 

; . As to the qualities of the P 2 orientation no exact ineasurcirients were yet 
performed .'because the thermoanal.ysis did not sliow any ^^’inagiiclif:” eileci. 

. . ■ Discussion' 

The results obtained as to the innuence of ihv niugiietu* iiold upon the 
density and the conductivity of Bi single crystals, ha\<* a rlnsi* relat I’hJs 
is not altogether. unexpected. The increase in density is assorirttfal with a 
decrease of specific resistance (Pi) and vice versa ^ /hi). hiirlluManore, the 
crystallization within a magnetic field seems to aiitNi the and (Con- 

ductivity of a metal with small impurities to a nnioh larger exttmt tlnin a 
pure one. 

Considering the nature of the change within the ^Onaiyiet ic'’ crystal it is 
very difficult to say anything that is more than a inc're sirjtgeslion. lioth the 
thermoelectric effect and the change of conductivity could he explainer! Ijv a 
change at the moment of crystallization in the oriental ion of the t'rystal when 
entering a magnetic field. As has been already slated in a prtn'ioiw |)a|>er^ no 
change in orientation could be detected, furthermore tliis cx|;iIanatioii would 
account neither for the large influence of impurities nor h.ir the cfiange in den- 
sity. 

Another suggestion would be an allotrofiic cliange of the lal!i<*c. indicated 
by the change in density. Hence an x-ray nivestlgtil ion was staiicc! after t!ic 
.first indications of a change of density" were found. This consisted of lirugg 
diagrams taken simultaneously from tlie fill) plane of the normal and the 
magnetic half of the same crystal, but, as was stated already 1 iriefly by (.ioetz 
and Hergeiirother,^ not the slightest displacemetit of cctrresponcling lines was 
found, thus indicating that the atomic distance along the iri^gOHai axis does not 
differ betioeen both parts of the cry stciL 

Hence there are obviously o.nly two conclusions left, of wliicli one assumes 
that the magnetic half undergoes an pseudo-aliotro|>ic change of the same 
type as the «"”>/3-transforniation of iron and zinc which cannot be bmnd by 
x-ray analysis though indicated by electric volume effecLs. In gc^mu’al one 
assumes that the transformation of the first metal is only due to an intent- 
tomic change of the distribution of electrons and it would he plausiljle that 
such an effect occurs more easily if the internal symmetry of the lattice is 
disturbed by impurities. Nevertheless this suggestion loses probability as it 
does not account for the change in density in case of Bi. 

taminatioii of A and B but much more than C. This fact is also indicated I he size of the 
“magnetic^ effect. We were not able to obtain reliable measurements of the s{)eciric resistance 
of this metal whereas Bridgman got the best results yet published, 

8 A. Goetz, R. C. Hergenrother and A. B, Focke, Phys. Rev, 34, 546 (192<l). 
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Thus there is apparently no mode of explanation, left save that which has 
been suggested in a previous paper as the only way to account for the large 
effect of minute impurities in a crystal.^ This way seems indeed to account 
for the whole phenomenology of these effects, including the change of density 
and electric conductivity of magnetic Bi crystals. The assumption is of a 
change in the secondary structure of the crystal as described first by 
Zwicky.®’^® 

The experimental evidence for the existence of this structure in Bi crystals 
has already been given by one of the authors. He showed that this struc- 
ture, superimposed upon the Laue-Bragg lattice, consists of blocks of a defi- 
nite size which is within the range of microscopic visibility. Our present sug- 
gestion is that the arrangement of these blocks is changed under the influence 
of the magnetic field so as to produce a closer or less close packing. This 
would not influence the x-ray diagram, since this depends only on the primary 
structure of the lattice whereas the density of the crystal as a whole would be 
affected by a change in the mosaic arrangements of the blocks. 

This mosaic arrangement of the blocks is thus assumed to be changed by 
the influence of a field during the formation of the crystal. Such a change, 
which we have to think of as a systematic distortion, must depend on the 
crystallographic orientation of the crystal within the field and must disappear 
if this orientation causes the smallest possible content of free energy upon the 
crystal as is the case in the P 2 orientation where the direction of the smallest 
susceptibility is parallel to the lines of force as follows from the measurements 
of Focke.^^ 

This assumption makes it plausible also that the electric conductivity 
changes with the density, since both depend on the compactness of the 
crystal. 

The hypothesis as a whole implies a less compact form due to the mosaic 
structure for the average perfect crystal than for an ideal one.** Although it is 
perhaps possible to think of accidental fissures within the crystal as the cause 
of the difference between the theoretical and the actual density (0.3 percent), 
the fact that one can approach the theoretical density by the crystallization 
in a magnetic field under the same thermal and mechanical conditions of 
growth seems to be a strong argument against the presence of such fissures 
dependent upon imperfect growing conditions. Also the consistency of the 
density values obtained speaks against such an explanation. 

Considering the magnitude of the change of density and conductivity in 

® F. Zwicky, Proc. Nat. Acad. 15, 253, 816 (1929). 

F. Zwicky, Hel. Phys. Acta. 3, 269 (1930). 

A. Goetz, Proc. Nat. Acad. 16, 99 (1930). 

A. B. Focke, Phys. Rev. 36, 319 (1930). 

** This conclusion does not contradict Zwicky's assumption^® for ionic lattices of Na Cl type, 
where the actual density of a crystal should be larger than the density calculated from the x-ray 
diagrams due to the contracted Il-planes sandwiched between normally spaced regions. (Hel. 
acta, page 288.) 
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.magnetic crystals (0.5 percent) one must call these secoiicl-onier effects in 
comparison with the magnitude of the thermoelectric changes.^' This fact 
also seems to support the suggested hypothesis, since it is well known that 
thermoelectric effects in general are much more structure-'sensit ive than den- 
sity and conductivity known as structure-insensitive. 

There are two more arguments in favor of the alxive explanation : if there 
is a possibility of a distortion within the mosaic striuaure, i.e., among the 
blocks, this can only be possible if during the genesis of the crystal these units 
possess a larger mobility among themselves than do the molecules of the 
primary lattice. This is necessary for the following reason : an orienling in- 
fluence upon the crystal exerted by the magnetic: held presufjposes the exis- 
tence of an anisotropic susceptibility. Besides the fact, that liquid Bi is al- 
most neutral magnetically and the further fact that llu* large diamagnetic 
properties of Bi arise only at the moment'^ the lattice forms, make it obvious 
that the magnetic anisotropy cannot exist either before the primar\' lattice 
is formed. Hence the orienting influence of the field can only ocxair if a lattice 
already exists. As the forces exerted upon the crystal by the fields used are 
far too small to deform the lattice permanently tlie only ex|)la, nation left 
seems to be the distortion of the secondary structure. Idiis exfdanation pre- 
siippovses that the primary structure exists before com[)lete scfiidification, a 
fact which former work by one of the authors made highly probable in tlie 
case of Bi.^^ The second support of the above hyf)o!hesis is ffumd in the ol>- 
servation that a possibility of an orienting influence upon tiie crystal 
statu nascendi^^ exists in fact, and that it can hax'e rnedianical, thermal and 

* This statement is not in harmony with Kapitza’s hypothesis according to which the 
large diamagentisrn of Bi begins only slightly below the melting point after the metal has al- 
ready solidified. It seems dubious whether this opinion can be su[>ported liv Curie’s paper on 
this subject, for he states emphatically: • la chute (of cliamagneusm) est aiisoluleinent 

brusque et correspond exactement avec le phfjnoniene de la fusion • • ami furthermore: 
“ • • • Un curieiix phenomtme se produit si I'on chauffe le Bi en pel its fragments <lans une am- 
poule fermee a une temperature a peine supfxieure a celle de fusion, l.a chute dc;s propriutes 
magnetiques se produit compltTment; cependant si Ton refroidit quek|ues minutes apiCs, on 
retrouve les petits fragments qiii ont le meme aspect qu’avant et se ne sont pas ecroulcs, Ce- 
pendant le Bi. a ct^‘ fondu, car, en cessant les morceaux, on voit cpie la structure interne a eie 
completment changee et (jue les plans de clivage ne sont plus places comme avant • • • 

This does not mean necessarily an indication of the existence of a transformation, since 
similar experiments by us show^ed that even a thin oxide-coat co\xring such fragments is very 
well able to preserve their exterior shape, though a pinch with a needle through this ('almost in- 
visible) coat proved the interior to be liquid. Furthermore the change of orient aiioa within 
those fragments makes a melting more probable than an allolropic transformatimi, since, as 
is shown by several authors, the main orientation of a cryvSta! is preseiw’cd in general no matter 
how frequently the transition between two ailotropic transformations be v>assed. ft appears 
also clearly in Honda’s paper (16) that the rise of diamagnetism is associated with the process 
of crystallization and a personal discussion of this matter that one of the authors (G.) had with 
Professor Honda at Sendai leaves no doubt that the utmost care was taken with respect to this 
question. 

F. Zwicky, Proc. Nat. Acad. 16, 211 (1930). 

P. Curie, Journ. de physique 4, 206 (1895). 

A. Goetz and M. F. Flasler, Proc. Nat. Acad. 15, 646 (1929). 
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magnetical causes.^-i’' This proves that the anisotropic qualities do not dis- 
appear when the macroscopic crystal melts. 

Thus one is forced to assume that the distortion of the mosaic structure is 
the result of two different influences: The orienting influence of the field and 
the orienting influence of the crystal grown already in an orientation en- 
forced upon it by a seed crystal such as was always used in our experiments. 
As long as both influences work in the same direction (Pj) there is no distor- 
tion, whereas in case they work in different ways a distortion must occur, de- 
pending on the orientation (Pi and P3), as is indicated by the different signs 
of the described volume effects. The magnitude of these effects can obviously 
be ascribed partly to the degree of the distortion. Since the conditions in our 
experiments were kept as constant as possible the different magnitudes (Bi 
B, C, and D) especially of the thermoelectric effects of the same orientation 
can but indicate different degrees of distortions due to the same cause. This 
makes it probable that the impurities within the crystal determine the energy 
necessary for a certain change of the mosaic structure. 

With regard to such a relation one has to go back to one consequence of 
Zwicky’s theory of the mosaic crystal which has already been suggested by 
him implicitly: In case a perfect crystal contains a small amount of impurity, 
too small to form a homogeneous solid solution of the whole crystal, the 
strange atoms will accumulate in a region where their presence causes the 
smallest disturbance of the lattice, i.e. within the E-planes. The chance 
that a certain part of the foreign atoms present in the liquid will accumulate 
within the E-planes depends on the expression 

5 ~ - E.] 

which by applying the Boltzmann principle gives for the probability the 
expression : 

P == const ' 

where Ep and Ett are the respective energy contents of the same crystal first 
when the foreign atoms are put into the lattice at random and second when 
they are arranged within the Il-planes. A represents the affinity of the strange 
atoms for the formation of a solid solution in the crystallographic constella- 
tion under consideration and a stands for the ^^perfection” of the crystal, 
including the conditions of crystallisation, absence of external disturbances, 
inverse speed of growth, etc. It is apparent that the above will only hold for 
an amount of foreign atoms smaller than or equal to that amount necessary 
to fill the n-planes with a mono- or bimolecular layer and only for one kind 
of atoms at the same time. Under the assumption that S is sufficiently large 
in our crystals one is led to think that the units of the secondary lattice are 
surrounded by a more or less dense hull of impurities. It is obvious that atoms 





K. Honda, Magnetic properties of matter, Tokyo, p. 131, (1928). 

L. Schubnikow and W. J. de Haas, Comm. Phys. Lab. Leiden, Nr 207 c p. 15 (1930). 
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of. different metals should have different effects due to different A'% i.e.; 
similar atoms should have smaller effects tha.n a.n e(|ua! niiniber of dissimilar 
ones, the correctness of which conclusion is attested for example l)y the 
negligible influence of small amounts of Sb within Hi crystals, fSh forms the 
same lattice as Bi with only slightly different dimensions) and also by the 
surprising effect of traces of Ag and .Pb (0.02 percent) as already stated by 
Bridgman, Goetz and Easier. 

^ ...The presence of such dissimilar impurities may greatly change the sta- 
.bility of the secondary lattice and thus make it more sensitive to the influence 
of a magnetic field applied during the formation of the crystal. The large in- 
fluences that small impurities have on electric ^'(;lume-(iffe^ts within Bi 
crystals make the assumption of a two-dimensional accumuialion of impuri- 
ties (as in thell-planes) necessary since it is difiicidt to understand that a 
homogeneous distribution of minute impurities os'er tlic whole crystal can 
produce such large effects, as have been observed !)y Ka|)itza for examjjle in 
the change of conductivity in strong magnetic fieldsr*^ 

It would be interesting to investigate whether or not the diamagnetic 
properties of these crystals are affected by impurities and also l)y their forma- 
tion within strong magnetic fields. Assuming the correctness of Klirenfest’s 
hypothesis^^ namely that the large diamagnetic susceptibilities are due to 
electronic orbits extending around more than one nucleus, a cliange of the 
mosaic constellation of a crystal wmuk! be expected to affect its magnetic 
qualities, i.e., one should expect that the large diamagnetic susceptibilities 
are structure sensitive properties. Experiments of tliivS kind are started and 
the results seem to point in this direction. 

Besides the investigation of the intensity distribution of the x-ray reflec- 
tions on “normal” and “magnetic” crystals which has already heeii published® 
briefly, another experiment should be mentioned which could throw light on 
the nature of the suggested distortion of the mosaic structure: namely an 
experiment upon the magnetostriction of perfect magnetic and normal crys- 
tals, for it is to be expected that this effect must l,)e largely influenced by any 
systematic change of the secondary structure. Experiments fff this kind are 
planned. 


P. Ehrenfest, Physica, 3SS, (1925); Phys. Zeits. 58, 719 (1929). 
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, HYPERFINE STRUCTURE IN IONIZED BISMUTH 

By Russell A. Fisher AND S. Goudsmit 
Department of Physics, University of Michigan 
(Received March 14, 1931) 

Abstract 

The hyperfine structure of several lines in the spectra of Bi II and Bi III have ' 
been determined. A method which facilitates the analysis of partially resolved line 
patterns is described. The level separations obtained from the analysis are compared 
with theoretical formulas showing the inadequacy of the present theory for the inter- 
action of external electrons with nuclear spin. 

Experimental 

'"T^HE twenty-one foot eighty thousand line concave grating mounted in the 
■A third basement of the laboratory was used in this work. We have used the 
grating in Paschen mounting with the slit at fifty degrees from the normal. 
In the third, fourth and fifth orders, where we have worked, linear disper- 
sions range from 0.47 to 0.87 Angstroms per millimeter and the practical re- 
solving power is near two hundred thousand. Although the grating shows 
faint Rowland ghosts this is no limitation to fine-structure work, since these 
ghosts always lie far outside the fine-structure pattern. In extreme exposures 
a faint and diffuse line appears close on the short wave-length side of a sharp 
line. This false line causes little difficulty, however, since it appears only in 
over exposure and then at a fixed distance from the parent line. Although no 
attempt was made at temperature control the temperature of the spectro- 
graph room was so constant that no appreciable broadening appeared after a 
twenty-four hour exposure. 

Since the effect of fields and pressures in broadening spectral lines is con- 
siderable for ordinary light sources, special precautions attempting to avoid 
these influences are necessary in hyperfine structure work. Back has em- 
ployed his vacuum arc most successfully in his work in arc spectra. Schtiler^ 
su^S^sts the use of a modified form of the Paschen hollow cathode tube oper- 
ating at liquid air temperatures. This type of source has been used by White 
and RitchP as well as by Schuler himself. 

We have used an arc between a bismuth and a tungsten electrode in hy- 
drogen at a few centimeters pressure in making a preliminary survey of the 
spectrum. This source gave several of the Bi II lines with fair sharpness. 
Later we used a metal discharge tube similar to that described by Schiller. 
Our only modification of Schuler’s tube is the use of a removable molybdenum 
cylinder as hollow cathode. This molybdenum cathode has the advantage of 
contributing practically no lines to the spectrum and of being cleaned of im- 

1 H, Schuler, Zeits. f. Physik 56, 149 (1930). 

^ H. E. White and R. Ritchl, Phys. Rev. 35, 1146 (1930). 
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: purities quickly. The bismuth was excited in helium, the metallic bismuth 
being placed inside the molybdenum cathode. The tul)e was operated in a 
water bath since lower temperatures were found to be of no advantage in the 
case oftiism,uth. In the discharge the lines of Bi I ami Bi f I appeared with 
nearly equal intensity while those of Bi III were somewhat less intense. An 
exposure of twenty-four hours was necessary in order to oblain some of the 
lines in the higher orders. 

Analysis 

The theory concerning hyperfine structure term seiiarations predicts that 
hyperfine multiplets will follow the inter\'a! rule very accurately. Also the 
formulas for the line intensities in hyperfme line which has 

derived by means of the quantum mechanics, sliould liold with accuracy, llie 
fact that the interval and intensity rules can be relied upon enables one to 
construct graphs which aid greatly in the analysis of hyj)erfine line patterns. 
An observed line pattern is vseldom completely resoh ed due to small separa- 
tion in one or the other of the hyf>erfine multiplets gi\ ing rise to the line. The 
graphs are of particular use in the cases of inii>erfectly resolved line patterns. 

Fig. la shows such a graph re|)resenting the possible line ])atterns in the 
case of a transition between two sets of lev'els in Bi 11, each with a total extra- 
nuclear angular momentum of one quantum unit (J— 1 j. Since the nuclear 
angular momentum quantum number of bismuth lias been shown by Goucls- 
mit and Back"^ to be 4-|, the resulting hyperfine niuIti|>letB sliould Ixith be 
triple with fine quantum numbers of 3|, and 5L According to the interval 
rule the level separations should be 4^A and 5L4, where *4 is called the 
separation factor. The distribution of the lines in the figure at any particular 
horizontal level gives a possible line pattern. The vertical coordinate, denoted 
by jLt, is the ratio between the separation factors of the initial and final states. 
If H is the separation factor of the initial and A of the final hyperfine multi- 
plet, ju = B/A, The horizontal coordinate may be read in units of wave length 
or frequency as one chooses. Thus on the axis, we have a line pattern 
corresponding to the case of no separation of the initial levels, that is, a line 
triplet with the separations of the final multiplet, the separation ratio being 
4^:51 as the interval rule requires. Positions a little above this axis, = 
give line patterns due to slight separation of the initial kwels as compared 
with the final levels. As we proceed to larger p. the graph represents the 
change in line pattern resulting from larger separations of tlie initial levels. 
The whole region above the axis (ju positive) gives patterns for cases in which 
both multiplets are regular or both inverted. Positions below this axis (p 
negative) give patterns for cases in which one of the multiplets is inverted 
with respect to the other. The intensities of the lines are calculated from the 
formulas of Hill and the widths of the lines made roughly proportional to the 
expected intensities. 

Fig. lb gives a six-fold enlargement of the line X5270 of Bi IL It may be 

® E. L. Hill, Proc. Nat. Acad. Sci. 15, 779 (1929). 

^S. Goudsmit and E. Back, Zeits. f. Physlk43, 321 (1927). 
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observed that the line fits the graph precisely at p = -0.261. Because of its 
small intensity the line in the center of the figure does not appear on the 
photographic plate. The separations of the two multiplets giving rise to the 
line may here be read directly from the measured line separations. 


Fig. 1. 



Diagram for transition /=! to J = \ compared with Bi II XS270. m = — 0.261, total 
ar = 4.93 cm-h The arrow indicates where the line pattern fits the diagram. 


The graphs are of greatest assistance in cases in which the observed line 
patterns are imperfectly resolved.^ In such cases the level separations may 
be found if /j. can be determined by comparing the observed pattern to the 
graph and one or two separations measured to give the scale. Fig. 2a gives 



Fig. 2. Diagram for transition 7 = 2 to 7=1 compared with Bi II X4705. ^ = +0.457, total 

Ar = 2.71 cm 1. The arrow indicates wtee the line pattern fits the diagram. 

the graph for the transition / = 2 to J= 1. Fig. 2b gives an example of a parti- 
ally unresolved and poorly defined line pattern which may be analyzed by 
means of the graph. The pattern is a six-fold enlargement of the unclassified 
line X4705 of Bi II as it appeared in the fourth order. It is found that this line 

* Similar graphs applicable to Zeeman effect analysis are being prepared for publication. 
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.000 
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Table \ {Continued) 


3111t 

32135 


2368t 

42217 


* An iron line coincides with this component giving the abnormal intensity, 
t From the measurements of McLennan, McLay and Crawford. 


X Intensity of Av Combination 

V Components cm""^ 


4392 

22762 


unclassified 


4301 

23244 


2.62 +.01 
2.17 +.01 
1.70 ±.01 
1.52 +.01 
1.03 ±.01 
.81 ±.01 
.295 ±.005 
.000 


720^128 


3846 

25994 


2.69 ±.04 
2.14 ±.03 
1.55 ±.02 
.88 ±.02 
.00 


52O-IO2 


3816 

26198 


520-123 


3811 

26232 


1.65 ±.02 
1.31 ±.02 
.89 ±.01 
.47 ±.01 
.00 


720-163 


3792 

26364 


1.25 ±.02 
1.07 ±.02 
.76 ±.01 
.41 ±.01 
.00 


520-13 


4079 

24509 


61O-IO2 


3864 

25873 


6 i 0-.15 i 
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pattern fits the graph with exactness at ju = 0.457. Tlie wry faint coinprjneiit 
to the extreme right, which may not appear in the refiroOuction, is present on 
the .original plate. 


Table 11. Hyper fine structure of Bi III lines. 


X 

Intensity of 


C ’oniOinat if ?n 

V 

Components 

cni“‘ 



■1 

9.3 4- .3 


4750 

2 

8.1 4.3 


21046 

3 

6 . 6 . 3 . 

32- 5/‘‘764 


4 

4.7 :‘:.2 



5 

2.6 v! 



6'. 

'.0 



20 

2.88''.0| 


4561 

5 

2.36 •- .01 


21919 

10 

.52 - .01 

7s“5- 


20 

.00 


3695 

10 

2.16- ,03 


27056 

15 

.00 

7 S’N\ - 7 p -Pif 


2 • 

12.3 


.3039 1 

3 

10.7 


32896 

4 

8.9 

22i-7p‘^Rtf 


5 

9 . 6 



7 

3.6 



9 

.0 



2 

7.1 


2944t 

3 

5.4 


33957 

4 :■ 

6 

3.0 

.0 

|j.l ....7|;, ■a/>|0 


1 

9.3 ■ 


2184t 

1 

8.0 


45733 

1 

2 

6.5 

4.9 



2 

2.8 



3 

.0 


.'t From t.iie measu,rements of McLennan, McLay and Crawford. 


Tables I and II give the measurements on the line patterns of Bi II and 
Bi III, respectively, in terms of frequency dilferences. The line of the pattern 
from which the frequency differences are measured is in general the one of 
lowest frequencjn In the few cases in which the line of lowest frequency is 
faint or unsuitable for other reasons another line has been selected, the 
method of measurement was such that the uncertainty in frequency differ- 
ence between any two components of a pattern is not greater than the larger 
uncertainty following one of them, i.e., the uncertainties do not add. In the 
tables we give the wave-lengths to four .significant figures only, since the 
patterns are broad and we have not made precise wave-length measurements. 

We have been aided greatly in the hyperfine structure analysis by a paper 
recently published by McLennan, McLay and Crawford*"' in which they give 
the term analysis for Bi II and for Bi III and a few very wide hyperfine- 
structure measurements. We have included their measurements in our tables 

as those indicated by the symbol f . 

® J. C. McLennan, A. B. McLay and M. F. Crawford, Proc. Roy. Soc. AI29, 579 (1930). 
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Table III. Bi II level separations. 


Term 

value 

Configuration* 

Term 

designation 

Total 

separation 

cm“^ 

Separation 

factor 

69126 

6p\1s 

lo« 

— 


69590 

6p^7s 

2i0 

3. 91 ±0.01 

0.391 

76143 

6s6p^ 

42'^ 

8.2 ±0.2 

0.41 

79083 

6pi6dii 

52« 

2.55±0.10 

0.127 

80569 

6pi6di^ 

6i« 

-1.65 ±0.05 

-0.165 

82041 

6p^6d2i 

72« 

1.98±0.15 

0.099 

88763 

6pii7s 

92« 

2.18±0.10 

0.109 

89877 

6pi^7s 

10i<» 

-0,53 ±0.03 

-0.053 

88559 


8i 

1.02±0.01 

-0.102 

88781 

(>Pl7pi^ 

92 

2.50±0.03 

0.125 

105077 


IO 2 

-0.16±0.06 

-0.008 

105281 

6p}^f2h 

123 

-0.70±0.15 

-0.023 

105443 

6phSM 

133 

1.95±0.20 

0.065 

106441 

6pi^pl 

15i 

-0.36±0.08 

-0.036 

108272 

6pxi7pii 

163 

0.37±0.15 

0.012 

108398 

6pi^pl 

17i 

-0.14±0.10 

-0.014 

109897 

6pi^pi\ 

192 

0.78±0.04 

0.039 


* The configurations and term values are as given by McLennan, McLay and Crawford. 



Table IV. 

Bi III level separations. 


Term 

Configuration 

Term 

Total 

Separation 

value 


designation 

separation 

cm”^ 

factor 

123143 

6s6p^ 

111 

7.5 ±0.8 

0.50 

116943 

6s6p^ 

221 

12.5 ±0.8 

0.50 

111105 

7s 


2.36±0.01 

0.472 

89765 

6s6p‘^ 

321 

9.3 ±0.6 

0.37 

89188 

7p 


0.52±0.01 

0.104 

84053 

7p 


0.31±0.05 

0.021 


Tables III and IV give the level separations as determined from our meas- 
ured line patterns with the aid of the graphs. In the tables we have used the 
term designation as given by McLennan, McLay and Crawford. In all cases 
we give the total hyperfine-multiplet separation. Negative separation in the 
table indicates inversion of the multiplet. Although the individual level 
separations could usually be determined, the uncertainty was in most cases 
too large for the data to be a valuable test of the interval rule. The separa- 
tions of two of the multiplets of bismuth II are determined with a higher 
degree of accuracy. They are: 


Term 

Total separation 

Individual separations 


3.91±.01 

2 . 1 S +.01 

1.76 ±.01 

81 

- 1.02 ±.01 

- .56 + . 01 

-.46±.01 


We may say that the interval rule is obeyed to within the limit of observa- 
tional uncertainty in all cases. We believe that the estimates of uncertainty 
given in the tables are extremely liberal. 
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It is evident that the liyperfine structure analysis serves to \''erify iniich of 
the term assignment of McLennan, McLay and Crawford from the fai'i I hat 
we are able to , use their term designation. We find, however, no evidence of 
the existence of the tentative term denoted by them as 3®. 

We have been able to measure the structure of three lines wliir^h without: 
doubt. belong to Bi 11 but which have not been classified by Mefamnaru M(‘- 
Lay and Crawford. We make no attempt to classify these lines in the geiu?ral 
term system but do give the liyperfine separations of the levels from which 
they originate. Two possibilities arise in such cases since there is no way 
deciding which' level is initial. These lines and the level separations (leri\T(! 
from them are as follows : 


Wave-lengtk 
of line 


. Total separation 
of initial levels 

Total separatifMi 
of filial lin'ols 

4705 

or 

2. 48 ±0.05 (/=2) 

-2.71±0.01 (7=1) 

2.71+0.01 (7=1) 

-2.48 ±0.05 (7=2; 

4477 

or 

-0.85+0.04 (7=2) 

-2.68+0.04 (7=2) 

2.68+0.04 f7 = 2j 

0.85 ±0.0-1 (7 = 2) 

4392 

or 

0.60±0.1S (7=1) 

small (7=0?) 

small (7 = 0?) 

-0.60+0.15 (7=1) 


Theoretical Discussion 

In a previous^ paper one of us has given formulas for the Iiyperfine- 
structure separations for different states of the same atom. In that paper it 
was already pointed out that the theoretical results were i..n dls.agreenieii t with 
the experimental data, even in the simple case of a one-electron spectrum. 
We now wish to discuss our mate,rial in Bi II and Bi III together wfith the 
known data for. BiT® in the light of these theoretical expressions. 

Bismuth L The normal state, 6^®, does not yet show extreme (jj) coup- 
ling. We may, however, apply the formulas derived on the assumption of 
extreme (i,i) .coupling to the two levels with J = 2-| and J = respect !\'ely, 
since these two quantum numbers occur onfy once in this configuration ami 
the hyperfine separations of the levels are therefore independent of the type 
of coupling. The individual electrons of the configuration are considered. a,s 
acting separately except for their screening effect upon one another, Tlius the 
separation factor of a hyperfine multiplet is expressible in terms of se|)aration 
factors for the electronic states. These considerations are similar to those used 
in the treatment of ordinary multiplet separations. The following table gives 
the observed separation factors for several states together with the formulas'^ 
applying both in case of (jJ) coupling and of Russell-Saunders coupling. 

’’ S. Goudsmit, Phys. Rev. 37, 663 (1931). 

8 P. Zeeman, E. Back and S. Goudsmit, Zeits. f. Physik 66, 1 (1931). 

® For ail following formulas see S. Goudsmit, Phys. Rev. 37, 663 (1931). 



HTPERFINE STRUCTURE 


1065 



Observed 

Formula 

Term 

separation 

(/J) coupling 

Russeil-Saunders : 


[ factor 

coupling 

6p> 

-0.005 

a' 

o' 

“Dll 

-0.040 

IW-ia" 



0.081 

ia'+ia" 

“Pi 

0,375 

a" 

2-^ci 


111 (j,j) coupling the separation factor for the 6 pi^ electron is denoted by a' 
and that for the 6pi electron by a". In Russell-Saunders coupling it has no 
meaning to distinguish between the 6pi and the Gpu. states so one can only ex- 
press the separation factor in terms of the common quantity, a. The quan- 
tities a' and a" are not independent, for, according to the theory, one has 
the relations, 

8 8 1 

15 3 5 

The experimental data are not at all in agreement with these results. The 
last two states in the table, for which the formulas ought to hold, regardless 
of the type of coupling, show clearly that a' is much smaller than 1/Sa". One 
finds from these two levels 

a' == 0.008 
a" = 0.375. 

These values do not agree exactly with those obtained from the first two 
levels of the table, but this may be ascribed to the deviation from the extreme 
(j J) coupling. It is certainly significant that the level shows a negative 
separation factor again indicating that a' is too small. 

The next configuration of interest is 6p^7$. The assignment of electron 
configuration in this case is not quite certain as this configuration is mixed 
with the 6p^d levels. This also may cause large second order corrections 
which make our formulas invalid. The observed data for this configuration, 
which is near extreme (jj) coupling, together with the formulas applying in 
ijj) ^-'oupling are as follows: 


Term 

Observed 
separation factor 

Formula 
(J,j) coupling 

60s 1| 

0.166 

c 

4il 

^0 


5j 

-0.142 


721 

0.127 


8i| 

0.094 



Here the separation factor of the 7s electron is denoted by c. In this example 
the first level lies isolated from the others, hence one expects the formula to 
hold. The other levels form a group in which levels with J = | and / = 2i occur, 
only once. For these two levels the formulas ought also to be correct. From 
these one obtains: 
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c = 0.166 
a' = 0.026 
a" = 0.390. 

These values are in fair agreement with the data for tlie Iwtj oljsers ed levels 
with J= If. The value of a" is in good agreement with what ws; oiitain from 
the configuration. The value of a' agrees only in order of magnilude. How- 
ever, we may not rely too much upon this value since it is so small that it 
may be much influenced by inaccuracy in the data as well as by second order 
corrections to our formulas. The significant point is that we again find a' to 
be much smaller than 1 /5a". 

Bismuth II. For the configuration 6p 7s we have extreme ij,j) coupling. 
The formulas and observed data for this case are: 


Term 

Observed 
separation factor 

Formula 
ijj) rouplinj? 

6p^^s 2i^ 

0.391 ^ 


spills 92® 

0.109 


top 

-0.053 



We expect the values of a', a" and c to be somewhat larger than in Hi 1 be- 
cause the screening has decreased. This will hav^e the greatest inlluence upon 
the outer 7s electron and therefore upon c. We find 


a' = 0.028 
a" = 0.430 
c = 0.352 

These values are in good agreement with our expectation. 

For other configurations, such as 6p 6d and 6p 7p, w'e expect only qualita- 
tive agreement, as the separation factors for the 6d and 7p are probably smal- 
ler than the errors due to second order corrections to our formulas and errors 
in our measurements. In the case of the 6/> 6d configuration we have: 


Terra 

Observed 

Formula 

separation factor 

(jj) coupling 

6p\6di\ 52® 


0.127 

w+w 

6F 


-0.165 

-W+na” 

6pi6d2i 72® 


0.099 

-ia"+Hd' 


Here the symbols d' and d" denote the separation factors of the fidsj and 
6dii electrons, respectively. The first two states give : 

a" = 0.565 
d"= -0.019 

It is strange to find a small negative value for d", but we do not know that 
this value is entirely reliable. The experiment rgsult for 7^ would give a very 
large value for d', which is even less understandable. Perhaps the assignment 
of the configuration is incorrect for this level. 
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As examples of the 6p 7p configuration we have: 


Term 

Observed 

Formula 

separation factor 

{j,j) coupling 

81 

- 0.101 


92 

0.125 

W'+ie' 


Here denotes the separation factor for the Ipu. state. We find : 


e' = 0.012 
a" = 0.464. 


Again is in good agreement with what we expect. 
For the 6p 5/ configuration we have: 


Term 

Observed 

Formula 

separation factor 

( 7 , 7 ) coupling 

6^>.;5/2i IO 2 

-0.008 

-ia^+nr 

123 

-0.023 


6^15/31 13, 

0.065 



Here/" denotes the separation factor of the electron and /' that of the 
5/i| electron. These data give no sensible result. Perhaps the assignment of 
configuration is incorrect, or it may be that there are large second order effects 
due to the proximity of these levels to other even levels. 

Bismuth III. The interesting configuration here is 65 6p’^. The hyperfine 
structure is known for three of the levels. For extreme (/,/) coupling, which 
may not be quite correct here, we have: 


Term 

Observed 

Formula 

separation factor 

ij,j) coupling 

6s 6p- \ii 

0.50 


hi 

0,50 

■ia'+ia"+ib 

82 -I 

0.37 

ia'+ib 


The separation factor of the 6s electron is here denoted by b. The above data 
give us : 

a" = 0.66 
a' = 0.01 
5 = 1.80. 

Due to the fact that the screening is here much less than in the previous cases 
we find a" to be larger than before. We cannot, of course, be sure that the 
value found is just the one expected without making complicated calculations 
as to screening effects. The value of is smaller than the uncertainty in 
measurement and therefore not reliable. 

For the 1$ configuration we find : 


Term 

Observed 

Formula 

separation factor 

(i,j) coupling) 


0.472 

c 
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Comparing this value of c with the previous values we find the expected 
large increase. The experimental values for are, Bi 1:0.166; Bi 11:0.352; 

Bi 111:0.472. ... i . 

We can make a similar comparison of the separations due to the os elec- 
tron. The large hyperfine structure of the far ultraviolet lines X864 and XI, 1 39 
observed by ArvidsoiT^ is probably that of the 6s state of Bi V. Furtherrmn'e, 
one level of the 6s 6p^ configuration of Bi II is at present known. Assuming 



Observed 

I Formula 

Term 

separation factor 

(j, j) coupling 

Bill 656^0 4,0 

0.41 

fa' +16 

L 

Bi V 6s 

2.6 

0 

: - - 


Since a' is of the order of 0.01 this gives &-1.60 for Bi II. Comparing the 
.differentvaluesfor &, wefind, Bi II: 1.60; Bi III: 1.80; BiV: 2.6. 

Conclusions 

The above discussion shows that in some respects the experimental re- 
sults obey the theoretical formulas whereas in others there is distinct dis- 
agreement. It is possible to determine in more detail where the discrepancy 
lies. The formulas as they are given here in terms of a' and a" explicitly are 
more or less independent of the type of interaction which causes the hyper- 
fine splitting. One takes a given interaction for a definite state of a single 
electron and calculates by means of well-known methods the result when this 
electron is not alone but part of a more complicated configuration. Such 
formulas are based upon well-known quantum mechanical rules and can in 
many cases be derived by simple methods using the vector model. Similar 
ones have been shown to hold for multiplet separations, g-values, etc. It is 
therefore not surprising that the formulas are also valid here, for if they were 
not it would mean that ordinary perturbation theory could not be applied 
to our problem. 

The discrepancy was found, however, in the relation between a' and a^^ 


Everywhere we find a' much too small. This relation, however, can be ob- 
tained only by considering in detail the interaction between the nuclear spin 
and the orbital and spin magnetism of the external electrons.^^ It is on this 
point that the present theory seems to be incorrect. We hope that the mater- 
ial gathered here may prove useful as a guide for the improvement of the 
quantum mechanics of spin-spin interaction. 


10 G. Arvidson, Nature 126, 565 (1930). 

11 Compare S. Goudsmit, Phys. Rev. 37, 663 (1931). 
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POTENTIAL DROP AND IONIZATION AT 
MERCURY ARC CATHODE 

By Edward S. Lamar, Princeton University 

AND 

Karl T. Compton, Massachusetts Institute of Technology 
(Received March 19, 1931) 

Abstract 

By means of a movable Langmuir collector, the potential, ion concentration and 
electron temperature were measured at various distances from a stationary mercury 
cathode spot, at various arc currents. The results indicated a cathode drop of 10.0 
volts, and a small negative potential gradient beyond the fall space which was more 
pronounced at the larger currents. The ion concentration varied between 2(10)^^ and 
3(10)^^ cm~"‘*^ for distances between 0.4 cm and 1.7 cm and arc currents between 11 amp 
and 4.2 amp. The concentrations evidently greatly exceed these values very close to 
the cathode. The mean electron energies were about 1.4 volts near the cathode and 
fell to a little less than a volt at the greater distances. From the lack of saturation of 
currents to the collector at space potential, the coefficient of electron reflection at the 
amalgamated tungsten collector surface was found to be close to 0.5. It is shown that 
the thickness of the cathode fall space must be less than 1.76(10)“*^ cm and that the 
field at the cathode surface must exceed 7.6(10)^ volts *cm“h 

Introduction 

I N 1905, Stark and his collaborators^ attempted by a probe wire method to 
measure the cathode fall of potential in a mercury arc, and their value of 5.27 
volts has been accepted until quite recently. In 1924, Langmuir and Mott- 
Smith'^ pointed out a serious error in the old probe wire method, and devel- 
oped a new method which not only gives accurate values of space potential, 
but also gives information regarding electron and ion concentrations and 
velocities. In 1928, Killian, at the suggestion of one of the authors, under- 
took an investigation of the potential drop and conditions of ionization near 
mercury arc cathodes. Plis results were reported at a meeting of the American 
Physical Society*^ and were essentially as follows: The drop in potential from 
the cathode to a point distant 0.2 cm from its surface was 10.1 volts, and in- 
creased regularly to 11.6 volts as the distance was increased to 3.0 cm. The 
value of about 10 volts, as extrapolated to the cathode surface has been taken 
as significant of the ionizing potential of mercury within the limits of un- 
certainty set by the small unknown contact difference of potential between 
cathode and probe.'^ Later work by Nottingham^ has led to similar conclusions 

u Stark, Retsdimsky and Shaposchnikoff, Ann. d. Physik 18, 213 (1905). 

^ Langmuir and Mott-Smith, G. E. Rev. 27, 449, 538, 616, 762, 810 (1924). 
nCilliaa, Phys. Rev. 31, 1122 (1928). : 

^ Gaudenzi (The Brown Boveri Rev. 16, 303 (1929)) estimated the cathode drop to be 
about 9 volts by a method which did not allow for the possibility of a positive or negative anode 

drop. '■ 

Nottingham, J. Frank, lost. 206, 43 (1928); 207, 299 (1929). 
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in some arcs at higher pressures with various cathode materials. Kilhan 
furthermore found random currents of positive ions of 1.5 to 40 niilliamps- 
cm-2 and of electrons of 1.3 to 18 amps - cm-^ the larger values referring to^the 
regions closest to the cathode. The electron temperatures were 5000 to 
16.500°K, or 0.65 to 2.13 volts mean energy. 

In these measurements, the distances were measured from the cathode 
surface but do not represent true distances from the cathode sj^jt, since it 
wandered rapidly and erratically all over the cathode surface. Killian theie- 


Cathode 


Mercery 


Anode 

^ ^ Tungsten-^ 


Fixed Electrode 


flexible Joint 


Movable Electrode 


Tungsten'' ^Olass 


Mercury 


Water 


Wafer 

Fig. 1. Diagram of arc tube. 


fore devised the apparatus described below in order to keep the cathode spot 
approximately stationary and thus to make possible more accurate measure- 
ments. Since Killian was diverted from carrying out these more refined 
experiments, the authors continued them as follows. 

Apparatus 

A diagram of the arc tube is shown in Fig. 1. The cathode consists of 
three coaxial tubes. The innermost two are of Pyrex glass and constitute a 
water-cooling system for the cathode. The outside tube is of quartz and has a 
small hole drilled in its upper end. Mercury is raised to the level of this hole. 
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The surface of the mercury at the hole is the cathode of the arc. The small 
size of the pool cathode thus prevents excessive wandering of the cathode 
spot, 2 he mercury outlet shown is designed to take care of the mercury that 
condenses on the walls of the tube and falls to the bottom. 

The exploring electrode employed in the region of the cathode consists of 
a 60 mil tungsten wire entirely covered with glass, and then ground flat at its 
end. The resulting flat tungsten surface constitutes a plane collector, and the 
great mass of tungsten behind it makes its thermal dissipating power suffici- 
ently great to prevent the excessive heating which has hitherto made meas- 
urements very near the cathode spot impossible. The flexible metal joint 
shown in the diagram permits an exploring range of about 2 cm. 

1 he exploring wire shown near the anode is of the usual type consisting 
of a fine tungsten wire covered with glass over most of its length. The last 
lew millimeters of glass are not in contact with the exploring wire. This pre- 
vents electrical contact between the exploring wire and any metal coating 
which may be deposited on the insulating glass. 

I he anode as shown is of the usual hollow cylindrical design and is made 
of sheet nickel. 

Procedure 

I he arc was started by means of a high frequency leak tester and the cur- 
rent was adjusted to the desired value by varying the resistance in series. The 
arc and series resistance were operated on 110 volts d.c. 

The experimental procedure, after the arc had become steady, was to 
measure the current to the collector for different voltages applied to it at 
various distances from the cathode. At any given position, a plot of log i vs. 
V where i is the electron current to the collector and V the potential of the 
collector with respect to the cathode generally showed the points to be scat- 
tered between two parallel lines a half volt apart. This scattering of the 
points \¥as found to arivse from changes in the nature of the surface of the col- 
lector which resulted in changes in the contact difference in potential and de- 
pended on the immediately previous history of the collector. It was found 
that consistent results were obtained if the collector was left 100 volts negative 
with respect to the anode except when a reading was actually being made. 
Under these conditions the points fell along a curve at the lower voltage limit 
mentioned above, indicating a low value for the work function of the surface. 

The curves showm are plotted to this lower value, which is believed to be 
the correct value, for reasons indicated below. Since the collector is always 
covered with a thin visible film of mercury, there is no further correction 
necessary for contact difference of potential between collector and mercury 
cathode. 

A typical collector curve is shown in Fig. 2. 

Interpretation of Shift in Collector Potential 

We were at first inclined to attribute the shift in collector potential, when 
its potential to space was changed from large negative values to small nega- 
tive or positive values, to a slow deposit of alkali material coming perhaps 
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from the neighboring glass and depositing as ions when the collector is nega- 
tive. In this case the upper curve (characteristic of the collector m its more 
electronegative state) would presumably be that characteristic of an un- 
contaminated surface and, if so, the correct values would be 0.5 volt higher 
than those of Fig. 2. This was our opinion at the time of our r)rdiminar\M-e- 
port to the American Physical Society (Washington Meeting April 24, 1930; , 
when we reported as our best estimate that the cathode drop is equal L<j the 
minimum ionizing potential 10.4 volts. Now, however, we aie inclined to 
interpret the results differently, and to use the lower value of potential for 
the following reasons. 



Fig. 2. Curve showing logarithm of electron current i as a function of collector potential 
Vc with respect to cathode. FJs space potential and r indicates the amount of electron reflect ion. 

After remaining 100 volts negative for a short time, surface impurities 
should be sputtered off by positive ion bombardment, leaving a clean col- 
lector surface. Hence the measurements made just after this should be those 
characteristic of the clean surface. Furthermore Found and Langmuir (un- 
published) in extending earlier work by Kenty and Turner,® found that oxy- 
gen layers could form slowly on tungsten collectors even in very pure gas, 
causing electronegative potential shifts of about 0.5 volts in the surface 
potential. We think it probable, therefore, that the lower voltage values are 
the correct ones, indicating the value of the cathode drop to be about 9.9 
volts. 

Interpretation of Experimental Results 

These and similar curves are mterpreted by the collector theory of Lang- 
muir and Mott-Smith, which is now too well known to require comment 
further than to give the equations which we shall use: 

® Kenty and Turner, Phys. Rev. 32, 799 (1928), 
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/ kT\^l^ 

I 1,,-eVJkT^ Jo = M ) , i^AI 

\2Tm/ 

where I is the electron current density to the collector whose potential is 
— Vc with respect to the space, lo is the random electron current density, N 
and T are the electron concentration and temperature, respectively, and A is 
the collector area. From these equations we have: 

1 . 1 . . 

log t = log AIq log ANe[ ) — 

kT \2tw/ kT 

which is the equation of the straight portion of the curve of Fig. 2, when Vc is 
taken to be the value of V measured from the point of discontinuity which is 
at space potential Fs. The fact that the curve to the left of the discontinuity 
is straight, proves that the electrons have a Maxwellian distribution of veloc- 
ities, which is assumed in the above equations. 

It is observed that the electron current to the collector does not reach its 
maximum value at space potential, but only when the collector is a few volts 
positive with respect to space. This is attributed to electron reflection from 
the collector, and the intervening curve depends on the distribution of ve- 
locities of the reflected electrons. Such reflection, which is a well-recognized 
phenomenon, does not affect the slope of the straight line to the left of the 
break, since it is a peculiarity of a Maxwell distribution that it is not altered 
by a retarding field and hence the fraction of electrons reflected is constant 
at all values of the retarding field. The effect of reflection on the straight 
portion of the curve is thus simply to depress it, parallel to itself, by an 
amount dependent on the reflection coefficient. 

This reflection coefficient may be obtained from Fig. 2 as follows. The 
electron current has reached saturation at about 4 volts above space poten- 
tial, indicating that practically no reflected electrons can escape against as 
much as 4 volts. The difference between this saturation current and the cur- 
rent at the discontinuity represents the current of reflected electrons, and is 
shown by r in Fig. 2. The ratio of this reflected current to the total saturation 
current gives the reflection coefficient R, Owing to the foreshortening of the 
logarithmic scale, these values of R are determined with less experimental 
accuracy than the other quantities in which we are interested. 

The more important resultsj)f the measurements are shown in Figs. 3 and 
4. The mean electron energy V was calculated from the relation 

eV 3 
— = ~kT 
300 2 

and represents the mean energy of the electrons in a given volume. For the 
mean energy of the electrons striking the collector, the fraction 3/2 should be 
.replaced by 2. 

The data shown in Figs. 3 and 4 were all obtained with an arc carrying 4.2 
amps. Similar observations on an 11.0 amp. arc yielded results which, for 
comparison, are shown in Table I. 



lection coei 
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Table T. Vs = space potential; N— electron concentration; V ~ mean electron energy ; I = 
random electron current density; d ^distance from cathode. 



4.2 amp. arc 

11.0 amp. arc 

d(cm) 

0.43 

1.75 

0.39 

1.71 : 

Fa (volts) 

10.0 

9.8 

10.2 

8.9 

I (amp • cm-2) 

5.7 

7.4 

63.5 

12.8 

iv’(i0“~^b 

17.1 

2.8 

218. 

■ 55.3 

V (volts) 

1.42 

0.978 

! 

1.171 

0.748 


Discussion of Experimental Results 


Cathode drop. F roni such resultswe conclude that the cathode drop is very 
near to 10 volts, from the nearest point at which we can measure (or extra- 
polate) to the cathode. Of course what we really wish to know is the cathode 
drop across the cathode fall space alone, which is an extremely small distance. 
This distance has never been measured, but may be estimated roughly as 
follows: The relations in the cathode fall space are given by the space-charge 
equation 


/+ = 0.543(10) 


V 3/2 


in ordinary electrical units. The current density at the cathode’^ is about 4000 
amp. - cm“'^. Langmuir and Mott Smith® have shown that a negative electrode 
immersed in strongly ionized mercury vapor collects a positive ion current 
of about 1/400 of the "random” electron current, which in turn is always 
larger than the "drift” (or actual discharge) current. Since the drift current 
density is 4000 amp. cm""q the positive current density is therefore something 
greater than 1/400 of this, i.e., greater than 10amp. -cm~“^. Unfortunately we 
cannot say how much greater than this lower limit is the true value of the 
positive current. Two factors may increase it by considerably more than the 
factor of three or four which commonly represents the ratio of random to 
drift current in regions of uniform ionization. One of these is the enormous 
concentration of electrons and ions in the region of negative glow on account 
of the potential maximum which develops in this region of intense ionization, 
and the consequent "trapping” of electrons to build up large concentrations, 
and the other is the additional trapping action due to the fact that the cathode 
spot is a depression in the mercury surface and presents therefore the peculi- 
arities of a hollow cathode. 

Perhaps the positive ion currents may be ten, though probably not a 
hundred times the value given by the fraction 1/400.^ Using this as a lower 
limit, and taking Vc == 10 volts and If = 200, we find 

4 < 1.76(10)“^ cm. 

7 Gilntlierschiilze, Zeits. f. Physik 11, 74 (1922). 

® Langmiiir and Mott-Smith, G.E. Rev. 27, 544 (1924). 

^ From the theory of collectors in ionized gas (Tonks and Langmuir, Phys. Rev. 34, 876 
(1930)) it is impossible that the positive current density at the cathode spot can be less than 
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Field at cathode. Given a cathode drop of 10 volts in a distance less than 
1.76(10)'"^cm, we calculate the average field in the fall space to be greater 
than 5.7 (lO)'^ volts- cm"h By the simple space-charge equation it is easily- 
shown that the field E, at the cathode surface is 4/3 the mean field, or 

> 7.6(10)'^ volts -curb 

It appears unlikely that the field can be as much as ten times this \ alue, since 
this would require an ion current one hundred fold that on which the calculi- 
tion is based. These results are not appreciably affected if we use tlie more 
refined equations of Mackeown^® to calculate the value of r/:. 

Of course the cathode surface is highly agitated and consequently rough. 
Thus the fields to points may greatly exceed the values calculated above, and 
may very likely attain values of the order of millions of volts per centimeter. 
Langmuir^^ has already pointed out that’ fields of this magnitude are pro!.)- 
ably adequate to account for the observed electron emission from the cathode 
spot as “autoelectronic” emission, or “field current'’. 

In the absence of information regarding the behavior of a fresh mercury 
surface in autoelectronic emission and in view" of the uncertainty regarding 
the field strength at the cathode, it appears hopeless to make a direct quan- 
titative test of this theory of emission from the cathode spot. Further evi- 
dence, however, is afforded in a revision of earlier stiulies of heat balance, as 
given in the following paper. 


E ‘ 



this. According to one theory it might be much greater (the theory of thermal ionization of the 
vapor by Slepian, Phys. Rev. 27, 407 (1926)). As shown in the following paper, however, there 
are not only serious theoretical objections to this theory, but the experimental evidence based 
on heat balance at the cathode is inconsistent with it, and points to the correctness of the as- 
sumption that the relative current densities are at least of the order of those to be expected if 
the cathode acts toward the positive ions simply as a collecting electrode. 

Mackeown, Phys. Rev. 34, 611 (1929). 

Langmuir, G. E. Rev. 26, 735 (1923). 
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ON THE THEORY OF THE MERCURY ARC 

By Karl T. Compton 
Massachusetts Institute of Technology 
(Received March 19, 1931) 

Abstract 

The theory of heat balance at the cathode is extended (1) by the introduction of the 
accommodation coefficient of neutralized ions, (2) by evaluation of all processes which 
absorb the energy gained by electrons in the cathode fall space, and (3) by correction 
of a previous assumption that fields sufficient to extract electrons will affect the heat 
of neutralization of postive ions at the surface. Test of the two resulting equations by 
existing experimental data shows that Langmuir's theory of extraction of electrons by 
the field at a Hg arc cathode is consistent with the cathode heat equations, but cannot 
be uniquely proved by them on account of uncertainty in two factors whose order of 
magnitude only is known; the fraction F of energy brought to the cathode by un- 
electrified carriers, 1.0 > /'">0.5 ; the fraction 1/(1 +5) of positive ions formed near the 
cathode which go to it, 1>3>0. 

From the net rate of evaporation an equation is obtained between vapor pressure 
and temperature at the cathode which, when combined with the vapor pressure- 
temperature equation of Hg, gives uniquely the temperature of the cathode spot and the 
vapor pressure outside it, provided the fraction/ of total current carried by electrons 
is known. It is shown that the temperature of the cathode spot does not exceed 200°C, 
and that the thickness of the cathode fall space is less than the electron mean free path. 

It is shown that ionization just beyond the cathode fall space must be of the cumu- 
lative^ multiple stage type. From this it is shown that the fraction / must exceed 0.67 
(if 5=0) or 0.80 (if 3 = 1), since these minimum values depend on 100 per cent effi- 
ciency of two stage ionization. 

Mechanical pressure against the cathode by the arc is explained by the fact that 
the accommodation coefficient a is less than 1.0. If this accommodation coefficient of 
Hg ions at a liquid Hg surface should be independently measured, it would give an 
independent method of estimating the important fraction f. 

The paper points out the causes of present limitations in our knowledge of condi- 
tions at the arc cathode and also the manner in which, and the extent to which, these 
limitations may be removed. 

Introduction 

T he early theory of Stark^ that the current at mercury arc cathodes is 
of thermionic origin has been pretty thoroughly disproved by the fact that 
the evaporation of mercury is far too slow to justify an assumption of temper- 
atures requisite for thermionic emission. Similarly a theory of Slepian^ that 
the current at the cathode is carried by positive ions created by^ thermal 
ionization of the vapor just outside the cathode fails to suggest any physical 
mechanism for the input of energy into this assumed high temperature re- 
gion. The theory at present in vogue is that of Langmuir,^ who postulates 
^Tield currents” caused by the strong field which is concentrated at the 

1 Stark, Ann. d. Physlk 12, 692 (1903). 

2 Slepiaa, Phys. Rev. 27, 407 (1926). 

® Langmuir, Lienee 58, 290 (1923); G. E. Rev. 26, 735 (1923). 
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cathode by the processes described by Poisson’s equation, and whose inlni- 
mum value was calculated in the preceding paper to be at least 7.6 (lOj 

volts * • 

A difficulty in any theory depending primarily on electron emission Iroin 

the cathode has been found in attempting to calculate from the heiil lialan. e 
at the cathode the fraction of the current carried by electrons, since such 
attempts have led consistently to values of this fraction which are loo sinal 
to reconcile with the necessary amount of ionization, in view of the small 
cathode drop. For example, substituting direct experimental values ol ob- 
servable quantities in the heat balance equation has led to the conclusion 
that about 50 per cent of the current at the cathode is carried Ijy electrons. 
Certain reasonable modifications have raised this to about 70 percent. 
straining every possible factor, this proportion has been raised to about 8/ 
percent. These values are all too small to reconcile with the fact that the 
cathode drop is only about 10 volts (see the preceding paper liy Lamar and 
Compton); for SO percent current carried by electrons would require 100 
percent efficiency of ionization by them in order to obtain an equal ouinliei oi 
positive ions to carry the remaining half of the current at the cathode. hAcn 
87 percent would require at least 12 percent efficiency of ionization, vliich i^ 
still far in excess of any observed efficiencies of ionization by impact of elec- 
trons whose energy is near the minimum ionizing energy 10.4 volts. 

The present paper presents some new considerations of heat balance which 

make it compatible with Langmuir’s theory, and at the same time lead to a 
much more definite picture of the physical conditions in the iiiercui} aic 
than has previously been possible. 

It may be remarked, in passing, that the entire problem of the mercury 
arc is concentrated at the cathode, since the work of Langmuir and Mott- 
Smith,^ Tonks and Langmuir,® Eckart and Compton,® and Killian^ have es- 
sentially explained all other regions of a low pressure arc. 

Heat Balance AT Cathode 

The two earliest attempts to use heat balance to investigate cathode con- 
ditions were quite unsatisfactory, the one® because of faulty reasoning and 
the other^ because of lack of essential experimental data. Later refinements^*^ 
have been made both in the theory and the experiments. It will be seen in the 
following paragraphs, however, that there are so many factors which have not 
previously been considered that no validity attaches to any of the conclu- 
sions thus far drawn from arguments based on heat balance. 

^ Langmuir and Mott-Smith, G. E. Rev. 27, 449, 538, 616, 762, 810 (1924). 

^ Tonks and Langmuir, Phys. Rev. 34, 876 (1929). 

® Eckart and Compton, Phys. Rev. 24, 97 (1924). 

7 Killian, Phys. Rev. 35, 1238 (1930). 

® Giintherschulze, Zeits. f. Physik 11, 74 (1922). 

® Compton, Phys. Rev. 21, 266 (1923). 

Guntherschulze, Zeits. f. Physik 31, 509 (1925); Seeliger, Phys. Zeits. 27, 22 (1927) ; 
Elektrotech. Zeits. 49, 853 (1927); Compton and Van Voorhis, Proc. Nat. Acad. Sci. 13, 336 
(1927); Issendorff, Phys. Zeits. 29, 857 (1928). 
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We shall express the condition of thermal equilibrium by setting the 
total net rate of generation of heat at the cathode equal to zero, expressing 
each contributing item of heating or cooling in terms of watts per ampere of 
current. We shall let/ equal the fraction of current carried at the cathode by 
electrons, and (1—/) the fraction carried by positive ions. The processes in- 
volved in the heat balance are schematically indicated in Fig. 1 and will be 
discussed briefly in order. 

(1) Heating by impacting positive ions. These ions acquire energy Vc in 
falling through the cathode potential drop Vc. Since the thickness of the fall 
space is certainly less than 1.76 (10)"* cm and since, as we shall see below, the 
ionic mean free path is considerably greater than this, we are justified in 
neglecting collisions of ions with vapor molecules while passing through this 



fall space. Thus the entire energy Vc is available for delivery to the cathode. 
To this should be added the average initial kinetic energy of the ions just be- 
fore they enter the fall space. Tonks and Langmuir* have shown that this is 
negligibly small. 

It is not obvious, however, that all this kinetic energy is delivered to the 
cathode. Let a be the fraction of it which is thus delivered, while (1-a) is 
the average fraction which is retained by the neutralized ion after impact. 
This quantity a is the “accommodation coefficient” which is well known in 
phenomena involving the impact of gas molecules against a surface of differ- 
ent temperature** and whose existence in cases of ionic impact has been dem- 
onstrated by Van Voorhis and Compton.*^ 

“ Knudsen, Ann. d. Physik 34, S93 (1911); 46, 641 (1915); Langmuir, J. Am. Chem. Soc. 
37, 425 (1915); Compton and Langmuir, Rev. Mod. Phys. 2, 184 (1930). 

» Van Voorhis and Compton, Phys. Rev. 35, 1438 (1930); detailed paper in preparation 

for physical Review. 
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Finally, there is the “heat of neutralization” of the positive ion. clenotecl 
by <^+. whose value has been shown by an argument involving a simple cycle''* 
to be ^+= Vi—(j>-+{L), where Vi is the ionizing potential of the gas mole- 
cule, <j>- is the electron work function of the cathode surface, and L is t he heat 
of condensation of the neutral molecule on the cathode surface. L should he 
used if the ion is actually condensed on the surface, Init slioiild otherwise he 
omitted. In our present problem L is completely taken care of in iJOicess (4) 
(Fig. 1). 

In case the field appreciably reduces the work function (as in laingnnur'.s 
theory it reduces it to zero) it has previously been assumed tiiut the reduced 
value should be used in this equation, i.e., that if the field (diangcs the cr)oling 
effect of electron emission it will also affect the heating effect of positive ion 
neutralization. This is, however, not the ca.se, as is easily shown hy the fol- 
lowing argument. 



A positive ion, starting outside the cathode fall space and moving to the 
cathode delivers energy Vc-\-4>+, as indicated to the left in Fig. 2. An equiva- 
lent process is shown to the right. An electron escapes from the metal, cooling 
it by the amount d>_. By the time it has passed through the fall space its 
kinetic energy is Vc-4>a-V4>-, where is the “effective” work function 
while <j!)o is the normal work function in the absence of an accelerating field. 
This is obvious since (0o ) is that part of the work done against the sur- 

face forces of the metal which is done by the applied field and is that part 
done at the expense of initial kinetic energy of the electron. If emission is 
purely thermionic, then whereas if emission is purely autoelectronic 

(as in Langmuir’s theory) then = 0. 

Now if this electron combines with a positive ion, there is liberated 
additional energy Fi, and there is a further liberation of amount L when the 
neutralized particle condenses on the metal. 

(1924)*"°™^*^°”’ (1923); Schottky and Issendorff, Zeits. f. Physik 26, 8S 
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Equating the net liberation of energy in the two equivalent processes gives 

whence 

~ <^o + • 

Thus the heating effect by positive ions is unaffected by the field, even 
though the cooling effect by escaping electrons is diminished. Physically this 
is easily explicable, since the cooling effect is due to the fact that only those 
electrons escape which, while inside the metal, possess greatest kinetic 
energy, a situation which has no counterpart in the process of neutralizing a 
positive ion. 

In this equation <^4.= Ft— (560+ (T), it is implicitly assumed that all the 
energy developed by the process is retained in the cathode, which would not 
be the case, for example, if a fraction (1 — r) of it were radiated away in the 
process of neutralization. Compton and Van Voorhis therefore suggested^^ 
the modification ==f Ft— <^o+(T), and announced experimental results 
indicating that f^O.5. They later found,^^ however, that these results were 
due to the then unsuspected existence of an accommodation coefficient, so 
that there is no actual experimental measurement of r. From the fact, how- 
ever, that direct measurement of the radiation from the cathode spot (pro- 
cess ( 3 ) Fig. 1) shows this to be almost negligible, it is evident that r is prac- 
tically unity. Whatever error may be introduced in taking r = 1 will be 
exactly corrected by introduction of the experimental value of heat loss 
by radiation in process ( 3 ). 

Combining all these considerations, we have for process (1) 

/f (1) = (1 - /)(aF. + F.- - <^o) 

(2) Cooling hy electroft emission. This process of cooling is too well known 
to require comment, since it is well known that the electron work function 

is a latent heat of evaporation. Expressing it as a negative heating pro- 
cess, we have 

H{ 2 ) = - 

( 3 ) Cooling hy radiation is expressed directly, in terms of the observed 
radiated energy per ampere -sec., by H( 3 ) = — i?. 

( 4 ) Cooling hy evaporation of the material of the cathode is similarly ex- 
pressed by 11 ( 4 :) = — jE, in which E is the product of the mass of material 
evaporated per ampere -sec multiplied by its latent heat of evaporation. 

(5) Cooling by gas conduction and convection is H(S) = — C . 

(6) Cooling hy conduction through the cathode is JT(6) — — C. 

( 7 ) Heating by an external agency, if any, is represented by i?( 7 ) = JJ. 

(8) Heating by energy derived by electrons in the cathode fall space and in- 
directly returned to the cathode be calculated as follows. The work done on 
an escaping electron is Fc. If part of this work is done in pulling the electrons 
out of the metal (as in Langmuir’s theory), this part may be expressed by 

Gonipton and Van Voorhis, Proc. Nat*. Acad. Sd. 13, 336 (1927). 


KARL T, COMPTON 

(<^o— .^-)', where <560 is the ordinary electron work fiincl ion for ne^'ligihly sinaJi 
accelerating fields, and ^-. is the actual.or ^^effective’^ work finictioin f, hns the 
energy with which each electron is projected out of the cathode fall space is 

Of the total energy /(Fc—0o+<^~-) thus fed into the \aipor, (1 —/jhh must 
be used to produce the (1-/) positive ions which return to tlie cnlliude. W’e 
shall see below that altogether (l+<5) times this number of imis must be 
formed, where 0<§<1, since some of the ions are formed beyond the regimi 
of potential maximum and drift toward the anode, ultimately recoiiibiniiig. 
5 is the ratio of the number of ions thus going toward the anode to the number 
going toward the cathode. Thus we have (l+^)(l~/)hi used in 

producing positive ions. 

Furthermore the probe electrode measurements |)rove that the electrons 
in the negative glow near the cathode possess a considerable mean kinetic 
energy F~. Thus the energy fed into the vapor by electrons from t he cathode, 
which is not expended in producing ions or retained l)y the electrons, is 
/(Fc-~-<^)o+^-~)-“(l+5)(l“~/)Fi~'F^, where the factor / does not mu!tii)ly 
F_ since we know that in the negative glow the fraction of current carried ]>}' 
electrons is unity within a fraction of a percent. 

Let F represent that fraction of the energy, acquired by nnelectrified car- 
riers from the electrons which have moved through the fall space, which re- 
turns to the cathode (as by radiation, metastable and excited atoms, high 
temperature neutral atoms). We have already allowed in process (1) for the 
energy which is brought back by positive ions, and of course none is brought 
back by electrons. This remaining source of heating of the cathode is there- 
fore given by 

HiS) = F[m - ^0 + 04 - (1 + o)(l - /)F. F.]. 

Equilibrium. Equating to zero the sum of all these eight contributions to 
the heating, and solving for/, we obtain 

' f - + F— 00 -- (i^ + jg + C + - iJ) - F[(l + 6 )V i + F^] 

aVc + Fi — 00 + 0- — F[F, ”■ + 0- + (1 + 4Fi] 

Supplementary relation. The above expression for J7(8) gives us another 
clue to the value of/. The expression in brackets is the amount of the eiierg}' 
with which the electrons are shot into the vapor which is not retained by them 
or used in ionization. It must of necessity be greater than zero, since we 
know that a considerable portion of such energy is used, for example, In pro- 
ducing metastable or other excited atoms. In fact, we shall later discuss 
reasons for believing that the ionization is principally of the two stage or 
cumulative type. Thus bom f(Ve-(l>o+(l>d)> (1 we find 

^ ^ (l + 4Fi +F^ 

Fc — 00 “h 0-. + (1 + 5)Fi 


( 2 ) 
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Values of the terms are given in Table I . 


Table L 


Quantity 

Value 

Reference 

Pc 

10 volts 

Lamar and Compton^*^ 

Ft 

10.4 

Well known 

<h 

4.5 

Kazdaie 

R 

0.04 

Gtintherschulze^® 

E 

2.21-0 

" (see below) 

C 

2,68 

it 

C 

0.0 

it 

H 

0.0 

No external heating 

F- 

1.5 

Lamar and Compton^® 


0-4.5 

(see below) 

F 

0. 5-1.0 

(t « 

a- 

1-? 

it it 


£ — 2.21 is based on measurements by Gtintherschulze of the rate of loss 
of mass of the cathode, together with the latent heat of evaporation of mer- 
cury at 123°C. However, Compton and Van Voorliis suggested^^ that some 
of the mercury may be lost as a spray thrown out mechanically by the agita- 
tion of the surface. Such loss would not involve cooling. Issendorff^^ has 
verified this experimentally and has shown that the actual amount of true 
evaporation from the cathode spot is practically negligible as a cooling 
process. (Much of the spray is subsequently volatilized in the arc stream by 
heat developed by recombination of electrons and ions on the surfaces of the 
droplets, but this is not a process which cools the cathode.) It appears from 
this that the true value of E lies much closer to 0 than to 2.21. As to the as- 
sumed temperature of 123°C, see discussion later in the paper. 

= Q to 4.5, depending on the extent to which the emission is due to the 
field, being 0 if due entirely to the field. Perhaps a rough approximation to 
the right value is given by finding the effective work function which would 
give thermionic emission of 4000 amp-cm~^ at 123°C, which is 0_ = O.31 volt. 

F has a more restricted significance than in previous discussions owing to 
the more complete character of the present analysis. If the energy carried 
back to the cathode by unelectrified carriers is in the form of unabsorbable 
radiation, we should expect F = 0.5, since the cathode subtends half the solid 
angle about the origin of radiation, or less than 0.5 if there is reflection at the 
cathode surface. Actually, however, we know such radiation to be small (see 
Table I). If the energy gets back by any diffusion process, as by metastable 
atoms or by resonance radiation, then much more than half the energy will 
return to the cathode since the mean free path of the diffusing particles is 
considerably less than the distance from the cathode to other boundaries of 
the vapor. Since this condition is amply fulfilled in the mercury arc, we have 
1.0>£>0.5, and it is extremely probable that F is very nearly equal to 1.0. 

a has not been measured for mercury, but we should expect it to be 1.0 > a 
>0.9, since in other gases a approaches unity with increasing atomic weight. 

Lamar and Compton (preceding paper in Phys. Rev.), 
w Kazda, Phys; Rev, 2'6, 643 (1925h 
issendorff, Phys. Zeits. 29, 857 (1928). 
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Results ior the various assumptions are given in Table II. Note first that 
fi involves the uncertain factors 5 and depends only on the direct 

application of the Energy Principle. Note also that the known fact that im- 
pact ionization processes are never very close to 100 percent efficient shows 
that the true value of / must be considerably larger than the lower limit set 
by /a. The values in parentheses are impossible values either because /i <fi, 
or because /i is negative or greater than unity. 

Table It f,=/ by W; {,=/ by Eq. (2). 



o 

o 

II 

1 <^-= 0.31 

1 

3 

h 

1.0 

0.85 

0.5 

0.81 

0.0 

0.75 

1.0 

0.84 

0.5 

0,80 

0.0 

0.73 

1.0 

0.73 

o.s 

0.67 

0.0 

o.ss 

E 

a 

F 

/i 

h 

h 

/i 

ft 

/» 

h 

/i 

h ■ 

0.0 

1.0 

0.0 

0.1 

0.2 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

( 0 . 83 ) 

( 0 . 82 ) 

( 0 . 82 ) 

( 0 . 74 ) 

(- 17 . 0 ) 

0.96 

0.91 

0.89 

0.89 

0.82 

0.82 

0.83 

0.86 

0.90 

( 1 . 08 ) 

( 0 . 51 ) 

( 0 . 70 ) 

( 0 . 75 ) 

0.82 

0.83 

0.85 

0.91 

0.95 

f ! 

( 0 . 81 ) 

( 0 . 81 ) 

( 0 . 80 ) 

( 0 . 70 ) 

(- 0 . 71 ) 

0.99 

0.92 

0.89 

0.89 

0.81 

0.81 

0.82 

0.84 

0.87 

0.98 

( 0 . 55 ) 

( 0 . 72 ) 

( 0 . 75 ) 

0.81 
0.82 
0.84 
0.89 
0.93 
1.00 
( ) 

( ) 

( ) 

( 0 . 64 ) 
( 0 . 63 ) 
( 0 . 61 ) 
( 0 . 41 ) 
(- 11 . 5 ) 
( 4 . 00 ) 
( 1 . 10 ) 
0,94 i 
0.89 1 

( 0 . 64 ) 

( 0 . 6 - 1 ) 

0 ,). 64 ) 

f 0 . 6 l ) 

( 0 . 51 ) 

( 0 . 49 ) 

( 6 . 25 ) 

0.83 

0.75 

0.64 

0.65 

0.67 

0.71 

0,74 

0.79 

0.90 

( 1 . 21 ) 

( ) 

0.0 

0.9 

0.0 

0.1 

0.2 

0.5 

0.8 

0.9 

1.0 

( 0 . 82 ) 

( 0 . 81 ) 

( 0 . 80 ) 

( 0 . 59 ) 

0.93 

0.90 

0.89 



( 0 . 80 ) 

( 0 . 79 ) 

( 0 . 78 ) 

( 0 . 54 ) 

0.93 

0.90 

0.89 



( 0 . 63 ) 

( 0 . 61 ) 

( 0 . 58 ) 

( 0 . 26 ) 

( 1 . 08 ) 

0.95 

0.89 



2.21 

1.0 

0.0 

0.1 

0.2 

0.5 

0.8 

0.9 

1.0 

( 0 . 69 ) 

( 0 . 66 ) 

( 0 . 61 ) 

(- 0 . 07 ) 

( 1 . 34 ) 

( 1 . 17 ) 

( 1 . 09 ) 

( 0 . 69 ) 

( 0 . 67 ) 

( 0 . 65 ) 

( 0 . 50 ) 

( 2 . 70 ) 

( 1 . 42 ) 

( 1 . 09 ) 

( 0 . 69 ) 
( 0 . 68 ) 
( 0 . 68 ) 
( 0 . 6 . 5 ) 
( 0 . 47 ) 
( 0 . 02 ) 
(~ ) 

( 0 . 68 ) 

( 0 . 64 ) 

( 0 . 60 ) 

(- 0 . 06 ) 

( 1 . 35 ) 

( 1 . 18 ) 

( 1 . 09 ) 



( 0 . 54 ) 

CO.SO) 

( 0 . 46 ) 

(- 0 .' 04 ) 

( 1 . 62 ) 

( 1 . 25 ) 

( 1 . 09 ) 

( 0 . 54 ) 

( 0 . 52 ) 

( 0 . 49 ) 

( 0 . 33 ) 

( 23 . 0 ) 

( 1 . 70 ) 

( 1 . 09 ) 

( 0 . S 4 ) 

( 0 . 53 ) 

( 0 . 53 ) 

( 0 . 50 ) 

( 0 . 36 ) 

( 0 . 15 ) 

{- ) 

0.44 

1.0 

0.0 

0.1 

0.2 

0.5 

0.8 

0.9 

1.0 

( 0 . 80 ) 

( 0 . 79 ) 

( 0 . 78 ) 

( 0 . 58 ) 

0.99 

0.94 

0.92 



( 0 . 79 ) 

( 0 . 78 ) 

( 0 . 76 ) 

( 0 . 55 ) 

( 1 . 01 ) 

0.95 

0.92 

( 0 . 79 ) 

( 0 . 79 ) 

( 0 . 79 ) 

0.86 

0.99 

0.85 

0.83 

0.79 

0.79 

0.80 

0.84 

1.00 

( 1 . 33 ) 

( ) 

( 0 . 62 ) 

( 0 . 61 ) 

( 0 . 58 ) 

( 0 . 32 ) 

( 1 . 21 ) 

1.00 

0.92 




Conclusions. A survey of Table II shows, first of all, the futility of at- 
emptmg to determine the fraction /by heat balance methods, since the un- 
known parameters E, u, E, leave a great range of possibilities. Nevertheless 
some interesting infoimation can be obtained. 

lam *- J'. S "11 give possible results if E is as 

large as Guntherachulae s value 2.21, which checks the later estimates de- 

scribed above, which make £< <2.21, 

mendMS°ahoie‘T‘“" 7 »■ Pl-ysieal considerations, 

tb!fn? n- P'*'* I-0>J'>0.5 (with F probably nearer 1.0 

than 0.5. Similarly we shall see that 1.0>5>0. 

_ With these possibilities in mind, we see from Table II that the most orob- 
ae values of/ arise from cases where both the numerator and denominator of 

riers an oLeS« • "T- Y ^y unelectrified car^ 

s, an observation which is suggestive of a considerable concentration of 
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metastable atoms and of cumulative ionization. More direct evidence of this 
appears later in the paper. 

In the light of this study it seems hopeless to prove or disprove the Lang- 
muir theory by heat balance arguments. This analysis shows for the first 
time, however, that the heat balance may be made consistent with Langmuir's 
theory and with the known facts of ionization by making the most reasonable 
assumptions regarding the unknown factors F and 6. In order to make the 
considerations still more precise, it is important to measure the accommoda- 
tion coefficient a for Hg ions at a Hg surface and to obtain a more reliable 
estimate of evaporation E under conditions in which the other thermal quan- 
tities are also measured. Thus we may assume Langmuir’s theory, with its 
very small value of on the basis of its reasonable character and the ab- 
sence of evidence for any other adequate mechanism. 

Temperature and Vapor Pressure at Cathode 

The temperature and vapor pressure at the cathode can be calculated if 
the rate of evaporation from the cathode is known. Early attempts to meas- 
ure this led to erratic and large values. Schaefer^® found 36.7 (10)~®g-amp. 
sec~h and Guntherschulze^® 7.2 (10)”^g-amp*""^ sec~h Compton and Van 
Voorhis’ suggestions^ that these large values arise from mechanical spray was 
verified by Issendorff,^^ who found <1.3 (10)"'® g-amp-”"^ sec”h Recently 
Kobeb^ devised a means for holding the cathode spot quiescent and found 
the rate of evaporation to be 0.017 (10)“^ amp*"“^ sec~h Since this lies within 
Issendorff’s limits, and since a quiescent spot would be expected not to eject 
spray, we shall take this as the best value at present available. (The device 
for holding the spot quiet may have made this value too small, but several 
considerations indicate that such an error is small, if present.) KobeFs 
average current density was 1912 amp-cm""^, hence the rate of evaporation 
was 0.0325 gm cm"-^. 

It must be observed, however, that these values refer only to the net rate 
of escape of Hg atoms. The true rate of evaporation is larger than this, but 
a certain portion of the evaporated atoms return to the cathode as ions. The 
true rate of evaporation M can. be equated to the observed rate Mo plus the 
rate of return of ions to the cathode, which is 0.00209 (1—/) g-amp'~^ sec“h 
(0.00209 is the electrochemical equivalent of Hg). If we express this in terms 
of evaporation per cm^, we have 

M = Ifo + 0.00209(1 - /)i, (3) 

where j = current density. From the familiar kinetic theory relations 
n — p = \NmlF = NkTy M = nm 

we find 

16 M^kT 

p% — — dynes • cm“^, (4) 


where m is. the massuf an atom in grams. 

Schaefer, Diss. Darmstadt (1910). 

■Kobefi' Phys. Rev, 36, 1636 (1930). ■ 


lU^O 


KARL T. COMPTON 


: If the experimental values of M from Eq. (3) are substituted into Eq. 
(4), an infinite number of pairs of possible values of pressure p and tempera- 
ture T is found. Only one of these pairs of values, however, satisfies the vapor 
pressure relation between p and T, Thus Eq. (4) together with the vapor 
pressure equation, serve simultaneously to fix unique values of T and p. 
This value of T is the temperature of the cathode spot and from p and T we 
can find the value of atomic and electronic mean free paths just outside the 
cathode. 



Here, as before, uncertainty in / prevents us from drawing definite con- 
clusions, but here again we can set certain limits with considerable assurance. 
It ionization IS cumulative in two stages, not more than one ion can be formed 

Table III. 


/ 

P ' ■ 

T 

1.00 

0.75 mm 

123°C 

0.95 

' 5.4 , 

167 

0.80 

19.6 

202 


X (electron)-® 

dc 

0.0026 cm 

(0.000176) cm 

0.00033 

0.000039 

0.000084 

0.000019 


2" Constants from Compton and Langmuir, Rev. Mod. Phys. 2, 208 (1930). 
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for every two electrons, and if half the ions move toward the anode, recom- 
bining (5 = 1), we must have/>0.8. Table III shows the results of three as- 
sumptions, the values being taken from Fig. 3. For comparison there are 
shown also the corresponding values of thickness of cathode fall space, cal- 
culated as in the' preceding paper. 

Three important facts are derived from this consideration of rate of evapo- 
ration: (1) the surface temperature of the cathode spot cannot exceed about 
200*^0; (2) the vapor pressure there is considerably less than the value of 
about one atmosphere recently assumed (3) the electron mean free path is, 
in any case, considerably longer than the thickness of the cathode fall space, 
a fact which justifies several simplifying assumptions such as the applica- 
bility of the simple space-charge equation in the fall space. 

Question of high-speed ejection of vapor. Tangberg^^ for a copper arc and 
Kobeb® for a mercury arc have called attention to the relatively large pres- 
sure on the cathode spot and have interpreted it as indicating very high 
speeds of evaporating atoms, speeds characteristic of temperatures of the 
order of 500,000°K1 iVmong the physical difficulties of this interpretation 
may be mentioned the inconsistency between such a temperature and the 
observed rate of evaporation which, as we have seen, indicates a surface tem- 
perature of not more than 200°C. Compton^^ suggested that a more reason- 
able interpretation of this pressure is to be found in the existence of an 
“accommodation coefficient” for ions which strike and are neutralized at the 
surface — this accommodation coefficient having been inferred for He, Ne and 
A ions from thermal measurements at cathodes by Van Voorhis and Comp- 
ton^- and later measured directly for He ions by Lamar 

For the mercury arc, the pressure resulting from an accommodation coef- 
ficient a< 1.0 may be calculated thus, per cm^: 

Positive ion current at cathode. jii * 

Mass of positive ions striking cathode per sec. 

Number of positive ions striking per sec 0.63(10)^^ ~"/) 

Kinetic energy of incident ion 1.59(10)“"^^ erg 

Total kinetic energy of ions striking per sec. . 1,00(10)^ i(l ““/) 

Total kinetic energy of neutralized ions leaving 

cathode per sec 1.00(10)® j(l ”"/) (1 ‘ 

Total momentum of neutralized ions leaving 

cathode per sec 647 j(l "“/) (1 ’ 

This last quantity is the pressure, provided the neutralized ions leave 
normally to the surface. We should rather expect the escaping neutralized 
ions to be scattered in all directions, and in fact Lamar's results indicate this 


-f) amp. 
0.00209 i(l~-/) g 


-a) erg 
dyne. 


GOntlierschulze, Zeits. f, Physik 11, 74 (1922); Langmuir, Science 58, 290 (1923) ; Comp- 
ton, Summer Convention A.I.E.E. (1927). 

22 Tariberg, Phys. Rev. 35, 1080 (1930). 

23 Compton, Phys. Rev. 36, 706 (1930), (In this paper there is a numerical error which 
arose through taking an incorrect value for the electrochemical equivalent of Hg, but which, 
qualitatively, does not vitiate the argument). 

24 Lamar (to be reported at Washington Meeting of the Amer. Phys. Soc.) and published in 
the Physical, Review. 
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in the case for He ions. In this case we must use the mean normal component 
of momentum, which gives just half the above values. We thus have 

^ = 0.66i(l -/)(1 

^ = 0.33j(l “/)(! - 

depending on whether we assume an (normal escape) or ar (random escape). 

KobeFs results gave an average pressure of 5.75 cm Hg (78.2 g-cm""^) on 
the cathode spot whose average current density was 1912 anip- cm“^. Sub- 
stituting these values in Eq. (5) we obtain the relations shown in Table IV. 

Table IV. 


0.50 0.60 

0.70 

0.80 

0.90 

0.985 0.98 

0.96 

0.90 

0.62 

0.95 0.92 

0.84 

0.60 

(-) 


Since, as we have seen, experimental evidence points to ar rather than 
an, we see that this analysis suggests that the accommodation coefficient a for 
Hg ions is less than the value, nearly unity, suggested by its high atomic 
weight, taken in conjunction with the known values of a for He, Ne and A. 
This again emphasizes the desirability of making a direct measurement of a 
for Hg ions. 

Mechanism of Ionization 

The fact that the cathode drop is so constantly close to 10 volts, inde- 
pendently of current, vapor pressure, etc., over the entire range in which 
a Hg arc can be struck from a liquid Hg cathode, suggests that this value 
is fixed by some characteristic process in the arc mechanism. It has been 
quite generally assumed that this process is the ionization of the Hg atoms by 
electron impact, and that the significance of 10 volts is, roughly, the ioniza- 
tion potential 10.4 volts. There are, however, three serious and probably 
insuperable difficulties besetting such an interpretation, as follows. 

(1) The probability of ionization by an electron of 10.4 volts energy, or 
even a few volts more, is so small that it is difficult thus to account for the 
production of the requisite number of positive ions. (2) The present more 
refined measurements of cathode drop point to a value less, rather than ex- 
ceeding, 10 volts, the best estimate being 9.9 volts, which makes the assump- 
tion of direct impact ionization still more unsatisfactory. (3) If the electrons 
are pulled out of the cathode by the field, the field thus does work <?!>o=4.5 volts 
in pulling them out, so that the kinetic energy gained by the escaping electron 
is only 9.9— -5 A volts, which is far insufficient to permit ionization 'by 
single impact. 

The obvious escape from these difficulties is to adopt the theory that 
ionization is caused in two stages, which is at once seen to be in excellent ac- 
cord with various related facts. The electron energy is very close to the value 
necessary to produce excited or metastable atoms, and to ionize them when 
formed. We know that, unlike ionization by single Impact, these processes 
have a high probability when the energy of the impacting electron is only 
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slightly in excess of the minimum energy required for the process. Further- 
more, experiments with low voltage arcs have proved that the favorable con- 
ditions for arcs to operate by such cumulative ionization are large current 
density and vapor pressure of at least the order of 1 mm, both of which con- 
ditions are amply fulfilled in the mercury arc. Thus it would be very surprising 
if the ionization were not of the cumulative type. The reason for not having 
adopted this interpretation sooner was principally the dijfficulty, in preceding 
analyses of the situation, of justifiying a value of / large enough to be con- 
sistent with it, and secondarily the erroneous apparent significance of a 
cathode drop so nearly equal to the ionizing potential. 

Electrical Conditions Near Cathode 

In Fig. 4, let the ordinates of curve N represent the relative numbers of 
electrons, projected out from the cathode, whose free paths terminate by 



I Fig. 4. 

I" collisions at distances d. Since, as we have seen, the thickness of the fall space 

I dc is less than the mean free path X, we may consider these as projected out 

i ^ with uniform velocities corresponding to the kinetic energy Fc— 0o. The rate 

I of production of ions or excited atoms will therefore also be proportional to 

the ordinate of curve iV at each distance from the cathode. 

Every region of intense ionization tends to be a region of potential maxi- 
I mum, owing to the fact that electrons diffuse away from it more rapidly than 

do positive ions. There is therefore, a little way in front of the cathode, a 
region of potential maximum C, As a first approximation, this may be taken 
I being at the distance of one mean free path from the cathode, since this 

, is the mean position at which ionization occurs. 

I From this region of potential maximum C, positive ions are forced by the 

I field in. both directions, half moving in to the cathode and half moving out 

I ■" ' ' , ■ 

i 

1 
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toward the anode and eventually combining with electrons. Since the cathode 
is so much nearer than the anode to this region of potential maximum, the 
concentration gradient on the cathode side must be greater than that of the 
anode side, which would tend to displace the region of potential niaxiiiuim, 
away from the cathode. On the other hand, the fact that ionization occurs 
at a more rapid rate nearer the cathode, as shown by curve tends partially 
to offset this displacement. The extent of this displacement determines the 
amount by which S in Eqs. (1, 2) differs from 1.0. 

The net result of these actions, including the action of space charge within 
the space-charge sheath (cathode fall space) is shown diagrammatically by 
curve V. The space charge equation applies within the distance de, to the 
point B. Between B and the potential maximum, the plasma considerations 
developed by Tonks and Langmuir^^ apply. Beyond C there is ambipolar 
diffusion toward the anode by both electrons and ions. 

There is obviously a small uncertainty in the meaning of "cathode drf.)p'h 
The drop across the space-charge sheath to the point B is the quantity which 
is significant in estimating the field at the cathode. The drop to the point C 
is the maximum potential drop available to produce ionization. The drop to 
some point beyond C — i.e., to the point of nearest approach of an exploring 
electrode, is the nearest point to which the drop can be measured experi- 
mentally, as in the preceding paper. 

In conclusion, it may be noted that this analysis indicates that the limits 
of uncertainty in the values of /, dc and field at cathode may be reduced by 
more careful measurements of thermal relationships and of accommodation 
coefficient, but that the accuracy of an absolute evaluation of these quanti- 
ties is limited principally by our inability accurately to measure or estimate 
two factors: the fraction F of the energy, imparted by electrons to unelectri- 
fied carriers, which goes to the cathode; and the fraction 1/(1 +5) of the 
positive ions formed near the cathode which go to the cathode. 


Tonks and Langmuir, Phys. Rev. 34, 876 (1929). 
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Abstract 

A method is described for studying the characteristics of the components of the 
electrodeiess discharge in mercury vapor. A Hartley oscillator is used to excite the 
discharge, oscillating currents up to 45 amps, being obtained at frequencies from 
5X10® to 12X10® oscillations per second. Shield experiments have been performed 
which clearly show the distinction betw^een the dull glow discharge which is consid- 
ered electric in its origin and the bright glow discharge which is shown to be electro- 
magnetic in its origin; the dependence of the bright glow on the dull glow or on the 
effect of some ionizing agent is proved. The variation of the current necessary to start 
the discharge with the pressure of the mercury vapor has been investigated fully over 
the pressure range 0.002 to 0.2 mm of mercury. Curves are drawn and analyzed in 
terms of J. J. Thomson’s electromagnetic theory of the discharge and Brasefield’s elec- 
tric theory. It is shown that neither theory is sufficient to explain the experimental 
facts; the predictions seem to hold for the bright glow with fair agreement but fail 
markedly with the dull glow. 


Introduction 

T WO opposing theories have been advanced in recent years to explain 
the nature of the ^^electrodeiess” discharge which occurs under proper 
excitation in a gas or vapor at low pressure. The usual arrangement is to 
insert the bulb containing the gas in a coil in which high frequency currents 
are flowing. 

J. J. Thomson^ has contended that the discharge is due to the alternating 
e.m.f, induced around the inside periphery of the discharge tube by the vary- 
ing magnetic field of the coil, Townsend and Donaldson^ however have 
strongly supported the view that the discharge is caused by the electric 
forces”''^ between the ends of the coil. This second view is also held by those 
who have worked with external electrodes, for example Brasefield.^ 

In an attempt to reconcile the two explanations MacKinnon^ constructed 
an exciting circuit which could be energized by either damped or undamped 
oscillations, for the reason that Thomson had used only damped oscillations 
while Townsend and Donaldson had used only undamped oscillations. From 
his experiments, MacKinnon concluded that the discharge was of "electro- 
magnetic” origin when excited by the damped oscillations of Thomson and 

i J. J. Thomson, Phil. Mag, 32, 321, 450 (1891); 44 , 293 (1897); 4 , 1128 (1927). 

" 'Fownsend and Donaldson, Phil. Mag. 5, 178 (1928). 

® Tlie term “electric forces” is used here to represent those forces due to the fact that two 
parts of the coil are at different potentials. For such a force the usual term “electrostatic” is 

here obviously a misnomer. 

^ ikasehcld, Phys. Rev. 35, 1073 (1930); 37, 82 (1931). 

® K. A. MacKinnon, Phil Mag, 8, 605 '(1929). ■. 
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electric” when excited by the undamped oscillations of Townsend and Ilon- 
aldson. With large currents in the undamped oscillator coil he was able to 
obtain a very bright glow, not reported by Townsend and Donaldson, which 
he thought was related to the “ring” discharge of Thomson. This led him to 
believe that the electromagnetic type of discharge occurred with the damped 
oscillations because the instantaneous coil currents were very large, and that 
the undamped oscillations would also cause the characteristic “ring’' dis- 
charge of the damped case if the gas used had a sufficiently low ionizing po- 
tential. The results of the present work support MacKinnon’s view in many 
details. 

An ordinary Hartley circuit was used as a generator of the high frec|iiency 
oscillations employed in the experiments to be described. The resistance of 
the circuit was kept low by the use of copper tubing for leads and inductance 
coils while the ratio of capacity to inductance was high; the result was the 
generation of large currents in the oscillator coil which also acted as the ex- 
citing coil for the discharge; thus currents of 45 amps, at frequencies from 
5 X 10® to 12 X 10® cycles per second were easily obtained. These currents were 
measured by a Weston thermo-ammeter placed directly in the circuit between 
coil and condenser or by a current transformer and thermo-ammeter as de- 
scribed by Campbell and Dye.® All frequencies were measured by a General 
Radio precision wave-meter. 

Over the whole pressure range studied (0.002 to 0.2 mm of mercury) 
the authors have observed both types of discharge described by MacKinnon; 
over parts of the range, however, special precautions were necessary to sepa- 
rate them. Mercury vapor was used in the bulb throughout the investigation 
except where indicated otherwise. The general procedure was as follows : The 
pressure in the bulb was held constant and the coil current gradually in- 
creased ; at a critical value of the current a bluish white “dull glow” appeared 
inside the tube. When the current was increased to a second critical value, 
the discharge suddenly changed into an intense “bright glow”; at the same 
time, a large amount of power was drawn from the oscillator. At certain pres- 
sures this “bright glow” assumed the form of a ring around the inside peri- 
phery of the tube, in appearance very similar to the familiar “ring” discharge. 

When no discharge was excited on inserting the tube in the coil, no change 
occurred in the oscillating circuit. When the dull glow was excited, no change 
occurred in the circuit nor was the discharge tube heated appreciably. But 
when the bright glow was strongly excited, the oscillating current decreased 
greatly, the plate current increased, the frequency remained the same and 
the bulb was heated appreciably. 

Effect of a Shield 

The “dull glow” has been excited readily either inside or outside the coil; 
in fact at certain pressures, it has appeared whenever the bulb was brought 
anywhere near the oscillator. This action in itself indicates the “electric” 

® Campbell and Dye, Proc. Roy. Soc. A90, 621 (1914). 
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nature of this type of discharge. To investigate the case further a metallic 
shield was made by pasting narrow strips of tin-foil parallel to each other on 
i a piece of paper and then connecting them together at one end by a transverse 

strip of foil. The paper was then rolled into a hollow cylinder with the axis 
parallel to the strips and the ends open. When this cylinder surrounded the 
, bulb it caused very little electromagnetic loss due to eddy currents but served 

as an excellent shield against “electric forces.” When the pressure and coil 
current were suitable for the excitation of the “dull glow,” the presence of the 
shield always caused the glow to disappear whether the discharge tube was in 
the coil or outside. The glow never reappeared as long as the shield remained 
interposed between the tube and the coil, no matter how great the coil current 
was made (in our ca,se up to 45 amps.). 

If the “bright glow” had been existed strongly in the tube and the shield 
was inserted, the glow was apparently unaffected. If the bright glow was 
stopped however by a reduction of the current, it could not be made to reap- 
pear so long as the shield was in place even though the current reached the 
maximum of 45 amps. These experiments were repeated with a second cylin- 
drical shield with closed ends; the results were the same. 

When damped oscillations of approximately the same frequency as the 
s undamped oscillations were used for excitation, the dull glow could be ob- 

tained only outside the coil ; the shield affected it in exactly the same manner 
j as before. The bright “ring” discharge which appeared inside the coil behaved 

toward the shield identically as did the bright glow of the undamped case. 

When the conditions were right for maintaining the bright glow without 
; a shield, it could be started and maintained inside the shield by exposing the 

I tube momentarily to x-rays, or with a quartz discharge tube, to the radiation 

j from a mercury arc in quartz. If a small ball of mercury was in the tube, the 

I" bright glow could be started similarly by simply twirling the tube and thus 

generating a faint glow of triboluminescence around the ball of mercury. 

; All of the above shield experiments have been repeated for air and car- 
’s bon monoxide with similar results. 

|i Variation of Starting Current with Pressure 

f 

I The variation of the current necessary for starting the discharge in mer- 

: cury \-apor, with changing pressure was very difficult to observ^e precisely. 

U The external condition of the tube, slight impurities in the vapor and small 

I amounts of liquid mercury all affected the starting current and the results at 

j first were so erratic that it seemed as though no generalization could be made, 

i Determination of the pressure was difficult as the measurement of the tera- 

1 perature of a furnace in which the bulb and coil were placed was not satisfac- 

tory because of the sudden rapid increase in temperature in the closed space 
when the oscillating current was turned on. A thermometer placed anywhere 
in the ileki of the coil proved unreliable. 

Reproducible results were finally obtained with the following apparatus 
and procedure. The discharge tube is shown in Fig. 1 ; the bulb a was placed 
' within the oscillator coil and both were enclosed in a transite box and heated 
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by a blast of hot air; this furnace could be adjusted to any desired tempera- 
ture from 120°C to about 200°C and maintained constant within a few de- 
grees. The well b was outside of the furnace in a constant temperature bath 
which could be varied from 0°C to 100"C; it contained liquid mercury. Thus 
the pressure of the mercury vapor in the bulb was determined by the tempera- 
ture of the mercury in the well, as read on a thermometer placed in tube c. 
The pressure corresponding to a given temperature was taken from a curve 
plotted from the data given by Kaye and Laby. 

At the start of a run, the furnace was first raised to a temperature of say 
180^C and kept there for about half an hour with the bulb and coil in place 
and the mercury well at a low temperature; this action insured that all the 
liquid mercury was evaporated from the bulb itself. The temperatuie of the 
well was then raised by adjustment of the constant temperature bath to the 



Fig, 1. The experimental bulb made of Pyrex. The broken lines show the position of the 

transite walls of the furnace. 

value corresponding to the pressure at which the run was to be made. After 
a wait of about fifteen minutes at this temperature, readings of the starting 
current were taken at one-minute intervals. When these showed no consisten t 
change, the average of six or more consecutive readings was taken as the 
starting current. 

Table I shows a typical set of readings for starting currents; h is the start- 
Table I. Currents necessary to start the electrodeless discharge. 


Frequency - 7.2 X10® cycles per second. Temperature of furnace -184°C. Temperature 
of the mercury weII = 75.5®C. Pressure of mercury vapor in discharge tube =0.066 mm of 
mercury. 



1 

2 

3 

4 

5 

6 

Average 

h amps (dull glow) 

I 2 amps (bright glow) 

5.00 

6.60 

4.80 

6.65 

4.85 

6.65 

5.00 

6.65 

4.90 

6.65 

4.95 

6.65 

4.91 

6.65 


ing current for the dull glow and 1% that for the bright glow. The values of h 
are more consistent than those of Ji ; this was generally the case. 
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Figure 2 gives the curves illustrating the variation of starting current with 
pressure at a frequency of 7.2 X 10^’ cycles per second. Curve bcdfh is for the 
bright glow and curve acefg for the dull glow; all pairs of curves taken were 
very similar to these in shape. The minima at b and e occurred at the same 
pressures for the different curves and at about the same currents but the 
rest of the curve was often shifted along the current axis. Within the pressure 
range from c to/ of Fig. 2 the starting currents of the two discharges followed 
each other as described above. To the left of c and to the right of/, the bright 
discharge appeared at points on the curve ac and /g; the dull glow did not 
precede the bright glow in these regions. When the power supplied to the os- 
cillator was decreased however the bright glow was made to disappear but 
the dull glow remained. When the power was again increased, the dull glow 



Fig. 2. Typica! curv^es showing the variation of starting current with pressure in mercury 
vapor. Curve bcdfh is for the “bright glow” and curve acefg is for the “dull glow’^; the former 
appears again as in Figs. 3 and 3a and the latter as DC in Fig. 3. 

still being on, the bright glow reappeared at a considerably lower current than 
at first, corresponding to some point in the region be or fh. Since our experi- 
ments with the shield have shown that the bright glow does not appear at 
any pressure unless preceded by the dull glow or by some external source of 
ionization, we have taken bcdfh as the true starting current curve for the 
bright glow, and acefg for the dull glow. Both types of discharge exist there- 
fore over the whole range of pressures and may be started or stopped at will. 

The minimum at b of the bright glow appears again in the curves Di of 
Figs. 3 and 3a; the last curve shows particularly how definite the minimum is. 

Discussion of Results 

Figs. 3 and 3a give the results of one set of experiments; many others were 
obtained like them. The full line curves .4, B, C and D show the variation of 
starting current with pressure for the bright glow while the dotted curves 
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A\ and D' are for the dull glow. Curves At, A^ and -dg were all taken 

at a frequency of 11 XlO® cycles per second; the oscillator coil had an induce 



Fig. 3. A collection of curves illustrating the effect of changes in inductance and frequency 
of the oscillating circuit on the minimum starting current ; the full lines are for the ''bright glow '' 
and the broken lines for the "dull glow” ; the curves similarly labelled, e.g., A and A ' were taken 
simultaneously. The region to the left enclosed by the chain lines is enlarged in Fig. 3a, 




ELECTRODELESS DISCHARGE IN Eg VAPOR 


1097 


tance of 6.84 X lO™’^ henries. Curve Ai was taken on June 11 after the tube 
had been operated for a considerable period previously at a frequency of a 
7.2 XlO^’’ cycles per second. The minimum at 0.0028 mm of mercury is very 
definite but is the only case in which such a low pressure minimum has been 
observed; the minimum at 0.0070 mm has therefore been chosen as the proper 
minimum for comparison with the other curves; no explanation can be of- 
fered at this time for the appearance of the two minima. Curves and .4 3 



Fig, 3a. An enlarged view of the minima of the “bright glow” curves to show how sharply the 

minimum currents are defined. 

were obtained on June 12. Figure 3a shows that their minima fall at a pres- 
sure of 0.0085 mm." ' 

Curves Bi and B% were obtained on June 13; the frequency was kept at 
11,0X10® cycles per second as for the curves A but the inductance was in- 
creased to 10.4 X 10“^ henries. The minima for Bi and ^2 are seen to fall at 

^ A comparison of curve /li with Ai and 4 3 shows that the first curve taken at a given fre- 
quency after the discharge tube has been run at a lower frequency results in a displacement of 
the minimum to a lower pressure than occurs with succeeding curves taken under otherwise 
identical operating conditions. The coil currents at the minima for At and Az are less than for 
4 1 ; this whole behavior is typical 
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a lower pressure than with the curves A, the value being 0,0065 mm. I he 
^^electromagnetic” theory of Thomson and the ^^electrlc” theory of Brasefiekl 
(for external electrodes) demand that the ratio of the frequency to the pres- 
sure at which the minimum occurs should be a constant; here, however, a 
shift takes place in the pressure at which the minimum occurs without a 
change of frequency but with a change of inductance. The values of the coil 
current at the minima are considerably lower with the curves B than with 
the curves A ; this may be accounted for in terms of the change in inductance 
from 6.84X10-^ henries in the latter case to 10.4X 10"”^ henries in the former; 
the coils were of two and three turns, respectively. The magnetic field at the 
minimum should be 

^2 /2VY\ 

^ a \e/m) 

according to Thomson, where V is the effective ionization potential for the 
gas and a the radius of the bulb; thus the starting current at the minimum 
should depend only on the gas, the bulb and the coil. The approximate value 
of the field inside of a solenoid is H — lirni (cos -- cos ^ 2 ) (see Starling 5tli 
Edition p. 229); the coil current at the minimum should thus have been 16.8 
amps, for curves .4 and 10. 4 amps, for curves B, on the assumption further 
that the ionizing potential is 10.4 volts. If the effective ionizing potential 
is taken as 5.5 volts, these values become 12.2 amps, and 7.6 amps., respec- 
tively. Actually the currents were about 5.5 amps, for curves A and about 4.0 
amps, for curves B. 

The electric field at the minimum should be 


Eo - irfl 


/ 2F 
\ ejm ) 


according to Brasefield.^ The shield experiments have given evidence of only 
diametral electrical fields; the recent experiments of Knipp® seem to confirm 
this observation. If this is the case 

tJL 

2Nr 

where /is the frequency of the oscillation, L is the inductance of the coil, r 
is its radius and N the number of turns; Jo is the peak value of the minimum 
starting current; this approximation for £0 is based on the assumption of a 
linear drop in potential around the coil; a sine distribution leads to results of 
the same order. In effective amps, the above result becomes 


J = 


2Nr / 2 F\i /2 


(— y 

\efm / 


1.414L^ 

The coil current at the minimum should thus have been 2.24 amps, for curves 

8 Bulletin of the American Physical Society Vol. 6, number 1, p. 22, abstract 3S, February 
10, 1931. 
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A and 1.99 amps, for curves on the assumption that the ionizing potential 
is 10.4 volts. If the effective ionizing potential is 5.5 volts, these values be- 
come 1.63 amps, and 1.45 amps., respectively. The currents were actually 
about 5.5 amps, for curves A and 4.0 for curves B, 

The observed values of the currents are of the same order of magnitude 
as the calculated values on either theory although the electromagnetic theory 
values are about twice as large as those observed and the electric theory 
values are between one fourth and one third as great, when the effective ioniz- 
ing potential is taken as 5,5 volts. The electromagnetic theory predicts a 
change in the minimum current from curves B to curves A, the calculated 
ratio being 0.62. The electric theory predicts for diametral fields a shift cor- 
responding to the ratio 0.89. The ratio of currents actually observed is 0.71. 

Curves Ci, C 2 , Cz and C 4 were run in that order on June 14. Curve Ci 
shows a minimum at a pressure of 0.0075 mm of mercury while the minima 
for the other three curves fall at a pressure of 0.0055 mm. The inductance 
was the same as for curves B, 10.4 X lO""^ henries, but the frequency had been 
lowered from ll.OXlO*^ cycles per second to 7.2X10^ cycles per second.^ The 
ratio of the frequency to the prevssure at the minimum for curve A^ or Az and 
curve C 2 , Cz or C 4 is a constant within the limit of experimental error as pre- 
dicted by both theories: 


11.0 X 10« 

0 . 00 ^ 


= 1295 X 10«; 


7.2 X 10'^ 
0.0055 


= 1310 X 10«. 


The ratio of inductance to capacity in curves A and C was constant. For 
curve Bi or B 2 and curve C 2 , Cz or C 4 the ratios of frequency to pressure at the 
minimum are obviously not the same; the change in frequency resulted from 
a change in capacity in the circuit, the inductance remaining the same. Both 
theories predict that the coil currents at the minima for curves B and curves 
C should be equal as they are shown to be independent of the frequency. 
While successive values for curves B are increasing and those for curves C 
are decreasing, the values for the lower frequency are definitely higher than 
for the higher frequency. 

Curve D was taken in an early set of experiments on May 22 and is in- 
cluded to show how well the results agree even after a lapse of time. The 
minimum falls at the same pressure as for C 2 , Cz and C^; the coil current is 
lower than for the C curves but is above that for either Bi or B 2 . 

The ^^electromagnetic” theory predicts that the minimum for curves A 
and B should occur at a pressure of 0.0035 mm for a frequency of 7.2X10® 
cycles per second and at 0.0054 mm for a frequency of 11.0X10® cycles per 
second, the ionizing potential being taken as 10.4 volts. We have found, how- 
ever, that the dull glow or its equivalent must always be present before the 

® Here again on running the tube after a change in frequency of the oscillator, the minimum 
for the first test is displaced with respect to the minima obtained in succeeding tests under 
otherwise identical operating conditions. In this case however the first minimum is at a higher 
pressure than the following, corresponding to a change from one frequency to a lower value. 
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bright glow comes on; we have considered therefore, that the eftective ioniz- 
ing potential is 5.5 volts. The calculated values of the pre.ssure at the minima 
then become 0.0048 mm for 7.2X10® cycles per second an£ 0.0075 mm for 
ll.OXlO® cycles per second; the observed values were 0.0055 mm for cumes 
C at 7.2 X 10® cycles per second, 0.0085 mm for curves .4 at 1 1 .0 X 1 0® cycles 
per second and 0.0065 mm for curves B at the same frequency; the agreement 
is fair. 

The electric theory predicts that the minimum should fall at 0.0031 mm 
for 7.2X10® cycles per second and at 0.0046 mm for 11. OX 10® cycles per sec- 
ond; the effective ionizing potential of 5.5 volts has been used to calculate 
these results. The agreement here is much less satisfactory than in the elec - 
tromagnetic case. Throughout the calculations for the values of the pressures 
at the minima the mean free path of an electron in mercury vapor at 1 mm of 
Hg pressure and 25°C has been taken as 0.0149 cm as given by Compton and 
Langmuir.^^ 

The diametral fields set up by the currents in the coil were sufficient to 
produce ionization but not at the pressures corresponding to the minimum 
of the bright glow; the mean free path of an electron in mercury vapor is not 
great enough to permit an electron to acquire sufficient velocity to cause ioni- 
zation. 

One other point in connection with the bright glow curves should be 
mentioned. Indications are that the furnace temperature, and therefore thci 
bulb and vapor temperature, affects the position of the maximum in the re- 
gion above 0.05 mm. For temperatures below 17()°C, the maxima occur as 
with curve C4; for temperatures around 185°C, the curves flatten out as in 
A 2 and Az and for still higher temperatures the curves continue to rise. Fur- 
ther work is in progress in an attempt to determine the relation between the 
shape of the curve and the furnace temperature. 

The curves Ai\ A^' and Az' were taken simultaneously with the Au At 
and Az curves and represent the variation of starting current with pressure 
for the dull glow corresponding to curves Au At and Az for the bright glow; 
the B' and C' curves have a similar interpretation. Curves ^2^ and /I3' are 
entirely above At and Az; this is a significant fact because an observer could 
readily have failed to detect the existence of two types of discharge under 
these conditions. The procedure described above for separating the two com- 
ponents of the discharge was particularly important here; at some value for 
the current the two discharges appeared simultaneously corresponding to a 
point on one of the A' curves; the current was reduced until the bright glow 
disappeared, leaving the dull glow; the current was again increased and the 
bright glow reappeared at a point on the A curve. A change of inductance 
from 10.4 xl0~^ henries to 6.84 henries was made in passing from the 
B' to the A ' curves but the frequency was kept at 1 1.0 X 10^ cycles per second. 
The shift of the curves along the current axis is about twice as great for the 
dull glow curves as for the bright glow ; the change of inductance should have 

Compton and Langmuir, Rev. of Mod. Phys. 2, 208 (1930). 
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affected them alike. As pointed out above for the bright glow curves the ob- 
served ratio of the minimum currents was 0.71 and the computed was 0.89 
on the basis of diametral fields; according to the theory the same calculation 
should hold for the dull glow but the observed ratio is only 0.39. If axial 
fields are assumed, the computed value for the ratio is 0.99; in either case the 
observed values for the dull glow fail to fit the theory and the discrepancy 
is much greater than for the bright glow. 

Curves C were obtained with the same inductance as for curves B 'namely 
10.4 X 10-^ henries but the frequency was reduced to 7.2 X 10« cycles per sec- 
ond. On the basis of the electric theory there should have been no change in 
the values of the minimum currents in passing from B' to C' but actually 
there were very large changes. Again the shift along the pressure axis is in 
the wrong direction for the minimum should occur at a lower pressure as the 
frequency is lowered. Furthermore the currents observed at these minima 
were not sufficient to set up diametral fields powerful enough to cause ioniza- 
tion; the electrons could not possibly acquire sufficient velocity in the dis- 
tance equal to the mean free path of an electron in mercury vapor at these 
pressures. This would seem to indicate that the process is one of multiple col- 
lisions.*^ 

Curve D' is included to show that even the dull glow curves may be repro- 
duced after a lapse of time although it was much more difficult in general to 
repeat the dull glow curves than the bright glow curves. 

The authors wish to thank Mr. John Mills and Bell Telephone Labora- 
tories for the use of power tubes used in this investigation. They desire, too, 
to extend their grateful appreciation of the help rendered by Dr. Ann Hep- 
burn in the experimental work. 


This is the region of pressures, too, in which the bright glow curves show their change of 
shape with furnace temperature; it may be possible to explain the change in shape in terms of 
a variation of the terminal velocity of an electron moving through mercury vapor with the tem- 
perature of the vapor, the pressure being fixed by the temperature of the liquid mercury present. 
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Abstract 

The application of the Pirani gauge to the measurement of small pressure changes 
is discussed. Both nickel and tungsten wires are used as filaments in the gauge. Nickel 
wire not only has the greater sensitivity but possesses several other advantages. The 
theory of the gauge is developed so that it is possible to predict the effect of change in 
length or diameter of the wire upon the sensitivity of the gauge. The theory also pre- 
dicts that there is an optimum temperature to which the wire .should be heated for 
maximum sensitivity of the gauge. The observed and computed values of the opti- 
mum temperature are compared. In some cases the agreement is as good as can be 
expected and in the others the discrepancy is easily explained. The maximum sensi- 
tivity attained is a galvanometer deflection of 1 mm for a pressure change of air equiva- 
lent to 5 X lO”^ mm of mercury. 

Introduction 

'T^HE possibility of using the variation in heat conductivity of a gas with 
pressure as a measure of low pressures was first suggested by Pirani.^ 
Recent experimenters^ have shown that such a gauge is capable of respond- 
ing to very small changes in pressure. 

These investigators have been primarily interested in a gauge which will 
determine the actual pressure existing in a chamber after it has been cali- 
brated by comparison with an absolute gauge such as the McLeod. The aim 
of this experiment is to develop a gauge with a high sensitivity to very small 
pressure changes. 

Theory 

It is easily shown that the quantity of heat Q conducted by a gas when the 
mean free path is large compared to the dimensions of the container is 

Q-^nGAiH/6N ( 1 ) 

where 7^ is the number of molecules per cm^ G the mean molecular velocity, 
A the area of the heated element, t the temperature difference between the 
heated element and its surroundings, H the molecular heat at constant 
volume, and N the number of molecules per gram molecule. Experimental 
measurements give a value of the heat transfer which is usually less than that 
predicted by this equation. This is because the molecules striking the heated 
wire do not attain temperature equilibrium with it. The ratio of the actual 
amount of heat conducted from the heated element to that computed by 

^ M. Pirani, Verb, d Deutsch. Phys. Ges. 8, 24, 686 (1906). 

2 A. M. Skellet, J. 0. S. A. and R. S. L 15, 56 (1927). 

3 L. F. Stanly, Phys, Soc, Proc. 41 , 194 (1929). 
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Eq. (1) ivS known as the accommodation coefficient and has been measured 
for some gases. Soddy and Berry^ give the values of the actual amount of 
heat conducted and the values of the accommodation coefficient for gases 
striking a heated tungsten surface. The values of the accommodation coef- 
ficient range from 0.25 in the case of hydrogen to 1.0 in the case of argon and 
neon. The values of the actual amount of heat conducted by various gases 
deviate by less than 10 percent from a mean value for a number of the com- 
mon gases. Hence we may expect that the sensitivity of the Pirani gauge will 
be nearly the same for this group of gases. 

In the application of the above principle to the measurement of pressure 
changes the temperature change in the wire resulting from a change in the 
heat conductivity of the gas is usually measured by the change in resistance. 
This resistance change is in turn measured by a Wheatstone bridge. If the 
pressure change to be measured is not large the galvanometer deflection is 
the most accurate method of determining the magnitude of the change. 

The bridge potential serves as a source of power to heat the wire. The 
energy dissipated by a heated wire must be equal to that supplied, hence 
neglecting conduction to the leads 

t ^ AjiT^ - To^) + Aap{T T,) (2) 

K 


where E is the potential across the ends of the wire, R the resistance and A the 
area of the ware, T and Z’o the temperature of the wire and of its surround- 
ings, respectively, p the pressure of the gas and 7 and a constants. Since the 
resistance change corresponding to the pressure changes normally measured 
is small we may assume that the power supplied to the wire is constant. Then 
by differentiation of (2), 

^ _ MT - To) 
dp 4:yT^ ap 


At low pressures the amount of heat dissipated from the wire by radiation is 
large compared to that conducted by gas hence we may neglect ap in com- 
parison to 47 P. Then 


dT T - To 

— = K 

dp P 


( 3 ) 


where K is a constant. 

Obviously there is a relation between T and Tq for which the temperature 
change of the wire will be a maximum for a given pressure change. This rela- 
tion is given by 


or 


d 

1 

0 

dT 

L p . 


T - 3ro/2. 



^ F. Soddy and A. Berry, Proc. Roy. Soc..83, 254 (1910). 
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Substituting this value in (3) we obtain, 


Hence the value of the maximum temperature change of the wire for a giv'cn 
pressure change is inversely proportional to the square of the al,)soluie tein» 
perature of the surroundings of the wire. 

■ Since the temperature change resulting from a given pressure change is 
normally small we may assume that 

== ieo[l 273)1 

or 

dR = R^adT , 

Substituting this value of dT in (3) we obtain, 

dR .. r - To 


Obviously dR/dp has the same maximum as dT/dp. The niaximurii gab 
vanometer deflection does not necessarily correspond to the niaxiinum re- 
sistance change, however. 

The current through the galvanometer in a Wheatstone bridge circuit is 
given by 

EdR 

/ 

4.RR, + 

if the battery resistance is small and the four arms of the bridge are approxi- 
mately equal. Substituting for from (5), 

RoE T - To 

= K"' il^p_ , . 

RR, + R^ ^ 

Obviously the galvanometer deflection may be increased by increasing the 
potential of the bridge. This factor is limited, however, because the wire must 
be heated to its optimum temperature. 

The relation between the potential drop across the wire and the tempera- 
ture may be obtained from (2). In general the heat conducted by the gas 
may be neglected in comparison to that dissipated by radiation and 7v" in 
comparison to T*-. Hence 

E = (jARyi^T^. 

Substituting this value of £ in (6) 

_ RoiARyn T - To 

The optimum temperature of the gauge wire for maximum galvanometer 
deflection may be determined from (7). In the general case this solution is 
difficult but several special cases which are of interest may be treated. 
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If we assume that the galvanometer resistance is large compared to the 
resistance of the arms of the bridge, (7) reduces to 


But 


R 


T - To 

= K' -dp. 

i?o[l + a(r- 273) +/S(r- 273)2] 


where the terms of second order must be included if the action of the gauge 
is to be described over any considerable range. Hence 


K"'iT - To) 


dp. 


[1 + a{T - 273) + p(T - 273)^Y'^f 
The optimum temperature of the wire may be determined by 


or 

2I3T^ + (a 


d 

dT 
546/3 


log 


T 


1.1 + a{T - 273) + /3(r - 273)2]i/2rJ 
4/37’o)r2 


- To{3a - 1638i3)r - 2r„[l - 273a + (273)2/3] = 0. (8) 

If the galvanometer resistance is small as compared to the resistance in the 
bridge arms Eq. (7) reduces to 


= K*- 


T - To 
R^i^T 


and the value of T for maximum I„ is given by 
6/3r2 + (3a - 1638/3 - Wr<i)T^ 

- 5ro(a - 546/3)r - 2ro[l - 273a: + (273)2,3] = 0. (9) 


Results 

The experimental arrangement used in obtaining the results given below 
is shown in Fig. 1. The leak was controlled by a stopcock so that it could be 
opened or closed as desired. This gave a constant pressure change and the 
corresponding galvanometer deflection could be observed for various bridge 
potentials and various samples of wire. 

The gauge formed one arm of a Wheatstone bridge. The other arms con- 
sisted of resistances variable in small steps so that the arms of the bridge 
could be kejit approximately equal. The galvanometer used has a resistance 
of 1 ! ohms and a sensitivity of 11.6 mm per microvolt. Resistance was con- 
nected in series or parallel with it to obtain the high and low galvanometer 
resi.stances used. 

Kfluation (7) shows that the galvanometer deflection should be directly 
proportional to the pressure change. This was verified beyond the limits of 
the McLeod gauge I)y connecting a small leak to a pump through a stopcock. 
This leak was adjusted to give several cm deflection of the galvanometer aa 
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it was turned on or off . As the pressure in the gauge was increased by the use 
of another leak the deflection produced by opening or closing the hrst leak 

remained constant. . i 

Equation (7) also shows that the sensitivity of the gauge is proportional 
to the square root of the area of the wire. It is possible to multiply the sen- 
sitivity of a nickel wire gauge by two or three merely by flattening the wire. 

The effect of the length of the gauge wire upon the sensitivity may be 
determined from (7). Since Ji, R, and i?o are all proportional to the length 
of the wire it is evident that the sensitivity will be directly proportional to 


to liquid (fkirtmp, 
leak and pumps 


Jlquld oxygen 
or melting Ice 

—copper leads 


1 ^tungsten or 

nickel wire 
^small copper 
' '^hook soldered for 
constant thermal 
contact 
r— ’quartz: 


Fig. 1. Construction of the Pirani gauge. 


the length of the wire if the galvanometer resistance is large compared to the 
resistance of the bridge arms. On the other hand, if the galvanometer re- 


Table I. 


Length of 
wire (cm) 


Maximum 

deflection 
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sistance is small the sensitivity is independent of the length of the wire. 
Table I shows the effect of the length of the wire upon the sensitivity of the 
gauge. In each case the gauge was constructed of nickel wire 0.001 inch in 
diameter and the walls of the gauge were maintained at the temperature of . 
melting ice. 

The variation of the sensitivity of the gauge with diameter of the wire 
may also be predicted. If the galvanometer resistance is large compared to 
the resistance of the gauge, the diameter of the wire should be decreased and 
if the galvanometer resistance is low the diameter of the wire should be in- 
creased. Hence for maximum sensitivity the wire should be as long as con- 
venient and the diameter should be adjusted so that its resistance is of the 



Fig, 2. Curves showing the relation between the temperature of the gauge wire and the 
sensitivity of the gauge. To is the temperature of the walls of the gauge and Ra the galvanotne- 

ter resistance. 

same order of magnitude as the galvanometer resistance. In general a gal- 
vanometer with low resistance is preferable since the corresponding lower 
resistance in the bridge arms permits the use of lower battery potential which 
decreases the tendency of the galvanometer to drift. 

The relation between the sensitivity of the gauge and the temperature of 
the wire is shown in Fig. 2. The tungsten and nickel wires used in obtaining 
these curves were 20 cm long and 0.001 inch in diameter. The temperature 
was determined by the known relation between the temperature and re- 
sistance. For tungsten the values a = 5.24X10~® and /3 = 0.7 XlO”*® were used 
in the well-known resistance formula. The temperature of the nickel wire 
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was read from the curve shown in Fig. 3 which was determined for the wire 

used in this experiment. _ ■ t i • ^ 

It will be noted that all the temperature sensitivity curves for nickel wire 
(Fie. 2) have either a primary or a secondary maximum at approximate y 
570°* after which the sensitivity decreases very rapidly. This is obvious y 
due to the rapid increase in the slope of the temperature resistance curve and 
the sudden break at 615°. The observed temperature at which this break 
occurs should be less when the wire is used as a gauge because the ends of the 
gauge wire are cooled by conduction of heat to the leads. This view is sub- 
stantiated by the fact that the apparent temperature at which the maximum 
occurs decreases when a shorter wire is used. 



Tcmperatum (°K) 

Fig. 3. Temperature resistance curve for nickel wire. 


In Table II, To is the temperature of the gauge walls, Rg is the galvano- 
meter resistance, R is the resistance of the wire at its optimum temperature, 
E is the bridge potential necessary to produce this temperature, r(obs.) and 
D the optimum temperature and the galvanometer deflection at that temper- 
ature, respectively, as determined from Fig. 2/ and T (comp.) the optimum 
temperature computed from Eqs, (8) and (9). In obtaining the values of T 
(comp.) the proper equation is chosen depending upon the value of the 
, galvanometer resistance, and the values of To, a, and jS are substituted after 
which the equation may be solved for T. For tungsten the values of a and ^ 
previously given were used and for nickel the same constants were deter- 
mined from Fig. 3 to fit the curve approximately in the region in which the 
observed temperature was known to lie. It will be noted that the computed 
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temperatures when 70 = 90° are much lower than the observed. This is 
partially due to heat conduction along the leads and partially to the decrease 
in the constant 7 appearing in Eq. ( 2 ) or, in other words, a decrease in the 
efficiency of radiation at low temperatures. In fact with a potential of only 
0.0003 volt applied to the bridge the lowest temperature attained by the 
nickel filament was 209° and by the tungsten 213°. 

The secondary maxima in the temperature sensitivity curves of nickel 
wire are not predicted by the equations but they probably would be if the 
variation in slope of the temperature resistance curve were taken into ac- 
count and the equation of the curve were expressed more accurately. 


Table II 



'A 

R>, 

R 

B 

T 

Comp. 

T 

Obs. 

D 

Nickel 

90 

612 

41.9 

0,5 

248 

313 

22.3 


90 

0.95 

30.6 

0.3 

136 

261 

45.0 


273 

312 

99.0 

2.9 

533 

563 

22.4 


273 

3.86 

61.8 

1.1 

429 

393 

24.5 

Tungsten 

90 

612 

23.3 

0.5 

195 

311 

9.6 


90 

0.95 

17.0 

0.4 

120 

254 

27.6 


273 

312 

46.5 

3.0 

715 

513 

8.2 


273 

3. 86 

33.5 

1.3 

415 

401 

19.3 


* All tein|:)eral ures given on the Kelvin scale. 


Table 11 shows that the sensitivity attained by the use of nickel wire is 
in all cases greater than that for tungsten. Nickel wire has the additional 
advantage that it may be flattened more easily than tungsten which greatly 
increases the sensitivity as the previous discussion has shown. Tungsten wire 
has the disadvantage that the slightest vibration will cause its resistance to 
change sufiicientk' to keep the galvanometer moving back and forth over 
se^'eral cm. 

Immersing the walls of the gauge in liquid oxygen approximately mul- 
tiplies the sensitivity of the gauge by two when the galvanometer resistance 
is high and by se^'en when the galvanometer resistance is low. This difference 
in the sensiti\’it\' ratir) is to be expected for Table II shows that the resistance 
of the bridge arms at optimum temperature is much lower when To = 90° than 
when 7’o = 273°. Ecpiation (7.) and the preceding discussion show that this 
decrease in resistance will decrease the sensitivity when the galvanometer 
resistance is high but nut when the galvanometer revsistance is low. 

]\!any factors enter into the computation of the relative sensitivity of the 
gauge wlien the walls are at the temperature of melting ice and at the tem- 
perature of licfuid oxA'gen. For example the relation betw'een the pressure and 
the heat conducti\'ity of the gas will change both because more molecules 
must be present at li(|uid ox\’gen temperatures to exert a given pressure and 
liccause tlie mean molecular velocity is smaller. Also, as previously sug- 
gested, the radiation constant (7 in Eq. ( 2 )) probably decreases at the lower 
temperature and it is reasonable to expect that the value of the accommoda- 
tion coefficient de|)ends upon the temperature. The effect of heat conduction 
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from the filament to the leads upon the sensitivity of the gauge has been 
neglected so that it is impossible to predict the change in sensitivity which 
will result from the reversal in the direction of this flow. Such a reversal actu- 
ally occurs in some cases for when the walls of the gauge are immersed in 
liquid oxygen the temperature of the filament is less than the temperature 
of the leads. Due to the impossibility of computing the magnitude of the 
latter effect and the difficulty in computing some of those previously given 
no attempt is made to predict the increase in sensitivity when the walls of 
the gauge are reduced to the temperature of liquid oxygen. 

Reducing the walls of the gauge to the temperature of liquid oxygen 
makes the reaction of the gauge very slow. For example with the gauges at 
the temperature of melting ice the galvanometer would reach equilibrium 
about 10 seconds after the stopcock was closed. At liquid oxygen tempera- 
ture the time required to attain equilibrium was often several minutes. This 
time lag may be accounted for to some extent by the fact that there must be 
three times as many molecules in the gauge and their velocity must be much 
slower when the walls of the gauge are at the temperature of liquid oyxgen 
so that it should take longer for the gauge to pump out. This factor cannot, 
however, account for the great difference observed in the time lag in the two 
cases and neither can it account for the observed fact that the time lag of the 
gauge decreases rapidly with an increase in temperature of the filament since 
the area of the filament is so small in comparison to the area of the walls that 
it can have no appreciable effect upon the mean velocity of the molecules. 
The observed dependence of the time lag upon the temperature of the wire 
suggests that it may to some extent be due to the adsorption of a layer of gas 
by the filament. 

It is possible to obtain a galvanometer deflection of 1 mm for a pressure 
change of air equivalent to 5 ± 1 X 10“® mm of mercury by forming the gauge 
from a well-flattened piece of nickel wire 25 cm long and originally 0.0015 
inch in diameter and using the galvanometer specified above at maximum 
sensitivity. 

Under similar conditions the sensitivity of the gauge for hydrogen is 
4 ± 1 X 10~^ mm of mercury per mm galvanometer deflection. 

The sensitivity and characteristics of different gauges will vary due to 
variations in the original size and the degree of flatness of the wire. 

Conclusion 

111 order to measure pressure changes of less than lO""^ mm of mercury it 
is obvious that the zero position of the galvanometer must be steady. If the 
ordinary precautions necessary in connecting a Wheatstone bridge of high 
sensitivity are observed, if the bridge potential is constant, and if the walls 
of the gauge are maintained at a constant temperature such as melting ice or 
liquid oxygen, the zero drift of the gauge becomes negligible provided that the 
pressure changes take place over a short period of time. 

The operation of the gauge is not satisfactory when the walls are exposed 
to the variations of room temperature. A compensating gauge greatly im- 
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proves the stability of the system but is not as satisfactory as one gauge im- 
mersed in a constant temperature bath. 

The stability of the gauge may be improved by keeping the bridge poten- 
tial low. This may be accomplished by proper choice of the galvanometer as 
previously described and by operating the gauge below its optimum tempera- 
ture. The extent to which the temperature should be reduced below its opti- 
mum value depends upon the difficulty arising from zero drift and upon the 
rate at which the sensitivity decreases with decrease in temperature. In 
some cases it is possible to reduce the bridge sensitivity to one half* of its 
value at the optimum temperature while the gauge sensitivity is reduced 
only IS percent. In such cases the decrease in bridge potential would prob- 
bably be an advantage. 


* That is AR/R for unit galvanometer deflection is doubled. 
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Abstract 

A Pirani gauge sensitive to pressure changes of the order of 10 ^ nini of mercury 
has been developed and used to measure the intensity of molecular beams defined by 
two circular openings, one 0.4 and the other 0.6 mm in diameter placed 25 mm apart. 

The gauge is situated 40 mm from the last opening. A beam of air gives a galvanome- 
ter deflection equivalent to 600 cm with a pressure of 0.5 mm of mercuiy behind the 
first opening. Under similar conditions H 2 produces a deflection of 1800 cm. The gal- 
vanometer sensitivity is 11.6 mm per microvolt. The time lag of the gauge is less than 
the period of the galvanometer (7 seconds). The limits within which the beam-forming 
system may be expected to give a Maxw'ellian distribution of velocities are discussed. 

The final pressure in the gauge due to a given beam depends upon the dimensions of 
the gauge opening as kinetic theory predicts. The reduction in intensity of a beam of 
H 2 by collision with either air or H 2 present in the experimental chamber at various 
pressures has been measured. The data show that the gauge may be used to measure 
mean free paths and to obtain more detailed information than has previously been 
possible as to the probability of scattering through various angles by collision. 

Introduction 

I N RECENT years the angular distribution of a beam of electrons after 
scattering by a gas has been studied in detail. No doubt the equally in- 
teresting and important problem of the scattering of a beam of molecules or 
atoms has been neglected because there has not been available a method of 
measuring the intensity of such beams. The reflection of atoms from a crystal 
may also be studied advantageously by the aid of a gauge which will measure 
accurately the intensity of molecular beams. In order to be most efficient in 
this connection the gauge should have a small internal volume so that it will 
respond rapidly to changes in beam intensity and small overall dimensions 
so that it may be placed entirely within the vacuum system and controlled 
magnetically if this seems desirable. The experiments described in this paper 
were undertaken to devise such a gauge. Some very notable advances have 
already been made in this field.U 

Apparatus 

A Pirani gauge, discussed at length in the proceeding paper, was con- 
structed with a small opening in one side (Fig. 1) so that the pressure inside 
would be affected when the opening was moved into the path of a beam of 
molecules. By measuring the pressure change inside the gauge a measure of 
the beam intensity is obtained. 

1 F. Knauer and 0. Stern, Zeits. f. Physik 53, 766 (1929). 
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The enclvS of the gauge must be fitted carefully as experience has shown 
that arrangements which appear to fit well mechanically may leak consider- 
ably, The gauge has an internal volume of 0.5 cc so that it responds quickly 
to changes in beam intensity. The time required for the pressure in the gauge 
to reach equilibrium is normally less than the period of the galvanometer 
(7 sec.). 



2.5cm > nickel wire 

Fig. 1. The Pirani gauge applied to the measurement of molecular beams. 

The extreme shortening of the wire seems to have no disadvantage other 
than decreasing tlie sensitivity of the gauge. The conduction of heat from 
the filament to the leads which would, of course, become more troublesome 
as the length of the lilament is decreased has not interfered with the action 
of the gauge to an apiireriahle extent. 

The apparatus which forms the molecular beam used in the investigation 
of the characterl'^tics of the gauge consists of 3 circular openings (Fig. 2), 
the lirst of v Inch is 0.4 mm in diameter, the second is 0.7 mm in diameter and 
is situated 1.75 mm from the first, and the third is 0.6 mm in diameter and 
situated 25 mm from the first. The second opening does not serve to define 
the beam but merely to prevent the spreading of the comparatively high 

to 

pumns 

I 


gas 

inlet 


to 
pumps 




^25cm- 





1 

to 

pumps 

Fig. 2. The of the apparatus for the formation of molecular beams, 

pressure in B througboiit the entire distance between the first and last open- 
ing. It is made slightly larger than the other openings in order to eliminate 
any (lifficulties there might he in correct alignment. This precaution is hardly 
necessary' here but might l)e in case very narrow slits were used to form the 
l>eam. The tliird opening was made larger than the first in order to secure a 
Iteam in wliirh the width of the maximum intensity portion of the beam , 
would he equal to the diametem of the largest gauge opening used. It is^ of 
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course, obvious that the last opening could be reduced to the size of the first 
(0.4 mm) thus decreasing the angular divergence of the beam without de- 
creasing its maximum intensity. 

The distance between the first two openings of the beam system was ad- 
justed experimentally to give the correct relative pressures m B and C for 
maximum efficiency. This distance depends upon the relative pumping speeds 
at.B and C which are 4 and 18 liters of air per second, respectively. A change 
of 0.1 mm in this distance will produce an appreciable reduction in the maxi- 
mum beam intensity which can be obtained. 

A beam system consisting of two openings was not satisfactory lor pro- 
ducing beams of high intensity. The impedance inherently existent m an 
apparatus when two slits are placed near each other makes it difficult to re- 
duce the pressure between them sufhciently for the formation of an intense 
beam even if the necessary pumping speed is available. ^ • tr- o 

The position of the gauge used in measuring the beam is shown in Fig. 2. 
It is arranged so that it may be rotated about the last opening of the beam 
system. The compensating gauge which is placed nearby forms the arm of 
the bridge adjacent to the main gauge and maintains the bridge balance for 
general changes in pressure as well as changes in temperature in the experi- 
mental chamber. Where high sensitivity is necessary it is advisable to place 
both gauges in a common metal container or form both from the same piece 
of metal. 

Procedure 

The final pressure in the gauge due to a given beam will depend upon the 
size and shape of the opening into the gauge. The most advantageous form 
of opening may be predicted by a consideration of Knudsen s law of molec- 
ular flow. 

Since the pressure in the gauge is always such that the mean free path is 
large compared to the dimensions of the container, it is evident that the gauge 
opening, regardless of its length or diameter, will offer no impedance to the 
entrance of the molecules of the beam if the apparatus is arranged so that they 
do not strike the walls of the opening. Hence the pressure inside the gauge 
will build up to such a value that the quantity of gas which flows out through 
the gauge opening is equal to that which enters it from the beam. The quan- 
tity of gas Q measured in cm^ at 1 bar flowing through a tube of length L and 
radius r per second is given by Knudsen^ as 

2 . J- t l . ( 1 ) 

p,i/2 IFi -f IFj 

where pi is the density of the gas at 1 bar and at the temperature of the ap- 
paratus and the partial impedances TFi and TFi are given by 


Wi 


(27r) 


1/2 


and 


Trr® 


( 2 ) 


2 M. Knudsen, Ann. d. Physik 28, 75 and 28, 999 (1909). 



ill 


INTENSITY OF MOLECULAR BEAMS 


Assuming that the molecules emerge from the initial opening of the beam 
system with a cosine distribution, the amount of gas entering the gauge and 
also the amount leaving it per second when equilibrium is established is 


where is the quantity of gas msed in forming the beam, r is the radius of the 
gauge opening, and D the distance from the initial beam opening to the gauge 
opening. Substituting the value of Q given above and the values of Wi and 
PF 2 from Eqs. (2) and (3) in Eq. (1) we obtain upon solving for {pi—p^) the 
quantity actually measured by the gauge 


Hence if the gauge opening is a hole in a thin wall the equilibrium pres- 
sure is indei;)endent of the radius. If, however, the gauge opening is long as 
compared to its radius tlie equilibrium pressure is proportional to its length 
and inversely proportional to its radius. The effect of the dimensions of the 
gauge opening upon the sensitivity of the gauge is shown by Table I. The 

TAliLE I. The effect of the dimensions of the gauge opening upon 

the sensitivity of the gauge. 


calculated \alues the relative sensitivity are obtained from Eq. (4). The 
agreement is well within the limits to which the dimensions were actually 
known e.xcept in the case of the 0.1 mm hole. Here the disagreement may be 
e.xidained by the reasonable a.ssumption that the wall has a thickness of 0.08 mm. 

For many puri»oses it is desirable that the molecular beam under con- 
sideration ha\-e a Maxwellian distribution of velocities. Previous investiga- 
tors^ have shown that a Iteam possesses a Maxwellian distribution of veloci- 
ties if the pressure behind the first opening is such that the mean free path 
is several times the diameter of the opening and the pressure along the path 
of the beam is such that the effect of collisions may be neglected. Fig. 3 
shows that tlie latter condition is easily satisfied. As long as the intensity of 
the beam is projiortioual to the amount of gas forming it, collisions have not 

’ J- A, Ekiridge, Phys. Rev. 30, 9.31 (1927). 

‘ 1. F. Zartman, Phys. Rev. 37, 383 (1931). 


Length 

Dimensions of 
gauge openings 
(mm) 

Diameter 

Relative 

deflection 

Computed 

Observed 

12 

0.37 

18 

la 

12 

0.5 

11.3 

11.7 

12 

1.0 

6 

6.2 

4 

0.37 

6 

6 

0 

o.i 

0.6 

i 
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become a factor. Further evidence of the same nature was obtained by plot- 
ting beams such as shown in Fig. 4 over a wide range of intensity. In the case 
of both air and H,. beams were plotted from the first point shown in Fig. 3 to 
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Fig 3 Volume of gas forming beam plotted against beam intensity. Galvanometer sensitivity, 

for air 1/10, for H 2 1/20. 



Distance accoss beam (mm) 

Fig. 4. The spreading of a beam of H 2 with increasing pressures of air and Ha in its path. 

the point where the curves first leave the straight lines. In neither case was 
there an appreciable spreading of the beam such as would result from col- 
lisions taking place between the openings. 
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The limitation placed upon the beam intensity by the first condition men- 
tioned above may be obtained from Table IL A comparison of the values of 
the mean free path at A given in this table with the diameter of the opening 
(0.4 mm) show that the requirement of low pressure behind the first opening, 
rather than the speed of the pumps, is the limiting factor in the beam intens- 
ity which can be obtained if a Maxwellian distribution of velocities is de- 
sired, Table 11 also contains the values of the pressures for the various com- 
partments of the beam system. 


Table II. Pressures at various points in the beam system, {mm of mercury). 



Points from 
figure 3 

A* 

B 

C 

Mean free path 
at A 

Air 

1 

O.IS** 

3.2XlC~'i 

1.6X10-® 

0.50 mm*” 


2 

0.26 

6.3 

3.6 

0.30 


4 

0.53 

13. 

3.6 

0.14 


8 

1.22 

27. 

3.6 

0.07 


12 

1.72 

38. 

3.6 

0.05 

Hs 

1 

0 .08 

2.6X10"-^ 

1.6X10- 

2.0 


2 

0.14 

4.0 

1.6 

1.0 


4 

0.28 

9.0 

2.5 

0.54 


6 

0.42 

14 

2.5 

0.36 


8 

0.63 

19 

3.6 

0.24 


11 

0.87 

28 

3.6 

0.18 



14 

1 .08 

33 

3.6 

0.15 


The pressure in I he experirneutal chamber is in all cases better than 10'"^' mm Hg. | 

* See Fig. 2. |/ 

These values were coMi[)ute<l. I; 

Mean free path for sj)herical model assuming air to be composed of oxygen and nitro- I 

gen®. ^ 'j 

The e(}iiilil}rium pressure in the gauge resulting from a given beam may 
l)e com|)tited by the ap|)lication of Eq. (4) and from the calibration constant 
of tlie gauge. The comftririson of these two values is of interest. The physical 
constants and the dimensions of the apparatus appearing in Eq. (4) have the 
following values: pr-= 1 .16 X (air); D-6 cinf L = 1.2 cm; and f = 0.018S 
cm. The (|uantily of ga.s (T used in forming the beam in the case of the third 
point on the air curve in Fig. 3 is 8.1X10”“'^ cm*^ at atmospheric pressure or ^ 

8,1 Xlfb vnY at 1 bar. Sul)stituting these values pi — p 2 = 0A5A bars or 1.15 
X 10""^ mm of mert'ury. Ctmiputing the excess pressure in the gauge from the 
calibration constant (5.8X10 "^ mm of mercury per mm galvanometer de- 
flectuin) and the dellection we <)btain = 13)3 X 10™^^ mm of mercury. 

Idle error is approximately 16 percent and is within the limits of accuracy 
to whi(di the Pirani gauge had been calibrated by comparison with a McLeod 
gauge. 

Similar computations for Ho yield values of the observed pressures which 
are approximately 30 percent greater than kinetic theory predicts. 

With tlie aid of a gauge of the type discussed above it should be possible 
to obtain more detaile<l information about the nature of molecular collisions. 

5 Dushmari. Gen. Idee. Rev. 18, 952, 1042, 1159 (1915). 

s This \'alue is slightly less than the one given in Fig, 2 because of the increased length of 
the gauge opening. 
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The following brief discussion of the decrease in intensity and the scattering 
of molecular beams by increased pressure in the gauge chamber shows some 

of the possibilities of the gauge. , . , 

The scattering of a beam of Ha in the experimental chamber is shown in 
Fig. 4. The beam travels 4 cm in this chamber before striking the gauge open- 
ing. In order to eliminate any directional preference of the gauge to the inci- 
dent molecules a 0.1 mm hole in a thin wall formed the opening into the 
gauge. This is desirable for as the gauge is turned to one side of the main 
beam a long opening will permit scattered molecules to enter the gauge with 
zero impedance only if they are scattered from the portion of the beam which 
is in line with the gauge opening and at the proper angle to strike that open- 
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Fig. 5. Beam intensity as a function of the pressure in the experimental chamber. 

ing. The hole in the thin wall will, on the other hand, permit the entrance of 
molecules scattered from any point along the beam. The long opening might 
be used advantageously for a detailed study of the probability of various 
scattering angles. 

Since the beams shown in Fig. 4 are circular and the readings were taken 
across a diameter, the actual areas covered by the beams are proportional to 
the square of the width of the curve. 

In Fig. 5 the curves represent the decrease in the maximum intensity of 
the beams with increasing pressures of air and H 2 in the experimental cham- 
ber. The value of the mean free path of H 2 in H 2 as determined from this 
figure is 3.8 cm at a pressure of mm of mercury. A comparison of this 

of the 
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molecules of the original beam which can be found near the center of the beam 
is of interest. The relative number of molecules found within this limit can 
be determined by a comparison of the area intensity summations of the 
curves of Fig. 4. These summations are represented in Fig. 5 by the triangles 
for H 2 and the squares for air, where the summation of the original beam is 
represented by 32 and the summations of the scattered beams are relative to 
the original. For example with an FI 2 pressure of 5.3 X lO"* mm of mercury in 
the experimental chamber the maximum intensity of the H 2 beam is reduced 
to 54 percent of its original value while 80 percent of the original number of 
molecules can be found near the center of the beam. With a slightly higher 
pressure of air the maximum beam intensity is reduced to 46 percent and 57 
percent of the molecules can be found near the center of the beam. This in- 
dicates as would be expected that there is greater probability of large angle 
scattering in air than in Ho. 

Conclusion 

The only difliculty encountered in the use of these gauges is the elimina- 
tion of the zero drift. This drift seems to arise principally from unequal evolu- 
tion of gas from the walls of the beam and compensating gauges, and from 
changes in room temperature. The latter effect becomes less the more nearly 
the two gauges are alike but it seems impossible to eliminate it entirely. The 
drift due to unequal outgassing is, of course, increased with increase in the 
impedance of the opening. In any case it may be eliminated to a great extent 
by baking out the gauges so that it is possible to reduce the drift of the gal- 
vanometer at maximum sensitivity to one cm in fifteen minutes. 

The data given in Fig. 2 and Table II show that a beam of air formed by a 
pressure of 0.5 mm of mercury behind the first opening of the beam system 
produces a galvttnomeler deflection equivalent to 200 cm. Ha under similiar 
conditions produces a deflection of 600 cm. Since the above results were ob- 
tained, gauges have been constructed with three times the sensitivity of 
those used in taking the alxive readings merely by an improved method of 
flattening the wire and an increase in the length of the wire. Hence we may 
say that it is possible t(» form lieams of air and Hj which have approximately 
a Maxwellian distriliution of velocities and produce galvanometer deflections 
of 600 and 1800 cm, resjjectively. Allowing a large margin of safety, we may 
assume that the galvanometer deflections are accurate to 0.5 mm. Then the 
relative intensity of beams of air may be determined with an accuracy of 0.08 
percent. Likewise the intensity of a beam of Ha may be determined to an 
accuracy fd 0.03 jiercent. This sensitivity is ample for the determination of 
the mean free path of gases, for the investigation of the probability of various 
scattering angles ic.sulting from collision, and for a study of the reflection of 
atoms from crystals. A scattered beam of IL with an intensity of 1 percent 
of the initial beam mav be measured with an accuracy of 3 percent. 
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LUMINESCENCE DUE TO RADIOACTIVITY 
By D. H. Kabakjian 

Randal Morgan Laboratory of Physics, University of Pennsylvania 
(Received March 16, 1931) 

Abstract 

Results of several investigations on luminescence due to radioactivity earned on 
under the direction of the author are reviewed. It is shown that these results cannot 
be explained on the well-known active center theory advanced by Rutherford, or any 
' modification of the same such as that proposed by Walsh. In certain substances, in- 
cluding zinc sulphide, there is an initial rise in brightness of the irradiated samples 
followed by a decay which cannot be represented by a simple exponential curve, ft is 
also found that the rate of decay of brightness is not strictly proportional to the rate 
of emission of luminous energy as required by the theory. The observed facts can be 
explained qualitatively by assuming that the alpha, beta and gamma-rays produce 
excited molecules in the luminescent material. Return of these molecules to their ini- 
tial state of more stable equilibrium results in emission of luminous energy. The rays 
also affect the transmission coefficient of the materials, and the apparent decay o 
brightness is explained as due to the increased absorption of light by the material it- 
self, rather than to the destruction of the hypothetical active centers. This is e-vi- 
denced also by the fact that in the materials studied, heating the samples usually re- 
stores the initial brightness. Quantitative application of these sugpstions to the ex- 
perimental curves was not possible, since the nature of the change in light absorption 
coefficients resulting from irradiation is not definitely determined. 

L uminescence of certain chemical compounds under the excitation of 
■A rays from radioactive substances has been studied by various investiga- 
tors and theories have been advanced to explain the gradual decay of bright- 
ness in these materials. 

Rutherford in advanced a theory to explain Marsden’s observations 
on the decay of brightness of phosphorescent zinc sulphide under the action of 
alpha rays from radon and its decay products. According to his theory, which 
we shall call the active center theory, phosphorescent zinc sulphide contains 
initially a number of molecular aggregates known as active centers. Passage 
of alpha-rays through the compound destroys a number of these active cen- 
ters resulting in flashes of light known as scintillations. Active centers once 
destroyed cannot be reformed and since the number of such centers hit by an 
alpha-ray would be proportional to the number present at any time, the 
brightness of the compound for a given steady source of radiation should 
decay in accordance with a simple exponential law. 

Chemically pure zinc sulphide does not exhibit this phenomenon to any 
great extent. The presence of a small quantity of some foreign element such 
as copper or manganese seems necessary to obtain a maximum effect. This 
fact lends force to the active center theory since the molecules of foreign 
matter might act as nuclei for such aggregations. ■ 

rE. Rutherford, Proc. Roy. S0C. 83A, 561 (1909-10). 
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The theory has the virtue of extreme simplicity but none of the subse- 
quent investigators have been able to obtain a simple exponential decay curve 
of brightness in such compounds, especially when the measurements extended 
over a considerable period of time. Therefore various modifications have been 
suggested, from time to time, to make the original theory conform to the ob- 
served facts. 

Patterson, Walsh and Higgins‘S found that the theory in its simple form 
did not agree with their measurements of brightness of luminous paints ex- 
tending over 450 days. There was a distinct slowing up of the rate of decay 
as time went on, which could be explained if it was assumed that the active 
centers were capable of recovery in accordance with an exponential law. 

In a more recent article Walsh^ gives additional data on the decay of 
brightness of luminous paints. The paints consisted of mixtures of zinc sul- 
phide and radium bromide. Measurements of brightness extended over 4000 
days. 

In this artic'le W'alsli, after reviewing various theories advanced on the 
su];)je(:l, c'oines to the conclusion that Rutherford’s original theory agrees with 
his and olliers’ results if the absorption of light by the luminous material 
itself is takon inP.> consideration, 

it is a velbknown fact that many transparent substances are colored by 
tlie rays from radium. Zinc sulphide used in luminous paints is also colored 
graduaily and its abs(a*ption for light progressively increased. 

In comltioing this factor of light absorption with Rutherford’s simple 
the(a*y, Walsh finds, liowe\'er, that the observed values of brightness agree 
better witli the nmflified theory if the change in transmission constant of the 
materifil due to ionization of inactive centers be put equal to zero; i.e., if the 
increase<l absorption he ct>nsidered as resulting from the destruction of ac> 
tivit (’enters only. 

lliis conrlusion can not be justified unless it can be shown that the trans- 
mission constant of nonlumioescent (inactive) zinc sulphide remains un- 
clianged by i!ie passage through it of ionizing rays. This, however, is not the 
case. A f|ualiiaiive test made in this laboratory sho’wed that a film of chemi- 
C'dWy pure zinc sul|)hide, exposed to alpha-rays from radium for a short time, is 
distincih’ ('ohu'ed with resulting increase in absorption constant, although 
praciicall}' mmluminesi'eni. Therefore even if in a luminescent compound the 
ratio of inactis'e molecules to active ones may be considered small at the start, 
evidently tliis ratio is (‘onsiantly increasing due to the transformation of ac- 
tive nuilecules in ina,ctice ones as required by the theory. And since these 
undergTi a similar change in transmission constant, their effect on the decay 
of brightness eaunrU; be iu.*glected in the final analysis. 

A iunni)er of researches on lumiiiescence due to radio-activity have been 
('arried on in this !aboraior\'. An attempt to explain the results of these ob- 
servaticms on t!ie active center theory, with. such modifications as have been 
suggested, was unsuccessful. 

“ Patter:^(ar Walsh and Higgins, Proc. Phys. Soc. Lond. 19> 215 (1916-7), 

'MAP \VaIsh, Proc. Fhys. ScMx bond, 39, 318 (1926-27). 
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Karrer and Kabakjian'^ showed that mixtures of radium bromide and 
barium bromide acquired the property of luminescing with an intense bluisn 
light by simply heating the compounds to a suitable temperature and then 
cooling. The luminescence decayed in time but could be completely regener- 
ated by heating the compound to the original temperature. Addition of for- 
eign substances was not necessary in this case. In fact addition of minute 
quantities of copper or manganese seemed to reduce the brightness. 

Rodman^ investigated the decay of brightness of pure radium^ bromide, 
and also of some mixtures of radium bromide and barium bromide. Two 
points were brought out in her paper. First that the decay of brightness did 
not conform to a simple exponential law. Second, that although the decay 
was very rapid at the start, the curve representing the brightness became 
finally parallel to the time axis, giving a constant value of brightness which 
was not zero. Both of these facts are at variance with the active center theory. 

For example, the brightness of pure radium bromide decayed to about 
one percent of its initial value in 24 hours. It reached a constant value in about 
300 hours and did not show a measurable variation in the following 200 hours. 

Smith® investigated the luminescence of pure barium bromide exposed to 
alpha, beta and gamma-rays. In his case. the source of the rays and the lu- 
minescent material were kept separate so that it was possible to observe the 
variation of brightness from the start. Smith’s results showed an initial rise 
in brightness of barium bromide on exposure to the rays from radium. This 
rise continued for several hours reaching a maximum value and then decaying 
to a final constant value. 

It is quite evident that Smith’s results cannot be explained by the active 
center theory which fails to account for the initial rise in brightness. The 
final approach of brightness to a constant value instead of zero is also in agree- 
ment with Rodman’s results. 

Since the original active center theory was formulated by Rutherford to 
explain the decay of luminescence in zinc sulphide, it was considered desirable 
to investigate this compound by a similar method. 

Gessner^ undertook this investigation by means of an improved type of 
apparatus. The constant source of rays was well separated from the lumi- 
nescent material and the apparatus so arranged that readings of brightness 
could be taken within two minutes after the exposure. 

The results obtained by Gessner were similar to those of Smith. In every 
case there was an initial rise in brightness, followed by a decay which was not 
exponential. Neither did any part of the curves conform to the modified 
theory developed by Walsh. 

This initial rise in brightness of zinc sulphide was also observed by Mars- 
den for beta-ray excitation, but no attempt was made to explain this fact in 
formulating the active center theory. 

^ E. Karrer and D. H. Kabakjian, Jour, Frank. Inst. 186, 317 (1918). 

® J, Rodman, Phys. Rev. 23, 478 (1924). 

« L. E, Smith, Phys. Rev. 28, 431 (1926). 

7 G. S. Gessner, Phys. Rev, 36, 207 (1930). 
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Since the alpha-rays produce individual scintillations, while the beta-rays 
produce more or less diffuse illumination, it may be assumed that the mechan- 
ism of light emission is different for the two rays. Chariton and Lea® have 
found, however, that scintillations similar to those produced by alpha-rays 
can be obtained from beta-rays under favorable conditions, showing clearly 
that the only difference between the two types of excitations is the energy 
carried by the individual rays. 

That the rise observed in Gessner’s samples was not due to beta-rays was 
evidenced by the fact that a polonium plate used to excite the compound gave 
the same type of brightness curve. 

In attempting to check Walsh’s latest explanation on the decay of zinc 
sulphide paints, Gessner had used thin films of zinc sulphide and a more in- 
tense source of radiation, hoping thereby to accelerate the rate of decay. The 
brightness of his samples were uniformly greater than those of Walsh. If the 
emission of light results from destruction of active centers, evidently these 
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Fig. i. Curves showing the decay of brightness in zinc sulphide. A, alpha, beta and gamma- 
rays from radium. B, beta and gamma-rays. Thickness of material, 0.022 cm. 

were being destroyed at a greater rate, and since the volume of the material 
used, and presumably the initial number of active centers was very small, 
one would expect the brightness of these samples to decay much faster than 
those of Walsh. The results were quite the opposite. Walsh’s brightest sam- 
ple (Sample II, initial brightness 0.28 candles per square meter) shows a de- 
cay of over 85 percent in 400 days whereas one of Gessner’s samples (Sample 
4, Maximum brightness 0,4 candles per square meter) shows a decay of less 
than 50 percent for the same interval. This disagreement with the theory can 
hardly be explained by possible differences in the materials used by the two 
investigators. 

It was also found that in the same material of approximately the same 
thickness the rate of decay was not in direct proportion to the rate of emission 
of light but depended on the nature of exiciting rays. 

Fig. illustrates this point. Although the total amount of light emitted 

8 J. Chariton and C. A. Lea, Proc. Roy. Soc. A122, 335 (1929). 

* Curves represented in Fig. 1 and Fig. 2 were obtained by Mr. Gessner. For apparatus 
and the method of measurement, refer to his article, Phys. Rev. 36, 207 (1930). 
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by sample B, due chiefly to beta-ray excitation is greater than that [''o™ 
pfe A where alpha-ray excitation predominates, the rate of decay of brightness 
I in the reverse order. Assuming that the mechanism of light emission is the 
same for the two types of radiation this difference in the rates of decay 

two samples cannot be explained on the active center theory. ^ 

Another check on the theory could be obtained by estimating the number 
of active centers in zinc sulphide from the data given in Fig. , on t e assump 
tions made by Walsh in estimating the number of active centers in his sam- 

integrating the area under curve ^ , the total amount 
produced in a quantity of zinc sulphide having a thickness of 0.022 cm and an 

area of one square cm can be computed from the formula 


F- 


4xfz7 


^ g— 0.022a 


where F is flux in lumens; I is brightness in candles/cm^ and a is the coeffi- 
cient of absorption of freshly prepared zinc sulphide. 

Taking the value of a as 32 and the mechanical equivalent of light for the 
wave-length emitted as 660 lumens per watt, the amount of luminous energy 
radiated by this sample during the first 350 days is roughly equal to 1.5 X 10 

ergs. . • 1 r 

If N is the number of active centers destroyed during this interval oi 

time and if it be assumed that each active center emits, on destruction, one 
quantum of energy corresponding to a wave-length of 550mM, the total 
amount of energy radiated by the destruction of N active centers will be equal 
to iV-3 - 6X10~‘“ ergs. Equating this with the above expression we have 


N 


1-5 X 1Q^° 
3-6 X 10-1^ 


= 4.16 X 10^1. 


But the number of molecules in this quantity of zinc sulphide is approxi- 
mately 5.5 XlO^*". Therefore the number of active centers destroyed in this 
sample during the first 350 days comes out more than 7 times the number of 
molecules present. Since the brightness of the sample has decayed to 56 per- 
cent of its maximum value and the rate of decay has become very much 
slower it must be assumed that the original number of active centers present 
is many times the number of molecules present in the material if the active 
centers once destroyed cannot be regenerated. 

The active center theory of luminescence, therefore, seems inadequate to 
e.xplain, among other things: 

(1) The initial rise in brightness of all the samples investigated; 

(2) The difference in the rate of decay of brightness in luminescent ma- 
terial for alpha and beta-ray excitations; 

(3) The general nature of brightness decay curves. 
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In view of these facts it seems more reasonable to assume that the passage ' 
of the rays through luminescent materials results, not in destruction of any 
hypolhetic'al active centers, but rather in producing excited molecules which 
emit light on returning to their normal energy levels. As this is a reversible 
rhaoge liiis phenomenon can continue indefinitely. 

'Phe rays may also produce a certain amount of ionization or dissociation 
resulting in a more stable change such as coloration, due to the inability of 
the ions to recombine at ordinary room temperatures. The two phenomena 
are not strictly interdependent. It is possible to have coloration with very 
little luminescence and vice versa. 

Light emission I)y excited molecules can take place in two distinct ways, 
giving rise to two types of luminescence. If the whole absorbed energy is re- 
emitted instantaneously, unaffected by the temperature of the absorbing 
material, the phenomenon is known as fluorescence. If, however, the ab- 
sorbed energ}’ is re-emitted gradually and the absorption and emission are 
more or less flc[)endent on the temperature of the absorbing material, the phe- 
nomenon is known as phosphorescence. What is known as thermolumines- 
cence Is really pliosphorescence at higher temperatures. 

In this pa|)er the term phosphorescence is used in a general sense without 
regard to the nature of the exciting rays. Its characteristic feature is the 
iiia!>ility of the excited moiecules to return at once to their normal state, 
consequently a phosphorescent material will continue emitting light after the 
exciting rays have been removed. 

If the luminescence produced by alpha, beta and gamma-rays in the inves- 
tigated materials is of the phosphorescent type, the initial rise in brightness 
of these samples could be explained. This would mean that all the energy 
absorbed from the rays is not radiated at once. It can be shown that this is 
generally true for the materials under discussion. Even in the case of alpha- 
ray excitation of zinc sulphide a diffuse radiation lasting several minutes fol- 
lows each scintillation. This can easily be demonstrated by exposing a zinc 
sulphide screen to a strong source of alpha-rays for a few seconds. When the 
source is remo\^ed the screen will continue to glow in the dark for several 
minutes, its brightness gradually decaying to zero. It can also be shown that 
this is due to slow radiation of the energy absorbed from the alpha-rays and 
not to a possible absorption of its- own luminous energy. 

At ordinary room temperatures the ratio of energy radiated as diffuse 
light to that radiated as scintillations is small and has usually been over- 
looked, but this ratio is dependent on the temperature of the absorbing ma- 
terial. If a zinc sulphide screen in contact with a polonium plate is cooled to 
the temperature of liquid air its brightness is considerably diminished. When 
after a few minutes of exposure the polonium plate is removed and the screen 
is allowed to reach the room temperature, it glows much more brightly, show- 
ing that a larger percentage of the energy of the rays is absorbed and retained 
at the lower temperatures and released only with the aid of heat agitation of 
• -'"the, molecules. , 

These experiments justify us in regarding the absorption and emission of 
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energy by luminescent materials when excited by alpha, beta and gamma- 
rays, as essentially a phosphorescence phenomenon. If this view is correc 
then the brightness of these materials, when excited by a constant souice of 
rays should rise to a maximum where the rate of absorption and emission 
balance each other, and if there is no physical or chemical change in the ma- 
terial, it should remain constant at this value indefinitely. But it is well 
known that the coefficient of light absorption of these materials increases as a 
result of irradiation, therefore the brightness must decay m time, not neces- 
sarily because of a decrease in the amount of light produced but due to the 
fact that more and more of it is absorbed by the material itself as time pro- 

Again if the coefficient of absorption never becomes infinite but tends to 
approach a constant as time approaches infinity, the brightness would never 
decay to zero. 
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Fig. 2. Luminosity curve. Capsule beta, gamma-rays. Calcium sulphate Mn activated. 

These conclusions are qualitatively in agreement with the observed facts 
on all materials investigated in this laboratory. 

Fig. 2 represents the rise and decay in brightness of a typical thermolumi- 
nescent material which is also phosphorescent at ordinary room temperatures. 
The material consists of crystalline calcium sulphate activated by manganese. 
It will be noted that the brightness increases in time reaching a maximum in 
about 70 hours and then begins to decay. The decay curve is not a pure 
exponential and final brightness will never become zero. The similarity be- 
tween the characteristics of this curve and those obtained by Smith and 
Gessner is quite apparent. 

The factor controlling the decay of brightness seems to be the change in the 
transmission constant of the material. In pure barium bromide this change is 
small and its rate of decay is also small. The final constant value of brightness 
for samples investigated by Smith varied from 40 percent to 60 percent of 
their maximum. On the other hand in pure radium bromide, which becomes 
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almost black, the rate of decay is very large and the final constant value of 
brightness is about 0.1 percent of its maximum. Both radium bromide and 
barium bromide completely recover their ma.ximum brightness on heating to 
an adequate temperature. The heating results also in complete disappearance 
of any coloration. 

According to this view luminous paints which have decayed should also 
regain their brightness if the coloration of the crystals is removed. This was 
attempted on some samples of zinc sulphide paints which had been allowed 
to decay for over eleven years in sealed tubes. The paints contained 50 and 
100 micrograms of radium element, respectively, per gmof zinc sulphide. On 
heating the tubes over a bunsen burner the brightness was promptly restored 
but the degree of restoration could not be determined since no record of the 
initial brightness of the paint was available. The coloration of the samples 
disappeared at the same time and their photosen.sitiveness was also revived. 

It is not claimed here that there is no chemical decomposition in the irra- 
diated samples resulting in a decrease of light emission. But it has been shown 
that an attempt to e.xplain the decay of luminescence as dire to disappearance 
of active centers gii'e.s inconsistent results, and since it has been shown that 
the change in transmission constant plays such an important part in the ap- 
parent decay ot brightness, a quantitative application of any theory of lumi- 
nescence become,s difficult until the exact nature of this change i.s determined 
experimentally. 

It has already been shown that the increase in absorption constant cannot 
be considered as due to the destruction of hypothetical active centers. On the 
other hand the curies representing the rise and decay of brightness do not 
furnish sufficient data to determine the nature of this change. Experiments 
are under way to determine directly the variation in the transmission con- 
stant of some of t hese materials as a result of irradiation, when a quantitative 
application of the assumptions made above to the experimental curves will 
become possible. 

If the alisorption coefficient a is defined by the expression Ix/I = where 
7i/J is the fraction of light transmitted through thickness .r of the absorbing 
material, it is quite ei'ideiit that a is a v'ariable quantity in this case, its value 
depending upon the nature and intensity of the radiation and the time. 

In correcting for the absorption of light by the walls of the glass containers 
Walsh assumes a transmission factor, due to the coloration of glass, of the 
form 

r = 

where p is a constant for a gii'en tube and t is the time. This is based on the 
assum])tion that the coloration of the glass is produced by the destruction of 
certain molecules in the glass. On this view' the transmission should become 
zero when t is put etjua! to infinity. If, however, the coloration of transparent 
materials is due to ionization of the molecules, such ionization might have a 
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saturation value, in which case the transmission factor would be represented 
by an expression of the form 

where a, h and c are constants for a given material and a given intensity of 
radiation of one type. In this expression the value of T is never equal to zero. 
This is more in accordance with the experimental facts. However this may 
prove to be, it has been shown that experimental results recounted in this 
paper cannot be satisfactorily explained on the active center theory o umi- 

nescence without further modification. r- s \ 

The writer wishes to acknowledge his indebtedness to Mr. Gessner tor the 
use of data obtained by him and to Dr. H. C. Richards and Dr. E. E. 'SN il^ner 
for many valuable suggestions and criticisms during the preparation of this 
paper. 
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THE ELECTRIC FIELD, ATMOSPHERE AND 
EFFECTIVE TEMPERATURE OF THE SUN 

By Ross Gunn 

Naval Research Laboratory 
Washington, D. C, 

Abstract 

The stutiy of important electromagnetic effects in the solar atmosphere under- 
taken in previous papers is continued. It is shown that the large observed spread of 
effective temperatures of the sun’s radiation can be accounted for by the presence of 
electric and magnetic fields in the solar atmosphere. The magnitude of the electric 
field at a level where the magnetic field is 25 gauss, calculated from the observed spread 
of temperatures, is found to be 0.015 volts. cm and agrees well with 0.013 volts/cm 
calculated earlier from the observed anomalous motions of the solar atmosphere. 
(Gravitational etjuilibrium is found to he imneces.sary in all regions of the atmosphere 
and it is shown t liat the ‘"support” and stability of the chromosphere and its anomalous 
eastward inoiiun are evidences of precisely the same electromagnetic mechanism. An ■ 
electric lield of the value given above is shown to account qualitatively for certain 
bright line spectra in the chromospliere of the sun. The strange observed relation 
between briglit line s{)eclra and rapid axial rotation of stars, just pointed out by 
O. Struve ol the Verkes Obserwitory, confirms in a striking manner some of the con- 
clusions of this and earlier papers. 

¥N A series of papers it has been shown that the anomalies of the solar rota- 
A tion arise fiT)ni electromagnetic effects which take place in the crossed 
electric aiul magnetic iields existing in the ionized solar atmosphere. The 
magnitude and direction of the magnetic field is readily^ determined by ob- 
ser\Tition, but the magnitude of the electric field is much too small to pro- 
duce nieasuralile Stark effects and must be inferred from the observed atmos- 
pheric motions. In the present paper we consider a method of calculating the 
magnitude of the electric field from spectroscopic data and will show that the 
departures of tlie solar radiation from that of black-body radiation lead to a 
Y'aliie for the electric field which agrees with that calculated in earlier papers. 
Measurements sliow tliat the effective solar temperature calculated from the 
quality of solar radiati(;n is over 1000® higher than that inferred from 
measureiuents oi the density <;f radiation. The difference of the effective 
temperatures Is so great that we must conclude that processes other than 
thermal must be present which add energy to the ions. It is clear that an 
electric field (d sufficient magnitude might add energy' to the ions during 
their free path s(.) iliat on C(?liision they w^oiild have energies higher than that' 
inclicaled liy the tcmpeniture of the region. A rough calculation shows that a 
radial electric field alone will not account for the observed features of the 
solar radiation, fi)r if there were no solar magnetic field the conductivity of 
the atmospheric would be so great that electric fields would be very small. 
However, if we consider lioth electric and magnetic fields the difference in the,, 
effective tem|)eratiires is readily^ accounted for. 

1,129 ■ 
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Effect of Crossed Electric and Magnetic Fields 

In earlier papers^ we considered the effect of crossed electric and magnetic 
fields on the electrical conductivity, diamagnetism and mass motion of an 
ionized gas. It has been shown^ that diamagnetism limits the solar magnetic 
field and the resulting distribution is such that the field is nearly tangential 
to the surface over most of the sun. The electric field, by symmetry, must be 
radial so that in the following we may assume for simplicity that the electric 
and magnetic fields are always perpendicular. 

The path described by an ion in perpendicular electric and magnetic fields 
is a cycloid.'-^ An ion starting from rest is initially acted upon only by the 
electric field which accelerates the ion; as the velocity increases the magnetic 
force at right angles to its motion increases until the ion is moving at right 
angles to the electric field. The magnetic force continues to act and the ion 
is forced by its inertia to move against the electric field, whereby it loses 
energy till it comes to rest. The process then repeats itself again and again. 
The net result of this process is that the ion progresses in a direction perpen- 
dicular to both the electric and magnetic fields and on the average does not 
advance in the direction of the electric field. 

It is clear that in certain parts of the cycloidal path the ion has much more 
energy than at other points, and if the ion collides at a point in its path where 
its energy is large, ionizing effects will be greater than if the ion collided in a 
part of the path where the energy is small. In the general case the ion starts 
its path with a certain thermal energy and in tracing its cycloidal path it 
acquires and loses energy repeatedly from the electric field. If R is the radius 
of the generating circle of the cycloidal path, E the average electric field en- 
by the ion in its path, and e the ionic charge in e.m.u., then the 
difference in energy W of the ion between the top and bottom of its path is 

IF = 2REe: (1) 

This energy is obviously supplied by the electric rather than the magnetic 
field, for the motion of the ion is always at right angles to the magnetic force 
hence the magnetic field cannot transfer energy to the ion or the ion 
energy to the magnetic field. It is of importance to note that Eq. (1) gives the 
maximum energy difference and no matter how long the free path, the ion 
cannot acquire more. We neglect the less frequent case of successive col- 
lisions where an ion of initially large energy collides with another at a favor- 
able point in its path and this ion in turn picks up additional energy and 
passes it on to still another. 

The radius of the cycloidal generating circle is given by 


mv 


cos 8 + 


where w is the mass of the ion, v the initial ionic velocity in a plane perpen- 

1 R. Gunn, Phys. Rev. 32, 133 (1928); 33, 614 (1929); 33, 832 (1929); 34, 335, 1621 (1929); 
35, 635 (1930); 36, 1251 (1930); 37, 283 (1931). 
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dicular to the magnetic field 5, m the ion drift velocity resulting from the 
crossed electric and magnetic fields and S the angle between u and v. When 
the free paths are long and the electric and magnetic fields are perpendicular, 

ti is given by 

u = E/B. (3) 

A few of the ions will acquire and expend the maximum energy given by Eq. 
(1) and some will lose energy. To get the mean gain in energy for a typical 
ion we will simply take an arithmetical average and therefore we have from 
Eqs. (1), (2), and (3) that 


IFi = mmi 


E 

B 


2.f}ik'r ^1 ” 1 " 


mE^ 

TkTBy_ 


1/2 


(4) 


where Wi is the approximate mean increase in energy and (2 rnkTy^ has been 
written for filie mean increase in energy IFi may, for convenience, be 
expressed in terms of an equivalent effective temperature and be equated to 
3/^A/ / 2 where h is the Holtzmann constant and AT is the change in effective 
temperature due to electrical effects. Making this substitution and trans- 
forming Eq. (4) w'e have 


AT 

T 


lurirn 


3 


kT 


1 + 


mu‘ 


2kT 


1/2 


or if w'e sol\-e this for the electric field E we have 


(5) 


H- 




9 /A7’Y 
4 \~F/ 



( 6 ) 


In Eq. (5) we note that the difference in the effective temperatures is propor- 
tional to the square root of the ion mass. This indicates that the ions rather 
than the electrons are the particles effective in increasing the apparent tem- 
perature of the solar atmosphere although there is no reason why the ions 
cannot transfer their high energies to electrons by collision. 


Departure from Black-Body R.AmATioN 

Several writers^'^'»'« have studied the solar radiation and found it to de- 
jiart markedly from a black liody distribution. At one time it was thought 
the departures w'ere due to varying general absorption in the radiating layers 
but Milne'* concluded that this was quite inadequate. Eddington® has re- 
worked some of the data and gives 4660° for the effective temperature of the 
sun as calculated from the density of radiation and 5740° as the effective 
temperature calculated from the quality of the radiation. It is clear that 
the emitted light is much richer in high frequency radiation than would be 
the case if the sun radiated like a black body. The differences in the effective 
temperatures, or 1080°, is so great that the energies of some of the ions must 
be considerably more than that of the mean value. If we are not particularly 

^ C. Ck Abbot, Annals Astrophys. Observ. Smithsonian Inst. 

** E. A. )>IiIoe, Monthly Notices 81, 375 (1921). 

I.nmiblafb Nova Acta, Soc. Sci. Upsalienses 6, §i (1923.). , 

}'’fl(Iingtnn, Internal Constitution of the Stars. 
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concerned with the detailed 

the preceding section permits a test j. showed that the 

from an electric field in the solar atmosphere ,ke reversing 

mean atomic weight of the solar atmosp , calling the mass of 

layer was 6.6 if no account were tayer is 6.6 h. 

the hydrogen atom h, the mean mass o^ e i . known from as- 

Moreover. the superposed in Eq. (5), 

tronomical data to approximate 0-5 km/sec. „ ^g-^and T = 4660*^ 
m = 6.6/1 1.64 XlO g ^ ^ compared with 

we find i, considered satisfactory because the method 

the observed value 1080 and is consme agreement is greatly im- 

quency side of the maximum. Our calculations ,'J “ 

served spread of effective temperatures can be accounted fot \ P 

of electric and magnetic fields in the solar atmosphere. 

Magnitude OF THE Electric Field 

In other papers^ the relation of the mechanical motions of the solar at- 
mosphere to electromagnetic effects was considered and it was concluded 1 1 ^ 
Te oServed motions required that the solar atmosphere have an electric 
field directed radially inward and amounting to 0.013 volts/em in 
where the magnetic field was 25 gauss. The magnitude of the electric field 
cannot be checked by Stark effect observations and it becomes necessary to 
look elsewhere for supporting evidence. The spread of obsei ved effectiv- 
temperatures provides an independent method of calculating the magmtuc e 
of the field and we turn at once to Eq. (6) which connects observed quantities 
with the electric field. We follow earlier work and take m = 6.6A; 
lO-^'* gm; fe = 1.37Xl0-i«; r=4660“; Ar=1080° and 5 = 25 gauss. Substitu- 
tion in Eq. (6) gives E = 0.0148 volts/cm. The agreement of this value with 
the earlier calculation^ is most satisfactory and it is evident from the form of 
Eq (6) that the agreement will be equally satisfactory at all other levels of 
the solar atmosphere. The present method of calculating the field is appar- 
ently incapable of determining the sign of the electric field, but, as we have 
pointed out previously, the sign inferred from the solar motions is precisely 
the sign observed on the earth, i.e., negative or radially inward. The agree- 
ment of the two methods of calculating the magnitude of the field strongly 
supports the conclusion that a solar electric field exists and that the mass mo- 
tions of the atmosphere and the differences observed in the effective solar 
temperatures are simply different aspects of the same fundamental physical 
phenomena. 
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Stability of the Solar Atmosphere 

Eclipse spectra show that large amounts of material, notably calcium 
exist high in the chromosphere and the distribution of this material is such’ 
that it cannot well be in gravitational equilibrium with a supporting gaseous 
pressure. Milne^ has attempted to account for the support and stability of 
this material by assuming that radiation pressure was great enough to over- 
come the gravitational forces. His calculations show that the calcium must 
absorb selectively in what appears to be a highly artificial manner A still 
more serious objection to his theory is the fact that once sufficient absorption 
IS built up by special assumptions the atom will be blown away from the sun 
because the radiation presssure does not decrease as rapidly as gravitv Thnc 
Milne’s atmosphere is unstable.® 

Our study of electromagnetic effects suggests that the stability of the 
chromosphere does not depend on a specialized type of dance on a sunbeam 
but does depend on very real and sufficiently large electric and magnetic 
forces. Although the force on a positive ion in the solar atmosphere is verti- 
cally downward and hence in the same direction as gravity, we have seen that 
the ion does not mov'e dowiuvard but on the av’erage mov'es parallel to the 
soldi suiface. Ihus ions e.xecuting long free paths in crossed magnetic and 
electric or gravitational fields are “supported” and can progress in the direc- 
tion of the force field only by numerous collisions. It is therefore clear that 
it is not necessary to think of the very long free path ions in the solar atmos- 
phere as being in gravitational equilibrium. To illustrate, suppose that neu- 
tral molecules of ail materials are shot, undeviated by the magnetic or electric 
fields, by thermal processes to high altitude regions of low pressure where 
they immediately become ionized. The recombination coefficient will be dif- 
ferent for diWerent kinds of ions and those particles that remain neutral for 
an appreciable time will be acted on by gravity and drop to lower levels. The 
ions with very small recombination coefficients (calcium for example) will 
.spend most of their life in an ionized condition and therefore will be “sup- 
ported and at the same time swept parallel to the solar surface with avelocity 
dependent on the ratio of the crossed electric and magnetic fields. Eventually 
an eqmhbrium condition will be reached and the supply of neutral calcium 
atoms will balance the loss of those dragged down by the electric field as the 
lesult of a huge numlier of collisions and the few which are neutralized and ■ 
fall under the action of gravity. We thus see that no special mechanism is 
necessary to account fur the “support” of the chromosphere. and that it is 
supported by precisely the same mechanism that produces its observed anom- 
alous eastward drift. 

Bright Line Spectra 

DoubK- reversed, or bright line spectra, are characteristic of certain types 
of .Stans but there have been theoretical difficulties in accounting for their 
iiresence. luidington® has reviewed the subject and he concluded without 
attempting to make the statements quantitativ'e, “that bright lines in the 
spectrum of a .static star indicate that either (a) the star is greatly disturbed 

Mi. Xfilim, Monthly Notices 84, 3S4 (1924). 
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by “thunderstorms” or (b) it is a nebulous star. The sun hardly _ 
called a nebulous star and we should be able to account for certain in ^ , 

flash spectrum by electrical excitation of the type we have considered 1 l^e 
electrical field will add considerable energy only to an ionized pai ticle a,i 
more analysis will be necessary to determine the exact mechanism y wiici 
an atom is excited to radiation. In another place we have expressed the ratio 
of the energy added to an ion, to its thermal energy in terms of temperatures 
and, as a numerical example, we will calculate the ratio of the e^^pes or a 
helium ion. In Eq. ( 5 ) we will take = 6.56X10 ^"gm; m- 5X_10 cm/sec, 
r = 4660° and we find AT/T=0A6-, that is to say, all the helium ions permd- 
ically acquire energies 16 percent greater than their thermal energies. _ Simi- 
larly the added energy for calcium is 50 percent while that of hydrogen is only 
8 percent. Thus we are led to believe that the additional eneigy avai ao e 
is adequate to produce bright line spectra. For the purpose of this paper, 
which is primarily concerned with the solar electric field, the rough value 
given above is adequate, but it is evident that a complete study of the bear- 
ing of an electric field on the ionization equilibrium relations in stars is neces- 
sary to give a complete description of the events. Saha’s* theory of stellar 
ionization will be readjusted to take account of the fields and it is expected 
that such a readjustment will improve the agreement of his formula with ob- 
servation. 

Conclusion 

We have indicated in outline that spectroscopic data regarding the sun 
bear out our earlier conclusion that electromagnetic phenomena are impor- 
tant in the solar atmosphere. It is rather surprising that the apparent solar 
rotation should be so closely related to the spectral distribution of radiation 
from the sun but we have had a suggestion that this might be true in a i ecent 
paper by Struve.^ Dr. Struve has noticed a remarkable correlation between 
the rotation of stars and their spectral class. The early type stars rotate 
with great rapidity and several are apparently on the verge of rotational in- 
stability. The considerations of the present paper indicate that the early 
type stars have electric and magnetic fields of considerable magnitude and 
that our sun is probably a fair representative of stellar bodies. A complete 
study of the sun is therefore of the greatest importance if we are to understand 
and correctly interpret the physical phenomena which astronomers observe. 
Note added March 24 j 1931: 

The March issue of the Astrophysical Journal has just appeared and con- 
tains another paper by 0. Struve giving observational data which is in re- 
markable accord with the theory developed above. Dr. Struve states ^^Ex- 
cessive rotations, estimated at 9 or 10 (. . . 250 km/sec.), are frequent. Ap- 
parently bright lines occur preferentially in stars having rapid axial rotation. 

The relation of Eq. (5) shows that the ratio of the additional excitation 
energy to the thermal energy is directly proportional to the superposed drift 
velocity u. Thus theory predicts a strict parallelism between high, apparent 
rotations and bright line spectra. Struve’s results appear to be a beautiful 
confirmation of the material of this and preceding papers. 

« M. N. Saha, Phil. Mag. 40, 472, 809 (1920). 
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Abstract 

lo study the uioleciilar association of nitrobenzene, the dielectric constant of 
mixtures of 1 his sulistance with benzene (nonpolar solvent) and polar liquids (ethyl 
ether, chlorcihenzene and acetone) was measured. The molar polarizations of the two 
polar substances were calculated as a function of the concentrations. If the depend- 
ence of the molar ])oIarization of one polar liquid on the concentration of the other is 
taken as a measure of the association, the experiments show that the larger the electric 
rnonutut of the mrilecule, tlie stronger is the association. They also show that associa- 
tion lake's place not only between the molecules of a given substance, but also between 
two substances that may be quite different, provided they are both polar. 


Introduction 

T M1{ [)olar liquids or gases, i.e., those whose molecules have an electric 
niiinient, show some deviation from simple additive or linear laws at cer- 
tain concentrations. The explanation for these deviations is that the mole- 
cules associate, i.e., form complexes bound not by chemical forces but mainly 

liy the ektct.ric fields of the dipoles. 

From the dic-leiM ric constant point of view, this behavior may be described 
asfollnws: if a polar liquid (say nitrobenzene) is dissolved in a nonpolar liquid 
(say benzene) ilie W'lriaiion of the polarization of the mixture as a function of 
the (’onceninuinn of the polar liquid is, in general, not linear. In certain 
cases tlie a|)|)are!U electric moment of the molecules is larger and in other 
cases smaller tlian that, obtained from an extrapolation at infinite dilution, 
but is always \'ariabie with the concentration. The simplest theory of this 
effect is that the polar molecules associate to produce a sort of polymerized 
molecule hax'ing a smaller or larger moment depending on the relative orienta- 
titms of the dipoles forming the complex.^ 

Delnxr Ikis proposed a simple theory of this effect corresponding to the 
ihe« ivy that he am! I ! ueckel Itav^e given for electrolytes. However the assump- 
ti<ats he had to make, for instance spherical molecules with the dipole at the 
i:ei!ter, seem loo fiir from reality to confer much value to the theory accord- 
ing wliicii the polarization per mole should increase with concentration if 
assradaticm takes place. This however is true experimentally only for alcohols. 
Anoilier tliecu'v appiireiuly less general and with looser foundations has been 
gi\'en by \\V»lfke.'^ 

^ V. h. SmyiJi, Cheiu. Rew 6, No. 4, (1929). 

* l)eb\i\ IhiUilbuflj fier Radiulogie, Vol. 6. 

Wull'kty Phyx Zeits. 29, 713 (1928). ; 
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It seemed thus commendable to accumulate data on the phenomenon of 
association before the theory could be advanced very much, hence this m- 

vestigatoonectric responsible for the association one would expect it 

to depend (a) on the temperature, because it controls the inotion of the mo e- 
cules, (b) on the magnitude of the electric moment and (c) on Ae shape 
the molecules. Data available at the present time give information concern- 
ing the association of a substance with itself alone.^ Our experiments inves- 
tigate the association of one type of molecule with another, in particular with 
respect to factor (b). Special consideration was given to the association of 

STRUCTURAL FORMULAS 


NITROBENZENE 
0 _ 


CHLOROBENZENE 

0 

II 

.C. 


ETHER ACETONE 

Fig. 1. Structural formulas of the compounds used. Probable polarity indicated. 

nitrobenzene® (ju = 3.90XlO~'’*) with ether (/i = 1.24X10 chloiobenzene 
(;u = 1.52X10-*®) and acetone (ju = 2.70Xl0-*®), m being the electric moment, 
in e.s.u. Xcm. The final results of our experiments give some indication of the 
effect of the electric moment as well as that of the shape of the molecule on 
the degree of association. The structural formulas, Fig. 1, may be of service 
when considering the effect of the position of the moment in the molecule. 

Simple Theoky of the Dielectric Constant of Mixtures 
Debye^ has shown that the dielectric constant, €, of a mixture under all 
conditions satisfies the equation 


€ — 1 4zT 

== -|-. 

€ + 2 3 


) 
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where %% is the number of molecules of type i per unit volume, and ai is given 
by 


ai = aj + 


ZkT 


(la) 


where ai comes from the deformation of the molecules, [Xi is the permanent 
electric moment, k is Boltzmann’s constant and T the absolute temperature. 

If we introduce as new variables the mole fraction = and the 

polarization P i = ^irNai / 3 
we get froin (1) 

€ - 1 -ZfiMi 

p ^ i = ^p.j, 

€ + 2 d 

where M i is the molecular weight and d the density of the mixture. 


( 2 ) 




Fig. 2. Sectional view of test condenser and cell. 

The theory underlying this formula requires a complete independence of 
the molecules. If however there is association, we can retain the same ex- 
pression, assuming then that the apparent moment iii varies. 1 hus the Pi s 
which are really molecular constants vary also, and their variation may be 
taken as a measure of the degree of association. 

Our experiments consisted in measuring the dielectric constant, €, of 
mixtures of known concentration /»% After determining the density, c?, the 
value' of P could be obtained. , . 

Apparatus and Procedure 

A simple resonance circuit was used in the measurement of the dielectric 
constant of the mixtures investigated. A standard condenser of 2500ft/xf and a 
test condenser (Fig. 2) of approximately AOppti connected in parallel, consti- 
tuted the capacity of the absorbing circuit. A quartz crystal oscillator (Fig. 


J. ALBERT WEHRLE 

Anpro-v Resonance was determined 

3), wavelength 525 meters, supp i . • galena crystal rectifier circuit 


1400 

IT A < 




200 y.. 1 l±. 



Fig. 3. Oscillator and absorption circuits. 

was usually enough energy absorbed from the oscillator to obtain a maximuin 
deflection of 30 to 40 cm, even when only one- tenth of the current passe ^ 
through the galvanometer. 



Z 4 6 8 10 » 

I WILLIAM5 

Fig. 4. Calibration curve of test condenser. 

The procedure of a test involved the determination of resonance with (a) 
the standard condenser and the leads of the test condenser in the circuit; (b) 
the empty test condenser included in the circuit; (c) the mixture under in- 
vestigation in the test cell. 


I 
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The imcorrected experimental value of the dielectric constant of any 
particular solution studied was calculated from the relation 

esAn 
Cb ^Trd 

Ca ^aAn 

Aird 

where C«, C, are capacities of the test condenser with air and with the solu- 
tion, respectively; €«, the corresponding dielectric constants; A, the area 
per plate of the test condenser; n, the number of plates of dielectric; d, the 
plate spacing. 

Values fjf dieleclric constant for various concentrations of carbon disul- 
phide and nil r(d)enzene were plotted (Fig, 4) against values, assumed true for 
the same coiu'cntration as reported by J. W. Williams.^’ This plot was taken 
as the calibration cur\e of the test condenser and was used in correcting 
values, 

Measuremeius nf e„ were made at a temperature of 2S°C±0.5° and could 
be reprodmvd in j)ratiic'ally all cases to within less than 1 percent. It is to be 
f»bser\‘ed that while the method is quite convenient and of fair accuracy, it 
proves, in its j)r(tsent form, unsatisfactory for values of dielectric constant 
aliove ten. I'his may be due to any one or possibly both the following causes: 
fa) f>nre tliis region of dielectric constant has been attained, the galvanometer 
deflection has materially decreased and, due to a lack of sensitivity, the mo- 
tion of the iiiirror has become relatively sluggish; (b) the introduction of a 
solution of dielectric constant of the order specified above gives rise to 
ap|>riTiabk‘ disidat'ement currents in the dielectric. This is equivalent to 
adding an effecti\'e resistance to the L and C of the pick-up circuit, resulting 
in a flattening of the resonance peak. 

Idle Holiitioiis tested consisted of vseveral series composed of a nonpolar 
tyfie, lienzene, and two polar types, ether and nitrobenzene, chlorobenzene 
and nitrobenzene or acetone and nitrobenzene. From the stock solutions, 
test s<»hitifjns of 1.^0 each were prepared containing nitrobenzene in con- 
centration of 0, 2, 4, 6, S. 10 iiercent by volume, respectively. 

i )ensit ies wvrv obtained by means of a Mohr balance. An Abbe refractom- 
eter ser\'ed for the refractive index determination. 

Purification of Materials 

x\s i 1 was ru >t the purpc )se of these experiments to conduct an investigation 
of the highest precision, but rather to discover some facts about molecular 
association, the materials used were subjected only to the following purifica- 
tions. 

Benzene* The first sample, thiophene free, was frozen out twice and 
fractionated. In tlie case ai the second sample, drying wfith phosphorus 

® Williams ami Ogg, jour. Atmr. Chem. Soc. SO, '96 (1928). 
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pentoxide and fractionation yielded a product whose constants were practi- 
cally identical with those of the sample originally , manu- 

Ether. The best grade obtainable was used as supplied by 

f cLCturor. 

Carbon disulphide. After a preliminary agitation with mercury, to 

foreign sulphides, it was dried with phosphorus pentoxide and ractionated 
Chlorobenzene. A sufficient quantity of a high grade material was secure 
to meet all the needs of the contemplated experiments and was used . 

"'"^Acetone. To secure a water-free product, the material was refluxed for 

three hours over potassium hydroxide and distilled. urt 

night with fused calcium chloride, refluxing for two hours and fractionation 

completed the process. 

Results 

Results are given in Tables I-III. The curves shown are illustrative of 
the data on benzene, ether and nitrobenzene. 


Table I. 


Data for solutions of ether and nitrobenzene in benzene. 
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Table L {Continued) 


/. 

h 

h 

e 

d 

n 

P]23 

P 23 

0.0000 

i .0000 

0.0000 

4.55 

0.7118 

1.3521 

56.42 

56.42 

.0000 

.9795 

.0205 

5.00 

.7232 

1.3559 

59.34 

59.34 

.0000 

.9591 

.0409 

5.47 

.7348 

1.3612 

61.98 

61.98 

.0000 

.9386 

.0613 

5.89 

.7454 

1 .3663 

64.10 

64.10 

.0000 

.9183 

.0817 

6.31 

.7569 

1.3715 

65.93 

65.93 

.0000 

.8979 

.1021 

6.73 

.7696 

1.3768 

67.46 

67.46 

f>,h 

fz are mole fractions of benzene, ether and nitrobenzene, respectively; e, 

w, d are 


corrected dielectric constant, index of refraction and density, respectively; Pvn the polariza- 
tion of the tliree-coraponent solution calculated from Eq. (2); Pn the polarization of ether and 
nitrobenzene alone, calculated from Pn=^Pm~fi Pi- 


Table II. Data for solutions of chlorobenzene and nitrobenze?ie in benzene. 
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11.35 

.9472 
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.0528 
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15.48 
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.0706 

3.80 
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43.67 

19,50 

.9115 

.0000 

.0885 

4.18 
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23.03 
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0.1793 

0.0000 

2.87 

0.9156 

1.5022 

35,34 
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.8059 

.1761 

.0180 

3.25 

.9208 

1.5031 

39.54 

18.58 

.7910 

.1728 

.0362 

3.61 
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42.88 

22.30 

.7761 
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.0543 

3.98 
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1.5049 

46.11 
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.7612 

. 1663 

.0725 

4.35 
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1.5058 

48.92 
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4.68 
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1.5068 
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31.75 

0.6318 

0.3682 

0,0000 

3.46 

0.9622 

1.5072 

42.50 

26.07 

.6202 

.3614 

.0184 

3.83 

.9673 

1.5080 

45.85 

29.72 

.6080 

.3543 

.0377 

4.13 

.9714 

1.5088 

48.35 

32.54 

.5968 

.3478 

.0554 

4.50 

.9766 

1.5097 

51.02 

35.50 

.5850 

.3409 

.074! 

4.82 

.9814 

1.5105 

53.17 

37.92 

.5731 

.3340 

.0929 

5.18 

.9867 

1.5113 

55.32 

40.41 

0.4327 

0.5673 

0.0000 

4.06 

1.0079 

1.5108 

48.91 

37.65 

.4245 

.5566 

,0189 

4.39 

1.0113 

1.5115 

51.46 

40.42 

.4163 

.5458 

.0379 

4.73 

1,0150 

1.5123 

53.83 

43.00 

.4081 

,5350 

.0569 

5.04 

1.0193 

1.5129 

55.77 

45.16 

.3998 

.5242 

.0760 

5.33 

1.0230 

1.5133 

57.48 

47.08 

.3915 

.5133 

.0952 

5.68 

1.0269 

1.5141 

59.37 

49.19 

0.2224 

0,7776 

0.0000 ■ 

4.58 

1,0510 

1.5173 

54.28 

48.49 

.2181 

.7625 

.0194 

4.84 

1.0547 

1.5179 

56.01 

50.34 

.2142 

.7472 

.0386 

5.21 

1.0578 

1.5184 

58.25 

52.69 

.2094 

.7321 

,0585 

5.51 

1 .0603 

1.5190 

59.99 

54.54 

.2051 

.7169 

.0780 

5.83 

1.0635 

1.5196 

61.64 

56.31 

.2007 

.7017 

.0976 

6.11 

1.0667 

1.5201 

62.99 

57.77 

0.0000 

1 ,0000 

0.0000 

■ 5,22 

1.0997 

1.5227 

58,90 

58,90 

.0000 

.9685 

.0315 

■ 5. 51 ■ 

1.1017 

1.5231 

61,48 

61.48 

.0000 

.9488 

.0512 

5.84 

1.1034 

1.5236 

63.28 

63.28 

,0000 

.,9290 

.0710 

6.13 

1.1052 

1.5240 

64.65 

64:65 

.0000 

'.9092 

.0908 

6.40 

1.1073 

1.5245 

65.85 

65. 85 

.0000 

.8895 

.1105 

6.72 

1.1087 

1.5250 

67.27 

67.27 


fhfif h are mole fract ions of benzene, chlorobenzene and nitrobenzene, respectively ; €, n, d 
are corrected dielectric constant, index of refraction and density, respectively ; the polariza- 
tion of the three-component solution calculated from Eq. (2); Pgs the polarization of chloro- 
benzene and nitrobenzene alone, calculated from P23== Pm 
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Table III. Data for solutions of acetone a nd nitrobenz ene i n benzene. 



/2 

/s 

€ 

d 

n 

Pvn 

Pi, 

1.0000 

.9825 

.9648 

.9472 

.9294 

.9115 

0.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

0.0000 

,0175 

.0351 

.0528 

.0706 

.0885 

2.16 

2.62 

3.04 

3.40 

3.80 

4.18 

0.8731 

.8777 

.8844 

.8910 

.8982 

.9032 

1 .4980 

1 .4995 
1.5001 
1.5012 
1.5026 
1.5037 

26.01 

31.36 

36.45 

40.13 

43.67 

46.73 

0,00 

5.81 

11.35 

15.48 

19.50 

23.03 

0.8806 

0.1194 

o.oooo 

3.48 

0.8632 

1.4827 

39.68 

16.77 

.8655 

.1173 

.0172 

3.82 

.8695 

1 .4838 

42.64 

20.13 

.8503 

.1153 

.0344 

4.31 

.8770 

1.4848 

46.24 

24.12 

.8350 

.1132 

.0518 

4.52 

.8837 

1.4862 

47.74 

26.02 

.8196 

.1111 

.0693 

4.90 

.8906 

1.4871 

50.12 

28.80 

.8041 

.1090 

.0869 

5.23 

.8979 

1.4885 

51.96 

31.05 

0.7663 

0,2337 

0.0000 

4.70 

0.8541 

1 .4668 

47.46 

27.53 

.7534 

.2298 

.0168 

5.03 

.8616 

1.4686 

4^>.39 

29.80 

.7404 

.2258 

.0338 

5.31 

.8687 

1.4704 

50.96 

31.70 

.7273 

.2218 

.0509 

5.65 

.8757 

1.4720 

52.71 

33.79 

.7141 

.2178 

.0681 

5.96 

.8824 

1 .4738 

54.22 

35.65 

.7009 

.2138 

.0853 

6.26 

.8892 

1.47S3 

55.60 

37.37 

0.6567 

0.3433 

0.0000 

5.93 

0.8458 

1.4534 

52.33 

35.25 

.6459 

.3376 

.0165 

6.26 

.8535 

1.4553 

53 . 77 

36.97 

.6349 

.3319 

.0332 

6.55 

.8611 

1.4577 

54.98 

38,46 

.6239 

.3262 

.0499 

6.83 

.8679 

1,4594 

56.14 

39.91 

.6130 

.3205 

.0665 

7.12 

.8751 

1.4613 

57.25 

41.3! 

.6017 

.3146 

.0837 

7.47 

.8822 

1.4634 

58.51 

42.86 


fhfiifs are mole fractions of benzene, acetone and nitrobenzene, respectively; c, n, date 
corrected dielectric constant, index of refraction and density, respectively; Fin the polariza- 
tion of the three-component solution calculated from Eq. (2); P23 the polarization of acetone 
and nitrobenzene alone, calculated from Piz—Fm^fx P\> 

Values of P 23 were plotted against mole fraction of nitrobenzene at constant 
ether, and against mole fraction of ether at constant nitrobenzene. They were 
obtained from Pm by subtracting the polarization due to benzene, which is 
known to remain constant, as it is nonpolar and does not associate. Pn then 
represents the polarization due to the polar substances and can be expressed 
as 

P 23 =/2P2(/2,/3) +/3P3(:/2,^). (3) 

P 2 and P 3 are written explicitly as functions of /2 and/3 because they associate 
and because the association depends upon the concentration. Differentiating 
(3) with respect to /2 and putting/ 2 ^ 0 , we obtain 

(f) + 

\ Cl /2 //2-0 \ d/2 


and a similar expression for 


Illustrative curves are presented in Figs. 5, 6, 7, 8-. The fact that the curves 
vary with /a or /2 shows definitely that Pi and P3 are both functions of/3 and/ 2 , 
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which means that nitrobenzene does associate with ether. If there were no 
association, 

V //2-0 \ ^/3 //s-O 

should be constant as P2 would then not be function of/s nor P 3 function of 




300^ L_J 1 L J I I 

■^^0 20 40 ^ 60 80 ‘00 

Fig. 7. Plot of the slopes of the curves of Fig. 6 at /s, the concentration of nitrobenzene 
approaching zero. The slope of Fig. 7 is an approximate relative measure of the association of 
ether and nitrobenzene. 


•AC.H.N0 


Fig. 8. Plot of the slopes of the curves of Fig. 5 at /a, the concentration of ether approaching 
zero. The slope of Fig. 8 is an approximate relative measure of the association of nitrobenzem 
and ether. Note the corresponding value in Fig. 7. 

Thus the curves are a definite proof of the association of nitrobenzene witf 
ether, chlorobenzene and acetone. We can take the slones nf thpsp p.irvpo a\ 
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zero concentration, as an approximate relative measure of the degree of 
association. For this slope we write 


/ d^Fn _ dF2 dFA 


( 4 ) 


This quantity furnishes us a numerical estimate of the extent to which the 
polarizations depend on the concentration. From our data these results fol- 
low : 

Table IV. 

Association of nitrobenzene with 


Substance 


a 

Nitrobenzene 

3.90 

1185 

Acetone 

2.70 

690 

Chlorobenzene 

1.52 

270 

Ethyl ether 

1.24 

94 


As was expected, the larger the moment, the more pronounced was the 
association. It seems that the most important factor determining the degree 
of association Is the electric moment of the molecule. 

Anotlier question presents itself at this point. Do the association mole- 
cules share their electrons or not? The relation e — allows an answer. The 
calculation of from E^q. (2), replacing € by and omitting the term 
of f la) gives 


nr ■ 


1 if ^ ..2^ 


1 if 2/2 - 1 M,fz 

+ ' 


-f- 2 di fi'F T 2 <^2 ^^3^ T 2 d% 

t'alciilated on the basis that the components act individually and 
^ if 1/1+ if 2^2+ if 3/3 

" '“^^+ 2 " d.. 


( 5 ) 


(6) 


on the f)asis that the components act collectively, where /q, n-r and 

du d^, d:\, d.i are ilie refractive indices and densities of benzene, ether, nitro- 
lienzene, and the mixture of the three under consideration, P^o is the polariza- 
ticm at infinite dilution. The comparison results in values which check within 
the limits of experimental errors. An illustrative example of the comparison 
of P«, from h!f|. (5), and P.^/, from Elq. (6), for a mixture of benzene, ether 
and nitrobenzene is given in Table Y. 

Table V, 


/i 

h 

h 


d. 

P 

pj 

0.6374 


0.0000 

1.441S 

0.8141 

24.87 

24.89 

.6259 

.3560 

.0184 

1.4440 

.8220 

25.02 

25.05 

JAM 


.0369 

1,4464 

.8301 

25.16 

25.18 

.6020 

.3428 

.0555 

1 .4489 

.8384 

25.33 

25 ,35 

.5908 

. 3361 , 

.0731 

1.4516 

.8473 

25.44 

25.46 

.5783 


.0927 

1.4541 

.8557 

25.59 

25.61 
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Hence it is to be concluded that there is no sharing of electrons in this pro- 
cess. 

Conclusion 

Before anything more definite can be obtained from the 

working hypothesis as to the true nature of association must J - 

Such a project is at present under investigation. 
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NOTES ON THE EFFECT OF DISTANCE FROM THE 
SOURCE ON THE VELOCITY OF SOUND AT 
ULTRASONIC FREQUENCIES 

By Charles D. Reid 

Cruft Laboratory, Harvard University 
(Received March 20, 1931) 

Abstract 

Measurements of the velocity of ultrasonic waves have been made at a greater 
distance than heretofore. It is found to be independent of frequency within 0.01 per- 
cent which is the error of measurement. 

I N A previous paper^ a method of obtaining the velocity of ultrasonic waves 
was described. It was found that when measurements were taken in prox- 
imity to the face of the sound-emitting crystal the resulting velocity was 
higher than that calculated from data obtained in a region more remote from 
the face. It was also noted that this effect was more marked as the frequency 
decreased. Hence it seemed desirable to continue the measurements in a re- 
gion still more remote from the sound source, since the previous work indi- 
cated that an asymptotic value had almost been reached. 



With this in mind, the length of the sound chamber was doubled, and a 
direct current amplifier (showm in Fig. 1) was constructed in order to detect 
the sound energy at this increased distance. By using the proper grid bias 
on the amplifier tube the change in plate current produced by the motion of 
tlie reflector was increased by a factor of ten. 

With the use of this amplifier, the measurements recorded here were made 
from the data secured in the region between 50 centimeters and 100 centime- 
ters from the sound source. 

To obtain satisfactory stationary wave-trains in this region it was found 
necessary to pad the inside of the sound chamber with acoustic felt to reduce 

* C. D. Rekf Phys. Rev, 35, S14 (1930), 
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Tn order to determine the value of the humidity thus obtained, a hair 1 y 
erometer was calibrated over a small range of humidities by P \ 

a bell iar with two different saturated salt solutions and assuming i 
p.“ofotX h^rometer needle in the interval between these fixed humrd.. 

ties to be a linear function of the humidity. t | r 

The results of these measurements are recorded m i able 1 . 

Table I. The velocity of sound in moist air free from carbon dioxtd^ 


Frequency 


No. of runs 


Velocity at 0°C 


140 

105 

84 

70 

60 

42 


2 

7 

3 

4 
2 
4 


332.09 

332.05 

332.12 

332.05 

332.01 

332.15 


Average velocity at OX 332 .08 ±0.02 meters/sec. 

Relative humidity 32 per cent r 

Velocity in dry air at 0 oO-Ol^XO.O^UsSl.eS meter/sec. 

From the figures recorded in Table I it may be concluded that the velocity 
of sound in the frequency range included is constant within 0.01 percent when 
the measurements are carried out in a region sufficiently remote from the 

When the velocity obtained in this manner is corrected for humidity by 
use of the relation determined by previous experiments it is found to agree 
with the former results within experimental error. This serves as a check on 

the humidity formula. , • r n 

The above experiments have been carried on under the direction ot ur. 

G- W. Pierce. 
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THE POLARIZATION AND THE ELECTRIC MO- 
MENT OF TUNG OIL^ 

By a. a. Bless 
University of Florida 


(Received March 12, 1931) 


Abstract 

The molar polarization of tung oil was determined by the method of mixtures using 
the relation Pi .2 = [(€-“l)/(e+2)] ( Mi/i+ if 2 / 2 )/t?==Pi/i+P 2/2 where e is the dielectric 
constant; f the density of the solution ;/i/ 2 , M 1 M 2 , and P1P2 are respect! vely the mole 
fraction, the molecular weight and the polarization of the two components. The molar 
polarization of tung oil is 360 cc and the moment is 2.29X10”^* e.s.ii. Eq. (1) is de- 
rived with the simplifying assumption that the internal field of the molecules may be 
neglected. It applies only to gases and to very dilute solutions, where the molecules 
are far apart. It is found that in the case of tung oil Eq. (1) applies for all concentra- 
tions, showing that the clustering of the molecules is such as to neutralize the internal 
field. The values of the moment of tung oil and of ethyl ether were determined from 
the variation of the polarization with temperature using the relation P = (47r iV/3) 
(a f /r'/3A"r) where P is the molar polarization, a the molecular polarization, N 
Avogadro’s number, K Boltzmann’s constant, T the absolute temperature and jx the 
electric moment. The values do not agree at all with those obtained by the method of 
mixtures. Similar disagreement was observed by other experimenters. The explana- 
tion is suggested that the internal field is never completely eliminated, and that the re- 
sidua! field being a function of the temperature makes Eq. (2) inapplicable even to 
dilute solutions. 

Method of Mixtures 


E molar polarization of a mixture of two substances is given by^ 


P 


1,2 


€ — .1 Mifi + 


Pi/i + P2/2 


(1) 


where Juft and Mu and PiP% are, respectively, the mole fraction, the 
molecular weight and the polarization of the two components; is the density 
and € the dielectric constant of the solution. Since /i = 1 —A, Eq. (1) may also 
be written in the form 


Pl.2=/2(P2-Pl)+Pl. (2) 

showing that ,P |,2 is a linear function, of A. Eq. '(1) is deduced from the Clau- 
sius-Mosotti relation, that the quotient (€“-l)/(€+2) is proportional to the 
density. This relation is derived with, the simplifying assumption that the 
interiial electric field of the molecules may be neglected. In case of polar 
substances, equation (1) would be applicable only when the molecules are far 

^ Paper read at the meetings of the Committee on Electrical Insulation of the National 
Research Council, November 7, 1930. 

* P. Debye, Polar Molecules, the Chemical Catalog Co., 1929. 
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apan, as i„ .ases os in 

polar substance may be taken as m the nrocedure is to dissolve the 

To find d.e polarisation ot a l.,u.d tor incroas- 

polar substance in » extrapolate tor infinite dilution. This 

S^rn^r'S^rererrntoU^ ot tun. oil usin. beneene 

“re;rS:f^aren.— 

dielectric constant o the solutions. The tosity wa 

nometer from the measured capacity ot the test 

cdUnrir and in the liquid, the capacities being determined by the substitu- 

tion method. 




M'I'I'I'I'i — 

CRYSTAL OSCILLATOR 


Fig. 1. The circuit for measuring the capacity of the cell. 

Two different circuits were used for finding the dielectric constant of the 
solutions. In the first circuit a Hartley oscillator was used as a source of 
oscillations, the frequency being measured with standard General Radio 
wave meter. In the receiving circuit a small aluminum condenser of known 
capacity placed in a vessel containing the solution was connected in parallel 
with a standard General Radio precision condenser. The receiving circuit was 
first tuned to resonance with the oscillator with both condensers in parallel 
and then retuned again to resonance with the standard alone in the circuit. 
The difference between the two readings of the condenser gave the capacity 
of the aluminum cell. These measurements were made for three different fre- 
quencies, 10^ 3X10^ 10®. The accuracy of this method was about 1 percent. 

The accuracy was very greatly increased when a heterodyne beat method 
was substituted for the above. The oscillations were kept at a constant fre- 
quency by the aid of a quartz crystal oscillator. A Hartley oscillator contain- 
ing the test cell and the precision condenser was tuned to beat with the crystal 
set, the disappearance of the note indicating resonance. The capacity of the 
test cell was found in the same manner as in the first circuit. The polarization 
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of the solution was then calculated from the data using relation (1). The 
circuit is shown in Fig. 1 . 

The tung oil used in these experiments was obtained from the Chemistry 
Department of this University. Several samples of the product were tried, 
all giving very consistent results. 

Data obtained using the Hartley oscillator are given in Table I. 


Table I. 


f 

d 

V = 

€ 

10 '^ 

P 

P - 5 X 105 
e P 

3?s=: 

€ 

10 « 

P 

0.0000 

0.878780 

2.258 

25.98 

2.260 

26.20 

2.258 

25.98 

.0082 

.8806 

2. in 

29.01 

2.270 

28.18 

2.280 

29.50 

.0318 

.8922 

2.470 

39.04 

2.452 

38.60 

2.452 

38.60 

,0840 

.9076 

2.602 

52.82 

2.675 

54.30 

2.701 

55.83 

.2300 

.9227 

2.901 

100.20 

2.920 

101.20 

2.930 

102.00 

.4270 

.9297 

2.960 

162.00 

3.012 

165.50 

3.045 

167.50 

.7900 

.9337 

3.065 

279.80 

3.140 

286.00 

3.142 

286.60 

1 .0000 

.9363 

3.170 

356.80 

3.178 

358,00 

3.172 

357.00 


Data obtained by the heterodyne beat method are shown in Table II. 


Table II. 


/ 

;- = l . 47 X 10 ® 
d 

€ 

P 

0.0000 

0.8751 

2.265 

26.44 

.0165 

.8888 

2.341 

31.25 

.0556 

.9001 

2.624 

45.70 

. 1655 

.9172 

2.892 

73.70 

.3835 

.9275 

3.192 

144.5 

.6643 

.9344 

3.214 

233.5 

1 .0000 

.9356 

3.230 

361.5 


In Figs. 2 and 3 the polarization of the solutions is plotted against the mole 
fraction of the tung oil. The value of the polarization is about 360 cc. 

The polarization of a substance is the result of the distortion of the mole- 
cules due to electronic displacements produced by the field, and of the orienta- 
tion of the polar molecules in the impressed field. At very high frequencies 
the molecules are no longer able to follow the field and the contribution to the 
polarization due to the oriented molecules vanishes. At optical frequencies 
only the electrons are affected and the dielectric constant may therefore be 
identified with the square of the refractive index. The contribution to the 
polarization due to the orientation of the polar molecules may be found by 
subtracting from the total polarization the part which is due to the distortion 
effect of the field, and which is given by : 

r^-l M 

Po= 

r=-f2 d 

where r is the refractive index of the solution, and the electric moment of the 
molecules may be found from the relation 


1152 



A. A. BLESS 

= 0.0127 X io-i®[(-P - 

giving a value for fx = 2.29 X 10~^® e.s.u. 

It must be observed that as tung oil in itself is a mixture of at least two 

substances, the value of the electric moment found above must be consid- 
ered as a weighted mean of the component molecules. 


'0 0.2 0.4 0.6 0.8 1.0 

fa 

Fig. 2. Polarization vs. mole fraction 
of tung oil for 7 = 5 X 10® cycles/sec. 


'0 0.2 0.4 0.6 0.8 !.0 

>2 

Fig. 3. Polarization vs. mole fraction 
1.47 X 10® cycles/sec. 


Variation of Polarization with Temperature 

The graph of the polarization versus mole fraction is a straight line show- 
ing that the Clausius-Mosotti relation may be applied for all concentrations 
of tung oil in benzene. The tung oil molecules are evidently present in the 
solution in clusters so formed as to neutralize the internal field. This cluster- 
ing is probably similar to the one observed by Stewart* and his collaborators. 
It seemed interesting to investigate the effect of temperature on the clustering 
of these molecules. Some of these experiments will now be described. 

It is possible to find the electric moment in another manner. From the 
Debye theory it follows that the polarization of a substance is given by: 


iwN/ 

~ — -( a ■ 
3 \ 


where N is Avogadro’s constant, a the molecular polarization, K Boltzmann’s 
constant, T the absolute temperature. If a substance is polar its polarization 
will be directly proportional to the reciprocal of the absolute temperature. 

® G. W, Stewart and R. M. Morrow, Phys. Rev. 30, 232 (1929). 
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If the polarization is measured in the manner described above for a range of 
temperatures the molecular moment may be calculated from the slope of the 
straight line obtained when P is plotted against l/T, since P = a + (6/r), 
where J is the slope of the line = 47ri\r/9)(/xV-^)* 

The condenser used in these experiments is shown in Fig. 4. It consisted 
of two concentric nickel cylinders placed in two concentric glass tubes, A and 
P, sealed at the bottom. The glass tubes were of such a diameter that the 
outer nickel cylinder was just large enough to fit inside the outer glass tube 
while the smaller nickel cylinder fitted tightly around the inner tube. This 
arrangement gave a condenser of fairly large capacity for a very small volume 
of fluid between the nickel cylinders. A third glass tube C for housing the 
thermometer was sealed to P. A small tube D was sealed to the junction of 
P and C, It provided a vent for the escape of the air entrapped between P 



D 


LR 1 


in I 





C 


A 

B 



7 > 

\ 


Fig. 4. Diagram of condenser. 

and C when the condenser was lowered into the cooling solution, thus enabling 
the solution to reach every part of the condenser. 

A solution of alcohol and solid carbon dioxide was used as the cooling 
solution. The air capacity of the cell was 69.3 cm. The cooling solution was 
kept in a large Dewar flask. Measurements of the capacity of the cell were 
taken only when the temperature shown by the thermometer placed in C 
differed by a fraction of a degree from the reading of the thermometer placed 
directly in the solution. 

Eq. (3) just like Eq. (1) applies only when the internal field of the mole- 
cules may be neglected. And to use this relation dilute solutions must be 
employed. However, as tung oil showed no molecular interaction the sub- 
stance was used in the undiluted state. 

Fig. 5 is the graph of the data. The plot is sensibly a straight line. The 
moment calculated from the slope of the straight line was about twice as large 
as the value found from the method of mixtures. No shifting of the straight 
line could account even for a fraction of the discrepancy. 
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Ethyl ether is another substance the molecules of "'’‘'f' j 

action at ordinary temperatures. Us moment as delerm.ned by ^ 

Williams- using the method of “"“[X ethi using Je method of the 
were made to measure the moment of ethyl «''er using c ^„„ent 

Variation of the polarisation with temperature. The value of the moment 

which neutralizes eliminated, 

^^^E^rdtlute^Xtiri of a substance, where the molecules are ‘‘e^at^vely 

7S.7oi^ZLn^ the method of variation of the polarization of ddute 


5 : 








" — j\J 



Tg oU 



xi 
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r 



“i 

K 



■jl — . 





■ A 

.0x10'^ 


0.74 


l/T 
Fig. 5. 

solutions with temperature in the experiments of Smyth and MorganJ-is 
orobably due to this cause, and not, as these authors suggest, ^ ^e mac 
curacy of measurements. A similar discrepancy was observed by Morgan ii 
his measurements of the moments of some methyl halides by the two methods 
The difference in the values obtained is much larger than the experimental 
error. One is forced to the conclusion, therefore, that even in dilute s>o utions, 
which at a given temperature seem to show no interaction, the internal held is 
not completely absent, and the field manifests itself in the variation of the 
moment with temperature. It is of interest to find the degree of ddution 
needed to show no temperature effect of the polarization. Experiments along 
this line are now being carried out in this laboratory. , , 

Some of the apparatus used in these experiments were purchased by the 
aid of the Sigma Xi grant. The author wishes to express his gratitude to the 
Committee on Awards for the grant. 
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5 C. P. Smyth and S. O. Moi^n, Jour. Amer. Chem. Soc. 50, 1547 (1928). ^ 

® S. 0. Morgan, paper read at the meetings of the Committee on Insulation of the National 
Research Council, November 7, 1930. 
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Abstract 

An experimental study of the dust striations in a Kundt’s tube has been earned 
found that the spacing between the striations increases with the intensity of 

“SSnai. i. «( tb. « ..d d».^ ...h » — » 

indicated that such a simple relation does not exist. 


I. Introduction 

TN'1866 KundP showed that when standing sound waves were excited m a 

ISr^rlc: tube, dus. particle, in .he tube a™ 

form of striations perpendicular to theirs of the ‘"^e. Smee rtM t h 
ever very little information has been obtained on these striations ^ue to U 
fact that accurate measurements could only be made after the vi ra lo 
c“a,ed With the general introduction of the loud speaker » a source o 
souS'and the use of a vacuum tubes oscillator as a 
has become possible to examine the phenomena m the Kundt tube 

”°?htTaro”rsti.dons in the Kundt's tube has never been courpletely 
determined The hydrodynamical theory of the oscdlations of the air 
^n h”been studied by KOnig and others but at.- -ding 
one still wonders how the striations are really produced. However betore a 
rigorous quantitative theory can be developed it is "'“““y “ h^““'“ 

measurements of the positions of the striations thiTs-ao in our experi- 

conditions. It is the purpose of this paper to help bridge this gap in our exper 

mental knowledge of the behavior of dust striations. ^nanhasized 

Before the experimental procedure is taken up it mu ^ ^ P 

that there is a distinct difference in the behavior of the striations when p - 
duced bv a stroked rod and when produced by a loud speaker operated rom 
truum tufe oscillr. If a stroked rod is used the 
the dust occurs when the vibrating end of the rod is placed at a n , 


1 A. Kundt, Pogg. Ann. 127, 497 (1866). 

'■* A. B. Wood, A Textbook of Sound, New York, 1930. 
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agitation is mininiuixi when the vibrator is at an antinode. However, when 
the loud speaker is used maximum agitation is obtained when the vibrator 
is one-third of a segment from a node and a minimum when the vibrator is at 
a node. Furthermore, after continued stroking of a rod the dust pai tides in 
the tube gather into small heaps at the nodes^ while with the loud speaker 
there is no indication of this phenomena at all even after long periods of opera- 
tion. In the work of E, J. Irons^ in which a stroked rod was used, the forma- 
tion of rings or disks extending across the diameter of the tube at the nodes is 
very beautifully shown. 

With a loud speaker unit, it was found possible to produce such rings' but 
they were always at the antinodes instead of at the nodes. By using extreniely 
light dust and greater intensity of sound, these rings could be made to assume 
the appearance of disks with much greater density at the periphery than at 
the center of the tube. Each ring always lies in the plane of the central stria 
and seems to be a continuation of it. These rings mark the midpoint of the 

n’^pump 


Fig. 1. Experimental arrangement to obtain dust figures in a resonating tube under various 
pressures. LS indicates the loud speaker held in place by springs, a and b represent short pieces 
heavy rubber tubing used to hold the tubes in place. 


antinodal region very sharply and are therefore of great value in determining 
e length of a segment. The motion of the dust particles constituting a ring 
from the extremities of the central stria around the wall of the tube toward 
the top. Neighboring striae usually have dust particles streaming off from 
their extremities also and these are continually fed into the antinodal ring. 
Sometimes neighboring striae can be made to produce these rings but they 
never so perfect as the central one. After a central ring has been estab- 
, it is possible by shifting the stop slowly to drive all the dust from the 
antinodal region, except that constituting the ring and its disk. In this way, 
an antinodal ring without the accompanying striae may be obtained. 


11. Apparatus and Procedure 


The apparatus used in this investigation is shown diagrammatically in 
Fig. 1. A Temple radio loud speaker unit, actuated by a Hartley vacuum tube 
oscillator, was used as the source of sound. To permit variation of the pres- 


3 Cf. E. J. Irons, Phil. Mag. 7, 523 (1929). 

^ Reference 3, plate IX, F'igs. 2c and 2d. 

® These disks were first discovered by the writers in 1928. Since then E. Andrade and S. H. 
Lewar have published independently an account of these disks in Nature, 124, 724 (1929). See 
also the recent note of R. V. Cook, Phys. Rev. 36, 1099 (1930). 





dust STRIATIONS IN A KUNDTS TUBE J 

in the tube, the loud speukei unit 
shown. The frequency of the sound emit- 
to secure almost any 


sure and to facilitate the changing of the gas 
was mounted in a glass cylinder as 

ted could be varied throughout a sufficiently wide range 
wave-length desired. Observations were made both und 

nance and of nonresonance. , , , . 

Pith, cork, Kieselsaure and white sand were found to be the most satis 
factory materials for dust. Mustard seed and timothy seed served very wel 
for small spheroids and ellipsoids, respectively. Uniformity of size of dus 
particles was obtained by sifting the dust through a nest of sieves rangin 
from 10 to 120 meshes to the inch. A metric scale was placed alongside th. 
tube and when photographed simultaneously with the dust made measure 
ments of length convenient. The tubes used were 22 mm and 30 mm in diam 
eter, respectively. Their lengths varied from 2.5 to 4 ft. Two 400-watt in 


candescent lamps, equipped with reflectors, were used to Ulummate 
from above for the taking of the photographs. A 4 X5 plate cameia wa^ 
used and exposures were usually from 1/50 to 1/100 of a second. A dividing 
engine was used for measuring the distance between striae. 

III. GENER.A.L AimEARANCE AND PROPERTIES OF THE StRIAE 

The general appearance of the striae produced by means of a loud speaker 
element'is shown in Fig. 2. With the aid of a lens the striae are often found to 
be just one layer of particles in thickness. According to the obseivations o 
Cook,® these particles have a repulsion for each other and are alwap slight y 
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investigation failed to substantiate Cook’s observations. In ever\' castv 
wlietber the particles used were dust, pith spheroids, pith cylinders, sealing- 
wax spheroids, mustard seed spheroids, or timothy seed ellipsoids, the par- 
ticles remained in contact during the continuance of the sound, just as it 
there were a force of attraction between them. This is in conformity with 
Konig’s^ theory which assumes a force of attraction between partick‘s who^^v 
line of centers is at right angles to the direction of the sound propagation. 
Ellipsoidal particles always aligned themselves so that their major axes are 
at right angles to the direction of sound propagation. 

Similarly, if thin pith disks about the size of a dime are used in the place 
of dust, they come to a verticle position in the tube and are rotated till their 
planes make a right angle with the direction of propagation of the souml. 
They space themselves much like the dust striae, except that they are fart her 
apart. Usually three or four of these disks are drawn into the middle of the 
antinode to form the central stria edge to edge and rotate about the axis of 
the tube like a Dutch windmill. Often other disks, spaced along the tube will 
also rotate; some turning clockwise, others counter-clockwise. 

The dust particles, constituting a stria seem to be in continual oscillation 
so that some are always freeing themselves from one stria and joining a neigh- 
boring one. This interchange of particles is more or less mutual, so that a 
stria receives just about as many particles as it loses and therefore maintains 
a rather constant size. Striae tend to diminish both in length and height in 
going from the antinode to the node. 

The position of a stria in a segment may be either constant or variable, 
depending on the adjustment of the vibrator relative to a node and the stria 
may form either a straight line across the tube or a curved one, depending on 
the above adjustment and also on its position in the segment. The central 
stria always extends straight across the tube, forming a right angle with its 
axis. This is usually true also of a relatively large number of striae on either 
side of the central one. The striae near the extremities however, tend to be 
more or less curved; sometimes being concave toward the nodes and some- 
times concave toward the antinodes, depending on the position of the vi- 
brator relative to a node. 

When cork dust (size 80-100 mesh) is piled at the nodes and the vibrator 
of the loud speaker is placed about one-third of a segment from a node and 
operated, striae begin to form on either side of the dust piles and move to- 
ward the antinodes. The first stria to reach the midpoint of a given vsegmeiit 
stops and the next one coming up approaches within a certain distance of the 
central one, when it too stops. The third stria approaches within a similar 
distance of the second and likewise stops. This is continued till the dust 
figures occupy perhaps eight-tenths of a segment. The extreme striae (that 
is, the ones nearest the nodes), in this case are decidedly concave toward the 
nodes and the concavity falls off gradually in going toward the antinodes. In 
an extreme case, the only stationary stria is the one at the middle of the anti- 
node; all others gradually moving along the axis of the tube from the nodes 
toward the antinodes, the terminal ones having the more rapid motion. These 
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overtake the more slowly moving ones and finally umte with them At the 
same time, dust is leaving the more stable striae and moving back along the 
walls of the tube toward the nodes. Much of this returning dust seems^to 
move underneath the advancing striae, while the rest of 
up on the sides of the tube, above the striae. This 

striae near the nodes, which again advance toward the antinodes By shifting 
the vibrator toward an antinode, the forward motion of the striae can be 
vreatly reduced ; and when the vibrator is at the antmode, only two or three 

of the terminal striae show any forward motion at all. These terminal striae 

are now concave toward the antinodes instead of toward the nodes and the 
Lst occupies about half as much of the segment as before. If the vibrator is 
moved to a node, the dust leaves the antinodal region entirely and forms 
striae about the nodes which are concave toward the nodes. The excitation 
of the dust is now a minimum and these striae exhibit no apparent forward 

TKe alove observations, therotore, seen, to lend credence to the conclusion 
of Dvorak,^ based on his observations of the behavior of both liquids and 
dust and to the mathematical deduction of Lord Rayleigh® that there is a 
current through the central portion of the tube from the nodes to the anti- 
nodes Ind a return current contiguous to the walls of the tube It also seems 
quite probable that these currents have something to do with the 
of the striae, though the case of striae concave toward the antinodes would be 

difficult to explain on that assumption. • „ 

The distance between successive striae of a given dust figure - "ot a con- 
stant. Robinson® found that in going from an antinode to a node the spacr g 
gradually diminished and he succeeded in deriving an expression for this 
spacing distance, which he confirmed experimentally. Irons attempted t 
veSy Robinson’s equation but his results failed to support it In the present 
work, the spacings of many dust figures were measured and the most 
ing ones were used for testing Robinson’s law. In no case was the agreement 
satisfactory. At normal atmospheric pressure, there was usually, but not 
always, a slight diminution in the spacing distance in going from an antinode 
to a node; but at pressures considerably below atmospheric, the spacing dis- 
tencractLally increased. It was noticed, however, that the average spacing 
between successive striae was much greater under some conditions than under 
others and an attempt was therefore made to determine the factors which 

exert an important influence on the spacing distance. 

IV. Factors Affecting the Distance Between Striae 

1. Sound intensity. . , 

This is probably the most important factor. There are two ways m whic i 
the intensity of the sound can be varied ; (a) by varying the energy inpu i 

^Dvorak, PoggAnn.CLm, 102 (1874); CLVn, 42 (1876). 

s Lord Rayleigh, Phil. Trans. CLXXV, Part I, 1 (1884) or Scient. Papers II, 239. 

9 J. Robinson, Phil. Mag. 18, 180 (1909); 19, 476 (1910). 


the vibrator, (b) by shifting the position of the vibrator relative to a node. 
If a rod is stroked gently with the vibrator at a node, the striae will be close 
together; but if the rod is stroked vigorously, the striae will be few in number 
and much farther apart. If the vibrator is placed at an antinode, the most 
vigorous stroking will be required to produce a very meager spacing. An 
intermediate position of the vibrator will produce an intermediate spacing. 

2 . Size of dust particles. 

This investigation failed to substantiate the work of Cook^® who found 
that the spacing increased with the size of the dust particles. Minimum spac- 
ing was always obtained with medium sized particles. If either larger or 
smaller particles were used, the distance between striae was increased. The 
photographs of Fig. 2 and the curves of Fig. 3 show this very clearly. They 



of dust particles 

Fig. 3. Curves showing the effects of particle size on the relative separation of the striations. 

also show that the size of the particle required to produce minimum spacing 
probably decreases as the density of the dust increases. 

3. Gas pressure. 

The pressure to which the gas in the tube is subjected not only affects the 
spacing between the striae but it also affects the number of striae in a seg- 
ment, the amount of dust in each striae, and the compactness of this dust. 
As the pressure is reduced the striae near the nodes are the first ones to be 
noticeably affected. Not only do they get fewer in number and farther apart 
but also the particles composing them oscillate through a greater distance 

S. R. Cook, reference 6. 
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and- move about with greater freedom. Thus the dust in these striae is 
much more greatly agitated than in the central ones. However, as the pres- 


Fig. 4. 



Effect of gas pressure on the average distance between successive striae 
(pith dust, 80-100 mesh). 



Fig. 5. Effect of gas pressure on the average distance between successive striae 
(cork dust, 80-100 mesh). 

sure is decreased, more and more of the central striae behave in the same way 
till finally all are greatly agitated save the one at the middle of the segment. 
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With a further decrease In pressure, even this central one succumbs and be- 
haves like the others. Finally when the pressure is reduced to lO^cm of Hg, 
the striae are broken up and the dust is swept from the an tinodal region to 
the nodes. The curves of Figs. 4 and 5 show clearly that the spacing increases 
as the pressure decreases. 

4. Density of particles; 

The curves of Fig. 6 show that the density of the dust has a decided influ- 
ence on the spacing between the striae so long as the density is less than 0.3 
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Fig, 6. Effect of density of dust material on the average distance between successive striae. 

gm/cml Beyond 0.3, the slopes of the curves are much more gradual, but 
even within that range the decrease in spacing with the increase in density 
is sufficient to be measurable. 


V. Ratio of Distance Apart of Striae to M£:an Free 
Path OF THE Gas Molecules 

Cooyo worked out this ratio for amorphous silica in air. The results were 
not conclusive, but they were sufficient to indicate a probability that the 
distance apart of the striae is directly proportional to the mean free path of 
the gas molecules. 

Similar computations were made with the data obtained in this work. 
The results, shown in Table I are no more conclusive than were those of Cook. 
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Table I. 


Material 
(in all cases, 
80-100 mesh) 

Pressure 

P 

cm of Hg 

Distance apart 
of striae (d) 
mm 

Mean free 
path (/) 
cm 

d/l 

xio-^ 

Pith 

74.5 

1.6 

940X10-* 

170 

Pith 

50.1 

1.9 

1390X10-S 

137 

Pith 

41.3 

2.0 

1700Xl0-» 

118 

Pith 

34.6 

2.3 

2030X10-8 

113 

Pith 

29.8 

2.9 

2350X10-8 

123 

Pith 

24.7 

4.2 

2880X10-8 

146 

Pith 

15.8 

5.0 

4450X10-8 

113 

Cork 

74.5 

1.2 

940X10-8 

128 

Cork 

53.3 

1.4 

1320X10-8 

106 

Cork 

46.7 

1.5 

1510X10-8 

99 

Cork 

41.5 

1.8 

1690X10-8 

106 

Cork 

37.2 

2.2 

2010X10-8 

102 


VI. Conclusions 

An experimental investigation of the properties of the striations in Kundt’s 
tube dust figures was made. With a loud speaker for a source of sound, it 
was found that position of the vibrator which produced maximum intensity 
was different from that obtained when a stroked rod was used as a source. 
The changes in the spacing between the striations caused by altering the 
pressure, the size of the particles, the intensity of the sound, and the density 
of the particles, were investigated. 


MAY 1, 1931 PHYSICAL REVIEW VOLUME 37 


WAVE-PARTICLES AS TRANSMITTED POSSIBILITIES: 
QUANTUM POSTULATES DEDUCED FROM 
LOGICAL RELATIVITY 

By William Band 

Department of Physics, Yenching University, Peking, China 
(Received September 24, 1930) 

Abstract 

General relativity is logically unsatisfactory because it bases measurement on 
infinitesimals, and absolute infinitesimals do not exist. A standard of comparison 
being a logical necessity, we propose to provide it by the new fundamental hypothesis; 

“The physical world is composed of elementary events of identical and definite non- 
zero four-dimensional extent.” The photon is a possibility of absorption-event initi- 
ated by an emission event; it is exhibited as a set of superposed moving volumes or 
three-dimensional sections of the four-dimensional possibility. The electron is a possi- 
bility transmitted with smaller velocities. Mass or energy is proportional to the time- 
duration of the event-possibilities, and obeys thence, the relativity rules. A wave 
function is postulated for the possibility being realized, and from Doppler’s principle 
the quantum rule necessarily follows: mass proportional to frequency, and group- 
velocity equal to particle velocity. The “particle” exists only when the transmission 
is parallel the time-edge of the possibility; in atomic orbits presumably the condition 
does not apply, and the parallel-displacement tracks of relativity which are shown to 
to be required outside, do not apply within the atom. The finite extent of the events 
which exhibit the particle necessitates an indeterminacy in the situation of the 
particle, 

§ 1. Logical Weakness of the General Theory of Relativity 

TN UNIFIED field theory, particularly the form given by Eddington, 
^ tracks of all particles, and straight lines, are defined by means of infinite- 
simals, or infinitesimal displacements. Thus at the basis of the theory rests 
a set of equations of the form^-® 

dAi = {ij, k)Ahdxj * • • ijj, ^ = 1, 2, 3, 4. 

The displacement dxjh supposed to be infinitesimal, and the corresponding 
increment dAi must also be infinitesimal. It is however a mathematical fact 
that there are no absolute infinitesimals, and that the property of being 
small is only relative. In applying the relativity to experience, we have to fix 
arbitrarily what shall be small. Thusthere is nothing in the relativity theory of 
geodesics to say that the orbits shall not represent electron tracks round 
atoms rather than planetary tracks, and nothing but a pragmatic test to give 
the verdict. This elasticity may be satisfactory from the experimenter’s point 
of view, but the theoretician cannot be satisfied until the theory can tell itself 
whether its findings are to apply to microscopic or macroscopic phenomena. 
Relativity at present finds that phenomena on the minute can be only a 
replica of phenomena on the grand scale; there is in its very fundamental 
constitution no absolute infinitesimal, it is the merely relative infinitesimal 
^ Eddington, Mathematical Relativity, p. 213, Eq, 91. L. 
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of mathematics in which any contortion of curvature may exist and which is 
merely a class of Unites.^ 

i Herein is not only a logical defect of the theory, but also the reason why 

the theory fails to include atomic phenomena within its unifying field. Class- 
ical physics I suppose would have unanimously supported the view that 
j phenomena on the minute were replica of those on the large scale; but with 

the advent of atomic physics this attitude has died, and the principle of in- 
determinacy has introduced an absolute standard of minuteness into physics 
that is not in pure mathematics. 

Thus, to give it logical completeness, relativity requires an added postu- 
late over and above the postulates made by Einstein at the foundation of the 
theory. Einstein’s postulates concerned with observers, the fact that all 
observers were on the same footing for erecting descriptions of the external 
world; but the new postulate must concern the means whereby the know- 
ledge of the external world is derived by all observers. We postulate that 
“The observations of every observer can be analyzed into a complex of 
minute events each with the same four-dimensional extent.” The old pos- 
tulates asserted that differences between observers were only relative, while 
the new postulate asserts that the differences between the minute events ob- 
.served are also only relative. It carries the relativity a step further into the 
heart of physics; and incidentally provides a standard of minuteness for re- 
lativity, raising that theory to a more completely logical status. 

Other postulates, of course, suggest themselves as alternatives; for in- 
stance the postulate that space-time is itself discontinuous, or that there is 
) a minimum quantum of action, where action is defined from the usual rela- 

tivity equations. We may justify our actual choice by appealing to White- 
head’s philosophy of space-time.® This philosophy, generally accepted by 
those who have taken the trouble to study it, at least in general idea, shows 
that space-time may be logically defined from the extensive properties of 
events. Thus the world of events is fundamental, and space-time comes out 
of it by an abstractive process actually carried through with some success 
by Whitehead. Thus we cannot lightly postulate a discontinous space-time 
s * after Whitehead has erected a continuous one, until someone succeeds in 

erecting a discontinuous one and elucidates what the meaning of such a con- 
struct really is. Again, accepting Whitehead’s philosophy, we immediately 
fjt see that our fundamental postulate must concern with events rather than 

with such entities as mass or action, or for that matter with space-time either. 
If there is a minimum action or mass, or a discontinuous space-time, it 
should come out of the theory since relativity defines mass and action from 

functions in space-time, and not need tacking on to the theory as an ad Aoc 

■t assumption. The properties of space-time that give a minimum action must 

be derivable from the events in terms of which the space-time is defined; 
hence our fundamental hypothesis must concern with events. 

® Whitehead, Process and Reality, p. 465. 

* Whitehead, Process and Reality and Principles of Natural Knowledge. 
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We claim therefore that our postulate is logically required to make the 
theory satisfactory at its foundation, and does not add anything ad hoc to 
the after structure of the theory. 

§2. Geometry OF Four-Dimensional Regions 

We propose to examine the representation of minute four-dimensional 
regions representing the minimum events of the world on the Minkowksi 
diagram. In drawing Minkowski diagrams the beginner generally has to re- 
mind himself that a point on the diagram represents a definite and unalter- 
able event with definite coordinates in both space and time for each system 
concerned. But in representing the minute events postulated here on a scale 
that shows the boundaries of the events as lines in the diagram, we can no 
longer assume that each point on the diagram represents a definite event for 
every system; there are no events of such precise coordinates. This lends a 
certain elasticity to the diagrams that is not familiar, and that must be care- 
fully remembered in following the argument given below; the same event 
may be represented, if convenience dictates it, by differently shaped areas 
in the different systems of reference. 

In some particular system S' the simplest four-dimensional region is a 
volume stationary and existent for a definite time; suppose it represented by 
AB'CD' where AB' is along X' axis, and AC along T' axis, giving a two-di- 
mensional section. We shall suppose that the same event is in a system S re- 
presented by u45 CD where B'D' cuts the X axis in B; this will be a moving 
volume, for 5, existent for a definite time. 

Let dt, dt' be the time durations of the event, and dV,dV' the two volumes 
proportional to the X, X' sections. Then simple relativity transformations 
show that, taking velocity of light unity for convenience, 

'dt' ‘dt]dV' dV^ (1) 

where v is the velocity of S' relative to S, Thus the four-dimensional extent 
dt-dV -dt' 'dV' Is a constant or invariant for this transformation. 

In the particular case when v is unity, these formulae are no longer of use, 
for there are no systems S. S' with this relative velocity. If we call the veloc- 
ity given by the gradient of the edge .4 C of the event the “self-velocity” of the 
event, then there may be events with self-velocity unity but which can there- 
fore never be exhibited as volumes stationary in any coordinate system. 
Such an event could be represented by ABCD for 5, where 4 C is along the 
light-track gradient unity, and along the X axis. This would transform 
to AB' CD' for S' with C still on the light track and B' at the intersect of BD 
with the Z' axis. Here we can easily see that 

dV' dV{l + v)/il (2) 

dt' == dtil - v^vyfy{l + v) (3) 

and again the four-dimensional extent of the event is invariant. Alternatively 
the formulae may be written 
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r-l 

1 

1 

11 

(20 


(30 

with 


11 

K 

11 

(4) 

These of course hold only when the self-velocity of the event is parallel 
the relative velocity of S, S\ If the relative velocity v is along the F, Y' axes, 
and the self velocity of the event is along the X, axis, then by drawing the 
appropriate figure it can easily be verified that 

11 

! 

(5) 

dV' = dV{l - 

(6) 

with again 

dt' = k/dV', dt = k/dV- 

(40 


the most general case being easily deducible from these two. 


§ 3. Transmission of Four-Dimensional Regions 

(a). Regions with unit self-velocity. Photon theory. 

Suppose that the region ABCD of the previous article represents one stage 
in the process of transmission of a possible event, the transmission being with 
the same vector velocity as the self-velocity of the possible event. The region 
ABCD is a section (X-axis) of the region that would be occupied by the event 
were it to be realized at that stage, and examined by the system S. The fact 
that it is being transmitted along the X-axis means that the boundary AB 
is moving along the X-axis with the velocity of transmission, and the bound- 
ary CD is also moving along the X'-axis with the same velocity. Since this 
velocity is the same as the velocity given by A C or BD we see that the bound- 
ary AB reaches the stage CD after the time dt which is the duration of the 
possible event. Thus in the realized event CD is ahead in space, but behind 
in time compared with AB, but in the transmission AB and CD coincide, 
for the occurrence of CD is simultaneous with the arrival of the transmitted 
A B. Were the transmission to materialize into an event, the edge AB would 
ba realized first, and lea\^e the edge CD travelling on for the time di before 
it was realized. 

Thus the transmission looks like a simple moving volume travelling with 
the velocity of light; all the volumes which would occur in succession in the 
event appear as coincident in an instantaneous picture of the transmission, 
and if we had not started from the complex, we should have mistaken the 
process for a simple moving volume, albeit with something corresponding 
with a pseudo-density of the overlapping volumes. 

To picture a region that has extension in space and in time that is itself 
being propagated with velocity through space, is a new and perhaps rather 
difficult concept, and the results of investigating it in detail seem to be of 
considerable interest. 
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Thus suppose that a quantum emission corresponds to a four-dimensional 
event with self- velocity unity, and that this originates a possible absorption 
transmitted with this self-velocity. This transmission will appear as a mov- 
ing volume, or particle; in other words it is the photon of recent optical the- 
ory. But the photon and the transmitted possibility both differ from mere 
moving volumes: the one in having mass or energy, and the other in having 
the pseudo-density of the superposed volumes corresponding to different 
stages of the possible event. Identifying these differences we assume next 
that the energy of the photon is proportional to the time-duration of the pos- 
sible event; this may be taken as a definition of the energy of a particle on 
the new theory. 

E is ^ro^. to dt 

and hence from Eq. (S') 

E == E'(l + 2;)/(l - (8) 

if E is the energy of the photon for 5, and £' for S'. 

The probability that the event will occur or that the possibility will be 
realized cannot be deduced a priori; but since the wave-theory of radiation 
has been interpreted statistically, we may assume that there will be a proba- 
bility wave-function whose phase- velocity equals the velocity of transmission. 
From wave theory it then follows that in transforming between the frequen- 
cies, the generalized Doppler principle^ will necessarily hold: 

n — n'{l + ?;)/(! — V'vY>- (8') 

and comparison with Eq. (8) therefore shows that 

E=^hn ( 9 ) 

where is a universal constant, the quantum theory rule. Eq. (4) shows that 
the volume dV is proportional to the period, and thence the wave-length of 
the waves; or the section of the volume in the direction of the transmission 
is proportional to the wave-length. 

(b). Regions with any self-velocity. Electron theory. 

From the results of the foregoing we are naturally lead to expect trans- 
mitted possibilities of normal velocities to have the same properties as ma- 
terial particles. Let an event possibility of self-velocity u be transmitted 
with that velocity, then the energy of the particle it appears as, is again de- 
fined as proportional to the time of the event-possibility, or the pseudo- 
density of the superposed volumes. Eqs. (1) then give 

E' = E(1 — 

which is the usual relativity form for the energy, since here E' is the rest- 
energy of the particle. Translated into the usual notation it is of course 


^ Cunningham, Principle of Relativity. 
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mc^ = (190 

If it is questioned whether the electron is but a transmitted possibility, 
we may point to the usual interpretation of the matrix mechanics; the elec- 
tron connects quantum events, and is in effect a transmitted possibility of 
an absorption. From this point of view it is natural to seek for a wave-func- 
tion that shall give the probability of the event being realized at any stage. 
But to obtain the frequency transformation of these waves we must pursue 
a slightly different track from that which gave us the formulae for light waves ; 
here the velocity is not an invariant and the problem is less simple. The fa- 
miliar reasoning^ is however perfectly satisfactory and conclusive. A sta- 
tionary particle must correspond with a stationary wave system, say of the 
form for 5', 

P = A exp (11) 

The Lorentz transformation gives 

P A exp {iTrnit — x/w) (12) 

relative to the S system, where 

n = n'{\ — (14a) 

and 

w = (14^) 

Comparison of Eq. (14a) with Eq. (10) again gives the quantum rule 

E = hn (9) 

while combination of Eqs. (14a), (14b) shows in the usual way that u is the 
group velocity of the waves. 

We thus reach a satisfactory interpretation of the wave theory of matter, 
of the nature of the electron, and the similarity, yet difference between the 
photon and the material particle. 

§ 4. Equations of Motion of Particles 

At the outset of this work we made the simplifying assumption that the 
transmission of the possibilities was parallel to the self-velocity of the event- 
possibility transmitted. Only with this assumption is the transmission ex- 
hibited as a particle, for only then will the various volume-sections of the 
event be superposed on one-another. When therefore the particle exists, 
their tracks are necessarily given by parallel displacement ; for by our assump- 
tion the edges ACj CC of consecutive possible events are parallel, and hence 
the edge, which is parallel to the velocity vector of the particle, is moved by 
parallel displacement. This leads immediately to the unified field theory al- 
ready given mathematical expression by the present writer®; the most general 

‘ Haas, Wave Mechanics and New Quantum Theory, Chap. 2. 

' Band. Phys. Rev. 36, 1405 (1930). 
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rule for the parallel displacement of the velocity vector gives the tracks of 
the particles actually agreeing with the experimental tracks. The small dis- 
placements of the theory must obviously be of the same order as the dimen- 
sions of the events, and the equations will be meaninglewss if we attempt to 
apply them to smaller orders of length. 

But we have already seen that the existence of the particle is by no means 
a necessity ; so far as our theory is concerned, there may be transmissions in 
directions other than the self- velocity of the events, and what we may vaguely 
call the track of the transmission will then have appreciable curvature within 
the extent of one possible event, and the parallel displacement rule no longer 
applies. These ^^tracks” are not then tracks of particles at all, and the usual 
wave-theory interpretation of quantized orbits seems to be the most natural 
one here. 

In passing, we remark that on the present theory we have refused to 
regard the particle as fundamental; the whole structure of relativity is erected 
from events of finite four-dimensional extent, and a particle is an abstract or 
recognized permanency among the extensive relations between events. Thus 
our postulate of finite extent to the ultimate events at once forbids the accur- 
ate estimation of the position or motion of the particle when it actually exists; 
for the particle can only be observed through the events which exhibit it, 
and these do not give exactitude. 

In conclusion, we cannot claim to have treated more than an elementary 
set of cases; but it seems sufficient to show that it is possible by recognizing 
a logical weakness of Relativity to deduce from the most natural additional 
hypothesis to remove this weakness, the essential basis of the new quantum 
theory; to illuminate the meaning of and deduce the assumptions of the uni- 
fied field theory; and finally to suggest an interpretation of the physical world 
that will harmonize the two great fields of theoretical research of recent years, 
relativity, and atomic physics. 
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THE GENERAL EQUATIONS OF ENERGY AND ENTROPY 

OF GASES 


By Tzu Ching Huang 

Department of Chemistry, National Tsing Hua University, Peiping, China 
(Received March 9, 1931) 


Abstract 

By substituting the general equation of state for any gas, p = T'Hv) - $(a) - Fiv, T) 
in the thermodynamic equation, Tds=du+pdv, and by applying the principle of exact 
differential, the following general equations of energy and entropy have been obtained. 


« = J^(v)dv + 


r dF/or 


dv + a{T) 


J^9(v)dv — ^dF/dl' dv + PiT). 


The values of a{T) and KT), both arbitrary functions of temperature, are found to be 
a(T) = + ku 

noL'iT) 

13 (T) ~ I dT + const 

J T 

where Ct.x = heat capacity of the gas at constant volume and at infinite dilution.^ The 
equations are applied to a perfect gas as well as to gases olDeymg van der Waals , 
Clausius’ and Dieterici’s equation of state and are found to give results in agreement 
with those obtained from other thermodynamic equations. 



P hillips,' by employing the characteristics of exact differentials, showed 
that both the energy and entropy of a fluid are the sum of a function of 
volume and a function of temperature, if its equation of state belongs to 


the type, 


p = T-i'(v) - ^{v), 


( 1 ) 


in which p is the pressure, T the temperature of the fluid, 'Tfc) and $(») are 
functions of volume. Eq. (1), however, is not general enough. Beattie and 
Bridgeman" pointed out that practically all the equations of state can be 

generalized in the form 

p - r^(B) — $(») — F{v, T) (2) 

where F{v, T) is a function of volume and temperature. The purpose of the 
present paper is to find the general equations of energy and entropy of any 

5 Phillips, Jour. Math, and Phys., M J.T. 1, 42 (1921), 

- Beattie and Bridgeman, Proc. Am. Art. Sci. 63, 231 (1928), 
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fluid belonging to type (2), and the method of derivation ivS essentially an ex- 
tension of that of Phillips. 

Energy Equation 
From thermodynamics we have 

Tds = du + pdv (3) 

in which and 5 are the energy and entropy of the substance. Combining 
with Eq . (2) we get 


du #(z») + F 

— — + '^(v)dv — -- — — -dv = 0 

where F=F(v, T) for short. 

As the result of straightforward calculation we have finally 


(4) 


J" ^{v)dv + ^ F 


JP' 

dT. 


dv + a(T). 


(S) 


Entropy Equation 
By combining Eqs. (2) and (3), we get 

du - Tds + [rf^(z)) - - F]dv = 0. 

Proceeding as before, we find 

dF 


= Jmdv~ J— * + /3(r). 


( 6 ) 


(7) 


Determination of a(T) and 0(T) 

The relation between a(T) in Eq. (5) and 0(r) in Eq. (7) can be easily 
derived. From Eqs. (5) and (7) we get 


T dFl 

du - #(») -\-F — T dv 

L dT_ 


[/ 


T dD- a^{T) 

BT^ 


dT 




ds = '^(v) 


BF' 

Jt. 


dv 


r fB^F 


[ J - 0'iT) 


dT. 


( 8 ) 


(9) 


Substituting these values of du and ds and that of p in Eq. (2) in Eq. (.3) and 
collecting terms, we get 


or. 


T0'{T)= a' {T) 

'oc'iT) 


0{T) = J- 


dT -j- const. 


( 10 ) 


( 11 ) 


In the determination of a(r), the energy equation presents no difficulty, but 
in the case of 0(r), the integral of the entropy equation becomes infinite at 
the lower limit because of the presence of a term In or In (i) - &) . In the pres- 
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ent method a{T) is evaluated from the initial condition, while ^{T) is found 
from Eq. (29). A common method® of finding a{T) is to assume that at in- 
finite dilution (i.e., d= oo ) the gas approaches the perfect state 


and Eq. (11) gives 


= a{T) = J + 


h 


P(T) 




dT 


(12) 


(13) 


where is the heat capacity of the gas at constant volume and at infinite 
dilution, and h and h are arbitrary constants. 

Application to Some Equations of State 

1. Perfect gas: 


P = 


RT 


Referring to Eq. (2), we see 


~ = 0, F(r, r) = 0. 

V 

Eqs. (5), (7), (f2), and (13) give 

U = Ci(T) ~ + ^1 

.V = In z; + Cw In T + 

in which Cv-Cv^ for perfect gas. 

2. van der Waals’ equation: 


P = 


RT 


Here 


R a 

== 2 ') = 0 . 

V — b ' V- 


Assuming to be independent of temperature, Eqs. (5), (7), (12), and (13) 
give 

= - 4 - Cv^T + 

V 

s = Rln (v — b) + Cv^ In r + k % . 

3. Clausius’ equation'^ 

RT c 


P = 


-- a T{v +[b)^ 

^ See, for instance Schaefer, Einfiihrung in die Theoretische Physik, Walter de Gruyter and 
Co., Berlin, 1929, Band II p. 189; van der Waals- Kohnstamm, Lehrbuch der Thermodynamik, 
Yerlag von Johann Ambrosius Barth, Leipzig, 1908, 1. Teil, p. 44. 
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Here 


4^(z)) = 


V — a 

The same set of equations gives 
2c 


T(v + b)^ 


li = 


T{v + h) 
s ^ R\n {v — a) 
4. Dieterici’s equation^ 




AT + h 




-alvRT 


which, on expansion, becomes 

RT a 


V - b v(v - h) IRWij) - b) 

Taking only the first three terms and referring to Eq. (2) we find 
R a — a- 


4>(z)) = 


V b ' ' v(v — b) 
Eqs. (5), (7), (12), and (13) give 


IRTvHv - b) 


u = 


.b b^RT. 
s = R In (v — b) 


In- 


2b^RT^ 


In 


bRTv 
V — b 




AT 4 * ki 




IhRTh 


The above results are checked by integrating the following thermodynamic 
equations, after substitution of the values of {dp/dT)„ and p in each equa- 
tion of state 

(t) .rm-j, 

\dv/T \dTj, 


Eqs. (5) and (7) can be applied to any other equation of state, but the above 
examples are sufficient to show their usefulness. 

Dr. D. Sun of the Department of Mathematics gave most valuable as 
sistance for which the author is grateful. 


^ Clausius, Wied. Ann. 9, 337 (1880). 

“ Dieterid, Wied. Ann, 69, 685 (1899). 


MA Y 1, mi 


PHYSICAL REVIEW 


VOLUME 37 


LETTERS TO THE EDITOR 

Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 


Aluminum May Have A Nuclear Spin 


In a recent letter to the editor of the Phys- 
ical Review, R. C. Gibbs and P. G. Kruger, 
(Phys. Rev. 37, 656 (1931)) report a negative 
result in their search for hyperfine structure 
in the arc and first spark spectrum of alumi- 
num. Due to the importance of this result it 
should be pointed out that the evidence is not 
conclusive and that aluminum may have and 
is predicted to have a nuclear spin. 

The arc lines investigated involving the 
transitions would not be 

expected to give very large hfs separations 
since the penetrating electron is a somewhat 
loosely bound 4s and not a tightly bound 3s 
electron. (3ne would expect very narrow hfs 
for both the and terms. 

In the first spark spectrum of aluminum, 
A! II, a 3s electron is involved in both the ini- 
tial and final states of the lines investigated. 
The hyperfine structure separations of the 
'^^D»(3s4d) term and the '^Fi(3s9f) term should, 
due chiefly to the 3s electron, be large, normal, 
and almost identical in separation. The re- 
sult is that the strong diagonal should 
fall together and give a strong sharp line and 
the faint off diagonal lines not be observed. 


Using a nuclear spin of 3/2 the diagonal com- 
ponents of 4226 — should have a total 

intensity sixteen times that of the off diagonal 
components. A very similar known case is 
4823, ^Pi^'^~^S^}-{3dA4$4p—3d''4sSs) of man- 
ganese, (White and Ritschl, Phys. Rev. 35, 
1155 (1930)), in which the six diagonal lines 
fall close together, the term separations being 
due chiefly to the tightly bound and penetrat- 
ing electron 4s. The same should be true for 
the ^Dff3s3d) and ^Pi{4s4p) term except that 
here the wide hfs terms should be inverted. 
The strong diagonal lines should again fall to- 
gether and give a fairly sharp line. 

A better test than the one chosen would be 
combinations between levels having widely 
different separations, e.g. the off diagonal mul- 
tiplet lines W-i — or '•^D^ — ^ Ft {3smd — 3smf ) . 
The and ^F$ terms should have very nar- 
row separations and the and ^F^ terms 
should have ifiverted but rather wide separa- 
tions. 

H. E. White 

University of California, 

Berkeley, California, 

April 20, 1931. 


The Fundamental Assumptions in Akulov’s Papers on Ferromagnetism 


In a series of papers^ Akulov has developed 
a mathematical theory capable of quantita- 
tively describing a good many ferromagnetic 
phenomena. The success of his work is some 
what marred by two fundamental assump- 
tions: (1) That ferromagnetic atoms in a crys- 
tal have quadrupole moments, (2) That the 
Weiss-Heisenberg theory is incorrect (sponta- 
neous magnetization in zero field does not 
exist). 

It is the purpose of this note to point out 
that these assumptions are arbitrary only in 
their wording, and that their physical con- 


tent may be retained without having to as- 
sume any new or unexplained physical proc- 
esses. 

As to the first point, quadrupole moments 
are assumed in order to account for the fact 
that I and H are not, in general, parallel in 
a cubic crystal. Heisenberg has suggested^ 

^ N. S. Akulov, Zeits. f, Physik 67, 794, 
(1931). References to previous articles are 
given in this paper. 

AW. Heisenberg, Metallwirtschaft 9, S43, 
(1930). 
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that this is due to a coupling between spin and 
orbital moments. The idea has been carried 
out mathematically by PowelF who obtains 
essentially the same formulae as Akulov for 
the dependence of the energy on the direction 
of magnetization. In other words, one might 
express Powell’s result by saying that, by 
taking into account the interactions of the 
type {s—l) a ferromagnetic lattice is in certain 
respects equivalent to a lattice of quadrupoles. 

Secondly, to account for the low hysteresis 
in single crystals, Akulov finds it necessary to 
assume that there are no regions of spon- 
taneous magnetization. In one of his papers 
he has what purports to be a proof of the im- 
possibility of spontaneous magnetization.^ 
That this proof is not valid is evident from 
the argument in the ensuing communication. 


It is possible to have spontaneous magnetiza- 
tion in various regions and at the same time 
negligible hysteresis losses, provided the re- 
gions are sufficiently small. In other words, 
by assuming the regions of spontaneous mag- 
netization to be small, it is possible to satisfy 
Akulov’s assumption of demagnetization 
(Schrumpfprozess) in a single grain without 
destroying the Weiss-Heisenberg theory. 

Francis Bitter 

Westinghouse Research Laboratories, 

East Pittsburgh, Pennsylvania, 

March 30, 1931. 

3F. C. Powell, Proc. Roy. wSoc. A130, 167 
(1930). 

^ N. S. Akulov. Zeits. f. Physik 64, 559 
(1930). 


Block Structure and Hysteresis Phenomena 


In a previous communication^ I have 
pointed out the possibility that the regions of 
spontaneous magnetization in the Weiss- 
Heisenberg theory are very small, contain- 
ing very roughly 10® atoms, and that perhaps 
they are related to Zwicky’s block structure.^ 
Since then it has been possible to make some 
of the calculations more precise. The details 
will be published elsewhere. At present I 
wish to point out how a magnetization curve 
is to be described. Consider a single crystal 
made up of blocks and let the energy per block 
be given by an expression,® for instance, of 
the type 

<^=4 d-B cos (0-|-a)+C cos 20-[-X> cos 4^ 

The above expression for ^ is written in 
this form to indicate, first, a dependence on 
the orientation of the magnetization with res- 
pect to the crystal axes, and secondly, the 
existence of several minima for The depth 
and position of these minima depend on the 
values of A,B,C,D, which, in turn, depend on 
constants of the material, on the internal 
strains, and on the applied magnetic field. 
For equilibrium, the probability of finding 
a block magnetized in the direction Q is given 
by an expression of the form exp {—^/KT), 
If the depth of the minima of # is large com- 
pared to KT, the directions of magnetization 
will be almost entirely confined to these 
minima, and a transition from one minimum 
to another will be very improbable. This gives 
1 iSe to hysteresis and magnetic viscosity. The 


procedure for handling this problem is being 
presented at the Washington meeting of the 
American Physical Society. If, however, the 
depth of the minima is of the same order of 
magnitude as KT, transitions from one mini- 
mum to another are reasonably probable, and 
w^e have, practically, the above exponential 
distribution at all times. Thus, to state the 
case crudely, if the shape of the potential 
^ is slowly varied by varying H, the resulting 
intensity will be independent of the previous 
history of the sample provided the depth of 
the minima of ^ is of the same order of magni- 
tude as KT. Akulov^ estimates the depth of 
the minima in unstrained single crystals of 
iron to be 10® ergs/cm®, and points out that 
the hysteresis of single crystals is negligible, 
That is, I is independent of the previous his- 
tory of the sample. Then, according to the 
above, if v is the volume of a block, we must 
have 

10® ergs/cm®'^iCr™ 1.37 X 10~'i®X300 
z;'^4XlO'”^''*cm®. 

4F. Bitter, Phys. Rev. 37, 91, (1931). 

2 D. Zwicky, Flelvetica Physica Acta 3, 269 
(1930). 

® N. S. Akulov, Zeits. f. Physik, 67, 794, 
(1931); F. C. Powell, Proc. Roy. Soc. A130, 
167, (1930); R. Becker, Zeits, f. Physik 62, 
253, (1930). 

VN. S. Akulov, Zeits, f. Physik 64, 559 
(1930). 
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If vq is the average voiume per atom, and 
w =z//z/o — the number of atoms per block, we 
have that z?o~-M'/-^p~ 56/6X10“^X8“1.2X 
10"23cm''5 and hence ?7Z/4X10“’^/1.2X10”2® — 
35,000 atoms or roughly the same number as 


that previously deduced. 

Francis Bitter 

Westingliouse Research Laboratories, 
East Pittsburgh, Peniusylvania, 

March 30, 1931. 


Electron-pair Bonds versus Polarization in Crystals 


In a letter in the March 15th number of the 
Physical Review (37, 775 (1931)) Mr. W. H. 
Zachariasen states, “So far the application of 
the principles of shared electron pairs on the 
atomic arrangement in inorganic crystals has 
proved unsuccessful, while considerations of 
the crystal structure from point of view of 
ions, ionic dimensions, ionic polarizability, 
and crystal energy . . . have given very valu- 
able and important results. ” Such a statement 
I can hardly let go unchallenged. 

Certainly the concepts of ions, ionic dimen- 
sions and crystal energy have proven very 
useful, especially in the theoretical treatment 
of such structures as the alkali halides, in 
which without question the structural units 
are simple ions. That however does not justify 
the consideration of XOf ions as composed of 
0“ “"and distorted ions, when much chem- 
ical and physical evidence points to the exist- 
ence of non-polar bonds between the atoms 
in such groups. We can agree that polariza- 
tion does exist in an ion of this sort, but it 
seems to me more logical to consider it a re- 
sult of the fact that completion of the valence 
shells of all these electronegative atoms by the 
formation of shared electron-pair bonds pro- 
duces an unsymmetrical arrangement, rather 
than the cause of that arrangement. 

The polarization concept has been used to 
“explain” many things’- which are probably 
little related to it,— for instance the irregular- 
ities in melting and boiling points of the alkali 
halides, later given a satisfactory quantitative 
treatment by Pauling'*^ on the basis of “radius 
ratios.” On the other hand the Lewis theory 
of shared electron-pairs is now generally 
agreed to for molecules and for ions (includ- 
ing XOs*” )in solution and I see no reason why 
it should not apply equally well to crystals. 
One can predict from it in the first place 
whether or not any electronegative atoms will 
be adjacent to each other in the crystal and 
in the second place not only the number of 
“contacts” between electronegative atoms but 
also the approximate angles between them. 
How else can one explain such structures as 


those of I 2 , Se, Te, As, Sb, Bi, FeS 2 , Si02, 
AS 4 O 6 , K 2 S 206 ^ (in which pairs of sulfur atoms 
are surrounded at corners of a distorted octa- 
hedron by oxygen atoms), and many more? 
I can imagine no satisfactory explanation in 
terms of “ions, ionic dimensions, ionic polariz- 
ability and crystal energy ’’alone. The “tetra- 
hedral” XO,r structure, indicated in the early 
work on NaClOs and NaBrOa and beautifully 
proven by Mr. Zachariasen’s researches, fur- 
nishes still another example of a prediction 
directly from Lewis’ postulates which has been 
experimentally verified. # 

Mr. Zachariasen states that “Until one is 
able to treat the quantization of the elec- 
trons in polyatomic groups completely on the 
basis of wave mechanics, we must be satis- 
fied with rough approximations.” In view of 
Pauling’s recent very satisfactory wave- me- 
chanics treatment of electron-pair bonds in 
crystals'^ perhaps he will now be willing to 
abandon his rough approximations in favor 
of the point of view I have been upholding. 

In order that there be no misunderstanding 
regarding the rule given in the next to the last 
paragraph of Mr. Zachariasen’s communica- 
tion, I might mention that for every example 
given the predictions on the basis of the Lewis 
theory would be precisely the same. Moreover 
Lewis’ conceptions are much more general in 
their application than is this rule and so more 
useful. 

Perhaps after I have read Mr. Zachariasen’s 

1 P'or a summary see Grimm, Handbiich der 
Physik 24 , 561-568 (Springer, Berlin, 1927{,. 

2 Pauling, Zeits. L Krist. 67, 377 (1928). 

3 The analysis of this structure, by Glenn 
O. Frank and the writer, was reported at the 
Toronto Meeting of the Mineralogical Society 
of America last December and will soon be 
submitted for publication in the American 
Mineralogist. 

^ Pauling, J. Am. Chem, Soc., April 1931; 
also in a forthcoming article in the Zeitschrift 
fiir Kristallographie. 
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forthcoming article on XO3 groups in crystals 
(which I shall be much interested in doing) 
and he has read one of mine on “Principles 
Determining the Arrangement of Atoms and 
Ions in Crystals,” to be published soon in the 
Journal of Physical Chemistry, as well as the 


articles of Pauling's mentioned, we can come 
to a better mutual understanding. 

Maurice L. Huggins 
Stanford University, 

Stanford, California, 

April 9, 1931. 


Evidence of the Detection of Element 85 in Certain Substances 

several of their compounds, increasing scale 
readings representing decreasing time lags. 
These acids as do other inorganic adds which 
we have studied, produce each two charac- 


With a magneto-optic method of analysis 
(Allison and Murphy, Jour. Amer. Chem. 
Soc. 52, 3796 (1930); Phys. Rev. 36, 1097 
(1930)) we have made a search for element 



85 in various substances in which its presence 
might be suspected. Out of a considerable 
number of substances examined, we have 
found evidence which seems to us to indicate, 
to a high order of probability, the presence of 
element 85 in the following: sea water, fluorite, 
apatite, monazite sand (Brazilian), kainite 
(Stassfurt), potassium bromide, hydrofluoric 
acid and hydrobromic acid. The evidence is 
presented in the data displayed in the ac- 
companying graphs, and is supported by cer- 
tain chemical reactions. 

In Fig. 1 are plotted the atomic weights of 
the halogens against the scale readings of the 
minima of light intensity characteristic of 


teristic minima, while the salts, as do other 
inorganic salts, produce in general minima 
equal in number to the known isotopes of the 
metallic element of the salt. 

The two lower curves (Fig. 1) show^ our 
observations for hydrofluoric, hydrochloric, 
hydrobromic, hydriodic acids and what we 
will call provisionally “85” acid, each acid 
forming two minima of light. The other 
curves, in order, exhibit the data obtained 
for the halides of lithium, aluminum, magne- 
sium, ammonium, iron, calcium, and sodium. 
It will be seen that w'e find minima in each 
case appropriate to an “85” salt, that the 
number of these minima is without exception 
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the same as that of the other halides and that five series beyond sodium, except in the case 
they lie well on the extended curves. of the chlorides, because of the difficulties in- 

The same data are shown somewhat dif- troduced by the overlapping in these regions 
ferently in Fig. 2, in which the chemical equi- of the scale of the minima produced by the 
valents of the isotopes of the metallic radicals halogen salts of the heavier elements. 



Fig. 2, 


are plotted against, the scale readings of the 
characteristic minima of the compounds. The 
upper curve represents the fluorides of hydro- 
gen, lithium, aluminum, magnesium, ammo- 
nium, iron, calcium and sodium. The next 
three curves represent, respectively, the 
chlorides, the bromides and the iodides, while 
the last curve represents what we have termed 
the “85”-ides, of the same elements. We have 
not as yet extended our observations for the 


According to our quantitative estimates, 
the greatest abundance of the element found 
in any of the above mentioned substances, in 
unconcentrated form, is of the order of 1 part 
in 10.^ Concentrations in the form of Li85, 
using monazite sand as a source, are now in 
progress and have already met with consider- 
able success. The characteristic minima of 
H85 disappear on the addition of aqua regia, 
bromine or iodine to the solution. These 
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minima are restored by the addition of sul- 
phur dioxide or stannous chloride. These 
are the only oxidizing and reducing agents 
which have been tried. All reagents used gave 
negative tests for H85. 

These investigations have been under way 
since the middle of the past summer. More 
recently they have been repeated and ex- 
tended by one of us (F.A.) in a somewhat 

The Principle of Continuity and Regularity 

While what may now be called the princi- 
ple of continuity and regularity of the series 
of atomic species, has been used by the writer 
in the prediction of isotopes, and has been 
presented in the form of diagrams for 10 
years, the complexity of the diagrams seems 
to have prevented the recognition of this 
principle by others. It therefore seems im- 
portant to give a name to the principle and to 
illustrate it by simple drawings. 


more precise manner, while the chemical in- 
vestigations have been carried on by two of 
us (E.R.B. and A.L.S.). 

Fred Allison 
Edgar J. Murphy 
Edna R. Bishop 
Anna L. Sommi'-r 

Department of Fhysics, 

Alabama Polytechnic Institute, 

April 3, 1931. 

of Series of Atom Nuclei (Atomic Species) 

The first figure is taken, with five minor 
changes which do not affect the general pat- 
tern, from a diagram of the helium-thorium 
series which was used to predict numerous 
isotopes, most of which have now been found 
or shown to be probable. The maximum num- 
ber of isobaric species given in this 1923 figure 
(J. Franklin Inst. 195, 554) is 3, as is shown 
in Fig. 1. 

The uranium series (Fig*. 2) exhibits at 


Atomic Number 
Fig. 1. 


urarilum Senes 


Atorruc Number 
Fig. 2. 
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present a very simple pattern. The atomic 
masses (diagonal lines) for both the uranium 
(4w+2) and the thorium (4w) series are even, 
and the general increment of isotopic number 
or atomic mass between levels in either series 
is 4, which represents an increment of 2 in the 
number of cementing or |3-electrons. Among 
the non-radioactive elements a single isotopic 
number in no case represents species of both 


the atomic number. The minor differences 
are explained by other relations presented 
earlier. These cannot be discussed, on account 
of lack of space, except that it may be stated 
that the fact that species of isotopic number 3 
are not as yet found in the lithium series, but 
are found in the beryllium series, is in accord 
with these relations. These two series thus 
occupy odd isotopic lines in common, and the 



Fig. 3. 



Fig. 4. 


series, with the exception of three species of 
the uranium series on the base line, of the 
writers class 4, which have the isotopic num- 
ber zero, which is normally that of the helium- 
thorium series. Here a fluorine isotope of mass 
18 is indicated as probable. 

The 4?i+3 or lithium series (Fig. 3), and 
the 4# + l or beryllium series (Fig. 4) repre- 
sent odd atomic weights, and the two patterns 
are made almost identical if the lithium series 
is plotted with Z + 1 as abscissae, where Z is 


general increment in isotopic number in either 
series is 2. 

If the lithium and beryllium series together 
are considered as a single or “odd” series, very 
simple relations are exhibited, or the principle 
of continuity and regularity still holds. Along 
a given isotopic line the increment of atomic 
number is one, of atomic mass 2, and of num- 
ber of electrons, one. Thus the common incre- 
ment is represented by the formula in 
which A represents a proton and e an electron. 
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This corresponds to an increment of a half 
alpha-particle. Thus for isotopic number 1 
every atomic number from 3 to 17 represents 
a known species of the combined series. 

The fact that the number of superposed 
levels in each of the even helium and uranium 
series is larger than in the odd lithium series 
is in accord with the relation (Proc, Nat. Acad. 
2, 216 (1916) and later papers) that higher 
nuclear stability is found in general for even 
than for odd nuclear charge. The smaller 
number of levels in the beryllium series is in 
accord with the even more general rule (J. 
Am, Chem. Soc. 39, 859 (1917), 42, 1991-2 
(1920) that the electrons in atom nuclei are in 
general associated in pairs, and an odd num- 


ber of electrons gives to a nucleus a relati\'ely 
low stability as compared with that associated 
w'ith adjacent even numbers, since the beryl- 
lium series is the only one in which the number 
of nuclear electrons is odd, when the atomic 
number is even (except the class 4 species of 
Li,B,andN). 

The diagonal lines in the charts give the 
atomic masses. While chlorine oi isoto|>ic 
number 5 and atomic weight is itidicaletl 
as already discovered, the discovery is not as 
yet confirmed. 

WiLLLiM D. Harkins 

University of Chicago, 

April 9, 1931. 


Anomalies in Hyperfine Structures 


In a recently published paper Goudsmif- 
points out that the empirically observed hy- 
perfine structure patterns show' in some cases 
very marked deviations from theoretically ex- 
pected relationships. The discrepancy is ob- 
served in the region of high atomic numbers 


Dirac^s equation show's in fact that sucli a 
difference is to be expected. A calculation 
exactly similar to the one made by the writer- 
for s terms show^s that (r"d of the ordinary 
formulas for p'ln must be replaced by 
(27r/A)/, —• (47r/A)/, I ^ , Here 4*it 






>r^ 

/ 


\ 







\ 







' 3/2 


Fig. 1. I is<f>i(l> 2 /x^ for P|. II is 4 >i 4 } 2 X^ for Pm, IH is 4 >i 4 i 2 X^ for s. 


and is usually such as to make it necessary to 
ascribe an anomalously large separation to 
the pii% term of the single electron spectrum. 
The interval rule appears to be obeyed in the 
case of Bi rather accurately. It is logical there- 
fore to look for an explanation in the manner 
in which the px/^ and ^ 3/2 states interact with 
the nucleus. 


<^2 are the two radial functions of Dirac-Gor- 
don (denoted by Gordon as pu fi)- The nor- 
malizing factor is chosen so as to have $ (</>!'■ 
+<^> 2 ^)dr = l. In the neighborhood of the nu* 

. cleus the “term-value energy,” and screening 

■ I'S. Goudsmit, Phys, Rev. 37, 663 (1931). 
■2 G. Breit, Phys. Rev. 35, 1447'(1930). ■ 
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effects may be neglected. Under these condi- 
tions 

<^1 =: /2p(2xl/2) 

- if - p)Ep{2x^l^) + 
a = 2TrZe^lhc, p= (/2 — q;2)i/2, X == IZrlajj 
The Jn are Bessel f unctions of order w ;j ' = — 1 , 
1,-2 for;?, piji, p^jt. The results of calculation 
with the above formulas are represented 
graphically for oi— 0.661, Z=91. The region 
close to the nucleus is seen to contribute more 
to the I for pijt than for p zn. T he contribution 
to the effective value of due to this re- 
gion is expected to be large for pipi and of the 
same order as the customary of 

Fermi. In fact in the approximation of 
Schroedinger’s non-relativistic equation we 
have to replace for 6' terms by — 
(2x^^^). This is also plotted on the figure as 
(a(j> 2 )s. The scale of all curves is seen to be 
roughly the same. The normalizing factor is 
approximately K given by — 

(r). Hence X’^’==27n//^(0) and 
{aff/AZ)p^i0)l4>i(})2X''Hx, The integral in x 
is seen to be of the order of 1 and the whole 
of the order of 2'trp‘^(0), For comparison we 


have also given the curve for s terms 

in the non-relativistic approximation. Dirac’s 
equation gives higher values for terms as 
well. 

We may say therefore that for the calcula- 
tion of the hyperfine structure intervals the 
^ 1/2 states of heavy atoms should be considered 
as penetrating orbits in the neighborhood of 
the nucleus. For this reason alone their hy- 
perfine structure may be anomalously great. 
Other effects must of course also be considered. 
According to Goudsmit’s estimates there is no 
special reason to believe that they are very 
important. Nevertheless their effect and the 
contribution of regions of higher r to I must 
be taken into account before a quantitative 
comparison with experiment may be made. 
At present the observed deviations from sim- 
ple approximate formulas are qualitatively in 
agreement with theory being in the correct 
direction and of the proper order of magnitude. 

G. Breit 

Department of Physics, 

New York University, 

Aprils, 1931. 


On the Infrared Absorption by Hydrogen Sulphide at S.Oju 


Papers published by Rollefson^ and Mischke^ 
on the infrared absorption spectrum of hydro- 
gen sulphide report the presence of an absorp- 
tion band at about the wave-length 8.0/x, In a 
more recent paper, one of the authors working 
with E. F. Barker'^at the University of Mich- 
igan, reported that a diligent search for this 
band had failed to confirm it. Each time when 
it was looked for and not found, the existence 
of the other two bands reported, at 2.65ju and 
3.8m respectively, were first checked. It was 
therefore concluded that the region at 8.0m 
could not be attributed to hydrogen sulphide. 

A series of measurements have been carried 
out with a Wadsworth prism spectrometer, 
especially in the region from 7.0m to 9.0m fur- 
ther to investigate the nature of the effect 
observed by Rollefson and Mischke. For this 
purpose a cell eight inches long, and equipped 
with rock-salt windows was used; so arranged 
that it could be tipped in and out of the beam. 
The cell was first filled with air passed through 
wash bottles containing KHS and then dried 
through towers containing successive layers 
of glass wool on which was sprinkled phos- 
phorus pent oxide. A curve was first made 
from data taken between the dried air and the 


atmosphere, then a similar curve was run with 
the cell filled with hydrogen sulphide, purified 
and dried as before, and the curves w'ere 
plotted for comparison. These two curves 
were very similar in appearance, at first glance 
much resembling absorption bands It was 
noticed, however that the ratio of the radia- 
tion apparently transmitted through the cell 
to that of the beam when the cell was re- 
moved (i.e. the apparent percentage absorp- 
tion) was much less on the short wave side 
than on the long wave side. This suggested 
the possibility that the observed effect might 
be ascribed to water vapor falsification arising 
from the water vapor band at 6.2m which io 
moist weather may well extend out beyond 
8.0m. The object of the remainder of this ex- 
periment was to test this point. 

Water vapor falsifications may be very 
annoying, especially when long cells are used. 
The cell used in this experiment was equiva- 

1 A. H. Rollefson, Phys. Rev. 34,604 (1929). 

2 W. Mischke, Zeits. f. Physik 67, 106 
(1931). 

H. H. Nielsen, and E. F. Barker, Phys. Rev. 
37, 1931. 
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lent to about one tenth of the entire light path. 
Consequently it is to be expected that in re- 
gions of water vapor absorption, when the cell, 
filled with very dry air, is tipped into the beam 
that more energy may be transmitted than 
when the cell is out of the beam, since by 
inserting the cell the path through which at- 
mospheric water vapor absorption may occur 
has actually been shortened. Hence in regions 
of strong atmospheric absorption, one may 
observe what appears to be negative absorp- 
tion , while in regions of less intense absorption 
this is less apparent or disappears entirely. 
These falsifications may however be quite de- 
ceiving, giving the appearance of an absorp- 
tion band in the dry gas in the cell — maxima 
in the water vapor spectrum producing what 
appear to be minima in a spectrum of the gas 
under observation, and vice versa. To com- 
pensate for the windows, the final readings 
were plotted against transmission through the 
cell filled with atmospheric air. Curves for 
comparison representing percentage absorbed 
were made from data taken on hydrogen sul- 
phide and dried air against atmospheric air 
and these were found to reproduce one an- 
other even in minute details. A similar curve 
was plotted of data taken on wet hydrogen 
sulphide against atmospheric air. The result- 
ing curve appeared as a mirror image of the 
previous ones. 

In Fig. 1 curve A represents ratios of trans- 
mission through the cell filled with dry hydro- 
gen sulphide and through the cell filled with 
dried air. On another occasion a curve was 
made representing ratios of data taken on 
transmission through dry hydrogen sulphide 
and dry air. In spite of the fact that the data 
were all taken on the same day it was found 
that the humidity had changed a great deal 
during the time of the experiment. This curve 
was very similar to .4. It indicated that the 
amount of water vapor displaced by the cell 
was less in the measurements made on dry air 
than those made on dry H^S. This was actu- 
ally the case since hygrometer readings showed 
showed the humidity at this time to be much 
higher than when the data on dry air were 
taken. Curve 5 is a sketch of Rollefson’s 
curve for H 2 S at 8.0/^ placed there for com- 


parison, while C represents the genera! ap- 
pearance of Hettner’s curve for water vapor 
in this region. We wish to call attention to the 
general agreement between that ol:>ser\’'ed by 
us and Rollefson’s curve and in a.<i<l!tion tn 
point out that nearly every maximiiiii in I let I - 
ner’s curve coincides with a minimum in onr 
curve and vice versa. 



Fig. 1. 

We suggest therefore, as an explanation of 
the band reported by RolleLson and by 
Mischkeat S.On in hydrogen sulphide, that it 
is not due to hydrogen sulphide, but rather 
due to water vapor falsifications which may 
arise w’hen a long cell is used. This evidence is 
further supported by the fact that the spac- 
ings between the lines as given by Rollefson 
are of the same magnitude as those gi\'en by 
Sleator and Phelps‘S in their work on water 
vapor absorption rather than those observed 
in the bands of hydrogen sulphide. 

H. H. Nielsex 
A. D. Sprague 

Ohio State University, 

Mendenhall Laboratory of Physics, 

April 6, 1931. 

^ W. W. Sleator, and E. R. Phelps, Astro- 
phys.J.62,28(1925). 


Measurement of the Kerr Effect in the Infrared Spectrum 

The work of Szivessy and Dierkesniann tro-optic effect beyond the customary visible 
(Ann. d. Physik (5) 3, 507 (1929)) in extend- spectrum into the ultraviolet would seem to 
ing dispersion measurements of the Kerr elec- call for a similar extension into the infrared, if 
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possible. This I have recently succeeded in that produced by a known rotation of the 
doing in the case of carbon disulphide, with polarizing prism. A high speed Wehrsen 
an accuracy apparently not far short of that “Mercedes” static machine has so far served 
attained in visual measurements. as a very satisfactory source of high potential. 

The apparatus consists of a spectro-bolom- The spectral range which can be explored m 
eter with very sensitive galvanometer, op- this way seems to be from about O.Sm to 2 m or 
erated in connection with a Kerr cell. This beyond, thus extending the previous wave- 
has plates 5X37 cm and 1.3 cm apart. Light length range for this work some four-fold, 
from a special tungsten strip filament lamp Carbon disulphide, over this range, shows a 
is concentrated in a narrow conical beam to an dispersion of the Kerr double refraction in 
image in the center of the cell, from which it better agreement with the Havelock formula 
diverges to be focussed later on the slit of the B = C(n‘-\Y/\n than might reasonably be 
spectrometer. A large aperture double-image expected. There are some discrepancies, how- 
prism (only one of the images is utilized) po- ever, to be investigated more carefully later— 
larizes the entering light in the 45“ azimuth and explained if possible. The method is to be 
and a similar prism crossed at 90“ serves as further developed and extended to such other 
“analyzer.” The electrostatic stress converts materials as have sufficient infrared trans- 

the plane polarized light into elliptical and the parency. 

minor axis of the ellipse is proportional to the ^ L. R. Ingersou. 

square root of the resultant galvanometer de- Physical Laboratory, 

flection. The phase difference is readily com- University of Wisconsin, 

puted upon comparing the deflection with April 7, 1931. 

Quantum Mechanics and the Chemical Bond 

Three years ago I announced in a short it is shown that when s — p quantization is 
notei the' discovery of some new results re- broken through bond formation, the best bond 
garding the chemical bond. It was pointed eigenfunctions which can be formed from a 
out that under certain conditions the forma- combination of s and p eigenfunctions alone 
tion of chemical bonds by an atom can destroy are tetrahedral eigenfunctions, so that the 
the distinction between s and p eigenfunctions, two, three, or four bonds formed will tend to 
and a criterion determining whether this make angles of 109“28' with one another 
change in quantization of the single-electron This explains the tetrahedral angles found 
eigenfunctions will or will not take place was experimentally not only for quadricovalent 
given. It was also announced that this change carbon, nitrogen, silicon, etc., but also for tri- 
in quantization permits the formation of four covalent nitrogen, oxygen, etc. The tetra- 
equivalent tetrahedral bonds by carbon. hedral eigenfunctions also allow free rotation 

Since then a number of further results bear- about single bonds, but not about double 
ing on the nature of the chemical bond have bonds. 

been obtained; it is the purpose of this letter When d eigenfunctions as well as s and p 
to call the attention of physicists to a paper in are available for bond-eigenfunction forma- 

the April, 1931, issue of the Journal of the tion a number of bond configurations are 

American Chemical Society in which they are possible. One d eigenfunction with s and p 

given in detail. It was first shown from the permits the construction of only four strong 

quantum mechanics that the main resonance bonds, and these are directed towards the corners 

integrals for an electron-pair bond between of a sqtiare. Such a configuration has been 

two atoms involve only one single-electron shown to exist for bivalent palladium and 

eigenfunction on each atom. In consequence platinum, and this theory predicts it also^ for 
many properties of electron-pair bonds can be bivalent nickel in KuNifCN)* and for triva- 
derived from a consideration of single-electron lent gold. Two d eigenfunctions give six strong 

eigenfunctions alone. Thus it is shown that if bonds directed tow-ards the corners of an octa- 

s — p quantization is not changed, the bonds hedron; this configuration is found in many 

formed by the p eigenfunctions will tend to be complexes. 

at right angles to one another. A very simple a ^ c * 1 4 

but powerful approximate quantitative treat- ^ Linus Pauling, Proc. Nat. Acad. Sci. 14, 
ment of bond strengths is given. With its aid 359 (1928). 
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It is also shown that in complex ions the 
orbital magnetic moments of electrons are 
extinguished through the interaction with 
surrounding atoms, so that the magnetic 
moment is due to the spin moments of un- 
paired electrons alone. Together with the 
results obtained regarding bond eigenfunc- 
tions, this leads to a complete theory of the 
magnetic moments of polyatomic molecules 
and complex ions. With its aid magnetic data 
have been shown to provide verification of 
many predictions regarding bond eigenfunc- 
tions; and in a number of doubtful cases mag- 
netic data provide a basis for definite decision 
as to the type of bonds in a given complex. 

These results have also permitted the for- 
mulation of a set of principles determining the 
structure of crystals containing electron-pair 
bonds, to be published in the Zeitschrift fiir 
Kristallographie. 

Three of these results have been independ- 


ently obtained by Slater and announced in a 
preliminary communication. Fie points out 
the possibility of the formation of four equiv- 
alent tetrahedral bonds by a carbon atom fas 
I did in 1928), without giving the tetraheriral 
eigenfunctions and without recognizing that 
tetrahedral eigenfunctions are also important 
even when fewer than four bonds are formed; 
and mentions that this leads to restricted rota- 
tion about a double bond. Flaving apparently 
assumed the importance of one single-electron 
eigenfunction to bond formation, he also 
shows that p eigenfunctions should lead to 
90° bond angles. 

Linus Pauling 
Gates Chemical Laboratory, 

California Institute of Technology, 

April 7, 1931. 

2 J. C. Slater, Phys. Rev. 37, 481 (1931). 


Time Lag in Changes of Electrical Properties 

An abstract of a paper by the author en- 
titled “Time Lag in Changes of Electrical 
Properties of Rubber with Temperature and 
Pressure” appeared in the Physical Review, 
Vol. 35, page 1429, June 1, 1930. Data were 
presented which apparently showed that two 
or more hours might be required for the dielec- 
tric constant, power factor, and resistivity to 
become constant after the temperature had 
been changed. In attempting to check these 
results, an error in experimental technique was 


of Rubber with Temperature and Pressurs 

discovered. Measurements with improved ap- 
paratus show that the dielectric constants and 
power factor follow the temperature changes 
with little if any time lag. No additional 
measurements on rubber under pressure have 
as yet been made. 

ArnO'Ld FL ScoT'f 

Bureau of Standards, 

Washington, D.C., 

April 6, 1931. 


The Uncertainty Principle 


Kennard has connected the uncertainty 
principle with radioactive disintegration by 
showing (Phys. Zeits. 30, 495-497) how to 
derive Gamow's formula for radioactive dis- 
integration from known quantum principles 
plus the uncertainty principle of Heisenberg 
without the additional postulate assumed by 
Gamow that a particle of energy W can pass 
through a potential wall of height V>W, 
Here we have the pure chance phenomena 
of radioactive disintegration, independent of 
the disturbance produced by the act of meas- 
urement, and performed for us by nature at a 
rate that has remained constant since the 
solidification of the earth crust, linked with 
the probability phenomena of the new quan- 
tum mechanics, the indeterminateness of 
which is assumed to be caused by an uncon- 


trollable perturbation introduced of necessity 
in the process of measurement. 

Is it not better to leave the indeterminate- 
ness in nature where we find it, rather than to 
attribute it to the inevitable perturbation in- 
troduced when making an observation, al- 
though we do not know how this perturbation 
introduces the indeterminacy? 

If we can believe that the general laws of 
quantum mechanics are fundamental laws of 
nature, the various possibilities of natural be- 
havior should be inherent in these laws, 
whether they be of a physical, chemical or 
biological character. I shall not expatiate 
here on the considerable progress that has al- 
ready been made by the application of the 
quantum laws to chemistry, by the work of 
Heitler, London, and Slater. The generality 
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of these laws, which is responsible for their 
abstractness, and their flexibility, as evinced 
in a concrete manner by the uncertainty prin- 
ciple, make for their adaptability to other 
domains of thought. One might expect that 
this generality and plasticity would be charac- 
teristic of fundamental laws of nature. Viewed 
in this light one need not make apologies for 
nature by attributing the indeterminateness in 
its laws to the limitation of our knowledge im- 
posed on us by the very act of observation.* 
Although if one feels that somehow our falli- 
bility does play a part in our picture of the 
universe, one might view the objective laws of 
quantum mechanics as bringing before us the 
subjective aspect of definition and concept. 
As for the uncertainty principle, one can, fol- 
lowing Darwin (Proc. Royal Soc. A130, 1931), 
regard it in the same role as the part played by 
the clocks and rods in the early formulation 
of the relativity theory when it was necessary 
to supplement the formal theory by concrete 
examples showing how the old classical ideas 
failed in specific cases. The general laws of 
the quantum mechanics, which are at the bot- 
tom of the uncertainty principle, are not con- 
ditioned by a theoretical clumsiness in our 
means of observation. 

The intimate connection between the in- 
determinateness in quantum mechanics and 
the concept of observation may be due to the 
fact that “observation” implies structure. We 
could not plan our experiments but with the 
supposition that the elementary entities of 
nature have a structure. But the elementary 
entities of nature have neither a particle nor a 
wave basis. It is only after quantization — 
after observation— that one can legitimately 
introduce space and time. The Schroedinger 
equation may be looked upon as controlling, 


in a statistical way, the space-time manifesta- 
tions of the elementary entities of nature, 
although the equation itself is devoid of any 
geometrical interpretation. We make mani- 
fest the indeterminateness in nature by bring- 
ing over space-time concepts and space-time 
description to atomic theories that, in order to 
predict, must go beyond observation. If a 
scientific theory were humbled to be valid 
only as far as observation goes, what would 
happen to cosmogony and geophysics? 
Should one doubt the validity of scientific in- 
ference because it yields results that can not 
be expressed in terms of familiar things, that 
are beyond the range of our sensations? There 
are good reasons for believing that quantum 
laws are not laws which man’s mind has im- 
posed on nature but are laws w^hich nature is 
having a rather difficult time imposing on 
man’s mind. 

Finally, if one does not try to elevate his 
preconceived ideas and intuitions about cau- 
sality to a law of nature, but merely views 
causality as the assumption that nature can 
be comprehended, can be grasped in thought — 
though not in imagery — there is no failure of 
causality in quantum mechanics. 

i^LEXANDER W. StERN 

Brooklyn, N. Y., 

April 11, 1931. 

* Prof. J. E, Turner (Nature 126, pp. 995) 
views the indeterminism in quantum mechan- 
ics as having nothing to do with causation but 
interprets “not determined” to mean “not 
ascertained.” Other physicists argue that the 
uncertainty principle does not exclude exact 
laws from physics but means merely that we 
have no way of verifying them. 


On the Effect of Resonance in the Exchange of Excitation Energy 


It is well known that exchange of excitation 
energy between atoms on collision takes place 
most readily if the “resonance” between the 
two atoms is good, i.e. if the quantum states 
of the two atoms are such that the excitation 
energy of one nearly matches the excitation 
energy of the other, so that only a small change 
in the relative kinetic energy of the tw'O atoms 
is necessary in order to effect the energy 
balance before and after the collision. 

This point has been discussed by Kallmann 
and London (Zeits. f. physik. Chem. 2B, 207 
1929)) who came to the conclusion that the 


cross-section would in general be larger the 
better the resonance. Their calculation is 
very interesting but not entirely free from 
objections. It may, therefore, not be out of 
place to look at the matter from another point 
of view, perhaps itself open to some objec- 
tions, but which I believe brings out the na- 
ture of the problem very clearly. 

The Franck-Condon principle, which says 
that those transitions are most probable which 
disturb t^ie motion of the nuclei the least, has 
been v'ery successful in accounting for the 
intensities in band spectra, and it has also 
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been applied recently to the case of predisso- 
ciation (Franck and Sponer, Gottingen Nach., 
1928 , 241 ; Herzberg, Zeits. f. Physik 61, 604 
( 1930 ); Turner, Bull. Am. Phys. Soc. 6, 16 
( 1931 )). Now in the case under consideration 
we can treat the pair of atoms which exchange 
energy as an unstable molecule, draw poten- 
tial energy curves for the electronic states of 
the ‘‘molecule,” (similar to London, Zeits. f. 
physik. Chem. IIB, 222 (1930)) and handle 
the transitions from one continuum to another 
in the same way that we treat, in the predis- 
sociation case, transitions which take place 
from a discrete state to a continuum. It may 
be well to point out, parenthetically, that the 
case of predissociation and the present case 
are really quite different from the case of ad- 
sorption or emission of radiation, and, natu- 


a relatively large probability of transition 
provided, of course, the interaction between 
the atoms at this distance, f, Is great enough. 
If the two atoms do not collide head on, this 
means that they have a relative angular mo- 
mentum, and we can represent the situation 
by adding a term i(i+i)/ to the 

potential energy, where M is the reduced 
mass, and j the rotational quantum number; 
but as a more or less rigorous selection rule for 
j will hold, practically the same amount must 
be added to the curve for the final state: they 
will therefore continue to intersect at the same 
value of r. Thus all collisions with this distance 
of approach will be favored. Collisions with 
something near this distance of approach will 
be somewhat less favored, and there will be a 
spherical shell in which favorable collision 


Fig. 1. 


rally, the real justification of this use of the 
Franck-Condon rule will come when the mat- 
ter has been given a more or less rigorous 
quantum mechanical investigation. 

in Fig. 1 let curve 1 be the potential energy 
curve (potential energy = U, distance between 
atoms =r) wdth atom A excited, atom B un- 
excited, and let curve 2 be the curve with atom 
B excited, A unexcited. Suppose curve 1 
represents the initial state of the pair of atoms. 
Then its intersection with a horizontal line 
gives the distance of closest approach of the 
atoms if they make a head-on collision with 
the energy indicated by the horizontal line. 
If curve 1, curve 2, and the horizontal line 
intersect at the same point, as shown, or some- 
what near the same point, then, according to 
the hrank-Condon theory, w’^e may expect a 


take place. Now it is seen that the closer to 
gether the asymptotic values of Di, and I/ 2 , in 
general the greater the distance r at which they 
will intersect, and hence, w^e may infer, the 
greater the size of the spherical shell in which 
collisions are favored by the particular factor 
under consideration. It may not be the only 
factor, and it certainly cannot stretch the 
region of favorable collisions out indefinitely, 
but all the indications from analogous cases 
are that it should be an important factor. 
The case where the asymptotic values of Ui 
and 1/2 coincide is just the case of exact reso- 
nance, and it is easy to see why transitions 
with exact resonance should be favored, but 
it is seen that the precise definition of good 
resonance is involved in complications which 
must be treated specially in any given case. 
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Of course, we cannot draw definite conclu- 
sions from such qualitative observations, but 
they at least provide a guide for future quan- 
titative calculations. For the most part the 
applications of the Franck-Condon principle 
are just as qualitative as this one, but in the 
case of band spectra they have provided the 
stimulus for some successful quantitative work. 

I have recently extended the quantitative 
work described in a preliminary note (Proc. 
Nat. Acad. Sci. 17 ^ 34 (1931)), where the force 
which acts between the two atoms is supposed 
to be due to their momentary dipole moments, 
by treating the two atoms as a molecule and 
using perturbations of the type introduced by 
Slater, (Proc. Nat. Acad. Sci. 13, 423 (1927)). 
It appears, though with some assumptions I 
am trying to remove, that practically no tran- 
sitions will take place unless the resonance is 
extremely good; the potential energy curves 


in this case do not intersect. Yet, experimen- 
tally, cross-sections very much larger than 
normal, or cross-sections unusually large for 
the type of transition considered, occur for 
such great resonance differences as 40 to 60 
millivolts. I am inclined to think that other 
forces than the interaction forces of dipoles 
come into play, even when the radius of action 
is very large. Kallmann and London, them- 
selves, noted that large cross sections would 
be expected when electron orbits are large. 

It may be well to mention here that Eq. (5) 
of my preliminary article mentioned above, 
is incorrect. This error, which was carried 
through, should not make much difference in 
the final results and will be corrected later. 

O. K. Rice 

Chemical Laboratory, 

Harvard University, 

April 11, 1931. * 


The Formation of Striae in a Kundt’s Tube 


For the past seven years the author has 
been experimenting on striae formed in a 
Kundt’s tube to determine, if possible, the 
cause of such striae. An article concerning the 
use of pith dust in a Kundt’s tube was pub- 
lished by the author in Nature 118, 157 (1926). 
In July 1929 he was able to show conclusively 
that a rotation of the dust particles on each 
side of a striation takes place; Phys. Rev. 36, 
1098 (1930); Science 72, 442 (1930). January 
14, 1931 the author made motion pictures of 
these rotations which take place on each side 



■■Fig. 1.'. 

of each single striation. Fig; 1; shows an' en- 
larged photograph of one such striation made 
tom the motion picture negative. The ■ black 
particles composing the striae were cork-char- 
coai. The striae were produced in a glass tube 
in which the air was compressed and rarefied 
by means of a metal piston attached to one 
prong of an electrically-driven tuning fork. 
Fig, 2 is a diagram'' sho'wing the 'direction of 


the rotations taking place on each side of a 
single striation. Further details are given in 
the references above cited. 



The striae in a Kundt’s tube are formed by 
air vortices .in the same 'manner as ripple- 
marks in sand are formed by ''water vortices. 
As shown by Darwin, Proc. Royal Soc. 36, 
18 (1883), these rotations are produced '^when 
an alternating fluid flow takes place about ob- 
stacles in its path. 'The clockwise and counter- 
clockwise rotations are maintained -always in 
the same direction, regardless of the fact' that 
the fluid stream is alternating. 

Also the author has shown that, when using- 
cork particles of the same size, as the fre- 
quency of vibration of the air column in the 
tube increases, the, average distance between 
striae becomes smaHer, The photographs of 
Fig, 3 illustrate this fact. Also the author has 
shown that, with a constant frequency of vi- 
bration of the air in the tube, as the cork 
particle size is made smaller, the distance be- 
tween adjacent striae becomes less. The pho- 
tographs in Fig. 4 illustrate this fact. 
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which have been made showing that the strain 
in a stroked glass rod clamped at its middle 
point increases in a direction frotii a point at 
the free end to a point at its center. The ex- 


The Q-bove mentioned observations will be 
discussed more in detail in a forthcoming pub- 
lication. In this publication the author will 
discuss also the formation of striae which he 




^0 
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perimental work demonstrating all the above 
mentioned facts has been done by the author. 

■ Rolla V. Cook 

Bethany College and 
Indiana University, U.S.A., 

April 15, 1931. 


succeeded in producing on a glass rod wet with 
alcohol, during the summer of 1925 ; the ab- 
sence of striae in a vacuum; the production of 
striae by an interrupted air stream when the 
frequency of interruption was too lovr to pro- 
duce an audible tone; and some photographs 


Zodiacal Light and Magnetic Disturbance 


March 1 to 10, a moderate disturbance began 
March 11 or 12 and died away on March 14, 
with magnetic calm from March 15 to 20, The 
magnetic data were obtained from the observ- 
atories at Cheltenham, Maryland, Tucson, 
Arizona, and Meudom, France, the data from 
Cheltenham being kindly furnished by the 
U. S. Coast and Geodetic Survey, and the 
data from Tucson and Meudon being taken 
from the Cosmic Data Broadcasts of Science 
Service. It is seen that the zodiacal light was 
unusually bright during the period of mag- 
netic disturbance. This is in keeping with the 
atmospheric ion theory of the zodiacal light 
and the gegenschein (Phys. Rev. 35, 1098 
(1930)). 

C. Bittinger 
E. 0. Hulburt 
Naval Research Laboratory, 

Washington, D. C., 

April 17, 1931. 


During a recent trip southward along the 
75th meridian from Norfolk, Virginia, to Cape 
Maisi, Cuba, we observed the zodiacal light. 
In the evening of March 13, 1931, when the 
observations were begun, the zodiacal light 
was unusually bright, the zodiacal cone at 
8 p.M. could be followed up to and beyond the 
Pleiades which were about 40"^ from the hori- 
zon. The zodiacal light was again strong dur- 
ing the evening of March 14. The following 
evening, March 15, the zodiacal light was dis- 
tinctly weaker than on the preceding two 
evenings and for the next three evenings to 
March 18 it remained fairly weak, that is, it 
was of its normal brightness. We tried to 
make morning observations but had no suc- 
cess because Venus, which was in the morning 
sky, was bright enough to obscure the morn- 
ing zodiacal light. 

After our return from the voyage we found 
that the magnetic activity was zero from 
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Handbmcli der Spectroscopie, von H. Kayser und H. Konen. Siebenter Band, 
Zweite Lieferung. Pp. 499-750. S. Herzel, Leipsig, 1930. Price RM28. 

The second part of Volume 7 of the Handbuch der Spectroscopie is an eloquent testimonial 
to the industry of the authors. As they point out, such a compendium can only be a continuous 
affair, to be added to from time to time as observations on spectra multiply and their interpreta- 
tions develop and crystallize into more comprehensive form. Even should our summaries of 
data and systems of notation become more condensed than at present, the "Handbuch” will 
never cease to be a mine of information for the laboratory spectroscopist. 

This latest addition to the "Handbuch” contains bibliographies and tables of wave-lengths 
for gallium, gadolinium, germanium, hydrogen, helium, hafnium, mercury, holmium, indium, 
and iridium. For each element there is also a condensed summary of the literature. In cases 
where the classification of the lines into series has been made, the term designations of lines are 
included; modified notation following those of Fowler and Paschen being used for all simple 
cases, and the notation of the original authors being used where the spectral structure is com- 
plicated. The simple notation used is the same as in the first part of Volume 7, i.e., large Latin 
letters for singlets, large German letters for doublets, and small Latin letters for triplets. 

For each element the bibliography is also completed to include all articles written since 
the issue of Volume 5 to the year 1927. Although none published later than 1927 are included, 
the number of references is enormous, reflecting the immense amount of spectroscopic research 
done during the years since the fifth and sixth volumes of the "Handbuch” were issued. For 
instance, in Volume 5 of Kayser’s "Handbuch” there w^ere 177 references to papers on hydro- 
gen spectra, while the present volume contains 549. In spite of the fact that the spectral nota- 
tion employed is not in accordance with modern usage, the collection of references in a few pages 
makes this latest addition to the "Handbuch” invaluable. There are very few misspellings and 
misprints. The print is clear, on good paper, and in the style so well known to those who have 
had occasion to use the "Handbuch.” One looks forward to the volumes yet to appear, contain- 
ing references and data for the remainder of the elements. 

George Monk 

Elektrophysik der Isolierstoffe. Dr. Andreas Gemant, Pp. 222 +vi, figs. 76. Verlag von 
Julius Springer, Berlin, 1930. Price bound RM 21.50. 

The causes of loss and absorption of energy in dielectrics are only very incompletely under- 
stood at the present time. But in recent years there has been a renewed interest in these prob- 
lems and considerable progress has been made with them. It is therefore fitting that the present 
volume should appear. It is written by an able worker in this field and deals with both the sci- 
entific and engineering aspects of the subject. The book is evenly divided into two sections 
one in which the normal behavior of insulating materials is discussed, and the other in which 
breakdown phenomena are considered. 

Under normal operating conditions losses in dielectrics result from the presence of either 
or both ions and dipole molecules. The theories which describe the various mechanisms are 
clearly and exactly given. On controversial points, of which there are many, the different view 
points are usually presented, after which the author gives his position and states why. A feature 
of this section is the discussion of the theories of P. Debye and of K. W. Wagner which, al- 
though they result from descriptions of entirely different mechanisms, are shown to lead to 
mathematical expressions of the same form for the power factor and dielectric constants as func- 
tions of temperature and frequency, indicating that only by means of the most exact measure- 
ments wdll a differentiation between them be possible. 

The second section treats breakdown phenomena in gas, liquid and solid dielectrics, with 
particular reference to the work of Joffe, Peek, Rogoski, Slepian, Townsend and Wagner. As 
in the first section the experimental methods of measuring the various quantities involved are 
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but briefly given, if at all, while theoretical discussions are in some cases quite complete. Con- 
cluding paragraphs are devoted to general statements concerning the influence of the physical 
and chemical nature of a material on its dielectric strength. The physical characteristics are 
believed to be the much more important. 

The book might perhaps have been improved in several respects. 

the effect of extremely high frequencies on the conductance of a very 
dilute ionic solution is mentioned it should have been treated more exactly. It leads to an in- 
creased conduction because the ionic atmosphere which is formed about the ion can not in this 
case become dissy metrical, and not because the atmosphere can not form at all as in the case of 
the Wien effect. 

2. Pages 85-90. The work of Phipps and his students on the conductivity of crystals is 
at least deserving of mention. The theory of Smekal which postulates an ionic conduction in 
attice imperfections might also have been mentioned at this point since it apparently has found 
favor with many investigators. 

3. In certain cases purely chemical facts concerning a particular insulating material have 
enabled the assignment of a mechanism to the conduction process taking place in it. Therefore 
there could have been included suggestions concerning the actual chemical composition of some 
of these materials. The colloid chemistry of insulating materials is also important 

text references to the 

These suggestions are not intended to indicate an adverse judgement of the book The 
arrangement content and manner of presentation are admirable. It can be recommended not 

aT™ ? I n I T I acquainted with this important subject bS 

also as one which will stimulate the interest of a research worker in this field. 

J. W, Williams 
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THEORY OF THE DIFFUSE SCATTERING OF X-RAYS BY SOLIDS 

By G. E. M. Jauncey 

Washington University, St. Louis, Missouri 
(Received April 2, 1931) 

Abstract 

The classical theory of x-ray scattering has been applied to the 
x-r-ivs by the electrons in the atoms of a solid. The case in which the solid consists 
of atom.Uf one kind has been considered. The interactions of the waves scattered by 
each electron with those scattered by every other electron in the solid has been con- 
sidered. The analysis is simplified by the fact that the orbital 

in the atoms are very much shorter than the vibrational periods of the atoms due 
thernia! agitations. The final fornnila obtained is 

P 

5 = 14-(Z 


1 ) 




pi 

. + — X 
^ZN 


where 5 is the scattered intensity per electron relative to the scattered intensity from 
a single isolated electron, Z is the atomic number, P the atomic structure factor in- 
cluding the effect of thermal agitation, /' is related to / the 
factor (without thermal agitation), N is the total number f ^ J 

tain double summation. The value of X has not been obtained for an amorphous 
substance but it has been evaluated for the case of a simple cubic crystal by Jauncey 
and Harvey in the following paper in this issue of the Physical Review. 

I. Introduction 

TN 1922, Jaunceyi found that x-rays are diffusely scattered by crystals m a 
way which is similar to the scattering by amorphous solids. In particular, 
the spatial distribution of the scattered rays was found to be about the same 
for the crystals of rocksalt and calcite as for the amorphous substance glass. 
These experimental results were in distinct contrast to the results predicted 
by Debye’s theory^ of the intensity of x-rays regularly reflected by crystals. 
Debye’s theory requires that diffuse scattering from crystals must occur, but 
that the spatial distribution and intensity of the rays scattered by crysta s 
should be very different from the distribution and intensity of the rays scat- 
tered by amorphous substances. Furthermore, Debye’s theory predicts that a 
rise of temperature will cause an increase in the intensity of the rays scattere 

1 G. E. M. Jauncey, Phys. Rev. 20, 405 (1922). Note: Figs. 2 and 6 in this reference should 

be interchanged, 

= P. Deliye, .\nn. d. Physik 43, 49 (1914). 
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by crystals. Accordingly, Jauncey® investigated the effect of temperature by 
measuring the intensities of the rays scattered by rocksalt and calcite at 
568°K and at 290'^K. It was found that neither rocksalt nor calcite showed as 
great an increase of temperature as was demanded by the theory. In 1924, 
Jauncey and May^ again investigated the scattering of x-rays by rocksalt 
and determined absolute values of the scattered intensity. The results agreed 
with the results previously found by Jauncey.^ 

In 1917, A. H. Compton® carried out a theoretical investigation of the 
effect of atomic structure on the intensity of x-rays regularly reflected by 
crystals. The unit in the diffraction or scattering of x-rays by matter is the 
electron. The intensity of the x-rays scattered per unit solid angle by a single 
isolated electron in a direction 4> with the primary x-rays has been shown by 
J. J. Thomson® to be 

/ - /o(eV2m2c^)(l+cos2^) (1) 

where h is the intensity of the primary x-rays. If Z electrons are closely 
packed together so that the charge of the aggregation is Ze and its mass is 
Zw, it is seen from Eq. (1) that the intensity of the rays scattered by the ag- 
gregation is Z^ times the intensity scattered by a single isolated electron, or 
that the scattered intensity per electron in the aggregation is Z-jZ-Zs times 
the intensity scattered by a single isolated electron. Hence, an atom which 
contains Z electrons closely packed at the center will give rise to scattered 
x-rays in a direction which have an intensity per electron of Z times the 
intensity scattered by a single isolated electron. If, however, the electrons are 
not massed close to the center of the atom, but are at distances from the 
center comparable with the wave-length of the x-rays, both constructive and 
destructive interference takes place between the x-rays scattered by the vari- 
ous electrons in the atom, with the result that the intensity per electron of 
the scattered rays is less than Z times the intensity scattered by a single 
isolated electron. The intensity of the x-rays scattered by a number of atoms 
depends upon the configuration of the electrons within each atom and upon 
the configuration of the atoms themselves. If the atoms are arranged in a 
crystal lattice, there are certain special directions in which the x-rays are 
scattered with great intensity, and thus we obtain Laue spots. However, if a 
Laue photograph is examined, it is found that in between the black spots on 
the developed photographic film there is general but less intense blackening. 
Part of this general blackening is due to the diffuse scattering found by 
Jauncey.^ There are thus two effects in the scattering of x-rays by crystals, 
namely, special scattering, which produces Laue spots and which is caused by 
regular reflection from planes of atoms according to Bragg’s law, and diffuse 
scattering. 

The problem of the intensity of the special scattering by crystals has been 

^ G. E. M. Jauncey, Phys. Rev. 20, 421 (1922). 

^ G. E. M. Jauncey and H. L. May, Phys. Rev. 23, 12S (1924). 

® A. H. Compton, Phys. Rev. 9, 49 (1917). 

® J. J. Thomson, '‘Conduction of Electricity through Gases,” 2nd Edition, p, 325. 


SCATTERING OF X-RAYS 


1195 


discussed at length by Compton.'^ The configuration of the electrons in an 
atom is both rapidly and continually changing, and it becomes necessary to 
obtain a time average of the intensity of the x-rays scattered (the term ^^scat- 
ter” includes the ideas of both special and diffuse scattering) by the atoms of 
a crystal. However, the kind of average depends upon the particular effect in 
which we are interested. If we are studying the special scattering (i.e. Bragg 
reflection), we take one kind of average, whereas, if we are studying diffuse 
scattering, we take another kind of average. The first kind of average leads to 
the atomic structure factor as discussed by Compton.'^ Recently Compton® 
has developed the theory of diffuse scattering from the atoms of a monatomic 
i gas. The scattering per electron in a direction <j> with respect to the primary 

j rays is determined only by the average configuration of the electrons within 

each atom, and not by the configuration of the atoms themselves. The atoms 
are so far apart that they can be treated as isolated systems of electrons. In 
the case of a gas there are no directions in which special scattering takes place. 

The amplitude of the waves scattered in a direction 0 by a single isolated 
I electron is proportional to the square root of the right side of Eq. (1). For 

convenience, this amplitude is represented by unity. In the case of special 
scattering by a crystal (Bragg reflection), the intensity is proportional to the 
i square of the time average of the amplitude per electron. In the case of diffuse 

scattering, the intensity of the scattered rays is proportional to the time aver- 
I age of the square of the amplitude per electron. 

!, As example of the two kinds of average, let us consider the case of an atom 

I with two electrons, both at a distance r = a from the center, but with random 

i orientations. If a crystal consists of atoms of this kind and if the center of 

( each atom (the nucleus) is exactly at a lattice point and there is no thermal 

agitation, Compton^ has shown that the square of the average amplitude per 
electron is where 


1 

E = (sin ka)/ ka 

( 2 ) 

jl 

and 


if : 

k = (47r sin 0)/X. 

( 3 ) 

# 

t\[ 

a 

In Eqs. (2) and (3), 9 is the glancing angle of incidence when the crystal is 
set for the regular reflection of the wave-length X. If, however, a monatomic 
gas consists of atoms of this kind, Compton® has shown that the average 
square of the amplitude per electron is 

Ilf , 

5=1 + (sin^ ka)jkV 

( 4 ) 


where k is given by Eq. (3) and 0 is half the angle of scattering. 

When E, the average amplitude per electron in a crystal, is multiplied by 
Z, the atomic structure factor F is obtained. In 1921, Bragg, James and 
Bosanquet^ showed how experimental values of the atomic structure factor, 

^ A. H. Compton, “X-Rays and Electrons,” Chap. V. 

® A. H. Compton, Phys. Rev. 35, 925 (1930). 

I ® Bragg, James and Bosanquet, Phil. Mag. 41 , 309 (1921) j 42 , 1 (1921). 
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or F values as they are called,, can be obtained from the expcrimeiUal \-a!ues 
of the intensity of x-rays reflected in different orders from tlie diilcamit sols ui 
planes in a crystal. In an actual crystal, however, the illicit*! m'o sub- 

ject to thermal agitation and the atomic structure factor P wliicli is (?biaincd 
from crystal reflection is not referred to the center oi tlie atom out to a ialtice 
point about which the center of the atom vibrates. \\ e shall call iae alnmic: 
structure factor which is referred to the center of the at(,nn or nucleus I ha* i. rue 
atomic factor, and we shall represent this by/. 

For several years it has seemed to the writer that in order to iniravel the* 
structure of atoms by means of x-rays it would not only be necessary to mala* 
observations on the x-rays regularly reflected, but also on the x-rays dilt us(*ly 
scattered by crystals. The one effect must in some way be ('oin|>lem(*niary lo 
the other. It is the purpose of this and the following pafaer to sliow Imw the 
two effects are interrelated. 

II. General Th£:ory 

We shall first consider the intensity of the x-rays scattered b}' a large num- 
ber, n, of electrons. Take a point 0 as shown in Fig. 1 . lA*t .1 represt^ul the 
direction of the primary x-rays and OB the direction of tlie scattered rays. 
The plane containing AO and OB is then the plane of scattering. Let t)!" 



bisect the angle ^ OF. Now draw a plane perpendicular to the line OV, and 
let OU be the line where this plane cuts the plane of scattering. We shall call 
the plane whose trace is 01/’ the reference plane. The waves which are scat- 
tered by all electrons in the reference plane are in phase with each other. We 
shall assume the phase angle of all such waves to be zero. Consider an electrem 
at P. The path retardation of the rays scattered by the electron at P rela- 
tive to the rays scattered by an electron in the plane 0£7 is CP+PD, Tliis re- 
tardation can be shown to be 2z sin 6, where s is thej length of PE and PE is 
perpendicular to the plane 00. The angle 0 is one-half the scattering angle 
The retardation depends only upon the distance of P from the reference 
plane and is not affected by moving P in any direction parallel to the ref- 
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erence plane. The phase angle of the waves scattered by an electron at P is 
then 

(27r/X)22 sin 0 = (47rz sin 0)/X (5) 

For brevity we shall call this phase angle kz where k is given by Eq. (3) and 6 

of that equation is <^/2. 

Let the rth electron be at a distance from the reference plane, so that 
the phase angle associated with this electron is kzr- The amplitude of the waves 
scattered by a single isolated electron is unity, so that the resultant amplitude 
of the waves scattered by n electrons is the vector sum of the amplitudes 
associated with each electron. The resultant intensity I is the square of this 
vector sum, so that 

/ \2 / r=*n \2 

/ = ^ 21 cos ^Zr j + ^ 22 sin • (6) 

Since cos 2fer+sin = 1, this reduces to 

«— 71 

7 = « + 22 ' 22 ' cos k{zr - Z»)- 0) 

r=l «=•! 

The symbol 22 ' 22 ' implies that in the double summation r is never taken 
equal to s. The value of 7 given by Eq. (7) is that due to a particular con- 
figuration of the n electrons. If the electrons are moving about, we must con- 
sider the probability of the configuration which gives rise to the intensity 7. 
Let the probability that the rth electron is between z, and Zr+dsr be Pr{zr)dzr. 
For brevity we shall write this prdzr. The probability of a given configuration 
is then ll/^fprdzr. The average intensity is therefore given by the n-tuple 
integral 

7ave = J • - ■ W • ■ • J* {« + 22' 22' cos d(Zr - Z*) | Il7>,7Zr. (8) 

It should be remembered that n is the total number of electrons in, say, a 
0.1 mm cube of a substance, and is therefore a number perhaps of the order 
The limits of each integral are such that each 

J^7Sr=l (9) 

In consequence of Eq. (9), 



immediately. To evaluate the integral of the double summation, let us fix 
our attention on one of the terms of the summation, say, cos jfe(z«— z„), which 
refers to the two particular electrons, the Mth and the i;th electrons. In carry- 
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ing out the ra-tuple integration, each integral with respect to wit! equal 
unity unless r = u or v. Hence we can perform (w- 2) integrations, so that 


COS k{%u— ^v) 

r=l 


JJ pupv COS k(2u - (11) 


Hence 


lave = n + Z' S' JJ Prps COS Zs)dZrdZ,, (12) 

Dividing Eq. (12) by n, we obtain the scattered intensity per electron, thus 
5=1 + (1/n) Z' JJ^^^^ ” z^dzrdz,. (13) 

III. Scattering FROM A Solid 

Actually, of course, electrons are aggregated into atoms. We shall now 
consider the scattering of x-rays by the electrons in the atoms in a solid con- 
sisting of one kind of atom each of which contains Z electrons. We shall 
assume that the motions of the electrons within an atom are very much more 
rapid than the heat motion of the atom. This enables us to obtain a time 
average of the configuration of the electrons within an atom over a time inter- 
val which is long compared to the orbital period of an electron within the 
atom, but which is still so short that the configuration of the atoms them- 
selves has practically remained unchanged during the interval. 

The rth and 5 th electrons of Eq. (13) may or may not be in the same atom, 
Let us consider the case where they are in the same atom. In this case we 
may take the reference plane of Fig. 1 through the nucleus of the atom. If w€* 
assume that the probability function for each electron is symmetrical about 
the reference plane through the nucleus, then each 


^ pr ^ICi kZrdZr 


so that 


J J’prps cos k(Zr ~ Zs)dZrdZg 


= ^ J'pr cos kZrdz^ X ^ J* p3 COS 


By referring to Compton,^ it will be seen that 


pr cos kZrdZr = Er 
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where Er is the average amplitude associated with the rth electron. Hence 



prp^ COS k(Zr 


Z^dZrdZs = ErEg. 


(17) 


In each atom there are Z{Z—\)I2 pairs of electrons and this is the number 
of the products 2£,.Es for each atom. Let us now introduce an average quan- 
tity E' , defined by 

Z{Z - 1)£'^ = TJ' Y^’ErEg (18) 

s=l 

where in the summation r is not taken equal to s. Also let us introduce a 
quantity/' defined by 

f = ZE’ (19) 

In the theory of crystal reflection/ the true atomic structure factor / is de- 
fined by 

/= YEr ( 20 ) 

r=l 

The double summation for each atom is therefoi'e Z(Z— and, since 
there are nfZ atoms, we obtain on summing for all the atoms 

{nlZ) X Z(Z - 1)/VZ2 = n{Z - l)PlZK (21) 


Multiplying by l/Uj Eq. (13) reduces to 


5 = 1 + (£ - 1)/'VZ^ + (i/«) Z" Z" J J prpg COS k{Zr — Zg)dZrdZg (22) 


where the symbol Y"Y" denotes summation when the rth and sth electrons 
are always in different atoms. 


0 A B D E 




F 


>R 



C 




S 

Fig. 2. 


IV. Orbital Motions of the Electrons in the Atoms 

In Fig. 2, let G 17 be the reference plane and let the center of the 7th atom 
be at <2 and let the »th electron which is in the 7th atom be at Let AQ=Xi 
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and CS =y.,„ so that the distance of the electron at 5 from the reference 


+ Jtv* 

of the atom be at R, and the ‘tt’tli t; 

and FR " Vuwj so that 


Similarly, let the center 
atom be T. Let ER — Xu 


y^jdydy 


where the subscripts 1 and 2 have been written for the subscripts tv and 
The ^’s are now probability functions referred to the center oi eacn res 
tive atom. If the atom is symmetrical the integral containing hyi- 
vanishes and we are left with the integral containing cos J-)* 1 ^ 

containing this integral then reduces to 


^ EiE^cos k{xt — Xu) 

where the E^s are given by Eq. (16). If the atoms are of the same kind and 
we sum for the Z electrons in each of the two particular atoms, we obtain 


Then, summing for all the atoms, we obtain 
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V. Heat Motions OF THE Atom 

We now remember that although the electrons in the atoms are moving 
much more rapidly than the centers of the atoms, yet the atoms are them- 
selves moving with their thermal velocities. If we are dealing with a solid, 
the centers of the atoms are vibrating about their mean positions. We there- 
fore introduce a probability function P for the center of the atom. Taking an 
average over a time long compared with the period of thermal oscillation of 
the atoms but short compared with the time during which scattering meas- 
urements are made, we see that Eq. (22) becomes 

5 = 1 + (2: _ + C/V^iV) YJ Y' I I cos Kxi. - x^dxtdx^ (28) 


where N = nlZ, the number of atoms involved. 

Let us replace the x’s in Eq. (28) by s’s, and let Zr now refer to the distance 
of the center of the rth atom from the reference plane. Next, let the rth atom 
oscillate about a mean position whose distance from the reference plane is x,. 
Also let the displacement of the center of the atom from its mean position be 
y^, so that Zr^Xr+yr. The problem thus becomes similar to that in section IV 
of' this paper and the analysis is similar, excepting that in the case of an 
amorphous solid it does not seem reasonable to assume that the probability 
function for the displacement of the center of the atom from its mean position 
is symmetrical about the mean position. However, if we do make this as- 
sumption in order to simplify the analysis, the double integral of Eq. (28) 
becomes 



PtPu cos kiZt - Zu)dZtdZu = HrH, cos k{,Xr - X,) 



where 


Hr = 


/ 


Pr COS kyrdy. 


(30) 


Hr may be called the temperature factor for the rth atom. If, in addition, we 
make a second simplifying assumption that H is the same for all the atoms of 
the solid, and if we write F iorfll, 

r=iV a~N 

s = 1 -f (Z - l}p/Z^ + (F^/ZN) Y' Y' cos kixr - X.) (31) 

r«ol. i(«l 


where Xr is now the fixed mean position about which the center of the atom 
oscillates. The quantity F is the atomic structure factor which includes the 
effect due to thermal agitation, while/' in virtue of Eqs. (18), (19) and (20) 
is related to the true atomic structure factor / according to 


P = /^ + 


{p-ZY^Er^. 


\/iZ - 1). 



11 f* 


(32) 
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Hence except when the probability function is the same for each electron 
in the atom/'</. It is unlikely that the probability function for a K electron 
is the same as that for an L electron and therefore/' should be Rreatei than 
the true atomic structure factor. 

The double summation in Eq. (31) has not been determined foi an cimor- 
phous solid, but can be evaluated for a simple cubic crystal consisting of 
atoms of one kind. This evaluation has been effected by Jauncey and Harvey 
in the following paper in this issue of the Physical Review. 
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THEORY OF THE DIFFUSE SCATTERING OF X-RAYS 
BY SIMPLE CUBIC CRYSTALS 

By G. E. M. Jauncey and G. G. Harvey 
Washington University, St. Louis, Missouri 
(Received April 2, 1931) 


Abstract 


The value of X in the previous paper by Jauncey has been determined for the 
case of a simple cubic crystal consisting of atoms of one kind and the formula obtained 
by Jauncey reduces to: 


5 = 1 4- (Z - 1) 


11 


1 

~Z 


There are no experimental results for a crystal consisting of atoms of one kind but 
Jauncey and May have obtained values for the diffuse scattering of x-rays from a 
crystal of rocksalt. Assuming rocksalt to consist of atoms of atomic number (11 +17)/2 
or 14, we have calculated values of/' using values of F given by James and Firth. 
These calculated values of /' are found to be only slightly greater than the values of 
F at absolute zero. Also Jauncey has measured the effect of temperature on the 
diffuse scattering from crystals. From the above formula calculations of the ratio of 
the scattering at temperatures of 568° and 290 °K have been made using F values 
given by James and Firth. The theoretical and experimental values of this ratio in 
one case are 1.29 and 1.33 respectively, and in another case are 1.13 and 1.18, thus 
showing good agreement between theory and experiment. 


1. Introduction 

I N THE preceding paper in this issue of the Physical Review Jauncey^ has 
shown that the scattering of x-rays by a solid consisting of atoms all of the 
same kind is given by 

N N 

5 = 1 + (Z - 1)/'VZ2 + (F^/ZN) 2' Z' cos k(xr - X,) (1) 

r=l s=l 

where the various quantities are defined in Jauncey ^s paper. As explained in 
Section 5 of that paper, the right side of Eq. (1) depends on the two simplify- 
ing assumptions: (1) the probability function for the displacement of the 
center of the atom from its mean position is symmetrical about the mean 
position, and (2) the temperature factor H is the same for all atoms. These 
two assumptions are probably not quite valid for an amorphous solid, but are 
valid for a simple cubic crystal of atoms of one kind. We shall therefore take 
Eq. (1) to be exactly true for this kind of crystal. The quantity Xr in Eq. (1) 
is the distance of the mean center, about which the r th atom is oscillating due 
to its thermal motion, from the reference plane defined in the previous paper. ^ 
In a simple cubic crystal Xr is the distance of a lattice point from the reference 
plane. 

^ G. E. M. Jauncey, Phys. Rev. this issue p. 1193. 
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II. Evaluation OF THE Double Summation 
In order to avoid confusion, we shall replace Xr and Xj by Wr and iv.,. It is 
our object to evaluate 


JV N 

22' COS kiWr 

rs=sl s~l 


W,) . 


Let us take a crystal parallelopiped whose sides contain P+ 1 , (] + 1 . luiflR 1 1 
atoms so that N = (P+1) (<3+l) (P+1) or PQR since P , Q, and R arc‘ larn;i* 
numbers. Let the size of the parallelopiped be such that the absor|)tiun of 
x-rays in the crystal is negligible so that every atom in the cr\'st,al is I.iaihed 
in x-rays of the same intensity. On the other hand, we su|)pnse that, tlie 
length of each side of the parallelopiped is many times tlie wa\'e-lenath nf 
x-rays. A crystal with the length of each side about O.i mrn is what w(; lia\‘e 
in mind. Let the crystal axes be parallel to the axes of rectangular cartesian 
coordinates with the origin at a corner of the crystal. A lattice pi sin f of tlse 
crystal will then have the coordinates 


pD, y = qD^ z = rD 


( 2 ) 


where g, and r are integers and D is the lattice constant. Let the refertmre 
plane^ pass through the origin of coordinates and let the direction crisines of 
the normal to this plane be /, w, n. The distance of a lattice point fn^in this 
plane is then 

w pqr = lpD+ mqD +l:nrD ( 3 ) 

If we imagine Z electrons massed at each lattice point of an idea! crystal, 
we shall have as in Eq. (6) of the previous paper^ 


R 


r = \zi: E E COS k%Vp 


r *«0 

PQR 

+ E E E sin kwp 

35=0 5=0 r =0 


}■ 


1 4, 1 


In the triple summations in Eq. (4) p, q, and r may be equal. Let us first sum 
with respect to r, so that we obtain 


Yj cos JiWp^ - cos -f rnD) 

r =0 r=a 0 


■(5)' 


where 


^pq — plD + qmD ( 6 ) 

and is a constant during this summation. Now it can be shown that® 


2 cos k{Apq + rnD) = cos kiA 


R 




j’=o \ 2 

2 See, e.g. Hobson— Plane Trigonometry, 4th Edition, p. 90, 


1' ' \ . kRnD MI) 
nD) :sm - CSC "(I); 


2.' 


2 
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and that 


B ^ / 

^ sin /e(i4pg + = sin ^ 

r=0 ^ 


R 


m 


1 \ kRnl) hnD 

- fiD j sin — : — esc — — (8) 


Summation with respect to q and then p thus yields 


E E Ecos/^ 


w 


pqr 


Q=0 r=0 

= COS hD\ 




1 + 


Q 


- m + 


R-1 


sin 


kPlD 


sin 


kQmD 
2 

kfiD 


IzRnD klD hnD 

sin CSC CSC esc — -- 

2 2 2 2 


and 

P Q B 

£ S E sin kwpqf 
|).-=:0 <2 = 0 0 


sin kD 


' 1 


■1 + 


Q-l 


m + 


R-i 


•) 


kFlD 


n sin 


2 


sm 


kQmD 
2 

knD 


kRnD klD kniD 

QSC CSC 

2 2 2 2 


so that Eq. (4) becomes 


kPlD 

I = Z^'Sin^ sin 

2 


kQmD ^ kRnD klD 


kmD 


knD 


“ sin- - 


CSC- — 

2 2 2 


■ csc^ 


(9) 


( 10 ) 


( 11 ) 


The angle of scattering enters the problem through the relation^ 

k = (47r sin ^/2)/X. (12) 

If we have chosen values of the scattering angle, and I, m, n the direction 
cosines of the normal to the reference plane, in such a way that 


rID 7^ Ixa, or kmD 2irh, or knD 7^ lire 


(13) 


where a, b, c are any integers, the value of the trigonometric function on the 
right side of Eq. (11) is of the order unity. Now, dividing the right side of Eq. 
(11) by the total number of electrons, PQRZ, we find the scattered intensity 
per electron to be 

PQR 

where 0(1) is a quantity whose magnitude is of the order unity. For a crystal 
of KCl, Z = 20 and, if we are dealing with a crystal in the form of a cube the 
length of whose edge is 0.1 mm, the value of PQR is about 10^^, so that the 
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right side of Eq. (14) is of the order which may be taken as zero. There- 
fore there is no diffuse scattering from an ideal simple cubic crystal whose 
atom centers are held exactly at lattice points with the electrons massed at 
the center of each atom. 

If Eq. (1) is applied to this ideal crystal, the same result must be obtained 
as in the previous paragraph. In this case/' = i^ = Z, so that we have 


0 = 1 + (Z - 1) + (Z/N) X)' X)' cos k(Wr - Ws) 

r=l 

Solving Eq. (15) for the double summation we obtain 

JV iV 

X^ iV, 

r -1 


Substituting this in (1), we obtain 

5 - 1 + (Z 


r)p/z^ - F^/z 


(IS) 


(16}' 


(tJ) 


for the scattering per electron from a crystal of simple cubic form whose at f )nis 
are all of the same kind and each of which contains Z electrons. In Eq, (1 7i, 
it will be seen by reference to the preceding paper^ that F is the atomic struc- 
ture factor which includes the effect due to thermal agitation, while is re- 
lated to the true atomic structure factor/, which does not include tlic effect 
of thermal agitation, according to 


P =f + 


f-zZEr 


1 ) 


:i8) 


where £r is the average amplitude associated with the rth electron in the 
atom. If the average amplitude associated with one electron is the same as 
that associated with any other electron f =/ and f is then the true atomic 
structure factor. 

III. Comparison WITH Experiment 

Unfortunately, results on the diffuse scattering by a crystal consisting of 
atoms all of the same kind are not available. However, in 1924 Jauncey and 
May® measured the absolute intensity of x-rays diffusely scattered by a crys- 
tal of rocksalt. They obtained the curve shown in Fig. 1. The curve A^FZ 
represents the Thomson value of the scattering. Referring to their paper, it is 
seen that they used x-rays containing two wave-lengths, 0.71 A and ().40A. 
The peaks A and B are due to the wave-lengths 0.40A and 0.71A respect! \ ely. 
The point C was obtained when sufficient aluminum was inserted in the pri- 
mary beam to remove the longer wave-length constituent of the x-rays. We 
have therefore drawn the broken curve DAFG of Fig. 1, and this is then due 
to the scattering of x-rays of wave-length 0.40A. It seems preferable to use 
the curve for this wave-length, since it is known from the diagram at which 

’ G. E. M. Jauncey and H. L. May, Phys. Rev. 23 , 128 ( 1924 ). 
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value of 4> the scattering approaches zero. Using this curve and dividing each 

ordinate by the Thomson value of the scattering at the same 

the S curve shown in Fig. 2 in which the abscissa is {sm4>/2)/\. This 5 curve 

is for x-rays scattered by rocksalt at 290°K. a 

In 1928 James and Firth* obtained F values from the regulai reflection of 
x-rays by rocksalt at various temperatures. Their F values are for Na-f-C 
In order to compare the present theory with experimental values, we shall 



assume rocksalt to be made up of atoms of the same kind whose atomic num- 
ber is (11 -F 17)/2 = 14. We therefore take as F values to be substituted in Eq. 
(17) one half the values given for Na-fCI in the paper by James and Firth. 
These average F values are shown in the second column of Table I. Values of 
5 found from Fig. 2 are shown in the third column of this table. From Eq, 
(17), values off can thus be determined and these are shown in the fourth 
column James and Firth give F values extrapolated to absolute zero and the 
averages of these for Na and Cl are shown in the fifth column. The values in 

< R. W. James and E. M. Firth, Proc. Roy. Soc. A117, 62 (1928). 
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the fourth and fifth columns should be nearly but not quite efiua!. I he true 
atomic structure factor/ is somewhat greater than the value of f at ulmnlule 
zero, if there is zero point energy. 


Table I, 


* By extrapolation. 

As zero angle of scattering is approached,/' and F each approach Z and S 
approaches zero. This agrees with the experimental curves shown in Figs. 1 
and 2. 

In 1922, Jauncey^ found a temperature effect for the diffuse scattering by 
rocksalt. The temperatures used by Jauncey were 290®K and S68°fv. From 


{sm<f)/2)/\ 



/' 


0.1 

12.3 


12 . S * 

12,8 

0.2 

9.4 

1.24 

10.1 

9.9 

0.3 

6.9 

1.82 

8.0 

7.6 

0.4 

5.2 

1.93 

6.6 

6 ,.i ' 

0.5 

3.9 

1,94 

5.4 

■ 4 . 8 . 

0.6 

2.8 

1.88 

■ 4.6 ■■ 

4.0 

0.7 

2.1 

1.77 

3.8 . ■ 

3 . 3 ' 

0.8 

1.6 

1.56 

3.2 

2 .S 

0.9 

1.2 

1.38 

... 2.6 

2 . 4 ' 

1.0 

0.8 

1.26 

2.1 

2 . 0 , " 

1.1 

0.5 

1.17 

■■ 1.7 ■ 

1.6 , 

'■ 1.2 

0.3 

1.10 

1.6 

1.4 
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the val.es give, by James and FirA F vate at SdS'K -n be InterpAted. 

The wave-lengths used by Jauncey were 0.28A and 0.36A at 15 a 

Sittering angle respectively. The ratios of the values of S found 

the fifth rolumi of Table II. F values obtained from James and Juth are 

shown in the second and third columns. Values of/' obtained from ng. _an 

Eq (17) are shown in the fourth column. Now putting the values ot^o K 
and ks’jrin Eq. (17) and using the appropriate/' values, we obtain t^eor 
tical values for and 5568”ir. The ratios of these values are shown in th 

sixth colupin. 


Table II. 


(Sin 0/2) /X 

0.467 

0.720 


^290 K 




r 


3m°K/ 

Exp. Theory 


4.25 

1.95 


3.20 

0.90 


5.8 

3.7 


1.33 

1.18 


1.29 

1.13 


It is seen that there is good agreement between the experimental and theoreti- 
cal values of the ratios. 

For a monatomic gas Compton'' has shown that 

s = i + (z- 

so that from the experimental values of S values of/' can be obtained. If x- 
rU are scattered by a simple cubic crystal of the same chemical element ^ 
the gas values of/' can be obtained from the experimental values of S and F 
for the crystal. The values of/' for the gas should nearly agree with those for 
the crystal, the slight difference being due to the structure of an atom m a 
crystal being affected by the proximity of other atoms. 



» G. ,E. M. Jauncey, Phys. Rev. 20, 421 (1922). 
® A. H. Compton, Phys. Rev. 35, 923 (1930). ■ 
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ABSOLUTE WAVE-LENGTHS OF THE COPPER AND 
CHROMIUM IGSERIES 

By J. A. Bearden 

Department of Physics, The Johns Hopkins lJNrvER.srrv 
(Received April 6, 1931) 

Abstract 

In the measurement of x-ray wave-lengths by ruled gratings two principal dilti- 
culties have been discussed which may account for the thTferencti observed between 
the wave-lengths determined by this method and those determincfl by using crystal 
gratings. They are, the periodic error in the grating, and the geometrical divergence 
of the x-ray beam. It is now shown that the effect of the periodic ernjr can be fleter- 
mined by a study of the intensities of the optical ghost lines. For a g(»od quality 
optical grating it has been found that the error in x-ray wave-lengths <jue to the 
periodic error in the grating is thus of no importance. By using a suitable disposition 
of apparatus the effect of the geometrical divergence of the x-ray beam can be made 
as small as desired. Thus it is concluded that ruled gratings can l>e used for precise 
wave-length measurements of x-ray spectra. 

In the present experiment the two parallel plate method has been used for de- 
termining the angles of incidence and diffraction. Five glass gratings of different 
grating spaces and ruled on two ruling engines have been used. The results from the 
various gratings on the same wave-length have agreed satisfactorily. No consistent 
variations of any type were observed. The final results from 172 sets of plates are 
given in the following tables. 


Spectral 

line 

Crystal X 

Grating X 

Limiting 

error 

Grating X 
— Crystal X 

CuKfi 

1.38914A 

1.39225A 

+ 0.00014A 

■+0.224% 

CuKa 

1.53838 

1.54172 

±0.00015 

+0.217% 

CrA/S 

2.08017 

2.08478 

±0.00021 

+0.222% 

CrKa 

2.28590 

2.29097 

±0.00023 

+0,222% 


F rom these results the true grating space of a calcite crystal is d = 3.0359 ± 0.0003 A. 
Using this value of the grating constant, Planck’s constant as determined by Duane, 
Palmer and Yeh is, /t -6.573 ±0.007 XIO"^^ erg -sec. e/m can be determined from the 
dispersion of x-rays by using the absolute wave-length of an x-ray spectrum line. The 
mean of the values of the dispersion as given by Stauss and Larsson gives ejm = 1.769 
X 10^ e.m.u.g“b The values of these constants are independent of any imperfection 
in the crystal. If the crystal lattice is assumed to be perfect we then have Avogadro’s 
number, iV = 6.019 X 10^3 mol. per mole, and the charge on the electron e =4.806 X 10~^» 
e.s.u. Using this value of and as above, we find Planck’s constant /i = 6.623 XlC)’"“b 
erg -sec. 

ly/r EASUREMENTS of the wave-length of x-ray lines using ruled gratings 
I ’A have been made by a number of investigators.^-’ The results obtained 

1 A. H. Compton and R. L. Doan, Proc. Acad. Sci. 11, 598 ( 1925 ). 

® J. Thibaud, Comptes Rendus 182 , 55 (1926). 

3 F. L. Hunt, Phys. Rev. 30, 227 (1927). 
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bv this method have been in general higher than the corresponding wave- 
lengths measured by means of a crystal grating. Unfortunately the differences 
observed between the grating values and the crystal values by difeent ex- 
perimenters have not been the same. In the best of the experiments, differences 
exist which appear to be greater than the probable errors in the experiments. 

It has been pointed out by the writer^ that these differences are most likely 
due to the quality of the gratings used and consistent errors of observation. 
The present experiment was undertaken in an effort to eliminate as far as 
possible the uncertainty which exists concerning the absolute wave-length of 
x-rays. 

Theory of Ruled Gratings for X-ray Measurement 

Since ruled gratings must be used at tangential incidence for x-rays, the 
usual grating formula wX = d(sin i-sin r) may be written in terms of the small 
angles d and a of Fig. 1 as 

/ 20 + a . a\ ..V 

17X = 2rf( sin — sm y j 

where d is the angle between the surface of the grating and the direct beam, 
and 0! the angle between the reflected beam and the diffracted beam. 

The angles 9 and a for x-rays are very small so that the problem of accu- 
rately measuring x-ray wave-lengths is principally a problem of measuring 
very small angles with a high degree of precision. Assuming that these angles 
can be precisely measured, it will be of interest to investigate the possib e 
error in the wave-length due to other causes. 

The geometrical divergence of the x-ray beam perpendicular to the plane 
of the grating will shift the position of the spectrum lime as was first pointe 
out by Porter.® Porter’s result was for the special case where the distance 
from the source to the center of the grating, and the distance from centei o 
the grating to the position of the image were equal. Stauss^® has considered in 
a similar manner the more general case where the distances are not equal. 1 le 
complete diffraction equation then becomes ; 

«X = d(cos 4>, - cos 1^1 -f )1 

where <^i = 0, ^2 = (a+A), is the length of grating used, k the distance from 
the source to the grating, and h the distance from the grating to the image. It 

will be seen that the correction term will be either + or - depending on t le 


4 E. Bilcklin, Inaugural Dissertation, Uppsala Universitat (1928). 

^ C. P. R. Wadlund, Phys. Rev. 32, 841 (1928). 

6 J. A. Bearden, Proc. Nat. Acad. Sci. IS, 528 (1929). 

7 T. M. Cork, Phys. Rev. 35, 1456 (1930). ^ . -n t\a 4 .-. 

8 J. A. Bearden, paper presented at Optical Society of America, Charlottsville Meeting, 

October 1930. ' . 

® A. W. Porter, Phil. Mag. 5, 1067 (1928). 
w H. E. Stauss, Phys. Rev. 34, 1601 (1929). 
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values of and 4. It will also be noticed that the position of the 0 order will 
be displaced if thus 

1 

h^. 


■[' 


<l>i\ 1 +— ( — 

20 W 


( 3 ) 


The magnitude of this correction depends on the m.et!iod ysc?d in ineasiiririg 
<j5>iand<^2. 

^The geometrical center of the slits is not the center of the reflc'cfiiig sur- 
face of the grating. If represents the angle between the central slit ray and a. 
■lineirom the source to the effective center of the grating, it has been showid^ 
that 

^ == — M j 

where s is the slit width and and Zi are the same as in Eq. (2). 

The divergence of the x-ray beam in the plane of the grating leads to a 
correction in the wave-length of the form 


nd\ 


\2h^'^ 11^) 


(S) 


where 2 (/zi+/z 2 ) is the length of spectrum line, and 2hi the effective height of 
grating. 

Prins“ has criticized the writer’s published results'* believeing that a cor- 
rection of the type shown in Eq. (2) would account for the difference in wave- 
length observed between the grating and crystal methods. Correspondence 
with Prins has shown that he had misinterpreted the writer’s disposition of 
apparatus. This correction, as will be shown later, is of negligible importance. 

There are three types of errors which are usually present in the ruling of a 
grating, either of which would lead to erroneous absolute wave-lengths. These 
errors, the erratic, the error of run, and the periodic error have been discussed 
by Michelson and Rowland in connection with the absolute wave-lengths of 
optical spectra. The erratic erior is not susceptible to analytical correction 
but its importance can best be determined by using gratings ruled on differ- 
ent ruling engines and comparing the results. 

The error of run can be determined in a number of ways. Probably one td 
the most precise methods of determining this error is the focusing propert\' 
exhibited by such gratings. Assuming parallel incident light, Fagerberg'^ has 
derived an equation of the form 


^ X cos^ 

di r(sin i/'i 


sin ^ 2 ) 


(6) 


where di and di are the grating spaces at the extremes of the grating, tpi is t he 
angle of incidence, ^2 the angle of diffraction, x the length of the grating, and r 
" J. A. Prins, Nature 124, 370 (1929). 

“ Sven Fagerberg. Zeits. f. Physik 62, 457 ( 1930 ). 
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the distance from the grating to the focus. With this method it is possible to 
detect an error in the grating space of lO”"® cm. Another method which has 
been used by the writer in connection with the above is to rule every 4th or 
7th line on the grating longer than the other lines. The distance between these 
lines can then be measured directly by a comparator. Also the average grating 
space can be accurately measured by determining the number of spaces on a 
grating and the distance between the extreme lines. 

The periodic error of the grating will produce an asymmetrical spectrum 
line which always makes the angle of diffraction appear larger than it should 
be. This effect is of no importance in ordinary optical gratings for the error is 
inversely proportional to the length of the grating used. In the x-ray applica- 
tion, however, the length of the grating used is only a few mm so the error 
may be important. Fagerberg has calculated the error for x-rays and obtained 

2m 

5X = X (7) 

where m is the maximum displacement of any line on the grating from an ideal 
grating with the average grating space mo, x is the length of the grating used, 
andX the wave-length. He assumed m to be from 0.0005 to 0.001 mm, x = 
1 mm and found 5X = 0,001 to 0.002 X which is the order of magnitude of the 
observed difference between grating measurements and crystal measurements. 
It should be pointed out, however, that the values of m assumed were, for 
good quality gratings, too high, m can be determined from the intensity of 
the Rowland ghost lines in a grating. The relation between the intensity of 
the ghost lines and the intensity of the main line may be written approxi- 
mately 



where I is the intensity of the first order ghost, h the intensity of the main 
line, N the spectral order, m the maximum displacement of a line from the 
ideal grating, niq the average grating space. 

It is true that for gratings of large grating space (e.g. 50 lines/ mm) one 
might be able to have m = 0.001 mm and the intensity of the ghost lines be 
very w'eak in the low orders. However if one examines the very high spectral 
orders the ghost lines would be very intense. One can usually observe 30 or 
more orders with a grating of 50 lines per mm. If we observe the 30th order 
of such a grating and have m = 0.001, the intensity of the ghost lines would 
be more than 20 times the intensity of the main line. In any case one can de- 
termine the importance of this error by carefully examining the intensity of 
the ghost lines of the grating. If one wished to get an accurate estimate of m 
for a coarse ruled grating, I believe it would be permissible to rule a small 
spaced grating (e.g. 600 lines/mm) and determine m from such a grating; 
thence rule the coarse grating using the same part of the ruling engine screw. 
There seems little reason to believe that the ruling engine would misplace the 
lines on a coarse grating any more than on a finely spaced grating. 
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Gomptoii^’^ has considered the question of the refraction of the x-rays at 
the surface of the grating, and concludes that refraction could not cause any 
displacement of the spectral lines. It has been shown by Siegi)alind^ and has 
also been observed by the writer, that the type of surface influences greatly 
the intensity of the x-ray spectra. It is difficult to believe, however, that tliis 
could in. any way displace the spectral lines. The writer has also been able to 
improve the intensity of the x-ray spectra many times on a lightly ruled, grat- 
ing by etching it. In order to test the effect of etching on the position of the 
spectral lines, one half of a grating was etched and the other half left iiii- 
etched. The grating was mounted in such a manner that either etched or un- 
etched part could be used. The results were the same within experimeiita! 
error from both parts. 

Thus, it seems from the above considerations that the measurement of 
x-ray wave-lengths by the use of ruled gratings can be made relial)le. By a 
suitable disposition of the apparatus the error in the wave-length slioukl be 
just the error of measuring the grating constant d and the two angles 9 and a. 



Method of Experiment 

In the present experiment the Z-series of copper and chromium were 
chosen as a source of K-rays. The intensities of these lines can be made very 
great and they are the longest wave-lengths that can be worked with success- 
fully without using a vacuum spectrograph. These wave-lengths can also be 
used to determine directly the grating space of such crystals as calcite and 
rock salt. Even though the angles of diffraction and reflection for these lines 
are small, it is believed that greater precision can be secured by using these 
wave-lengths than could be obtained by use of longer wave-lengths with a 
vacuum spectrograph. 

There are several methods by which the angles 8 and a could be measured . 
However, from a consideration of the error involved in each method it ap- 
pears that the modification of the Uhler and Cooksey parallel plate method, 

13 A. H. Compton, Jour, of the Franklin Inst. Oct. (1929). 

14 M. Siegbahn and T. Magnusson, Zeits. f. Physik 62, 435 (1630). 

15 H. S. Uhler and C. D. Cooksey, Phys. Rev. 10, 645 (1917). 
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used by the writer/’ is preferable. Fig. 1 shows the arrangement of the appa- 
ratus. This method avoids error due to any variation in the width of the slits, 
or non-uniformity of illumination over the slit. It will also be seen that it is 
not necessary that the grating be accurately on the axis of rotation as is essen- 
tial in other methods. The measurements are all linear measurements and no 
angular motion of the grating is needed for a determination of the angles. 

In order to determine the errors to be expected from this arrangement 
Eq. (1) may be written in terms of the measured quantities as 


d r(F - zy 


■ {y ± z)z 


where h, x, y, and z, are as indicated in Fig. 1. In Eq, (9) the angles were used 
instead of the sine of the angle, and the angle was put equal to the tangent 
of the angle. This equation is in error by approximately 1 part in 3000 for the 
angles involved. It can be shown that for a given distance from the grating 
to the second plate that the minimum error in wave-length for a given error 
in measuring x occurs when b is made a maximum. This neglects the geomet- 
rical divergence of the x-ray beam and from Eq. (3) it will be seen that this 
must also be considered in choosing b. The distances y and z must be made 
large enough to be conveniently measured. A good comparator cannot be 
depended upon to better than about 0.001 mm. Thus, in order to obtain the 
desired precision y and z must be greater than 10 mm. This makes the distance 
from the grating to the second plate about 2 meters. An error in measuring 
the distance x produces an error in the wave-length of about 3 times as much 
as the same error in y or z. Fortunately the lines determining x are very nar- 
row and are never more than 1 mm apart so x can be measured to a much 
higher precision than y or z. By assuming an error of 0.001 mm in x, y or s 
one is lead to expect an error in X of approximately 1 part in 10,000. 

In the present experiment the distance k from the first slit to the grating 
was 45 cm, from the grating to the second plate 191 cm, and from the grating 
to the first plate 7 cm. A typical plate gives = 3 X 10“'\ <^2 = 7 X lO™'*^ for the 
first order, and <f >2 = 16 X 10"^^ for the sixth order. Thus Eq. (2) becomes 


fik = d(cos<t)i — cos02)(l — 1-93 X 10 ”^’) 
n\ = d(cos(l>i — cos<^>2)(l + 0.054 X 10 ™^*) 


1st order 


6th order 


Eq. (3) becomes 


for the 2nd plate, and 


4>2 = (sf>i(l. 0000087) 


4>2 = ^i(0. 99964) 


for the first plate. 

On the first plate this corresponds to 0.0002 mm. From Eq. (4) j8== +4.15 
Xl0““^ or 0.00008 mm on the 2nd plate, and Eq. (5) gives for the 6th order 
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SX= — 1.64X10~*® cm. Thus there are no corrections of any importance. In 
any Case some are + and some are — , so the total correction is prolmJily much 
less than any individual correction. 

Apparatus 

The apparatus was mounted on a reinforced concrete block 
X96". The top of the block was a smooth stone. Iron blocks 1 "X^l'^X l" \\<*re 
inserted about 3" from the top and at various positions in the block when it 
was cast. Threaded holes in the center of the iron blocks permitted iron rods 
to be rigidly attached to the base. The apparatus was held in position by 
these rods. This base was supported by 3 concrete blocks under each end. 
Between the blocks, rubber, felt and wood strips were inserted to damp out 

the vibrations from the building. 

The plate holders were made from a solid brass plate 1/2 " X4 " X 6 ". 'Die 
surface against which the photographic plates rested was scraped to a plain* 
surface. The photographic plates were held against this surface by a iilane 
brass plate against which pressed two strong springs. A piece of blott ing paper 
was inserted between this brass plate and the back of the photographic plate 
to equalize the pressure on the photographic plate. The plate holders were 
attached to a 2" square iron rod which was held rigidly to the base by two 
1.25 iron rods. The photographic plates were inserted and removed without 
disturbing the adjustment of the plate holders. 

The grating was mounted on a three point support which was attached to 
a slide capable of being moved through several mm. The position of the slide 
was determin^ed by a scale and dial, reading to 0.001 mm. This slide rested on 
a table which rotated on accurately made centers. The table could only be 
rotated through 200° but this was sufficient for making adjustments. It was 
found that such a table was far more satisfactory in rotating about an axis 
than the ordinary spectrometer. 

The slits were made of steel with gold faces 1 mm thick. One jaw was 
clamped rigidly and the other jaw held against it by small springs. Thin spa- 

hT the desired slit widths. The two slits were attached 

to a brass tube which was capable of being rotated by a long arm and a tan- 

SuIdTe"^' ®^'ts had once been made accurately parallel the^■ 

be „ade byThr.aS'“w 

The x-ray tube was a water-cooled Coolidge type, with a side arm -ind •, 

thick) to reduce the ab,sorptiou of the 
copper and chromium x-rays. The focal spot was usually about 1 to 2 mm , ' 
diameter and the tube was operated about 10 m a and 40 k" Tt . 

were taken off at about 10° from the face of the tirVer Th<> 1 ^ 

were prepared by electroplating a layer of chromfum on 
targets. The x-ray tube was mounted on a slide in order that the soiuTcHf 

.d L“:r r 
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placed between the slits and between the plate holders to reduce the absorp- 
I tion of the x-rays. 

The experiment was carried out in a small room in which the temperature; 
could be accurately controlled. A recording mechanism kept a continuous 
record of the temperature and the temperature never varied by more than 
O.l'^G. Diiriiig a single exposure the temperature usually remained constant to 
within 0,02°C. 

5 Alignment and Calibration of x\pparatus 

The alignment of the plate holders, center of grating, and center of slits 
in a , horizontal line was accomplished by adjusting each to a given height 
above the top of the stone base. The height of the focal spot of the x-ray tube 
was adjusted by placing a horizontal slit on this line midway between the 
tube and second plate, thence adjusting the height of the tube until the image 
of the focal spot fell on the center of the second plate This adjustment 
was made to vvitliin O.S mm. 

The adjustment of the grating surface parallel to, and on the axis of rota- 
‘ tion was very con veniently and accurately made by using the modified Michel- 

son interfer<jmeter shown in Fig. 1, The grating which was ruled on a plane 
parallel plate ivas spluttered with gold or silver to obtain a good optical re- 
I flection. The grating was mounted with the reflecting surface against a rigid 

three point support on the slide of the rotating table. 

If one places plane parallel plates in positions G' and G" (Fig.l) of the same 
thickness as the plate on which the grating G is ruled, it will be seen that the 
f optical path is the same wdiether the rotating table is in the position shown, or 

> after it has been rotated through 180*^. The grating slide and the slide which 

I supported the second interferometer mirror were adjusted until the central 

white light fringe remained in the same position when the rotating table was 
turned through 180"^. Thus the grating surface was accurately set on the axis 
I of rotation to within 0.1 of a fringe. The grating surface was made parallel 

to the axis of rotation by observing the number of fringes in the field of the 
tw'o 180*^ positions. Care was taken to make sure that the same number of 
fringes represented zero angle between the grating surface and the axis, and 
not an angle of twice as many fringes. This angle was made 0° to within 1 
fringe/20 mm which is about 2 of arc. It will be noticed that after the adjust- 
ments are once made the grating can be taken out and replaced very easily by 
the use of the interferometer. It was not necessary that the grating , surface 
be spluttered, as the fringes were- always visible even with the cleanest glass 
surface. The interferometer was also used to check the position of the grating 
during an' exposure. 

The axis of rotation was, then.. made approximately perpendicular to the 
.horizontal line, which passed through -the center of the slits and the center of, 
the, plate holders., This was accomplished by allowing a beam of light to pass 
through a slit in the center of the second plate holder P 2 and thence reflected 
by the gTating surface back on to the slit. 

The slits wmre then mox-ed horizontally until the x-ray beam passed over 



i 

i 
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the axis of rotation. In order to do this, the slit 5, nearesUhe falxn.L 

30 mm away) was made very narrow (approximately (l.OO.^ mm). I lu‘ yraf my 

was adjusted parallel to thex-ray beam hyx-rayreflertion. and the slits mu\-ed 
until the narrow beam was partially cut off . 

The grating was then rotated through 90°. The grating surtace was then 
perpendicular to the direction of the x-ray beam. .A telescope lilb.-d with a 
Gauss eye piece was placed about 5 meters away and adjusted until the image 
of the cross-hairs was reflected back by the grating on to the cross hairs. .A 
plane parallel mirror was inserted in place of the photogra])hic iilate, and the 
plate holder Pi adjusted until the image of the cross hairs was ret urned as 
above. The mirror was then placed in the second plate holder /\. which was 
likewise adjusted. Thus the two plate holders were made iiar.allel and als.i 

perpendicular to the x-ray beam to within S " of arc. 

The grating was rotated to a position parallel to the x-ray beam and 
moved completely out of the path of the x-rays. The slit S« was made d.Dl 
mm wide and the slit Si near the x-ray tube was nuade mm. .\ plnUu- 

graphic plate was then placed on a slide between the grating and the first 
plate holder Pi- A short exposure of about 10 seconds was sulticient to record 
a sharp line on the plate. The plate was then moved about 1 mm and the 
grating was moved 0.001 mm into the x-ray beam. .Another e.siiosure <>f 10 
seconds was made. This was repeated until the grating cut off t he ent ire x-ray 
beam. If the slit Si was not parallel to the grating, the lines on the develupe<l 
plate were not cut off uniformly by the grating at the top and bottom. In this 
way the slit Pa could be made parallel to the grating to within 10" of arc. 'riie 
parallelism of the slit Si was tested in the following manner. .A photographic 
plate was placed in the plate holder Pi. The direct x-ray beam was recorded. 
The grating was rotated through an angle of about 5' of arc and tlien put in 
position to reflect the x-ray beam. The reflected beam was thus recorded. If 
the slits were parallel to each other and parallel to the axis of rotation of the 
grating, the two lines on the developed plate would be parallel. Thus b\' ac- 
curately measuring the separation of the lines at the top and bottom of the 
plate, the perfection of the adjustment was determined. If the lines were not 
parallel. Si was readjusted, and the above proce.ss repeated. In this way the 
slits were made parallel to each other and parallel to the axis of rotation oS 
the grating within 10" of arc. 

The lines on the grating were aligned parallel to the axis of rotation of the 
grating in the following manner. A vertical slit about 50 cm from the grating 
was illuminated by a mercury arc. A double cross hair in the viewing tele- 
scope was rotated until the spectral lines formed by the grating were ])arallel 
to the cross hairs. The grating was rotated 180° and the spectral lines observed 
again. When the lines of the grating were parallel to the axis of rotation, the 
spectral lines formed in this position were parallel to the cross hairs. .Since 
the grating space varies as the cosine of the angle of tilt this adjustment was 
only made to within 0.5°. 

The distance between the plate holders was measured by placing an iron 
rod 3/4" square between the two plate holders, and then measuring with 


ABSOLUTE WAVE-LENGTHS OP THE Cu AND Cr K-SERIES 


1219 


inside micrometers the distance between the parallel ends of the iron rod and 
the plate holders. The length of the rod was determined by comparison with 
the laboratory standard, which had been calibrated by the Bureau of Stand- 
ards, Washington, D. C. Independent measurements by different observers 
agreed to within 0.02 mm, so that the error in the final value was probably less 
than this The comparator on which the separations of the lines on the plates 
were measured was carefully adjusted and calibrated. Six gratings have been 
used in the present work. Four of these gratings (1-4) were ruled by Professor 
Wood in this laboratory, and the other two were ruled .Pearson under 

the direction of Professor Michelson of the University of Chicago. All the 
gratings were ruled on glass. Larger angles could have been used by using a 
Lavier material for the ruled surface, but glass gratings give sharper and 
more intense spectra than the metallic surfaces. Also, the glass gratings can 
be spluttered with gold and used at large angles. In this case the intensity of 
the spectra is greatly increased as compared to the unspluttered glass surface 
and the sharpness of the spectral lines remains unchanged. The characteristics 

of the gratings are as follows. 

Number 1 was ruled with 287 lines per mm on a plane optical glass surface 
with a very light ruling. The ruling was uniform and no lines were missing. 
The surface ruled was approximately 25 mm square. In order to examine the 
grating with optical light the top and bottom of the grating was etched, and 
then spluttered with gold. The intensity of the Rowland ghost lines in the llth 
order was about 1/3 the intensity of the mam line, w [from q. ( ) J 
would be 0.00006 mm, and for x = 4 mm, Lq. (7) gives 5X - 0.00003X. It was 
found that the intensities of the first and second orders of the xmay spectra, 
from the etched portion of the grating, were increased 5 or 10 ^ 

pared to the unetched part. The higher orders were not improved. ^Pluttemig 
the grating with gold improved the intensity of the unetched portion but did 
not improve the etched part. The error of run was estimated by the focusing 
effect in various orders and was less than 10 '*d. 

Number 2 was ruled with 143 lines per mm on a plane parallel plate made 
from good quality plate glass. The ruling was heavier than on number 1 and 
it was not necessary to etch part of the grating for observation of the optical 
spectra The ghost lines were weaker in this grating mthe 22nd oider than in 
the llth order of number 1. Etching did not improve the intensity of the x-ray 
spectra even though the intensity of the optical spectra was increased seveial 
times. Spluttering with gold increased the x-ray spectra from the whole giat- 
ing by a factor of three or four. The error of run was estimated as above and 
found to be of no importance. This grating had some missing lines near the 
middle of the ruling, so it was only used for testing the effect of etching and no 

results are listed from it. 

The results from these two gratings were obtained at the University of Chicago The 

app. j«. ”, tke bpI .. JBcribri abova. Through the courte.y o 

MiOhelL the euperiment was earned out io one of the constant terriperalure rulmg engine 
vaults The writer also wishes to express his appreciation to the members of the Physics De- 
SrtLt torToing .t hi. dispSBl the /.dttie. (or crryl.g out this part of tho ntperrorent. 
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Number 3 was ruled with 287 Hnes/mm on a plane parallel piale similar to 
number 2. This grating was not etched and was very siiiiiiar to imiiilicr 1. 
On this grating every 7th line was made longer than the others sf> i.hal dinn:l 
measurement of the distance between these 7th lines cmihl he niajko Also I, lie.* 
number of lines on the whole grating could be easily detiaminech aiul h\' 
measuring accurately the distance between the extreme lines tlie grating space 
d was obtained. The error of run was less than and the inlensit}; o[ Uie 

ghost lines was about the same as in grating 1. 

Number 4 was a duplication of number 2 except the 4th lines were rihed 
longer as in number 3. This grating was not etched and possessei! eharamern.- 
tics very similar to number 2 and 3. 

Number 5 was a glass grating ruled with 50 lines per rum esn thv ruinsg 
engines at the University of Chicago. This grating seemed to he wry free* 
of ghost lines, as no ghost lines could be observed even in the wiry iiigis fa'ders. 
The first 1/4 of the ruled surface, however, possessed a very IkhI c‘rror (4 lain, 
probably due to not allowing the ruling engine to run a length of 

time before the ruling was started. The grating space of tlhis grating was ob- 
tained by carefully determining the pitch of the ruling engine screw. I his 
grating was not carefully examined by the writer until after the \~ray spea-tra 
had been taken. The erratic results obtained were completely exfdained hy 
this error of run in the grating. By eliminating all exposures, which were taken 
on the bad part of the grating the results were consistent with the results from 
the other gratings. 

Number 6 was a grating with 600 lines per mm, ruled on the same engine 
as number 5. One part of this grating, which was lightly ruled and ga\x* faint 
optical spectra, gave x-ray spectra about twice as intense as the more heavily 
ruled portion. The resulting wave-lengths were the same, within experi- 
mental error, from both parts of the grating. 

Two types of photographic plates were used. The results with gratings 5 
and 6 were obtained with selected plate glass plates coated with Eastman x- 
ray emulsion. These plates were developed, washed, and dried in the ordinary 
manner. It has been stated^*’ that certain precautions used in the manufacture 
of commercial plates are omitted in preparing special plates. Thus the plates 
used in the experiments with gratings 1-4 were the regular commercial x-ra>' 
plates. About one half of the plates were "treated” as descril)ed by D. Ca jok- 
sey and C. D. Cooksey,^® and the remaining plates were not previously 
treated, but were dried in alcohol and allowed to attain equililmium in a humid 
atmosphere. No difference in the consistency of the results was noted l)etween 
the last two methods. A considerable difference was noted however between 
these latter methods and the regular developing methods used with the spe- 
cial plates, A test was also made using a standard which was made by silvering 
a piece of glass the size of the plates used, then making four diamond scratches 
at equal intervals on the silvered surface. This surface was put in contact 
with the emulsion and a flash of light from above the plate recorded four very 

18 D. Cooksey and C. D. Cooksey, Phys. Rev. 36, 80 (1930). 
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fine lines on the photographic plate. The plate was then developed and by 
comparing the distance between these lines with those on the standard a tes 
could be Lde for contraction or expansion of the plate due to the different 
methods of developing. The results obtained were essentially m agreeme 
^th those of D. Cooksey and C. D. Cooksey- except the variations were not 

quite as great. 

Method of Taking Exposures 

In exposing a series of plates, the grating was first withdrawn from the 
oath of the x-ray beam and a short exposure given to record the duect beam 
L the second plate P, at the position 1 in Fig. 1. A plate was put m the first 
pkte holder pI and the direct beam recorded at 2. The grating was next 
moved into position for reflection of the x-ray beam, and after allowing 15 

30 niinutes for the slide to attain an equilibrium position, the reflecte earn 
30 minutes ^ - removed and a short exposure given 

screen almost to the position where the first order would 

fr ir 94 bnnrs') eiven to record the various orders of diffraction. At 
Sr«n“d of the lie esposure another set of plates was taken to make sure that 
tothlM had nsoved during the exposure. A new plate P"' f 
reflected beam recorded at 4. Likewise a plate P“' ^ 

,,eam recorded at dJhe graH^^^^^^ 

oTuartVe” STih" '"fleeted b»m, another method of taking *e 

t r*e above method. At first it was difficult to get the tntt.al -'d final ex- 
posures to agree as closely as desired. In 

thP lemnerature was constant and the vibiation liom me duuuiui, i 
‘ ’ ITe Pl«e“ checked as accurately as comparator measurements could be 

made, which was to about 1 part in 10,000. mpcuratelv 

oaiil^teT^r 

-demteachlineontheplate^Theplam 

t.T“hrdttt<r^measur.d in the two positions, the plate was remeas- 

but nr were detected. The wavedengths were calcu- 

lated from Eq. (1) using Andoyer’s 15 place trigonometiic ta i es. 
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Results 

Typical results are shown in Fig. 2. It will be seen tliai the nvo n lin(‘s are 
not resolved on any of the plates, but this is not be (‘.\|H*eU'rl, e. enhaila- 
tion shows that the separation would only be a few hundredths of a niin. In 
order to compare these lines with the crystal nieasureinem>, (me must fak(‘ a 
weighted mean of the ai and o '2 lines as giv'en by tin* er\>ial nuaT^urenuaus. 
If we assume a form of the lines of the type y=^e' ■'* it c'ati be sliown that tlH‘ 
maximum intensity of the unresolved doublet should ornir wry near tlu‘ 
'Tonter of gravity” of the two lines. Siegbahids \alue of tlie copper /\a' line 



Fig. 2. 1 copper target, grating 50 lines per mm. II copper target, grat ing 2K7 lines per unn. 
Ill copper target, gold sputtered grating 143 lines per mm. IV chromium target, grating 113 
lines per mm. V copper target, grating 600 lines per ram. 

thus weighted is, 1.5386A, and for the chromium Ka line is 2.2X62A. 'Fhe 
measurements on the P lines do not involve this difficulty of weighing as the 
separation of the doublet is so small that it is of no signilicant'e in the present 
work. These crystal values must be corrected for the index of refraction of the 
x-rays in the crystal. The corrected crystal wave-lengths which are compared 
with the grating measurements are shown in Table IV. 

The average results obtained from each grating are given in Table 1. 'Fhe 
column headed "gratings” gives the number of the grating as listed' tlie 
section on alignment and calibration of apparatus. ” The prime iiuml.iers are 
the same as the unprimed numbers e.xcept the grating was si)luttered with 
gold. In the experiment 172 sets of plates were taken under various condi- 
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Grating 

Cu 

Cu 

Cr 

Cr, 

1 and 3 

4' 

4 

c 

1.39210 

1.54150 

2.08463 

2.29088 

1.39242 

1.39215 

1.39217 

1.54193 

1.54183 

1.54158 

2.08492 

2.08486 

2.08455 

2.29109 

2.29111 

2 .29075 

o 

S' 

6 

1.39235 

1.54183 

2.08499 

2.29111 

1.39207 

1.54173 

2.08465 

2.29077 

Weighted 
■ average 

1.39225 

1.54172 

2.08478 

2.29097 


tions, such as different angles of reflection B, different slit widths and length 
of exposure. The measurements from 107 plates have been retained and the 
other discarded because the initial and final exposures failed to check or on 

account of other experimental difficulties. ^ ui tt 

In order to show the type of variation obtained with each grating Table 11 
gives the copper series results for grating 4'. The lowest value recorded for any 
wave-length was -+-0.13 percent and the highest -fO.Sl percent greater than 
the corresponding crystal values. In obtaining the average for each grating 
each order was given equal weight. This method was used because in the low 
orders the lines were intense and easily measured, while in the higher orders 
the lines were more difficult to measure but the errors were of less importance. 


Table II. 


Plate Distance y Cu Ki^ Cu Ka 

Plate Distance 3^ Cu Cu Ka 

127 10.357 mm 1.3921A 1.S41SA 

1.3922 1.5422 

1.3923 1.5424 

1.5423 

1.5424 
1.5416 

128 10.068 1.3921 1.5415 

1.3924 1.5420 

1.3922 1.5422 

1..5421 

1.5419 

129 10.069 1.3926 1.5422 

1.3924 1.5425 

1.3926 1.5421 

1.3925 1.5425 

1.5425 

130 10.066 1.3925 1.5422 

1.3925 1.5414 

1.3926 1.5417 
1.5417 

1.5420 

131 10.029 1.3925 1.5421 

1.3922 1.5417 

1.3924 1.5419 

1.5420 
1.5417 

132 10.032 mm 1 .3929A 1.5426A 

1.3924 1.5423 

1.3926 1..5422 

1..5415 
1.5419 

133 26.808 1.3924 1.5425 

1.3929 1.5418 

1.3926 1.5420 

1.3928 1.5419 

1.5423 
1.5417 

134 26.805 1.3928 1.5415 

1.3921 1.5421 

1.3924 1.5418 

1.5421 

1.5419 

1.5415 

135 26.807 1.3921 1.5416 

1.3922 l.a418 

1.3924 1.5413 

1.3919 1.5414 

1.5417 

1.5411 

Average 1.39242 1.54193 

■r' 


In any case it was found that almost any consistent method of weighing gave 
practically the same result. The probable error has ndt been given for each set 
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of measurements as in almost every case it was much less than the jirohahlc 
consistent errors in the experiment. It is believed that the diflVrences lietweeii 
the results for various gratings form the best method of detei'inininu the [jnjb- 
able error in the experiment. This may be seen more (Msily fi-oin Table HI 


Table III. 

Grating 

Cu 

CuKa 

( 'r AV; 

( r Kit 

1 and 3 

0.213 (26) 

0.203(46) 

0.215 riL) 


4' 

0.236(30) 

0.231 (49) 


n.2.>7 f 5 i 

4 

0.217(4) 

0.224(11) 

0.226 n5| 


5 ■ : 

0.218(41) 

0.208(73) 

0.211 /3i) 

(I , 1 2 ( 3 1 ) 

5' 

0.232(49) 

0.224(82) 

0.23J iTh 

U/>2H '(,7) 

6 

0.211 (11) 

0.218(16) 

0.210 (3 1 

0.213 ’ li 

Weighted 

Average 

0.224 (161) 

0.217 (277) 

0.222 .dl.f) 



where the percent difference is given between wave-lengths as measured l.y 
grating and crystal methods. The number in parentliesis is tiie junuber of 
orders of each wave-length which were measured for each grating. Thus line 
5', means that grating number 5 was spluttered with gold, 4') onh;rs of the 
copper K8 line and 82 orders of the copper Ka line were measured, and with 
the chromium target 44 orders of the if/S line and 67 orders of tlic Ka line 
were measured. The weighted average was obtained by multiplying e.u-Ii 
value by the number of measurements (in parenthesis) ami (li\ iding the sum 
by the total number of measurements. 

The final results are given in Table IV. The crystal wa\’e-lengths are t lujse 
given by Siegbahn” which have been corrected for the index of refract i(jn of 
the x-rays in the crystal. The limiting error has been estimated by tlie follow- 
ing method. 




Table IV. 



Spectral 

Line 

Crystal 

X 

Grating 

X 

Limiting 

Error 


Cura 

Cura 

CrK§ 

CrKa 

1.38914A 

1.53838 

2.08017 

2.28590 

1 .3922SA 
1.S4172 
2.08478 
2.29097 

±0.00014 

±0.0001.S 

±0.00021 

±0.00023 

■f 0.224% 
4-0.2,17% 
40.222%, 
40.222%- 


In addition to the probable error calculated from the variation of the re- 
sults, there are three possible sources of consistent error that have to be taken 
into consideration. They are: the measurement of the grating constant, the 
distance between the plate holders, and the precision of the comparator- <m 
wnicn the plates were raeasured. 

gratings 1 to 4 were measured directly as descrilied 
above. This method essentially determines the pitch of the ruling engine 

determined from these gratings differed by 
less than 1 part in 20,000. The grating space of gratings 5 and 6 was deter- 

M. Siegbahn, “The Spectroscopy of x-rays” (1925). 
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mined by measuring directly the pitch of the ruling engine screw. It appears 
to the writer that the maximum error in the grating space of the gratings 
should not exceed 0.005 percent. 

The distance between the plate holders (184.280 cm) was measured by two 
observers and the results agreed to within 0.002 cm. The iron bar was com- 
pared with the laboratory standard and also measured on the comparator on 
which the plates were measured. Thus the maximum error in the distance 
between the two plate holders must have been less than 0.004 percent. 

In addition to the calibration of the comparator as already described, it 
was further checked for erratic or periodic error by measuring the distance 
between the lines on a coarsely ruled grating. From these results it is con- 
cluded that the absolute error in the comparator was not greater than 0.001 
mm over the range used. Since the distances on the plates varied from 4 mm 
to 50 mm, the average error must have been less than 0.008 percent. 

It will be seen from Table III that the differences between the results 
from different gratings and different wave-lengths are of negligible importance 
as compared to the possible consistent errors. Thus the limiting error has been 
taken as 0.01 percent. 


Table V. 


Investigator 

Spectra 

line 

X 

Grating X 
— Crystal X 

Probable 

error 

Date 

Compton- Doan 

Mo Ka 

0.707SA 

-0.1% 

+0.4% 

1925 

Thibaud 

Cu Ka 

1.540 

+0.1 

±1. 

1926 

Hunt 

Pt Ma 

6.1 

-fl.6 


1927 


A1 Ka 

8.5 

+2.0 



Backlin 

M,o La 

5.402 

+0.11 

+ 0.2 

1928 


Mo Lfi 

S.174 

+0.14 

±0.2 



A1 Ka 

8.333 

+0.12 

+ 0.1 



MgKa 

9.883 

+0.09 

+ 0.2 



Fe La 

17.61 

-h0.17 

±0.2 


\\‘adlund 

MoKai 

.708 

+0.1 

±0.1 

1928 


Cu Kai 

1.537 

0. 

+0.08 



FeKai 

1.938 

+0.3 

±0.2 


Howe 

Cu La 

13.37 

+0.6 

+ 0.3 

1929 


F'e La 

17.66 

+0.5 

±0.3 


Bearden'^ 

Cu Ka 

1.5418 

+0.22 

+ 0.02 

1929 


Cu K(S 

1.3922 

+0.22 

±0.02 


Cork 

Mo .Lai 

5.4116 

+0.29 


1930 


i\f o L^i 

5.1832 

+0.30 



Bearden 

Cu Ka 

1,54172- 

+0.217 

±0.01 

1931 


Cu K(3 

1.39225 

+0.224 

+0.01 



Cr Ka 

2.29097 

+0.222 

+ 0.01 



: Cr 

2.08478 

+0.222 

±0.01 



These results are not the same as those published but they have been corrected for the 
difference between Eq. (9) which was used for calculating the wave-lengths and the correct 
Eq. (1). Also the index of refraction of the x-rays in the crystal was neglected in this preliminary 
report. 
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Discussion' 

It is interesting to compare the absolute nieasureiiieiiis nf tlio wave- 

lengths obtained by various investigators using rulei! graiine-. 'i'able \' viw.-, 
a summary of these results, where the probable errors are appi ' iMinaiclx' i ho-o 
given by the authors. It will be noticed that all the re.sult'-, are eveept the 
pioneering results of Compton and Doan and the copjier K<\'\ result of \\ ad- 
lund. 

The copper Kai line was recorded by Wadhind on oiiK- tliree jdates, and 
on the plate showing the most measurable orders ;i difference of tl.7.S itercent 
in wave-length was observed in different orders, ^(‘asiireinenls in.ide by the 
writer using the same grating gave results about 0.2 perri'nt higher (h.iii the 
crystal values. The results obtained by Backlin and Cork on the nioi_\'bdemiin 
Ta and i/3 lines differ by almost 0.2 percent. 1 lowe and Backlin differ by more 
than 0.3 percent on the iron ia line. These differences obseia ed by the \ ai i- 
ous investigators are rather difficult to understand. llouc\-er. it. has been 
observed by the writer that an error of 0.2 percent can easih' be in.Kle unless 
all adjustments are precisely made. It is very essential that the angle tt be 
checked at the beginning and end of an exposure as this fornl■^ a sati'-factory 
criterion for accepting or rejecting a given set of jdatc's. 'l'Iu> sati'factor\' agree- 
ment between the present results for different gratings and also those ob- 
tained by the writer in 1929 seem to support this erilerioii. 

In Table III it will be noted that the results with the gold sphutere<! grat- 
ings 4' and 5' are higher than the results obttiined with the unspluttered 
gratings. The difference appears to be greater Ilian the experimental error but 
probably is not of sufficient magnitude to imlicate a fundamental difficulty 
with the grating method. The spluttered layers were \ery thin (absorbtxl 
about 95 percent of optical light) and it is conceivalile that there might ha\t; 
been some interaction between the top of the gold siirlace and the glass sur- 
face. However, the difference was so small that it was not liiought wortlt 

while to plan a detailed e.xperiment to test the (pK^stion. 

The great difference between the wave-lengths thus niea.sured and those 
obtained from crystal measurements indicates some fundameiunl difficulty in 
the two methods. As was seen in the earlier part of this paper no suggestion 
has been supported which would influence the grating r<!sults. It is known, 
however, that crystals such as rocksalt are much less perfei’t than crystals of 
calcite, but even calcite cannot be considered a perfect crystal. In order to 
account for the mechanical properties of crystals, Zwicky''* has deneloped a 
theory which strongly suggests that even in crystals of caieite there might be 
a concentration of atoms at rather regularly spaced iiU-er\-als. This would 
make the average density of the crystal greater than the density of the small 
elements of the crystal which are effective in diffracting x-rays. .Such au im- 
perfection in the crystal would account for the observed difference in wavc- 
length as measured by ruled gratings and crystals. In any case it appears that 
the difficulty must be either in the crystal or in the constants used to calculate 
the grating space of the crystal from chemical data. 

F. Zwicky, Helvetica Physica Acta 3, 269 (1930). 
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Determination of the Fundamental Constants 

The absolute wave-length measurements obtained above allow us to deter- 
mine directly the fundamental grating constant of crystal gratings. The com- 
plete Bragg law of diffraction may be written 

nX = 2Jsin^fl ^ (10) 

\ sin2^/ 

where n is the order of diffraction, X the wave-length, d the grating space of 
the crystal, 6 the angle of diffraction, and fx the index of refraction of the 
x-rays in the crystal. Sine 6 and /z have been precisely measured by many in- 
vestigators. It is thus possible to determine the distance d between the layers 
of atoms in the crystal almost as accurately as the wave-length X of the x-rays 
is known. Siegbahn and Dolejsek^^ have found for the copper line sin 6 
= 0.229334. Larsson^^ has found (1 — /x)/X‘^ = 3.72X10^*^ or (1 — ja)/sin^^ 
= 1.36X10~”'^. Substituting these values and the wave-length of the copper 
X/3 line from Table IV in Eq. (10) one finds 

d = 3.0359 ± 0.0003 A 

One of the most precise methods of measuring Planck’s constant h is by 
determining the high frequency limit of the continuous x-ray spectrum. The 
quantum relation 

Ve = hv 


may be written in the form 


h = Ve 


2d sin d' 




( 11 ) 


where v is the potential applied to the x-ray tube, d is the grating space of the 
crystal used and B the minimum angle of diffraction. The experiment of 
Duane, Palmer and Yel# gives directly the value of v sine ^as 2039.9 + 0.9 
volts. Using the value of d obtained from Eq. (10), e = 4.77Xl0'~^^^ e.s.u. and 
c = 2.99796X10^*’ cm/sec we obtain 

h = 6.573 + 0.007 X erg -sec. 


All different theories of the dispersion of x-rays agree in the limiting case 
when the frequency of the radiation is much greater than the natural fre- 
quency of the electrons in the dispersing medium. The relation is 


2'irmv^ 


( 12 ) 


where jjl is the index of refraction, n the number of electrons per cnr** in the 


18 M. Siegbahn and V. Dolejesek, Zeits. f. Physik 10, 160 (1922). 
”8 Alex. Larsson, Inaugural Dissertation, Uppsala, 1929. 

81 Duane, Plamer and Yeh, Opt. Soc. Amer. 5, 376 (1921). 
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dispersing medium, e the charge on the electron, m tiie ein tnaiir mass, and 
the frequency of the radiation. This equation can he rewritten in tlie fomi 

m) 

(13) 


m 


2t1/c2 (1 

— 

FpZ 




where M is the molecular weight, Fthe Faraday constant, p tiie density, s flu; 
molecular number, X the wave-length of the .^:-rays and r. the; \ elneity f»f light. 
Stauss®^ has recently measured (1 — ju) for the molyhdeniun K<n atnl Kji lines 
using quartz as the refracting medium. His value of ( 1 — /x) is 

(1 - X 10« = 1.804 ± 0.01)1. 

If we increase the crystal value of the molyI>deuuni w;u e-!engt h by 0.221 
percent, which seem justifiable from the agreement of the wri tin's nie.asure- 
ments of the copper and chromium XT-series, we obtain for tin* inolybdemnn 
line the wave-length 

Moh’a, = 0.7094A 

Substituting this wave-length in Eq, (13) and the otlier eiiustants from 
Birge’s^® tables one obtains 


(-) = 


1.765 + 0.001 X lO^e.s.u. 


This value of e/m is very unsatisfactory because it iloes not agree with either 
the usual spectroscopic value or the deflection method \-alue. Howe\er. it 
should be pointed out that Larsson’s®" value of (1 -p) is much higher than 
this value from Stauss’s experiment. If one uses an aver.-ige of the valiu's ob- 
tained by Larsson and Stauss we have 


m 


1.769 X 10’'e.s.u. 


Thus it appears that further experiments on the dispersion of .\-rays will have 
to be made before confidence can be placed in the value of c /w ol.tained in 
this manner. 

The above constants as determined from the grating measurements of 

x-ray wave-lengths are unaffected by the possible imperfections of the crystal. 
It may be interesting, however, to calculate other fundamental constants as- 
suming that the crystal grating is perfect. 

Froin fundamental considerations of crystal structure it can he shown that 
the grating space d of a rhombohedral crystal is given by 


\Np^) 


( 14 ) 


“ H. E. Stauss, Phys. Rev. 36, 1101 (1930). 
“ R. T. Birge, Phys. Rev. Sup. 1 , 1 (1929). 


llil 
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where » is the number of molecules in each elementary rhombohedron, M the 
molecular weight of the crystal, N is Avogadro’s number, p the density of the 
crystal, and pi is the volume of a rhombohedron, the perpendicular distance 
between whose opposite faces is unity. It can also be shown that 

(1 + cos 0)^ 

(1+2 cos jS) sin j8 

where is the angle between the axis of the crystal. All the quantities in Eq. 
(14) can be precisely measured except N. Thus if the crystal is perfect, an 
independent determination of d should make possible a precise measurement 
of Avogadro’s number N. Using the value of d found from Eq. (14) and the 
other constants from Birge’s^^ tables one finds 

N = 6.019 ± 0.003 X 10^® mol. per mole 

If Avogadro s number N can be accurately determined in this manner the 
charge on the electron e can be obtained from the relation 

F^Ne (16) 

where Fis the Faraday constant. Thus 

e = 4.806 + 0.003 X 10-1“ e.s.u. 

Planck’s constant h determined from Eq. (11) using e = 4.806X 10-i“ and the 
other constants the same as above, gives 

h = 6.623 ± 0.004 X lO-^’’ erg-sec. 

The values of N and e obtained from Eqs. (14) and (16), and the value of 
h using e from Eq. (16) appear to be entirely too high. The numerous ways 
in which these constants enter into theoretical calculations make the accept- 
ance of these high values almost impossible. This may be interpreted as a 
support of the theory of mosaic structure of crystals. If the entire difference, 
observed in the x-ray wave-lengths as measured by the two methods, be at- 
tributed to the mosaic structure, then we now have a precise method for de- 
termining quantitatively the magnitude of this effect in any crystal. An inde- 
pendent experimental determination of the mosaic structure would of course 
allow us to calculate N and e as abov-e, with higher precision than has been 
attained by other methods. 


MA Y 15, mi 


PHYSICAL REVIEW 


VOLE ME 37 


THE TRANSPARENCY OF SODIUM FLUORiDf*: AXD Lmifl'M 
FLUORIDE IN THE EXTREME ! .’LIKAX'IO! JvT 

By Eugene H. Melvin 

Chemical Laboratory, University of Cali for nm a 
(Received April 8, 1931) 

Abstract 

^Artifically prepared single crystals of sodium and lit Ilium liuorides wertt 
for transparency to extreme ultraviolet light by means oi a one met or t*unra\ grat ing; 
vacuum spectrograph. The source, used was a highly comfenhi'd spark disdiarge 
through a Pyrex capillary. These crystals were expected tn be mure f ranspareiit 1 lian 
calcium fluoride (fluorite) due to their lower indices c?f refraction. Uthium fluoride 
was transparent to 1083A (i32A below the limit of fluorite* which is the practiral 
limit to be expected. Sodium fluoride was transparent to 132tL\, whirh is not thought 
to be the limit of the pure material. Crystals of these* sabs luue been ukhsC as niiu-h 
as 5 cm in diameter, and they are rather insoluble ami easily cut and polislu*d being 
very similar to fluorite. 

R esearch work in the extreme ultraviolet part of the .sprtti rum has heeit 
handicapped by a lack of transparent materials. The most transparent 
material known was calcium fluoride (fluorite) which Liefstari hnind trans- 
parent to 1215A (this is exceptional and fluorite that transmits !4(HI\ is 
very scarce). Lyman^ has tested a great number of naturally occuring crys- 
tals; he found none as good as fluorite and that fluorite varied grea.t!>' in its 
transparency. Therefore research work has been directed towards the prepa- 
ration of large single crystals from pure stilts. 

Crystals have several advantages in spectrographic work. A prism spec- 
trograph gives a much brighter spectrum than a grating* spcctrogra|,>h. Crys- 
tals have greater dispersion than glasses near the transmission limit; so if 
prisms of various crystals were available one could obtain high dispersion in 
any desired part of the spectrum. Achromatic lenses can lie made wlien cr\^s- 
tals are obtainable that have about the same transmission limits. Crystals 
that transmit far into the extreme ultraviolet have high dispersion in tlie 
near infrared. 

There were several reasons for the choice of sodium and lithium liuorides. 
They are cubic crystals, which make the preparation of lenses and prisms 
simpler than from other classes of crystals. Calcium fluoride was the most 
transparent solid known, and since the fluoride ion was the chief determining 
factor the fluorides were given the most consideration. Lithium fluoride was 
first prepared because the lithium ion is smaller and has fewer electrons than 
the calcium ion. Since the index of refraction is closely related to tlie absorf)- 
tion or transmission of light, a plot of the dispersion curves of culiic cr^'stals 
was thought worthwhile; all that had been measui'ed were those of calcium 

^ S. W. Liefson, Astrophys, J. 63, 73 (1926). 

2 T. Lyman, Astrophys. J. 25, 45 (1907). 
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fluoride, sodium chloride, and potassium chloride. Since then Gyulai^ has 
measured the dispersion curves for five alkali halides. All the measurements 
are shown in Fig. 1. The fact that the curves dohot cross and are of the same 
general shape was used to limit the research to crystals which showed the 
most promise, since a single measurement of the index of refraction fixed its 
relative position in the plot and indicated how transparent the pure crystal 
would be in the extreme ultraviolet. Sodium fluoride has the lowest index of 
refraction (1.328 for Nd) for any cubic crystal and therefore should be the 
most transparent in the extreme ultraviolet. The only other cubic crystal that 
might have as low a value for Nd is potassium fluoride which is very deliques- 



cent and consequently for practical use out of the question. Lithium fluoride 
has a value for Nd of 1.384, while calcium fluoride has a value of 1,434. There- 
fore pure sodium fluoride and lithium fluoride should be more transparent 
than calcium fluoride. 

The single crystals, made by a method previously published,^ were pre- 
pared from repurified C.P. chemicals. The transparency was the best test of 
the purity. Crystals of sodium and lithium fluorides cleave easier and better 
than fluorite. They were tested by placing a thin cleavage plate of about 1 mm 
thickness between the light source and the slit of a one meter concave grating 

3 Z. Gyulai, Zeits. f. Physik 46, 809 (1927). 

^ H. C. Ramsperger and E. H. Melvin, J.O.S.A. and R.S.I. 15, 359 (1927). 
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vacuum spectrograph. The light source used was a condensed spark discharge 
through a Pyrex capillary at a residual air pressure of about 0.002 mm of Hg; 
this gave a line spectrum extending to SOOA. The crystal window was pro- 
tected by glass tubes from metal sputtered from the aluminum electrodes. 

Results 

Spectrograms showing the transparency of the crystals are not published 
due to the fact that faint lines near the transmission limit are mjt visible in 
reproduction. The percentage of light transmitted is difficult to judge due to 
the type of source used. A description of the results follow. 

Lithium fluoride. Four crystals of lithium fluoride were tested. The trans- 
mission limits varied between 1083A and 1350A. All the crystals were very 
transparent to within 200A of their limit. The salts used in preparing the crys- 
tals were from different sources which may explain the variations, sin<-e the 
treatment given them was the same in all cases. 

Sodium fluoride. Two crystals of sodium fluoride were tested. One crystal 
transmitted to 1740A with almost no absorption of light, then absorption was 
complete; the other crystal transmitted to 1320A where absorption set in 
completely. 

Discussion 

The limits of transparency varied considerably for both salts. The limit 
of 1083A obtained for lithium fluoride appears to be the practical limit of 
transmission for the pure salt based on the curves shown in Fig. 1. This limit 
is 130A beyond that obtained for the best fluorite. The limit of 12I5A for 
fluorite would seem to be the limit for pure calcium fluoride. As indicated in 
Fig. 1, sodium fluoride should be more transparent than lithium fluoride, but 
this was not found to be the case, slight traces of impurities are thought to be 
the explanation of this. The great absorption that traces of impurities may 
have is shown in a recent paper by Hilsh and PohP who measured the disper- 
sion frequencies above 1600A of many alkali halides. They distilled the salts 
onto a quartz plate to measure their absorption, and found that the layer of 
salt had to be of the order of 0.001 mm thick to get appreciable amounts of 
light through the salt below the first absorption wave-length. Thus we see 
that extremely small amounts of such salts as these would effect the trans- 
mission of extreme ultraviolet light very markedly. 

Sodium fluoride and lithium fluoride are better than fluorite also in that 
they do not become colored and opaque with use-some crystal windows 
were tested many times. These crystals are about as hard as fluorite so that 
anyone familiar with fluorite can cut and polish them. Single crystals up to 
5 cm m diameter have been prepared and there seems no reason why much 
larger ones could not be prepared. Plates are very easy to cleave and have 
veiy good surfaces. Lithium fluoride is rather insoluble — 0.27 g per 100 g of 
water at 10°C--and can be ground and polished in water. Sodium fluoride is 

more soluble-4.3 g per 100 g of water at 18°C-and so cannot be allowed to 
Stand in water. 

® R. Hilsh and R. W. Pohl, Ziets. f. Physik 59, 812 (1930). 
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THE ANGULAR DISTRIBUTION OF PHOTOELECTRONS 
EJECTED BY POLARIZED ULTRAVIOLET LIGHT 
IN POTASSIUM VAPOR 


By Milton A. Chaffee 
University of California 


(Received April 10, 1931) 


Abstract 


l.ight of wave-lengths in the region of 2400A selected by a monochromator and 
polarized l>y a pile of quartz plates illuminated a jet of potassium vapor. The lateral 
directions of emission of the photoelectrons relative to the electric vector were 
studied. IdKiUgh the electrons were ejected with energies less than one equivalent 
volt, the experiments were definite in establishing that the most probable direction of 
ejection is that of the electric vector and that the angular distribution varies as the 
Bcfuare of the a>sine of the angle between the electric vector and the direction in 
question. I'liis result is in accord with predictions of the wwe mechanics for a spheri- 
cally symmetrical atom and incidentally therefore constitutes additional evidence 
that niLjlecules do not play an appreciable part in the observed photo-ionization of 
potassium vapor. 


Introduction 


IE wa\’e mechanics predicts that the most probable direction of emission 
of photuelectrons by polarized radiation is forward of the electric vector. 
The forward component of the ejected electrons is furnished by the momentum 
of the absorbed and therefore is only appreciable when the momen- 

tum of the absorl)ed quantum is comparable with that of the photoelectron. 
Apart from this forward component the distribution in angle about the elec- 
tric vector decreases with the square of the cosine of the angle between the 
direction in question and the electric vector. 

A great amount of experimental work on the angular distribution of photo- 
electrons ejected by x-rays has verified the above predictions of theoryA The 
present w’'ork has sought to examine experimentally the phenomena in the 
optical region. Here the momenta of the absorbed quanta are so small that no 
forward component should be observed and therefore the angular distribu- 
tion should follow a cosine squared law for the longitudinal as well as the 
lateral distribution. The experiments reported in this paper have shown that 
for the lateral distribution of the electrons ejected by ultraviolet light in po- 
tassium vapor such is the case. 


Experimental Method 


Rather troublesome difficulties were encountered in the present work be- 
cause the problem was that of measuring the velocity directions of electrons 


^ C. D. Anderson, Pliys. Rev. 35, 1139 (1930), This paper contains references' ,tO', other 
work in the field. 
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having less than one equivalent volt of energy. Making sure that llie photo- 
electrons observed were really from the vapor was itself an elusive and diffi- 
cult task. 

The main requirements of the experiment were as hjllow.s. I'irst , light, had 
to pass through the tube ionizing the vapor without striking the elect rodes or 
walls of the tube which, in the presence of the \'apor, were extremely photo- 
active. Second, the electrodes and tube had to be maintained at njom tem- 
perature to avoid thermionic emission, while a sufficient and constant \apor 
density of potassium to obtain a measurable number of photoelectrons was 
necessary. Third, an intense and constant source of ultraviolet light was 
necessary in order to give a good photo-effect at the lowest possible v'ai)or 
density. The upper limit to the allowed vapor density was set by the retiuire- 
ment that the mean free path of the electrons had to be comparable with 
the dimensions of the ionizing chamber. 



Fig, 1. Diagram of apparatus. 

These requirements were satisfied by an apparatus which incorporated 
many features similar to that used by Lawrence^ in his measurement of the 
photo-ionization probability of potassium and that of Williamson''® who stud- 
ied as well the distribution of velocities of the photoelectrons produced in 
potassium. A jet of vapor was ionized by plane polarized radiation inside a 
cylindrical grid, which was practically field free, so that electrons traveled in 
their original directions of ejection. Those that were ejected in the direction 
of a slit (a solid angle of 11.5 degrees) were accelerated into a faraday cylinder 
and measured by a Compton electrometer (sensitivity 10,000 mm/volt). 
Figure la, b shows a detailed description of the apparatus. The light 

230(^-2700A) quenched by a blast of air which served both to steady the 

spark at one position and to increase greatly the intensity of the ultraviolet 

ig It. The light was focused by lens Li into the slit of a Bausch and Lomb 
quartz monochromator which resolved the light into a band of about 500A 
2 E. 0. Lawrence, Phil. Mag. 1 , 345 (1925). 

’ R. G. Williamson, Phys. Rev. 21 , 107 (1923). 
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around 2400A, thus eliminating the visible spectrum which would only pro 

e photoelectnc emission from the potassium surfaces. lZTl. iZZ'. 

fluonte achromatic combination, focused the light to infinity The light was 

em ""r P’^tes P set at the polarSg anglfwhTch 

p ri f * Mr” r P*' ^6.6 percent, the second pile of plates serving 

id OM rr station of the JoSrTzer 

a 1 n )t thiow the beam out of alignment with the collimating diaphragms D 

Wd?,tiiS3 7' “f ?' The light after passing 

ir. « itll t.s 1 'i”"® f ‘°"f •“'* "''■""Sh “ wetB ""dow 

,, “ jV • f ' ' 1 ‘ * ‘ r angle so that the reflected beam was multiply reflected 
. . lu lent number of times to prevent it again reaching the grid. The fluo- 

IMe X. in good focus through 

dlK’lMuiinl’tfii potassium boiler and vapor jet. 
the\-,n ", ”"' 1 '-,' reservoir F, controlled the density of 

t c \ apoi stieam while the furnace P was kept at a slightly higher tem- 

SidMthf condensation of the vapor. A indicates the copper jet in 

^^h th the vapor entered the tube, and this was at a positive potential F. 
^vi , 1 ie.spect to the gmid m order to eliminate the emission of electrons. The 
potassium after passing through the grid condensed on the walls of the tube 
and aftei each run the tube was warmed enough to allow the potassium to run 
Mck into the reser\oir. The tube was cooled by several air blasts, and the 
electrodes were kept cool by conduction through short heavy leads which 
vjeie cooled on the outside of the tube by the air blast. A copper gauze cylin- 
dei concentric with the gmid and at the potential of the slit was placed inside 

MTi‘ 1 v^- r " electrostatic shielding. Denoting the potential 

of the gild as zero, shtA was 1.5 volts positive, denoted by Va. Vu was 4.5 
vo ts fKisitive (to draw the electrons into the faraday cylinder) and V„ the 
potential of the foraday cylinder, was 6 volts positive. Va was 3 volts positive 
thoi eby preventing thermionic emission from the jet reaching the collector. 

Results 

Figure 2 IS a plot of the relative number of electrons as ordinates ejected 
at ang!e.s with the electric vector given by the abscissas. The curve shows the 
cosine square distribution law, and the crosses represent averages of about 
twelve observations of each setting of the polarizer. The parallel plate polari- 
zer was rotated o^-er a 180° range, taking observations at 30° intervals The 
abscissa 0 denotes the direction parallel to the electric vector. Assuming the 
va idity of the cosine squared law, these observations were corrected for the 
lack of complete polarization of the light, due to the inefficiency of the polar- 
izer and the riepolanzation of the quartz window, leading to the circles It is 
seen that the corrected points fall fairly well along the cosine-squared curve. 
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The photoelectric currents for the 0*^ setting of the polarizer were of the order 
of magnitude of amperes. 

Errors 

There remains after correction of the observations a small residual re- 
corded emission of electrons at right angles to the electric vector. This is of 
importance for if it is real it means that the cosine-squared law does not liold. 
There are four paramount sources of experimental error which could he re- 
sponsible for the observed effect at 90°. 

First there is the possibility of a small photoelectric emission l,)y scattered 
light from the electrodes. The diaphragming of the light was, huwe\'er, so 
carefully arranged that no emission at all was observed before v'aptjr entered 
the tube or after the jet of vapor was cut off. The routine preliminary fjroce- 
dure before each run was to make certain that there was no photoeinission 
before the potassium reservoir was heated, then the vapor pressure was raised 



Fig. 2. The relative numbers of photoelectrons ejected at various angles relative to the 
electric vector. The crosses represent experimental data. The circles represent data corrected 
for lack of complete polarization of the light. The curve represents the cosine squared distri- 
bution. 

to a point where there was a measurable photo-effect, and next it was es- 
tablished that the photo-effect fell to zero when the jet was cut off. These con- 
trol observations practically eliminated this source of spurious effects from 
consideration. Secondary electrons such as photoelectrons reflected from the 
grid and slits, however, remain as an unknown factor which might have been 
great enough to contribute appreciably to the observations. 

The error introduced by the finite width of the slit and the accelerating 
potential of 1.5 volts between the grid and slit was quite inappreciable. The 
earth’s magnetic field was not balanced out for the curvature of the paths of 
the photoelectrons produced by this field was of the order of magnitude of 10 
cm and therefore not a serious source of systematic error. Because of the 
continuous distillation of potassium on the electrodes contact electromotive 
force fields undoubtedly were very small. 
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Perhaps the greatest source of error was introduced by the scattering. of 
the electrons in the vapor. From the temperature of the. molten potassium 
and the geometry of the jet orifice and electrodes an estimate of the vapor, 
pressure of the jet in the region of ionization gave the value of 0.002 mm: of 
mercury |,)ressure. Using Brode's^ data on the mean free paths of 0.7 volt 
eleclrons in jxjtassiiim vapor it was accordingly calculated that in the present 
ex|)erirnents the probability of a scattering collision of a photoelectron formed 
ill the jet on passing to the slit was of the order of magnitude of one-half. 
Bet'aiisc smaJl angle scattering" is greater than scattering at large angles it. 
therefore appears that this is a quite appreciable source of systematic error 
a*id indcHxl is very probably responsible for the observed emission at right 
angles to the electric vector. 

Discussion 

I ln‘ wawdcmgth dependence of the photo-ionization of potassium vapor 
is anomalous in the respect that It does not decrease monotonically to shorter 
wa\ e -lengths beyond the series limit as is the case in caesium and rubidium.®'’^ 
l'h(‘ fiossilalit y lias been suggested^ that this anomalous behavior is ascribable 
to a large aiiKmnt of molecular ionization, and indeed some rather good argu- 
ments ha\‘e been adduced in favor of this hypothesis.^ It appears, however, 
that a general consideration of all the evidence, particularly that obtained in 
most recent work,'* indicates that the observed photo-ionization of potassium 
\aipor is really that of the potassium atom. 

Tlie iiresent experiments have a bearing on this question for it is to be ex- 
pected tliat the cosine-squared angular distribution of the photoelectrons 
about the electric vector will hold only for a spherically symmetrical atomic 
system. Professor J. R. Dppenheimer has kindly informed the writer that he 
has estimated that the emission perpendicular to the electric vector would be 
of ll'ie (ircler of magiiitiide of one-third that in direction of the electric vector 
if the emission were from potassium molecules. The fact that the present 
exfierimenis have yielded much less than this amount therefore may be re- 
garded as further evidence that the potassium atom is responsible for the 
observed effects. 

The writer is indebted to the General Electric Company for a photoelectric 
cell used in calibrating the polarizer and to the Committee-on-Grants-in-Aid 
of the National Research Council for the quartz-fluorite lens used in the 
present work. 

In conclusion the writer wishes to acknowledge a great indebtedness to 
Professor E. O. Lawrence who suggested the problem and gave many sug- 
gestions which made possible the success of this work. 
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Abstract 

A description is given of the apparatus and methods used in a photographic in- 
vestigation of absorption coefficients for the ATck line of the carbon (X~44.6A) in 
different gases and in gold leaf. The mass absorption coefficients, m/p, found were as 
follows: He, 3600: CO 2 , 4780: N 2 , 3850: O 2 , 5765: Ne, 13100: A, 45700: Kr, 31800: 

Xe, 6740: Au, 12500. Some of the atomic absorption coefficients (mu) derivXl from 
these values on the assumption that the absorption is independent of chemical combi- 
nation are as follows: C, 0.44X10-“: N, 0.89 X10-W:O, 1.52X10-i»: Ne, 4.36X10~«: 

The wave-length of the Ka line of carbon lies between the K and i; absorption 
limits of these elements. The values of log pa when plotted against log Z fall upon a 
straight line whose slope is 4.4. Hence in this wave-length region this should be the 
value of p in the equation = CX^Zp, provided that Xjj- < X < The results of extrapo- 
lating current x-ray formulas to this wave-length are given and the values of „„ so ob- 
tained are, in general, considerably too large. Since the exponent of Z in the above 
equation is found experimentally to be as large or larger than in the case of ordinary 
x-rays it appears that the proper exponent of X may be considerably less than 3. 

Introduction 

^HIS investigation was undertaken to determine absorption coefficients 
J- for soft x-rays over as great a range of wave-lengths and absorbing ele- 
ments as might be possible with the use of ruled gratings to isolate single 
wave-lengths and a photographic method to measure intensities. The present 
report deals only with data obtained with the use of one wave-length, that of 
line of carbon (44.6A). As will be shown in a following paper the re- 
flecting power of a mirror for these rays is intimately related to the absorption 
of the radiation by the mirror. Hence it was necessary first to investigate the 
laws^of absorption applicable to such soft x-rays in order to determine the 
exact role played by absorption in modifying the intensity of reflection of x- 
rays from mirrors and gratings. 

The x-ray absOTptmn coefficient of an atom of any element is usually 
considered to consist of two terms as may be expressed in the following equa^ 
tion, in which is the total atomic absorption coefficient and 

irelverFL%^d?^ scattering absorption coefficients 

mrison lA. <r„ becomes quite small in com- 

panson to Ta* 

_ In the case of ordinary x-rays the atomic fluorescence absorption coeffi- 
cient was early found to be very well represented by the formula r! = CK-Z^ in 
which C IS a constant depending upon the absorption region consider^ X the 
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wavc“leii|>1li and Z the atomic number. For wave-lengths less than 1 A the 
vaki(!S <)f the exponents n and p are very nearly 3 and 4 respectively. For 
kniein* \va\'edengU]s there is considerable evidence that n decreases and p 
iiuTi\'isc‘s with increasing wave-length. A number of methods have been pro- 
posf‘d inr I l!(‘oreiicalIy e\ailiiating the above constants. These will not be dis- 
cussed here, hrorn a ccnisideration of experimental data, Richtmyer and War- 
Imrlcud foiiiid empirically the values, C = 2 . 24 X 10”26 for wave-lengths shorter 
than the. K limit and 6’ = 0.33X10'“^^ for those between the K and Lx limits, 
'll ami p being taken as 3 and 4 respectively and X expressed in Angstrom 
units. Alien'’ witJi data extending in some instances to 4A found the corre- 
spunding \alia\s of C to be 2.18X10™^® and 0.299X10"*^® respectively while 
rc‘dm'iiig the \ alue of n P) 2.92. Gray^ summarized the existing data and pro- 
posi'd a more comp]ical(‘d formula for the K region, namely: 

r« -= 1.92(1 + 0.008Z)(1 - \/i\K - \/50 Xk^)Z^\^ X 

'Fhi* fai'tors In parenthesis are introduced empirically to compensate for the 
reduction fnund in n willi increasing wave-length. Between the K and Lx 
abs<ir|;nion liiniis ( iray finds the simpler formula Ta = 0.255Z‘^X"'*^Xl0““^®. 

An important investigation by Jcinssoiri extended absorption measure- 
nnmts ifjr some metals to nearly 12A. He concluded that the absorption per 
K electron, for all elements, could be represented by the same function, /(ZX) 
of tJjc f>rodiict of the atomic number and the wave-length. This is made ap- 
pli<'a!>le to the case of wave-lengths longer than that of the K limit by multi- 
plying jYZX) by the ratio of the wave-length of the K limit to that of the 
nearest absorption limit having a wave-length greater than that of the ab- 
sorbed radiation. This latter step depends for its justification upon the ex- 
perimental fact as sIkjwii l)y Richtmyer"' that the magnitude of the absorption 
(liscfinliimity at the K limit is very nearly equal to the ratio of the wave- 
length the b/ limit to tliat of the K limit. JoiivSson tabulates values of /(ZX) 
obtained from experinieni for values of ZX between 8 and 790. With the aid of 
ihe<v tables one may compute absorption coefficients by Jonsson’s method for 
various dements and wave-lengths provided 8<ZX<790. 

WAnamle'' has iin esligatec! the absorption of certain gases for wave-lengths 
laiigiiig: from 2.3A to 9.9A and found some variation from the law proposed 
by jvin^^on. lbs results indicate that the exponent of Z is greater in the L 
than in the K absorption region. 

All of tile a.bo\e formulas were deduced from a consideration of data 
riYating Icmvawolengths less than 1 2A and one should not expect them to hold 
for wave-lengths as long os that of the carbon iTm line. Nevertheless, since 
tliey furnislied pre\aoiis to this investigation about the only means of estimat- 

I'cllow of Iiilernatioiial Education Board, 

^ Riclarc.ycr an<i W'arburton, Pliys. Rev. 18, 13 (1921). 

Ailtai, Idiys. Rev. 27, 2f>6 (1926). 

( I ray, liilernaticjnal Critical Tables 6, 12 (1929). 

^ jUnssorc 1 li.ssirrtatioo, Uppsala, (1928). 

Richtmyer, Fliys. Rev. 27, 1 (1926). 

^ WPernle, Ann. d. Physik 5, 475 (1930). 
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ing the order of magnitude of the absorption to be expected, it is of some 
interest to calculate absorption coefficients by the use of these formulas and 
to compare the results with those obtained expenmentally. These results aie 
given, in Table II. 

Apparatus AND Methods 

A sketch of the apparatus is shown in Fig. 1. A beam of x-rays passed 
upward from the water-cooled x-ray tube X, through the slit 5i which was 
covered with a thin film of celluloid, then through the slit .S', onto the grating 
G. This was a plane glass grating having 600 lines per mm and gave a very 
intense first ^hnside order” of the Ka line of carbon when the glancing ang e 
of incidence was about 4°40'. The shield S 3 was so placed as to cut out all 



other wave-lengths while letting the Ka line of carbon pass through a narrow 
slit and fall upon the photographic plate P which was carried by the sliding 
plate holder H. The latter could be given a step-by-step motion across the 
path of the x-ray beam by means of an electromagnet which is not shown in 
the sketch but which could be operated at will by pressing a button outside 
the spectrograph. The apparatus could be opened for adjustments or the 
changing of plates by raising the cylinder C with the aid of the rope and pul- 
ley R. When closed the bottom flange of this cylinder rested on the sulphur- 
free gasket K which made a vacuum tight seal between the cylinder and the 
base plate B. The x-ray tube and spectrograph were evacuated by mercury 
diffusion pumps connected to the outlets Oi and O 2 . The valve T coiild be 
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filliifr <i]K‘iR‘(i or closed l.iy a ratchet device actuated by another electromag- 
iifl. cuiitrolled from outside. 

W'iicii in operation the apparatus was used as follows: With the valve V 
open the s|iectio,tj,rapli was evaicuated to a pressure of about 2X10“*’ mm Hg. 
Several pliotograi)hs (4 the Ka line were then taken with different times of 
exjiofture. 'I'lie vahe K was then closed and such an amount of gas admitted 
from the gas reservoir (JR as was estimated to absorb one half or more of the 
radiation. .Several exposures were then made with varying time of exposure, 
'riiese times of exposure were so chosen as to produce blackenings interme- 
diate bet ween the liglite.st and darkest lines obtained in the vacuum. Pressures 
wen* measured with tin; calibrated McLeod gauge M, which was provided 
with iwoeoinpression cliambers in order to measure a large range of pressures. 
Readings weie taken repeatedly during a run to check against pressure 
changes. 1 in. illy the. valve Lw’as opened, the gas swept out and another series 
I if expo'.ures similar to the first were made. 

'I'he power input to the tube was kept constant during a run. Ordinarily a 
current of 22 milliamperes and an effective voltage of 2.7 kv were used. Lines 
of ih(' desired density were usually secured in one to three minutes when the 
chamber was evacuuleil. 'rids varied somewhat from time to time due to 
variations in ilu’ amount of carbon adhering to the target of the x-ray tube, 
but n<i sudden changes in the intensity of the carbon line were ever noted. 

I iowever, continuous variations of five or ten percent per hour were common. 

I I was found that by rubbing a small quantity of stopcock grease on the stem 
supporting the filament of the x-ray tube that some portion of the stem 
would remain at just the right temperature to cause a slow evaporation of 
carbon compounds which would maintain a quite constant amount of carbon 
deposit, on the target provided the energy input to the tube did not exceed 
tiiat noted above. 

Faistman x-ra>’ plates and x-ray developer were used, care being taken to 
avoid over-deveh ipment and to keep the plates rotating while in the developer, 
'riie densities of the lines were then compared with the aid of a photoelectric 
photometer recently constructed in this laboratory. In this instrument, which 
will lie desciiljed in more detail elsewhere, a beam of light from a small bulb 
was directed upon a fine slit so placed that the light passing through the slit 
fell upon a potassium hj dride photoelectric cell connected to a string electrom- 
eter. 'I’hc photographic plate was then placed with the film side very close 
to the slit and moved across the beam of light by means of a graduated screw. 
'I’hc time for a given reflection of the string of the electrometer was noted 
when the various lines and intervening clear spaces were in front of the slit. 
Keiieutetl measures of the same lines gave variations in electrometer readings 
of much less than one percent. The time required for the electrometer string 
to move a certain number of divisions with a line before the slit minus the 
time for the same deflection with the adjacent clear portion of the plate in 
fron t of the slit was taken as a measure of the relative density of the line. 

The noble gases used were obtained from the Air Reduction Sales Com- 
pany and were guaranteed to be spectroscopically pure. This was verified by 
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tests with a small direct vision spectroscope which gave no evidence of lines 
other than those belonging to the gas in question. Carbon dioxide was o!)- 
tained by heating magnesium carbonate, nitrogen by heating sodium azide 
and oxygen by the electrolysis of barium hydroxide. These gases were dried 
by phosphorus pentoxide. Such gases as would not be condensed were furt her 
purified by passing through a liquid air trap. For those of higher boiling poin ts 
carbon dioxide snow in acetone was used to cool the trap. The data for gold 
were obtained with the use of gold leaf. The thickness of the latter was deter- 
mined by weighing. 

Results and Calculations 

The mass absorption coefficients were determined from the equation 
//Jo = in which x is the length of path through the gas from the cellu- 

loid window on the slit Si to the photographic plate. This distance was 57.7 
cm. The density p, was computed from the density at standard conditions 
and the experimental values of temperature and pressure. 

The ratio I/Iq was obtained from the photographic density measure- 
ments and the times of exposure of the lines with and without gas in the 
chamber. Several methods of determining this ratio from density measure- 
ments were tried. In one method four lines having different exposure-times 
were photographed near one end of the plate with the chamber evacuated, 
followed by seven lines through the gas, the latter exposure-times being 
lengthened to give densities intermediate between the extremes of those ob- 
tained without gas in the chamber. The chamber was then again evacuated 
and the first four lines repeated on the other end of the plate. Curves were 
drawn with the photometer densities of the lines in vacuum plotted against 
exposure-time. In case the curves obtained at the beginning and end of the 
run were not identical, the densities of the lines through the gas were cor- 
rected on the assumption that the radiation from the tube had varied uniform- 
ly in intensity throughout the time of the complete operation. The time which 
would have been required in vacuum to produce a blackening equal to that of 
any line through the gas could be read from these curves. The ratio of this 
time to the actual exposure time of the line through the gas is, from the reci- 
procity law, the desired ratio of intensities, I/Iq. Each line taken through the 
gas thus gave a measure of this ratio. 

In some eases in which a sufficient number of lines in vacuum had not been 
secured to give a suitable curve of blackening against time, auxiliary plates 
with variable time of exposure were taken and curves of blackening against 
exposure-time were drawn for each of these. Let T.^ be the exposure time of a 
line in vacuum and the time to produce the same blackening on the aux- 
iliary plate. Also let Tg be the exposure time of a line in gas and Tga the time 
to produce the same blackening on the auxiliary plate. Then 
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Lxperieiice showed that the two methods led to identically the same result 
when the average of: a considerable number of comparisons were taken. 

The results of these measurements are summarized in Table ;I. The large 
number of observations taken in some cases reduced the mathematical prob- 
able error but the actual error is perhaps considerably larger. This comes from 

i ABi.i-; I. Alass, mohcular and atomic absorption coefficients of the carbon Ka line in various gases 

and gold leaf. 
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the lact that not all of the variations are due to chance errors. The absorption 
coefficient for carbon is derived from that of carbon dioxide on the assumption 
that al>sorption is independent of chemical combination. This assumption 
afjpears justihed when we consider the relatively enormous effect of atomic 
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number as contrasted with the number of electrons in a molecule. For exam- 
ple, the absorption by an atom of neon with 10 electrons is considerably 
greater than that of a molecule of carbon dio.xide with 22 electrons. Fig. 2 
shows the logarithm of atomic absorption coefficient plotted against loga- 
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rithm of atomic number for the elements carbon, nitrogen, oxygen and neon. 
The straight line thus obtained indicates that iia, is a function of the atomic 
number only, or that its dependence upon any other factor is relatively small, 
since the atomic absorption coefficients derived from measurements on mole- 
cules of CO 2 , N 2 , O 2 and atoms of Ne are thus shown to be proportional to flu? 
atomic number raised to the same power. Some measures of the absorptic>n of 
sulphur dioxide were made. When corrected for the probable impurity tlie 
gas was found later to contain, the value of jia so obtained for sulphur agreed 
fairly well with a continuation of the straight line of Fig. 2 and strengthened 
our conviction that this line represents the true law of absorption for this 
wave-length in the elements from carbon to sulphur. However it was tliouglit 
best to repeat these measures with other samples of gas before publicaticm of 
final values for the absorption of sulphur. 

From the slope and intercepts of the line of Fig. 2 the following formula 
tor the atomic absorption coefficient of an element in which Xa'< 44 6A <'X/, 
IS easily deduced. " 


Ma = X 10-23. 

This equation may then be used to determine the absorption coefficients of 
tne other elements in this region of atomic number. 

, ^ v^ues of the absorption coefficients for the elements in- 

_ stigated axe given in Table I. Except for the elements represented in Fig. 2 

Ibs^nt- absorption regions. It may be noted that the mass 

whil the^b“ ^^non or gold 

tom in the list. This is readily explained by the fact that with increasing 

turn irth^h-'h f ^ ^ absorption limits pass in 

turn to the high frequency side of the incident radiation and the electrons 

belonging to these levels cease to absorb. Nevertheless this decrease is per- 
xe^onThTe remain 

xenon there reniain 26 electrons with natural frequencies less than that of the 
mcident radiation yet these absorb only about one half as much af the 14 

SsorXm frequencies are such as to permit 

Conclusions 

tion'^r^ indicate a probable value of 4.4 for p in the equa- 

may be considerably less than 3. It mav be noted thfe fif / 

in Table II which are computed from Jhe f * 1 ^ 

burton, Alta, and W ^00^* "blv ^ *”« ^ar- 

C or B or both have smaller values in this soft v either 

ordinary a-rays. ThennmeHcal value of a- f”? teedS “^h: 
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T.«r.E IL Experimental <^nd calculated values of atomic absorption coefflaents for the K. Une of 
should equal at this wave-length. ^ 


Absorber 

Experimental 

r«X10i3 

Richtmj^er 

and 

T„X10” 

Allea 

raX10»» 

Gray 

r„X10*» 

Jonsson 



Warburton 




I le 

C 

N 

0 

Ne 

0.238 

0.44 

0.89 

1.52 

4.36 

3.2 

3.8 

7.0 

11.9 

29.3 

2.28 

2.54 

4.7 

8.0 

19.6 

2.7 

0.94 

1.74 

2.97 

7.24 

0.19 

1.05 

1.44 

1.61 

2.63 


Ift r.I " P ^ ^ a of C equal 

o tha of the Richtmyer and Warburton formula we obtain ^ = 2.24. With 

valuer of 6 taken froni the formulas of Allen and Gray we find n = 2.27 

‘the wdue of yield a trustworthy value of ^ since 

c wlue of C IS quite uncertain. In fact we do not know that an equation of 

li e assumed orm can represent absorption coefficients in this region. On the 
7"d JSnsson is shown to lead to values of the right 

order of magnitude. This appears at first somewhat difficult to understand 
sim.e his assumption that the absorption is a function of is equivalent to 
assuming that the exponents of X and Z are the same. If. however, the expo- 

exponent of X decreases with increase of X at such 
rates that die changes in one appro.ximately compensate for the changes in 
the other, it wmuld be possible to secure an apparent but quite fortuitous 
dgi cement with experiment by assuming the absorption to be a function of 
X^ raised to some intermediate power. In view of the fact that all investiga- 
tions indicate that the exponent of Z is always greater than the exponent of X 
and also that this difference probably increases with increase of wave-length 
It seems probable that the results achieved by Jonsson’s method are to be 
explained m this way. 

It is planned to continue this investigation with the use of other wave- 
leiigths in an endeavor to find the law relating absorption to wave-length in 

t ns region and to test further the dependence of absorption upon atomic 
number. 

Note Added in Proof: 

It has been called to the author’s attention that Kurtz'' used the entire 
beam of x-radiation from a carbon target and measured its absorption in 
several of these gases. Substituting his values of the constants in the equation 
r„ = CXv we obtain Considering the uncertainty regard- 

ing the homogeneity of his radiation the results are in remarkable agree- 
nicnt with those obtained in the present investigations. 


^ Kurtz, Aon. cl. Physik 85, 529- (1928). 
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THE REFLECTION OF THE Ka LINE OF CARBON FROM 
QUARTZ AND ITS RELATION TO INDEX OF RE- 
FRACTION AND ABSORPTION COEFFICIENT^ 

By Elmer Dershem and Marcel Schein* 

Ryerson Physical Laboratory, University OF Chicago 

(Received March 27, 1931) 

Abstract 

that Z®''® ‘"ade of the ratio of the intensity of the reflected ray U. 

that of the incident ray in the case of the Ka line of carbon reflected from a mirror 
used quartz for glancing angles of incidence between 1 ° 30' and 8 °. The atomic 
a sorp ion coefficients of carbon, nitrogen, oxygen, and neon were experinientallv 
etermined by the wnters as described in the preceding article. This gave the vaffie 

■ 1 ? rr-c directly and data from which the atomic absorpto 

efficient of silicon could calculated. The linear absorption coeffilrnfa^; 

«o^ computed from its density, percentage composition, and the atomic absorp* 
mn coefficients of its constituents. Then from the region ;=A/ 4 x S^bslZ 
index K, was found to be 1 6 Rvin --3 tk- i r ^ -t T aDsorption 

fleeter! • J r . pa*^allel or perpendicular components of the re- 

c.™ —Sd F„„, to .bUblng rnddl. , 

tivitv than fr, A • values of 8 and k predicts somewhat higher reflec- 
tivity than found experimentally. Use of the value /. = 2 f 

Introduction 

T!?.f ‘“''Miration was undertaken with the view of measuring the inten- 

SSS3SSS?HliHS 

don sirceTruTd'1e‘°h‘’'hr 

of L bo? ft -44 6A? I particularly because the iCo line 

■in? „ .Sifre'gt tit^^ >"<! p-'F obtained 

con or oxygen thiX L" 3 , ” “ 

brrefly noted in a paper read before the Cra^X^tStcLfy 

ellow of International Education Board. 

Dershem and Schein, Phys. Rev. 35 , 292 (1930). 
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it was not found possible to vsecure a film of quartz sufficiently thin to transmit 
a measurable amount of this radiation and permit a direct measure of., its 
absorption coei'ficient. Hence attention was turned to the possibility of meas- 
urin,i^- tlie absorption of this line in gases and determining the law of absorp- 
tion for elements of low atomic number, A description of this work is given in 
the preceding paper. In this way a value of the absorption coefficient of oxy- 
gen was obtained directly and that of silicon was determined from the for- 
niiila jtta = 1.65 which had been derived from the experimental data 

pertaining to other elements. 

Theory 

The critical glancing angle of total reflection for hard x-rays is quite 
sl'iarply defined and furnishes a convenient method of measuring indices of 
ref rac' lion in tl lis case. However, with increase of wave-length the discon- 
tinuil\' in reflected intensity at the critical angle becomes less abrupt and 
iinally for very soft x-rays entirely disappears. This is due partly to a more 
gradual change in reflected intensity at the critical glancing angle as this 
angle Ijccrjines larger, even in the case of substances entirely transparent to 
the ra<liation. However it is mainly due to an increase of absorption. Hence 
if the index of refraction is to be deduced from an experimental curve of re- 
flected intensity plotted against glancing angle it is necessary to know the 
a])sori>tion coeilicient and to find, if possible, the value of the index of refrac- 
tion wiiic'h must be assumed in order to secure agreement between calculated 
and experimental curves. . . 

A formula for computing the ratio of reflected to incident intensity at 
various angles may be derived in the following manner. In using this formula 
the index of refraction and the index of absorption may be either known or 
assumed. 

Considering first the component with the electric vector perpendicular to 
the plane of polarization, the ratio of the reflected to the incident amplitude 
is gi\'en in the following formula of Fresnel,^ in which cf) and r are the angles of 
incidence and refraction measured from the normal. 

Rs cos (f) — n cos r 
Es cos <1) + n cos r 

By Snel Fs law cos r = ( 1 — ^rF(p/nF ) ^ Hence 
Rs cos<l3 — (n^ — 

Es cos(j> +' (n- — sill” 

('"hanging to the glancing an.gle of incidence J, since cos(j> = sin 9 
Rs sinS — [# — (1 — 

Eg sin^+ [n- — (1 — sin- 

In order to take account of absorption it is necessary to substitute a cora- 
' .plex expression'^ for namely (1 — h—in) in which 1—5 is the index of refrac- 

2 cf. Drude, ‘‘Theory of Optics” English translation, 282 (1902). 

3 Drude, loc. cit. p. 360, et seq. 
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tion and k the index of absorption. Since S and k are small compared to unity 
the squares and products of these quantities may be neglected. Also 6 may be 
substituted for sin 0. Making these substitutions and simplifications'* 

I _ (02 _ 25 _ 2tK)>/2 


Setting 


-2S - 2f/c)i/2 
0 — O' ih 


Multiplying by the complex conjugate to secure the square of the absolute 
value which is the desired ratio of intensities 

(~Y~ ~ 

J (0 + ay + 

Squaring Eq. (3) and separately equating the real and imaginary terms 

- 28 (S) 

b = K/a (6) 

Whence 

_ 25 + [(25 — oy + • (7) 

The numerical value of a may now be readily determined by substituting 
the known or assumed values of 0, S and x in (7). The positive value should be 
chosen for all square roots in the preceding discussion. Equation (6) then 
yields the value of 6. The ratio of reflected to incident intensity is then given 
by substituting these values in (4) . ^ 

For the case of the parallel component we have 
■^p n cos (j> — cos r 


Ep n cos (j) cos r 


Handling this in a similar manner we obtain in place of Eq. (4) the follow- 




{B 2b0 — ay (5 — 2KBy 


(B — 2dB + a)2 + (5 2/c^)2 

a and ^have the same values as in the case of the perpendicular component. 

he leflected intensity of the parallel component is slightly less than that 
of the pendicular component. In the case^f the 

ceS at 8° negligible for small angles, becoming about 5 per- 

f. PHy.E4V47g(t.28)but 
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Sclio^ii^* has developed a more complicated formula for the parallel com- 
ponent yielding results equivalent to that above. Thibaud® has, also published 
a formula of essentially the same form as that of Schon. 

Appaio\tus 

I he principal parts of the apparatus were the same as previously used and 
described by one of the writers’ in an investigation of the reflection of the 
carbon line from glass. However certain mechanical features were added to 
permit direct comparisons of the incident and reflected beams. 

Referring to Fig. 1, X is a water-cooled x-ray tube, the rays from which 
pass tlirough the slits Si and ^2 and falling upon the grating G, become spread 
out into a speriruni of which only the inside order of the Ka line may pass 



Fig. 1. Diagram of apparatus. 

thnjugh the shield and strike the quartz mirror If. This mirror could be 
turned tlirough small known angles by means of the lever L and the screw T. 
Tins screw could be turned in small steps by an electromagnetically operated 
ratchet controlled from outside. Another ratchet, operated by an electro- 
magnet, was used to turn the eccentric cone bearing B on which the mirror 
was mounted. The mirror could thus be moved alternately into or out of the 
beam by a one-half turn of the bearing B, In this way a series of exposures of 
the direct and reflected beams could be taken alternately upon the plate P. 
The latter was carried on the plate holder II which could be given a step by 

^ Schon, Zeits. f. Physik SS, 165 (1929). 

« Thibauci, Jour, de Physique 7, 37 (1930). 

^Dershem,Phys. Rev. 34, 1015.(1929).. . . . 
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step .transverse motion by means of another electroniagnetically operated 
ratchet not shown in the sketch. In this way from 12 to 20 separate exposures 
could be made on one plate. 

The apparatus could be opened or closed by raising or lowering the cylin- 
der C by means of a rope and pulley. A vacuum seal between the cylinder 
and the base plate Bi was secured by means of the sulphur free rubber gasket 
K. During operation a vacuum higher than 10”^^ mm Hg was maintained by 
means of mercury diffusion pumps connected to the outlets Oi and Og. 

Results 

The densities of the lines produced by the reflected and the direct rays 
were compared by photometric measurements and the ratio of their intensi- 
ties determined in the same manner as described in the preceding article on 
absorption coefficients. The experimental points thus obtained are marked 
with circles in Fig. 2. The curves shown in this figure are, however, plotted 



from values of the ratio of reflected to incident intensity computed from Eq. 
(4). The values of S and k to be used were determined in the following way. 
Since the JT absorption frequencies of oxygen and silicon are much higher 
and their Z absorption frequencies much lower than that of the Ka line of 
carbon, 5 may be computed from the simplified Drude-Loreiitz formula, 
6 ujZKTHv in which n is the number of electrons per cc having lower natu- 
ral frequencies than that of the incident radiation. In this case the K electrons 
are not considered. One may also use the more extended formula, 5 = jlmn 
'Zuc/v'^—Vc^ in which N is the number of molecules per cc, Uc the number of 
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electxoiis per molecule belonging to the characteristic energy level c and Vo the, 
frequency pertaining to this level. The values of S obtained from these for- 
mulas do not di.ii'er by so much as one percent owing to the fact that the in- 
cident i resiliency lies approximately midway between the characteristic K 
and L freriuencies of oxygen and silicon. For quartz and the carbon line the 
value tluis obtained for § is 4,8 X 10“"^ 

1 he \"ahie of k was found irom the experimental equation deduced in the 
preceding article on absorption coefficients namely, fia^l.65 
whence ju,,. for silicon is found to be 18.2 X 10”^^, This in conjunction with the 
experiinenta.l \%aliie of //« for oxygen, 1.52 XlO-^^ and the density of fused 
quartz, 2.206 gin .cc, yields the value, ^ = 47200 for the linear absorption co- 
efficient of quartz. I hen the absorption index x, can be found from the equa- 
tion X ™ fik/ 47r = 1, .68 X t(N’\ 

Cur\'c 1 of log. 2 was computed with the use of the above values of S and x. 
Tins cur\'e lies somewliat above the experimental points. This might be taken 
to indi('a.te fliat tlui real value of the absorption coefficient was greater than 
that determined from the work on the absorption of gases. Edwards^ finds 
a similar result when using ordinary x-rays. Fie suggests that the absorption 
of the surface. la\'er may be greater than that of the mirror as a whole, 

Otiier s allies of o and x were tried in an endeavor to find the best fit with 
experiment. Cur\"e II in which x = 2.5X10“^ and d has the same value as in 
curve I, gis^es a 'ver}" good approximation to the experimental results. In com- 
puting for curve HI the values, x = 1.68X10“® and 5 = 4.0X10“® were used. 
This curve is distinctly less in accord with the experimental points. These 
curves ancl many others that were computed but not shown in the figure indi- 
cate that the value of 5 computed from the dispersion formula is very nearly 
the correct one but tliat the effective value of the absorption index is about 
fifty pcTceot higher than that determined from absorption measurements in 
gases. There is also the possibility that surface films or a lack of perfect 
smoothness ha\'e reduced the reflected intensity in much the same manner 
as would be tlie case if the absorption were really greater than the value de- 
dureil fivuri ex|)eriment. The question might also be raised as to whether, or 
not, tlie true value of the absorption index may be thus obtained from the 
absor|)iion coefficient. It is perhaps rather, to be considered remarkable that 
tlier>ries and formulas developed for the optical region before anything was 
known of x-ra\'s or quantum absorption phenomena should yield results so 
nearly in accord with experiment when extended to this region where the 
wave-Iengtiis are one hundred times smaller and the requirement of surface 
smoothness presumably so much more exacting. This work is to be continued 
with some changes in technique which it is hoped will somewhat increase the 
acciirac}" of measurement. Also other wave-lengths and other mirrors will be 
employed. 

In conclusion we wish to express our appreciation to Professor A. FI. 
Compton for his cordial interest and support throughout this investigation 
and the preceding one on the absorption of gases, and to thank the Inter- 
national Ixdiication Board for the award of a fellowship which made it possi- 
ble for one of us (M.S.) to engage in the study of these problems, , , 

« Edwards, Phys. Rev. 37, 339 (1931). 
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A DIRECT MEASUREMENT OF THE INTENSITY VARIATIONS 
OF THE HELIUM LINES WITH VOLTAGE 

By Joseph Razeic 

Randal Morgan Laboratory of Physics, University of Pennsylvania 
(Received April 6, 1931) 

Abstract 

The intensity variations with voltage of some of the brighter lines of the low 
voltage helium arc spectrum were determined by means of a recently <jeveio][)ed 
photoelectric spectrophotometer. The radiation was developed in a copper Ijall, 20 cm 
in diameter. The equipotential cathode and grid from a commercial three-electrode 
tube formed the internal structure, the sphere itself being the anode. This arrangment 
gave an extremely bright spectrum, even at the striking voltage, with a relatively low 
current density in the space. The results on 5016 (US — 2^P) and on 6678 (l^P — 2Ui) 
were generally smooth curves. Lines 4026 (13P—4^I>), 4471 and 5876 

(1®P — 2^1)), show a region of constant intensity with arc voltages from 27 to 3S volts, 
thereafter increasing smoothly. Line 4713 shows definite maxima near the 

critical exciting potentials. The accurate linear relationship between the intensity of 
the light admitted to the photoelectric cell and the amplified output of the photo- 
electric cell was established by a separate experiment. For the measurements on the 
spectrum lines, every intensity measurement was referred to a standard lamp oper- 
ated at a constant resistance. The absence of oscillations in the arc current w^as shown 
by a vacuum tube voltmeter. 

Introduction 

K nowledge of the intensity variations of spectrum lines as a function 
of the excitation voltage is of considerable importance in certain the- 
oretical discussions in spectroscopy. It has been customary to obtain this 
knowledge by photographing the spectrum repeatedly, each exposure being 
made at a definite voltage, and all other variables kept as nearly constant as 
possible. The intensity of the lines was then determined by means of some 
form of densitometer.^ Although this method has yielded valuable results 
nevertheless many difficulties and sources of error are involved. The photo- 
graphic method is very time-consuming and many exposures must be made 
to get a sufficient number of points to plot a curve. Since the exposures are 
frequently very long, it is difficult to keep all the arc conditions constant. 
Furthermore, the relation between the actual light intensity and the resultant 
blackening of the plate is always subject to uncertainty, since it is influenced 
by many factors difficult to control. The various densitometers at present 
available are quite satisfactory, and so they introduce no source of error as 
important as the others mentioned. 

1 Hughes and Lowe, Proc. Royal Soc. A104, 480 (1923). 

2 Bazzoni and Lay, Phys. Rev. 23, 327 (1924). 

3 Cornog, Phys. Rev. 32, 746 (1928). 

4 Harrison, J.O.S.A. and R.S.I. 19, 267 (1929). 
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above mentioned, a direct method for determining line inten- 
)le. The property of a photoelectric cell of tanslating light 
trical quantities is at once suggested. However, when a photo- 
sed, it is found that the currents resulting from the very small 
gy in a given line, are so feeble that they must be read with an 
ir amplified by means of some form of vacuum tube amplifier, 
er has the disadvantage of being slow and somewhat difficult 


l 1. Diagram of spherical low voltage arc discharge tube. 

to keep ill constant adjustment. The vacuum tube amplifiers used heretofore 
ha\’e employetl the usual type of a.c. amplification.® The research to be de- 
scribed employed a resistance coupled d.c. bridge grid resistor amplifier.’'-® 

Description OF THE Spectrum Tube 
The spectrum tube in which the arc was formed is shown in Fig. 1. The 
tube differs from coinentional designs in that the volume in which the dis- 

‘ llulburt, Pi.yi?. Rev. 31, 1109 (1928). 

» Wheeler, Phys. Rev. 33, 114 (1929). 

WMulder and Razek, J.O.S.A. and R.S.I. 18, 466 (1929). 

8 Razek and Mulder, J.O.S.A. and R.S.I. 19, 390 (1929). 


1254 


JOSEPH RAZEK 


charge takes place is quite large. The body of the tube was made of spun cop- 
per hemispheres, heavily silvered and polished. The two hemispheres were 
soldered together on an equatorial flange. The vacuum connection was made 
on the pole of one of the hemispheres, while the cathode and grid structures 
were admitted through a tube in the other hemisphere. The arc was observed 
through a slit in the upper hemisphere, over which a tube and glass plate 
were attached. 

The cathode and grid structure were taken from a commercial three elec- 
trode tube, Arcturus type 247. This consists of a heating filament within a 



tube on which the active material is placed. A coarse grid is concentric with 
the cathode tube. The usual plate structure was removed, and the metal of 
the hemispheres used instead. 

_ The tube was wired as shown in Fig. 2. The fact that the filament was en- 
tirely msulated from the cathode made it possible to put all structures within 
the tube, except the cathode, at nearly the potential of the anode. In this way, 
the potential of the entire space within the hemispheres, with the exception 
of the small volume between the cathode and grid, was nearly uniform. The 
filament was heated by means of a storage battery in the usual manner. A 
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center tapped resistance was connected across the.filament with the center 
tap connected to the anode through a milliameter. The anode to cathode 
voltage was applied from a potential divider across a bank of batteries, and a 
iTiilliammeter indicated total cathode to anode current. The voltmeter across 
^ the potential divider indicated the voltage applied to the anode, with the 

; slight and constant potential drop in the milliameter and leads. 

Db:scription of Laboratory Sex-Up 

The tube described was connected to, a vacuum system, and after a short 
preliminary treatment to condition the active deposit on the cathode, helium 
gas was admitted to the tube by means of the conventional arrangement of 
bulb and stop-cocks. Due to the presence of the waxed joints, no effort was 



Fig. 3. Diagram of optical arrangement for determining intensities of spectrum lines 
by means of a photoelectric cell and standard lamp. 

made to degas the metal sphere. Since the actual runs were only of a few hours 
duration at the most, the amount of impurities was very slight. The majority 
of the data for the curves shown was obtained with no trace of mercury or 
Iiydrogen observable in a direct vision spectroscope. 

The spectroscope, photoelectric cell and amplifier were those of the Razek- 
Miilder color analyzer described elsewhere.^ A diagrammatic sketch of the 
optical arrangement is shown in Fig. 3. Light from the arc is reflected and 
brought to a focus on the slit of the spectroscope by means of a mirror and 
cylindrical lens. After dispersion by means of a prism, the spectrum is re- 
flected by a mirror through the lens of the exit tube on to the slit at the end 


® Alulder and Razek, J.O.S.A. and R.S.L 20, 155 (1930). 
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of the tube. A slight tilting motion of the mirror moves the spertrinii across 
this slit, admitting the selected line to the photoelectric cell. The ciirreni re- 
sulting in the photoelectric cell is amplified in a bridge grid la^sislnr ampli- 
fier, and the amplified current noted on a galvanometer.^'® 

To provide a standard of intensity, and to correct the readings for ilie 
slowly changing sensitivity of the amplifier, a calibrating lamp was eini)!oyed. 
A 6-8 volt automobile headlight bulb was mounted over the AS"" mirror. A 
small scratch through the silvered back of the mirror admitted ligli t from this 
bulb into the spectrometer. The light from this bulb could be cut off from llie 
spectrometer by means of a bulb-operated camera shutter. In this way it was 
possible to calibrate the sensitivity of the system at a given wave-lengih 
against the standard lamp. In order to keep the current through the lamp 
constant to a high degree of precision, an arrangement due to Richardson was 
used. This is shown in Fig. 4. The lamp is made one arm of a Wheatstone 



Fig. 4. Wiring diagram for Richardson bridge for holding standard 
lamp at constant operating resistance. 

bridge, while the arm R, consists of a standard ohm, of a capacity sufficient 
to carry the lamp current without overheating. The arm i?x was fixed at 1000 
o ms, and the arm ^3 was variable. The current through the lamp, and hence 
the resistance at which it was operating was regulated by a bank of rheostats. 

manner, the lamp was actually operated at constant re- 
sistance. During the short runs which were necessary to get data on a given 
e, It IS safe to assume that the deterioration of the lamp was negligible 

orders mrA> T which gave light intensities of the same 

o der of magnitude as the arc, were well below the rated current values. The 
temperature at which the lamp was operated in a given set of readings was 
determined so that the deflection for the standard lamp was approximately 

wl “y™™ deflection due to the line under study. The value o^ 

was then set so that the bridge was balanced when the lamp operated at 
the selected temperature. After this setting was made, the bridge wl kept 
anced by adjusting the rheostats controlling the current through the lamp. 
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The procedure in actual operation was as follows: The tilting mirror in 

the sF^ctrOTieter Is set so that the desired line is admitted to the photoelectric 
cell. Ihe light from, the arc is cut off from the spectrometer by interposing a 
slnitter In Iront of the window in the sphere, and the vacuum tube bridge 
halanc'ed to give a. zero galvanometer deflection. On opening a shutter in front 
of the sphere, a galvanometer deflection is obtained, which is proportional to 
the ligh t intensity of the line admitted to the cell. The light of the arc is then 
cut oil and the shutter in front of the adjusted calibrating lamp opened, 
giving a gah'anometer deflection proportional to the light of the standard 
lamp. In this way, every reading for the arc intensity can be referred to the 



Fig, 5. Intensity variation with arc voltage, helium line 4026 

siandard with a inininuim of delay. This procedure was repeated for various 

arc \a'»!tages. 

I n this work, the arc current was kept constant by adjusting the tempera- 
lure of ihe lllament as tlie anode to cathode voltage was raised. Arc currents 
of .10 arid 50 inilliamperes were used. Currents as high as 300 milliamperes 
('ould be passed tlirough the arc, with only 25 volts across the anode to 
catliodc. The pressure of the helium was about 0.25 m,m of mercury. 

Direct light from the filament and cathode was eliminated entirely by 
l>lank;ing out; the central portion of the glass observation window with a 
dia|,)hragni, and xiew'ing the arc from a slight angle. The effectiveness of this 
procedure was shown In- the fact that when the filament was operated at a 
temperature considerably above that used during a run, no deflection of the 
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galvanometer could be observed, even in the red end of tho spectrum, with no 
anode voltage on the hemisphere. 

The dispersion of the prism used was small, but since the lines of the 
helium spectrum are spaced rather far apart, no difficulty was experienced in 
making certain that only the desired line was admitted to the pliotoeleclric 
cell. Previous to every group of tests, the wave-length scale was caliljrated 
against a mercury arc, and the corrections which must be applied to the wave- 
length scale on the color analyzer were determined. lu cases where a bright 
line has a companion, this companion line is so faint in comparison to the 
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Fig. 6, Intensity variation with arc voltage, helium line 5016 2^P)» 

brighter line that its influence on the photoelectric cell current is entirely 
negligible, or, in any case, the combined effect is obtained. 

The question as to the propriety of taking the deflection of the galvano- 
meter as proportional to the light intensity, is of fundamental importance in 
this work. The linear relationship between the intensity of the light and the 
galvanometer current was determined by using a point source at varying 
distances from a diffusing screen in front of the cell. The relative intensity 
was determined by employing the inverse square law. The galvanometer re- 
sponse was shown to be linear with the light falling on the photoelectric cell 
at least to one tenth of one percent— far above the precision of these tests. 
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Discussion OF Results 

In order to determine whether the direction of the changing arc voltage 
influenced tlie intensity of the line, the intensity was determined for both in- 
creasing and decreasing voltage. It was found that in every case, the intensity , 
at a given voltage was somewhat higher for increasing voltage than for de- 
creasing voltage. This is shown in Figs. 5 and 6, which are the intensity- 
voltage curves for the 4026 and 5016 lines. This effect is independent of tlie 
time ill that the same eiiect is obtained even when a given operating point is 
approached as rapidly as possible, the intensity being determined by the 
direction of approach. No explanation is offered at this time, but the existence 
of this phenomenon indicates the necessity of controlling the experimental 
lirocedure so that the voltage always changes in the same direction. 
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Anode to cathode voltage 
Fig. 7'. Intensity variation with arc voltage, helium lines 4471 5876 (l^P — 2^D). 

Tiie remaining curves were all made with the voltage increasing. Since it 
is at times difficult to approach a given operating point without overshooting, 
especially at tlie higher voltages, the accidental variations in the curves at. 
these poiiUvS may be due to this, cause. 

Lines 5(126, 4471 and 5876 show a' region of nearly constant intensity in 
the region from 27 to 35 volts. This is probably related to the fact that the 
lines have a series relationship, line 4471 being {PP — 3^D) and 5876,- (L^P 
— 2'VI) and line 4626 — These are shown plotted in Figs. 5 and 7. 

Line 4713 sliown in Fig. 8, shows' a most unusual behavior. The intensity 
of the line is a maximum, very near to the striking voltage, around 25 volts, 
dropping to almost half \’'aliie at about 40. volts. From this point the in.tensity 
rapidly increases to about 53 volts,- in the vicinity 'of the second ionisation 
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potential, and thereafter remaining nearly constant. This is consistent with 
the observations of Bazzoni and Lay^ and with those of Cornog.*'^ All observa- 
tions made on this line were generally consistent with these results. 



Anode to cathode voltage 

Fig. 8. Intensity variation with arc voltage, helium line 4713 (l'»P 3^S), 

Line 6678, shown in Fig. 9, increases regularly with increasing voltage, 
generally similar to line 5016. 

The results obtained on all these lines were in general agreement with 
those of Bazzoni and Lay,2 but inconsistent with those of Hughes and Lowe.^ 
The latter used a non-equipotential cathode and a rather long tube of gas. 
The falling off in intensity which they show may be caused by the absorption 
of the radiation by the gas itself. 


Anode bo cathode voltage 

Fig. 9. Intensity variation with arc voltage, helium line 6678 (PP 

The arc currents used in this work were quite low. On acco 
usually large volume of the discharge tube, these low curren 
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extremely low values of current per unit volume. However, since the cathode 
and gnd structures were approximately of the same dimensions as those used 
by Ba//.om and Lay- and Cornog,^ the current densities in the vicinity of the 
cathode vveie comparable. It is desirable that the current densities be kept as 

rtnnt bin 

poitant inHueiu t on the eftective potential of the arc.^° 

rhe voltage excUing the arc can differ from that indicated by the volt- 

io fvd ‘""rn any closer 

that 0.2 xolt, the various differences were negligible if they did not amount to 

that quantity he voltage drop across the plate milliammeter was only about 

; t ’ Sir 1!"“ "r “S'ected. The first ionizing potential for he- 
hum IS 24.48 volts, and since the arc struck at 24.5 volts, the contact differ- 
ence of potential at the cathode was negligible. No error was introduced by 
the voltage equivalent to the initial velocity of the electrons leaving the 
cathode since this was operated at a relatively low temperature. Further- 
moie, an equipotential cathode was used, and hence there was no voltage 
drop for tins element. ^ 

The ab.sence of peak voltages in the arc, due to oscillations was verified by 
an appiopriateiy connected vacuum tube voltmeter. No oscillatory voltages 

as gieat as 0.2 volt were detected, although the vacuum tube voltmeter could 

readily show these. 

By changing the potential of the center tapped filament return, it was 
possible to change the distribution of the current between the grid plate 
stiucture and tiie filament. Under ordinary conditions, about ten percent 
of the current returned through the filament structure. No change in the 
intensity of the lines could be observed, even if half of the current returned 
nrough the filament structure. This probably showed that the internally 
SI vered sphere was quite effective in integrating the light output, and com- 
pletely a\oided the difficulties caused by “wandering” of the discharge. 

Conclusion 

1 hese results show that the photoelectric spectrophotometer can be used to 
study intensity variations in spectra with a speed and ease of operation 
which tends to minimize many of the difficulties inherent in work of this 
kind. 1 his i.s esiiecially apparent when it is noted that all the data for a given 
curve can lie obtained in about fifteen minutes. The greater light intensity 
IK^sili e with the use of a large spherical radiation space overcomes the 
difficulties caused by the feeble light output of the conventional designs of 
low voltage 

In conclusion, the writer desires to express his appreciation to Dr. C. B. 
azzoni, who suggested this problem, and under whose direction and super- 
vision this work was done. The writer is further indebted to his collegue, Mr. 

“ Mott-Smith and Langmuir, Phys. Rev. 28, 727 (1926). 

” Eckart and Compton, Phys. Rev. 24, 97 (1924). 
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Peter J. Mulder, for his collaboration in developing: the automatic spectro- 
photometer, and in taking the data here presen ted. 

Note added in proof : 

Obviously, the intensity relationships existing between the lines relati ve 
to one another cannot be deduced from the curves shown. The absolute value 
of the intensity scale unit is different for every line and is determined by the 
wave-length energy curve of the standard lamp, the color response curve of 
the photoelectric cell, and other factors. 


Razek and Mulder, Phys. Rev. 55, 1423 (1930). 
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CERTAIN PHOTOELECTRIC PROPERTIES OF GOLD 

By Lloyd W. Morris 

Laboratory of Physics, University of Wisconsin 
(Received April 10, 1931) 

Abstract 

Variations in the photoelectric behavior of a gold filament were studied both 
during an extended outgassing, and later upon reaching a stable condition. 

Clianges in photoelectric properties as outgassing proceeded.—FuH arc sensi- 
tivity rose quickly in the initial period, then decreased slowly to a stable value. 
J'atigue cur\'es showed a systematic change from a negative fatigue (i.e. a decrease 
in sensitivity with time of standing) at the beginning to a gradually increasing posi- 

fatigue which slowly decreased to zero. A shift in long wave limit consistant 
with tlie cliange in full arc sensitivity w'as observed. 

Changes in photoelectric properties produced by increasing temperature- — 
hull arc sensitivity decreased slightly. Individual line sensitivity was studied by 
use of a Cfuartz double monochromator. Lines close to the long wave limit increased 
enormously in sensitivity with temperature, for those more removed this was less 
marked, while below 2350A there was a slight decrease. A shift in long wave limit 
toward the red was observed during the outgassing period and the final fatigueless 
state. During this latter period photo-current per unit light intensity curves estab- 
lished a shift in long wave limit from 2S60A to 2610A between temperatures of 20®C 
and 740T. 


QEVERAf^ studies have been made in this laboratory of the photoelectric 
^ beIia\dor of. tlioroiighly outgassed metals. This report covers an investi- 
gation of the photoelectric properties of gold with particular reference to: 

L \^ariation of full arc sensitivity of the gold filament together with the 
associated change in long wave limit as outgassing proceeds. 

2. A systematic change in fatigue curves with continued outgassing. 

3. Variation uf full arc and line sensitivity together with long wave-length 
limit as a function of temperature when the filament is in a ^^fatigueless” con- 
dition. 

Apparatus 

The gold samples in the form of U-shaped filaments some 0.03 mm thick 
by 4 mm wide were Imng mdthin a molybdenum cylinder which served as the 
collecting electrode. Potential and current leads passed out through a pressed 
seal at the top of the tube. The cylinder was supported from the bottom of the 
Pyrex lube b>' a doul>le re-entrant seal through which the collector lead 
passed. Tliis insured the longest possible glass path between filament and 
cylinder. As an additional precaution, grounded interior and exterior guard 
rings were placed at the top of the tube between the filament and collector.'. 
Photo-currents were read upon a Compton quadrant electrometer bym,sin,g„ 
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either the rate of charge method or by maintainiiig a steady deflection by 
means of cupric oxide and glass high resistances. 

The exciting light entered through a quartz window attached to the tube 
by a graded quartz to Pyrex seal. A hole in the side of the cylinder crossed by 
molybdenum wires allowed the light to fall upon the filament. The source of 
light was a vertical type Cooper-Hewitt quartz mercury arc operated at 80 
volts. This was used either directly in front of the window or in connection 
with a Leiss quartz double-monochromator with lens by which the slit image 
was thrown upon the filament. 

In the latter portion of the work this monochromator and arc were 
mounted upon a heavy cast iron base provided with levelling screws, two 
horizontal motions, and one of rotation about a vertical axis. Adjustable 
stops were provided on this latter motion so the monochromator slit image 
could be thrown quickly from the filament to a linear thermopile deep within 
an evacuated brass chamber, the double walls of which were filled with water. 
The beam entered through a quartz window of the same thickness as that on 
the photoelectric tube, thus giving the same optical path in the two cases. 
The dimensions of the slit and pile were such that it was unnecessary to re- 
focus the image when changing from one wave-length to another, further 
assuring exact equivalence throughout a run of the light incident on filament 
and pile. Thermopile readings were taken by means of a Kipp type ZC gal- 
vanometer with a scale distance of 6 meters. 

Pressures were measured by either a McLeod gauge or an ionization 
manometer of the Dushman-Found^ type which read to 1X10“'^ mm of mer- 
cury. Usual precautions were taken to avoid waxed joints and the only stop- 
cocks were on the low pressure side of the system separated by two liquid air 
traps from the tube. The second trap, nearest the tube, was immersed in 
liquid air, only after the major portion of the outgassing process was com- 
plete. 

The gold from which the filaments were rolled was obtained from the 
Bureau of Standards. Although no analysis was given it was stated to be the 
purest obtainable at any of the government mints. 

Procedure 

The ionization gauge was outgassed and the rest of the vacuum system 
thoroughly torched for a week before the tube was sealed on. During this 
time the molybdenum cylinder was bombarded at a cherry red for 40 hours in 
a separate system. The filament was carefully cleaned with absolute alcohol 
and the tube was then assembled and sealed on to the system with the cylin- 
der at atmospheric pressure for only a short time. 

After initial photoelectric readings were taken the filament was heated by 
gradually increasing currents, with frequent stops to check variations in sen- 
sitivity and associated long wave-length limit. Then the tube was baked for 
100 hours at 470 C, the filament being maintained at a slightly higher teni- 

^ Dushman and Found, Phys, Rev. 23, 734 (1924). 
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and niertui y to uinns received frequent and vigorous torchings. The filament 
was then glowed at 600°C to 700“C for many hundreds of hours Temperatures 
weit based on the measured variation of resistance of the gold filament in 
combination with data given by Northrup^on the temperature variation of 

suresTl'x 10 

{ and maintained throughout the experiment. 

Long wave-length limits were measured in the initial stages by glass filters 

indicated by Dahm,=* their transmission being 
let -ec on a quartz spectrograph. Later the monochromator was used, while 
lor the last run the monochromator and thermopile arrangement described 
above was employed. In these determinations the electrometer was used with 
rate ol charge at from 20,000 to 40,000 mm per volt. 



, * n ull iiiueoi stanamg alter heating current 

IS stopped expressed in percent of initial sensitivity. 

Results 

I he results obtained during the outgassing process are summarized in 
Fig. 1. Curve 1 portrays the change in photoelectric full-arc sensitivity with 
increasing time of outgassing. The initial period is pictured on an enlarged 
scale to show better the rapid variation which takes place at first heating. 
I he term "outgassing” is used to cover both glowing of the filament at 650°C 
and also baking. In the early stages low filament currents were used and the 


■- Xorlhrup, Jour. Frank. Inst. 177, 287 (1914). 
Dahm, Jour. Opt. .Soc. IS, 266 (1927). 
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time scale is adjusted to equalize roughly their unequal heating effects. That 
is, 5 hours with 2 amperes heating current is plotted as one hour for the first 
reading, 20 hours at 3 amperes as 9 hours, etc. 

In the initial stages of outgassing the sensitivity changes gradually after 
the heating current is stopped. This phenomenon, frequently called fatigue, 
is believed to be due to the gas layer being reformed on the surface of the 
metal. Curve 2 shows the behavior of these fatigue curves during outgassing. 
There is a rapid change in sensitivity when the heating current is stopped due 
to the filament cooling. At the end of five minutes this change is negligible, 
however, and the curves shown here are plotted as percent of the deflection 
five minutes after the heating ceases. The Roman numerals on the fatigue 
curves correspond to the time as shown by corresponding numerals on curve 1 . 
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Fig. 2. Variation of line sensitivity with temperature expressed in percent 
of sensitivity at room temperature. 

Two things are of interest here. Fatigue curve I which was taken on the 
upward slope of curve 1 shows negative fatigue as would be reasonable to 
expect. The others show a systematic change, rising to a maximum positive 
fatigue m IV and returning to practically zero fatigue in VII. Fatigue curves 
taken with monochromator on individual lines at same time as VII also show 
small fatigue The pressure at this time was 1 X10-« mm and the ionization 
puge showed no difference in pressure with the filament hot or cold, although 
in the earlier staps large changes resulted upon starting the heating current 
_ The change in long wave-length limit observed during the run wi con ‘ 
sistent with the variation in the full-arc sensitivity. The long wave IknR rose 

s2rt to neighborhood of 2000A at the 

start to 3200A at the point of greatest sensitivity. From then on it moved 

towards shorter wave-lengths as the full-arc sensitivity decreased. ^ 
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Tests made throughout the outgassing process demonstrated a shift in 
long wave limit .towards longer wave-lengths with increasing temperature. 
During intermediate stages determinations made with both absorption cells 
and monochromator were in good agreement and showed a shift of 200A ap- 
proximately linear with temperature between 20°C and 6iO°C. 

The full-arc deflections were at all times temperature sensitive and showed 
a marked decrease between 5S0°C and to a value well below that at 

room temperature. This, of course, represented the integrated result of the 
change in wave-length sensitivity throughout the effective spectrum. The 
results of a study of the variation of the individual line sensitivity with tem- 
perature are given in Fig. 2. 
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Fig. 3. Ratio of photo-current to incident light intensity and its iogarithm 
as a function of the wave-length of incident light. 


^ Not yet published. 

* Winch, Phys. Rev. 37, 1269 {1931). Next paper in this issue. 


The double monochromator was used at slit widths of 0.6 mm, compari- 
son tests made with a spectrograph showing the purity obtained to be equi- 
valent to that of a single moiiochromator using slit widths of 0,2 mm or less. 
Coincident measurement of the line intensities by means of the thermopile 
arrangement mentioned earlier, in connection with the curves in Fig. 2, form 
the basis for the long wave-length determinations shown in Fig. 3. Due to 
difficulty of plotting the points for intermediate temperatures only the curves 
for room temperature and 740*^ are shown. The omitted points fall in order 
between these extremes and would have yielded a family of curves lying 
within those shown. More recent research in these laboratories on tantalum 
and silver by Cardwell^ and Winch, ^ respectively, have yielded curves of 
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the same general character. In fact, this type of behavior was presaged by 

earlier work of Ives® and Hornbeck^ on potassium. 

The marked increase in sensitivity for the longer wave-length lines (eight- 
fold for 2537 between room temperature and 740°) is to be expected from 
their proximity to the long wave limit which changes with increase in tem- 
perature. That this increase is not due to a change in reflectiiig power apf)ears 
probable from the results obtained by Winch, mentioned above. He (jb.served 
similar curves for silver and found no change in reflecting power with tern-’ 
perature for any of the wave-lengths used. It is planned to investigate this 
for gold in future work. 

As for Fig. 3, the observed shift in the long wave-length limit and the ex- 
tended toe of the high temperature curve may be the direct result of the in- 
creased kinetic energy of the conduction electrons. The shape of the curve 
renders an exact determination of the long wave limit difficult. The log-cur\ es 
would yield 2560A cold and 2610A at 740° as probable values. Present ex- 
periments with an arc of extremely high intensity promise to allow the use of 

much smaller sht-widths that may more accurately define these threshold 
values. 

In conclusion, the author wishes to express his indebtedness to Dr. C E 
Mendenhall under whose direction the work was done. 
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THE PHOTOELECTRIC PROPERTIES OF SILVER 

By Ralph P. Winch 

Laboratory of Physics, University of Wisconsin 
(Received April 10, 1931) 

Abstract 

vSilvcr is carefuHy outgassed and its photoelectric properties studied during out- 
gassing hihI aUer slahle conditions are reached. An outgassing curve is plotted for the 
1200 flours ot ficat treatment given the silver before final readings were taken. For 
tfionmghly outgassed silver curves are plotted showing photoemission as a function 
ui teiniKHMt are for fixed wave-lengths of incident light. These curves show that for 
wa\'e-l<‘ng{ hs near the [oog wave limit there is a marked increase in emission with 
tciiificral lire, for waw-lengths farther away there is no change with temperature, and 
for wacedengt hs st ill farther away there is a slight decrease in emission with increased 
leiHperaf lire. Curves for emission per unit of incident light intensity as a function of 
wa\'e-k;ngj h show that the long wave limit at 600°C is 2700 + 20A while at room 
tcniperature it is 2610j:30A. 

IE St tidy of the photoelectric properties of silver was undertaken as a 
•A part of ilic general program of this laboratory which includes extensive 
study of the properties of thorougdily outgassed metals. In this laboratory 
the f)hotoek,*ctric properties of iron, cobalt, and tantalum have been studied 
by {.'ardwelld rnolybdeniim by Martin,- rhodium by Dixon, and gold by 
xMorris.^ fh‘e\ious work of DuBridge,'' Warner, Kazda,^ and Goetz^ dealt 
with piaiiniim, tungsten, mercury, and tin respectively. 

The pu r|)ose of this work is to study the variation of the photoelectric 
seiisiti\'ir\’' and of the long wave limit of silver during prolonged outgassing, 
to delerniiiie t!ie iiitimate long wave limit when outgassing ceases and stable 
conditions are reached, and finally to study the effect of temperature on the 
pliotoeleciric characteristics. The reflecting power for various wave-lengths 
of incident light is also studied as a function of temperature to determine its 
l>ossil)le effect on tlie observed photo-emission, 

Tlie a|)|>aratus was similar to that used by Cardwelb and consisted essen- 
tially of a strip of silver approximately 0.025 mm thick and 3 mm wide.sus- 
l'>e!Hled from tungsten vseals in the form of a loop inside a molybdenum receiv- 
ing (wiinder, the whole being enclosed in a Pyrex tube having a quartz window 

' Cardwell, Pruc. Xat. Acad. Sci. 14, 439-445 (1928); 15, 544-551 (1929); work on tanta- 
lum not yet publisi'icd. 

- Martin, Phys. Rev. 33, 991-997 (1929). 

Dixon, Vhys, Rev, 37, 60 (1931). 

Morris, Fdiys. Rev. 37, 1263 (1931). Present Issue of Phys. Rev. 

Du Bridge, Phys. Rev. 29, 451 (1927). 

Warner, Proc. Nat. Acad. Sci. 13, 56 (1927). 

’ Kazda, Phys. Rev. 26, 643 (1925). 

» Goetz, Phys. Rev. 33, 373 (1929). • 
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sealed on with a graded quartz to Pyrex seal. The tube was connected through 
two liquid air traps, and a mercury ^^cut-off^^ to a water-cooled mercury dif- 
fusion pump backed by a Cenco Hyvac fore-pump. The vacuum system in- 
cluded a McLeod gauge and an ionization gauge of the Dushman and 
Found® type for measuring pressures. Wax or grease vapor was guarded 
against by having the stopcocks and the one wax joint on the opposite side 
of the liquid air traps from the research tube. 

The silver for this study was obtained from the Adam Hilger Co. of Lon- 
don and was 99.99 percent pure containing minute traces of copper, lead, 
manganese, and calcium. 

The photoelectric currents were produced by radiation from a quartz 
mercury arc and were measured by a Compton quadrant electrometer. Re- 
sistances ranging from 10^ to 5X10^^ ohms (depending on size of currents to 
be measured) were shunted across the electrometer quadrants so that the 
"steady deflection” method could be used. 

During the outgassing the undispersed radiation from the arc was used, 
but for the/(X) curves, and for the temperature curves on a fixed wave- 
length, a Bausch and Lomb single monochromator was placed between the 
arc and the specimen. A vacuum thermopile, whose currents were measured 
by a Kipp ZC low resistance galvanometer (sensitivity 6X10“"^® amps, per 
mm at a meter) with a two meter scale distance, gave the relative intensities 
of the various incident wave-lengths. The thermopile (when carefully evacu- 
ated) and its galvanometer system showed very good steadiness which made 
the intensity readings reproduce readily. However, even with these conditions 
the fainter lines gave deflections so small that the natural errors of reading 
made the relative errors large in these cases. A study is being made at present 
of means of increasing these deflections so that greater precision can be at- 
tained. Only points which are quite dependable have been plotted in the ac- 
companying curves. 

A careful study of the monochromator was made in the spectra! region 
near the long wave limit with results similar to those shown by Goetz, « but 
with perhaps a little less purity than he shows. The combination of 0.2 mm 
slit-widths for both entrance and exit slits was found to be as narrow as was 
consistent with the accuracy desired from the thermopile readings. The photo- 
current and intensity measurements were taken together in rapid succession 
^^o that the effect of all arc fluctuations was eliminated. There is much left 
to be desired in obtaining really monochromatic illumination of sufficient 
intensity for photoelectric work. A double monochromator is to be substituted 
for the single monochromator used here as a partial answer to this problem. 
The impurity of the incident light was not sufficient to cause appreciable error 
in the points plotted on the /(X) curves since they are for lines sufficiently 
intense so that the error is small. However this lack of purity did eliminate 
from use certain faint lines near stronger ones so that the number of points 

available for a given /(X) curve was limited. 

» Dushman and Found, Phys. Rev. 23, 734 (1924). 
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The temperature of the filament was determined from its resistance. The 
resistance of the filament was measured by measuring the IR drop across' it, 
and then the IR drop across a tenth-ohm oil-cooled standard resistance, using 
a Wolff potentiometer for potential measurements. The data for resistance 
as a fiiiictioii of temperature were taken from a paper by Northrup.^° 

During the initial stages of outgassing the pressures varied from 10"'^ to 
10“"® mm of Hg but in the latter part, when stable conditions had been reached 
and Hqiiid air was placed on the second trap, the pressures varied only from 
1 to 3 X 10“"® mm of Hg. At this stage no increase in pressure could be detected 
when the filament was heated. 


Outgassing Procedure 

The receiving cylinder of the photoelectric tube was carefully outgassed 
before placing it in the tube. It was heated at white heat for six days in an 
auxiliary vaciiuni system and then transfered to the research tube. The silver 
filament was immediately sealed in place and the whole tube sealed to the 
vacuum s\’stcm. The cylinder was exposed to the air less than four hours. 
Immediately on obtaining good vacuum conditions the long wave limit of the 
silv^er was obtained and heating started by a conduction current through the 
filament. The heating was started at a low temperature and increased very 
gradually since metals evaporate much more rapidly when gas-filledd^ Since 
silver has a rather low melting point it had to be heated at a low temperature 
at all times and treated rather carefully to preserve it during the long out- 
gassing required. 

Results 

Figure 1 shows the outgassing curve. Photoelectric emission due to total 
arc radiation is plotted as ordinate against time of heating as abscissa. The 
temperatures written in along the curve show where the heating current was 
increased thus putting the filament at the temperature indicated. Between the 
temperatures written in it was maintained at the lower temperature of the 
interval. The general shape of this curve is similar to that for gold, cobalt, 
rhodium, and tantalum showing an increase in emission during the initial 
stages of outgassing and a subsequent decrease finally reaching a fixed value 
which is not changed with continued heating. It is interesting to note that the 
high maximum was passed over at 325'^C and that increase in temperature 
did not cause the emission again to rise but to decrease to its final stable value. 

After 760 hours of heating of the filament only, the whole tube was baked 
at al>out SOO'^C for 6 days at the end of which time the pressure was less than 
10““'^ mm of Hg with the furnaces at S00°C. The filament was maintained, dur- 
ing baking, at lOO^C or more above the rest of the tube to prevent metallic 
vapors from condensing on it. After removing the furnaces the photo-emission 
was a little below Its value before baking, but at the end of about seventy-five 

Northrop, Jour. Frank. Inst. 17S, 85 (1914). 

Cardwell, Proc. Nat. Acad. ScLlS, 544-555 (1929); Berlinger, Wied. Aon. 33, 289 

( 1888 ). 
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hours of heating at 600°C it had recovered. Two hundred additional hours of 
heating at this temperature did not change the emission showing that stalile 
conditions had been reached. This made a total heating time of aljout 1200 
hours before final readings were taken. The filament was flashed many times 
at over 850°C for short intervals to determine whether higher temperature 
would change its ultimate characteristics, and no change was oliserved. The 
silver evaporated rapidly at these higher temperatures. 

The long wave limit of the silver specimen was initially in the neighbor- 
hood of 2000A and shifted to the longer waves during the first part of the 
outgassing reaching a value above 3300A at 405 hours where the emission 
was a maximum. It then shifted to the shorter waves as the emi.ssif>n de- 
creased reaching a final value in the vicinity of 2700A when stable conditions 
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Fig. 1. Outgassing curve using full-arc radiation. 

nn! *7"^ of Jong wave limits is in general agreement with what 

one would expect from the shape of the curve in Fig. 1 . 

by shLwTfftre'he'^t"”^ treatment, “fatigue” curves were taken 

tion of Simetf " n'""* photo-emission as a func- 

tion ot the time of standing. During the initial stages this “fatiguirm” caused 

LchSTo aZe f but when stable coaditLs were 

cached no fatigue could be observed during more than an hour of standing 

ofr "°*"*'"* fatigue, when it appeared was at^^ra de: 
to smaller photo-currentrsTt?T^^ continued outgassing meant a shift 
the sensitivitv Th f returning gas to increase 

has been obseried on oSer metti satisfactorily, but 
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Temperature Curves 

Figure 2A shows temperature curves for various wave-lengths of incident 
light while Fig. 3 shows the/(X) curve for 600°C and the one for room tem- 
perature. It is obvious that either set of curves could be plotted from the 
other but both vsets were taken independently and repeated many times. 

In big*. 2A the photo-emission is plotted as a function of the heating cur- 
rent through the filament (hence of temperature) for various wave-lengths of 
incident radiation. The absolute values of the emission represented by these 
curx'cs canm.)t l)e compared. The 2S37A curve was plotted and then the curves 
lor other wave-lengths (except 26S2A) translated so that they agree with 
2537A at ro<mi temperature. Observed points have been plotted for 2537A 
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Fig, 2. A. I'eiiiperature curves for fixed wave-lengths of incident light. B. Reflecting 
fHjwer as a function of temperature for 2537 A incident light. 

but to sa\'e confusion the points on the other curves have not been plotted. 
Obser\“ations were taken for both increasing and decreasing currents and 
were reproduced \*ery nicely as indicated by the points plotted. 26S2A is not 
effect i\ e I jcIow aliout 2.7 amperes heating current hence it has been plotted to 
a different scale. The corresponding temperatures have been' written in on 
the heating current scale. 

These curves. show an effect which was noted first in gold by Morris'^ and 
later in tantalum by Fardwelld namely, that for wave-lengths in the neigh- 
borliooci of the long wave limit there is an increase in photo-emission with 
temperature, for shorter waves there is no effect produced by temperature, 
and for still shorter waves there is a decrease in photo-emission with increasing 
tem|)eralure. This effect is shown best by tantalum, whereas for silver the 
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decrease in emission with increased temperature comes at wave-lengths so 
short that air and quartz absorb some of the incident light and thus make the 
incident intensity very small. The decrease is definite but the slits of tlie 
monochromator had to be widened until there is consideralfie douljt as to tlie 
wave-length at which the decrease began to appear. 

In Fig. 2B is plotted a curve showing that the reflecting power of sih er 
for 2537A is independent of temperature up to 600°C. Identical results were 
obtained for 2482A, 2323A, 2259A, and 2200A. These curves were taken by 
reversing the field between the silver filament and the molybdenum receiving 
cy inder so that the filament was charged positively with respect to the cyl- 
inder. The incident radiation had been carefully focused on the silver fila- 
ment. Thus the light which was reflected from the filament and became in this 



27oJ+?n^i//^ ^ wave limit at about 600°C to be at 

peratures of 200-C or ,e. tife curves fall „„ Xf tXZ XcraX 
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curve as nearly as can be determined. This is to be expected from the shape of 
the curves in Fig. 2. From the Einstein photoelectric equation these values of 
the long wave limit make the work function 'at 600®C equal to 4.56'± 0.06' 
volts and for room temperature 4.73 ±0.07 volts. 

Whereas 26S2A is the last point on the 600°C curve, It was determined, 
with an electrometer sensitivity of 8000 mm per volt on rate of charge, that 
2699A was effective but that no line above showed an effect. 

Conclusions 

There is a definite shift in long wave limit of thoroughly outgassed silver 
wntli temperature. The shift amounts to about 90A between room tempera- 
ture and 600®C. The temperature curves in Fig. 2 indicate that for wave- 
lengths near the long wave limit there is a marked increase in sensitivity with 
increase in temperature, that wave-lengths farther away show no change with 
temperature, and that wave-lengths still farther away show a decrease in 
emission with increase in temperature. 

The work function of thoroughly outgassed silver is shown to be 4.56 
±0.06 volts at 6()0°C and 4.73 ±0.07 volts at room temperature. Work is 
being carried forward to make more accurate determinations of the /(X) 
curves with more nearly monochromatic illumination. 

In conclusion, the writer wishes to acknowledge his indebtedness to Mr. 
W. L. Hole, whose help was invaluable during this work, and to Professor 
C. E. Mendenhall, under whose direction this work was carried out. 
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Abstract 

The results arrived at in a preceding paper are generalized for diatomic crystals 
(§§1, 2, 3). A direct determination of the probability of light absorption in a linear 
lattice leads to the establishment of a selection rule amounting to the law of t he con- 
servation of momentum for the light quanta and the “excitation quanta.” I'his rule 
enables one to explain the linear structure of the spectra of solid bodies at low tempera- 
tures (§4). The preceding results are generalized and applied to a new description of 
the process of light scattering in crystals (§5) and the theory improved by intro- 
ducing the width of the excitation lines and allowing for the damping of the exciting 
light waves. 

1. General Considerations for a Diatomic Crystal 

TN A previous paper under the same title^ I have limited myself to the con- 
-*■ sideration of monatomic bodies. The first object of the present note is 
to generalize the above results for the case of a diatomic (binary) crystal ; the 
further generalization for a more complicated body will be quite obvious and 
will, therefore, not require special consideration. The main difference be- 
tween a diatomic (or polyatomic) crystal and a simple one consists in the 
fact that the heat motion is realized here not only by elastical vibrations, for 
which the relative positions of the atoms within one molecule are appro.Ki- 
mately constant, the molecule oscillating as a whole, but also by “molecular 
vibrations” which can be visualized as the (distorted) vibrations of the atoms 
constituting the separate molecules, the center of gravity of the latter remain- 
ing approximately at rest. Whereas the elastical vibrations have a practically 
continuous spectrum, extending from ^ = 0 up to a certain maximum fre- 
quency ymax, the molecular vibrations are usually characterized by one par- 
ticular frequency Pc, described as the “characteristic ultrared frequency” of 
the crystal and detected by the absorption and reflection of ultrared light 
or the Raman scattering of the ordinary light. 

As a matter of fact there is no sharp distinction between the vibrations 
of both types. This is clearly seen if one considers a simple crystal as a limiting 
case of a diatomic crystal with actually identical atoms of “different sort.” 
Owing to the mutual action of the molecules the vibration frequency Po, char- 
arteristic of an isolated molecule, is split up into a series of n (or 3n, n being 

the total number of molecules in the crystal) frequencies f- 01 , j'oa, • • • which, 

however, usually lie very close to each other and are, therefore, considered 
as a single characteristic frequency Ro shifted more or less with respect to Pn. 
It must, however, be born in mind that the mutual action of the molecules 

' Frenkel, Phys. Rev. 37, 17 (1931). 
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in a crystal produces not simply a shift of their characteristic frequency but 
causes it to split up into a number (Sn) of components, corresponding one 
by one to the various frequencies constituting the elastical spectrum. In fact 
the corresponding vibrations must have in both cases exactly the same wave- 
length, . . 

The general theory of the oscillations of a compound crystal lattice has 
been developed in great detail by M. Born.^ In this theory Born treated the 
electrons and nuclei as capable of vibrating about certain equilibrium posi- 
tions in accordance with the pre-quantum views. We shall have to reserve 
Born’s treatment for the atoms (or ions in a case of an ionic crystal) as wholes^ 
the motion of electrons within a single atom being described by specifying 
the quantum state, normal or excited, of the atom, as has been done in the 
preceding paper (I). The localization of the excitation state in a particular 
atom, just as in the case of a simple crystal, does not correspond to a station- 
ary state of the crystal as a whole. Such stationary states are obtained by 
^^diluting” the excitation state over all the atoms of the same kind in the form 
of excitation waves. To a first approximation these excitation waves are not 
influenced by the presence of atoms of other kinds (which produce a perturba- 
tion of the second order only). We thus get exactly the same picture of the 
excited states or sub-states in the case of a diatomic crystal as that which has 
been developed before for a simple one. 

In the present case, just as in the former one, the excitation of the crystal 
must entail a slight alteration in its structure, size and vibration frequencies, 
which will provide an indirect coupling between the different heat oscillators 
representing these frequencies. To get the looked for generalization of our 
former the(.)ry we need but add to the 3n harmonic heat oscillators represent- 
ing the elastic spectrum, an equal number of oscillators representing the mole- 
cular vibrations. With the same approximation which is implied in assigning 
to all the latter oscillators the same characteristic frequency Vc we can deter- 
mine their contribution to the probability of a ^Tleactivation” process by 
means of the Eqs. (32) and (32a) of I. The probability of a radiationless 
transition of a diatomic crystal from some excited state or more exactly ^'sub- 
state’’ (2) to the normal state, with the transfer of the excitation energy to p 
molecular oscillators is thus proportional to the ^th power of the quantity 

irhn N 

ju = - — pJA ^)^ — 

2h n 

where = is the measure of the change of the distance between the 
atoms caused by the excitation of the crystal. This quantity must in general 
have different values for the molecular oscillators on the one hand and the 
oscillators representing the elastic vibrations on the other. Further, in the 
former case m is approximately equal to the sum of the masses of the two 
atoms of different kind (m«+??u), whereas in the latter it is given (with the 
same approximation) by the equation 1/m = (l/ma) + (l/w&). 

^ Born, “Dyiiamink der Kristallgitter,” Leipzig, 1915. Atomtheorie des festen Zustandes, 
•Leipzig, 1925. • ■ ' 
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2. Quantitative Theory of a Unidimensional. Moiiel. 

For the convenience of the reader we shall briefly sum up here the theory 
of the vibrations of diatomic crystals, replacing the latter for the sake of sim- 
plicity by a one-dimensional model which we shall call a and which 

consists of atoms a and b in alternating order. The consecutive atoms of dif- 
ferent kind may be combined in pairs representing the ‘^^lolecules.” The dis- 
tance from an atom a to the next b on the right of it 5 ah may be in general 
different from the distance 5 from 6 to the next a atom in the same direction 
(Fig. 1). The sum 6a6+5&a = 5 will represent the lattice constant; the smaller 
of the two distances dah and 8 ha if they are different can be considered as cor- 
responding to that pair of atoms which actually forms a molecule. Denoting 


the displacements of the atoms forming the i^th molecule from their eciiii- 
librium positions with Uk and Vk respectively (we shall consider longitudinal 
displacements only) we can represent the potential energy of the whole sys- 
tem by the expression 

^ =; 1 Y^akiUkUi + ^CkiUkVi + I (2) 


and write the equations of motion in the form 


MklUi 


'^CikUi + 


In case of an unlimited bar (^, I varying from 
admit the solution 


^ to +oo) these equations 


representing waves of frequency i'=w/2ir and length \ = 2icb/p travelling ir 
a definite direction with the velocity w=w5/;^. Substituting these expressions 
in the preceding equations and taking into account the fact that the coeffi 
cients a„i, and Cni depend only upon the difference l-noi the two indices 
we get the following two equations for the (complex) amplitudes A and B : 

-j- Bcp = AmaO)^ I 
Acp* -f- Bbp = / 


.( 4 ) 
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where 


flp = Ip = ’Ebaie'P^, 

i i 

Cp* = J2cioe‘’’‘ = J^coie-^^K 


Equating the determinant of (4) to zero, we obtain the following equation for 

the frequency 


(^1, ““ ma(^^){bp — = CpCp^ 


whence 


^ q.. 

2 Knia nh 


4 Wtt Mh, 




It call be easily vsliown that the negative sign corresponds to the elastical 
vibrations and the positive to molecular vibrations. The corresponding ratios 
(.)f the amplitudes ,rl and B are: 




2 Wa nib/ L4 XMa mj manibl 


If the difference {(ip/nia) — {bp/ nib) is very small in regard to \cp\ {mamh/^^ this 
equation reduces to 


1 Cp I 




if one takes into account that the coefficient c must in this case be real and 
negative. This result corresponds to the usual approximation implying that in 
the case of molecular oscillations the atoms belonging to the same molecule 
are \'il.)rating with opposite phases. The frequency of these vibrations is ap- 
proximately given by 

^2 = 1 M I 

2 Xnia nij {niambY^^^ 

and is considered to be independent of the ^Vave number” p{or ph/lir) , ‘which. 
of course is a quite unjustified assumption. 

In the case of an unlimited bar the number p remains arbitrary. li the 
bar consists of n molecules, then p can have only the following series of values 
0, 2'7r/»> (27r/»)*2, • • • (27r/») * (# — 1). Of course, running waves of opposite 
directions and of the same length (corresponding to t^^x+i>2 = 27 r) have to be 
combined in this case with the. same (or rather conjugate complex) amplitude 
into standing waves. , 

The normal co-ordinates | are connected with the displacements u k, by 
means of the equations 
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Wife = J^{ip+Ap+ + 

” f (7) 

p J 

where Ap", Bp^ denote the normalized solutions of the Eqs. (4). Solving (7) 
with respect to the ^ we get 

+ nBp±^^)e7^^>K (7a) 

k 

The co-ordinates refer to the “molecular” and ^^r ^o the “elastical” vi- 
brations.^ 

The expression (2) represents the change of the potential energy of the 
bar due to the displacement of the atoms. The value of this energy in the 
equilibrium state Uo as well as the equilibrium distances 5 ah and Bha are de- 
termined from the conditions 

dUo dUo 

== 0 = 0 . 

ddab 

Now the energy Uq is slightly different for an excited and a non-excited bar; 
the same must therefore be true with respect to the distances and Sfoa. 
The corresponding changes in the normal co-ordinates can be determined in 
the same way as in the case of a monatomic crystal, namely, putting 
U]c = k'M and z/& = ^-A5+A6a& in (7a). We shall thus get values^ of the same 
order of magnitude both for A^+ and AJ”. In view, however, of the greater 
frequency in the “molecular” vibrations, their role in the deactivation transi- 
tions may be expected to be more important than that of the elastic vibra- 
tions according to (S). The increase of frequency is partially reduced, at least 
for comparatively low temperatures, by the decrease of the average quantum 
number N (it must be born in mind that the latter refers not to the initial 
but to the final state, so that in the initial state N can be equal to 0, the cor- 
responding vibrations appearing only after the transition). 

We shall illustrate the above results by considering the special case 
5a& = 5&a = i5 (model of a symmetrical crystal of the NaCl type). We shall 
further neglect the forces between all but the next atoms (which are assumed 
to be different) and write accordingly the potential energy U' in the form 

— VkY + {uk — Vk-iY + 
k . 

which gives through comparison with (2) 

(^kk ^kk ~ 2y, Ckk ^ ('k+i.k ~ ' f 

all the Other coefficients a, 6, c vanishing. 

^ If we wish to deal with standing waves instead of running ones, the factor in the 
above formula has to be replaced by cos 
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dp bp 2 /, Cp 


■ /(I + e**’), CpCp* — 2p{\ + cos p) = ip cos* 


P 


whence with the abbreviations 1 /;u = (1/ot„) + (1/ot 6) and w = OTa+OTi: 

M \ L m 2 J / 


For small values of that is for large wave-lengths X = T.'wh ! p^ this reduces 


to 


2 A 1/2 






l!\u^ p 


the latter expression corresponding to a velocity of propagation 

/ f\i/2 


\so = 


It 


\lm) 


independent of X. As the wave-length decreases, a?- increases and de- 
creases. For the shortest wave-length corresponding to p== 7 r we have 


/ 


1 + 


i’-m S'")- 


In the particular case nia — nih when the atoms a and b can be considered as 
identical, these two limits coincide (since 4n=m) and the two spectra, the 
molecular and the elastical, coalesce into one single elastical spectrum de- 
termined by w* -f/ix{l ±cos p/2) which is equivalent to the usual formula 

00 “ — — (1 — cos p) = — sin* — 
m ni 2 

with p' — (2Tr/2n)s, s=0, 1, 2, ■ • • 2n — l. 


3. ]Moli:ci;i.ar Vibrations as Excitation Waves 

The opposite limiting case when the two atoms have a very much differ- 
ent mass or when the distance bab is different from dta so that the molecular 
structure is more or less preserved within the crystal (represented by our 
‘itar”), tlie molecular oscillations can be treated by a method entirely differ- 
ent from the preceding one (which must be preserved for elastic oscillations) 
and quite similar to that which has been used to describe the motion of the 
electrons within the individual atoms. We can namely describe the state of 
an individual molecule by specifying its vibrational quantum number N, re- 
ferring to this state as “normal” if iV‘=0 and “excited” if N>0. The station- 
ary states of the crystal will be then described by “excitation waves” quite 
analogous to those which were introduced for the description of the elec- 
tronic state. In fact we have but to replace the atoms and electrons of our 
pre\ious theory b>' molecules and atoms respectively, to get these new “mole- 
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cular” excitation waves. The latter will be represented by functions 


Xp 


k 


( 8 ) 


<j>h being the product of the oscillator wave functions, 4'n for the separate 
molecules, supposed to be all in the normal state N —0 with the exception of 
the ^th molecule which may be in a given (iVth) excited state. The excitation 
wave defined by (8) corresponds to the “molecular oscillation wave” of the 
classical theory given above and associated with the normal co-ordinate 
defined by (7a). The quantum number iV of the excited molecule defines the 
the amplitude of the oscillations and must coincide with the quantum num- 
ber of the quantized oscillator describing them. The method of the excitation 
waves is nothing but a first approximation given by the perturbation theory 
to the exact quantum treatment which in our case consists in the preliminary 
introduction of the normal co-ordinates and their subsequent quantization 
and which has been used in the preceding section. It may be remarked that 
this method cannot be applied to the “elastic oscillations” because they are 
determined solely by interaction forces, which can be dealt with as perturbing 
forces then only if there are other more powerful forces associated with the 
separate particles (i.e., forces holding the electrons within the atoms, or the 
atoms within the molecules). 

The theory of the excitation waves as developed in I was restricted to the 
simplest special case of the excitation if a single atom. Its application to 
molecular vibrations implies therefore that the excitation is restricted to one 
molecule only. So long, however, as the molecular vibrations are considered 
as strictly harmonic this limitation has no practical significance, a complex ex- 
citation state corresponding to % molecules having Ni quanta, having 
quanta and so on being practically equivalent to a simple excitation state 

with one molecule having WiJ'7i-j-W2iV2-i- • • • quanta (this multiple excitation 

IS of course diluted over all the molecules in the sense that it is not associated 

with a particular molecule, but is, so to say, travelling from one molecule to 
another). 

Applying to molecular vibrations the method of the simple excitation 
waves, one can treat the radiationless transitions of the energy of a crystal 
rom molecular vibrations to elastic ones or vice versa (that is the exchange of 
energy between the normal co-ordinates on the one hand and t on the 
Other) in exactly the same way, as this has been done above for radiationless 
ela;tronic transitions. In the present case the direct coupling between the 
different elastic oscillations must play a much more important role with re- 
“direct coupling (provided by the change in structure which is 
produced by molecular vibrations) than in the case of electronic transitions 

risionwT? vibrations is not a 100 times but 

frequency ' that of the elastic vibrations of maximum 

twel^differeif' ""w different elastic oscillations (that is be- 

tween different | ) must of course entirely depend on direct coupling only. 
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Such transitions have been studied in detail' by R. Peierls^ in connection 
with the theory of heat conduction in crystals. 

The treatment of the molecular oscillations by the method of excitation 
waves entails some formal modifications of the theory of the radiationless 
electronic transitions so far as the electronic excitation energy is transformed 
into the molecular excitation energy. 

We shall not stop, however, on this question here, and shall now proceed 
to the investigation of radiation transitions, i.e. transitions accompanied by 
the absorption or emission of light, with a view of introducing an important 
amendment to the results of the last section of I, dealing with such transi- 
tions. 

4. Selection Rule for Transitions Due to Absorption of Light; 
Analysis of the Spectrum of Crystals at Very Low Temperatures 

We shall again confine ourselves, for the beginning, to the case of a mono- 
atomic crystal, represented by a linear model and shall determine the proba- 
bility of the absorption of light propagated in the direction of our ^Tar.” 

We shall first suppose the light wave to be harmonic (infinitely narrow 
special line) and travelling in the same way as if there were no bar, so that 
the electric intensity at a point x along the bar will be represented by 

E = £« cos 2iv{vt - ax) (9) 

its value at the i&th atom thus being 

Ek = E^ cos (w/ — qk) (9a) 

where — and i/ = 27 ra 5 = 27r5/X, \ — c/v being the wave-length of the 
light in vacuo. Denoting the electric moment of the I th atom in the direction 
of E (which is of course perpendicular to X) with U kf we get the following ex- 
pression for the perturbation energy-: 

]7Q n 

Y _ _ ^ (10) 

2 ^.1 

If our bar was initially in the normal electronic state 

(Xo** being a function of the electron co-ordinates alone) the probability that 
it will lie switched to the excited (sub) state = without any 

alteration of the vibrational states is determined by the matrix element 

Fo^ = JVxoXp*dr 

where dr = dr 1 -( 1 x 2 ■ ■ ■ dT„ is the volume element of the electronic configura- 
tion space (dr A- referring to the ^th atom). According to (10) and (8) (the 
latter expression holding both for electronic and molecular excitation waves 


^ R. Peierls, Ann. der Physik, 1030. 
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with a corresponding meaning of the functions (p and see I), this matrix 
element assumes the form 


Q-i(o}+caOp)t I U 

h I J 

giC£o-o5op)« ^ ’Y^^iivh-ql) j {f 4 (I T 

k I J 

where wop = 27r(IFp---PFo)Aand^o‘^==Xo°. Now the integral can 
be easily shown to be different from zero in the cUvSe only if k - I (cf. 1. p. 20) 
in which case it reduces to 

II) = J U4i\x)4^n’>*(k)dn 

i.e., to the amplitude of the matrix element of the electrical moment of any 
one of the atoms for the normal and the excited state of this atom. 

The preceding expression for Vop is thus reduced to 



Vop = 


E^U\l, II) 
2 ^ 1/2 




(w+ciJOp) t 


k 


k J 

We need here only to consider the second term in the bracket for the first 
term will not contribute appreciably to the transition probability in the 
neighborhood of the “resonance condition” a) = wop or hv =Wp~Wa- In ad- 
dition to this condition which, from the corpuscular viewpoint is interpreted 
as the equation of the conservation of energy and which would hold just 
as well in the case of a single atom, we have to consider in our case a second 
condition of the same “resonance” type, namely p = q, which corresponds to 
sharp maximum of the sum = w (this maximum is sharper the 

larger the number of atoms). This second “resonance” condition can be 
interpreted as the equation of the conservation of moynentuni if we assume 
that an excitation wave can be associated with an “excitation quantum” simi- 
lar to a light quantum and having a momentum fe/X where X is the corre- 
sponding wave-length. It may be remarked that the energy of this excitation 
quantum whose motion represents the travelling of the excitation through 
the ciystal— is not related to the frequency of the excitation wave but is equal 
to the difference between the energy of the excited and normal state. 

The absorption of light by a crystal can be thus visualised from the cor- 
puscular point of view as the transformation of the incident light quantum 
into an excitation quantum having the same energy and momentum. 

Fiom the wave point of view the latter condition amounts simply to the 
equality between the wave-length of the e.xciting light {lirh/q) and* that of 

the resulting excitation wave (2x5/i>). 
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1 his condition can be regarded as a kind of -^‘selection rule” reducing the n 
spectral lines corresponding to transitions between the normal state and the n 
excited subslates, to a single line, for which both the frequency (energy) con- 
dition p~~ tt’ p— If (j/// and the wave-length (momentum) condition Xiight = Xexc 
are .simultaneously satisfied. 

It must be emphasized, that the conditions v = (Wp- Wo)/h and Xiight = 
Xexc. are not equwalent to each other and actually provide two equations for 
the imanibiguoiis determination of v. We have in fact, according to Eq. (15) 
of part I (for the unidinientional case) 

= Fo + 2 Vi cos p/2 (12) 

wlience wi tli llie abbreviations ( Fo— Wo)/h = a and 2 Vi/h=^ 

p — a -j- cos p/ 2 

On the other hand we have Xexc- = 27r5//> or, since Xexc =Xiight = 
p- il7rb/r)p so that finally ^ 

p - a + cos (Trb/c)p (12a) 

1 his equation lias in general only one solution wdiich can be found to a first 
approximation b}’ substituting in the right side of (12a) the ^^zero approxima- 
tion” p ^ a (so long a.s 13 is small compared with a) which gives 

27r5a 

p = a + /^ cos (12b) 

c 

Thus, amirary to the view expressed at the end of I, the absorption spec- 
trum <if a c'rystal so far as transitions from the normal state are concerned 
which are not accompanied by a change of the vibrational state, should not 
consist of continuous hands corresponding to the excitation miiltiplets^ but of 
single lines corresponding one to one to the absorption lines of an isolated 
atom. 

Tliis result pro\ides an explanation of the remarkable phenomenon re- 
ferred to in I, that the a1)sorption spectra of solid bodies which at ordinary 
temperatures consist (A continuous bands, at very low (liquid hydrogen 
or li<|uid helium) temperatures become more or less linear^ as those of 

gases. 

In fact the band structure of these spectra at ordinary temperatures must 
be altrilmted entirely to vibrational transitions w^hich accompany the elec- 
tronic ones, ami which we did not take into account in the preceding consid- 
erations. The |)robal)i!ity that a number of ^^heat oscillators,” elastic or mole- 
cular, will participate in the electronic transition associated with light absorp- 
tion, is determined in exactly the same way as in the case of radiationless 
traiisitioris; provided, namely, that each oscillator 5 jumps over one step only, 
it is represented in the expression of the resulting transition probability, by 
the sciuare <)f the factor (I ), or rather of the factor 
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(10 


the number n in the denominator of (1) being cancelled by the factor express- 
ing the number of possible ways of choosing this oscillator (the total iitimber 
^ of the latter participating in the transition being represen ted by a factor 
p! in the denominator of the resulting probability). Now since liNsV^ denotes 
the vibrational energy of the respective oscillator (without the constant part 
^hvs) which rapidly decreases as the temperature approaches the absolute 
zero, it is clear that the participation of the heat oscillators in the electronic 
transitions must become less and less active, which will result in the gradual 
splitting up of the absorption bands into single lines.*^ 

It must be remembered that iV« in the preceding expression denotes the 
vibrational quantum number of the initial state if it decreases during the 
transition (Ns-^Ns—l ) ; in the contrary case which is in general the more im- 
portant one, Ns means the vibrational quantum number in the final state; for 
the absolute zero of temperature upward jumps of are only possible with 
the final value Ns = l (since the initial is zero). The same formula (!') shows 
that in this case, i.e., with all the N, equal to 1, the probability that an oscil- 
lator will participate in the transition is proportional to the square of its fre- 
quency. Therefore at very low temperatures practically oscillators of the 
highest frequency only i.e. the molecular oscillators, and to some extent the 
elastic oscillators with the highest frequency Vrnax (^^characteristic frequency” 
of Debye), will participate in the transitions.*^ In the case of a simple (mono- 
atomic) crystal only the latter come into consideration. We are lead thus to 
expect that the absorption spectrum of a monoatomic (non-metal lie) crystal 
at or near the zero point of temperature must consist of groups of lines, cor- 
responding to the absorption lines of an isolated atom, each group consisting 
of a series of equidistant lines with the constant spacing A The lowest 
frequency line must have the largest intensity for it must correspond to the 
purely electronic transition, the next one, with a shorter wave-length and 
smaller intensity to a transition associated with the upward jump of one 
oscillator, the next with a still shorter wave-length and still smaller intensity, 
to a transition associated with the upward jump of two oscillators and so on. 
These lines must have a sharp edge on the high-frequency side and a rather 
diffuse one on the other side (since elastic oscillators of lower frequency will 

also, to some extent, participate in the transitions). 

So far as the “selection principle” derived above for a monatomic crystal 
(i.e. the condition Xiight =Xexc.) remains valid for a diatomic one, which can 
easily be shown to be the case, the preceding analysis of the zero-point spec- 
trum can be immediately extended on diatomic crystals. In this case each 

^ ? f. wijl decrease the natural width of these lines which is proportional to 

the probability of a radiationless transition from the excited state into the normal one. 

t The predominance of these oscillators is insured not only by their higher frequency but 
a so in a three dimensional crystal, by their larger number, the number of oscillators with a 

frequency between z/ and being proportional to 
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group of lines corresponding to a particular absorption line of one of the 
atoms (if they are different^) must be subdivided into two groups, the spac- 
ing in the one being Imnax and in the other hva, being as before the 
maximum frequency of the elastic spectrum, and the molecular vibration 
freciuency. Fhe lines of the second group can be expected to have larger in- 
tensities than those of the first. In both cases increasing frequency must cor- 
respond to decreasing intensity. 

As the temperature increases the satellites, due to the participation in the 
transitions of the elastic oscillators, must become more and more diffuse on 
the short frequency side, owing to the rapid increase of the energy NJiPo and 
consequently the ^brctivity” (in the sense of their participations in the transi- 
tions) of the lower frequency oscillators until each group of lines will be trans- 
formed into a diHiise continuous band. Thus on our theory the continuous 
character of the absorption bands in the spectra of solid bodies at ordinary 
temperatures is to be ascribed to the equi-partition of energy between the 
elastic oscillators of ditterent frequencies, resulting in an equal participation 
of all these oscillators in the transitions associated with the absorption of 
light.'* 

5. Gi'Neralization of the Theory and Application to the Scattering 

OF Light 

The conclusions of the preceding paragraph have been reached on the 
basis of a result (/^selection principle”) whose derivation has been neither gen- 
eral, for we have limited ourselves to a unidimensional model of a monoatomic 
crystal, that was supposed to be initially in the normal state, and did not 
take into account the vibrational motion, nor rigorous, for we have assumed 
that the incident light wave were travelling through the crystal, as if the latter 
was absent, and did not allow for the finite spectral width of this light. 

We must now remove these defects and thereafter revise the above con- 
clusions in the light of the improved theory. 

(a) We shall examine first of all the generalization from the unidimen- 
sional to the tliree-dimensiona! crystal lattice. This generalization amounts to 
the replacement of the numbers k, specifying the position of a given atom in 
the lattice by triplets of numbers ^i, ^ 2 , h which can be considered as compo- 
nents of a \'ector k and a similar substitution of vectors p andq for the scalars 
p and q characterizing the wave-length of the excitation ®waves and of the 
light waves. The direction of these vectors defines the direction in which the 
rest)ecti\’e waves are propagated; their magnitude is connected with the 
wa\e-Iength in the same way as before (Xiig},t = 27r5/g, Xexe.“27r5/^). The 
components of the vector p can of course assume values of the type 
pi-2wri/ni where are integers and ni denote the numbers of atoms along 

” If tliey are identical vve have to deal with a molecular lattice and compare its spectrum, 
iKjfc with that of one of the atoms, but rather with that of an isolated non-rotating moiecule. 

^ Another cause of the broadening of the lines lies in the radiationless transitions from the 
exciteti state into the normal one, the probability of the the transitions being a measure of the 
breadth td the lines, it is, however, difficult to estimate the value of this breadth. 
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the different edges of the crystal (supposed to be of rectangular, shape and to 
have a cubical lattice with the constant 5). 

; The formula (11) which serves to determine the transition probability 
will remain valid for the three-dimensional case if the product of ;^/yaiid qjc is 
.replaced by the scalar products of the corresponding vectors* As a result we 
shall obtain our ^^selection principle” in the form p expressing the equality 
not only of the magnitudes of the vectors p and g but also of their directioiiSy 
or from the point of view of the quantum interpretation, the transforiiiatioii 
of the incident light quantum into an excitation quantum with a momentiini 
of the same magnitude and direction. 

(b) The generalization of the preceding result for a diatomic (or many 
atomic) crystal is quite simple. We have, namely, seen that in case of different 
atoms the excitation waves for the atoms of one kind are to a first approxima- 
tion completely independent of the presence of the atoms of the other kind. 
Equation (11) in the "vectorized” form will, therefore, apply to the atoms of 
each kind separately. 

The situation is somewhat different if the atoms supposed to be of differ- 
ent kind differ only with respect to their position, but are actually of the 
same kind. This corresponds to a molecular lattice, such as the lattice of 1% 
(solid iodine) for example. In this case it is convenient to replace the atoms as 
elements of the crystalline structure by the molecules and deal with the mo- 
lecular vibrations in the same way as with the electronic ones, i.e. describe 
them by means of the excitation waves. 

(c) This remark brings out the following interesting point. We have just 
shown that the excitation waves must be associated with "excitation quanta” 
possessing a momentum in the direction of propagation, and that the "selec- 
tion principle” p=q can be regarded as the equation of the conservation of 
momentum in the process of the absorption of a light quantum. Now if mo- 
lecular vibrations (both in the case of equal or different atoms) are described 
by excitation waves, it seems possible to combine an electronic transition with 
a transition of some molecular vibration type in such a way that the equation 
g=p should be replaced by an equation g = 2p for the different excitation 
waves involved in the transition, so that the electronic transitions will no 
longer be restricted by the above selection principle* 

This argument is, however, erroneous. Let us remark first of all that if a 
few different types of excitation waves (corresponding to states with approxi- 
mately the same energy) would be generated simultaneously forming a com- 
bined wave of the type •> • the momentum equation 

would run q=\c'\ ^p'+|<;"| V' * * * . It can further be easily seen that it 
should be fulfilled for each of the constituting waves (represeiitiiig a station- 
ary excited state) separately, so that g==p'==p"=: . . . . Since \c^\ ^ 

+ • • • — 1 the preceding equation actually reduces to g = p for any one of the 
waves. 

It must finally be born in mind that such excitation waves can be gener- 
ated only for which the matrix element of the electric moment / (I, II) of 
an atom, or a molecule, is different from zero. In case of a diatomic homopolar 
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crystal of the type of I 2 this condition would obviously not be satisfied for 
excitation waves of a purely molecular vibration type. In general the propor- 
tionality of Vop to U{1, II) shows that excitation waves can be generated only 
which correspond to the optically excitable states of the separate atoms or 
molecules of which the crystal is built up. 

It follows from the preceding considerations that the vibrational motion 
of the atoms (or molecules) in a crystal, or the transitions from one vibra- 
tional state to another, which may accompany the electronic transitions, do 
not impair the “selection principle” provided by the equation q =p for these 
electronic transitions. 

This result requires but a very slight amendment in connection with the 
following circumstances. In consequence of the vibrational (heat) motion the 
atoms no longer form a regular lattice, which they were assumed to form in 
the derivation of the above equation. Taking again for the sake of simplicity 
the case of a linear lattice we can define the displacements of the atoms from 
their equilibrium positions by adding to their ordinal (integral) numbers k 
small fractions Uk' whose products with 5 are equal to the respective displace- 
ments. Now Uk can be represented as a superposition of Debye waves in the 
form 

Uk = 

p' 

where (ip> are very small amplitudes. 

The factors in the perturbation function (10) must be replaced ac- 
cordingly by or, since ui is very small, by ±iqui). Effecting the 

same substitution in (it) we must replace co — caop by co — coop — and the sum 
whose maximum value has to be sought for the determination of 

our ^hselection principle” by 

(13) 

k p' k 

Hie latter expression has besides the main maximum for p — q secondary 
maxima for p - g-f // which can be interpreted from the quantum corpuscular 
point of \ iew as the eciuations for the conservation of momentum of the light 
quanta, excitation quanta and ^dieat-quanta” or "sound-quanta” correspond- 
ing to the Debye wa\'es. The resonance condition for the frequencies 
ivS in all cases replaced by = which can be interpreted as the energy 

equation for the above three types of quanta.® This equation is consistent 
both with the equation p — q+p^ and with the equation p — q which means 
simply that in the transition process two standing sound waves of opposite 
directions, forming a standing wave with no resulting momentum, are gener- 
ated, Since the main maximum of the expression (13) which is approximately 
equal to tlie numrier of atoms n is much more important the secondary ones 

® I'hese results are aienticai with those obtained by Ig. Tamm in his rather elaborate 
theory of the scattering of light in crystals. The notion of '‘sound quanta” is also due to this 
author. 
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I which have the order of magnitude of nqa, the vibrational motion of the atom 

I has practically but a very small influence on the position of the groups of ab- 

j sorption lines in the spectrum of the crystal. Nevertheless we must be pre- 

I pared to find with rising temperature new groups in the form of continuous 

I bands to appear which correspond to the “unusual” selection rules p = 3+// 

and whose intensity must increase linearly with the absolute temperature 
(in the equipartition region). 

(d) The last generalization that we have to carry out is the allowance for 
absorption transitions not from the normal state to an excited one, but from 
one excited Xv'' state to another Xv"" (with a higher energy). It is clear that 
the preceding results will still be valid for this case if we replace wop = 27 r( Wp 
— W^/h by 2’w{Wp"''— Wp'')/h and the vector p by the vector difference 
p"—p', so that the two “resonance conditions” for the frequencies and the 
wave-lengths, i.e., the equations of conservation of energy and momentum, 
assume the form 


ff 



if the effects of the heat motion and if the corresponding (vibrational) transi- 
tions are neglected. 

The preceding results must obviously hold not only for the absorption 
but also for the emission of light (in a definite direction) and can be still 
further generalized to allow for its scattering (by replacing p and q by tlie 
differences — and for the incident and scattered light). We shall 

not engage into a detailed investigation of this question and shall satisfy our- 
selves with the following remarks. First, that the present theory of light scat- 
tering in crystals so far as the relations between energy (frequency) and mo- 
mentum (wave number) are concerned is the exact analogon to Schrodinger’s 
theory of the Compton effect, i.e., of the scattering of light by free electrons, 
the electron waves being replaced in our case by the excitation waves. In fact 
the above considerations form the basis of a theory of the Raman effect, whic'h, 
as well known, is the analogon of the Compton effect for bound electrons 
and atoms bound together into molecules. The analogy between the two ef- 
fects is most clearly brought out by means of the conception of the excitation 
waves as the analogon of cathode waves. Second, that the Raman shift of the 
frequency of the incident light v' — v'' can be calculated either by considering 
molecular vibrations by the method of excitation waves, or by Incorporating 
them into the heat motion and allowing for the latter according to section (c). 
Third, that the development of the theory sketched above in the quantita- 
tive direction, i.e. to enable one to calculate the intensity of the scattered lines, 
both shifted and unshifted, does not present any difficulty, for this calcula- 
tion can be easily reduced to the corresponding calculation for an isolated 
atom or molecule (if the molecular vibrations are described by excitation 
waves). 
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6. Improvident OF THE Theory; Finite Width of the Excitation Lines, 
AND Influence of the Damping of the Light Waves 

We must now turn to the improvement of our theory of light absorption 
with respect to rigour. 

(a) We have assumed the light to be strictly homogeneous, which of course 
is not the case. This circumstance can, however, easily be taken into account 
in exactly the same as this is done for a single atom. The result will be that 
the probability of the transition in the case of a linear crystal lattice 

considered in §4 will be equal to the probability of the corresponding transi- 
tion for a single atom (which is proportional to | Z7(I, II) | 2) multiplied with 
the square of the modulus of the factor 


1 


/c=l 


(13a) 


(cf. Eq. (11)). The maximum value of the sum for p = q being n, 

the total probability for the light absorption by the crystal turns out to be 
equal, for the lines ‘^billowed” by the “selection rule^’ to n times the cor- 
responding probability for a single atom. This is just what would be expected 
on the assumption that the atoms of the crystal do not influence the propa- 
gation of the light waves. 

The result obtained, which obviously holds for a three-dimensional crystal 
lattice just as well as for a unidimensional one, requires strictly speaking, 
some modification. In calculating the transition probability under the action 
of a spectral line of finite width, one has to take into account the variation of 
q = 2w8/}i- Sw/c in the factor (12a) with the frequency of the light v = o)I2t. 
This would amount to replacing the product of 1 5| ^ with the integral 


do3 


p, -f-OC' 


i-. 

0) 0)0p 


occurring in the theory of light absorption by a single atom by the integral 

-f 1 t I 


x; 


0) — 0){ip 


S Mw 


It can l.)e easily shown, however, that maximum of | S\ about q = p is much 
flatter than the maximum of the function 




0) — • WOj} 


sin^ (w — u}Qp)t/2 


i(fi 


0}Qp 




al)oiit the corresponding point a)==£t3op so that in carrying out of the integra- 
tion j 2 can be replaced by its maximum value (??) corresponding to <U3 = 6;op 
with a proper choice of p, of course. The dependence of \S\‘^ on q — p can be 
easily determined. We have namely for a unidimensional lattice if k is varied 
from 0 till W'— 1 
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whence 


1 I 

^1/2 ^tCp-d ^ I 

1 sin^ n(p — q)/ 2 
n sin^ ip — q)/2 


(IMj) 


The effective width of the maximum of \s\^ can thus be deter mined for a 
definite value of q and a variable p by 

HP — q) — ^p ^ 2ir/n 

or, since ^ = 27rS/Xexc (Xexc = wave-length of the excitation wave) 

AXexc I Xexc Xexc Xlight 


Xexc Xexc 

nd L 


(14) 


where L = n5 is the total length of the lattice. 

This result can be easily generalized for the case of a three-dimensional 
lattice, L denoting in this case one average linear dimension of the latter. The 
width of the absorption region, i.e., the frequency interval Ap for which transi- 
tions from the normal state to excited sub-states can take place according to 
our ^^unsharp” selection rule is given according to (12) by 

jS p 

Ap = — sin — Ap 
2 2 ^ 


that is 


tV I ^ ltd 

Ap = sin — 

hn X 


(14a) 


where \ can be identified with the wave-length of the light. Since 5 A is for 
ordinary light a very small quantity we can put sin (ttSA) =7rSA and con- 
sequently 


Av = 


ttWi d 


L 


(14b) 


Thus the width of the absorption lines, so far as the vibrational transitions 
are not taken into account, remains very small at least for crystals of ordinary 
size. The incompleteness of ^Tesonance” with respect to the wave-lengths, 
i.e., the departure of Xught-Xexc from zero, does not therefore contribute ap- 
preciably to the width of the lines. At very low temperatures this width must 
be determined mainly by the probability of the radiationless transitions, 
whereas at higher temperatures the linear pattern of the spectrum is wiped 
out by the participation of the low frequency heat (sound) vibrations in the 
transitions as has been explained above (§4). 
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(b) It remaios for us now to take into account the fact that the propaga- 
tion of light in a real three-dimensional crystal is substantially affected by 
the latter, especially in the region of selective absorption, with which we are 
particularly interested. This influence can be accounted for by replacing the 
vacuum wave-length of the light Xo or the corresponding quantity g = go 
= 27r5/Xo by a certain complex quantity g = determining the effective 

wave-length \i{qi ~ 27r6/Xi) and, the absorption coefficient q^/S. 

Ill the case of the unidimensional lattice ("bar”) considered above, the 
intensity factor (13a) assumes under this condition the form 


whence 


5 


51 


1 ^ \ 

flH2 — t 


1 1 — cos (p — qi)n + 


n 1 — cos (p - 
For large values of n tliis reduces to 

1 1 


qi) + 


5i2 


« 1 — 2e~'‘^ cos {p 
the maximum of this expression for gi 0 

1 


qi) + e" 


2^2 


n{l 


-my 


(15) 


(iSa) 


being of course smalier and flatter than in the case of ^2 = 0. The flatness of 
this maximum must increase the width of the absorption lines and might in 
fact lead to their transformation in comparatively broad bands even without 
the participation of the low frequency vibrations. The width of the maximum 
of I 5 1 * may be roughly put equal to if 52 is sufficiently small, which gives 
for the effective width of the absorption line, the expression 




Vi p 

h ^ 2 


irFig25 


(16) 


The ratio $2/5 represents the value of the absorption coefficient of the light 
per unit length of path and its product with X, q ^/ 5 =ju the absorption coeffi- 
cient per wa\’e-lengtii. Substituting this in the preceding formula we get 


Lv 


TfV I 


(t)- 


(16a) 


This formula shows that unless y. is unreasonably large Av remains actually 
small. It may be remarked that the ratio Vi/h represents a frequency which 
is about at least 10 times smaller than the frequency of ordinary light. 

The preceding results can be easily generalized for the case of an ordinary 
three-dimensional crystal. 
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(c) In conclusion the following point should be noted. Since the resonance 
conditions for the frequencies and for the wave-lengths are both uiisliarp, the 
excitation state of the crystal induced by the absorption of light must be 
represented not by one definite excitation wave, but by a siiperposition of a 
number of such waves with approximately equal lengths and frequencies, i.e. 
by a group of excitation waves. The corresponding group velocity can be con- 
sidered as the velocity with which the ^^excitation quantum/’ i.e., the excita- 
tion state supposed to be localized in a definite atom and described as a cor- 
puscule, should travel through the crystal (cf, I, §2), 
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THE CRYSTAL LATTICE OF ANHYDROUS SO- 
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Abstract 

The crystal structure of Na.SO^ has been investigated by means of the Laue, 
the ionization, the rotation and the powder methods. The hexagonal unit cell con- 
taining two molecules was found to have dimensions: ( 3 t = S*441A c = 6.133A. The ob- 
ser\'ations seemed to be in conllict with all hexagonal and trigonal space groups. The 
dihiculty was, however, overcome by assuming the crystals to be twins with the c-axis 
as t winning axis. The space group CV was under this assumption found to be the only 
[lossible one. AH parameters ioA^olved were determined from the observed intensities 
wit h t hc5 following result : 

4 atoms Na in jjosition \a (000), ib (00 |) and 2d (i | Ui), (§ | %) with Mi= 0.67 
2 atoms S in positions 2d (| § (§ J tj^) with /^ 2 = 0.17 

6 atoms O in positions 6^(xyz), (y-x, x, s), {y, x-y, z), (xyz), {x-y, x, z), (y, y~x, z) 
with x-thM, y-().4(), s=0.25. 

Two of tlie Xa atoms are surrounded by 6 oxygens at a distance 2.469A; while the 
remaining two sodium atoms are surrounded by 3 oxygens at a distance 2.461A and 
by 3 at 2.87f)A. The structure shows the presence of groups SO 3 . The distance from 
sulphur to the 3 surrounding oxygens is 1.39A, while the oxygens in the equilateral 
triangle have a distance of 2. 24 A. The sulphur atom has a displacement of 0.5 lA out of 
the plane ot tlie oxygens. The form of the SOs-group is thus like a low trigonal pyra- 
mid, lieing of the same type previously found for the groups (CIOs)'”, (BrOs)"", 
(AsO;)-'^ and (Sh(hrK 

1. Introduction 

|^^R\\S'rALS of anhydrous sodium sulphite were first prepared and de- 
srrihied by ff. Hartley and W. H. Barrett.^ The symmetry is reported as 
hexagonal, with an axial ratio c/a = 1.1246. The crystals are short prisms 
witli predominating forms (10.0) and (00.1) small faces (10.1), (10.2) and 
very small (11.1) faces. Further observations by Hartley and Barrett are: 
perfect cleavage parallel to (00.1); birefringence strong, negative; density at 
i5X, 2.633. 

2. Observations 

■Our chief interest in the x-ray analysis of the Na 2 SOa was the determina- 
tion of the shape and dimensions of the SOs-group. In the following para- 
graphs we will descril)e the complete determination of the crystal structure. 
The inxTcstigation was started at the University of Manchester, where part of 
the obseiwations were taken. Additional observations were collected in Ryer- 
son Physical Laboratory, University of Chicago, where the investigation was 
completed. 

^ Hartley and Barrett, Trans. Cdiem. Soc. (London) 95, 1178 (1909). 
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Due to certain difficulties met during the investigation (see section 4), it 
became obvious that we must secure unusually reliable sets of observations, 
and apply as many different methods as possible. Our observations consist of 
the following. 

(1) Complete rotation photographs and oscillation photographs around 
the hexagonal axis, and around the two different sets of horizontal axes. 
Oscillation angles of 5°, 15*^ and 30° were used. Crystal to plate distance was 
5.0 cm. Radiation: MoKa. Bernal V graphical method of indexing the reflec-' 
tion spots was used throughout, thereby securing the most reliable indexing. 
In order to test the absence or presence of important reflexions many long 
exposures with an oscillation angle of 5° were taken. 

(2) Laue photographs perpendicular to (00.1) and (10.0), and inclined a 
few degrees to the former directions. The photographs were indexed by con- 
verting the diagrams into gnomonic projection. The lower wave-length limit 
in the incident beam was tested on a number of known crystals. 

(3) Intensity measurements on the ionization spectrometer of all reflec- 
tions hk.O up to 33.0 and of the reflexions OO.l. The series of intensities M.O 
was transformed into absolute measure by a method described in section 4, 
below. The crystal was completely bathed in the x-ray beam; the observed 
intensity was taken proportional to 

1jP| 2 l-fcos^20/sin20, 

where | F\ is the structure amplitude. MoiS^a radiation was used. 

(4) Powder photographs with a high resolving camera, with sodium chlo- 
ride as reference substance.^ The unit cube of sodium chloride was assumed to 
have the edge a = 5.628A. The wave-length used was taken as Moi^ofi— X 
= 0.70783A. 

3. The Unit Cell AND Space Group Considerations 

All observations agree with the following hexagonal cell : 

= 5.441 ± O.O04A c = 6.133 ± 0.007A r/a= 1.127 
The correctness of the unit cell was carefully tested by means of long-expo- 
sure Laue photographs. No reflection spots could be found which indicated 
a larger unit cell than the one given above. By means of the directly deter- 
mined density we find 1.98^2 molecules of Na 2 S 03 connected with each unit 
cell. The calculated density for two molecules is 2.66, 

The Laue photographs and the oscillation photographs possess the sym- 
metry of the space groups Ce^ and C^h^. Vertical planes of symmetry 
are definitely not present, 

A further limitation of the space groups was obtained through observa- 
tions of the spectra OO.Z. At ordinary exposures only the even order reflec- 
tions from^ the base appear in the oscillation photographs. However, on 
several oscillation diagrams taken with 5° oscillation angle and long exposures 
the reflexion 00.3 was unmistakably present. These observations rule out all 

space groups save CsaS and 

- Bernal, Proc. Roy. Soc. London A113, 117 (1926). 

® We are indebted to Mr. F. Bartajfor taking the powder photographs. 
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CRYSTAL STRUCTURE OF Na^SO, 

4. The Determination OF THE Structure 

From an inspection of all our observations according to the four diifereot 
methods certain regularities in the observed intensities at once become ap- 
parent, and will have to be accounted for by the atomic arrangement. We will 
consider only the intensities of reflections occurring at large values of sin^/X. 


These regularities we have collectec 

1 in 

the following' 'table : 

I Reflexions hkS) 

(a) 2hi-k—3n (fi — i), 1, 2, • * • 

) 

Intensities are very strong 

(1)) 2h+k^Sn (w~0, 1, 2, • • • 

) 

Intensities are very weak or nil 

II. Reflexions /lAul with even /. 

(a,j 2//+A“3// = 1, 2, • ‘ • 

) 

Intensities are strong for Z = 6 and 
very weak or nil for / = 2, 4, 8, 

(b) 2h+k9^3n (w-0, i, 2, • ‘ • 

•) 

Intensities are very strong for 
/ = 2, 4, 8, ; very weak or nil for i = 6 

11 L Reflexions hk.I with odd L 


Intensities are very weak or nil 


lliese regularities are valid with no exceptions at large values of sin0/X, 
l)ut do not lit the observations quite so well at small values of sin0/X although 
gi\ ing a fairly good agreement. There is only one way of explaining this fact: 
the regularities given above must be characteristic of the cation lattice, but 
not for the oxygen lattice. Therefore the regularities will hold absolutely at 
large values of sinO/X, where the influence of the oxygen lattice with good 
approximatism can be left out of consideration; but at small values of sind/'X 
these regularities will 1)6 destroyed to some extent through the overlapping 
iiifi lienee of tlie oxygen lattice. 

In the unit cell we ha\e 4 Na and 2 S atoms. As a first approximation we 
will consider the scattering power of sodium and sulphur to be the same. Our 
first problem will thus be to arrange 6 cations in the cell in such a way that the 
fd)served regularities in intensities of reflections are accounted for. (It has to 
lie remembered that these 6 cations are of two kinds, so they cannot all be 
structurally equivalent.) 

The regularity la and Ib tells us that the cations are evenly distributed on 
the 3 ax'ailable threefold axes. As the c-axis has a length of only 6.13A, it is 
<ibvioiis that mdy 2 cations can lie on each axis, for otherwise cations would 
€t)oie closer than 2.04A, which is highly improbable. The positions of the 

callous are consequeutly according to regularity I: OOsi, 00^2, I | i f ^ 4 , 

2 1 ^ 2 “!^ 

3 3 2 li 

The regularity 1 1 1 shows that the cations are situated along the threefold 
axes at intervals of f/2. Thus: Sg Z4=Z3+|( Z8=Z5+f" 

Finally the regularity given under II tells us that the cations are arranged 
in Ia\ers parallel to the r-face coming at intervals of c/6. We have thus: 
za -f a , Ss = + 1 a ikJ t he coordi nates of the cations must be : 

(OU-jcOlb + Ijiifs + Dlrls + «)(f|s + DCII® + |). 

This result is rather astonishing. The symmetry of the cation lattice is 
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that of D$d only, while the observed symmetry is that of C^h. W'e have as a 
matter of. fact shown that no space group in the hexagonal and trigonal 
systems can account for the observations. The assumptions upon which we 
have based our deductions obviously cannot be correct. We have accordingly 
made a diligent search for a plausible explanation of the contradiction wliich 
exists between the observations. 

An inspection of all our observations left no doubt as to the reported sym- 
metry, neither could we find any other way of explaining the observed regu- 
larities than the one given above. The possibility of a bigger cell had also to 
be rejected from our observations. The assumption of another symmetry 
system likewise is highly improbable (it had to be either monoclinic or tri- 
clinic) with the nice development of the faces and the definitely uniaxial oi>- 
tical properties. Nor have we any justification for mistrusting the space group 
theory. We found rather that the only plausible explanation was to assume 
that all our observations were taken not on single crystals but on twins. We 
must emphasize, that we have not succeeded in finding direct evidence with 
which to back this assumption. Nevertheless the good agreement we have 
obtained between observed and calculated intensities assuming twinned crys- 
tals, as well as the plausibility of our final structure, must be taken as an 
indirect proof of the correctness of our assumption. 

If the crystals are twins with the c-axis as twinning axis, the symmetry of 
our pliotographs would also be in agreement with that of the space groups 

and Czi'^. Only Cz^ and Cad can account for the observations in the 00.1 
spectra. The distribution of the cations which we determined from the observed 
regularities also can be obtained from the special positions of these space groups. 
The only difference between Cz^ and Cad is the additional center of symmetry 
in the latter. 

The oxygen atoms will have to lie in general positions {xyz) as no vertical 
planes of symmetry have been observed in the diagrams. The vertical distribu- 
tion of the oxygen atoms with regard to the cation positions can easily be 
found from the spectra 00./. The only odd order reflexion from the c-face 
which we observed is 00.3. This means that the oxygen atoms are lying in two 
layers parallel to the c-face at a distance of c/2, The fact that we have ob- 
served 00.3 with very small intensity cannot be interpreted as meaning that 
the oxygen layers have a distance slightly different from c/2, as we did not ob- 
serve 00.5. But we must ascribe the presence of 00.3 to the difference in 
scattering power of Na and S, which means that the two sulphur atoms must 
lie on 2 different threefold axes. From the observed intensities of the even 
orders of 00./ and the known distribution of the cations along the t'-axis we 
find that the oxygen layers parallel to the c-face must be displaced an amount 
^/12 against the cation layers. Summarizing our considerations so far we 
have found that the space group is Cs^ or Ca/. We know the positions of the 
cations and the distribution in the d:-direction of the oxygens referred to the 
cation lattice. 

We have tried both space groups and finally selected Czf as the correct 
one. In fact a trial with Cz^ showed that in order to get good agreement we had 
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to choose such values of the parameters as would give the symmetry of Gih 
The remainhig unknown parameters in the structure were easily determined 
by means of the observed intensities. 

As a final result we arrived at the following crystal structure which gave 
the best agreement with the observed intensities: 

Space group (Aib 

Na in la : (000) + lb (00|) +2i (| | tii) (| | with ui = 240° 

S in 2d: (1 § uC) (| | %) with W 2 = d0°. 

0 in 6g ± (xyz) (y - x, x, z) {y, x-y, z) with x == 50° y = 145° and 2 = 90°* 

I'he good agreement between observed and calculated intensities is 
seen from an ins|)ection of the tables. 

I he curves used are given in Table VI. They are essentially the same as 
the Na, ( 1 and ( ) A-curves used by one of us in the determination of structure 
of NaC'H ).d and NaCdOp. 

I lie relati\'e intensities of the spectra hk,0 measured on the ionization 
spectrometer were transformed into absolute values by the following con- 
sidtaailion ; W'e assumed that the structure amplitude of the reflexion 33.0 was 
efiual to 4 Na.~i“2 S (chemical signs mean scattering power at the value of 
sin^/X under consideration), as we with good approximation can leave the 
oxygen conlribuiion out of consideration for such high values of sin0/X. All 
the (4>servations were therefore reduced in such a way as to give an observed 
structure ampliiude for 33.0 equalling the theoretical contribution of 


'rxiiiuv L Ionization measurements in the prism zone. 


hkA 

lilt. 

j T ohs. 

1 i'i’calc. 

hk.O 

Int. 

|F|obs. 

1 i^lcalc. 

1(1. (i 

7 . 4 

5 

-6.7 

31.0 

5.4 

8 

-7.6 

11 A) 

os,o 

24 

41.8 

13.0 

.5 

2.5 

.8 

in A) 

2tcS 

12 

-11.6 

40.0 

3.1 

7 

-5,1 

II j) 

2 ,2 

4.5 

-4.7 i 

32.0 

1.3 

4.5 

-5.1 

II A) 

3IKK 

17 

20.3 1 

23.0 

1.9 

5.5 

-5.5 

30.0 

Tu.O 

28.5 

33.7 ! 

41.0 

42.8 

27.5 

28.4 

22.0 

70.4 

29.5 

33.0 1 

14.0 

21.6 

19.5 

18.6 





33.0 

14.4 

(17.5) 

16.2 


Table IL Ionization measurements of spectra 00.1. 


ClO.i 

Int. 

|F|obs. 

1 i^lcalc. 

in)A 

nil 

nil 

2.1 

00.2 

" 81.6 

20.8 

-42.8 ‘ 

00.3 

trace 

trace 

-5.2 

00.4 

12.0 

11.9 

16.8 

00,5 

nil 

nil 

2.3 

iHLb 

9.6 

(13.4) 

13,4 ■ 

Zachariasen, Z< 

f. Krist. 71, 517 (1929). 



Ztichariaseii, Zeits. f, Krist. 73, 141 (1930). 
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Table ITL Results from powder photograph measuremmL 


Table IV. Results from Laue photographs. 


.vvw 


Md 

sin^ 6 

Int. obs. 1 

FV-f 

hkJ 

.siri" 0 

Int. obs. \F\"'--f 

00.1 

.00333 

nil 

1 

22.1 

.07107 

nil 

10.0 

.00565 

vw 

45 

31.0 

.07340 

vw 59 

10.1 

.00898 

vs 

919 

20.4 

.07590' 

m ; (?)U 

00.2 

.01333 

m 

610 

31.1 

.07673 

‘ ><)1 

11.0 

.01694 

vs 

1747 

30.3 

.08080 

vvw ( 10/ 

10.2 

.01898 

vs 

2852 

22.2 

.08107, 

\ 28 

11.1 

.02027 

ra 

483 

00.5 

.08330 

nil 2 

20.0 

.02259 

w 

135 

31.2 

.08673 

ms 1.S99 

20.1 

.02592 

m 

387 

10.5 

.08895 

nil 5 

00.3 

.02999' 

vw 

r 9 

40.0 

.09033 

nil 26 

11.2 

.03027J 


46 

21.4 

.09283' 


10.3 

.035641 

i s-vs 

r 191 

40.1 

.09366, 

n, 

m 1 

20.2 

.03592 J 

r 

12322 

22.3 

.09773 

nil 51 

21.0 

.03952 

wm 

434 

11.5 

.10024 

nil 44 

21.1 

.04285 

vvw 

37 

31.3 

.103391 

1 f 102 

11.3 

.04693 

w 

215 

40.2 

.10366 

\ m \ 681 

30.0 

.05081 

ms 

1136 

30.4 

.10412] 

1 i 22 

20.3 

.052581 


f 262 

20.5 

.10589 

nil 150 

21.2 

.05285 

s 

'2104 

32.0 

.10726 

nil 56 

00.4 

.0533 lJ 


[ 94 

32.1 

.11059 

vvw 102 

30.1 

.05414 

nil 

171 

41.0 

.11855^ 

fll53 

10.4 

.05896 

m 

1035 

00.6 

.11995 

! 60 

30.2 

.06414 

nil 

1 

40.3 

.12032 

ms j 16 

22.0 

.06774 

ms 

1089 

32.2 

.12059 

|il28 

21.3 

.06951 

nil 

45 

22.4 

.12105 

1 4 

11.4 

.07025 

vvvw 

76 

41.1 

.12188 

i 86 
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Table V. Resvlts of structure factor calculation. 


00. 

00. 

1 2 
2 -^42 

■ 1 4 2 4 nil 

.3 1832 43 1832 s 

00.. 

3 -^S 

•2 27 5 27 ww 
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‘ ■ Table V. {Continued). 

hU S|Fi Si^'i= Int.oi.s, in 

osc. phut. 


30.0 

33.7 

1136 

34 

1136 

'VS 

30.1 

11.4 

1301 

i 18 

171 

w 

30.1 

-6.4 

41J 

f 



30.2 

-.6 


1 1 

1 

VV'W' 

30.2 

-.6 

J 

r 



30.3 

-10.3 

1061 

i . 11 

107 

w 

30.3 

1.1 

Ij 

r 



30.4 

-3.3 

11^ 

1 ^ 

22 

ilii 

30.1 

-3.3 


f 



22.0 

33.0 

1089 

33 

1089 

vs 

22.1 

-.7 

11 

1 6 

29 

vvw 

22. 1 

5.3 

281 

r 



22.2 

-3.8 

141 

l 3 

28 


22.2 

-3.8 

14J 

r 



22.3 

-2.5 

61 

1 9 

Si 

vvw 

22.3 

-6.7 

45 J 

r 



22.4 

-1.5 

21 

L 3 

4' : 

nil 

22.1 

-1.5 

2J 

r ■ 


31.0 

-7.6 

58 

8 

58 

\v 

31.1 

10.7 

11S\ 24 

284 

m 

31. T 

-13.0 

169/ 


31.2 

30.6 

9361 

t 33 

940 

s 

31.2 

2.1 

41 

f 


31.3 

-3.4 

121 11 

76 

w 

31.3 

8.0 

64/ 


31.4 

-4.8 

231 22 

336 

m 

31. i 

17.7 

313/ 



32.0 

32.1 

32. 1 

32.2 

32.2 

32.3 
32.5 

32.4 
32. i 


13.0 

.8 

1 

1 

1 

vvvw 

13.1 

13. T 

.2 

-2.1 

4, 

2 

r 

4 

vvw 

13.2 

-3.0 


29 

659 

Ills 

13.2 

25,5 

650 



13.3 

13.8 

-.5 

5.1 

26J 

6 

26 

VW 

13.4 

21.2 

4491 

. 23 

451 

m 

13. i 

-1.3 

2J 



40.0 

40.1 

40. T 

-5.1 

-6.9 

4.7 

26 

481 

22j 

5 

26 

70 

VW 

VW 

40.2 

40.2 

0 

26.1 

01 
681 J 

1 26 

r 

681 

111 

40.3 

40.8 

4.0 

-.6 

161 


16 

VW 

40.4 

40. i 

16.7 

-3.7 

2791 

14j 

, 20 

293 

m 


-5.1 

-8.1 

26 

65\ 

5 ' 

14 

26 

99 

VW 

w 

5 . 8 

34/ 


.2 

23.6 

557 } 

24 

557 

111 

4.7 

-.5 

22\ 

5 

22. 

VW 

14.8 

-3.8 

219 ! 

14/ 

19 

233 

ni 
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Table V. { Continued ). 


hk.l 

\ F \ 


2|F| 

Z\F\^ 

Int. obs. in 
osc. phot. 

23.0 

-5.5 

30 

6 

30 

vw 

23.1 

-1.6 

3\ 

2 

3 

nil 

23,1 

-.7 

— / 




23 . 2 

23.9 

5711 

24 

571 

m 

23.2 

.5 

— / 




23. ^ 

5,0 

251 

6 

26 

vw 

23.:'t 

-.8 

1/ 




23.4 

-4.1 

171 

19 

227 

m 

23.-I 

14.5 

210/ 




41 .0 

28.4 

807 

28 

807 

s 

41.1 

2.3 

51 

4 

9 

nil 

41 . i 

-2.0 

41 




41.2 

-8.3 

691 

17 

138 

wm 

41.2 

-S.3 

69/ 




41.3 

-4.5 

201 

9 

38 

vw 

41 .2 

-4.3 

18/ 




•11.4 

2.5 

6 1 

5 

12 

nil 

41 .4 

2.5 

6/ 




14. n 

18.6 

346 

19 

346 

m 

14.1 

S.O 

641 

12 

77 

vw 

14.1 

- 3.6 

1.?/ 




14.2 

.8 

11 

2 

2 

vw 

14.2 

.8 

1/ 




14.3 

-8.9 

79 1 

9 

79 

w 

14.2 

.1 

- / 




14.4 

- 4.3 

181 

9 

36 

vw 

14 . 4 ' 

- 4,3 

18/ 





4Xa+2 S, whic'h wn tj;et from our F-curves. It will be seen from Tables I and 
If tliat extinction elTects oiniously have reduced the intensity of the stronger 

reliexitins to a, certain extent. 

Due to tlie twinning with the c-axis as twinning axis, the reflections JikS 
and lihJ lm\ ing flilTerent intensities will fall on the same spot in all the photo- 
graplis. 

Discussion of the Structure 

In Fig. I is gi\'en a projection of the structure on the c-face. In the struc- 
ture we can pi^-k <uit groups SOs. The structure of the vSOg-group is the one 
priHlicti^d by oiu; of us.*^ The characteristic feature of the SOs-group which 
distinguishes it from the CO3 and NO^ groups is the fact that the sulphur 
at<un is displaced an amount A - 0.51 A out of the plane of the oxygen atoms. 
Aiialogous rt*subs have leen found for other groups RO 3 .® A more accurate 

\\\ If. Zai-Iiariasen, \’kL Akad. Skr. I KI. No. 4 p. 142, 1928 Oslo; Zeits. f. Krist. 71, 
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discussion of these results will be given in a following paper by one of us. The 
distance S-0 is 1 .39A. 

There are two kinds of Na atoms in the structure, but both show the co- 
ordination number 6. The sodium atoms in positions (000) (00|) are sur- 
rounded by 6 oxygens forming the corners of a nearly regular octhahedron, 
the distance Na-0 being 2.469A. The sodium atoms of the other kind have 
3 oxygens at a distance 2.461A and 3 at a distance 2.870A. This oxygen octa- 
hedron is much distorted, and the sodium does not lie accurately in the center. 
The SO®-groups share only corners with the Nai-octahedra, while a face is 
shared with the Nan-polyhedra. It is obvious that this sharing of a face in the 



Fig. 1. Projection of the structure on (00.1). Numbers represent height of atoms above (00.1)- 
plane in A. Valency bonds are represented by connection lines. 

latter case will cause some deformation.^ In the first place we should expect a 
shortening of the edges bounding the shared face, that is the 0-0 distance in 
the SO^-group will be shorter than normally. But we also should expect a dis- 
placement of the cations due to the one-sided configuration. This displacement 
we should expect to be greater for the cation with small valency; i.e., we 
should ^pect the sodium to be displaced in a direction away from the shared 
face. All these deformations are actually present: the displacement of the 
sodiuin atoms results in the two distances to oxygen. The shortening of the 
edges bounding the shared face will be noticed by a comparison of the SO3- 

^ L. Pauling, Journ. Amer. Cheni. Soc. 51, 1021 (1929). 
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g,roup with the ClOs-group. One finds namely that the 0““0 distance in the 
SOs-groiip is smaller than in the ClOg-group. 

I'he reported strong negative birefringence of the crystals is a result of the 
fact that ail the SOa-groups a,re arranged with the plane of the oxygens par- 
allel to the oiace. hroin a determination of the refractive indices one should 
1)0 able to gi\'c an estimate of the 0--0 distance in the group. The cleavage 
|)arallel to the oface is also in accordance with the structure. 

Empisica! ol)servation shows the twinning probably is due to the existence 
of pseudo-elements of symmetry in the crystal structure. In the Na 2 SO:r 
slructure the r-axis will be a pseudo twofold screw axis so the formation of 
twins with the r-axis us twinning axis can be explained. The fact that all the 
crystals we ha\'e examined according to our interpretation of the observa- 
tions must }.)e twins has worried us, and we must admit that we very strongly 
fiicl the lack of direct |)roof of the assumed twinning. 

W'e tried to prei>are etching figures on the crystals we had at our disposi- 
tion. 'Fhe result was not gocal but the figures we obtained did seem to indicate 
a polarity of the crystals. The symmetry of Csd does not give etching figures 
with ihv. symmetry (jlxserx ed. It is a well-known fact however, that there are 
mail}’ exam|)les wliere the etching figures indicate lower symmetry than that 
the The results of etching experiments are thus not reliable. 

The intensity calculations on the basis of our structure have, however, 
given so gt>od agreement with all the observations we have collected that the 
principal correctness of our structure does not seem to be in doubt. 

W'e are very much indebted to Dr. Hartley for providing us with crystals 

of INiagSOs. 
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THE CRYSTAL STRUCTURE OF POTASSIUM PERMANGANATE 

By R. C. L. Mooney 

Ryerson Physical Laboratory, University of Chicago 
(Received March 30, 1931) 

Abstract 

The crystal structure of potassium permanganate was determined from Lane and 
x-ray single crystal oscillation photographs. It was found that the unit cell is ortho- 
rhombic, contains four molecules, and has the dimensions: 

a==9.09A &=5.72A c = 7.41A 

The symmetry of the crystal is 2Di — \6 (U/2®), and the structure may be giv'en by 
the following parameters, expressed as fractions of the unit cell dimensions: 


Four K at 4c: 

«=0.06 

2^=0.16 

Four Mn at 4c: 

u-^O.U 

zi-0.67 

Four 0 at 4c: 

w=0.00 

y==0.61 

Four 0 at 4c: 

w=0.26 

y=0.49 

Eight 0 at 8i: 

x-0.19 

y = 0.22 


The agreement between the observed intensity and the calculated structure amplitude 
is satisfactory. The crystal, isomorphous with barytes, celestine and anglesite, has a 
closely similar structure, though the parameters are different. The manganese is sur- 
rounded by four oxygen atoms at an average distance of 1.59A, the arrangement be- 
ing a nearly regular tetrahedron. The average oxygen-to-oxygen distance in a tetra- 
hedron is 2.62A.The smallest distance between oxygens in different tetrahedra is 
2.72 A. The potassium is surrounded by nine oxygens at a mean distance of 2,97 A. 


1. Unit Cell and Space Group 

A LTHOUGH the cell size and the space group of potassium permanganate 
have been reported by James and Wood^ and by Basche and Mark,= no 
complete structure determination of this crystal has appeared. Since potas- 
sium permanganate is isomorphous with the sulphates of strontium, barium 
and lead, the atomic arrangements must also be analogous.® 

Crystals of sufficient size and perfection were grown by the slow cooling 
of an aqueous solution saturated at about thirty-five degrees. From these, 
both Laue and oscillation photographs were obtained. Laue photographs were 
taken with the incident beam parallel to the crystallographic a.xes and were 
indexed in the usual way by conversion to gnomonic projections. Numerous 
oscillation photographs (oscillation angle 15° or 30°) around the three princi- 
pal axes were indexed according to the graphical method described by Bernal.*' 


‘ R. W. James and W. A. Wood, Proc. Roy. Soc. A109, 598 (1925) 

“ W. Basche and Z. Mark, Zeits. f. Krist. 64, 1 (1926) 

Phil MaL 7^71926?"?''^ Vol. 5; Englemann (1908). J. A. Wasastjerna, 

rnii. Mag. 7, 2 (1926); Soc. Sci. Fenmca (Physico-Math.) 2, No 19-30 (1927) 

“J. D. Bernal, Proc. Roy. Soc. A113, 117 (1926). 
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The following values were found for the lattice dimensions : 

a ^ 9.09A b = S.72A c = 7.41A 

Hiere a, re hmr molecules in. the unit cell. In agreement with the results of pre- 
vious iiu'estigations, the space group was shown to be 2Di-16 (FA®). 

2. DETIiRMINATlON OF THE STRUCTURE 

Since the space group and the number of molecules per unit cell were 
known, it was prissibie, by means of the theory of space groups, to list all 
the arrangenicnls of (lie twenty four atoms compatible with the symmetry 
of the ('ryslal. 'Flic number of possibilities was limited by some justified as- 
siimptitHis. Because of ttie isomorphism with the sulphates of strontium, 
},>ariu!U and lead, as well as with the perchlorates of potassium, rubidium, 
('aesium and ammonium, (lie existence of groups MnO.! in the cryvStal may 
well be lakim t*jr graiite<L d'liese Mill ).i groups must of necessity be linked 
t()gether by the ptUassium ions. This assumption together with considera- 
tions (d the inten^ifits sinewed lha.t only the following distribution of the 
atoms among I he a\ aiialde positions was possible: (vSee Wyckoff’s tables‘0 4K 
in IMn in drtaOrj; dOj in 4r(/d)c); dOn in Ac{u{)v) SOm in general 

p<#sitiems KAcvycj, There are, therefore, eleven parameters in the structure. 

I’ nun ('{)imid(*rat ions (d the intensities of reflections occurring at large 
glancing angles Avhere the inlluence of the oxygens becomes negligible) the 
parameiers for potassium am! manganese were determined. The values ob- 
lainc‘d agree \*ery well with those given for Ba and S in BaSO.!. (Compare 
Janies and WAodd) 

The intensities id’ reflections from about fifty planes with simple indices 
were used for tlie detca’inination of the seven oxygen parameters. vSome sim- 
plihraiioij wa;-^ obiaiiied by the conception of tetrahedral Mn (')4 groups with 
dinieiisioris soiiiewha.i larger than those of the SO.i group; further, all arrange- 
ments were rejecied if they gave an c^xygen-to-oxygen distance considerably 
less than 2,5 A, In this way a set of approximate parameter values was easily 
deri\‘i‘cL 'Then a scric‘s of changes in the parameter values was made so as 
pl'ogres^i\■ely to better tlie agreement between observed and calculated in- 
termitit*;-, tunil hy ihi- process of trial and. error a satisfactory agreement w^as 
oldaiiieii. llie final set of parameter values is given in the Table L In Table 
II the* calculaU-il values of the structure amplitude are compared with the 


'Tabu-: I. Parameter values. 

ad\’eri in frarlknrs of thv length of the unit cell sides) 
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i ixy genn : 
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S = 0a80 


'' R. W'. t b \\')i*kofl, Aiuiiytical Exiiression of the Results of the Theory of Space .Ckoaps, 
Carnegie Instil utet jjf \\'ashingtcjin 1930. 
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Table II. Calculated and observed values of the structure amplitude. 
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sin 9 
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0.0618 

200 

0.0782 

Oil 

0.0784 

201 

0.0917 

002 

0.0960 

210 
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0.1036 
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0.1230 
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0.1248 

301 

0.1266 

400 

0,1573 

302 

0.1517 
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0.1621 

401 

0.1635 

203 

0.1640 

303 

0.1860 

004 

0.1917 

123 

0.1940 

104 

0.1960 

420 

0,2000 

501 

0.2010 

230 

0.2030 

114 

0.2056 

204 

0.2076 

132 

0.2105 

141 

0.2238 

304 

0.2249 

133 

0.2350 

124 

0.2324 

610 

0.2430 

600 

0.2440 

601 

0.2441 

105 

0.2441 

040 

0.2470 

015 

0.2480 

233 

0.2490 

513 

0.251 
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0.253 

414 

0.255 

240 

0.261 
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241 

0.265 

620 

0.266 
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0.269 

134 

0.271 

125 

0,273 

531 

0.275 
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0.295 


F 

(calculated) 


49.4 

53.4 
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60.4 
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20.5 
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34.3 

5.6 
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43.7 

46.4 
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22.0 
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37.2 
66.1 

27.6 
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1.8 

63.7 

55.0 

41.2 

16.7 

13.3 
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23.8 

7.9 
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observed intensities. The agreement is as good as can be expected for a struc- 

in caIcXfnrs''t^Ltu“pLd^^^^ were used 

v^^^strong, (VS); strong. (S); medium, (M) ; weak. 


CRYSTAL STRUCTURE 

I Aid,!', Iir. I'-curve values used for potassium permanganate structure.^ 


Sin 0/k 


3. Discussion of the Structure 

In Isig. 1 is given a |>n)jection of the structure on the c-face. It is true that 
some use lias lieeii iiia<,!e of atonnic distances in. de.riving the approximate 


67i 




f'is<. 1. CrysUii hiriiciiirtf uf praassiiiin permanganate projected on c-face. Large circles are 
ptilahisiuni, nieiliuiii rireles are oxygen and small circles are manganese. 

paniiiHUtT wtiues. llie niiTe accurate' evaluation of the positions was, how,-' 
ever, iiiatie on the basis of intensities alone. 

Manganese is surrounded by four oxygens. (one Oi, one Oh,, and two Oni) 

« Hic valuc*» arc lakeu from: W. L, Bra.gg and J. West, Zeits. f. Krist. 69,. 118 (1928). , 
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forming a nearly regular tetrahedron. The manganese-to-oxygen distances 
are: Two 0 at 1.58A; one O at 1.68A, and one at 1.52A, the average being 
1.59A. The oxygen-to-oxygen distances in the teti'ahedron are: 

Oi-Oiii = 2.62A Om-Oni = 2.53A Oui-Oii = 2.70A 

Oi-On = 2.54A 

The average 0 to 0 distance is 2.62A. 

For comparison it may be remarked that the silicon-to-oxygen distance 
in the SiOi group is given as 1.54-1.64A;'^ the sulphur-to-oxygen distance in 
the SO 4 group is 1.5 A;® the phosphorus- to-oxygen distance in the PO .1 group 
is 1.56A;® and chlorine- to-oxygen distance in CIO 4 is 1.56A.''' 

In KMn 04 , potassium is surrounded by nine oxygens at a mean distance 
of 2.97A; one at 3.37A; two at 2.93A; two at 2.96A; one at 2.94A; one at 
3.05A; and two at 2.79A. The potassium-to-oxygen distance in other crystals 
with coordination number nine is reported as 2.96A and 2.94A.“ 

The smallest distance between oxygens belonging to different tetrahedra 
is 2.72A. 

In conclusion I wish to express my most sincere thanks to Dr. W. H. 

Zachariasen for his interest and assistance in this investigation. 


' W. L. Bragg, Zeits. f. Krist. 74, 237 (1930) 

“ W. H. Zachariasen, Zeits. f. Krist. 73, 2, 141 (1930) 

‘ O''”' IM*. P- P'. 
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rO THE NATURE OF GASEOUS IONS 
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Abstract 

. ail a,i<i .ruulloy. A inorlification of the apparatus permitted the mobility ohLs 
^ vhml had I,een ukcI lor li.nes up to 1.5 seconds to be studied. In this case a ^0^ e 

‘.Lor 5 'seZd ‘he negative and positive ions 

dtci I.S sccoinKs .ignig. The ionization chamber and source of ionization were the 

. . me as hose eniph.ycd by Luhr in recombination measurements. From the theoreti- 
. 1 mobihty e-iuat,on of Langevin, the ob,served decrease in mobility cannot be corre- 

u del ( o in recombination measurements 

umle, ho ame conditions. A much larger decrease in mobility is predicted on th s 
iiasi.s 1 han is <,bserved in tliese experiments. reaiciui on ttiis 

Introduction 

'J^HE properties of gaseous ions have been studied for many years with 
of thf methods and under a variety of conditions, but the exact nature 
of the ion as it exists under normal conditions of temperature, pressure and 
pun y can hardly be .said to be known. The early stages in tlm L of tLlon 

he elcLiron is hrst torn otf from a neutral molecule in a manner dependent 

tirii vill the molecule positively 

f penotl of time depending upon its kinetic energy, the number 

oi mii.act.s with neutral molecules, and the attachment coefficient of the gas 
in (iu(.r.iion, t le e ectron may attach itself to a molecule forming a negative 
-n. hi the. case ol gases in which positive and negative ions are uLalty 
S tidied, till,, tune of attachment is almost instantaneous and can be com- 

•i tei 1 1 "7 '"‘■“'I ''’F (‘■’■‘her history of the ion. Exactly what takes place 
altci the ioiimuion iF the positive or negative monomolecular ion in this 

vmT! r "'‘'i 1 EriksoiU and others shows that an aging 

■ c takes p.ace m (he case of_the positive ion causing a lowering to the 

■ luKu> Mtlues obser^■ed in the hrst 0.01 second. This aging appears to take 
i lau in a Mn.gle step, and while observed for positive ions in air doubtless 
occurs lor lioth mns in many gases, perhaps in shorter time intervals than 
o iM 1 u ( ,y 1 .^son. h urther, the work of Loeb® on mobilities in mixtures of 
.gases lias shown, depending on the nature of gases used, that either cluster- 
m.g ot a statistical t\'pe or definite cluster formation may take place, the na- 

li. V. Frikauii, i’hy.s. Rev. 28, 372 (1926). 

= L. li. Loeli, 1‘hys. Rev. 32, 81 (1928). 
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ture of the change observed indicating the formation of clusters of but a few 
molecules. It is also possible that the initially charged molecule gives up its 
charge to other and 'larger molecules of impurities present. However, what- 
ever processes occur, the result is a single class of ions in a given gas which 
may be termed the normal ion in that gas within a given time interval 
(i.e, 0.01-0.1 seconds). Regardless of their constitution, which may be mono- 
molecular or a group of very few molecules (2-6), their properties, as shoy^n 
by their mobility, apparently change very little in the first 0.1 second. 

The work of L. C. Marshall and 0. Luhr^on the coefficient of recombina* 
tion of ions, however, showed that after this time, certain of the ions were 
undergoing marked changes. These investigators, employing methods and 
apparatus of considerable accuracy, studied the recombination of ions in air 
and other gases at normal temperatures and pressures over periods of time 
from 0.001 second to two seconds after ionization. They found that in the 
first 0.0125 sec. the value of the coefficient of recombination is not constant, 
but decreases sharply from a value several times greater to 1.2X10'™®. This 
high initial value, which had been observed before, was attributed by Plimp- 
ton® and independently by Loeb and Marshall® to the initial non-random 
distribution of ions in the gas; the positive and negative ions being formed 
in pairs, recombine more rapidly at first than after separation caused by the 
thermal agitation of the neutral molecules. This phenomenon has been treated 
by Loeb and Marshall,® who showed that it followed from the predictions of 
the Brownian movement equations when the ionic fields had been taken into 
account. 

Moreover, Luhr^ found that, after this rapid initial drop, the value of a, 
the coefficient of recombination, did not become constant but continued to 
decrease, although at a very much slower rate. When the age of the ions was 
made as great as two seconds, values of a as low as 0.4 X10’“® were found. 
Such a decrease in a could not be accounted for by any theory of recombina- 
tion which assumes an ion of constant dimensions. The only tenable inter- 
pretation seemed to be that the ions changed their character with time by 
picking up products formed by the intense hard x-rays to which the gas had 
been subjected. Evidence that this explanation was the correct one was found 
in the case of hydrogen in which no change in the value of the recombination 
coefficient with time was found. In this case no formation of impurities an- 
alogous to the formation of ozon nitric oxides, H 2 O 2 , and the like, as in 
mixed gases, could take place. Certain impurities, e.g, water vapor, are also 
always unavoidably present in small amounts which could combine to form 
nuclei with the above chemical reaction products. Oji this supposition, the 
smaller and faster ions recombine first leaving the slower and heavier ions to 
recombine more slowly. The conclusions to be drawn from such a decrease 
in the recombination coefficient will be considered later, but it may be noted 


^ L. C. Marshall, Phys. Rev. 34, 618 (1929). 
* 0. Luhr, Phys. Rev. 35, 1394 (1930). 
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that a ivS inversely proportional to the square root of the mass of the ion; 
hence an increase in mass would very properly result in a lowering in the rate 
of recombination. 

The very pronounced character of this effect in the case of ionic recom- 
bination made it obvious that the loading up occurring under these conditions 
must affect the mobility of ions aged over similar periods of time. Thus the 
existence and magnitude of a change in the mobility of ions formed under the 
same circumstances and in gases of the same degree of purity as those used in 
recombination measurements becomes of significance in gaining some insight 
into the nature of the gaseous ion. 

It was for the purpose of studying these problems that the experiments 
about to be described were carried out. The first attempts were made with a 
modification of the simple Rutherford alternating current method^ for mo- 
bility measurements with x-ray ionization. The construction of the apparatus, 
however, was such that “asymptotic feet’' in the curves obtained could not 
be avoided, and the resolving power was, therefore, very small as is the case 
with all A.C. methods of this type. Hence any small change in mobility with 
age was undetectable.® In order to establish definitely the value of the mo- 
bility of ions produced in air by x-rays at normal temperature and pressure, 
and also to study the behavior of ions formed under such conditions as a 
function of their age, the apparatus was arranged so that the absolute method 
developed by Tyndall and Grindley® could be employed. This method is capa- 
ble of yielding quite accurate and consistent results and can easil}^ be modified 
to study the effects of aging. It also has the highest resolving power of any 
accurate method. 

Method 

The essential features of the apparatus employed are shown in Fig. 1. A 
Coolidge x-ray tube, run at 80 K.V. and 4 m.a. pure D.C. under conditions 
particularly designed for extreme constancy of voltage and current, is used as 
the source of ionizing radiation. The beam of x-rays passes through two me- 
ters of air and a series of defining slits before reaching the chamber; the width 
and position of the beam in the chamber can thus be sharply determined. 
Perpendicular to the beam and in its path is a heavy brass disk from which a 
variable sector has been cut. As this disk is rotated x-rays are intermittently 
cut off or permitted to pass through to the chamber. Affixed to the same 
axle with the disk is a commutator having a single metal segment; the angu- 
lar width of the latter, as well as its position with respect to the sector cut 
from the disk, may be varied. Two brushes, separated by an angle slightly 
greater than that of the commutator segment, make contact with the com- 
mutator surface. These brushes are connected to the positive and negative 
terminals of a high potential battery bank, some point near the middle being 
grounded. As the commutator revolves, an intermittent alternating potential, 

" Rutherford, Phil Mag. 44, 422 (1897). 

® (). Luhr and N. E. Bradbury, Phys. Rev. 36, 1394 (1930). 

® Tyndall and Grindley, Proc. Roy. Soc. 110, 341 (1926). 


1314 


NORRIS E. BRADBURY 


shown, in Fig. 2, is applied to the lower plate of the ionization chamber. By 
changing the relative setting of the commutator and sector opening, the phase 
position of the x-ray flash in the chamber with respect to the potential on the 
plates may be varied. When neither of the brushes is in contact with the seg- 
ment, the lower plate is maintained at zero potential by means of a half meg- 
ohm resistance to ground; at such times the space between the plates is 
field free. 

Ionization takes place between two parallel brass plates mounted on am- 
ber insulators in a heavy brass chamber with aluminum windows. The plates 
are approximately 10X20 cm and 7.5 cm apart. The upper plate, upon which 
the ions are collected, is surrounded by a guard ring and connected to ground 
through an electrometer. The chamber has a heavy glass top (which serves as 
a mounting for the upper plate) sealed on with stopcock grease. Vapor from 
the grease, however, is prevented from coming in contact with the gas in the 



Fig. 1. Diagram of apparatus. 


chamber by a special double seal and groove. A purifying system for the 
ga^s used is connected to the chamber, and the whole may be evacuated to 

Standard technique was observed in the purification of the gases which 
were passed over CaCb, NaOH, and P,Oe, and through liquid air traps. Be- 
ni + any measurements, the chamber was first pumped out as com- 

pletely as possible, flushed out with purified gas, and finally refilled with pure 
gas to atmospheric pressure. No difficulty was experienced in obtaining gas 
of sufficient purity to give the usual values of mobility ^ ^ 

a wMrb nf adjusted to give the beam 

a centimeter or less and a position just grazing the lower plate 

occurs appLimatlly in the 
lower l The """ potentials applied to the 

The operation of the cycle may now be considered in the following man- 
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where ^ is the mobility of the ions, D, the distance between the plates, a the 
fraction of the commutator covered by the segment, T, the period of one 
commutator revolution at maximum current to the electrometer, and Va the 
advancing field strength. It is seen that the expression is independent of the 
retarding voltage, Vr, the width of the beam, and the time of retardation. 
These facts which arise from the mathematics of the cycle, were amply veri- 
fied by experiment. 

Since a, /3, 7 , and 5 are merely constant fractions, the times during which 
the potentials act are varied by varying T. This is accomplished by driving 
the commutator and disk with a D.C. motor whose speed is variable and 
determined by the voltage from a direct connected tachometer magneto. 
Speeds are thus varied and kept constant at different points with considerable 
ease. A lead shutter is provided which may be interposed between the x-ray 
tube and the brass disk. X-rays can thus be kept from the chamber while the 
disk and commutator are being brought to constant speed. When this shutter 
is removed, ionization takes place in the chamber and an electrometer deflec- 
tion IS observed whose rate is proportional to the number of ions caught by 
the upper pla,te during each cycle. Changing to another speed and repeating 
the process gives a different rate of deflection, and a series of points taken in 
this manner may be plotted from which the position of the maximum rate of 
deflection is determined. Both Fa and F, as well as a, y, and S are kept 
constant while a run is being taken. The value of the speed, N, at the point of 
maximum current makes it possible to calculate T ( = 1 /DT) and with this the 
mohlity fe may be determined from the other constants of the experiment. 

Fig. 2 shows the two possible adjustments of the commutator system. In 
^ immediately upon hT and so-called “new” ions are studied. In 

f ’ insulated section of the commutator is allowed to pass 

alter bT before the ions are drawn across during aT. Ions are thus permitted 
to age in the gas for that length of time, after which their mobility is meas- 
ured. Two types of measurement are thus possible, and a change in mobility 
with age should result in a shift of the position of the maximum of the curve 

it Other conditions are kept the sa.ixi6. 

In actual practice a was either 1/4 or 1/8 and 7 and 5 0.0194. Speeds of 
rotation were of the order of magnitude of 15 to 300 r.p.m., and could be 
measured with an accuracy of 0.5 percent with the tachometer. Fa varied from 
10 to 50 voltVcm depending upon the conditions of the experiment, and was 
read upon a ff-300 volt instrument which had been checked against the labo- 
ra ory stan ar . ^n order to check upon any change of mobility in the gas 
during the time of measurements, runs were made in the following way : the 

commutator was set m the position to study aged ions, and sufficient readings 

taken to determine the position and shape of the maximum; the commutator 
was then shifted to the position for ions and the position of the peak 
again determined. If this latter value did not give the standard mobility 

^ of experiments on new ions, the readings were 

rejected. This was done in order that spurious effects resulting from an im- 
pure sample of gas might be eliminated, and was very rarely necessary. When 
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Results 
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" & S* Greater ages than this could not be studied as tbp I’-An^ 

sow commutator speed and decreased electrometer currents (owing to re^ 
combination and loss of ions by diffusion) made measurements uncertain. 
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The possibility of attributing the observed effect to some defect in the 
apparatus or method has been carefully considered. The effect of space charge 
due to the cloud of ions of opposite sign to those measured has been shown to 
be negligible. During the 'iT and ST parts of the cycle, these ions are driven 
away from the lower plate and remain in the volume throughout the aging 
period. The resultant effect of this cloud would be to draw the ions measured 
away from the lower plate with a consequent decrease in effective D. Hence 
an apparent in mobility would be observed. However, minimizing any 

effect of space charge by narrowing the entering beam to 3 mm gave no change 
in observed mobilities. Further, a delay in the charge leaking off the lower 
plate through the half megohm resistance would cause aT to be longer than 
calculated when new ions were being measured. This would result in high 
values for new ions and a consequent apparent decrease in the mobility of 
aged ions. However, the fact that the time constant of the system was only 



tiegafive Air 

Ions 

J 

A 

U ^ 


1 / \ / 

1 / \ / \ 

f Age^.04“ 


1 / Age =.46“ \ / Age ^.9" \ 

1 


1 \ 1 ' 


Fig. 3. Curves showing effect of aging upon negative ions in air. Right hand arrow indi- 
cates normal positions of peak for new ions. Left hand arrow indicates position of peak taken 
for calculation of aged ion mobilities. 

IQ-* seconds speaks against this possibility as does the fact that the substitu- 
tion of a lower resistance did not change the values of mobility previously 
obtained. Furthermore, a definite gap of several degrees was left between the 
5r and aT phases in the case of aged ions to give the same conditions as exist 
in the new ion measurements. 

Discussion of Results 

It has been pointed out by Luhr that the only plausible explanation for 
the continued decrease in the value of the coefficient of recombination is one 
which assumes some of the ions to load up with impurities formed by the 
intense x-radiation. From J. J. Thomson’s theory of recombination the mag- 
nitude of this increase in mass which would give the observed value for the 
recombination coefficient was calculated, and found to be roughly ten times 
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esult r ^ “-t necessarily 

tude of thisToi, dimensions, though the exact magni- 

“ vZ I hc T ^ cloistering and the molecules involved. At any 

.ate, the mcrease m the radius of the ion will cause a decrease in its mean free 

pa VI, iieg ectmg any effects oi the charge on the ion. Moreover this change 

plovfma's no „« 'o «“Pfon «. that deduced by Loeb,» which em- 

wrch Tel , “thdt the mean free path directly, or a 

the case "f , he r , 5 ptoportionality or of even greater weight in 

™ Vth « ,d ^ r°n “""“c " ‘te masa of the 

h ore Vdec '■‘f.c path would cause a 

™ rcrea V n . I v *» »* ''^'t half the normal value. Yet such 

her I'df'f.ent measurements. Such a decrease has not been observed 
Bradbnrv ‘ 1 ™^"^“’ '*7" rigorous experiments of Luhr and 

riedllu thf'°1f 7 measurements car- 

'ind nev'itL * ^ Gnndley, the majority of the positive 

of recomb 'u presence, so the selective effect 

1 7 faster ions is not wholly operative. 

enuffovi 2 r fr7'"f 7 Bradbury, on the other hand, which 

halted trf!tl alternating current method, permitted the ions to 

ftfrho t 77'’ recombination of the faster ions could take place be- 
insuffi ■ made. Although this method was of 

a e 1 tr r "7^ 1" "^°t,dity, a change of 

ire .df.7f ;"7’ 7'" recombination, 

I v-7‘ P, 7' 7^ to a degree at all 

mensioim t ,j ' ’ predicted by theory. Hence if the increase in ionic di- 
l i di 7 Z"" recombination measurements, 

mis Of ,7!"'''' " experiment in the case of ionic mobilities 

theoretir 1 ’™7-' 77 inherent defect in even the most rigorous 

77 developed. The extent of the 

v( Ived u'll i" equations and the error in the assumptions in- 

\fjued will be c<.msidered in another paper. 

In coin-liLsion the author wishes to express his sincere appreciation of the 
experinieius Professor L. B. Loeb in the carrying out of these 


' I- H. l.fieb, Kinetic Tiieory of Gases, McGraw-Hill 1927, p, 468. 
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::the residual ionization in air at new high: 

:■ 'PRESSURES, AND ITS RELATION TO THE COSMIC 
PENETRATING RADIATIONS 

By James W. Broxon 
University OF Colorado 
(Received April 10, 1931) 

Abstract 

Measurements of the residual ionization in air were made with a new spherical 
chamber of 13.8 liters capacity at pressures up to 170 atm., at an altitude of 5400 ft. 
Lead and water shields were used. The slopes of the ionization-pressure curves con- 
tinued to decrease at the higher pressures, becoming zero in the neighborhood of 
130 to 140 atm. The ionization-pressure relation and the effects of shielding are ex- 
plained on the basis of the production of ions solely by secondary radiations excited 
in the walls of the vessel by the cosmic penetrating radiation. The theoretical conse- 
quences of such an assumption are discussed. 

l\/rEASUREMENTS of the residual ionization in several gases contained 
in a large chamber at pressures up to 80 atmospheres, were made a few 
years ago by the writer^ and other students® of Professor Swann. These ex- 
periments showed that the primary ionization due directly to any very pene- 
trating radiation was considerably less than that which would correspond to 
the residual ionization at atmospheric pressure. However, the observed in- 
creases in ionization per atmosphere increase in pressure at the highest pres- 
sures were usually of the order of magnitude of the ionization at atmospheric 
pressure attributed by other experimenters to the cosmic penetrating radia- 
tion. Later, in 1926, Swann^ found that the ionization at all pressures up to 68 
atmospheres increased with altitude in accordance with the theory that a 
primary cause of the ionization consists of an ultrapenetrating radiation hav- 
ing its origin outside our atmosphere. 

In order to investigate further the residual ionization and particularly its 
relation to the cosmic radiation, a new ionization chamber® was constructed 
and arrangements made for rather elaborate shielding. 

Apparatus AND Materials 

The chamber was formed by excavating a spherical cavity 11-23 /32 inches 
in diameter from a cylindrical, nickel-steel ingot 15-1/8 inches in diameter and 
17-3/8 inches long. The volume occupied by the air under investigation was 

' Reported at the Cleveland meeting of the American Physical Society, December 1930 
2 J. W. Broxon, Phys. Rev. 27, 542 (1926). 

®K. M. Downey, Phys. Rev. 16,420 (1920); 20, 186 (1922); H. F.Fruth.Phys. Rev. 22, 

109 (1923), 

** W. F. G. Swann, J. Frank. Inst. 209, 151 (1930). 

^ J. W. Broxon, J.O.S.A. and R.S.I. 18, 403 (1929). 
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13805 cc. The central electrode, guard system and ebonite insulation were 
incorporated in the form of cones in a plug which was seated upon a narrow 
fiber gasket. This chamber sustained a hydraulic test pressure of 5000 lbs. per 
sq, in. for half an hour with no indication of weakening. 

The chamber was mounted approximately in the center of a wooden tank 
14 ft. in diameter and 13.5 ft. high, in the basement of Macky Auditorium at 
the University of Colorado, Boulder, at an altitude of 5400 ft. and latitude 
40°N. Ihe chamber could be surrounded by a cylindrical lead shield 2 in. 
thick. This could be covered by a water-tight hood 2 ft. in diameter and 2 ft. 
high, and surrounded by water. The photograph, Fig, 1, shows the ionization 
chamber with the hood removed and part of the lead shield in position. A 
Brown recording thermometer bulb was inserted in a small hole drilled about 
4 in. into the bomb near its base, the entire instrument being insulated care- 
fully at the potential of the boml:>. The connection with the central electrode 
was efiected by means ol a wire stretched along the axis of a 2 in. pipe. 


Fig. 1. Photograph of apparatus. 

The air used in these measurements was dried, freed from dust, and al- 
lowed to age at least 4 weeks in each instance. 

The ionization chamber was never allowed in any building which had 
c'ontained radioacti ve supplies. Care was also taken that the shields be as free 
as possible from radioactive contamination. The lead shield was cast from 
discarded o\'erhead telephone cable sheaths. The water used was the city tap 
water. The source of the Boulder city water consists entirely of surface water 
Irom the Arapahoe Glacier and snow deposited between the altitudes of 10200 
and 13500 feet. This is brought down to the city through iron pipes which are 
nowhere imbedded to any appreciable extent. While making a survey of the 
radioactive waters of Colorado several years ago, Dean O. C. Lester tested 
the Boulder city water and was unable to detect any radioactive content. 
The ionization currents measured provide evidence that the ionization cham- 
l)er and shields were rather unusually free from radioactive contamination. 

The pressures w^ere measured by means of an American -Schaeffer and 
Budenberg gauge, calibrated by the U. S. Bureau of Standards. The applied 
compensating, potentials .were measured by means of a. Jewell 'Instrument 
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Company voltmeter calibrated at a few voltages by the Bureau of Standards 
and over the entire scale in our own standardization laboratory by means of 
a standard resistance and potentiometer. The induction coefficient of the 
auxiliary or compensating condenser was measured by a null method of mix- 
tures, the electrometer being used as the indicator and the comparison being 
made with a new variable standard air condenser constructed by Gunther 
and Tegetmeyer. Comparisons were made with six different settings of the 
standard condenser. The average of these gave 26.3 cm as the induction co- 
efficient of the compensating condenser relative to the central system, a value 
agreeing fairly well with an approximate calculation from the dimensions of 
the condenser. The corresponding induction coefficient of the ionization cham- 
ber was found to be about 4.5 cm at local atmospheric pressure. 



Fig. 2. Diagram of electrical arrangement. 


Procedure 

As shown by the wiring diagram, Fig. 2, the same sort of arrangement was 
employed in measuring the ionization as in the former investigations. The 
Wheatstone bridge was incorporated for the purpose of determining the di- 
electric constant of the air as discussed elsewhere.® The method of ionization 
measurement has been described carefully, particularly by Swann. * Distinct 
advantages of the arrangement consist of the provision for electrical shield- 
ing, eliminating almost entirely the possibility of effects due to the solid di- 
electrics, and the employment of the electrometer merely as an indicator, thus 
eliminating effects due to possible changes in sensitivity. In the present in- 

' Reported at the meeting mentioned in note 1. The complete report constitutes the sue- 
ceeding paper of this issue. 
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stance, the auxiliary condenser was fixed and the compensating potential was 
applied to this rather than directly to the ionization chamber. Thus the rate 
of application of the compensating potential was directly proportional to the 
ionization current whereas with the other arrangement the change in the 
induction coefficient of the ionization chamber relative to the central system 
with variation in pressure of the gas must be considered. 

On account of inductive effects, the detailed construction of a guard system 
is very important. Termini of the system used here are shown in Figs. 3 and 4 


Fig. 3. Longitudinal section of ionization chamber. 

wliidi represent longitudinal sections of the ionization chamber and the 
auxiliary condenser, respectively, drawn approximately to scale. This system 
prot ed to he very satisfactory. Because the guard system in this case was 
necessarily in electrical contact with the earth, particular care had to be taken 
to insulate all other portions of the set-up from earth, including the sources of 
e.m.f. 

( d course, it was exceedingly important to ascertain that saturation cur- 
rents were being measured. No appreciable decrease of the ionization current 
could be detected wlien the applied P.D. was decreased about 20 percent 
when the largest currents were being measured at the highest pressures. 
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Therefore it is considered certain that saturation currents were measured 
throughout. It should be noted in this connection that although the high 
pressures necessitated low mobilities, the largest ionization currents were 
very small and hence practical^ saturation was not difficult to establish. 

When tests were to be made the air was admitted slowly into the ioniza- 
tion chamber to a maximum pressure of about 170 atmospheres. If measure- 
ments were made immediately after filling, larger values were obtained than 
after the establishment of equilibrium conditions. Therefore, from two to six 



Fig, 4. Longitudinal section of compensating condenser. 

hours were always allowed to elapse after filling the chamber before measure- 
ments of the ionization were begun. After, three or four measurements, each 
over about an eight minute interval, had been taken at a given pressure the 
pressure was usually decreased by three to six atmospheres at the hiker 
pressures. Then at least half an hour was allowed to elapse before any meas- 
urements were taken at the lower pressure. Extension of this period to several 
hours in some instances had no effect. The gas leak was slight, although it was 

twTnr the bomb and tighten the large plug after making 
twoor three sets of observations. ^ 

' L. H. Gray, Proc. Roy. Soc. AZ30, 524 (1931); pp. 527-528. 
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Observations 

The observations have been represented graphically. In Fig. 5 the ioniza 
tion current in ions/cc-sec has been plotted against the total pressure in at 


No Shield 

Leed Shield 

Water^Shleld 

Lead and Water Shields 
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density instead of the pressure, the curves obtained are scarcely distinguish- 
able from those shown here. Curve I was obtained with no shielding other 
than that provided by the heavy steel walls of the ionization chamber, by 
the building, and by the atmosphere. Curve II was obtained with the cham- 
ber surrounded by the 2-in. lead shield; curve III, with no lead shield but 
with the tank filled with water; and curve IV, with both the lead and water 
shields in position. The ionization current in each instance was measured at 
pressures between atmospheric pressure and about 170 atmospheres. At the 
higher pressures observations were made at shorter intervals than in the 
lower pressure region previously investigated. 

The data represented by the curve of Fig. 6 were obtained with the lead 
shield in position and with the air in the bomb maintained at pressures be- 
tween 166 and 169 atmospheres. Here the ionization was again plotted along 
the ordinate axis, but the abscissae represent the position of the surface of the 
water in the tank. Depth of the water level beneath the center of the bomb is 
designated by negative values, and height of the water level above the center 
of the bomb is designated by positive values. The end points designated by 
two concentric circles represent data recorded in Fig, 5. The one representing 
no water in the tank gives the maximum ionization of curve II, while the one 
representing the tank filled with water gives the maximum ionization of curve 
IV. 

Discussion 

One rather striking feature of the measurements is the very low value of 
the ionization measured in each case at the local atmospheric pressure. These 
values varied from 2.26 with no shield to 1.45 ion/cc-sec with both shields, at 
0.82 atm. and 18°C. The smallness of these values together with the fact that 
the percentage decrease in the ionization due to shielding was in each instance 
only slightly less at atmospheric pressure than at the highest pressures, indi- 
cated that the ionization chamber, itself, was remarkably free from radio- 
active contamination. 

The ionization-pressure curves resemble those obtained previously, over 
the pressure range of the earlier observations. In particular, there is a close 
correspondence between curve II, Fig. 5, and the curve obtained by Swaiin^ 
with a similar lead shield at Colorado Springs at about the same altitude. The 
ratio of his values to those of curve II at corresponding pressures is 1 .87 at 100 
Ibs./sq. in., but decreases to 1.32 at 500 Ibs./sq. in. and then only to 1.29 at 
his maximum pressure of 1000 Ibs./sq. in. or about 68 atm. His larger values 
at low pressures are probably due mostly to a slight radioactive contamina- 
tion of the older chamber, while the nearly constant ratio at the higher pres- 
sures is of about the magnitude to be expected when the increased shielding 
provided by the heavier walls of the bomb and the building in the present 
instance is considered. Obviously, a better method of comparison is one based 
upon the differences between the absolute values of the ionization observed in 
the two instances at corresponding pressures. Thus there is an increase of only 
about 1.7 ion/cc-sec in this difference in the pressure interval from 500 to 800 
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Ibs./sq. in., and practically no further variation at higher pressures. At the 
higher pressures, then, where the effects of chance radioactive contaminations 
become inconsequential, the forms of the curves become identical, showing a 
remarkable agreement between the two independent investigations. 

The most interesting portions of the ionization-pressure curves lie in the 
new pressure range. In every case the pressure rate of increase of ionization is 
seen to have continued to decrease at the higher pressures, and the slopes of 
the three curves obtained with the chamber shielded are zero at pressures 
above about 130 atm. In curve I there appears to be a possible continued slope 
of about 0.04 ion/cc*seC’atm. at the highest pressures, but in the other three 
curves the slopes at the high pressure ends certainly are not greater than 0.02 
ion /cc* sec -atm. over a range of 40 atmospheres, and probably are consider- 
ably less. 

It would appear, then, that the immediate cause of the ionization was a 
radiation which was almost entirely absorbed at a pressure of 130 atm. If the 
source of this radiation were in the gas itself, the ionization should have con- 
tinued to increase with the pressure. If the source were outside the chamber, 
either it would have been absorbed entirely by the shields or it would not have 
been al)sorbed considerably by the gas. Presumably, then, the source of the 
ionizing radiation was in the walls of the ionization chamber. 

That the primary cause of the ionization was a much more penetrating 
radiation is shown by the continued decrease in the ionization produced by 
successively greater shielding. It seems that the situation might be explained, 
then, by the assumption that the primary cause of the ionization in the cases 
of the three lower curves was a very penetrating radiation which excited in 
the walls of the vessel a softer radiation, perhaps recoil electrons, and that the 
ionization was almost entirely due to this secondary radiation. That none 
should be excited in the gas, itself, seems remarkable in view of the amount 
i)i air present in the chamber at the high pi'essures, but if any appreciable 
portion of the secondary radiation were to originate in the gas, surely the 
ionizatiim would continue to increase with the pressure to a correspondingly 
apprecial.)le extent at all the pressures. 

That the source of the radiation capable of penetrating the lead shield was 
al>o\'e the Ie\ el of the chamber is shown clearly by Fig. 6. Apparently, local 
gamma-radiations were practically entirely absorbed with the lead shield in 
position, since variation of the water shield below the level of the chamber 
had \ Qjy little effect in this case. That local 7-radiations did contribute to the 
ionization with the chamber unshielded, is shown by the value, 58.21 ions/cc 
•sec, designated by an .v in Fig. 5 and measured with no. lead shield but with 
the water tank filled to the center of the bomb. 

Absorption coefficient of the primary radiation 

Tlie decreases in ionization produced by the shields were of sufficient mag- 
nitude to gi\'e fair estimates of the average absorption coefficients of the 
primary radiation in the materials used. As has been pointed out, the ioniza- 
tion recorded in the shielded curves at the high pressures may be considered 
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to be due entirely to the penetrating radiation. The niaxinium values of the 
ionization, in. curves I, II, III and IV are 69.14, 52.00, 45.43 and 42.60 ions 
/ec* sec, respectively. In the case of the lead shield, if we assume exponential 
absorption and disregard obliquity, we have for lead [logd45. 43/42. 60) ] 
/5.08 = 0.0127 cm-h Proceeding similarly in the case of water, w^e ubtaia 
[loge(50.38/42.60)]/166 = 0.0010 cm^h In this case, the thicknevss of the 
water shield has been taken as the 5.45 ft. depth of the top of the hood be- 
neath the highest level of the water, and the initial intensity as that measured 
with the water level at the top of the hood, which would be correct if the 
radiation were directed entirely vertically. 

In the case of the water shield we may calculate an upper limit for the 
absorption coefficient by assuming that the radiation approached the cham- 
ber uniformly from all directions above the horizontal. In the case repre- 
sented by Fig. 6, the decrease in ionization was produced by horizontal disks 
of water placed above the chamber. If P is a point on the axis of a thin disk 
of thickness / and radius a, at a distance from the disk, while the total in- 
tensity of all radiation originally approaching P through the solid angle 27r 
on the side next the disk is /o, then the intensity of the radiation arriving at 
P after having passed through the disk is 

piaxC-^ialx) ^ ( l-fa2/x2t‘ 

Id^ h J = /o J 

The latter integrand may be expanded into a series which is uniformly con- 
vergent in the region designated. When this is integrated and terms involving 
powers of t higher than the first are discarded; the value obtained is 

Id == /o[l — (1 + — 0 loge (1 + 

Now 27r[l~(l+aV^^)“^^^] is the solid angle subtended by the disk at P. 
Therefore, /o^l — (1 is the intensity of the radiation which would 
have approached P through the solid angle subtended by the disk if the disk 
had been absent. Therefore, the decrease in intensity of the radiation arriving 
at P due to the presence of a disk of radius a and thickness at a distances, 
is " 

— dl — [ilo log. (1 -f* aV 

Then when the ionization chamber is so situated that its dimensions are small 
in coinparison with both a and x, the slope of the absorption curve obtained 
by shielding with disks in the above manner is 

dijdx = /iZologc (1 -f" 

If from Fig. 6 we take the values 70 = 42.6, -dJ/dx = 9.1/196.6, a = 7 and 
x = 6A5, we obtain = 0.0028 cm-h This, of course, merely represents an 
upper limit for the average n in water, j ust as the value first calculated repre- 
sents a lower limit. Due to the absorption of the walls of the building and to 
the great absorption of the atmosphere in directions approaching the hori- 
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directions. *'*' “'"’“P*'"' with uniform intensity in all 

weli^witirttrolSltityt;^ .P‘.e 

emphasized, however that this invp f cosmic radiation. It should be 

of determinins coefficients of ibsornlifn ' °°* P“rpose 

evaluation. It is chiefly because 

of the riaht order of 0,00010?? the values obtained might be expected to be 

Explanation of the ionization-pressure relation 

-ass ed hnuis^h a mnnmum as the size of the chamber was varied As has been 
" >t.appears that the ionizing radiations in the preset ins^rce 

nust have ..ngimu ed m the vessel walls. This would necessitate a conduct 
ncreuse m lomzation with decrease in the size of a thick-wanervesset be 
auM <,f the conespomimg increase of the ratio of area to volume. In view of 

in uu , ,zi of osel obtained in the former experiments depended oartlv 

me under tlie s um' ^^'^h were constructed at the same 

inuki tlK. same conditions, the ionization increased wittn .r 
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which total absorption occurs. The area of the right triangle enclosed by the 
straight line and the coordinate axes represents the total ionization which the 
beam can produce. Also, the portion of the area of this triangle which is in- 
cluded between the ionization/cm axis and a normal to the distance axis at 
any point represents the ionization produced within that distance from the 
origin. 

Suppose, for some reason, we should want to deal with the ionization due 
to a precisely similar beam after it had traversed the first quarter of its range. 
Everything would be represented as in the previous instance by a right tri- 
angle formed between the coordinate axes and a straight line. This triangle 
would also have the right angle at the coordinate origin and would be similar 
to the first one in every respect, but corresponding dimensions would be just 
three-fourths as great as in the first instance. If we desired to deal with a 
similar beam after it had traversed the first half of its range, we should ob- 
tain a similar triangle with dimensions half as great as in the first instance. If 
three-fourths of the range had been traversed, the similar triangle would have 
dimensions only a quarter as great as the first, etc. If, then, we were to have 
all four of the above mentioned beams starting normally from a certain plane 
such as the inner surface of an ionization chamber, and ionizing simultane- 
ously, we might represent the ensuing ionization by means of the four tri- 
angles, piling them one upon the other. If they were cut from pieces of paper 
and fitted upon the coordinate axes in the proper manner in the order of de- 
creasing size, a sort of pyramid would be formed. The total volume of the 
the paper pyramid could then be considered to represent the total ionization 
produced by the four beams. Moreover, the volume included between a plane 
normal to the distance axis at the origin and another normal to the distance 
axis at any given distance from the origin would represent the ionization 
produced by the four beams within that distance from the surface of origin 
of the beams. 

If the ionizing radiation in the present investigation originated through- 
out the walls of the ionization chamber and proceeded normally to the inner 
surface in the simple manner that has been postulated, it would not be homo- 
geneous upon entering the chamber, but the corpuscular velocities would 
be distributed practically uniformly between zero and a maximum. In other 
words, we might consider that at the inner surface the beam would consist of 
an enormous number of similar parallel beams with the then untraversed por- 
tions of their ranges distributed uniformly between zero and a maximum for 
electrons just starting at the inner surface. The ionization in this case, then, 
could be represented by a pyramid similar to the one above, but with the 
steps smoothed out. Or the entire pyramid might be thought of as being com- 
pressed into the base triangle, forming a right triangular mass with a density 
varying directly as the distance from the hypotenuse, the line which would 
represent the variation with distance from the inner surface, of the ioniza- 
tion/cm due to a homogeneous beam of electrons originating at the inner sur- 
face. If, then, we think of a triangle endowed with mass and with a density 
varying in the above manner, we need only change from §Lrea to mass in order 
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to change from a homogeneous beam to a nonhomogeneous beam of the 
above type. This procedure appeals to the writer as preferable to continuing 
with the pyramid. The intercept, a, on the ionization/cm or y-axis may be 
considered to represent the ionization per cm of path due to a corpuscle of 
maximum velocity, and the intercept, 6, on the distance axis, to represent the 
maximum range. The total mass of the triangle would represent the total 
ionization which could be produced by all the electrons entering the chamber. 
Also, the mass of the portion of the triangle included between the ioniza- 
tion/ cm axis and a normal to the distance axis at any point would represent 
the ionization produced by the nonhomogeneous radiation within that dis- 
tance from the surface of entrance of the radiation into the chamber. 

In the present instance, if tertiary radiations, etc., be disregarded, the 
ionization recorded at any pressure would represent the ionization produced 
within an effective distance from the wall approximately equal to the product 
of the inner diameter of the chamber and the pressure, and hence approxi- 
mately proportional to the pressure. Hence we may consider the pressure, P, 
to reprevsent distance in the present case. 

If we write the equation of the hypotenuse of the triangle in the form 

mP — y + a = 0, 

where m = the normal distance from the hypotenuse to any point (P, y) 

within the triangle is equal to {mP 

Therefore, we may express the ionization, J, at pressure P in the form 

dP I {mP — yd- a)dy 
0 0 

= [ kay^Ha^ + b^yi^]{WP - 3bP^ + P^), 

k being merely a proportionality constant. 

Jto, the maximum ionization produced, is found by putting P = b. Hence 

and 

I = i j3P/b ~ 3pyb^ + py¥). 

This equation holds, of course, only for 0^P^5. Pressures greater than h 
correspond to complete absorption of the ionizing radiation, and hence to a 
constant I = /m. 

In this case there is little seeking for arbitrary constants. is the final 
maximum ionization and b is the lowest pressure at which this maximum is 
obtained. In curve III, for instance, 1^ = 45.43. In this case the maximum 
ionization appears to occur first at about 130 atm. Plowever, the pressure 
rate of increase of I at high pressures is so very small that the actual maxi- 
mum range probably corresponds to a somewhat higher pressure. Taking 
5 = 140 atm., the values represented by the open circles in Fig. 7 were ob- 
tained. These are rather low between 1 and 60 atm. 
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Arbitrarily assuming 4/S of the final maximum ionization to be due to 
radiation of the above type with a maximum range corresponding to 1 50 at m. 
in the bomb, and the remaining 1/5 to be due to a similar radiation with a 
maximum range corresponding to 40 atm., the values represented by crosses 
in Fig. 7 were obtained. These fall very close to the experimental curve. 

The actual situation must have been much more complicated than that 
postulated in the above analysis. For instance, the initial recoil electrons 
would not be expected to be emitted in none but radial directions, and there 
would probably be several consequent radiations with decreasing energy con- 
tent. It is hoped that a more careful analysis with more likely assumptions 
may be effected in the future. However, the writer opines that these consid- 
erations show, in so far as the observed /— P relation is concerned, that it is 
reasonable to assume the ionization to have been produced entirely by second- 
ary radiations, perhaps recoil electrons, excited in the walls of the vessel by 
the primary penetrating radiation. 
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Significance of the the recoil electron assumption 

If the explanation suggested above is correct and the ionizing radiation 
really consisted of recoil electrons, their range in the air should give some 
information concerning the penetrability of the primary radiation. Millikan 
and Cameron^ have shown in detail how to calculate by means of Compton’s” 
equations the range of the recoil electrons which would be generated by a 
very penetrating radiation of known coefficient of absorption. In the present 
instance we may proceed in precisely the reverse order. 

electrons of range about 140 diameters of the bomb 
at 18 C or 38 meters in air at N. T. P., and use the 1926 procedure of Milli- 

4r94^in?3rT harder, we obtain 

f ’ to the empirical formula 

penetrating /3-rays, the energy would be 
X 0 volts. As Milhkan and Cameron pointed out, at such high energies 

iP 28, 851 (1926) 

A. H. Compton, Phys. Rev. 21 , 483 (1923). 

“ N. Feather, Phys. Rev. 35, 1559 (1930). 
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the Compton theory predicts the eqnipartition of the energy of the incident 
quant between the recoil electron and the scattered quant Thus, nlgSe 

5r OX p'olrT' , kave an energy-vle of 

21 81X10 t ection-volts, or a wave-length of 0.00052A. Substitution of this 

o'odTs cm-r°" ^ absorption coefficient in water of 

The agreement of the value of ^ just calculated with the Caxperimental 
values ,s rather starthng m view of the fact that the Compton theory based 
upon the o dei quantum mechanics, is now in bad grace. Klein and Nishina« 
hav e calculated for the scattering coefficient, which may be regarded as the 
absoriition coelfiaent for sufficiently high frequencies. 




2(1 -jr a) 1 

- 1 2a a 


fog (1 + 2a) 


+ T"g(i + 2«) — 

(I + 2a)2 / 

In this lonnula, based on wave-mechanics, a = e is the electron charge 
»i he election mass, r the vebcity of light, the frequency of the incident 
luc a ion, and . the number of “external” electrons per cc. A represents loss 
of tncig) Inmi the metdent radiation due both to the energy transferred to 
the scattered radiation and to the recoil electrons. It was obtained directly 
by niulU|'>King the expression ' ^ 


/y 


1 + cos*-^ 6 


J 


2»tW |1 + „(1 - cos5)]<>b “ (1 +cos20)[l -f-«(l - cos0)]| 

for the intensity ol the radiation scattered per electron at an angle d, in terms 
of 7,1, the inten.sity of the incident radiation, by v/v', the ratio of the fre- 
cpiencie.'- of the incident and scattered radiations, and by NtHQ/Iq, and in- 
tegrating over the entire solid angle about a point. If we proceed in the same 
manner without multiplying by the term v/v', we obtain 


(1 — COS 6Y 


J. 


s. 


iTtXe' 




log ( 1 + 2 a) 




a - l ^ 4a^ + 6a + 3 ' 

a2(l -f- 2a) 3(1 -f 2a )^ J 


This represents loss of energy by virtue of the scattered radiation alone and 
corresponds to A' times Compton’s'^ <r„ or “true scattering coefficient” oer 

electrcm. ^ 

The ratio (S-S,)/S = E/hv, where E is the energy of the scattered elec- 
tron, IS the ratio of the mean energy per scattered electron to the energy of an 
iiitident quant. If we take £=11 XlO® electron-volts, we find the last equa 
tioii is approximately .satisfied by X = 0.000892 A. With this value of the wave- 
length of the incident radiation we obtain £ = 0.020 cm-i for water and 
7-; 7/r = 0.8. Thus, according to the Klein-Nishina theory, the energy at vW 
O, Klein and Y. Nlshioa, Zeits. f. Physik 52 , 853 ( 1929 ). . ' 
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high frequencies is not distributed equally between the scattered quant and 
the recoil electron, but most of it is absorbed by the latter, the recoil electron 
in the present instance absorbing 4/5 of the energy of the incident quant. 
Using the supposedly observed range of the recoil electrons, we have calcu- 
lated by the Klein-Nishina theory an absorption coefficient for the primary 
penetrating radiation which is one order of magnitude higher than that calcu- 
lated by the Compton theory and found experimentally. 

An absorption coefficient of 0.0024 cm~^ of water corresponds, according 
to the Klein-Nishina formula, to a primary wave-length of about 0.00006A. 
Substitution of this in the above expression for E/hv gives 1.8 X 10^ electron- 
volts for the energy of the recoil electrons. If we consider the range of an 
electron of high energy content to be proportional to its energy, the range 
to be expected according to this theory is about 38X180/11 =622 meters in 
air at N. T. P., some 16 times that assumed to have been measured in this 
investigation. 

The two theories of scattering agree very well in the x-ray region, but 
differ greatly at very much higher frequencies, as shown above. The Klein- 
Nishina theory has recently been found by several investigators^^ to agree 
much better with observations in the region of very penetrating 7 -rays than 
does the Compton theory. This would indicate that the final, constant maxi- 
mum ionizations observed in the present investigation do not correspond to 
complete absorption of the recoil electrons. If, on this basis, the suggested 
explanation in terms of some sort of secondary radiation from the walls of the 
vessel is considered entirely untenable, then it seems to the "writer that the 
true explanation must depend upon some characteristics of gaseous ionization 
at high pressures or of absorption in that region, which are not known. 

In this connection it may be mentioned that Skobelzyn^^ has observed by 
the Wilson cloud method paths which he considers to have been due to recoil 
electrons excited by the cosmic radiation, and whose energy he has estimated 
from the curvature of the path in a magnetic field, to have been about 15X10^ 
volts at the beginning of the observed portion of the path. He points out 
that this value was to be expected on the basis of the older theory but is in- 
clined to discard it in favor of the newer, and suggests the possibility of the 
corpuscles originating outside the expansion chamber, or of the mechanism 
of absorption of energy in the region of such high frequencies being of a differ- 
ent sort from that ordinarily postulated in Compton scattering, perhaps 
with the ejection of H particles from the nuclei. (Note also the suggestion of 
nuclear absorption in the papers of reference 14.) 'Hn diesem Zusammenhang 
konnte man auch an die Moglichkeit, dass die H-Strahlen mit der Energie 
von dem Betrage der ''Ultra- 7 -Energie” erzeugt werden konnen, denken. 
Diese H-Strahlen wiirden die Geschwindigkeit von der Ordnung 1,5 bis 2 . 10^0 

C. Y. Chao, Nat. Acad. Sci. Proc. 16, 431 (1930); Phys. Rev. 36, 1519 (1930). G. T P. 

Tarrant, Proc. Roy. Soc. 128, 345 (1930). D. Skobelzyn, Zeits. f. Physik 65, 773 (1930)' l! 
Meitner u. H. H. Hupfeld, Zeits. f. Physik 67, 147 (1931). ^ 

D. Skobelzyn, Zeits. f. Physik 54, 686 (1929), 
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haben.” Taking the lower of the, values suggested and Rutherford’s^® value 
of 3.07X10® ciii/sec for the initial velocity of an H atom of range 28. cm in 
air, and assuming the ranges proportional to the cubes of the velocities, we 
have i? = 0. 28(15/3.07)^ = 33 meters in air, a value comparable to the range, 
of the secondary radiation discussed in this paper. Of course, the 'TJltra- 7 - 
Energie” has been calculated on the basis of absorption measurements and 
the assiiniption of electron scattering, so that it is questionable as to what 
weight may be^given the suggestion. If one might suppose that such positive 
corpuscular radiations could produce considerably more ionization than the 
recf)il electrons in the present instance, however, there would be a possibility 
of using the notio,n in explaining the o.bserved variation .of ionization with 

prCvSHiire. 

!V)ssi 1 )ly it is worth while pointing out that in so far as the present in- 
vestigation Indicates t.lie very considerable, importance of secondary radia- 
tions excited by the cosmic radiation and suggests by virtue of their relatively 
low [lenetrating power that they are corpuscular in nature, the penetrating 
corfniscular radiations detected by some investigators^’’ may be suspected of 
being secondary in nature. 

It would appear to be a rather conservative conclusion, on the basis of 
the experiments herein presented, that the ionization in a closed vessel which 
is properly attributable to the penetrating radiation depends to a considerable 
extent upon the vessel and other circumstances. Such dependence does not 
seem to have been taken into account, for instance, by Hulburt^® in calculat- 
ing the contribution of the cosmic penetrating radiation to the ionization of 
the free atiiiospliere at various altitudes. He takes as the value at sea-level, 
1.4 ioii/cc sec which was the value measured by Millikan in two different 
electroscopes. But in the case represented by curve II, with a 2 -in. lead shield 
at an altitude of 5400 ft., only 52 pairs of ions were actually produced in 
1 sec in a region which was occupied by a quantity of air which would occupy 
about 159 cc at N. T. P. Presumably, this ionization was due partially to 
energy absorbed from the penetrating radiation by the walls of the vessel as 
well as by the air itself. It would seem, then, that the io,nization produced by 
the cosmic radiation in the atmosphere, if free from dust or other suspended 
particles, would, be considerably less than that calculated on the basis of 
1.4 ion/cc-sec at sea-level. This situation has been emphasized by ,Sw.aniT® 
on the basis of the earlier ionization-pressure experiments. To quote: ^^Thus, 
the actual ionization in the vessel, due to primary and secondary emission 
frtoni the gas, will be less at one atmosphere than at any higher, pressure,. ,If' 
then, the ionization-pressure, curve should show a very small increase of ioni- 
zation per atmosphere increase at high pressures, we know from the above 
that such increase per atmosphere is .nevertheless greater than the portion 


J6,E. Rutherford, Phil, Mag. 37, 537 '(1919). 



W. Bothe iL. W. Koihorster, Zeits. f.. Physik 56, 751 (1929). B. Rossi, Accad. .Lincei, 
Atti 11, 478 (1930). L. F. Curtiss, Phys, Rev. '34, 1391 (1929). 
lEiC O..H.u!burt, Phys. Rev. 37, 1 ,(1931). 

, 19 W.,F.:G. Swann, Bull Nat. Research Council 3, .part 2, 65 (1922). 



1336 


JAMES W. BROXON 


of the ionization due to primary' and secondary action in the gaS: within the 
vessel at one atmosphere. We may infer that any greater ionization found at 
atmospheric pressure is to be attributed to radiation from the walls of the 
vessel; this radiation, owing to its absorption at the higher prCvSBurcs, results 
in a diminishing rate of increase of ionization with pressure. . . . If one were 
to accept this parallelism without reservation, he would be forced to con- 
clude that the portion of the ionization within the vessel which wUvS attribut- 
able to the direct or indirect action of the (penetrating) radiation on the gas 
was immeasurably small. 

Naturally, if one ionization chamber is used by each observer throughout 
his investigations, values of the absorption coefficient of the penetrating 
radiation measured by different observers should agree fairly well, as they 
do.^ However, the estimates of the intensity of the radiation based upon ioni- 
zation measurements would be expected to differ and such agreement as 
exists probably depends upon the fact that no vast differences have existed 
among the experimental conditions. The writer is inclined to believe that dif- 
ferences in the effects of secondary radiations may in some instances play 
even a more important part than the zeros of their instruments”'-^^^ in explain- 
ing the lack of agreement among different experimenters as to the intensity 
of the primary cosmic radiation. 

Dependence upon time 

The question of the variation with time of the natural ionization in gases 
has been a matter of investigation for a good many years, with a great deal 
of resultant disagreement. Very recently a diurnal variation in the ionization 
produced by the cosmic radiation has been observed by Millikan^^ and by 
Hess.^^ They both agree that this ionization is somewhat greater during the 
day than during the night, an indication of which was formerly observed by 
thewriter.2 

Hess explains the variation on the basis of penetrating radiation originat- 
ing in -the sun, while Millikan considers it to be due to variations in atmos- 
pheric absorption, and shows a correlation with variations of atmospheric 
pressure. Whatever the explanation, it has probably occurred to the reader 
that this effect might serve to explain the constancy of the ionization ob- 
served in this investigation at the very high pressures. If the ionization at 
the highest pressure were observed when the intensity of the cosmic radia- 
tion happened to be at a minimum and if the ionization at successively lower 
pressures were measured with an increasing radiation intensity, a high-pres- 
sure slope which might have existed could the measurements at different 
pressures have been made simultaneously, could conceivably have been com- 
pensated. However, this was not the case. Millikan^i found the intensity of 
the cosmic radiation to pass through a maximum in the late afternoon and a 

2*^ R. A. Millikan and G. H. Cameron, Nature 121, 19 (1928). 

R. A. Millikan, Phys. Rev. 36, 1595 (1930). 

V. F. Hess, Nature 127, 10 (1931). 
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iiiininiuiii at night or in. the early morning. In the cases of curves 1~IV, the 
observations at the highest pressures were begun in the respective instances 
at 5:31 p.m. Apr. 26, 4:14 p.m. May 24, 6:00 p.m. July 19, and 3:23 p.m. 
Jiuie 21, 1930. Ill the cases of curves I, II and lV the low pressure ends of the 
practically horizontal portions of the curves at about 130 atm., were reached 
at alioiit 2:00 a.m. of the following days, and in the case of curve III, at 
niidiiight. Atmospheric pressure was usually reached by the evening of the 
sec'oncl day. 

Tlie observed constancy of the ionization at the high pressures might 
therefore be considered to constitute evidence against variations of the type 
mentioned. This need not follow when it is considered that we have here only 
three instances of extreme constancy. In particular, during the period of the 
ol)ser\xitions for curve II a sensitive barograph was kept in the room with 
the other apparatus where the temperature was very uniform, and no fluctua- 
tions of more than 1 mm occurred during the entire period. The barometric 
pressure was not observed in the other instances except in connection with 
the readings at atmospheric pressure, whence a similar constancy may have 
happened to exist. However, the observed constancy of ionization, in connec- 
tion with the way the end points fit into the curve of Fig. 6, otherwise ob- 
served Aug. 16-47, tends to provide interest in a careful investigation of the 
variation with time of the ionization in the vessel at the very high pressures. 

Ill conclusion, the writer desires to express his sincere appreciation of 
assistance received from several sources. Funds in aid of this research were 
provided by the American Association for the Advancement of Science. The 
Mountain States Telephone and Telegraph Co. on behalf of the Bell System 
provided some two tons of lead. The staffs of the several Engineering Depart- 
ments of the University rendered very generous assistance; in particular, 
Profes.sor S. L. Simmering and Mr. C. A. Wagner of the Department of Me- 
chanical Engineering compressed all the air used in this investigation. Assist- 
ance in recording observations was given by Professor G. B, Williston and by 
Messrs. Louis Strait, J. M. Porter, Sydney Hacker and Ralph Warren. The 
photograph was taken by Mr. R. A. Merrill. Professor Swann has read and 
criticized the paper. 
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THE DIELECTRIC CONSTANT OF AIR AT HIGH PRESSURES' 

By James W, Broxon 
University of Colorado 
(Received April 10, 1931) 

Abstract 

The dielectric constant of aged, dry, dust-free air was measured at pressures up 
to 170 atmospheres by an electrometric method. It was found to increase linearly 
with the pressure. 

F requently quoted values of the dielectric constant of air at high 
pressures are those obtained by Tangl,^ in 1908, at pressures up to 100 
atmospheres. In 1913, Occhialini and Bodareu® made measurements up to 334 
atmospheres. In both these investigations, the Clausius-Mossotti relation was 
found to hold. Both TangP and OcchialinP had announced in earlier papers, 
however, that the Clausius-Mossotti relation did not hold. 

More recent measurements of dielectric constants have been made largely 
by means of modern high-frequency methods. These have been criticized by 
Cagniard" who has drawn attention to the very large variations among the 
values of the dielectric constant of air at atmospheric pressure obtained by 
these methods by various observers, and has contrasted them with the better 
agreement among values obtained by the older methods. 

Very recent investigations by Keyes and Kirkwood’ of the dielectric con- 
stants of carbon dioxide and ammonia have given interesting information 
concerning their variations over large ranges of density, and the considerable 
deviations from the Clausius-Mossotti relation. 

In the present paper are presented measurements of the dielectric con- 
stant of dry air between pressures of 0.821 and 169.4 atmospheres at 18°C, 
made by a method closely resembling that of Occhialini and Bodareu.® 

Procedure 

In connection with recent measurements of the residual ionization® in air 
at high pressures, the mere addition of a Wheatstone bridge to the equipment 
otherwise required, and the measurement of two resistances, yielded the 
values of the dielectric constant of the gas at the various pressures at which 
observations of the ionization were made. The reader should refer to the 

1 Reported at the Cleveland meeting of the American Physical Society, December, 1930. 
* Tangl, Ann. d. Physik 26, 59 (1908). 

® Occhialini and Bodareu, Ann. d. Physik 42 (1913). 

* Tangl, Ann. d. Physik 23, 559 (1907). 

® Occhialini, Phys. Zeits. 6, 669 (1905). 

® Cagniard, Ann. d. Physique 9—10, 460 (1928). 

CKeyes and Kirkwood, Phys. Rev. 36, 754 (1930): Phys. Rev. 36, 1570 (1930). 
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or 


Now 


^21^2 + ^SlT/'g = 0 

?2l / qsi = - F3/F2 = Va/r, 


we may put 


K/V, = 

where Ji, and i?., respectively, represent the resistances at balance between 
• Bros™, n„. Rev. 37, 1320 (1931, . P,.e,di„a paper 1 . a,, 
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the auxiliary condenser and the guard system 

chamber and the guard system, across which, m series, the total P.D. o 
about 1050 volts was applied. Substituting, we have 

== qZl{Rc/ ^s) • 

The auxiliary condenser, C, being fixed and always at atmospheric pressure, 

If, now, the ratio RJR. be plotted against the total pressure in the ioniza- 
tion chamber, the intercept of this curve upon the ratio axis represents l/gsi 
of the value of 321 with the ionization chamber entirely evacuated, while 
other points on the curve represent l/Ssi of the values of 921 at the con ' 

ing pressures. Hence the value of RjR. at any pressure, when divided by the 
intercept value, gives the dielectric constant of the gas in the chamber at that 

pressure, referred to X = 1 in vacuo. 

Observations 

The curve of Fig. 1 was obtained in the above manner. The circles repre- 
sent observations made with the ionization chamber unshielded and the 
crosses represent values obtained four weeks later with the lead shield m 



position. The two sets of readings give values of Re/Rs at some 35 distinctly 
different pressures distributed well over the range. It is seen that both sets of 
points fall remarkably close to a straight line. Inasmuch as the curve remains 
straight over a range of nearly 170 atmospheres, and further, since Wolf has 

9 Wolf, Phys. Zeits. 27, 588 (1926). 
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found that the dielectric constants of the chief constituent gases of air vary 
linearly with the pressure to small fractions of an atmosphere, it was con- 
sidered justifiable to extrapolate by continuing the straight line to zero pres- 
sure. Division of the ordinates of the curve by the intercept so obtained, 
shows that the dielectric constant of air increases uniformly by 555 X 10"~® for 
each atmosphere increase in pressure at 18°C. 

Discussion 

If (if — 1)/P = const., then insomuch as cr, the density of the air, varies 
from proportionality with P, (if— l)/or can not be constant. Also, the 
Ciausius-Mossotti relation 

(if — l)/cr(/f + 2) = const. 

can not be true. 

The present investigation, then, confirms the constancy of the first ratio, 
and denies the constancy of either of the latter ratios, unless the variations 
in either of these lie within the limits of the experimental error. 

This latter possibility deserves careful consideration. According to the 
Landolt-Bornstein tables (1923), Amagat found the values of PF and hence 
P/cr for air at i6^C to pass through a minimum in the neighborhood of 80 
atmospheres, increasing at higher pressures and reaching atmospheric value 
at about the upper pressure limit of the present measurements. Using these 
values and the observed values for if at IS^C, the values of (if— l)/cr are 
found to pass through a corresponding minimum about 2 percent less than 
the value at atmospheric pressure, (if — l)/cr(if + 2) is similarly found to pass 
through a minimum at about 90 atm., which is about 3.7 percent less than the 
value at atm. pressure. 

Accuracy of the measurements 

The resistances were measured by means of a Leeds and Northrup port- 
able bridge. Individual resistances of this bridge have a guaranteed accuracy 
of only 0,1 percent. However, an investigation of the particular coils used in 
this instance showed the error to be only about 0.01 percent in the resistances 
measured, apart from inaccuracies in the bridge ratio-resistances, and these 
latter inaccuracies as well as errors due to temperature variations, cancelled 
in the ratio Rc/Rs* The error in a particular value of Rc/Rs, then, was prob- 
ably about 0.02 percent. Since the same coil was used throughout for the first 
significant figure of i?r,, a similar situation holding for the fractional error 
in Rc/Rb was in the same direction and of the same order of magnitude through- 
out, whence the fractional error in {Rc/ R^) / {Re/ RsY may be expected to be 
of one smaller order of magnitude than the error in a single ratio. Hence the 
error in If may be estimated to be of the order of 0.002 percent, or an error 
of less than 1 percent of (if— 1) at all pressures above 4 atmospheres. Since 
the curve was not unduly weighted by the readings at atmospheric pressure, 
we may therefore expect an error of less than 1 percent in (if — 1) throughout 
the range. 
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In the above, it is assumed that other conditions were ideal. It was not 
necessary that the resistivity of the materials constituting the measured re- 
sistances remain constant during a series of observations, but it was essential 
that no change of this type should occur between the time of balance and 
the time when the resistances were measured. No appreciable error could 
have occurred on this account. R consisted of about 102,000 ohms formed by 
winding coils of silk-covered high resistance wire of low temperature coeffi- 
cient, in single layers over thin paraffined paper upon 108 long vertical brass 
tubes submerged in kerosene, r' and r" consisted of two large, open tubular 
slide-wire rheostats, each of about 3000 ohms resistance, shunted across two 
or three of the thousand-ohm coils of R, one on each side of the earthed point. 
The maximum current through any of these was of the order of 0.01 a,inpere. 
No appreciable heating occurred, and certainly no sudden changes in tem- 
perature were possible. The measured values were found in no instance to 
vary with the time interval between balance and the resistance measurement. 

Lead resistances were negligible. The largest ionization currents in parallel 
with the current in Rs were only of the order of 3X10 “ amp. The sensitivity 
of the electrometer as an indicator of the condition of “balance, ’ with the 
P.D. employed, was sufficient to detect changes in the resistance ratio which 
could not be measured with the bridge. Constancy of the applied P.D. was 

not required. , ,, r u ^ 

Errors in the corrected pressure gauge readings were probably oi the order 
of 0.1 percent at the upper end of the scale. The atmospheric pressure could be 
determined with this accuracy, of course. With the temperature measuring 
device employed, and with the precautions taken to ensure equilibrium com 
ditions, it is believed that the temperature of the air did not vary by 0.5^ C 
from the recorded temperature in any instance. Moreover, the total varia- 
tions in temperature were very small. In the first set of readings the tempeia- 
ture varied from 18.3°C to 16.85°C, and in the second set from 18.0“C to 
IT.O'C over the whole range with the exception of the reading at atmospheric 
pressure which was made at a temperature of 16.8°C. In view of the small 
variations in temperature, reductions of pressures to equivalent pressures at 
18°C were made on the basis of the proportionality between P and the ab- 
solute temperature. . . • . i i 

The constancy of qn may be appreciated when it is mentioned that the 
air in C was always at atmospheric pressure, and that during the second set 
of observations the atm. pressure did not vary by more than 1 mm of Hg. 

From the dimensions, form and material of the ionization chamber and of 
the central electrode, it appears that no appreciable errors could have re- 
sulted from their deformations at the high pressures. Considerations of vari- 
ous conditions, particularly of the agreement between the two independent 
sets of readings, lead the writer to believe that no appreciable disturbance was 
caused by deformations of the ebonite insulators. 

Perhaps the most outstanding advantage of this method of measurement 
is that it permits the use of a guard system which, when properly designed, 
effectively excludes the influence of the solid insulators due to their dielectric 
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properties, surface charges, etc. The necessary presence of solid insulators con- 
stitutes a perpetual hazard in other methods of measurement. 

In view of the above considerations it would seem that apart from per- 
sonal errors, an estimated error of 1 percent in the values of (K—1) and their 
pressure variations would not represent too optimistic an attitude, and that 
the investigation ought to be capable of testing the accuracy of the Clausius- 
Mossotti relation. As a further test of this conclusion, it was thought worth- 
while to calculate the value of Rc/Ra which would have been required at 100 
atm. in association with the intercept value herein used, in order to provide 
the same value of the Clausius-Mossotti function at that pressure as at at- 
mospheric pressure. This value is designated by the small square in Fig. 1, 
and is seen to be decidedly farther from the curve than any but the first of 
the individual readings taken. 

Comparison with other investigations 

As mentioned above, there is a lack of agreement with the conclusions of 
TangF and of Occhialini and Bodareu^ in that they found the Clausius-Mos- 
sotti relation to hold for air at high pressures. In earlier investigations both 
Tangl‘d and Occhialini^ had concluded that the C — M function decreased as 
the pressure increased, in general agreement with the present investigation. 
In this earlier paper Tangl concluded that (K—l) varied directly with the 
density. In his 1908 paper, although Tangl concluded that the C—M function 
was constant, the function actually decreased slightly, according to the tabu- 
lated values, with increasing pressure in the case of each of the gases investi- 
gated, hydrogen, nitrogen and air. 

(K—l) /a and (K—l)/P both decreased with increasing prCvSsure in the 
case of hydrogen, and increased with increasing pressure in the cases of nitro- 
gen and air. In the case of air, the decrease in {K — l)/cr(K+2) between one 
and 100 atmospheres amounted to nearly 1.5 percent of its value at atmos- 
pheric pressure, about 1 percent less than the corresponding increase in 
(K-l)/F. 

In the region between 64 and 334 atmospheres, Occhialini and Bodareu 
found (K—l)/P to decrease about 10 percent, (if— l)/cr to increase about 
4 percent, and (If — l)/o'(Jf +2) to show no unidirectional tendency, the 
fluctuations amounting only to about 1 percent. 

In connection with the increase in the C—M function observed in the 
present investigation at pressures above 90 atm., it is interesting to note that 
Keyes and Kirkwood'^ found the function to increase in the case of carbon 
dioxide at high densities, approaching a constant value in the liquid state. 

The value of K for air at atmospheric pressure is of special interest. 
Tanghs 1908 value for if at 1 atm. and 19°C is 1.000536. If this be reduced to 
1 atm. and O'^C on the basis of the constancy of (if — 1 ) /P and of P/2" in this 
interval, the value obtained is 1.000573. On the same basis, the values ob- 
tained in the present investigation are 1.000555 at 18°C and 1.000592 at O^C. 
The corresponding value obtained by Occhialini and Bodareu on the basis 
of the constancy of the C— if function is 1.000585, On the basis of sepa- 
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rate investigations some values obtained by other experinienteis for air at 
N. T. P. are: Boltzmann (1875), 1.000590; Klemencic (1885), 1.000586; Wai- 
beb*^ (1923), 1.000584; Carman and Hubbard’^ (1927), 1.000594. Cagniard^’ 
lists several others. 

To explain the differences between the conclusions of the present investi- 
gation and others cited does not appear to be a simple matter. It is perhaps 
significant that Tangl could not have eliminated entirely the effects solid 
insulation in the compression condenser. Also, his results depended upon 
variations in the capacity of a movable plate condenser. In the investigation 
by Occhialini and Bodareu, extreme constancy of the e.m.f.'s of the batteries 
they employed was necessary. The relatively low potential differences they 
used would produce a smaller sensitivity than in the present instance, with 
the same electrometer sensitivity. In the present investigation, greater ac- 
curacy could have been secured by having 521 and Qn more nearly equal, and 
by the employment of a more accurate bridge. Some difference between these 
observations and those of Tangl might be attributed to the fact that he re- 
moved both the water vapor and the carbon dioxide, whereas in this investi- 
gation only the water vapor was removed, together with possible dust par- 
ticles. 

A feature of some interest consists of the very small residual ionization 
of the compressed air used in this investigation, probably much less than in 
any other, and the fact that this ionization was determined at each pressure 
at which measurements were made. 


10 Waibel, Ann. d. Physik 72, 161 (1923). 

Carman and Hubbard, Phys. Rev. 29, 299 (1927). 


MAY 15:1931 


PHYSICAL REVIEW 


VOLUME 37 


THE VARIATION OF THE SPECIFIC HEATS (Q OF OXY- 
GEN, NITROGEN AND HYDROGEN WITH PRESSURE 

By E. J. Workman* 

Bartol Research Foundation of the Franklin Institute 
(Received April 6, 1931) 

Abstract 

The specific heats, Cp of oxygen at 26° and 60°C, nitrogen at 26° and 60°C and 
hydrogen at 50°C have been measured as a function of pressure over the pressure 
range 10 to 130 kg/cm-. A continuous flow method is used, by which the ratio of Cp 
at a pressure p to (G,)o of the same gas at a pressure of one atmosphere is measured. 

The theory of the method shows that the experimental results are practically inde- 
pendent of the usual errors arising from heat leakage and the Joule-Thomson effect. 
Complete experimental curves as well as tabulated values are shown for Cp/ {Cp)^ as 
a function of pressure. Details of construction and use of the apparatus are given. 

I N A previous paper^ the author has described an experimental method for 
determining the variation of the specific heat Cp of a gas with pressure. A 
method of continuous flow calorimetry was used whereby the ratio of Cp at 
a pressure p to (Cp)o at a pressure of one atmosphere was measured. The pre- 
sent paper presents values of this ratio obtained by the use of improved ap- 
paratus over the pressure range of 10 to 130 kg/cm^ for oxygen at 26° and 
60°C, nitrogen at 26° and 60°C and hydrogen at 50°C. 

I. Theory of the Method. 

A schematic representation of the new apparatus is given in Fig. 1. A gas 
at a high pressure enters a temperature-controlled bath at a where it comes to 
a fixed temperature. From the bath the gas in conducted through a heat inter - 
changer and then to a pressure reduction valve where the pressure is reduced to 
approximately one atmosphere. At the low pressure the gas passes through a 
second bath, (different in temperature by 10° from the first) and again passes 
through the heat interchanger and escapes. In the interchanger the two gas 
streams are in such intimate thermal contact that they emerge at approxi- 
mately the same temperature. The temperature of each gas stream is meas- 
ured just before it enters and leaves the interchanger at Tu ^ 2 , Tz and Ta 
where T 2 "- 7 \=M and 7\-Tz = AtQ are the temperature changes in the high 
and low pressure streams respectively. 

After passing through the region where the interchange of heat takes 
place both gas streams are thermally connected to some conducting base (for 
tmll) on which is mounted a conducting sudeice (interchanger wall) which 
encloses the entire interchanger including some length of the gas conduits 
with their respective radiation-convection shields 5i, 52, Sz and 54. With this 
construction it is possible to regulate the temperature of the heavy copper 

* National Research Fellow. 

^ E. J. Workman, Phys, Rev. 36, 1083 (1930). 
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heater guard in such a way that the inter changer tmill will be an isotlieriiia! en- 
closure equal in temperature to the heater guard. The conduits leading to and 
from the interchanger are of low thermal conductivity and arranged with the 
view of minimizing the net heat leakage through the wall of tlie interclianger. 

If we assume that a steady state of gas flow and temperature distribution 
has been attained, we see that there is an interchange of heat between the 
two gas streams, and that a simple relation exists between Cp for each gas 
stream and the four measured temperatures indicated above. The resistance 


WH.PBath 


Reduct- 
ion Vaive 


-Si 

-Heater Guard 

-Merck anqer 

Interchanger 
-Base -far Wall 
~5z 
-Tz 


Fig. 1. Schematic diagram of apparatus. 

to the flow of gas between the points where their temperatures are measured 
will give rise to a small Joule-Thomson temperature change in each stream. 
Let us indicate these temperature changes by fxAp and ixoApo in the high and 
low pressure lines respectively. Also let $ be a net amount of heat per gram of 
gas gained through leakage by the two gas streams. Since the pressure and 
temperature differences over each gas stream in the interchanger are small 
we can now write 

q = €p\At + ixAp\ — (C33)o[Ai5o + UqAPq] (1) 

where Cp and (C^)o are average values over the temperature intervals indi- 
cated by At and A^o respectively. Solving (1) for Cp/{Cp)q we have 

Q __ At + uoApQ — q/{C^Q ^ 

(C3j)o At T ixAp 

Expanding the right hand number of Eq. (2) we have 


( 3 ) 
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where is a correction term, given by the relation 
~lxKp/Sio 

^oA^’o — - 


4-1 ri- 

(QoJ LA^ 


A/ (QoJLA^ A/2 

With the usual methods of flow calorimetry it is difficult to deal with 
correction terms of the type of cj) in Eq. (3). It seems therefore that perhaps 
the greatest virtue of the method, outlined above, rests on the fact that it is 
possible to eliminate, almost completely, errors of this kind by interchanging 
the bath temperatures and taking the mean value of the two results thus ob- 
tained. If a set of temperature readings be taken when, for example T i = 45°C 
and Tz = 55° and a similar set taken for the reverse arrangement Ti — 55° and 
r3 = 45° we see, when applying these readings toward the determination of 
Cp/(Cp)q in Eq. (3) that the correction term is changed in sign but not ap- 
preciably in value in going from one arrangement to the other. This result is 
apparent from Eq. (4) if we bear in mind the fact that ixAp does not differ 
greatly from fx^Apo and that they are both small in comparison to the measured 
temperature intervals. Furthermore q is small in comparison to the amount 
of heat available for transfer between the two gas streams in passing through 
the interchanger and is approximately the same in each arrangement of bath 
temperatures. The fact that in either case, T 2 and r4 do not differ much from 
the mean of Ti and Tz justifies the assumption that the factors which deter- 
mine the magnitude of q will be about the same in these two experiments. 

These arguments indicate that it is possible to conduct a set of experi- 
ments whereby a value of Cp/ (Cp)o is obtained which, to a very high degree 
of approximation will be independent of the Joule-Thomson effect and small 
heat leakages of the type q. Moreover, if we assume that the values of the 
specific heats here involved have a linear variation with temperature over 
the small range Ti to Ts, we see that Cp/ (6^)0 becomes simply the value of 
Cp/ (Cj,)o at the mean temperature (ri+r2)/2. 

Results 

With apparatus designed with the aim of meeting the requirements set 
forth in the foregoing paragraphs, values for Cp/ (Cp)o have been determined 
for oxygen at 26° and 60°C, nitrogen at 26° and 60°C and hydrogen at S0°C 
over the pressure range of 10 to 130 kg/cnF. In all cases the temperature 
difference in the two gas streams as they enter the interchanger (Ti—Tz) has 
been ±10°C. 

The results of the measurements are shown graphically in Fig. 2 where 
{Ti- Tz)/iTi-T 2 ) are plotted as ordinates against the pressure in kg/cm^ as 
abscissae. In all these cases the upper curves are obtained when the bath 
temperatures are arranged such that Ti<Tz i.e. when the high pressure gas 
is warmed and the low pressure gas is cooled in the interchanger. The lower 
curves represent the data for the reverse arrangement of bath temperatures. 
The mean curves in Fig* 2a, b, c, d and e give the values of Cp/ {C p)q 3.s a. 
function of pressure. 

In Table I values of the ratio Cp/{Cp)o for the gases studied are given with 
their corresponding pressures and molecular density ratios. The density 
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ratios (number of molecules per unit volume at a pressure p over the number 
at a pressure of one atmosphere) are given in parentheses/^ The values of the 


Table I. Values of Cp/iCAiu 


Pressure 
in kg/cm‘^ 

02-26" 

O2-6O" 

N2--26" 

N2-6()" 

10 

1.0160 

(9.6) 

1.0090 

(9.6) 

1.0137 

(9.7) 

1 .0097 
(9,7; 

30 

1.0520 

(28.5) 

1.0355 

(28.8) 

1.0443 

(28.9) 

1.0322 

(29.1) 

.,.-50 

1.0880 

(47.1) 

1.0632 

(47.8) 

1.0746 

(48.3) 

1.0551 

(48.7) 

70 

1.1255 

(65,4) 

1.0901 

(66.6) 

1 . 1050 
(76.7) 

1 .0780 
(68.5) 

90 

1.1637 

(83,5) 

1.1162 

(85.4) 

1.1332 

(87.4) 

1.0991 

(88.6) 

110 

1.2020 

(101.2) 

1.1420 

(104.2) 

1.1597 

(107.2) 

1.1194 

(109.1) 

130 

1.2410 

1.1680 

1.1860 

1.1390 


Fig. 3. Cp/(C'p)o as a function of the molecular density. 


2 leaking this transformation the PF values of Holborn and Otto have been used. 
Holborn and Otto, Zeits. f. Physik^ 33, 1 (1925). 


1.0013 

(9.7) 


1.004! 

(29.5) 


1 .0072 
(49.7) 


1 .0098 
(70.3) 


1.0120 

(91.4) 


1.0142 

(112.9) 
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specific heat ratios were obtained from the carefully drawn mean curves. The 
probable error is less than 0.2 percent. The curves in Fig. 3 show Cp/{Cp)o as 
a function of the molecular density. 

Discussion of Results. 

In the first part of this paper it is shown that the separation of the two 
experimental curves for each case given in Fig. 2 a, b, c, d, and e is due to the 
existence of a correction term (f> (Eq. 3). Although this term involves, as well 
as the Joule-Thomson effect, a small heat leakage q, it is of interest to con- 
sider the Joule-Thomson effect alone.* 

With oxygen and nitrogen the Joule-Thomson effect is a cooling effect 
under these conditions of temperature and pressure. In the series of experi- 
ments where Ti<Ts this cooling would therefore have the effect of decreas- 
ing the magnitude of Ti—T^ and increasing that of Ti — T,. As a result the 
values of Cp/(Cp)o calculated by the relation Cp/{Cp)^ = {Ti—Tz)/{Ti—Ti) 
would be too large. By similar reasoning we see that corresponding values 
would be too small when the reverse arrangement of bath temperatures is 
used. i.e. when Ti > Ts. A separation in this direction is observed in the cases 
of oxygen and nitrogen. With hydrogen, however, we expect the Joule- 
Thornson effect to warm the gases slightly under the conditions of this experi- 
ment. It is ill this case where a large Joule-Thomson effect does not predom- 
inate in producing a separation of the curves that we see most clearly the 
effect of a small heat leakage. A further study of heat leakage in the case of 
hydrogen was made by increasing the flow of gas to double the normal rate. 
The increased flow of gas may alter the relationship between q and the regular 
interchange of heat. This would be shown by a change in the interval between 
the two curves. The dotted points of Fig. 2e show the effect of the increased 
flow for hydrogen, where the points above the mean curve are associated with 
conditions which produced the upper curve and the other points result from 
the inverse arrangement of bath temperatures. The symmetry in the position 
of the ^^dotteT^ points, with respect to the mean curve, gives additional proof that 
the mean value curve is independent of the term (p in Eq, (3). 

It is of interest to examine the curves for evidence of the Joule-Thomson 
effect in the region of lower pressures. If the rate of gas flow in grams per 
second remains constant, it is apparent that the volume of gas passed per 
second in the high pressure line of the interchanger will increase at the lower 
pressures with the result that the Joule-Thomson effect will come more and 
more into effect in this region. This is shown with remarkable certainty in all 
three gases. The behavior of hydrogen in this region is of peculiar interest be- 
cause the Joule-Thomson effect is observed as a warming effect instead of 
cooling as in oxygen and nitrogen. 

In passing the discussion of the curves presented here, it should be stated 

In this treatment we have not considered the effect of temperature on the specific heats 
of gases in relation to the interval between the curves. It is easy to show that such a considera- 
tion w’'ouId give rise to a second term in Eq. (3) which, like <t>, almost completely vanishes in 
the mean curve. ■■ 
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that iii general,, care should be taken in attaching any particular signlficaiice 
to, the shape of the upper and lower curves except in so far as the mean curve 
is affected. It must be remembered that the conditions of gas ilow in the higii 
pressure stream are different for all values of the pressure. As a consefiuence 
the temperature gradients along the conduit leading to the inteicliangei may 
change in such a way as to change the magnitude of the heat leakage. Indeed 
it has been possible in the case of nitrogen at 60°C to change the flow over 
such a wide range that ^ changed in sign. In connection with limitations just 
mentioned it may be of equal importance to say that to one using this method 
to study the specific heat of gases, the character as well as the position c)f the 
individual curves may point to the Imperfections of the apparatus at hand. 
For example, we can be reasonably certain that in the present apparatus the 
net heat transfer arises from an excessive heat conduction along the line 

leading from the low pressure bath to the heat interchanger. 

The data indicate that the heat leakage and the Joule-Thomson temper- 
ature effect are both within the allowable magnitude specified in the theory 
of the method. The intercepts of the mean curves on the pressure axis in- 
dicate that there is no trouble in measuring temperatures as was certainly the 
case in the work previously reported by the author.^ The errors in this earlier 
work were due to the fact that the temperature gradients which gave rise to 
an error in temperature measurements in one region of pressure differed more 
in another region than was expected at that time. In the light of further work, 
however, it is made clear that this variation is to be expected when tempera- 
tures are measured as in the earlier work. 

The oxygen and hydrogen used in this work was obtained from the Phil- 
adelphia plant of the Paschall Oxygen Company, and the nitrogen from the 
Linde Air Products Company of New York City. By special analysis at the 
respective plants these gases were shown to be better than 99.5 percent pure. 
The gas was dried over phosphorus pentoxide before it was passed through 
the apparatus. 

Details of Construction and Use of the Apparatus. 

A simple scale drawing of the apparatus is difficult to realize because of its 
compactness and lack of symmetry in a single plane. Fig. 4 is a “sectional” 
drawing which may serve to show the actual construction of the several parts 
as well as the complete gas circuit. The scale is distorted but dimensions of the 
interchanger parts may be estimated if the various parts (thermometer tubes, 
shields etc.) are considered as drawn to scale, connected as shown but spread 
out laterally in the plane of the paper. The cylindrical boundary of the inter- 
changer must therefore be thought of as being 2.25 inches in diameter and 5 
inches long rather than 4.5 inches in diameter and 5 inches long as the scale 
might indicate. The same consideration must be made for the heater guard w 
which is 3 inches in diameter and 7 inches long. The high pressure gas con- 
duits, where low thermal conductivity is desired, are nickel silver tubes 
0.063 inches outside diameter with 0.010 inches wall. The corresponding low 
pressure tubes are of nickel silver with 0.125 inches outside diameter and 0.005 
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wall. Other tubes are drawn to a corresponding scale. All nickel silver parts 
are thinly gold plated. 

The gas circuit is as follows: Gas from the high pressure reservoir is con- 
ducted to the tube 6' through which it passes to the temperature controlled 
bath h. The inner bath ib, being heat insulated from b serves to smooth out 
temperature fluctuations due to slight periodic changes in the heating cur- 
rent applied to the outer bath, which surrounds it. The gas stream now passes 
through the nickel silver tube e which conducts it through the boundary of 



Fig. 4. Sectional diagram which shows the actual construction of the several 
parts of the apparatus as well as the complete gas circuit. 

the interchanger h to g where the light walled tube turns back sharply and 
is soldered, for thermal contact, to the copper radiation shield r. From m to j 
the conduit is developed into the form of a spiral helix which terminates at j 
where another shield i is attached. The circuit passes from j to the chamber 
s where nearly all the interchange of heat between the two gas streams takes 
place. From this enclosure the high pressure gas passes into a copper tube at 
u which winds about between the two copper walls v, to which it is soldered 
for thermal contact, leading to the nickel silver tube I which passes the gast 
through the outlet thermometer tube o, A radiation convection shield # is 
soldered to I as shown. From the outlet thermometer tube the gas passes, 
along the path indicated, to the reduction valve/ where the pressure is re- 
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ducedv After passing the point z the gas at a pressure of approximately one 
atmosphere is conducted to a second temperature controlled bath a. Fhe 
course of the low pressure gas through the apparatus is exactly similar to 
that of the high pressure stream except that in the region between t and I the 
low pressure stream is constrained to move in a spiral path through the duct 
formed by the high pressure line and the two copper walls v. From the point 
g' the low pressure gas escapes into the air. 

The temperature controlled baths are made by machining thick-walled 
copper tubes in such a way that one fits snugly inside an outer tube. Helical 
grooves cut on the smaller tube serve as a conduit for the gas streams. The 
two baths thus constructed consist essentially of a solid block of copper about 
5 inches long and 2.5 inches in diameter. The outer baths are equipped with 
electrical heating coils for maintaining constant temperatures while the inner 
baths are allowed to ^^float” at a temperature determined by the temperature 
of the gas which flows through them. The relative sizes of the outer and inner 
baths are represented approximately in the drawing. 

The interchanger, as will be seen, is constructed in such a way that the 
regions of large temperature differences are in its inner folds while the out- 
side is very nearly equal in temperature to the temperature of the two gas 
streams as they leave the interchanger. With this arrangement it is possible 
to have an isothermal surface h on the interchanger which can be thermally 
protected by keeping the temperature of the surroundings equal to the tem- 
perature of the surface. This is accomplished by means of the heavy copper 
heater guard w which is kept at the same temperature as the surface of the 
interchanger by maintaining a zero reading on a five junction copper-con- 
stantan thermocouple connected to their respective surfaces. 

The thermocouple which measures temperature change on the high pres- 
sure line has one end inserted in the hole d in the inner bath. It passes through 
a german silver tube e, a copper tube k and terminates in the thermometer 
tube Since the thermometer tube is very nearly equal in temperature to the 
interchanger surface and the heater guard, conduction from the interchanger 
along the thermocouple wire is minimized by passing the thermocouple wires 
through the tube k which is soldered to the heater guard. Practically the 
entire temperature gradient along the thermocouple wires exists along the 
length between the bath and the wall of the heater guard. Tube / is a thin- 
walled nickel silver tube which is soldered to b and extends through the first 
heater guard wall, having the purpose of protecting the wires and smoothing 
out the temperature gradient along them. Other thermocouples measure the 
temperatures of ib and the heater guard to an ice bath. The temperatures on 
the low pressure side are measured by exactly similar methods. 

The temperature difference between the two baths is maintained at 1 0°C. 
Temperature gradients therefore exist between the points where the inlet 
temperatures are measured and some point inside the interchanger where the 
interchange of heat between the two gas streams starts. In order to minimize 
the net transfer of heat along the entrance tubes, it is desirable to prevent the 
interchange of heat for some distance after the gas streams pass through the 
boundary of the interchanger. To accomplish this, the tubes in addition to 
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being poor heat conductors are gold plated to give a surface of low emissivity 
to radiation at these temperatures. The radiation-convection shields i and r 
are of copper thinly gold plated. Small dewar jSasks and further serve to 
isolate these regions. It is found by direct measurement that with these pre- 
cautions the temperature changes along the tubes from e to q and the cor- 
responding length e' to are of the order of 1 percent of the total changes. 
The thermal conductivity per unit length of the two inlet tubes is approxi- 
mately the same and since the temperature changes are in all cases almost 
equal and opposite, a compensating effect should reduce the net transfer of 
heat along them. 

On the outlet side little trouble with heat conduction is met, because the 
temperatures to be measured are so nearly equal to the surrounding temper- 
atures. The interchange of heat between the two gas streams has been made 
as complete as is easily possible in order to produce this condition of temper- 
ature equality at the outlet side. The amount of interchange is somewhat de- 
pendent upon the gas used and the condition of flow but for all conditions the 
difficiency in interchange does not exceed 0.2 percent. 

The enclosure defined by the walls v and h will therefore be at about the 
same temperature as the outlet thermometers and the shielding here repre- 
sented is considered adequate for the purpose of isolating the region where the 
temperatures are measured. Measurements are carried out at different tem- 
peratures and since it is desired to have similar conditions for each experi- 
ment the entire assembly is enclosed by a constant temperature boundary 
which in all cases is maintained at a temperature 10° lower than the mean of 
the two bath temperatures. This boundary is a temperature controlled cy- 
lindrical shell about 18 inches long and 6 and 8 inches inside and outside 
diameters. Since the difference in bath temperatures is always 10°C one will 
be five degrees and the other 15°C above the temperature of the enclosure. 
To prevent this temperature distribution from producing dissimilar condi- 
tions when the bath temperatures are interchanged the shield g which is 
thermally connected to w is provided. 

The temperature of enclosure x is controlled by a thermostat while the 
two bath temperatures are controlled manually by the observer. All temper- 
ature measurements are made by the use of five-junction constan tan-copper 
thermocouples, used with a White double potentiometer and the usual aux- 
iliary equipment. 

The flow of gas is controlled by producing a constant rate of delivery to 
the low pressure bath. This is accomplished by maintaining a constant pres- 
sure on a capillary leak % (Fig. 2). In general the flow of gas on the low pres- 
sure Side was maintained at 70 cc/sec. for oxygen, 80 for nitrogen and 160 for 

hydrogen. . 

Pressure measurements were made with a high class Bourdon spring 
gauge developed for, this work, in the shops of this laboratory. It was cali- 
brated against a dead weight gauge. 

The author is indebted to the staff of the Bartol Research Foundation for 
providing facilities for this work, and the United States Gauge Company for 
calibrating pressure gauge. 
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ELECTRICAL RESISTANCE OF NICKEL AND IRON WIRES AS 
AFFECTED BY LONGITUDINAL MAGNETIC FIELDS 

By 0. Stierstadt 

Laboratory of Applied Electricity, University of Goettingen 
(Received February 11, 1931) 

Abstract 

In a paper on electrical resistance of nickel and permalloy wires as affected by 
longitudinal magnetization and tension, L. W. McKeehan pointed out that further 
investigation and discussion of some special questions regarding change of resistance 
of ferromagnetic substances in magnetic fields were highly desirable. In the present 
paper the following subjects are treated, partly on the basis hitherto unpublished 
measurements by the author. (1) Change of resistance in small fields. As the litera- 
ture shows, the question whether this is independent of the magnetic history of the 
sample is not yet settled. Anomalies often observed are not real. (2) The early satura- 
tion of the magneto-resistance effect, a condition which is reached in considerably 
weaker fields with ferromagnetic bodied than with para- and diamagnetic bodies. 

An explanation on the basis of the electron theory is suggested. 

Introduction 

I N A very interesting paper on the change of electrical resistance of nickel 
and permalloy in longitudinal magnetic fields McKeehan^ treated exten- 
sively the question of variation of the electrical resistance of permalloy in 
magnetic fields under the influence of tension as dependent upon the varia- 
tion of the nickel content of the permalloy. He finds certain phenomena which 
present a remarkable analogy with the change of resistance of ferromagnetic 
bodies in magnetic fields. For this reason he discusses in great detail the most 
important papers on magneto-resistance and elasto-resistance. 

In the present paper only the papers of the first group dealing with mag- 
neto-resistance will be discussed. McKeehan quotes as the most interesting 
of the recent papers in this field that of Fr. Vilbig.^ Vilbig describes in this 
paper a number of strange phenomena, viz., change of sign of the effect, 
“stable” and “labile” curves, etc., which are supposed to be exhibited in the 
change of resistance of ferromagnetic bodies in small longitudinal magnetic 
fields. Such anomalies, in addition to normal curves, are to be found in al- 
most all previous papers of other authors. They are, however, most remark- 
able and most extensively discussed in the paper of Fr. Vilbig. For this reason 
McKeehan thinks it one of the most important problems to study and explain 
“the irregular progress of magneto-resistance changes in low applied fields.” 

In a detailed paper “Die Anderungen der elektrischen Leitfahigheit fer- 
romagnetischer Stoffe in longitudinalen Magnetfeldern”^ the author briefly 

^ L. W. McKeehan, Phys. Rev, 36, 948 (1930). 

2 Fr. Vilbig, Arch. f. Elektrotechn. 22, 194 (1929). 

^0. Stierstadt, Phys. Zeits. 31, 561 (1930). 
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pointed out how these anomalies are to be explained. In this paper were also 
presented more accurate and previously unpublished measurements on the 
peculiarities in low fields of the curves in question. These often observed 
anomalies in low fields are further discussed in the present paper.- 

Part I 

A brief discussion of some of Vilbig’s results is desirable. Fig. 1 shows the 
change of resistance of a nickel wire 0.051 mm in diameter over its complete 
magnetic cycle as observed by him. Remarkable are the frequent intersections 
of the various parts of the curve. Those in low magnetic fields, where the rela- 
tive change of resistance becomes negative, i.e. where it passes into a decrease 
of resistance, seem to be particularly interesting. These parts were very 
thoroughly investigated by Vilbig and he established a number of regularities 


Fig, 1. Change of resistance of nickel. (Taken from Vilbig’s paper.) 


of which the most important are summarized here in order to make the follow- 
ing discussion clearer. 

He finds in the negative parts of the curves of hysteresis of resistance 
(Fig. 1) two types of curves, which he terms ^‘stable” and “labile,” respec- 
tively. These types of curves appear when in the negative parts the field is 
no longer increased but is made to decrease from any point. The appearance 
of these curves depends upon whether this lowering of the field is produced 
before or afler passing the minimum, and upon whether the zero line has al- 
ready been reached or passed before the field is lowered. Fig. 2, taken from 
Vilbig's paper shows on an enlarged scale these “stable” and “labile” curves 
below the zero axis. Fig, 3 shows their appearance when on lowering the field 
the zero axis has been already passed. The number of arrows indicates the 
succession of the reversed variations of field. For more details, the original 
paper of Vilbig must be consulted. Unfortunately he makes no attempt to ex- 
plain the observed phenomena. 
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The present author examined these phenomena thoroughly and found 
that these observations are completely explained when a fundamental error 



Fig. 2. Negative change of resistance of nickel. (Taken from Vilbig’s paper.) 

which underlies the whole paper of Vilbig is recognized. He writes in italics 
at the beinning of his paper that ^^the change of resistance dw vanishes at once 



Fig. 3. Negative change of resistance of nickel. (Taken from Vilbig’s paper.) 

with the magnetic field.” This is, however, an error. On the contrary, the 
change of resistance in the magnetic field shows far-reaching analogies with 



ordinary magnetization. Above all it shows quite a definite residual magnet- 
ism, a coercive force, etc., as a curve taken from the paper of the present 
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author demonstrates (Fig. 4). This essential fact passes unnoticed by Vilbig. 
B2ven the component of the earth's field may introduce errors, as found by 
measurements on very soft, extraordinarily pure, vacuum melted electrolytic 
iron (99.998 percent Fe). 

7"he wire samples should^ therefore^ he carefully orientated perpendictilarly 
to the earth's field for exact measurements , 

The measurements reported herein were taken in an exactly homogeneous 
magnetic field, provided by a magnetizing coil approximately 1 m in length. 
Vilbig used the field between the poles of an electro-magnet. With a pole dis- 
tance of 13 cm he considers the middle 5 cm as approximately constant. This 
field shows, however, according to his own calibration an increase of 20 per- 
cent from the minimum in the center at the ends of the 5 cm range used in 




Fig. 5. Lowering of the held before the minimum. 

Fig. 6. Lowering of the field in the minimum. 

Fig. 7, Lowering of the field after the minimum. 

Fig, 8. Lowering of the field in the zero line. 

Fig. 9 Lowering of the field above the zero line. 

measurements. It has, therefore, by no means the necessary homogeneity, 
Fiirtherraore, in the present author's apparatus the sensitiveness of the ar- 
rangement for measuring the relative change of resistance, dwjw, was one 
hundred times as great as that of Vilbig. Readings were taken with a Thom- 
son double bridge. As null instrument a mirror galvanometer of Siemens and 
Halske with magnetic shunt having a current sensitivity of about 10“® amp, • 
cleg. — 1 at 450 degrees distance was used. For more details regarding the appa- 
ratus, especially the temperature protection of the wire and its arrangement 
and centering in the magnetic field, see the paper of the author referred to 
above.^ The samples tested measured 50-70 cm in length. 

Figs. 5 to 9 show in analogy to Vilbig's work measurements of the change 
of resistance in low fields. The wire always had a residual magnetism at the 
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beginning of the measurements. Regarding the resistance, we shall term this 
state the “zero state.” On increasing the field at the beginning of the readings 
from iT=0 to lf=100-150 gauss and subsequently decreasing it to H = 0, 
now on another increase of the field in the opposite direction, thei e were found 
apparent negative changes of resistance, which showed a minimum and a sub- 
sequent increase of resistance, i.e., the resistance becomes smaller at the 
minimum than in the zero state. 

These are the negative changes of resistance observed and investigated by 
Vilbig. Of course, differences in the course of the curves are to be expected 
here, so-called “stable” and “labile” curves, when the field is lowered, e.g„ 
before or after reaching the minimum or the zero line. But then it would be 
equally justifiable to speak of stable and labile parts in the curve of magneti- 
zation. 

+civj//w 

I — I — I — 1 i ^ I 


‘I'^C-d'A'/w 

-30 -20 -10 0 10 20 
H (gauss) 





0 








Figs. 10 and 11. Apparent negative changes of resistance of nickel. 


The observed effects are not, therefore, to be considered as anomalies of 
the change of resistance, but as inherent in the process of magnetization. On 
visualizing the course of magnetization for each variation of field in Figs. 5~9, 
one readily sees that with these low fields the relative change of resistance and 
the magnetization are quite analogous. The very marked, broad loop of the 
curves has its origin in the strong residual magnetism with nickel, notably in 
weak fields, which is by far greater than with all other ferromagnetics. With 
iron 'these phenomena are therefore much less developed and not so easy to 
observe although they appear quite in the same form and corresponding to 
the curve of magnetization. 

Figs. 10 and 1 1 demonstrate two other phenomena observed by the author 
and referred to in the paper of Vilbig as characteristic yet inexplicable. 



W. Gerlacli, Zeits. f. Physik 59, 847 (1930) ; Ann. d. Pliysik 6, 772 (1930) 
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Pl.g. 10 shows the gradual stabilization of the curves after a single or repeated 
passing of the minimum range. Fig. 11 shows that the value of the negative 
minimum of change of resistance depends on: the strength of the magnetic 
field applied before in the reverse direction. A detailed discussion of these 
phenomena in connection with the process of magnetization appears unneces- 
sary after the preceding demonstration. 

It can therefore be stated quite generally that regarding the change of 
resistance of iron and nickel in longitudinal magnetic fields, there is always 
an increase of electrical resistance, which may be marked by the existence 
of coercive force II. This generalization, however, is only clear after. complete 
demagnetization, of the wire before each measurement. These considerations 
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Fig. 12. Resistance hysteresis of annealed iron with carbon content. 


show, that it is the neglect of this fact which accounts for a number of earlier 
observations which demonstrate a reversal in sign of the effect in low fields. 

These statements are, however, not valid for high temperatures. W. 
GerlaclF^ found that with rising temperature the value of the magnetic change 
of resistance decreases steadily and finally, above the Curie point, turnsd.nto 
a decrease, while a loop .is no longer formed. It is true, however, that for. a 
tempe.rature of as high as +.200°, G, Gerlach finds .an example with quitem 
normal curve of 'resistance, hysteresis.' , 

In the paper referred to above'*^ the present author emphasized that apart 
from incomplete demagnetization of the wires there are still other causes 
which may to a certain degree account for the change of sign described, e.g. 
soldering of the leads to the wire sample. In the magnetic field such contacts 
may give rise to thermomagnetic and thermoelectric effects, causing anoma- 
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lous shapes of the curve, and in particular as observed, a change of sign. The 
superposition of such effects on the purely magnetic effects, described above, 
may considerably distort the form of the curve under certain conditions and 
therefore render difficult the unambiguous interpretation of the phenomena. 
On carefully avoiding all sources of error, there is invariably a normal curve 
of resistance hysteresis to be obtained, as shown for nickel in Fig. 4 and for 
iron in Fig. 12. According to these, the inner magnetization is invariably the 
factor which principally determines the resistance and not the outer mag- 
netic field. 

On the basis of this statement, the change of resistance, considered over 
the whole magnetic cycle need not necessarily show a loop as Figs. 4 and 12, 
unless the curve of magnetization of the material shows hysteresis. Gerlach'^ 
confirmed these results for nickel at high temperatures. The author showed on 
the other hand with pure electrolytic iron that the loop sensibly disappears. 



Fig. 13. Change of resistance of electrolytic iron: I untreated, II annealed. 

Fig. 13 demonstrates this for two samples of electrolytic iron. Curve I is for 
a hard drawn, non-recrystallized wire. Curve II is for a sample, recrystallized 
in the usual way by two tempering processes and one drawing process be- 
tween. For the whole magnetic cycle, the relative change of resistance is de- 
termined unambiguously by the strength of the magnetic field applied. A de- 
tailed report is given in a paper /‘Zur Frage der Widerstandsanderung von 
reinstem Elektrolyteisen in longitudinalen Magnetfeldern.’^® 

With material of so high a degree of purity (impurities amounting to only 
1/1000 percent, contrary to ordinary technical iron) a very great influence of 
any mechanical stress and of the size of crystal grain on the relative change of 
resistance was found. Investigation of these influences is being carried on in 
the Laboratory of Applied Electricity of Goettingen University and will be 
reported elsewhere. 

® 0. Stierstadt, Zeits. f. Physik 65, 575 (1930), 
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Part II 

In the paper cited aboved McKeehan expressed the need for solution of 
another problem, viz., the question as to the "early saturation of the mag- 
neto-resistance effect.” The following considerations may help to throw some 
light on the solution of this problem. 

With non-ferromagnetic substances saturation of the change of resistance 
begins only in very strong fields of an order of magnitude of 10^-10® gauss. 
With the ferromagnetic substances, however, the beginning of saturation of 
the change of resistance and of the magnetization coincide very nearly; with 
nickel and iron at 5 = 6000-8000 and 20,000-25,000 gauss respectively. In 
these cases, of course, the internal fields are to be considered and not the ex- 
ternal fields. With the ferromagnetic bodies, therefore, the values for the 
strength of field for saturation are by the factor 10 or 100 lower than with 
para- and diamagnetic bodies. 

In the latter group P. Kapitza^ made extended measurements which have 
only recently been theoretically explained by the work of N. H. Frank.’^ In 
an extension of Sommerfeld’s theory of the magnetic change of resistance, 
Frank derives a formula which represents correctly the change for all field 
strengths. Frank's formula is 


dli b-m 

R ~ l + c-m 

(1) 

where b and c are individual atomistic constants, 
terial, of the following form: 

characteristic of each ma- 

TT^ /XV 

(2) 

c = {el\/hY) 

(3) 


where e is the elementary electrical charge, m the mass of the electron, I the 
mean free path of the electron, k Boltzmann’s constant, T the absolute tem- 
perature, X deBroglie’s wave-length of conducting electrons, and h is Planck’s 
constant. 

By means of Eq, (1) the change of resistance in the magnetic field may be 
determined for any material when its characteristic constants are known. 
Frank made such a determination for some substances investigated by 
Kapitza and found excellent agreement, notably for the saturation value b/c 
as calculated from Eq. (1) for strong fields. 

Figure 14 shows the general course of the function (1) dR/ R =/(JJ) for any 
value of b and c (in the case plotted b=c^l): for small fields the ascent varies 
with the square, for the medium fields there is a fairly linear part near the 
point of inflection, and for very strong fields an approach to saturation. De- 
viations from this course are as yet shown only by the ferromagnetic sub- 

® P. Kapitza, Proc. Roy. Soc. A123, 292 (1929). 

^ N. FI. Frank, Zeits. f. Physik 60, 682 (1930); 64, 650 (1930). 
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stances in small fields, because here permeability riie ascent.goes heie, 

where the internal field plays an important part, not with the second but with 
the third, fourth or even fifth power of When the value of /x approaches 
unity, however, according to the measurements available, the tlieoiy seems 
to hold for ferromagnetic bodies as well. 



Fig. 14. Change of resistance in the magnetic field according to Frank-Sommerfeld. 

Now, for an electron which has the velocity v perpendicular to the direc- 
tion of the field, the following relation holds for the radius of curvature of 
its orbit: 

1 ^ eH ^ eH\ 

r mv h 

where X is defined by the wave equation : 

mv = h/\\ (5) 

the other symbols meaning the same as explained above. On comparing, ac- 
cording to Frank, Eq. (4) with (3) equation 

cH^ ^ {l/ry (6) 

results. Therefore the denominator of Eq. (1) differs from unity only when I 
becomes of the order of r or greater. When l<r, the electron passes only a 
small part of its orbit in the magnetic field between two collisions. For l>r, 
however, it travels through several full circles before a collision with an atom 
occurs, in which case the change of resistance approaches the saturation 

value b/c. 

Therefore, when according to Eqs. (4) and (6), the values of I and X or I 
and V respectively are known for any substance its behavior in the magnetic 
field is sufficiently known, in particular the beginning of saturation of the 
change of resistance. An investigation based on such considerations is being* 
carried on in our laboratory, especially for ferromagnetic bodies. In particular 
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the attempt is being made to demonstrate whether on the bases of the elec- 
tron theory the abnormally low value of field strength at which magnetic 
saturation of resistance occurs with ferromagnetic bodies emphasized by 
McKeehaii is to be expected. 

In this way probably the great differences between the saturation values 
obtained b}' difierent observers, quoted in McKeehan’s paper, may find an 
explanation. It will be readily understood that particularly with very pure 
materials minute quantities of impurities or slight mechanical stresses may 
have a very marked influence on the lattice structure and consequently on 
the constants mentioned above. For this reason, measurements on materials, 
(he properties of which are not exactly defined are useless for the establish- 
ment of (juanlitalive relations. 



Fig. 15. Change of resistance of annealed iron with carbon content 
(Fig. 12) as a function of magnetization. 


Finally, an interesting analogy may be mentioned between the curves of 
resistance hysteresis previously published by the author,^ and the curves re- 
cently observed by McKeehan and published in his paper referred to above.^ 
Tiiese curves represent the magnetic change of resistance under tensile stress 
and are unexplained as yet. 

On representing the relative change of resistance dw/w not as a function 
of the external field if, but by means of the curve of magnetization B ==f(H) 
as a function of the magnetic induction again a loop is obtained, the in- 
dividual parts of which intersect in a very striking way once or repeatedly. 
Fig. 15 demonstrates this fact, representing the function dw/w-f{B) for the 
iron wire, the curve of resistance hysteresis dw/w -f {II) of which is already 
shown above in Fig. 12. The origin of these intersections and their reality re- 
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main still quite uncertain and at the time of his publication the author suspect- 
ed the possibility of some error. Meanwhile, however , Mclveehan has found 
very similar curves in the course of his experiments on the change of resistance 
by tension in the magnetic field (compare the papei-i g.g. page 970). 

A striking analogy between these curves and those of the type of lig. 15 
is evident. A closer examination of these phenomena has not yet been under- 
taken. Such measurements might be comparatively easy with nickel and at 
first in not too strong fields, the residual magnetism being very high in this 
case and the formation of the loop very marked. Further extended research 
work, which might help to solve this problem, appears very desirable. 

Summary 

The special phenomena, found in the investigation of the change of elec- 
trical resistance of ferromagnetic bodies in magnetic fields dealt with in the 
present paper, may be summarized as follows ; 

(1) In low applied fields the change of resistance presents no anomalies. 
The deviations from the normal curves, as frequently observed, are caused 
by errors, the most important of which is an incomplete demagnetization of 
the sample. By measurements made with this error purposely introduced it 
was demonstrated that the anomalous curves of change of resistance actually 
have their origin in incomplete demagnetization. 

(2) The saturation of the change of electrical resistance of ferromagnetic 
bodies which invariably occurs in magnetic fields of a lower order of magni- 
tude than those for saturation with non-ferromagnetic bodies appears to pre- 
sent a problem soluble on the basis of the Frank-Sommerfeld theory of mag- 
netic change of resistance. This question will be discussed in greater detail else- 

where. 
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The Molecular Scattering of Light from Ammonia Solutions 


During the course of an investigation of the 
molecular scattering of light from substances 
in their pure and dissolved states, solutions of 
ammonia have given such interesting results 
that it seems advisable to communicate them 


by Carelli, Pringsheim and Rosen.^ Their data 
with those of the writers, are given in Table I. 

The excitation was by means of a quartz 
mercury arc. The instrument used was a 
Steinheil glass spectrograph. The plates were 

Table I 


State 

Reference 

Api 

Avo, 


AV4 


Gas 

1 




3309 


Gas 

2 1 




3337 


Liquid 

3 ' 

1070 ; 

1580 

3210 

3310 

3380 

Liquid 

4 

1070 


3216 

3304 

3380 

Liquid 

2 



3214 

3298 


Solution 

5 




3314 

3385 

Solution (16N) 

Authors 

1073 

(1615)} 

3219 

3311 

3390 
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at once. Results have previously been given 
for gaseous ammonia by Wood,^ and Dickin- 
son, Dillon and Rasetti;^ for liquid ammonia 
by Daure,''* Bhagavantam'^ and Dickinson, 
Dillon and Rasetti;'*^ and for w'ater solutions 


Aii(4046) 

(4(m 




photometered using a Moll microphotometer, 
kindly loaned by the Department of Physics. 
Lines corresponding to the frequency dif- 
ferences 1073, 3219, 3311, and 3394 have been 
found to be excited by both Hg 4046 and Hg. 
4358. The line corresponding to 3311 appears 
to have been excited by Hg 4078 as well. The 
line corresponding to 1615 could be observed 
when excited by Hg4358 after the exciting 
line Hg 4046 had been filtered out. Even under 
these conditions it is extremely faint and an 
exact determination of its position has not as 
yet been possible. The relative intensities of 
the lines can be judged from the accompany- 
ing microphotograph. (Fig. 1). 

It is interesting to note that all the lines 
which have been reported from gaseous and 


1 Wood, Phil. Mag. 7, 744 (1929). 

2 Dickinson, Dillon and Rasetti, Phys. Rev. 
34,582 (1929). 

® Daure, Trans. Farad. Soc. 25, 825 (1929). 
^ Bhagavantam, Ind. J. Physics 5, 59 (1930). 
^ Carelli, Pringsheim and Rosen, Zeits. f. 
Physik 51, 511 (1928). 


Fig 
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liquid ammonia have now been found in the 
concentrated solution (16 normal) as Well. 
The times of exposure necessary to observe 
the ammonia frequencies, Avg, ^>^ 4 , and 
were short enough to avoid difficulty due to 
the excitation of the water bands, although 
the latter could not be entirely avoided. 

One can hardly decide from the figures 
given in the table whether or not there is a 
change in the characteristic frequencies when 
ammonia is dissolved in water from those ob- 
served for the pure substance. It appears that 
it will always be difficult to make a decision 
concerning this point because the frequency 


differences may depend upon the concentra- 
tion of the scattering substance in the solution 
and other factors. 

Complete details of the experimental work 
and a critical discussion of the data particu- 
larly with regard to changes taking place in 
solution will be given at a later date. 

Alexander Hollaender 
John Warren Williams 
Laboratory of Physical Chemistry, 
University of Wisconsin, 

Madison, Wisconsin, 

April 25, 1931. 


Capture of Electrons by Swiftly Moving Alpha-Particles 


Capture of electrons by a-particles when 
the kinetic energy of the electron with respect 
to the o:-particle was equal to that of an 
energy level of the helium atom were reported 
by Bergen Davis and A, H, Barnes (Phys. 
Rev. July 1929) and by A. H. Barnes (Phys, 
Rev, Feb. 1930). 

The results reported depended on observa- 
tions made by counting scintillations visually. 
The scintillations produced by a-particles on a 
zinc sulphide screen are a threshold phenome- 
non. It is possible that the number of counts 
may be influenced by external suggestion or 
autosuggestion to the observer. The possi- 
bility that the number of counts of scintilla- 
tion might be greatly influenced by suggestion 
had been realized, and a test of their reliability 
had been made by two methods: (a) The 
voltage applied to the electrons was altered 
without the knowledge of the observer 
(Barnes); (b) the direction of the electron 
stream with respect to the a-particle path was 
altered by a small electro-magnet. Such 
changes in voltage and direction of electron 
stream were noted at once by the observer. 
These checks were thought at the time to be 
entirely adequate. 


In examining the data of observation made 
in our laboratory Dr. Irving Langmuir con- 
cluded that the checks applied had not been 
sufficient, and convinced us that the experi- 
ments should be repeated by wholly objective 
methods. Accordingly we have investigated 
the matter by means of the Geiger counter. 
Four additional experimental electron a-ray 
tubes have been constructed for this purpose. 

Capture of the kind reported was often ob- 
served over a considerable period of time, but 
following prolonged observation the effect 
seemed to disappear. The results deduced 
from visual observations have not been con- 
firmed. If such capture of electrons does take 
place, it must depend on unknown critical 
conditions which we were not able to repro- 
duce at will in the new experimental tubes. 

We wish in particular to acknowledge our 
obligations to Mr. J. R. Dunning who has im- 
proved the Geiger counter to such an extent 
that it is almost an instrument of precision. 

Bergen Davis 
A. H. Barnes 

Columbia University, 

Department of Physics, 

April 25, 1931. 


The Results of a Least-Square Adjustment of Cosmic-Ray Observations 


may be adapted to the analysis of such a com- 
bination of rays, provided they obey the as- 
sumed absorption law, and provided also that 
approximate values of the initial intensity and 
absorption coefficient of each component, such 
as Millikan and Cameron have estimated, are 
available. The method uses, as the unknowns 


Millikan and Cameron have recently pub- 
lished^ a new series of depth-ionization meas- 
urements on the cosmic-rays, from which they 
conclude that there are four components or 
“bands” of widely varying intensity and ab- 
sorption coefficient, the latter probably in- 
creasing at first with depth on account of the 
Compton effect. In a paper read before the 
Physical Society in December, 1929, the 
writer showed how least-squared adjustment 


^Millikan and Cameron, Phys. Rev. 37 , 
235 (1931). 
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to be adjusted, not the cosmic-ray constants 
themselves, but the small, unknown correc- 
tions to be applied to the approximate values, 
in order to give the most probable values de- 
rivable from the observations. If the above 
provisions were fulfilled, and if the method 
were applied to a series of measurements of 
such precision as those of Millikan and Cam- 
eron, the small corrections would certainly ap- 
pear as a matter of routine calculation. 

Through a research grant from the Iowa 
Academy of Science, the writer has made such 
an analysis of Millikan and Cameron’s latest 
data. The adjustment was, however, confined 
to the lower three-fourths of the depth range, 
in order to avoid the Compton effect as far as 
possible; and this, incidentally, eliminates the 
assumed most absorbable fourth component 
from the calculation. It was found necessary 
to prepare and use a more extended and more 
accurate table of the Gold integral than that 
employed by Millikan and Cameron. The 
numerical work was performed on a calculat- 
ing machine by an experienced computer, and 
carefully checked at every stage. The result- 
ing adjusted values of the corrections were 
found to Kitisfy the normal equations exactly, 
and to give a smaller sum of squared residuals 
than if the corrections were zero. 


It is therefore somewhat disconcerting to 
have to report that these adjusted values, if 
applied as corrections, would yield a set of 
altogether meaningless and physically im- 
possible absorption coefficients and intensi- 
ties; some of which would even turn out 
negative. 

The writer can arrive at only one interpreta- 
tion of this, namely, that the assumptions 
upon which the analysis was made are not 
justified. Whether the discrepancy arises from 
insufficiently accurate tentative values of the 
constants, from the assumption of the wrong 
number of components, from the persistence 
of the Compton effect at great depths, or from 
an altogether erroneous interpretation of the 
whole phenomenon, it seems necessary to look 
with serious reserve upon any such sweeping 
conclusions as to “atom building” as Millikan 
and Cameron have deduced from the results 
of their splendid experimental work. 

A more detailed account of this investiga- 
tion will duly appear in the Proceedings of the 
Iowa Academy of Science for 1931. 

Le Roy D. Weld 

Department of Physics, 

Coe College, Cedar Rapids, Iowa, 

May 1, 1931. 


Mutual Impedance of Grounded Wires on the Surface of a Two-Layer Earth 


Mr. R. M. Foster’s formula^ for the mutual 
impedance of any thin grounded wires lying on 
the surface of the earth has been generalized 
by us, following his basic assumptions and 
method of derivation, to cover the case of a 
horizontally stratified earth having the con- 
ductivities Xi and at depths which are less 
than or greater than h respectively. We find : 

//!'■" 


The integrations are extended in the double 
integral over the two wires S and 5 whose ele- 
ments dS and ds are separated by distance r 
and include the angle e between their direc- 
tions. This general formula includes as special 
cases: 

(1) One wire straight and doubly infinite as 
given by H. P. Evans.^ 




4- m cos € iV !■ dSds 
dSds ) 


with 


4aiHt^ +a2)(Xi - X2)e~2^^“» 


A[aiX2 4" 0 : 2 X 1 4~ ( 0 : 1 X 2 — 0 : 2 X 1 ) c 


N ■ 


1 r*' 

27rXi Jo 

2 f ~[q:i a% 4" (cti — a2)e~^^°^^\Jii{rii)du 
Jo A 

■ 2%f = radian frequency 

! («! -T a 2 ) (^^ 4" 0 : 1 ) 4“ ( 0:1 — cL<i) {u •— 

{ti^ “f y = 1 and 2 

: Bessel function of first kind, zero order. 




^ Bulletin of the American Mathematical 
Society, May 1930, Abstract 289, pp. 367-368. 


® Evans, Phys. Rev. 
(30). 


36, 1584 (1930) Eq. 
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(2) The mutual resistance of any wires at 
frequency zero, that is, for direct current as 
given by F. Ollendorff.^ 

(3) One wire straight and doubly infinite 
with finite earth surface conductivity, as given 
by G. Haberland.'^ 

(4) One wire straight and doubly infinite 

sQUendorf, “Erdstrome,” Julius Springer, 
Berlin, 1928, pp. 69-71. 

4 Haberland, Z. fur. Ang. Math. u. Mech. 
6, Heft. 5, Oct. (1926). 


with finite earth surface conductivity and 
zero earth volume conductivity as, given by 
Otto Mayr.^ 

■John Riorden 
, E. D. SUNDE 
American Telephone and 
Telegraph Company, 

New York, N. Y., 

Mays, 1931. 

■> Mayr, E. T. Z. Sept. 1925, pp. 1352-1355, 
1436-1440, Eq. (13). 
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lATlONS WITH TEMPERATURE AND FREQUENCY Ul- 

LOSS IN A VISCOUS, MINERAL. INSULATING OIL 

By Hubert H. Race 

General Electric Research Laboratory, Schenectady, New York. 

(Phys. Rev. 37, 430, 1931) 

o mistakes in the above paper have been brought to the attention of the author. The 

5n ViolH fare tvoe are eiven below. 


the ENERGY OF DISSOCIATION OF MERCURY MOLECULES 

By J. Gibson WiNANs 

Department of Physics, University of Wisconsin 
(Phys. Rev. 37, 897, 1931) 

Figures 2 and 3, page 899, should appear as shown below. 
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BOOK REVIEWS 

Physics, A Textbook for Colleges. Revised Edition. O. j\L Stewart. Pp. 770, figs. 492. 
Ginn and Co. Boston. Price $4.00. 

In reading this College Physics, the reviewer gets the impression t.luit the author has at- 
tempted to put in a single volume, everything that has ever been inclu<ied in a college text on 
physics. There are a number of rather well-written chapters on “modern physics” of the sort 
so much in demand today but which are probably omitted by most classes. If such material 
must be included, a bit more might have been included about the Bohr atom and energy levels 
so as to give the student a more definite picture of the atom. In those places where modern 
ideas really help in giving an elementary explanation, the author has made good use of them. 

The main part of the book is not very different from many college texts, Certain features 
are however noticeable. An extra large number of topics are mentioned, some more briefly than 
usual. For example, the Carnot cycle, magnetic circuits and methods of combining vectors are 
mentioned but not really discussed. A great many formulae are given without even a suggestion 
as to how they were obtained. This is perhaps partly due to the total avoidance of all use of 
calculus. It does seem however, as if fewer formulae worked out in more detail would teach the 
student more physics. The more detailed discussions given and most of the diagrams are very 
good. The chapter on meterology is particularly good — if it belongs in the book. 

The accuracy of the book, particularly as to definitions, seems to be very high although the 
indeterminate expressions “calories per gram per degree” and “cm per sec per sec” are used. 
There is included an unusually large number of problems and answers. Since there is no perfect 
text on college physics, the reviewer believes that many teachers will find this book very satis- 
factory and that they will get good results from its use. 

Niel F. Beardsley 

Principles of Engineering Thermodynamics. Paul J. Kiefer and Milton C. Stuart. Pp. 
545, figs. 135. John Wiley and Sons, Inc. New York, 1930. Price $4.50. 

It is strictly an engineering thermodynamics in that it treats of the subject in relation to 
all power plant problems, such as the steam engine, steam turbine, gas engine, compressor, 
refrigerating machine etc. It is a successful endeavor to tie the fundamental principles taught 
in a good course in physics with the theory and technical application of thermodynamics in the 
various types of power machinery. The treatise is divided in five parts. Part I, composed of three 
chapters, considers the first law of thermodynamics and the division of energy into different 
forms, as stored and transient energy in relation to flow and non-flow processes. Part II, which 
contains four chapters, takes up the second law of thermodynamics, the Carnot principle and 
makes a particular effort to give more of a physical significance to entropy, i.e., as a measure of 
the unavailability of energy. The latter point is to be especially commended. In the three chap- 
ters constituting Part III are treated the properties of the various media in which these thermo- 
dynamic processes must operate when applied to practical devices. The assumption of certain 
ideal conditions to establish a fundamental relation and then the institution of other factors to 
admit the introduction of other superposed physical effects as one passes from the theoretical 
to the practical case is well demonstrated in this treatment. There are eight chapters in Part I V , 
each devoted to a different type of motive power machinery. Each illustrates how^ certain ac- 
cessories are instituted to make the special type of machine operative and the corresponding 
diversion from the theoretically ideal device. A working relation is obtained for each case. 

The principles of thermodynamics are so general, that there are many other problems in 
physics and chemistry which may be solved by their application. Part is used to develop 
additional thermodynamic equations such as are required in this large field of work that lies 
outside of this text. 

Probably one of the most commendable features about this treatise is the summary, review 
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questions and the problems accompanying each chapter. Not only has it high pedagogical value 
but there is nothing that systematizes information and gives one a perspective of the subject 
like a summary. It inspires a feeling of mastery. Apparently there was no sparing of effort for 

clarity in the text. . 

L. F. Miller 

Algebraic Charts. Edgar Dehn. Columbia Press, New York, 1930. 14 cards in an envelope. 

These charts consist of six fundamental cards, each accompanied by a card giving anql- 
iustrative solution. The curves and auxiliary formulas provided permit the approximate 
tion of any quadratic or cubic equation, and of a certain type of bi-quadratic equation. Tie 
charts furnish interesting simple illustrations of nomographical methods and give applications 
of certain fundamental notions of analytic geometry and the theory of equations. Teachers of 
mathematics, particularly in colleges of engineering, would probably find the charts appropriate 
for supplementary work in certain of their courses. ^ 

Any graphical method for solving a quadratic equation is largely of theoretical interest, 
because of the ease with which the algebraic solution can be performed. Hence, ^ from the practi- 
cal standpoint, the charts are of interest mainly as they apply to cubics and bi-quadratics. For 
such equations, it appears to the reviewer that Mr. Dehn's methods could be applied efficiently 
only bv one with a good knowledge of the theory of equations, and then only after considerable 
practice. If used efficiently, however, these charts would be very useful aids in problems where 
the degree of approximation of the chart-solutions would be satisfactory. ^ ^ Hart 

Wave Mechanics. Louis deBroglie. Translated by H. T. Flint. Pp. 249 +vi, figs. 13. 
Methuen and Company, London, 1930. Price 12/6. 

The number of good books on the quantum mechanics is rapidly increasing, so the student 
now has the choice of numerous styles and modes of exposition. In most of these texts the em- 
ohasis is on the ‘diow”; i.e. the technique of the theory and its application to numerous prob- 
leras. In the present volume, by the originator of the wave mechanics, the emphasis is placed 
on the “why”: in particular on the comparison of the ideas underlying the cla^ical (Newon- 
Hamilton) and the modern (deBroglie-Schroedinger) view-points. Professor deBroglie here, as 
in his other works, builds up his argument starting from the dynamical equations of Newton 
and of the restricted principle of relativity. This makes a very coinpact and elegant argument 
incidentally furnishing the student with a good chance to renew his acquaintance with genera 
dynamical principles. The transition to waves is very clearly set forth and there is a "'ealth of 
milltrative material on the motion of the waves and of probability packets m special cases. The 
average American student may find the treatment rather mathematical for a first but 

after L has learned, from other sources, how to “quantize a few things, he may return to this 
book and derive considerable pleasure and profit from it. The reviewer cannot help but record 
his enjoyment at the open-minded and considered manner in which Professor deBroglie treats 

his subject Unfortunately there is a considerable tendency toward dogmatic statement among 

many Writers on quantum mechanics, a tendency which the reviewer believes eads to an 
unnecessary confusion and uncertainty on the part of many who are sincerely trying to under- 
stand something about the theory. This book should do much to help the situation and the 
translator is to be thanked for making it available to the English-speaking publm. 

Lecons SurLe Calcul Vectoriel. T. A. Ramos. Pp. 119. Librairie Scientifique A. Blanchard, 

Paris 1930. Price, fr. 25. , i. • 

Despite its numerous good points, this book probably will not make much appeal to Amen- 
ran ohvsL students, principally because of the choice of notation. The notation of Gibbs has 
Zoml so stanXd in the physical literature that it scarcely seems worA while for a beginning 
S^nt toTearLny other Considered on its own merits, however, this book gives a pleasing 
student to torn a y developed in detail, the applications 
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linear coordinates. The treatment throughout is of a better grade than in most texts wil li whicli 
the student is apt to make contact, but might have been helped in places l.y the addilHHi 
simple figures. The last chapter, of a more advanced character, gives a treatment ot tensor 

calculus as a direct generalization of vector analysis. 


Principles of Electrical Engineering (Second Edition). W. H. Tuibie and V. Bush. Pp. 
595, figs. 270. McGraw-Hill Book Company, New York, 1930, Price $1.50. 

' In this edition of the well-known text most of the articles and figures remain as in the first 
edition except those in the last four of the thirteen chapters. Many of the articles in. these last 
chapters have been rewritten and valuable material added. Nearly all of tlie 600 pio!)len}s afv. 

new or entirely rewritten . ^ ^ . 

The text is a substantial first course designed to train students in the principles oi appiieO 
electricity and is the outgrowth of the experience in teaching the subject to elecl rical engineermg 
students at the Massachusetts Institute of Technology. Some training in the use of calculus is 
presupposed. It is assumed that the student has completed or is pursuing tlic first college course 
in physics, including the subject of electricity as treated therein. 

The outstanding feature of the text is its many exceptionally valuable problems which aie 
improved in this edition and which give information concerning the basic practical aspects of 
electrical engineering and excellent training in analytical thinking, 1 he magnetic circuit and 
dielectrics are stressed and the electron theory is used freely. The subjects of thermionic emis- 
sion, conduction through gases, electrolytic conduction and some high frequency phenomena 
are included in addition to the standard subjects. The summary at the end of each chapter of 
the main facts and laws treated in that chapter is commendable. 

Historical relationships are disregarded. The text, aside from secondary statements, de- 
fines ampere as the rate of flow of a coulomb per second. The volt is defined only in terms of the 
difference of potential produced by a standard cell, while the difference of potential itself can 
hardly be said to have been defined. The maxwell is defined as “the amount of flux which, when 
established in a magnetic circuit, will produce one abvolt-second in a coil of one turn wound 
on the magnetic circuit.” The generated electromotive force is a circuit is then referred only 
to this. Such treatment, notwithstanding its practical simplicity, gives an inadequate picture 
of the units and tells nothing concerning how the electromotive force is produced by the change 
in flux. This treatment may be permissible in a text of this nature only on the assumption that 
the student has had previous training in the theoretical aspects of the subject and in the 
systems of units. 

While minor details and the definitions may be criticized and some mis-statements still 
appear, the text on the whole is excellent and gives substantial training from the practical point 
of view in the basic principles on which modern electrical engineering is founded. 

Anthony Z ELEN Y 

Constitution et Thermochimie des Molecules. Albert Gosselin and Marcel Gosselin, 
Pp. vii-}-231. Les Presses Universitaires de France, Paris, France. 

The authors propose a new theory of chemical combination based on the hypothesis that: 
first, there exist within molecules other molecules and groupings, as for example a H 2 niolecule 
exists within a methane molecule, and second there exist two kinds of chemical bonds, the polar 
and nonpolar bond which may produce a semi-polar bond. The molecule is furthermore con- 
ceived as a dynamic structure with a central atom around which the other atoms, groups or 
constituent molecules gravitate. The ideas that are new are certainly different from the usual 
notions and it appears to the reviewer, they are quite unnecessary and based on insufficient 
evidence. The four hydrogen atoms in methane are surely equivalent as far as we have experi- 
mental knowledge of this situation, and there is no need to introduce the idea that a H 2 mole- 
cule exists within the methane structure. To be sure some such notion is presented by writers 
on molecular structure who attempt to study molecules on the basis of molecular wave mechan- 
ics, but the present authors do not mention these newer concepts at all. Their new structures 
are sometimes quite remarkable: A central oxygen atom of mass 16 has a bromine molecule 


BOOK REVIEWS 


1375 


of mass 160, a HBr molecule of mass 81, a couple of hydrogen atoms and two ethylene groups 
gravitating around itself! The authors think that they can claim their new structures to be 
correct because they are able to set up a scheme of thermochemistry for their new formulae 
which checks when used for predicting the heats of formation of compounds. But this only 
means that they were consistent in their changes of formulae and is no proof foi their ideas. 

The book is written in a clear style as all French books are and it has been an interesting 
pastime to review the book, for it served to compare the “new” ideas with the current notions 
held by the reviewer, and it is felt that the new theories presented are quite unnecessary. It is 
hoped that the book will be available to mature students only who can judge for themselves 

and who have been instructed in the well-tried ideas of modern valency theoiy. 

George Glockler 

Telephone Theory and Practice; Theory and Elements. Kempster B. Miller. Pp. 
xiv+486, figs. 272. McGraw-Hill Book Company, New York, 1930. 

This is the first volume of a three volume work by an author who has long been an au- 

thority in this field. 

IVirt I, consisting of four chapters, is mainly historical, tracing in a highly interesting mai^ - 
ner the dewlopments in communication up to the present time. The history of the electric 

speaking telephone is accurately presented. • r t 

Part n includes a discussion of the nature of sound and hearing, the conversion of sound 
waves into electric waves, the functions of vacuum tubes in the transmission of these waves, 
and concludes with a chapter on magnetism and magnetic materials. , , • i 

The three chapters on sound are of particular interest. The first shows the physical mean- 
ing of the properties, loudness, pitch, and quality. The second deals with the sensation of sound 
showing the manner of operation of the ear, and giving the evidence for the maximum ampli- 
tude” theory of determination of pitch. The significance of the auditory sensation area, and 
the meaning of the units of pitch and loudness are clearly presented. Subjective tones are dis- 
cussed and illustrations of their rather startling effects given. The phenornenon of masking, 

BO important when extraneous noise is present, is competently treated. The third of these clrap- 
ters on sound describes simply and clearly the operation of the vocal organs in speech. 1 e 
relative importance of various frequencies in articulation, and m good musical reproduction 

" "'^Tlie chapter on vacuum tubes gives good physical pictures of the operation of Hrese devices 
in their various functions, and the chapter on magnetic materials discusses principally 

iron-cobalt -nickel alloys used in modern telephone apparatus. of tele- 

The third part of the volume discusses the construction and use of the elements of te e 
phone apparatus such as wires, coils, condensers, contacts, which play such important ro es 

in the modern telephone system. , 

The volume is ably and interestingly written, well referenced to primary sources, and excel- 
lently printed and illustrated. The almost non-mathematical treatment of voice waves a, d 
alternating currents is ingenious and makes it easily readable to the layman as well as to the 

technician. Ralph D. Bennett 

The Metallic State. Electrical Properties and Theories. W. Hume-Rothery. Pp. 372 -Pxx, 
figs. 66. Clarendon Press, Oxford, 1931. Price $9.00. 

The o-eneral problem with which this book is finally concerned is the understanding of the 
oroni^L of metL, including not only ordinary pure metals, but also Intennetalhc compounds 
Ld alloys in general. The problem is therefore one which by tradition has Been associated, in 
certain Load aspects, with the metallurgist, and the author has indeed had the training oP a 

metallurgist, and at the time of writing held the position of Syskist 

Research Fellow in Metallurgy. The subject is, however, preeminently one for the physicist, 

SSX bLt *v„..d .0 the pu,.ly phy-.d W.C of .h. 
’’"'’I'n order not unduly to erpand the book, attention in confined to those aspects of the 
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problem about which most is known and in which the most significant theoretical progress 
has been made, and this restricts the book almost entirely to the electrical |.)roperties of metals. 
The book is divided into two parts, the first experimental and the second tlieoreUcal. The ex- 
perimentai part does not deal at all with such conventional metalliirgicai matters as methods 
of fixing the phase diagrams, or even with the phase diagrams themselves to any large extent, 
but it is concerned with electrical and thermal conductivity, some of the galvanoanugnetic and 
thermo-magnetic effects, thermo-electric effects, and emission and contact potential difference 
phenomena. The dependence of these properties on composition, temperature, and inechanical 
stress is discussed, and constitutes a valuable summary of data which has not before been 
collected into one place. 

In the theoretical part most of the theories of historical or present day importance are 
discussed, starting with the electron gas theory of Drude and its mathematical elaboration 
by Lorentz. The discussion of the theories now discarded is most skillfully done, both in point- 
ing out the weaknesses of the theories and in emphasizing the way in which many of the physical 
aspects of the present wave mechanics pictures were being anticipated as the only possible 
solution consistent with the complex experimental situation. The discussion of the Sommerfeld 
theory and its later modifications presents the very valuable and revolutionary achievements 
of the theory, but also does not fail to emphasize the features in which the theory is weak or 
unsatisfactory — a welcome antidote to the attitude of too many recent writers that electrical 
phenomena in metals are now, again, an essentially closed chapter, and that only details remain 
to be filled in. There is a concluding section dealing with correlations between electrical pro- 
perties, position in the periodic table, and the structure of the atom according to recent ideas, 
which is most interesting. This includes a full discussion of a number of most curious and un- 
doubtedly significant empirical correlations discovered by Hume-Rothery himself which will 
be most welcome. , , 

As a whole, the book is exceedingly stimulating and suggestive, and cannot be too highly 
recommended to the careful study of any one working in this field. It is unusual in the emphasis 
that it puts on unsolved problems, and m its suggestions as to possible programs for their solu- 
tion. One point repeatedly emphasized, namely that the physicist in making measurements in 
the field, of alloys almost always deals with specimens which no metallurgist would tolerate 
because they have not been sufficiently annealed to reach a condition of equilibrium, would in 
itself justify the book if the warning is heeded. 


P. W. Bridgman 
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ALBERT A. MICHELSON, 1852.1931 

A T ONE o’clock on Saturday afternoon, May 9, 1 93 1 , death came very quiet- 
ly in his home in Pasadena to the most illustrious of the American physi- 
cists of our generation, at the age of seventy-eight years and five months. 
Six weeks earlier he had taken to his bed, after having made with his associ- 
ates, Messrs. Pease and Pearson, enough observations to assure himself that 
his last experiment on the speed of light as measured in an evacuated pipe a 
mile long and three feet in diameter buried in the earth on the Irvine ranch 
near Santa Ana, California, was going to yield results as satisfactory as he had 
anticipated. This experiment had been planned for the sake of obtaining a 
check by a method entirely free from atmospheric effects of all kinds upon the 
accuracy of his next preceding determination made over a twenty-one mile 
stretch between California mountain peaks. He did not expect by these new 
experiments to exceed the accuracy previously obtained, but rather to add 
something to the reliahility of the previous determination. 

More than a month before his death, Mr. Michelson had known that he 
would never get up again, for a creeping paralysis was coming over him of 
which he himself was altogether conscious. His mind was quite clear until two 
days before the end, when a lesion occurred which brought on unconscious- 
ness within an hour, an unconsciousness from which he never again awoke. 

As one of the men who has had the most enduring and most intimate as- 
sociation with Mr. Michelson and his work, I esteem it a privilege now to 
make a few additions to my former appreciation of him and his achievement. 

Under the caption, ''Michelson’s Economic Value,” now published as 
Chapter VII in a volume by Scribner’s entitled "Science and the New Civili- 
zation,” I have attempted to appraise in broad lines the significance for our 
times of measurements of the highest skill and accuracy of the sort which 
Michelson has done and for which his name stands the world over, and I 
should like to refer to that appraisal and merely supplement it here by adding 
some details both of a scientific and of a personal sort. 

Practically all of Mr. Michelson’s work in physics centered about deter- 
minations for Increasing the precision of measurement. He has been called an 
extremely skillful and intelligent instrument designer, but while he was that 
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he was much more than that, for his attention was always on the problem to 
be solved, not primarily on the instrument for solving it, and he was a ways 
seeking for problems incapable of solution save by improvements in the ac- 
curacy of measurement. Ten different times in the fifty-one years of his 
activity, extending from 1880 when at the ap of 

best known American physicist by virtue of his new speed-of-hght measure- 
ment up to 1931 when he died, still trying to prove the certainty of his deter- 
mination and precision of that most fundamental constant, he made major 
outstanding advances, which I list as follows : 

1. Measurements of the speed of light, 1880-1931. 

2. Development of the Michelson interferometer, 1882 et seq. 

3. Ether-drift experiments, 1887-1928. 1004 lonn 

4 The first analysis of the fine structure of spectral lines, 1894 lyOU. 

5 ’. Development of the Michelson-Stratton harmonic analyzer, 1897. 

6 Development of the principle of the Echelon spectrograph, ^ 

7. Perfection and increase in resolution of the line grating, 1902-191/. 

8. First accurate measurement of the rigidity of the earth, 1916. 

9. Development of the U. S. Naval Range Finder, 1918. 

10. Direct interferometer measurement of the diameter of stars, 1921. 

Of these ten five, namely the second, third, fourth, and tenth, have to do 
primarily with the interferometer or its application to various sensitive meas- 
urements. It was in measurements relating to the interference of light and 
speed of light that he was by far the greatest expert that the world has yet 
seen. He spent his scientific life largely in these two fields. He was not an 
omnivorous reader of the literature of physics, and did not try to follow 
closely the developments of the theoretical fields of electronics and quantum 
theory. He was essentially a classical physicist, but any one who ever heard 
him conduct a Ph.D. examination in physics, and any one who ever attended 
his lectures or heard him speak knows that his grasp of classical physics was 
penetrating and precise. His lectures and his papers were masterpieces of 
elegance and conciseness. He used a few words, but they were just the ones he 
wanted. Indeed, the precision of his mind was its dominating characteristic, 
which showed even in his sports. I have played tennis with him all my life, 
and his calling of balls, for example, was never generous either to himself or 
to his opponent. It was simply exact and just. Closely allied to this character- 
istic was his altogether extraordinary honesty. Pretense of any kind was ut- 
terly foreign to his make up. Indeed, he was one of those very rare persons 
who would not even tolerate fooling himself with respect to his own motives, 
as so many of us do. If his conduct was ever ungenerous he knew it and 
frankly admitted it, whether he thought it wise to change it or not._ Before I 
became intimately associated with him I had heard that he was considered by 
his pupils to be somewhat unapproachable, occasionally arbitrary, and at 
times dictatorial, if not unreasonable, but in the twenty-five years in which we 
worked together I could not have been treated with greater courtesy and con- 
sideration, even in the few cases in which we differed in judgment. His dignity 
and courtesy of bearing were altogether striking characteristics, and as the 


ALBERT A, MICHELSON 


1379 


years passed he grew to be a man of great mellowness, kindness, and affa- 
bility. 

Like many a scientist, Mr. Michelson was also an artist, with a keen feel- 
ing for form and color, as well as for music. He painted well, played the violin 
well, and did well at tennis, chess, and billiards. 

American Science and the American nation have lost in his death one of 
their finest and greatest figures. 

Robert A. Millikan 

May 11, 1931. 
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application of spinor analysis to the 

mLv^ELL and DIRAC EQUATIONS 

By Otto Laporte and George E. Uhlenbeck 
Department of Physics, University of Michigan 
(Received February 24, 1931) 

Abstract 

With the spinor analysis developed by B. van der Waerden which comprises 
all representation of the Lorentz group, even those not contained in ordinary tensor 
ScXsTne is able to write all derivations and equations in an au omaHcally covanant 
farm For the convenient translation into spinor language of the Maxwell equations, it 
to Introtiute thf. Mom, oo. repre»ot»8 th. .lectto. 

masonic Sold, on. cormpondins to ti. Hcrtti.n vector, ond oo. r.prmtmg • k, d 
of current potential. These correspond to symmetric spinors of the 2nd rank. Many 
spinor equations thus become simpler than the corresponding tensorial equations, 
especially the expression for the stress energy tensor. From the 1st order Dirac equa- 
tions in spinor form, as given by v.d. Waerden, we derived the 2nd order equation, 
which agrees with the Gordon-Klein form but for a correction term which apin con- 
tains the self-dual field tensor. Further the expression for the 

its decomposition into conduction and polarization currents, J 

Dirac equations were derived from a spinorial variation ®hl .m! 

results of Gordon and Darwin. In addition to the divergence condition for the tur 
rent three new invariant relations between the wave functions 

of the potentials were obtained (Chapter III, Eqs. (11), (12) and ( )). 

Introduction 

/-T'HE Dirac equations of the electron have for the first time furnished an 
1 example of a system of equations, which show an invariance of form 
when subjected to a Lorentz transformation, but which only very artaficia y 
could be written with tensors. This difficulty was felt especially by Darwin 
when he wrote: “The relativity theory is based on nothing but the idea ot 
invariance, and develops from it the conception of tensors as a matter of 
necessity; and it is rather disconcerting to find that apparently something 
has slipped through the net, so that physical quantities exist, which it would 
be, to say the least, very artificial and inconvenient to express as tensors. 

The Dirac equation is 


[(r*iifc) + mc]f = 0 


( 1 ) 


where pk represents the 4-vector^ 


h d 


( 2 ) 


1 C. G. Darwin, Proc. Roy. Soc. 118 , 657 (1928). , . ■ j ■ 

2 We use the Dirac k, which is l/2x times the Planck constant, and write here; and in 

Ch. Ill, for e/c times the ordinary four potential. 
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and r* are four four-row matrices, given by:® 




r® = 


r2 


r4 = 


xp is a function of two kinds of variables, of x" and an inner variable, which 
can only assume four discrete values; the pk act upon the while the F* 
operate on the inner variable. This way of describing Eq. (1) is of course 
equivalent to regarding Eq. (1) sls four equations containing 4 t^’s, each of 
them a function of only. 

There are two points of view possible, with regard to the transformation 
properties of the Dirac equation: The first of these regards the F^ as a matrix 
■four vector, and the xp as constant. According to the second point of view, the 
F^’ are constants and the xp are being transformed. 

One can easily show that these two methods are equivalent. For if we sub- 
ject the coordinates x^ to a Lorentz transformation, 

X = x'L 

then the pk will be transformed like 

p = L-^p\ 

If we consider F* as a four vector, it will transform like x^^ and the scalar 
product 

iVp) = (F'TL'^') = (F'^0 

will remain invariant. On the other hand, we can always find a matrix S such 
that 




Now the F^ are kept constant, and since they act on the inner variable only, 
they are exchangeable with S, so that 


Putting 


{S~^Tp'S)p + mcxp 
{Vp%SP) + mciSxP) 

xP' = Sxp 


0 

0 . 


(5) 

3 When written out, Eq. (1) agrees with the form given by Weyl, Gruppentheorie and 
Quantenmechanik, Leipzig 1928, page 171, Eq. (45'). If the above given matrices for Fh F^, F^ 
are divided by i, they become identical to WeyFs Fi, F 2 , Fsj our F^ is equal to his To. 
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we regain (1), now with transformed This point of view regards the 
simply as determining the coefficients 0, ±1, ±iin the four wave equations. 

For special two dimensional Lorentz transformations, Darwin has written 
out the transformation (5). They have the peculiar character that the coeffi- 
cients contain the angle 6/2, when the coordinates are rotated by the angle 6, 
We can see already from (4) that S is something like a square root of LA This 
shows that i/' cannot be a tensor, and that there are equations, which defy 
translation into tensor language and yet fulfill the relativity principle. Now it 
has been known to the mathematicians that the ordinary tensor language 
does not comprise all possible representations of the Lorentz group as had 
always been assumed tacitly by the physicists.^ The necessary extension of 
the tensor calculus, the spinor calculus, was given by B. van der Waerden,^* 
upon instigation of Ehrenfest, and indeed gives all possible representations. 

These two points of view correspond in a certain way to the particle and 
wave description of the electron. The first may give additional information 
concerning the particle velocity,^ the second, however, is necessary for the 
consideration of the Dirac equations as field equations. In this case the ^ 
must naturally be transformed to a new coordinate system just as E and II 
in Maxwell’s equations. We shall restrict ourselves to this point of view. 

Chapter I. The Mathematical Apparatus of the Spinor Analysis 

§1. Since van der Waerden’s article is not very easily accessible, and in 
order to make the spinor analysis more popular, we shall briefly develop the 
few necessary theorems and formulae here, following van der Waerden closely. 

Consider the following binary transformation 

= an^i + ai2?2 
^2 = 0 L 21^1 + 


(1) 


and its complex conjugate: 


with the determinant 


= aii^i + Si2^2 
^2 = a2lfl + ^ 22^2 


Oill 

(X21 


«12 

«22 


1 . 


( 2 ) 


(3) 


All these transformations form a group of 8 — 2 = 6 parameters. Any two 
numbers transforming like the ^2 in (1), we shall call a spinor of the 1st 
rank, and denote by 

^ Landau therefore calls f a half vector. 

® Compare especially Hermann Weyl, Gruppentheorie und Quantenmechanik, Leipzig, 
1928. Kap. III. 

® B. van der Waerden, Gottinger Nachrichten 1929, page 100, The spinor formalism is 
already implicitly contained in the book of Weyl, and in a paper by V. Fock, Zeits. f. Physik 
57, 261 (1929). 

W. Fock, Zeits. f. Physik 55, 127 (1929); G. Breit, Proc. Natl. Acad. 14, S53 (1928); 
E. Schrodinger, Sitzungsber. Berliner Akad. 24 , 418 (1930). 
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ajc k = Ij 2 

whereas any two quantities transforming like (2) will be written 

br f = i; 2. 

Any four quantities transforming like the products { 1 ^ 2 , ^ 2 ^ 1 , ^ 2^2 we call 
a spinor of the 2nd rank and write 

aui / = 1, 2. 

Correspondingly 4 quantities transforming like the products of h and I 2 we 
denote by 

bn 

There are also "mixed” spinors of the 2nd rank transforming like a product 
of a barred ? and an unbarred denoted by 

Crk r = i, 2; k — 1,2, 

Analogously we can define spinors of higher rank, like ar^i. 

One can show easily, that because of (3) the area of the parallelogram 
formed by two spinors and rji 

is invariant under transformation (1). This enables us to introduce contra- 
variant spinors a^ or according to 


=’ ^2 

II 

^2 = _ ( 2 ^^ 

1 

li 


because in this way the scalar products 


4 - ^ 2^2 = a\c^ 
bid^ +- btd^ = M" 


are invariant.^ When we establish the usual connection between co variant 
and contravariant indices by means of a spinor according to 


we find 


a* = e^^a\ 


(5) 


and 



where 

® Summation signs are as usual suppressed; dummy indices are always given Greek letters, 
free indices Latin letters. 
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. As in the usual tensor algebra, the only covariant operations are also here 
miiUiplication and contraction. For instance from the spinors and we 
can form the spinor of the 6th rank 

or the spinor of 4th rank 

Cs'kt ~ Cl'ii.s^b^kt 

or the spinor of the 2nd rank 

Cst ~ 

The following two rules are essential in calculations. According to (6) we 
have 


axb^ = ~ a^x 


An immediate consequence of this is that any spinor of odd rank has absolute 
value zero 


axa> = 0; = 0. 


Similarly we have 


aHxCm + oxbmC^ + a^bhx == 0 


Of course this rule may also be applied to the product ahxm- It also holds for 
three dotted indices. 

There are two more rules concerning the relations of dotted and undotted 
indices. 

r It is not necessary to fix the position of dotted and undotted indices be- 
longing to the same spinor. Thus, for instance 

Of-it ^ CLifi = aiir* 

On the other hand two dotted or two undotted indices are not necessarily 
interchangeable; if they are, the spinor in question has special symmetry prop- 
erties. 

2° The complex conjugate of any spinor equation is obtained by replacing 
all undotted indices by dotted ones and vice versa. 

§2. We will now establish the connection between spinors and world ten- 
sors. We assert that the following combinations of components of a second 
rank spinor a^t are to be associated with the components of a world vector 
Ah Ah A^ as follows 
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+ dh) = = Ai 

1 

—(^21 ~ ah ) =^2 = ^2 

2t 

(9) 

|■(ail — ah) = = ^3 

i(aii + ^h) = A"^ = — Aa . 

These combinations are real, and after a transformation (1) and (2) they will 
still be real; thus their transformation coefficients are real also. To prove that 
it is a Lorentz transformation we solve (9) for the ast and obtain using (4) 

an = — = A^ -jr iA^ = Ai A- iA 2 
ah = - a^\= A^ - iA^ = Ai — iA2 

ffiii ^ + A* = - Ai ■ 


Now it is easily verified that 


ia^ra^^ == A yAy, 


To every transformation (1) there corresponds one Lorentz transformation; 
vice versa ^ since the connection formulae between the transformation coeffi- 
cients of A and the a’s of eq. (1) are quadratic, there are two transformations 
(1) differing in sign, corresponding to one Lorentz transformation.® There- 
fore (1) and (2) form a representation of the Lorentz group. It can be proved, 
and this is the fundamental theorem of the spinor analysis, that one obtains 
all representations of the Lorentz group by transforming all possible spinors 
according to (1) and (2). It follows that the true '‘quantities^’ belonging to 
the Lorentz group are spinors, of which tensors form only a special class. 
Analogous to (10) spinors of the fourth rank with two dotted and two un- 

® For example using the transformation formulae (1) and (2) for a spinor an we find that 
for a Lorentz transformation 

cl = ct cosh B -f sinh 0 
%' = ct sinh ^ -f s cosh B 

there correspond the two transformation matrices 


and with a special rotation 


x' = a; cos 0 -f :y sin 0 
y' — — a; sin 0 -f y cos B 


there correspond the two matrices 


+ ^-*9/2 


+ g+ie/2 ) 


For general spacia! rotations we see that because of the invariance of that is to say of 
the corresponding binary transformation (1) wdli be Unitarian. For more information 
compare especially H. Weyl, Gruppentheorie und Quantentheorie, Leipzig 1928, p. 106-114. 
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dotted indices correspond to world tensors of the second rank. The formulae 
connecting them are obtained from (10) by multiplication. For instance 

ann = + ^ 21 ) == ^ 

- aini = + i(A^^ - + An + HAn + 

In the following table all possible kinds of spinors of the 5 lowest ranks are 
written down and those corresponding to world tensors are underscored. 

dk dm 

d'kl dfnl 

dklt dmlt dmnt d mnt 

dklii) dmltv dmntv dmnrv dmktk 

§3. Although the underscored spinors correspond directly to tensors of 
half their rank, the spinors of even rank can be related to tensors of higher 
rank, which possess certain symmetry properties. Let us consider the simplest 
spinors of this kind am and its complex conjugate Cmi. We decompose am into 
a symmetric and antisymmetric spinor, according to 

au = k{au + aa) + \{au — auf) = oki + au. (13) 

The antisymmetric part oiki has only one “Kennzahl” 

Q!j 2 = — ajj = _ (Jjj) = ^ 

= fap*" 

which is an invariant. The symmetric part o-^ has three “Kennzahlen” and can 
be shown to correspond to an antisymmetric self -dual tensor. Consider a real 
antisymmetric world tensor F'^K The dual tensor to this is obtained by means 
of 

Fki = ( 14 ) 

where h jmn = 0 when any two indices are equal and = + 1 according to whether 
the indices form an even or odd permutation of the numbers 1234. Thus two 
dual tensors are possible to an originally real tensor F*'; they differ only 
by the sign, so that one is the complex conjugate of the other. Obviously the 
dual to is again the original without asterisk. The self-dual tensor 
is the sum of the two^® 

Qkl pkl P^kl 

pu _ p*ki^ (i5) 

Calling the three Kennzahlen. kij k 2 ) kz, may be written 

We note the theorem, that for any two self-dual tensors and the product 

G^>^Wk\ ^0 
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= 


or taking the lower sign in (14) 

/ 0 

Qkl ^ 


- iki 

~ ikz 
0 
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(ISa) 


ilSh) 


ik^ — ikz 

according to (12) which using 

_ ~ Sri^lc^ (16a) 

and which using G*' can be written 

gr‘il = 8r%l. 

Here the spinors gfi and g„ are symmetric. Solving (16) and (16a) we obtain 

iri = I 

gki = ig/ki I ■ 

The formulae connecting the components of the symmetric spinors with those 
of the antisymmetric, self-dual world-tensor are 

== 2(^2 + iki) 

i22 = 2(^2 — iki) ' (18) 

^i 2 = ^ 2 i = — 2 ikz 

and using (16a) we simply obtain the complex conjugate 

^11 == 2(^2 — ilci) 

g 22 = 2(^2 + ^^i) ■ . (18a) 

fi2 = ^21 = 2ikz 

now^de^n°pTT°?r^"? to the introduction of a covariant gradient vector we 
as follows spinor Bit according to the connection formulae (10) 





a 

d 

= (921 = 

■ -L. ^ 


dx^ 

dx^ 


d 

d 

= C>i 2 = 

— 

i 


dx^ 

dx^ 


d 

d 

= ^il = 





dx^ 

dx"^ 


d 

d 

If 

1 

— _ ^ 



dx^ 

Jx^ j 
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where the contra variant vector corresponds to (x, y., z, ct). 

Analogously to (11) we may now translate the familiar vector analytical 
operations like Div or □ into the spinor language. We have 


then the dual tensor according to (14) is 


The two Maxwell equations are 


where is the four-current {pv^/c, pvy/c, 
equation 


pv,/ c, p) obeying the continuity 


We can embody these two equations into one 


by using the self-dual tensor 





( 6 ) 
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Qkl ^ pkl ^ pi^kl 

(7) 

which has the forrn (15), with^^ 

k = H - iE. 

We can derive from the four-potential 4>^ = {A^, Ay, A 

(8) 

g, 0) by means of 

^ock dxi 

(9) 

The are subjected to the accessory condition 


dx^ 

(10) 

Introducing (9) into (6), using (10) we get the wave equation for 

= 

dxxdx^ 

(11) 

f f™” *!■' condition (10) imposed on the potentials, 
we express ,n terns of a self-dual antisymmetric tensor Z«, the analogue 
to the Hertzian vector m three dimensions by means off^ 

0^ = . 

dx^ 

(12) 


Introducing this in (11), we get for 2*' a third order differential equation 

d 

— 

dx^ dxadx^ 

In the three dimensional form one reduces this to a second order differential 
equation by an integration of the current pv/c with respect to the time.i* The 
ana ogue of this is the derivation of 5'*^ from a stream potential Q*', which is 
again an antisymmetric self-dual tensor, according to 

scinvei?Zl' Srn "" Differentialgleichungen der Physik, Braun- 

H.ndb.ch d.;XS' “'il Mr'"’ '*■ •*” 


When we represent by the scheme 

/ 0 Ziz Zy iZx 

ii 


0 


iZy 

0 iZz 


then the three dimensional form of (12) is 


A — i curl Z — 


0 


1 dz 


c dt 

4 > = div Z. 

vSee e.g. Madelung, Die mathematischen Hilfsmittel des Physikers, Berlin 1922, p. 196. 
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dQ’‘^ 

doi^ 


(13) 


This causes the continuity equation (5) to be identically satisfied. For we 
then get the wave equation 


= 


(14) 


§ 57 . The stress-energy tensor Tk’’ whose divergence is equal to the com- 
ponents of the four force can be written 

This can be written in terms of our tensor Gki 

n' = + G,.„G'“) (15) 

where the conjugate tensor is to be formed according to Eq. (15) of Chapter I. 
As is well known this tensor has a diagonal sum which is zero 

TcZ = 0 ( 16 ) 

as one sees using the theorem of footnote 10. Consequently F** has only 
nine linearly independent “Kennzahlen.” 

§53. It is important for the sequel briefly to discuss the phenomenological 
form of the Maxwell equations in matter. Since the dielectric displacment D 
and the magnetic induction B are connected with E and H through 


D = E + P 
B = H + I 


(17) 


where P and I are the electric and magnetic polarization respectively, we can 
write the Maxwell equations 


curl B 


div E = p' 
I dE J 
c dt c 


curl E + 


where 


divil 
1 dB 
c dt 




(18) 


div P 


p' = P 


J pv \ dP 

— = 1- curl 7-1 

c c c dt 


(19) 


If p, (pv/c), P and J are given, the above system agrees formally with the 
equations in vacuo. To write (18) and (19) in four dimensional form we intro- 
duce the two self-dual tensors 0"“ and M^K They have the form (15a) where 


ko' = B — iE 
ku = 7 -|- iP. 


(20) 


We then write (18) and (19) 
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where 


2 \ dx^ dx^ / J 

§60:. Having been able to write the entire formalism of Maxwell equations 
with the help of the self-dual world tensor and its complex conjugate, 
we can now introduce by means of formulae (18) and (18a) two symmetric 
spinors g^n and ghi of the second rank^ and thus avoid the introduction of 
fourth-rank spinors altogether. It is obvious that the spinor g,kh just like the 
tensor will only be needed in the formulation of the stress-energy tensor. 

We know from Chapter II, that the four-current 5* becomes a spinor 
Smh the gradient d/dx^ according to (19) a spinor operator drki] we see now 
that the simplest way of connecting d^i and in a manner analogous to (6), 
is by letting d^i act on a spinor with two dotted or two undotted indices. We 
choose the former and write Maxwell equations^^ 

d^lgpm ~ (da) 

The continuity equation for the four current reads 

(5a) 

The identity of this with (5) was already noted in Chapter I formula (20). 

The analogue of the four potential 0^ will be the spinor (l>mh It is connected 
with the field spinor grs by the following curl-like operation, which, however, 
in this case is symmetrical : 

grk — dr\cl)8^ + di\<l)i^ (9a) 

The (j)mi are subjected to the divergence condition 

= (10a) 

Introducing (9a) into (6a) we have 

+ ^7ka4>p^) = . 

Using (8) Chapter I, we can transform each term according to 

For / = 1 , w = 1 and for I = 2, w = 2 we have 

dhgii 4 - = 2jii 

5^12 4 - 5^^22 = 2^22 

With (4), (10), (19), (18) of Ch. I, and (8) Chapter II, this becomes: 


curl, H 


from which follow four of the eight Maxwell equations. 
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ist two terras cancel because of (7) Chapter I, and d 


— 2Sml. (Ha) 

^I^a-logue of the self-dual Hertzian tensor is the svmnietnV 
zian spinor z^. The potential spinor , is derived from this according to 

(S;irc 

using the symmetry of we have 

-f ^ o. 

md aS r„wi) V’'T7‘"' ‘’f •'>' "“X. Introducing {12a) 

-i etuaS f ^ »» b"'' we obtain (hi 


a^^** = - 2SrK 

upper equation with g'* and the lower with 
> r and 1. After adding we can write this 


Introducing 


spinor 
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It follows from the symmetry of the spinors and that has only 
nine "Kennzahlen.” Thus relation (16) is already embodied in the structure 
of the stress-energy spinor. 

§68. Analogous to the developments of §58 we introduce two symmetric 
spinors g'n and which correspond to the self-dual tensors and M^K 
We then write the spinor analogue of (21) 

&r ~ '^jrl 

where 

jn = hi + iid^iMar + dr^'m^r) (21a) 

where the first term on the right side is due to conduction and the second 
term to electric and magnetic polarization. 

Chapter III. The Dirac Equations in Spinor Form 

§7. Van der Waerden has shown how to write the Dirac equations in 
spinor form. The four wave functions of Dirac correspond to two spinors of 
the first rank and Xh and his equations become 


mcxi — ( 

^ h \ 

— d^i + 

\ 1 ) 

= 0 

(la) 

tnal/m + ( 

/ h \ 

^ t ) 

X 

1 ! 

o 

(lb) 


where <j)^i is the potential spinor as according to (9a) Chapter II. We shall 
also need the complex coniugate equations which read 


mCXm — 1 

/ h \ 

^ T ’I’rn'j 

>• 

II 

o 

(2a) 

mc\(/i + ^ 

' ^ \ 



< i ) 

1 = 0- 

(2b) 


We now wish to obtain the second order Dirac equations. Introducing the 
abbreviation 

ph = —dh + <t>h (3) 

i 

we eliminate fi'om (1) and get 

+ pm^p\'p& — 0 - 

We apply the identity (8) Chapter I to the second term and have, using also 
identity (7) Chapter I, 

p7k^p\'p& = ip'^^p&xprk + hpixptihp'' • 

Taking (3) into account we see that 
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h 




become^"^ because of (9a) Chapter II. Thus the second-order wave equation 




h 


2i 


-gihiP’. (4) 


Correspondingly one obtains 


1 (I a« + ,»)(! ,„ + ,„) 


+ <l>a\]xk + mh'^xk “ — gk\x^ 


2i 


(S') 


The left side is identical with the Gordon wave equation written in spinor 

tlT represents the spin correction. It is satisfactory, 

that the field only occurs in the form of our symmetric spinor g,,, resp. g,, 

nJ -Ju derive the expression for the current we multiply (la) with 
( b) with -x“ (2a) with (2b) with X'. and add all four equations’ 

Usmg repeatedly identity (7) Chapter I all terms containing the L^Tand 
the potentials cancel and we can write the result 


where 


== 0 


jml — pmpl + XmXl- 


( 6 ) 


( 7 ) 


Chamer^T uf * expression after the fashion of Eq. (la) 

(lal and GM ® ^ (7) by their expressions following from 

(la) and (lb) and have, using identity (8) Chapter I ^ 


/ h 

'^CJrhl — — -^1/ 1 ( d,n^ 

' h 


+ ) Xa + Xm 


s= + ^' 

+ 


^ \ 

I "T "t" 1 Xi 


Pi 


d*l + 

^il + Pil ) 


4 “)’ 

^ . Sml + pml) X“ ~ Xi dml + pml'j p* . 


Y2W^S expressions following from (2a) and 

Jri - SH + i(d^imir -f df^Mal) 


where 


( 8 ) 
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We obtain 


This is Eq. (6) for the current, 


(c) (d) Adding and subtracting the results of process (c) and (d) we have, 
using (7) and (7a) Chapter I 

16 w. Gordon, Zeits. f. Physik 50, 630 (1928). 

G. Darwin, Proc. Roy. Soc, A120, 621 (1928). 


Sri 


4:imc 




+ ;; — <l>ri(i'ax"' + i'^x^) 
2mc 


Mrs 


imc 


hPrXk + ^kXi) 


Mkl = {i^kXl + "^iXk) 

tmc 


Equations (8) (9) and (10) are the spinor form for the decomposition of the 
current first given independently by Gordon^® and Darwin.^® Similarly to the 
correction terms on the right side of (4), the spinor (10) expresses the exis- 
tence of a spin. 

§10. The multiplication process described in §8 is not the only process by 
means of which the potentials (pmi may be eliminated from the Dirac equa- 
tions. In fact, besides the one leading to the continuity Eq. (6), it is possible 
in three more ways to eliminate the (l>mi each of which lead to an invariant 
relation between the and %• 

For the sake of convenience we write down the four Dirac equations, but 
using only covariant d -operators. In four columns at the right side of the 
equations, the various factors, with which we multiply are given. 


h 


mcxi d — r == 0 

i 


a 

b 

C 


+ r 

+ x' 

- X** 

+ X” 


_ yj/th 

— 

+ x” 

+ x' 

- x' 

+ ^l 
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— \[^di\x^ = 0 

— ^^di\x° = 0 . 


( 12 ) 

(13) 


It is clear, that these are the only relations between the wave functions which 
are independent of the potentials <j)mh because we have eight equations (the 
four Dirac equations and their complex conjugates) in which only four po- 
tentials 4>mi occurd'' It is curious, that three of these relations are also inde- 
pendent of the mass. 

A few words may be added concerning the quadratic invariants w-Jch do 
not involve differentiation. Due to (7a) Chapter I the only two invariants 


are: 


A = \pxx^ 




A = 

It is easily verified^® that the square of the current 

= 2AA 

and the square of the polarization spinor (10) : 


( 14 ) 


( 15 ) 


nip^mP^ = 2[ ) A^ 

Kmc / 


and 


li ^ \ 

Kmc / 


A2 


( 16 ) 


Introducing the abbreviation 

k^l = - XsXl 

for the spinor whose divergence occurred in (11), it is readily seen that 

h ^ ^ 

sss ■ — Ja^A 

imc 


k,lA. 

tmc 


( 17 ) 




dX 


0 


§11. Darwin^ ^ has shown how to derive both the Maxwell and the Dirac 
equations from a variation principle. The analogous development using spinor 
analysis runs as follows. We start with the Lagrangian function 

Relations (11), (12) and (13) were found more or less accidentally by the authors. The 
point of view described in the text was supplied by Professor G. Y. Rainich, who found them 
independently. Professor Rainich further communicated to us a rigorous proof of the fact that 
the Dirac equations possess only two algebraic quadratic invariants, which are simply our A 
and A. Also relations (17) are due to him. The authors are greatly indebted to Professor Rainich 
for several discussions on the subject. 

Compare C. G. Darwin, Proc. Roy. Soc. A120, 621 (1928). See esp. p. 627. 

IS C. G. Darwin, Proc. Roy. Soc. AU8, 654 (1928). 
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+ 2mc(A + A) + (18) 

where the meaning of A, A,jmi and gmn in terms of Xi and <f> are given in 
Eq. (14) (7) Chapter III and (9a) Chapter II respectively. L is to be con- 
sidered a function of Xi 4> and their derivatives. 

1°. Varying we obtain as Euler-Lagrange equation 


which is identical with (la). 
2°. Varying Xm we obtain 


■ dL ] 

1 dL 

.3(aA“^„)J 

1 

dL ) 

1 dL 


dXm 


which is identical with (lb). 

3°. Varying we get (2a) and varying xi we get (2b). 
4°. Varying (p^i we obtain 

( dL ) dL 

^ i Q 

that is to say 

+ x-^xO 

which are the Maxwell equations with the Dirac current. 
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Absiract 

In this paper a simple tensor form of Dirac’s equation is obtained. This is accom- 
plished by considering i/s and y^rs) of the usual equations as being related to a set of 
«-beins as invariants corresponding to true tensors \pfx and The results are, how- 
ever, independant of the choice of the w-beins. It is thus shown that the introduction 
of the idea of half-vectors in the quantum mechanics, while undoubtedly desirable 
when dealing exclusively with cartesian coordinates, is unnecessary. 

1 MUCH work was done in attempting to find a generalization of Dirac’s 
wave equation to general relativity. Of this the most important is prob- 
ably the work of Fock.^ In nearly all these, however, is regarded as a half- 
vector. It is interesting, therefore, to see to what extent it is possible to 
achieve this generalization using only the ordinary tensors. 

It became quite clear, as the result of other investigations, that the exten- 
sion of Dirac’s equations to general relativity necessitates the introduction of 
w-beins, i.e. a local cartesian coordinate system at each point. This, however, 
does not spoil the generality of equations obtained, as they turn out to be 
independent of the particular choice assumed. 

2. For our purpose it is convenient to write Dirac’s equation in the fol- 
lowing form: 

^ / e \ \ 


^rs (^a 


where all subscripts take the values 1, 2, 3, and 4. As is done in the work of 
Fock, summations with respect to doubled Greek indices are always implied, 
while summations with respect to Latin indices are explicitly indicated. The 
matrices are taken to be the following: 


1 

0 

0 



{ 0 

0 

0 

"b 

0 

1 

0 

0 


0 

0 

1 

0 





; r = 




(2) 

0 

0 

1 

0 


0 

1 

0 

0 

\ 0 

0 

0 

1 J 


Ui 

0 

0 

0/ 


* This work was started at the Leipzig Physikalisches Institut wdiile the author was there 
on a National Research Fellowship. 

^ F ock, Journ. de Phys. 10, 392 (1929) in which other references are given. See also Tetrode, 
Zeits. f. Physik 50, 336 (1928), and Wigner, Zeits. L Physik S3, 592 (1929). 
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Here = ih/2Tr{)dJdx-, = (x, y, z, ct ) ; = {A^, Ay, A ^ -(!>,), where p is the 

scalar and Ay, A „) the vector potential. Also, the quantities ei = e 2 = es 
1 , £4 = 1 , are introduced for later convenience. 

3. We now introduce a set of re-beins by means of sixteen parameters h,” 
and their corresponding moments h, as is done by Fock. Designating local 
components of vectors, i.e. ordinary cartesian projections on the vectors con- 
stituting the w-beins at each point, by Latin indices and their tensor com- 
ponents by Greek indices, we have the following relations: 

k 

= Y.eMk". 

k 

The quantities Ck are introduced to make the components A and A4,, real 
and are ei = e 2 = ez — — 1, ^4 = 1, as in Eq. ( 1 ). 

With this notation 2 the h^s satisfy the following relations: 


hiff — ~ 8ki 

J^ethhrhk" = Sa". 


Equations (3) can be immediately generalized to any tensor. Thus, for ex- 
ample : 


or, solving for with the help of ( 4 ) 

Afat A^yhyoiHa^ItF , 

The quantities A are invariants, i.e. they do not change with the change of 
the coordinate system, although they, of course, change with the change of 
the set of w-beins. 

We may also have quantities such as 


which are in part invariants of a set of »-beins and in part tensors. 

4. We extend Dirac’s equation to general relativity by regarding the 
Latin indices occurring in Eq. ( 1 ) as the ra-bein system indices. Thus, Fr. and 
pa are invariants, and r“„ are the mixed quantities of the type of Eq. (6). 
We will now rewrite Eq. ( 1 ) in a tensor form. First we observe that 


— '^esTrsSstPt — by (4) 

» s,t s,i 


thus, by (3) 


- The notation throughout this paper is that of Fock. 
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Similarly 











8 ) 


In place of the ordinary partial derivative in the interpretation of p as 

an operator we now use 


pa 


liri 




(9) 


where; a. is the covariant derivative in the sense of Einstein.® This operator 
acfang on a tensor gives again a tensor of one rank higher in covariant indices. 
It IS defined with the help of the quantities 




d /lira 

dx» 


( 10 ) 


^ In constructing Einstein’s covariant derivatives one uses like laB cr\ 

inordinary covariant differentiation. Thus, for example, < ’ i 

dAg^ 

+ 




dx'r 


For us the important property of ; a is 

(/*/);« = = 0. 

From this follows: 


( 11 ) 


= — (rviA-);. 

Itz 


h 

I'KZ \ 






r. . 2D h/ {P<t) Jq, 
M s 


since are constants and by Eq. (11). Hence 


paTVP<r 




Izri 


{Pc);a 


=- 

i.e., pcc and the F’s commute. 

® Einstein, Math. Ann. 102, 685 (1930). 


( 12 ) 



TENSOR FORM OF DIRACS EQUATION 1401 

Using Eqs. (7), (8), and (13) we can rewrite Eq. (1) in the form 

y = 0. 

Multiplying by Crkr^ and summing with respect to r, we obtain the desired 
equation : 

|ry = 0. (13) 

5. The adjoint to Eq. (1) by a similar transformation becomes 

_ -i = 0. (14) 

Multiplying Eq. (13) by Eq. (14) by \pa and adding we obtain 

+ P.TYpaPV = 0 

or 

= 0. (IS) 

We may interpret the expression in parenthesis as the current-density vector 

/“ = TYPVP''-, (16) 

then Eq. (15) becomes a generalization of the equation 

divJ^ = 0 . 

Using Eqs. (3) and (5), Eq. (16) may be also written as follows: 

/“ = T,erespr-\TYps, (17) 

r ,a 

which is what one obtains directly from Eq. (1) and its adjoint. 

6. The energy is given by the relation 


E h 

- = ^4 = — ( • ■ • );4. 
C LTTl 


Of course, we can speak of energy of an electron only in a flat space-time in 
which one of the coordinates is singled out as time. Thus, if Xi-ct, Eq. (18) 
reduces to the usual 


h d 
lici dt 


which must of course be interpreted to mean that the numerical value of the 
energy is given by 


E' = 
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i'l ! 


In this case £ ' is - c times the time component of a vector 


2irt J 


7. The angular momentum operator of Dirac 

h 

M" = ^ O’"', (21) 

Alt 

where m^ = ypi—zpy, etc. in our notation becomes 

h 

M“ra = -1 (22) 

4?r 

The Hamiltonian of Dirac is also a four-rowed square matrix Hr,, and the 
fact that and H commute means 

(23) 

S ,t 8 ,t 

The operator (22) has a meaning only in flat space-time. In that case, 
however, our Eq. (13) can be written in the form 

+ = 0 (24) 

, I lirt dt) 

where Hrs is the Dirac Hamiltonian. The relation (23) then holds, so that 
operator (22) is still a constant of the motion. 

8. The invariance of Eq. (13) with respect to Lorentz transformations 
does not follow immediately from the tensor form of the equation. In Eq. (2) 
r^ra are assumed constants associated with a particular coordinate system. 
By a Lorentz transformation they change to F'^ra given by 

= (25) 

where a^a is a set of coefficients satisfying the relation 

“ ^vp 

^fip^pp ~ Spp* (26) 

Now, since the original and the new coordinate systems are physically indis- 
tinguishable, we may have started with the new F^s and the old coordinate 
system; i.e. we have no way of knowing to which coordinate system the 
originally assumed F’s belong. Thus, we may have written instead of Eq. (1) 




+ mcTrsH\ =0 


We must now show that Eq. (27) leads to the same physical results as 
Eq. (1). It has been shown^ that Eq. (25) may be put in the form 

^ See for example Moglich, Zeits. f. Physik 48, 852 (1928) and Neumann, Zeits. f. Physik 
48,868 (1928). 
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where S and are matrices of the form 


and a6—py = l. Furthermore 


Using Eqs. (28) and (29), Eq. (27) may be written as follows 


Thus, if satisfies Eq. (27), xpu given by 


will satisfy Eq. (1). Similarly 


Thus Eq. (17) becomes 


This is just what would have been obtained directly from Eq. (27). 

9. Similarly, the invariance of Eq. (13) with respect to rotation of w-beins 
must be tested by investigating what would have happened if the original set 
of r’s became associated with another set of n-beins. Our original equation 
would then be 


where and F'^^ are obtained from the given F’s by a rotation of 

beins. 

We will now show that the physical consequences of Eq. (31) are the same 
as of Eq. (1). In order to show this we must first find the relation between 
F" and F. This is given by the condition that tensors must be independ- 
ent of the ?^-beins. Thus, 
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( 32 ) 


Using the laws of transformation of the ?2-beins 

tfi 

t 

t 

where ^Yjf^trata = 5rs, we obtain 

t t 

Ct^s'P ^ 

t,u 


(33) 


(34) 


and a similar equation for T'^j. With the help of Eq. (34) we may rewrite 
Eq. (31) as follows 


\ pa 4” 4*^ 

s ,t,u \ \ C 


+ mcTtu}P". = 0 . 


(35) 


If the a’s are constants, which is the case if we have distant parallelism, 
Eq. (35) becomes 


4 + wcrfuj- yic.. 

Thus, if 4/" a satisfies Eq. (31), 

Pu ^ 'y 'j O'AuP 8 




0. (36) 


(37) 


will satisfy Eq, (1). Similarly 


M= Lrun. 


(38) 


The current-density vector which we would have constructed using 
would be 

r ,s 

2-) f hy (34) 

?• »s \ , w / 

t,u \ r /\ s 

= Y,eieuV°‘i4'\tPu, by (37) and (38) 


tali 


= /“, by(17). 

10. Thus we were able to find a tensor equation, Eq. (13), which is in- 
variant with respect to the Lorentz transformation and with respect to the 
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^-beln rotations. It satisfies all the conditions which a correct generalization 
of the Dirac equation should satisfy. 

As for the physical or geometrical interpretation of the tensors Fy and 
Vf we can only say that their introduction required the use of covariant dif- 
ferentiation in Einstein’s sense and a true distant parallelism. In this we ap- 
proach Einstein’s unified field theory. However, a complete transition cannot 
be achieved as long as we are compelled to introduce potentials in our 
equations as something externally given. 
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REPULSIVE ENERGY LEVELS IN BAND SPECTIUl 
By Joseph Kaplan 

University of California at Los Angeles 
(Received April 20, 1931) 

Abstract 

An explanation is given for many cases of anomalous intensity distribution in the 
band spectra of diatomic molecules. Use is made of an interaction between the known ^ 

. energy levels of molecules and energy levels which are produced by the repulsive 
interaction of pairs of atoms in their normal and' metastable energy levels. The chief 
types of anomalies which are discussed are those corresponding to the sudden cutting 
off of a group of bands at some low value of v', the initial vibrational quantum num- 
ber, and the failure of bands to agree with the Franck-Condon theory. Use is made of 
these ideas to explain the long life of active nitrogen. 

W HILE there have been some very unusual cases of intensity distribution 
in the band spectra of diatomic molecules, they have been the exception 
rather than the rule and for that reason very little attention has been paid to 
them. The writer has made use of some of these cases to calculate the heats of 
dissociation of nitrogen^ and of carbon monoxide^ and until recently nothing 
more was done with them. Recent experiments on some very unusual band 
spectrum intensites in nitrogen-oxygen mixtures, combined with the in- 
creased interest in the purely repulsive potential energy levels of Heitler and 
London,^ have led the writer to what is believed to be a satisfactory explana- 
tion of many of the unusual examples of band spectrum excitation which have 
arisen. The recent paper by Turner^ on the effect of magnetic fields on the 
fluorescence radiation of iodine, suggested the direction in which an explana- 
tion was to be sought for the above-mentioned cases. In this note we will 
only mention these cases and make brief remarks about their explanations. 

As a typical example we will consider the second positive group of nitro- 
gen. These bands correspond to transitions from the C level to the B level. 
No bands of this system are known whose initial levels are higher than ej' = 4, 
in spite of the fact that the total energy of the level is about 15 volts, cor- 
responding to dissociation into a and a metastable atom,^ The energy in 
the C 4 level is about 13.9 volts and this is exactly equal to the dissociation 
energy of nitrogen into two metastable atoms. Therefore, unless the pro- 
ducts of dissociation are assumed to be two atoms rather than a and a 
atom, one cannot explain the non-appearance of the higher vibrational 
levels by saying the v' =4: is the highest vibrational quantum number that 

^ J. Kaplan, Proc. Nat, Acad. ScL 15, 226 (1929). 

2 J. Kaplan, Phys. Rev. 35, 957 (1930), 

® Heitler and London, Zeits. f. Physik 44, 455 (1927). 

^ L. A. Turner, Zeits. f, Physik 65, 464 (1930). 
s Mulliken, Phys. Rev. 32, 186 (1928). 
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can be associated with the C level. An alternative explanation presents itself 
if one assumes that all vibrational states above 4 are quenched by transi- 
tions from the C level to the Heitler and London level which corresponds to 
the coming together of two metastable atoms. The probability of transi- 
tions from the stable molecular level to a Heitler and London level is un- 
doubtedly governed by the same rules as those which govern the usual 
molecular transitions e.g. by the Franck-Condon principle. Thus one can in 
general study the shape of the potential energy curve corresponding to a 
Heitler and London level, from the way it combines with known potential 
energy curves. The writer proposes to make a careful study of this in the 
future. 

There are two possible explanations for the case which was just discussed, 
so that we propose now to discuss some more convincing examples of interac- 
tion between repulsive and attractive potential energy curves. The fourth 
positive bands of nitrogen are developed with but one initial vibrational 
state, corresponding to the transition The writer has used this fact as 

a means of calculating the heat of dissociation of nitrogen, making the postu- 
late that the reason for the non-appearance of higher vibrational states was 
that the molecule spontaneously dissociated when an attempt was made to 
excite the higher vibrational states. At the time the calculation was made this 
was thought to indicate an extreme anharmonicity of the D level and conse- 
quently a very small heat of dissociation for this level. The value of coo^ 
necessary to yield the extremely small value of that this explanation de- 
manded was so large as to be without precedent among band spectra. The 
present explanation will be seen to be much more reasonable. A purely repul- 
sive potential energy curve corresponding to the coming together of a W and 
a atom would cross the potential energy curve of the D level at just about 
the energy corresponding to its first or second vibrational states. Even if the 
D level does possess some vibrational states, a strong intercombination with 
the Heitler and London level might either prevent the excitation of these 
higher vibrational states or if they were excited, it might quench them. Prob- 
ably both of these effects must be considered, but once again it is seen that a 
Heitler and London level is useful in explaining an unusual spectroscopic 
phenomenon. 

Similar considerations may be applied to the third positive group, the ZA 
bands and the SB bands of carbon monoxide.® AH three of these groups possess 
but one initial vibrational level and the writer has used the lowest one of 
these electronic levels, the b level, as a means of calculating the heat of dis- 
sociation of CO, making the same assumption as was made for the P level in 
nitrogen. The generally accepted value for the heat of dissociation of CO is 
around 10.3 volts and the energy values of the initial levels of the third posi- 
tive and the SB bands are 10.34 and 10.61 volts respectively. Thus it is gain 
highly probable that the repulsive energy level which corresponds to the com- 
ing together of a normal carbon atom and a normal oxygen atom, will so 
combine with these two electronic levels as to prevent the excitation of higher 


® J. Kaplan, Phys, Rev. 36, 784 (1930). 
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vibrational states. The repulsive interaction of a normal oxygen atom and a 
carbon atom in the state will yield an energy level in the vicinity of 11.5 
volts, and this will account for the absence of vibrational states higher than 
z;' = 0 in the 3 A bands of CO. 

Returning to the consideration of the nitrogen molecule we call attention 
to several other cases of anomalous intensity distribution in band spectra, 
which seem to be examples of interaction between attractive and repulsive 
levels in the molecule. A system of nitrogen bands, discovered by Birge and 
Hopfield,*^ and having but a single initial vibrational state at 12.8 volts, shows 
a very unusual intensity distribution among the bands of the progression. 
Now 12.8 volts corresponds very closely to the energy of recombination of a 
normal nitrogen atom and a metastable atom in the level. Once again 
therefore we can blame the peculiar development of the bands on an inter- 
action between an attractive and a repulsive energy state. In the same report, 
Birge and Hopfield call attention to many irregularities in the bands which 
make up the ultraviolet system ^5'— ^P. Since the electronic energy of this 
system is 8.5 volts and most of the irregularities are connected with the pro- 
gressions arising on ?;'=4, S and 6, the explanation is given that these ir- 
regularities arise from interactions between this level and the repulsive level 
which is formed when two normal nitrogen atoms come together. The heat of 
dissociation of nitrogen is about 9.1 volts® and the energy of the t;' = 4 level is 
9.3 volts. By comparison with the previous examples it is certainly reasonable 
to assume that the above explanation is correct. 

The experiments which first called the writer's attention to the possi- 
bilities of the ideas presented here, were designed to reproduce some of the 
peculiar intensity phenomena which arise in the first positive bands of 
nitrogen as produced in the aurora borealis. Without attempting a detailed 
discussion of the experiment, we can say that as far as the intensity distribu- 
tion among the bands is concerned, especially when the relative intensities 
of the bands in a single v' progression are considered, the first positive bands 
are surprisingly sensitive to excitation conditions, more so in fact than any 
other band system with which the writer has had experience. Elsewhere'*^ the 
present writer has called attention to the violent variation in intensities which 
arises when inert gases are mixed with active nitrogen. This variation in 
intensities, which is a variation of intensities in v' progressions, must be 
looked on as a variation in transition probabilities, because the relative 
intensities of bands within a v' progression are fixed by the relative transition 
probabilities, which can be determined by the Franck-Condon principle. In 
practically all discussions of band spectra it is assumed that the predictions 
of the above principle hold and in general they do apply. The anomalous 
cases presented here are those which arise either under unusual excitation 
conditions or in the case of energy levels which are very sensitive to excita- 
tion conditions and thus yield exceptional intensities even under normal dis- 

^ Birge and Hopfield, Astrophys. J. 68 257 (1928). 

8 Birge, Trans. Faraday Soc. 25 718 (1929). 

8 J. Kaplan, Phys. Rev. 36, 778 (1930). 
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charge conditions. A few more remarks about the first positive bands will 
soon convince us that it is partly an example of the very sensitive energy 
state rather than that of unusual excitation conditions. 

It is easy to see, from only a casual inspection of the spectrum, some of 
the unusual features of the first positive bands. One unusual feature is, that 
while most of the first positive bands possess four heads, the bands whose 
mitial levels correspond to z;' = 13, 14, IS, 16 and sometimes z;' = 17, as well as 
those with = 19, 20, 21, possess only strong single heads. In some discharges 
even z;' = 3, 4 and 5 showed this characteristic. Under some conditions there 
are remarkable variations in the relative intensities of the four heads and 
sometimes only one strong head appears where four appeared under normal 
conditions. Furthermore the intensities of the bands which possess these 
single-heads under normal conditions, are less than those originating on 
higher vibrational states, which is in itself an exceptional occurrence, and in 
agreement with the idea that the vibrational states corresponding to the 
single-headed bands are quenched by some mechanism in the molecule. In 
some of the experiments on the spectra of oxygen-nitrogen mixtures it was 
possible to produce the first positive bands with a sharp cut-off at = 12. The 
vibrational states higher than v' = 12 were almost completely missing thus giv- 
ing here an excitation similar to some of the examples discussed above for 
NO, Ns and CO. 

A calculation of the energies corresponding to the range of vibrational 
states from which single-headed bands arise shows them to be in regions of 
the potential energy curve where one might quite reasonably postulate inter- 
action with repulsive energy levels of the molecule. The vibrational levels 
associated with the initial electronic state of the first positive group lie be- 
tween 9.35 and 13.9 volts. In this range there are four possible Heitler and 
London levels corresponding to the coming together of two normal atoms, or 
one normal and one W metastable atom or one normal and one atom or 
two W atoms. We therefore readily see why this group of bands should be so 
highly sensitive to changes in conditions of excitation. The energies of re- 
combination corresponding to the above modes of interaction are 9.1, 11.47, 
12.66 and 13.84 volts. The observation in some experiments of single headed- 
ness around z;' = 3 probably corresponds to the 9.1 volt level, the y' = 13 to 17 
correspond to both 11.47 and 12.66 since their energies lie just between these 
two values and finally the single headed bands around z/'==20 or 21 can cor- 
respond to either 12.66 or 13.84. 

The most interesting application of the idea of interaction between 
attractive and repulsive levels is to the problem of the afterglow of active 
nitrogen. Here the question has often been asked as to the reason why the 
afterglow persists for such a long time. What is the mechanism in the nitro- 
gen molecule which regenerates metastable atoms, normal atoms and 
metastable molecules and keeps the afterglow visible for what is a very long 
time when one considers the degree of metastability of the energy states in- 
volved. If we postulate that many of the molecules in the initial states of the 
first positive bands interact with Heitler and London levels and dissociate 
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instead of radiating, then we have a direct mechanism for sustaining the after- 
glow. We literally allow the molecule to waste its time during the process of 
the decay of the afterglow. It may be that only a very small number of ex- 
cited nitrogen molecules lose their energy by radiation, most of them simply 
redissociating due to interaction with one of the repulsive levels. Thus if the 
walls of the afterglow tube are such as to allow the persistence of atoms, and 
it is well known that the walls are of paramount importance here, then one 
can expect a very long duration for the glow. Until further investigation has 
been made, it is not possible to say which of the two factors governs the life 
of the glow. It will be an interesting problem to study the effect of this new 
factor on the life of the nitrogen afterglow. 

One final example will be discussed because of the good numerical agree- 
ment with heats of dissociation to which it leads. It has been known for a 
long time to spectroscopists that the beta bands of nitric oxide possess a very 
exceptional intensity distribution.^® These bands were first discovered in 
active nitrogen and the intensity distribution to which we refer is the one 
which is observed there. The writer has reported two experiments in which 
the beta bands were observed in the discharge but no careful study of in- 
tensity distribution has been made there. The two main anomalies in the 
intensity distribution in active nitrogen are the failure of the bands to fit the 
Franck-Condon theory and the absence of progressions higher than z;' = 4 
even though = 5 has been observed in absorption. The energy of the 2 :;' = 4 
level of the B band system is 6.15 volts and about three years ago the writer 
made some calculations of heats of dissociation of N 2 and O 2 , using this as the 
heat of dissociation of NO. The success of this method in N 2 and CO was the 
reason for these calculations. The resulting value for O 2 was so low that it was 
not considered at the time. In view of the recent revisions of the heats of dis- 
sociation of N 2 and O 2 , it is now possible to calculate a new value for NO,^^ 
using 9.1 volts for N 2 and 5.06 volts for O 2 . The heat of dissociation of NO is 
found to be 6.15 volts so that the explanation is immediately apparent. We 
have here an example exactly like that of the second positive bands of 
nitrogen. The fact that in this case the phenomenon is observed in active 
nitrogen, where the interaction between attractive and repulsive levels is 
probably rather strong, makes the explanation more interesting. Here again 
we postulate an interaction between the excited states on which the beta 
bands arise and the Heitler and London level corresponding to the coming 
together of a normal oxygen and a normal nitrogen atom. The failure of the 
beta bands to obey the Franck-Condon rule for band intensities is added 
evidence that the proposed explanation is correct, since that also occurred 
in some other cases mentioned earlier in this paper. 

We have seen that the interaction between a repulsive and an attractive 
level will account for the sudden curtailing of band systems and that many 
such examples are accompanied by a failure of the bands to obey the Franck- 
Condon rule. This latter phenomenon can be referred to as a variation of 

Barton, Jenkins and MulHken, Phys, Rev. 30, 175 (1927'). 

Birge and Sponer, Phys. Rev. 28, 259 (1926). 
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intensity within a progression, because a little consideration will show that 
the Franck-Condon rule predicts very definitely only the relative intensities 
within a single progression. Without going into much detail at this time it can 
be shown how the interactions which account for the curtailing of band sys- 
tems will also account for a variation of intensities within a progression. The 
Franck-Condon theory is usually applied in a qualitative manner by drawing 
the two potential energy curves which are involved and noticing what lower 
states result when vertical lines are drawn through the two extreme values for 
the separation of the two atoms in the vibrating molecule. This procedure is 
correct provided the initial state radiates to, or in any other way goes to, only 
a single lower electronic state. The relative intensities of the bands which arise 
on a single initial vibrational state are then definitely fixed. If however the 
upper state finds itself in a position to interact with another lower state, the 
transition probabilities can be fixed now only by a consideration of both lower 
potential energy curves. It is obvious that one might readily expect large var- 
iations in the intensity distribution in progressions in this way. In the present 
paper we have shown how a third lower level, namely the Heitler and London 
level, may be brought in to the picture. From the nature of the observations 
it appears that this third level is sensitive to conditions and thus the in- 
tensity of interaction with normal levels will vary a great deal. 

The present paper has been written mainly to bring out the one idea 
which is presented here. For that reason we have not published any spectra. 
This will be done in other publications which can be brought out with more 
leisure and in more detail, since this work is now being extended. 
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■ NOTE ON THE VISIBLE HALOGEN BANDS, WITH SPECIilL 
REFERENCE TO ICl 

By Robert S. Mulliken 

Ryerson Physical Laboratory, University of Chicago 
(Received April 9, 1931) 

Abstract 

It is pointed out that the dissociation of excited ICl molecules, after absorption 
of light in the visible bands, into normal atoms is in harmony with theory. In analogy 
with the other halogens, these bands probably belong to a transition. The 

upper level of the bands is, however, doubtless not just the 0'^ part of the ^IIo as in 
the homonuclear halogen molecules, but is probably the whole ^IIo, or else the 
Detailed arguments against the possibility that the upper state of the halogen bands 
may be are given. Conclusions drawn in previous papers from the behavior of the 
la bands in magnetic fields are revised. 

I N TWO previous papers, the writer has shown that the weILknown visi- 
ble absorption bands of the molecules Ch, Br 2 , and L probably correspond 
to the transition The object of the present note is to supple- 

ment these papers by extending their application to such molecules as ICl, 
and by revising two or three doubtful or erroneous statements made in them. 

Interpretation OF ICl Bands 

In molecules like ICl, relations between molecular and atomic electron 
states somewhat different from those in L or CL are to be expected. This is 
obvious from the fact that we have four combinations I(^Pi|)+Cl(^Pil), 
I(2P^)4-CieP0, ieP,|)+CiePi|), and ieP^)+CieP|), wherewith Lwehave 
only three. Besides, it can hardly be taken for granted that the electronic 
states of the molecule ICl should show any close analogy to those of L or 
CI 2 . Nevertheless, experience with other molecules shows that such an analogy 
may be expected (cf. analogies of SO to S 2 and O 2 , CS and SiO to CO, AlO to 
BO, etc.). 

A clearer understanding can be obtained by attempting to assign electron 
configurations. It has been assumed^ that the normal and excited states of 
the visible absorption bands of chlorine are . . . and 

. . . Ada^pTrHdTr^Sfa.^Ilu (inverted) and that the corresponding states of 1 2 are 
... 6dcr^5p7r^6d7r'^^ and ... 6d<r^5pTr%dTr^1f(r^ ^11^. It seems likely that the 
normal and excited states of the visible ICl bands have exactly the same con- 
figurations of outer electrons as I 2 , the outer Cl electrons being promoted to 
equality with those of the I atom. Such a promotion appears necessary, since 
all the orbits which the outer electrons would occupy in CI 2 are already filled 
in the I atom of ICl. This argument then supports the analogy already men- 

^ R. S. Mulliken, Phys. Rev. 36, 699 (1930). 

2 R. S. Mulliken, Phys, Rev. 36, 1440 (1930). 
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tioned. The ®II excited state of ICl, like those of the other halogens, should in 
view of its electron configuration be inverted. The triplet width should proba- 
bly be about the same as in the ^11 of Br 2 , for which 2400 cm”"^ seems a rea- 
sonable estimate. 

It has been shown^ that in I 2 the upper state of the visible bands is proba- 
bly a O'^ti state and that on theoretical grounds such a state cannot possibly 
be derived from I(2Pi|)-f I(2Pii) or but that it can be derived from 

2Pi|+2P|^ as is observed. It was also shown to be likely that this 0+^ be- 
longs to a state (mentioned in the preceding paragraph) of which the 
0 ""m, Iws and 2u components theoretically can and probably do dissociate into 
unexcited atoms. In the case of ICl, however, because of the absence of the 
property indicated by g or u, there is no theoretical reason why the 0+ com- 
ponent of a state analogous to that of I 2 should not dissociate, like the O"”, 
1, and 2 components, into normal atoms. In fact the theory makes this proba- 
ble, — although it does not require it. 

For according to the rules giving the relations between case c molecular 
and atomic states,^ we may expect the following correlations : case c states 3, 
0+ 0- 2, 1, 2, 1, 1, 0+ 0- from I(2P^)+Cl(2Pi^) ; 2, 1, 1, 0+ 0- from 
I(^Fi|)-f C1(2P^.) and a similar set from I(2Pi)-l-Cl(^Pi.|); 1, 0"^, 0~ from 
I(2P|) + C1(^P|). These are the same sets of states that one gets from 
2I(2Pii); I (^Pii) -f I (2P^) ; and 21 (^Pi), respectively, except for the fact that 
no indices got u are assigned here. It will be seen that all the case c states 2, 
1, 0+, and necessary to give a ^11 state in case a can be obtained from two 
normal atoms I + Cl. Now there has been a good deal of discussion as to whe- 
ther the upper state of the visible ICl bands gives two normal atoms on dis- 
sociation or whether it gives an excited chlorine atom.® The experimental evi- 
dence® strongly favors the latter alternative, which is here seen to be in har- 
mony with theory. (It also negatives the possibility that an excited iodine 
atom is formed on dissociation.) 

Assuming that the ordinary visible ICl bands give two normal atoms on 
dissociation, the question may still be raised as to whether their upper level 
is really the 0+ component of a ®IIo as in I 2 . First it should be noted that, if 0+ 
is stable, it should be accompanied by 0“, forming a complete ®no, since if 0"^ 
dissociates into normal atoms, the corresponding 0“ almost certainly does too. 
Next comes the question whether this ®no should be a stable molecular state. 
If one examines Fig. 2 of Ref. 2, it will be seen that the fact that 0+w of I 2 is a 
reasonably stable molecular state (dissociation energy 0.55 volts) is due large- 
ly to the fact that it gives an excited atom on dissociation. Fig. 2 indicates 
that the 0“* and even the ®ni and ®n 2 components of the ®n-u should be much 
less stable in I 2 than the 0+, or perhaps not be real molecular states at all. In 
view of these relations, one may question whether the ®no state of ICl should 
be stable, since it dissociates giving normal atoms. It therefore seems worth 
while,— although of course the quantitative relations may be considerably 
different than in CI 2 , Br 2 , and I 2 , — to consider the possibility that the upper 
level of the ICl bands may be ®ni or even ®n 2 , and that the ®no state gives rise 
only to a continuum. [It is, however, also theoretically possible, although im- 
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probable, that both components of the ^IIo state might give excited atoms on 
dissociation, so that 'Ho would be a higher but stable state,] A possible indica- 
tion that the upper level of the ICl bands is not ^Ho as in the other halogens 
is the fact that its energy (1.69 volts above the ground state)^ is lower than 
that of any of the other halogens, while its dissociation energy (0,47 volts'^) 
is nearly as large as that of I 2 . If, however, it should turn out after all to be 
^Eo, then one should probably find at longer wave-lengths other bands lead- 
ing to ^Ei and perhaps also to ®E 2 . 

Additions and Corrections to Previous Papers 
Possibility thdt the uppef level of the hdlogeu bands is ’^2^. A possible inter- 
pretation of the visible halogen bands which was not entirely disposed of in 
Refs. 1 and 2 was that they belong to a (case b), transition with 
AK—±i in which only those combinations having AJ—AK=== ±1 are ob- 
served, the other possible combinations AJ = 0 being for some unknown 
reason very weak. This reason might possibly be found in the intersystem 
character of for whose intensity relations we have no reliable guiding 

theory. [But as was mentioned in Ref. l(p. 701), we know that in the^i<““ 
^2 atmospheric oxygen bands, the transitions with A/==0 are as strong as 
those with AJ = i 1, and there seems no reason why the same should not be 
true here. Nevertheless since it is likely^-^ that the atmospheric bands are 
the argument may not hold, since this is a quadrupole transition.] 
A rather strong argument is that there is no theoretical necessity here for a 
3S+U state (which becomes plus U in case c) to give on disso- 

ciation, as the upper levels of the halogen bands are empirically known to do, 
whereas in the case of a 0+^ state such a necessity does exist. [There is, to be 
sure, no theoretical proof that such a state could not give 
here, although the theory strongly favors as dissociation products.^] 

A consideration of electron configurations also strongly favors a O^u state 
(belonging to a ^Eo) as against a ^2+^ state.^ 

Granting that the upper level of the halogen bands is this might still 
conceivably be a 0+^ which, together with a U, would go over for small r into 
a case b ^2-,, state.^ But a consideration of possible electron configurations 
makes this very improbable; at least two excited electrons would be required. 
Everything considered, it seems very probable that the identification of the 
upper state of the halogen bands as a belonging to a Elo is correct. 

Magnetic behavior of iodine bands. In Ref. 1 the fact that a ®Eo molecular 
gas should be paramagnetic was taken as an explanation of the Faraday effect 

3 G. E. Gibson and H. C. Ramsperger, Phys. Rev. 30, 598 (1927) ; E. D, Wilson, Phys. Rev. 
32, 611 (1928); G. E. Gibson and O. K. Rice, Nature, March 9, 1929; G. E. Gibson, Zeits. C. 
Physik 50, 692 (1928); J. Patkowski and W. E. Curtis, Trans. Faraday Soc, 25, 725 (1929); 
W. E. Curtis and 0. Darbyshire, Trans. Faraday Soc. 27, 77 (1931). G. K. Rollefson and h . h* 
Lindquist, J. Am. Chem. Soc. 52, 2793 (1930); 53, 1184 (1931). 

4 R. s. Mulliken, Phys. Rev. 32, 880 (1928). 

R. S. Mulliken, Phys. Rev. 1931 (Abstract, Washington Meeting, Spring, 1931). Recent 
work of Childs and Mecke (Zeits. f. Physik 68, 344, 1931) gives extremely low absorption coef- 
ficients in the atmospheric bands, and so favors rather than the possible alternative 
as the upper state of these bands. 
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observed in the iodine bands. Unfortunately, however, the fact was over- 
looked that the observed Faraday effect indicates that the normal state of 
iodine is magnetically rather more sensitive than the upper (0+^) 

state.® The fact was also overlooked that, although a ^IIo molecular gas should 
be paramagnetic (less so, however, if the ^IIo is widely split into 0+and 0~), 
this does not imply a first-order Zeeman effect. In fact, the 0+ and 0“ states 
belonging to a®IIo state should behave, if well-separated, very much like 
states in respect to the Zeeman or Faraday effect; but if the separation of the 
0"^ and 0“ states should be small and if, as is the case for low K values in U, 
the separations of the rotational levels should be less than the spacing of the 
components of a normal Zeeman triplet, a magnetic field should produce a 
Paschen-Back effect in the ®IIo levels.^ 

But unless there is an error in Kemble’s conclusion that the normal more 
than the excited state is responsible for the observed Faraday effect, we 
should probably return to Kemble’s explanation® of this effect in the iodine 
bands, namely, that it is caused by the development of a small magnetic mo- 
ment through the rotation of the molecule. Its existence would then really 
give no evidence either for or against the ^IIo nature of the upper electron level 
in the iodine bands. Nevertheless a renewed investigation of the matter would 
be of interest. 

The quenching of the fluorescence of the iodine bands in a magnetic field, 
emphasized in Ref. 1, seems to indicate a special sensitiveness of the upper 
level to magnetic fields. The most promising suggestion as to the cause of the 
magnetic quenching of fluorescence seems to be Turner’s idea® that it is due 
to a magnetically induced predissociation. 

Indeed Van Vleck has now found, in a paper soon to be published, that 
a magnetic field may be expected to induce predissociation in the 0+ state be- 
longing to a ^IIo when the 0^ and 0“ components dissociate as shown in Fig. 
2 of Ref. 2. Thus the existence of magnetic quenching gives strong evidence 
in favor of the designation 0+u(®no). 


® Cf. E. C. Kemble, Nat. Research Council Bulletin on Molecular Spectra, p. 347. 

The writer is indebted to Professor J. H. Van Vleck for the elucidation of these points. 
Cf. J. H. Van Vleck, Phys. Rev. 31, 587 (1928). 
s L. A. Turner, Zeits. f. Physik 65, 477 (1930). 
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: PICTORIAL REPRESENTATIONS OF THE ELECTRON 
CLOUD FOR HYDROGEN-LIKE ATOMS 

By H. E. White 

University OF California, Berkeley 
(Received April 21, 1931) 

Abstract 

It is well known that the solutions of the wave-equation for hydrogen-like atoms 
may be represented graphically by interpreting as a probability density. The 
probability density factors = are represented graphically 

and briefly discussed and compared with the electron orbits of four classical models. 
Graphs for s, p, d, /, g, and h electrons are given. An attempt to combine the proh 
ability density factors and form some graphical representation of has resulted in 
the construction of a mechanical device or model, see Fig. 5, which when photo- 
graphed, gives very closely the desired result. Photographs for the magnetic states 
w=0, ±1, ±2, ±3, • • • are given for Is, 2p, 3d, 4/, 2s, 3p, id, Sf, 3s, ip, and 5d 
electrons, see Fig. 6. 

W ITH all of the successes of the quantum mechanics one still hears on 
every hand, for want of an atomic model, the terms electrofi orbits, 
penetrating orbits, non-penetrating orbits, etc. This is of course due to the fact 
that in many cases one may think in terms of the simpler electron orbits and 
be led to a result which is the same or very nearly the same as that given by 
the quantum mechanics. In going over some of the correlations very often 
made between the two theories several interesting graphical comparisons 
have been forthcoming. 

It is well known that for a non-relativistic, conservative dynamical system 
of one nucleus and one electron (that is a hydrogen-like atom) Schroedioger’s 
wave-equation 

A2^+ (IF-F)^P = 0 (!) 


expressed in polar coordinates 4>, d, and r, see Fig. 1 may be solved by replac- 
ing T" by the product of a function of ^ alone, another of 9 alone, and another 
of r alone, 

^ ( 2 ) 

With this substitution the equation is separated into three total differen- 
tial equations the well-known solutions of which are, 


± I 


( 3 ) 


0. 


== m = ±1, ±2, ± 3, 

) sm^d’Pi^ icosB), J - 0, 1, 2, 3, - •(#--l)(4) 


Pn,l 


i(n - ^ - 1) !Zni/ Y2ZA / 

[(wj + \naj ”'^^\nai)’ ’ ’ ’ 


(5) 
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involving in addition to the normalizing factors ^ the complex exponentials 
the ^^associated Legendre polynomials f and derivatives of the ^^Laguerre 
polynomials f where w, Z, and are to be associated with the magnetic, azi- 
muthal, and total quantum numbers respectively. It is also well known that 
^^'^dv, which is interpreted as the probability of the electrons being found in 
a given element of volume dv is very small outside the region occupied by the 
corresponding classical electron orbits. 

For descriptive purposes it has been convenient to think of the probability 
density 4^4^* = P in terms of the angles and B and of the distance r indepen- 
dently. From Eqs. (2), (3), (4), and (5) the probability density 

4^4^* = [©m.Zp- [Pn.z]^ (6) 





There are in general four classical models to be compared with these prob- 
ability density factors. These four well-known models, which will here be called 
(a), (b), (c), and (d), have the same total quantum number n, and azimuthal 
quantum numbers as follows; (a) I (b) [Z(Z+ 1) (c) Z+i? (d) Z+ 1 = k. It should 

be pointed out that none of these classical orbital models is correct and that, 
for want of an atomic model, any one of them may, with certain limitations, 
be used. In general (a) and (b) serve as vector models while (c) and (d) serve 
well as orbital models. 

The factor. For given m, times its complex conjugate is a 

constant, so that for any given state the probability of an electrons being 
found in any small element of angle d<pi is the same as for any other equal 
angle d4>2. For all allowed electron states the probability density is therefore 
symmetrical about the (magnetic) axis. plotted as a function of 

the angle 4> (0 to 27 r) would graphically be represented in rectangular coordi- 
nates by a straight line or in angular coordinates by a circle. 
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The factor. For given m and I values the polynomials of l-h], 4 and 

consequently [0m,?]® are readily calculated from well known recursion for- 
mulas.^ 

Values of the probability density factor [0„,,?]® are gi\-en in Table 1 and 
plotted in rectangular coordinates in Fig. 2. 

Unsold® has shown that for given n and I, the probability density summed 
over the states m = +l to m = —l presents spherical symmetry about the 
nucleus. Since is constant for any state one has simply to show that 

m— +/ 

'll = constant. (7) 

This well-known theorem is seen to be true from the last column of I 

or graphically from the curves of Fig. 2. For example, the sum of the tliree 



Fig.^2. The probability density factor as a function of 0 for 5 *, p, and d electrons. 

The^ straight lines and the shaded areas represent spherical symmetry, the result of the sum- 
mation of the curves from m = to w = — /. 

curves for the three p states w = 1, 0, — 1 gives a straight line as iiidirafed by 
The shaded area. Thus it is that in some of the complex spectra three similar 
p electrons five similar d electrons, or seven similar f electrons form spherical 
symmetry, that is an 5 term, as the most stable state. 

If angular coordinates are used when plotting [(-),„ ,1'-’ a number of in- 
teresting correlations with the classical orbits may he made. .Such rur^■es are 
shown in Fig. 3 for 5, p, d, f, g, and h electrons. Beneath each figure the cor- 
responding classical orbit is given oriented in each ca,se according to the 
vector model (a). In order to illustrate an orbit rather titan its sfraiglit line 
projection the axis is tipped slightly out of the plane of the paper, 'it must 
be remembered that the electron is not confined to the shaded area in each 
‘ See “Quantum Mechanics,” by Condon and Morse, p. 63. 

“ Unsold, Ann. d. Physik 82, 379 (1927). 


Fig. 3. The probability density factor plotted in angular coordinates for p, d j, g, 

and h electrons. For states w ==0 the scale is approximately 1/^+1 times that of the othei states 
of the same I value. The classical oriented orbit for each quantum state is given below each 
figure, tilted slightly out of the normal plane to show an orbit rather than a straight line. 
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Table I. The probability density factor [©w,iF* 


Electron 

1 

m 


m sss +i 

fn*ss t 

s 

0 

0 

1/2 

ill 



±1 

3/4 sin^^ 


p 

1 

0 

3/2 cos“<? 

3/2 



±2 

15/16 sin'’^ 


d 

2 

±1 

15/4 sin cos^B 

$12 



0 

10/16 (3 




±3 

35/32 sin^’^ 


f 

3 

+ 2 

105/16 sm‘<? cos^B 

7/2 



± 1 

21/32 sin^BiS cos^B — iy^ 




0 

7/8 (5 cos^0~3 cos 6)'^ 



probability figure but that the magnitude of a line joining the center and any 
point on the curve is a measure of the electrons probability of being found in 
the direction of that line. 

Since the plane in which each curve is drawn represents any plane through 
the (l> axis symmetry of is obtained by rotating each curve about the 

<j) (or magnetic) axis. Corresponding to this axial symmetry there is the 
classical precession of each orbit around the 0 axis producing a somewhat 
similar figure. For each m = 0 curve the scale used is about 1//+1 times that 
of the other curves of the same I value. 

For all w = 0 states, excluding the spherically symmetrical ^ states, the 
probability density is greatest in the direction of the poles. With the exponent 
of zero this distribution has been interpreted to mean® that there is no 
motion in the 0 coordinate and that correlated with this the motion of the 
electron (i.e. the orbital plane) is in some one meridian plane, all meridian 
planes being of equal probability. The end states w = ± / on the other hand 
take on their largest values in the direction of the equatorial plane. In this 
case one correlates the opposite signs in the exponents of with the op- 
posite directions of rotation in the orbit. The way in which each classically 
oriented orbit follows the corresponding curves, from m = +2 to 
especially for the states of higher I value, is quite remarkable. It should be 
mentioned that if the classical orbits are oriented according to models (b), 
(c), or (d) that their general agreement with the probability curves is not as 
good as with model (a), however, this may be a matter of personal opinion. 

The factor. The factor \Rn,i^ which gives the probability density 

as a function of r alone has been discussed in detail by many investigators. 
For given values of n and I the Laguerre polynomials and hence (see Eq. 
(5)) and may be ^evaluated Plotting [i2„.z]2 against r in units of the 

radius of the first Bohr circular orbit a^ = 0.528 AU. give the heavy line curves 
of Fig. 4. Multiplying by 4^^^, the area of a sphere of radius r, one ob- 

tains the so called probability density distribution curves, D, indicated by the 
shaded areas in the figure. The classical orbits corresponding to each of these 

See, Condon and Morse, “Quantum Mechanics.” 
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curves, using model (c), are also shown. In each curve th.t density distfihution 
differs greatly from zero only within the electron-nuclear distance of the cor- 
responding classical orbits. 

A more satisfactory correlation has been made by Pauling^ by comparing 
the average value of r as calculated on both theories. The method of evaluat- 
ing f from the quantum mechanics has been given by Waller^ and is identical 
with the value obtained for the classical orbits if the azimuthal quantum num- 
ber is taken to be [/(/+l)]^^^ model (b). This average value of r is indicated in 



Fig. 4. The probability density factor {Rn,iY plotted as a function of the electron -nucleus 
distance r (f is measured in units of the first Bohr circular orbit). The density distribution 
curves {Rn,iy the shaded areas, are to be compared with the electron-nucleus dis- 

tance for the classical orbits, where the azimuthal quantum number is taken to be l+h 

each curve by a vertical line. The average value of r calculated for models (a), 
(c), and (d) are indicated on the r axis by triangular, circular, and square dots 

respectively. 

For this radial comparison model (b) is to be preferred, however, a diffi- 
culty arises for the s states where the orbits reduce to straight lines with one 

Pauling, Proc. Roy. Soc. 114, 181 (1927). 

45 Waller, Zeits. f. Physik 38, 635 (1926). 
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Fig. 5. A mechanical device which when set in motion and photographed represents the 
electron cloud for the various states of the hydrogen-like atoms. The model shown in the figure 
is for a 3d electron. 


of the figure and in the last photograph of Fig* 6 are turned out on a lathe su 
that in projection they give the density distribution D curves of Fig. 4. Such 
a spindle is pivoted at its center by a small pin at C, and set in rotation about 
the vertical axis by means of a motor M\ This motion gives the required sym- 
metry about 0. At the same time that rotation about the <56 axis is taking place, 
the angle 0 is changed slowly from 0 = 0 to 0='r/2 by means of a swivel S and 
a double cord 5FJJ? which passes through a hole in the table top to a roller i?, 
the motion of which is confined to the slot as shown. Curves of thin wood, 
e.g. A in Fig. 5, are cut so that when they are moved slowly but with uniform 
speed along the table top in the direction indicated by the arrow the angular 


^ See, “Atoms Molecules and Quanta,” by Ruark and Urey, p. 565. Also Slater, Phys. Rev. 
37, 482 (1931). ■ ■ 


end at the nucleus center. With model (c), the orbits shown in the figure, this 
difficulty does not arise and the agreement is practically the same. 


The Probability Density 


Attempts to bring together the probability density factors [H,„j |-, 

and [Rn,i]^ into one single picture for if we may call it a picture, have 
been somewhat successful. Danger and Walker** using a method which is as 
yet unpublished, have produced probability density photographs which repre- 
sent the spherically symmetrical 5 states and the 2 p states ro = +1 and 0. 

Preliminary attempts to produce a three dimensional model which will 
represent as closely as possible the probability density has resulted in a 
mechanical device shown in Fig. 5. Spindles like the one shown in the center 
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Fig. 6. Photographs of the electron cloud for various states of the hydrogen-like atoms as 
ined from various models and the device shown in Fig. 5. The proability density is 
metrical about the <l> or magnetic axis which is vertical. The scale for each figure may be 
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Ytlociiy dB/dt i,s„changed:in the proper manner to give, as nearly as possible, 
the correct density when photographed, A time exposure starterl wfien 
and stopped when l9==7r/2 for the model shown yields the figure for ihe ,v/ 
state w = (). In constructing the various curves to be used at ,1, (lie ('hanging 
angle of the cord HR was taken into account and also the fa(n that as B in- 
creases each point on the spindle moves in larger and larger circ'les and tliere- 
fore faster. A small slot milled in the lower half of each spindle allows the 
angle 0 = 0 to be reached. In projection each spindle should represent the 
density distrihiH^^ curves, !) of Fig. 5, in order that when rotating siniub 
taneously about tlie ^ and 6 axes they give at each point in space the density 
curves of Fig. 5. It should be pointed out that there is a small amount 
of distortion due to the end on view of the spindle. This distortion is quite 
negligible, however, in that in this position the rapid motion as seen from the 
camera effects the photographic plates but little. Photographs for the states 
with negative m values are identical with those of positive m values. It may 
be seen by an examination of the figures that the addition of the 2p states 
w = 1, 0, — I or the sum of the 3d states m = 2, 1, 0, “1,-2 will give spherical 
symmetry a figure like that of a Is electron. Again the summation of the id 
states m — 2, 1, 0, —1, —2 will give spherical symmetry resembling the 2.s 
state. This may be considered as somewhat of a check on the figures in general 
and is quite as good as can be expected both from the standpoint of photo- 
graphic reproduction of densities and the mechanical difficulties in the model. 

The s states in Fig. 6 were made in a much simpler manner than the others 
and represent cross-sections only. Curves cut from white paper glued to the 
face of a blackened disk, and set rotating give the figures shown. Cross-section 
photographs have also been made for the nodal states by changing 0 alone, 
<j) remaining fixed. While these photographs are in general better, the more 
complete three dimensional reproductions are given in Fig. 6. The author 
wishes to take this opportunity to thank Professor Oppenheimer for his criti- 
cism of this paper. 
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NOTE ON THE CALCULATION OF van der WAALS FORCES' 

By Henry Margenau 

Sloane Physics Laboratory, Yale University 
(Received April 28, 1931) 

Abstract 

The genera! expression for the van der Waals energy arising from dipole inter- 
action between atoms involves a summation over transition probabilities. These are 
in most cases difficult to calculate. It is here pointed out that since these transition 
probabilities obey the sum rule of Thomas and Kuhn, they may be evaluated in a 
manner which permits van der Waals' forces to be calculated with good approxima- 
tion, provided that the polarizability is known. The method is outlined and illus- 
trated by application to two examples: Na and He. The result in the case of He is in 
very good agreement with that obtained by the variational method. 

T he methods proposed so far for a calculation of intermolecular forces 
depend on an (exact or approximate) knowledge either of the molecular 
wave functions^ or of the oscillator strengths (dispersion /-values) associated 
with transitions from the ground state of the molecules in question.® Occa- 
sionally, useful approximations were obtained in terms of polarizabilities and 
other known characteristics. In this note we wish to suggest a method, semi- 
empirical in character and not involving the use of wave functions, which in 
general, enables a calculation of van der Waals forces between atoms with 
greater accuracy than others of equal simplicity permit. It consists in expres- 
sing the perturbational energy of the second order as a sum over /-values, as 
was first done by London, and then determining these /-values by means of 
the sum rule of Thomas and Kuhn, and the relative intensities of spectral 
lines. 

Suppose that the two interacting atoms, Ai and are similar and a dis- 
tance R apart, R being so large that electron interchange does not take place. 
Let both A I and .4 2 be in their lowest energy state which we take to be spheri- 
cally symmetrical (s-state). a and (3 denumerate the various excited states of 
A I and ^2 respectively. If we restrict our consideration to the effects of the 
classical dipole interaction 

V ^ —{yiy 2 + Z1Z2 — 2x1X2) ( 1 ) 

A® 

^ Part of the considerations here presented have been reported at the meeting of the Amer . 
Phys. Soc., Feb. 26-28. Hitherto we did not feel that they were of sufficient interest to be pub- 
lished more fully. Recently, however, Slater and Kirkwood (see ref. 2) have calculated a value 
for the attractive forces between He atoms differing widely from London’s result* They at- 
tribute this discrepancy to the neglect of double electron jumps in London’s theory. Aside from 
being applicable to many cases not of immediate interest at present, the method here outlined 
shows the correctness of the latter supposition. 

2 Eisenschitz and London, Zeits. f. Physik 60, 491 (1930) ; Slater and Kirkwood, Phys. Rev. 
37, 682 (1931) ; Hass6, Proc. Camb. Phil. Soc. 27, 66 (1931). 

3 p, London, Zeits. f. phys. Chemie, B, 11, 222 (1930). 
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5; ofT+ZbtoS' »■ 


where 


a$ . Ea + — 2Ei 


I ' 6^ 

'n.a^j + 2yiaZiayiffZi^ 

— 4:XiayiaXifiyi0 — AXicZiaXifiZi^) 

Site m t^th associated with a transition of A from the lowest 

state (1) to the state a, e.g. xr^^fR,,{r)xR,i{r)P^^ei>^4rhm edrMAl'l / ? 

I r.h*^ TTr “™' inifica- 

»- Uor this sateTS wr„Vs'’dte?; tto 

= 0 , 

and that 


J^XiJ - ^yiJ = J^ziJ = iSi‘riJ. 

tn m 

»' '>«H .. a„. 

A^E = — — -fL v' riJriff^ 

^ «/3 -E„ + Efi - 2Ei’ 

iS ludeToIlly SltSSon^cte^^ numbers and 

4 = 1). But L is relaSd to It " (4 = 

related to the /-values appearing in the dispersion formula 


by the relation 


„ ^ eW _ /, 

w® — 1 = 

■xm- a - y2 


2 w \1 t) Ea~ El (S) 

Substituting this in ( 4 ) there rp<!i,It<= o faa i ,. 

by London and used by him to m ormula meanwhile already obtained 
knowledge of a limited number forces by means of a 

scheme permitting to h?/, “ P™P“' 

scopic dispersion formulae which nee ^ ‘"ciependently of spectre- 

vicinity of the apectrarreX for S ^ '''= 

Ormbirnng ( 5 , and (4)4d rLlrW thtt f 
the conbnuons region of the spectrum we may write “ mtegratron over 
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A 2 E 


J + 2 £ T- 

l c/S VaV^iVa + ^IS) a Jo Dec 

ff 

Jo Jo 


fUdfiE/dE)dE 
(1 + £)(»a + 1 + E) 


{dfis'/dE') {dfiS''ldE")dE'dE" 


-0 {1 + E')il + E''){2 + E' + E"). 

We are here using the abbreviations: 


(6) 


1 

Oa “ ”” Ea j Da 1 > E 


£« 2mh 


/key 

^ W 


E is the energy of any state beyond the series limit, measured in units equal 
to the energy of the series limit, ei. (6) does not take explicit account of possi- 
ble multiple electron transitions to discrete states beyond the series limit, the 
energy of which is frequently not known. They may be considered included 
in the integration, however, since the /-values will be adjusted in such a man- 
ner that their sum obeys the theorem of Kuhn and Reiche,^ which postulates: 



(7) 


Zo being the number of dispersion electrons. 

It becomes necessary to make some assumption about the distribution of 
the fie’s. Fortunately, the calculation of A 2 E is not very sensitive to this 
choice, provided that (7) is satisfied. We shall suppose, in conformity with 
what is known about H and x-ray spectra, that 


^ = 1 (8) 

dE (1 -h £)»’ 

y being at present undetermined. Moreover, we shall consider that the rela- 
tive intensities of the first few emission lines of the principal series are known. 
The accuracy of the calculation is not seriously impaired if this is not the case. 
Suppose these relative intensities to be Ja- Then one may easily verify that 

= (9) 

Da^ 


since /« = const. (£«-JEi)V\ jS is another undetermined constant. To deter- 
mine /8 and 7 we have first (7), which may be written on account of (8) and 

(9): 

— Eo (fO) 

„ L 


and second the expression for the polarizability in a static field: 

^ For complex structures, this sum rule is merely an approximation. 
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or, explicitly, 


m \ 2 t/ „ (£„ _ 


EiY 


whence 


a = — V — -L r°° WiE/dE)dE'\ 
meYKlJ Jo “7r+£)T'-/ 


aia) 


“ 4 \ek/ 


(Uj 

(10) and (11) supply the required numerical values of /? and y. If line intensi 
ties are not known, we mav Dut- t-hp flrcf ^ i in i ^ nitensi- 

evaluation of (6) is now an eiy matter '''''' 

bevonriTh? ““'‘ip'e iumPe) the contribution of the region 

beyond the senes hunt is usually small. It may then be advisable to write (6) 


AiE 


£ (1 + Eai)flaflff H~ 2 y'. f 
a Jo 


(1 + EalYfla ilE 
dli 


+ 


' 0 Jo 

with the abbreviations 


r“r”ri-up 

Jo Jo ~‘^E'd£' 


dE' dE" 


% 


zifi being l+£. 

Using (7), this goes over into 


I - i>\%{vx + jtJ/2) 
»x»i.(z)x + %)ll) 


A.-E - - {z.* + 2' P.,U.h + 2 iR 

« dE 

~h f f 

Jq Jo 




( 12 ) 


Recalling the definition of the zi’s wp cpb finn, • 

of all excited states is small compI)rf Jth .ra.XhT" 

not differ greatly from f, which mates the J”s mail tLC”"*' 

attain a fair annroximpjtinn i-rs -hU i Tneii one may expect to 

of (12) only the term For hJdrogeTthe k ( I 

percent of the total. If we make use of (8), (9 ( 0) anTfnfe"^'*'' ! 

becomes: w? w? k-i-oj, and (11) expression (12) 


2 ~ lO.nOysl 

«P a j ^ 


(13) 


where 
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Ra = 




3 


111 

+ — - log (1 + »«) 

Vc? Vc? J 


2 »„ 


For hydrogen, this expression gives A2-E to within 1 percent if only 4<^’s are 
used. 

As an illustration, let us compute the polarization energy of two Na-' 
atoms by the method here outlined, ol can here be calculated since the /- 
values happen to be known.^ They will also afford a check on our ^ and 7. a 
turns out to be 24.2 X (We omit the details of the calculation, which is 
made with the aid of Eq. (11.) We shall use only ^2, corresponding to the 
resonance transition, and put it equal to 1. is then 0.409; €i = 8.145X 10 
ergs. Eqs. (10) and (11) give 



0.4092 



5.88, 


so that = 0.888 and 7 = 0.224. From (13) one then obtains 

12.5 790 ^ 

AoE = X 10~^* ergs = volts, 


if r is measured in i. The correct value, which may be calculated from Sugi- 
ura’s work, is 

14.5 

AoE = X 10“^® ergs. 

It may be approximated as closely as desired, of course, by taking a greater 
number of 0’s into account. We note in passing that these results suggest the 
existence of very strong polarization forces and the formation of polarization 
molecules, such as were observed in by Kuhn.® 

Another more interesting application is to He, where our calculations can 
be no longer controlled by a sufficiently accurate knowledge of the /-values. 
There exist intensity measurements on the emission lines of the ^^principal” 
series^ from which the 0«’s may be obtained by (9). We have considered 10 of 
them, but it turns out that very few of them would have been sufficient, be- 
cause the main contribution to the/’s seems to come from the region beyond 
the series limit. Taking a as 0.206 X10~24^ Eqs, (10) and (11) become 


^ + §7 -- 2 

o: 



If now we use the relative intensity data in Hopfield’s arbitrary units = 
‘ Y. Sugiura, Phil. Mag. 4, 495 (1927). 

« Kuhn, Naturwissenschaften 18, 332 (1930). See also Oldenberg, Zeits. f. Physik 47, 184 
(1928) and SS, 1 (1929). 

’ Hopfield, Astrophys. J. 72, 133 (1930). 
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293.7, and = whence /3 = 5.97XlO-i and 7 = 3.64. The sur- 

St'rnft P-'-Wy over-en,phasizes, the Z- 

ewin! rl ! transitions to states beyond the ionization limit of one 
thTr o • ? belong to the continuous spectrum, and 

lack of Va"te if dictated by convenience and 

ck of data to handle them more properly has already been pointed out 

ubstitutmg /3 and 7 m (6), or more conveniently in (13) (where now of 

lectS'we sS°“”' ■' * I 




9.68 

~¥' 


■ X 10 “^(1.49) ergs ^ 


14.4 




• X 10- 


■Bl 


ergs 


0.91 


volts, if r is ini. (14) 


Lf smaller value reported previously* was obtained by consider- 

fl4VaV electron, putting Zo = l, which is not legitimate ) 

(14) ag^rees very well indeed with the result of Slater and Kirkwood^calrulat 
ed with a variational method, namely caiculat- 


« r, 14.9 
AjE X 10-“ 


ergs. 


S^onfobSne?br?^f difference between their result and 

an up"' ° kSa £ f nTv,p°« ''Wch yield, 

pp imit A2£„,ax - 12.4X 10 ergs, is occasioned by the neglect of dou- 

W. „mps London's expression. The calculations presented heSl at Z 


See ref. 1, 
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AN EXPERIMENTAL STUDY OF THE NATURAL WIDTHS OF THE 
X-RAY LINES IN THE Z-SERIES SPECTRUM OF URANIUM 

By John H. Williams 

Department of Physics, University of California 
(Received April 21, 1931) 

Abstract 

The half widths at half maximum of the rocking curves in parallel positions of the 
double x~ray spectrometer with calcite crystals reflecting in the first order have been 
investigated as a function of wave-length and this function is shown to be linear. 

The rocking curves of U Lai in three different antiparallel positions of the instru- 
ment give a natural width which is practically independent of the dispersion. The 
natural widths of U Lai and U L^i have been observed as a function of voltage and no 
significant dependence was noted. 

The half widths at half maximum of twelve lines in the uranium L-series spectrum 
were studied and the results are; 


Line U L 

Ofl 

a2 


9^ 

/Sa 

^4 

/56 

^0 

71 

73 

7s 

78 

AX in X.U. 

0.439 

0.494 

0.299 

0.369 

0.382 

0.726 

0.252 

0.487 

0.242 

0.57 

0.47 

0.233 

AV in volts 

6.56 

7.20 

7.17 

8.04 

9.40 

16.1 

5.94 

9.71 

7.96 

19.7 

16.2 

8.18 


Possible correlations with the electron transitions are suggested and the predominance 
of nuclear effects are evident from the greater widths of lines involving the elliptical 
orbit Li. 

The observed widths are compared to the classical and quantum theory widths 
and the size of the nucleus necessary to explain the discrepancy is given. The possi- 
bility of observing the splitting of the energy levels due to nuclear spin as suggested 
by Breit is rejected. The actual shape of the line U Lai has been investigated and 
found to approximate that predicted by the classical theory. 

T he natural widths of x-ray lines in the X-series of molybdenuna have 
been measured by Ehrenberg and Mark,^ Ehrenberg and von Susich,® 
Davis and Purks,^ Allison and Williams,^ and Mark and von Susich® with 
the double x-ray spectrometer. Experiments on the relative widths of some 
x-ray lines in the A-series of lead and thallium have been carried out by 
Allison.® This paper is a report of experiments performed on the natural 
widths of the x-ray lines in the L-series spectrum of uranium. The accurate 
measurement of a greater number of lines in the L-series offers an opportunity 
to study any dependence on the transitions involved. 

^ Ehrenberg and Mark, Zeits. f. Physik 42, 807 (1927). 

2 Ehrenberg and von Susich, Zeits. f. Physik 42, 823 (1927). 

« Davis and Purks, Proc. Nat. Acad. Sci. 13, 419 (1927); 14, 172 (1928); Phys. Rev. 34, 
181 ( 1929 ). 

^ Allison and Williams, Phys. Rev. 35, 1476 (1930). 

^ Mark and von Susich, Zeits. f. Physik 65, 253 (1930). 

6 Allison, Phys. Rev. 34, 176 (1929). 
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Apparatus 


The double x-ray spectrometer used in these experiments has been pre- 
lously described. 1 he following changes have been made. The vertical slits 
limiting the divergence of the beam in a plane perpendicular to the axes of 

S^di-ree ^ horiiiontal slits, limit- 

Zn* the beam m a vertical plane including the a.xes of rota- 

tion, weie of various widths which will be given later. 


Fig. 1. Diagram of uranium target tube. 


XV., A experiments is illustrated in Fig. 1. The tube 

was deseed to give a large focal spot which would remain fixed on the target 

cm t"m crvTtaT'i Th “ ‘‘“tance of SO 

cm irom crystal a. The filament holder was designed from the type used bv 

Professors Ross and Clark at Stanford Universitv. It enabled the filament to 

fbA ur 4 .* i, T-t ^ electron beam. The uranium was obtained from 
wre Manufacturing Company. Many attem Ms 

were mac^e to obtam good thermal contact between the uranium or some 
other metal but without success until finally the method used by S K 
A lison was adopted. A piece of uranium was hydraulically pressed below the 

rhr“x„'rhVhT.rmr;fio,Jt^^ c«o,cd-h;;„m„^g 

The power for operating the tube was develoned bv t 3 t«r i 

rdTy^nS^nd 

tuahons were 0.6 percent at 48 lev and 6 railliamperes. ‘ “ “ ' ' 

me„t.‘Tres?,^SterTprei^^^ 

chloride anSm “I™™ 

orated on.g ve^^hS Sume 

refer!.™” “I R^S.I, .8, 4,3 p„ , ,„„g„ ^ 

^ Allison, Phys. Rev, 32, 1 (1928). 


STUDY OF WIDTHS OF X-RA Y LINES 


1433 


Operation of the Instrument 

The technique of measuring line widths has been previously developed. 
The degree of accuracy obtained with the double spectrometer can be seen 
by comparing the values of 0.144 and 0.163 X.U. for the half width at half 
maximum of MoXai obtained by Mark and von Susich® and the value of 
0.147 X.U. obtained by Allison and Williams.^ The method of operation used 
in these experiments was that previously described.^ The method of setting 
the crystal faces vertical was retained. Frequent readings of the temperature 
were taken while observations were being made and no significant changes 
were noted. 

Reduction of Observed Results 

The majority of the results have been obtained in the (1,1) position fol- 
lowing a notation given in a previous paper.^ The dispersion D of the double 
spectrometer is given by 

dOs nA 

D = = 1 (1) 

d\ 2d cos Ba 2d cos Bb 

Ha and n b are the orders in which crystals A and B are reflecting respectively 
and Ba and Bb are the corresponding glancing angles. The sign of tia is always 
taken positive. is negative when the first incident and last reflected rays 
are on opposite sides of the first reflected ray,^^ otherwise it is taken positive. 
The dispersion D is therefore finite in all anti-parallel positions. 

The first correction to be applied to. the observed widths in anti-parallel 
positions is the geometric width due to the vertical spread of the beam. Sch- 
warzschild’s^° equation for the geometric breadth,’^ hBs, may be written 


^Bb = 


( 2 ) 


In this equation, SBb is the total angular range through which crystal B may 
be turned while reflecting the wave-length X. If the widths of the slits limit- 
ing the divergence of the beam in a vertical plane are hi and and 

the distance between them is L, 




hi h<2, 

uT 


(3) 


The correction to be applied to the observed widths has been previously de- 
duced^ from Eqs. (2) and (3). Let ^ be the angular deviation of crystal B from 
the position of reflection for the central ray, (that ray passing through the 
geometrical centers of the slit apertures). Then the value of ^ at which the 
geometrical rocking curve drops to half maximum is given by^ 

r ^2 

?i/2 = f • (4) 

\hi + h2) 

The values of § 1 / 2 , in seconds of arc, calculated from Eq. (4) are arbitrarily 
subtracted from the observed full widths at half maximum. 

Allison and Williams, Phys. Rev. 3S, 149 (1930). 

Schwarzschiid, Phys. Rev. 32, 162 (1928). 
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The second correction to be applied to the resultant widths in anti-par- 
allel positions IS that due to the finite resolving power of calcite crystals. If 
It IS assumed that the line has a Gaussian error curve distribution of intensity 


w = + Wb^ + {^) 

In the above equation, IT represents the half width at half maximum in angu- 
lar measure of the observed rocking curve after the geometric correction has 
been applied, Wa the half width at half maximum in angular measure of the 
curve representing the intensity of reflection from crystal ^ as a function of 
the de^iatmns from the Bragg angle, is the same quantity for cry.sta! B 
^ IS the dispersion given by Eq. (1), and ITx is the half width at half maxt 
mum in linear measure of the line. The quantities and W, are observed 

h h"" ° = -w.t) and will be discussed under tlie 

ext heading. These two corrections are the only ones applied to the observed 

tfzero "" verticality has been reduced 

Study of Parallel Positions 

In the positions of zero dispersion the ob-served width IT is from Eq. (5) 

IT = (IT^2 -f- (6) 

Assuming the crystals to be the same, Wji = Wb = Wc 

IT = 21/Wc. ^7^ 

The values of ITc have been studied as a function of X for the first order 
of r.aec,.„„ from calci... There is no geometric correction to be app M to 
fte observed widths in parallel positions if the deviation of the crista 4es 
from vertrcahty is rjjnced to zero. The method of imposing ft?S„d Son 
has been previously described.* The crystals were first adjustSi as aaura llv 

St^xc^iSnrd'ryie*:^ 

wavItsSo? ni r*'’ "’r 

Fig^2.,ycisseen’tob;alJ/ii;”om^ 


= 45 cosec 26 


- Eqs. (43) and (45) of his paper. 
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where 6 is the glancing angle and 5 is the deviation of the index of refraction 
from unity. Since 

B = 1 - 11 = (9) 

where Nis the number of electrons per cm^, e is the electronic change in e.s.u., 
m is the mass of the electron, and c is the velocity of light, and from the Bragg 
law 

cosec ^ = 2d/n\ 

we have 

( 10 ) 



( 11 ) 


Fig. 2. The interference pattern width of a single crystal, Wq, as a function 
* of the wave-length. 

Substituting from Eqs. (9) and (10) in Eq. (8) 

A6 = k\ sec 6 

where 

k = 2N e^d/ Tvmnc^ , 

Thus A0 is an approximately linear function of X as may be shown from the 
Bragg law and expansion in powers of X. 

LB = k\[l + ^{nK/2dY + 3/S{n\/2dY + 5/16{n\/2dy +•••]. (12) 

This series is rapidly convergent for first order reflection from calcite in the 
region examined. 

The experimental value of Wc was found to be 1.6 times as large as that 
calculated for a perfect calcite crystal by a method given in a previous 
paper. The value of Wc for the calcite crystals reflecting the wave-length 
908 X.U. in the second order was 0.90 seconds of arc. This decrease of Wc for 
calcite with reflection in the second order is in agreement with the results of 
Davis and Purks^® and Allison and WilHams.^’^ 

Ewaid, Phys. Zeits. 26, 29 (1925). 

A. H. Compton, X-Rays and Electrons, page 205. 

See reference 4. Eqs. (10) and Tables III and IV. 

Davis and Purks, Phys. Rev. 34, 181 (1929). 

4*^ See reference 4, page 1489. 
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Study OF U iai IN Different Orders 

It has been pointed out that a systematic change in the observed natural 
widths when measured in positions of different dispersion may be due to the 
finite size of the focal spot. During the observation of a curve crystal B is 
rotated through small angles while crystal A is left fi.xed. Under the previous 
adjustments when crptal B is reflecting the peak of the line the radiation 
comes from the most intense part of the focal spot. As crystal B is rotated up 
to and through this central position, the radiation comes from slightly dif- 
ferent parts of the focal spot, and hence will have a different initial intensity 
In positions of higher dispersion greater errors would arise from this cause’ 
and the magnitude of the effect can be calculated. In order to overcome this 
difficulty the broad focus tube was used and the radiation was taken at an 
angle of 45 from the target. To obtain a measure of the intensity distribu- 
tion of the focal spot the following experiment was performed. The double 
spectrometer was adjusted to reflect the peak of a given line and was left 
fixed in this position. The x-ray tube, which was mounted on a moveable 
carriage driven by a screw, was advanced by small steps in a horizontal di- 
rection perpendicular to the line of the slits. Thus the radiation reflected bv 
he ctystals at different steps came from successive parts of the focal spot 
and the intensity could be examined directly. It was found that at a distance 

val if the intensity had fallen to half of the maximum 

alue. Itas thus felt that the error arising from this source has been greatly 
re uce . ny urther enlargement of the focal spot would decrease the in- 
tensity to a degree causing uncertainty in the observations. ‘ 
fh widths at half maximum of the line U Lui were investigated in 

Tabk^I^^'^^"* positions of the double spectrometer. The results are given in 


T.'Ible I. Half widths at half maximum for U La\ at 48 kv. 


Position 

D in 
7X.U. 

hi cm 

h cm 


W 

( “ “h Weigh t ed a ve- 

in X.U. rage of l-K in 
X.U. 

(1,-2) 

U 

36.942 

(( 

0.3 

u 

0.5 

U 

1.1" 

16.9" 

7.3" 

0.4S3 

- — 

(1 

U 

a 

0.4 

0.7 

16.2 

16.6 

a . 

a 

0.433 

0.445 

0.442 

(1,1) 

u 

68.877 

U 

0.3 

u 

0.3 

0.7 

27.6 

12.9 

0.398 


u 

« 

u 

u 


30.6 

a 

0.442 







30.9 

u 

0.445 


u 

ti 

a 

u 

a 

u 

u 

a 

30.9 

u 

0.445 

0.439 

« 

. u 

0.2 

0.2 

0.3 

30.6 

29.8 

a 

a 

0.442 

0.430 


(1,2) 

it 

105.81 

a 

0.3 

0.5 

0.8 

0.5 

8.5 

3.1 

45.0 

46.0 

7,3 

{{ 

0.425 

0.433 


u 

u 

a 

it 

u 

a 

« 

« 

« 

47.9 

u. 

0.452 

0.437 

======^^ 





46.4 

it 

0.438 


The weighted averages have been secured by a per^M^U^^i^ 

of the quality of the data. 
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There is a trend towards narrower widths, at positions of higher' dispensioii 
but this decrease is well within the experimental error, and the magnitude of 
this effect is less than formerly notedd Typical curves of the line 11 Lai in 
three different positions of the instrument are shown in Fig, 3. 

■ The Natural, Widths of the T-Series Lines of Uranium 

Twelve lines of the i-series spectrum of uranium have been observed in 
the (1,1.) position of the double x-ray spectrometer. Seven of these are shown 
in' Fig. 4. 

The half widths at half maximum of thcvse lines have been calculated 
from the observed rocking curves in the (1,1,) position at 48 kv and are given 
in Table IL The details given in Table I are partially omitted but all correc- 
tions have been applied. The weighted averages of W\ are obtained from a 
personal estimate of the quality of the data and the probable errors were cal- 
culated from the least squares formula. 

The natural widths of U Lai and U L^i have been examined as a function 
of voltage. Rocking curves in the (1,1) position were taken at different volt- 
ages under identical geometric conditions. The experimental error is greater 
at lower voltages due to the decrease in intensity as the excitation voltage is 
approached. The results are given in Table III where again the details of the 
calculation are omitted though all corrections were applied. An estimate of 
the experimental error of TFx is also given. 


Table II. Half widths at half maximum for the L-series lines of uranium at 48 kiK 


Line 

D in 7X.U. 


Number of 
observations 

Weighted average 
; of^xinX.U.' 

VLai 

ag 

132 

/34 

/36 

71 

72 

73 

76 

68.877 

68.895 

68.580 

68.628 

68.568 

68.618 

68.590 

68.680 

68.448 

68.438 

68.430 

68.426 

12.9" 

13.0 

11.9 

12.1 

11.8 

12.0 

11.9 

12.3 

11.2 

11.2 

11.1 

11.1 

6 

5 

8 

8 

5 

5 

6 

4 

7 

4 

4 

5 

0.439 + 0.004 

0.494 ± .006 
0.299± .002 
0.369+ .003 

0,382 ± .009 
0.726+ .010 
0.252+ ,006 
0.487+ .009 
0.242+ .003 

0.57 + .02 

0.47 + .01 

0.233+ .005 

Table III. Half widths at half maximum of ULcui and UL^i 

as a function of voltage. 

Voltage in kv. 

of Uiai in X.U. 


W'x of Uift in X.U. 

48 


0.440+.00S 


0.295 ±0.005 

39 


0.44S±.005 


0.294± .005 

30 


0.439±.010 


0.287+ .010 

24 


0.435 ±.015' 


0.30 ± .02 


Table III shows that there is no significant change of width with voltage 
for U Lai nnd U LjJi in the voltage region studied. Thus the part of the width 

of these lines due to satellites arising from multiply ionized states of the atom 
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is negligible. These lines involve the final orbits Lm and Lu and it is reasonable 
to assume that their behaviour is representative of lines arising from transi- 
tions to these levels. The lines involving the orbit Li have such a relatively 
weak intensity that it is not practicable to measure their widths at voltages 
less than 48 kv. 

Discussion of the Natural Widths 

In order to facilitate the discussion of the natural widths and to make pos- 
sible any correlations with the electron transitions involved the results are 
shown in Table IV. 

In the third column the energy breadth AF in volts is calculated from 

AF = 12336AX/X2 (13) 

where AX and X are in Angstroms. 

The fourth column of Table IV gives the initial and final quantum states 
of the atom for the transition involved. The fifth column gives the eccentri- 
city of the initial and final orbits on the classical quantum theory measured 
by 

The AXs of the lines vary from 0.233 to 0.726 X.U. and the range of wave- 
lengths from 592.6 to 920.14 X.U. The half width at half maximum predicted 
by the classical theory^® is 0.059 X.U. and is independent of the wave- 
length in question. 

A study of Table IV has suggested the following possible correlations. 
U LjSs, U U Z 72 , and U Ly^ involving the highly elliptical orbit Li have 
the greatest energy widths observed. U La 2 and U Lft involve transitions from 
the same initial orbit and the eccentricities of the orbits involved are the 
same; the energy widths agree. U Zft and U Lyi involve transitions from simi- 
lar initial orbits and the eccentricities of the orbits are the same as well as the 
changes in quantum numbers; the energy widths agree. For the lines U i/3 5 
and U Ljq the changes in the quantum numbers and the eccentricities of the 
orbits involved are the same but the energy widths are very different. There 
is however an agreement between their AXs. U Ly 2 and U Ljz involve orbits 
of the same eccentricity and there is a rough agreement between their energy 
widths; however the changes in quantum numbers are different. 

These correlations are by no means complete but the wave-length region 
involved is so relatively great that the validity of a direct comparison be- 
tween the energy widths or AXs and the transitions involved is doubtful. It 
is felt that no simple complete empirical correlation can be given. Coster^® 
has qualitatively considered the question of the width of x-ray lines on the 
classical quantum theory. He concludes that the width of lines involving 
transitions between elliptical orbits is greater than those involving circular 
orbits. If A F is considered to be a measure of the width of the line these pre- 
dictions are born out in general by the results shown in Table IV. The great 

Sommerfeld, Atombau und Spektrallinien, 4th edition, p. 125, Eq. 14. 

See reference 4, Eq. (20). 

20 Coster, Zeits. f. Physik 45, 797 (1927). 
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Table IV. Collected results on the half widths at half maximum of the observed riH'king 
curves in the (1,1) position of the L-spectrum of uranium at 4h' h\ 


Line 

AX in X.U. 

A F in volts 

Initial 

Final 

n 

n 

1 

1 

i 

i 

e 

€ 

Aw 

11 


ULai 

0.439 

6.56 


3 

2 

s/2 

1 

1 

1 

1 





2 

1 

3/2 

1 




0(2 

0.494 

7.20 


3 

2 

3/2 

1 

1 

1 

0 





2 

1 

3/2 

1 





0.299 

7.17 


3 

2 

3/2 

i 

1 

1 

! 





2 

1 

1/2 

1 




^2 

0.369 

8.04 


4 

2 

5/2 

3/4 

2 

1 

1 





2 

1 

3/2 

1 





0.382 

9.40 


3 

1 

3/2 

2/3 

1, 

1 

! 





2 

0 

1/2 

1/2 




^4 

0.726 

16.1 


3 

1 

1/2 

2/3 

1 

I 

0 





2 

0 

1/2 

1/2 





0.252 

5.94 


5 

2 

5/2 

3/5 

3 

1 

1 





2 

1 

3/2 

1 




/3c 

0.487 

9.71 


4 

0 

1/2 

1/4 

2 

1 






2 

1 

3/2 

1 




7i 

0.242 

7.96 


4 

2 

3/2 

3/4 

2 

1 

1 





2 

1 

1/2 

1 




72 

0.57 

19.7 


4 

1 

1/2 

i/2 

2 

1 

0 





2 

0 

1/2 

1/2 




73 

0.47 

16.2 


4 

1 

3/2 

1/2 

2 

1 

1 





2 

0 

1/2 

1/2 




76 

0.233 

8.18 


5 

2 

3/2 

3/5 

3 

1 

1 





2 

1 

1/2 

1, 





width of U X 72 , U Lyz, and U i/ 34 , the last as previously observed by AllisoiV* 
in lead and thallium, are the best illustrations of the effect of an elliptical 
final orbit. The lines U Lai, U La^, U L^i involving both initial and final 
circular orbits have the smallest AFs observed with the e.xception of U 1(3;,. 

Professor J. R. Oppenheimer^i has calculated the width of U Lai to be ex- 
pected on the quantum mechanics from the Einstein probability coefficients 
of the states involved. He gives 


~ 6 X 10-® 

where in is the frequency of the line considered. A„ is the Einstein probability 
coefficients of spontaneous emission from the levels n to the L level in ques- 

for mTT™ conversation with Professor Oppenheimer. I am greatly indebted to him 

lor his interest m these results. 
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tion, and the summation if taken over all filled levels of the atom lying higher 
than the L levels, and a is the fine structure constant. On the basis of this 
reasoning Av/ v < whereas exprimen tally Av/ p^5 X 10~^. 

Thus the observed width must be due to other phenomena decreasing the 
life time of the excited state and consequently increasing the line breadth. 
Some possible causes may be the changes of the energy levels due to Hund 
coupling with the valence electrons in the atom; interactions with the neigh- 
boring atoms in the metal; or the effects of nuclear spin suggested by Breit.^^ 
Since the L levels of uranium are so deeply buried in the atom it seems that 
the nuclear effects must predominate in broadening the line. Professor Oppen- 
heimer has suggested the following possibilities due to coupling with the nu- 


cleus. 

(1) 

Electron interchange Av/ v ^ ( 


( 2 ) 

Induced dipole Av/vr^\ 

Vtto/ z 

(-)’ (15) 

(3) 

Quadrapole moment Av/v ^ | 

\ao/ 

1 


Kao/ Z 

In these equations 

an is the effective radius of the nucleus, ao is the mean ra- 


dius of the orbit, and Z is the atomic number. The first of these arises from 
energy considerations of electron interchange between the orbital and nuclear 
electrons. 

If a 0 is calculated from the Bohr formula 

ao = j (16) 

where r is the total quantum number and the experimental value of Avjv is 
assumed then the following values are obtained for the radius of the nucleus. 


( 1 ) 

an ^ 4.5 X 10“^^ cm 

( 2 ) 

a-n 1 .8 X 10“^^ cm 

(3) 

an ^ 4.5 X 10“^^ cm 


From this reasoning alone the probability of finding a nuclear electron at 
these distances from the center of the nucleus is large whereas from the Ruth- 
erford scattering experiments the Coulomb law of force holds down to 10 ""^® 
cm. The possibility of an unexpected penetration of the orbits is thus sug- 
gested. 

In Fig. 4 the line U Lj 8 i 5 , first resolved by Allison,® is almost completely 
resolved but no reliable estimate of its width could be given. It is of the order 
of magnitude of 0.3 X.U. Its separation from U Lft was found to be 1.89 X.U. 
as the average of three measurements. 

The line on the energy level diagram is a doublet Of, Oif to Lm with 
a relative intensity of 9 to 1 on the Burger-Dorgelo rules. Although the line 
is relatively narrow no evidence of the weaker component could be found. 
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U LjSs and Mo Kai have nearly identical wave-lengths, 708.4 and 707.768 
X.U., but their widths are greatly different, 0.382 and 0.147 X.U, respective- 
ly- width of an x-ray line is therefore not a function of wave-length alone, 
but depends on the atom and transition involved. The half widths at half 
maximum of the i-series lines of uranium are from 1.6 to 5 times as great 
as that of Mo Kai. This is in agreement with the work of Allison® on thallium 
and lead but in his work the crystals used were relatively poor and the ad- 
justments of the instrument imperfect thus causing higher values of the 
widths. 

The actual shape of the line U Lai was investigated by taking many points 
on a rocking curve when the value of ^i/, was reduced to negligible propor- 
tions. The classical theory gives for the shape of a line*® 

Ir - Io/\k^ + {{2TrvY — {ItvsiY]] . ( 17 ) 

In the derivation of Eq. (5) Schwarzschild“ has assumed a Gaussian error 
curve distribution of intensity. 




( 18 ) 


The values of k and h were selected so as to make the theoretical curves fit 
the actual curve at the maximum and half maximum ordinates. It was found 
that Eq (17) gave a much better fit than Eq. (18). However the tails of the 
observed curve and the classical curve did not agree, the observed curve fall- 
ing off more steeply than that given by Eq. (17). 

considered the effects of nuclear spin on x-ray terms and has 
predicted the sp htti^ of the iii_ level of uranium to be of the order of mag- 
ni u e o . VO ts. This prediction is based upon the assumptions that the 

^ magnetic moment 9/2 proton units 
and that screening effects are neglected. If one attempts to apply this pre- 
diction to the line U L0i for example, it is found that the natural breadth of 
e me is so great that no appreciable evidence of splitting would be expected. 

In conclusion, I should like to express my thanks to Professor S. K. AlH- 

rhp problem and his helpful correspondence during 

for his Hndf ^y thanks are also due Professor R.B. Erode 

for his kindly criticism and interest in this research. 


“ W. C. Mandersloot. Jahrbuch der Rad. und Elek. 13, 1 (1916). 
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Abstract 

Three experimenters using the double crystal spectrometer have recently re- 
ported very much narrower structure for the Compton modified line than the struc- 
ture observed photographically by DuMond and Kirkpatrick with the multicrystal 
spectrograph whose resolution was entirely adequate to reveal such a narrow struc- 
ture. We have repeated the experiment using a double crystal spectrometer similar to 
theirs. The results obtained are in satisfactory agreement with the previous observa- 
tions of Compton line breadth by DuMond and Kirkpatrick with the multicrystal 
spectrograph and in disagreement with the experimenters who used double crystal 
spectrometers. The conclusions drawn are: (1) The Compton modified line due to 
Mo Ka radiation scattered by graphite at angles of 165''+ 10° and examined with 
the double crystal spectrometer has a breadth of from 21 to 22 XU at half-maximum 
height; (2) Under the above conditions there is no appreciable separation of the Xa 
doublet in the shifted position; (3) No fine structure exists in the scattered spectrum 
of intensity greater than one-fifth the modified line intensity; (4) The ratio of modified 
to unmodified line intensity is estimated at (7.3 : 1) ; (5) There appears to be no essen- 
tial difference between the results obtained with the single crystal, multicrystal and 
double crystal spectrometers in the study of this problem. 

Purpose of Investigation 

"fTERY early in the study of the Compton effect it was suspected that the 
^ modified line might be broader than either the primary line or the un- 
modified line. Ross^ was apparently the first to attribute this breadth to the 
momenta of the scattering electrons. An experiment by Sharp® using a single 
crystal photographic spectrometer at large scattering angle established the 
fact that the modified line has greater breadth than the primary line or than 
the unmodified lines. 

In the early experiments resolution and homogeneity of scattering angle 
were sacrificed more or less in order to obtain sufficient intensity for ioniza- 
tion spectrometers or to give photographic spectra in reasonable times. It was 
therefore difficult to arrive at more than qualitative conclusions as to the 
breadth and structure of the Compton line. One such qualitative test is to 
observe whether the Ka doublet present in the primary radiation can or can- 
not be resolved in the modified radiation. In one of the early photographic 
spectra published by Ross the modified line did appear to be faintly resolved. 
The resolution of the spectrograph was however barely sufficient to separate 
the unmodified scattered doublet and the conclusion. to be drawn from this 


4 Ross, Proc. Natl. Acad. 9, 246 (1923). 
® Sharp, Phys. Rev. 26, 691 (1925). 
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photograph as to the breadth of the modified line remains consequently quite 
uncertain. Indeed the apparent resolution of the modified doublet might even 
be attributed to an accident of the photographic emulsion as Compton sug- 
gests in "X-Rays and Electrons,” page 293. 

More recently one of us in collaboration with H. A. Kirkpatrick has 
shown'^ by means of the multicrystal spectrograph that the breadth of the 
Compton modified line obeys, as a function of the scattering angle, the law to 
be expected on the hypothesis that the broadening is a Doppler effect of the 
moving electrons that scatter the radiation. This law is given roughly by the 
approximate equation for the breadth 

AX == jSX sin p. 

Thus for small scattering angles and hard primary radiation the modified line 
should he narrower than for larger scattering angles and soft primary radiation. 
Less marked differences in the breadths of the modified lines for different scat- 
tering materials might also be expected. In comparing experimenkil results on 
the breadth of the modified line it is therefore essential to be sure that the conditions 
of the experiment are essentially the same. 

In a previous article one of us^ has shown that the breadth and structure 
of the modified line for scattering of MoXa radiation at large angles by 
beryllium was consistent with the assumption of two electrons per atom of 
beryllium dissociated to form a free electron gas of the type postulated by 
Fermi and Sommerfeld. The observed shape of the modified line from beryl- 
lium could be quite consistently accounted for as a Doppler broadening 
caused by electrons having the statistical velocity distribution quantitatively 
predicted by Sommerfeld’s theory. (The correctness of the assumption of two 
free electrons per atom in beryllium has recently received support in the study 
of BeX lines from the work of Martin Soderman.)^ The modified Compton 
line from beryllium for MoiTa primary radiation scattered at large angles 
was observed to be about 22 Xt/ broad at half-maximum, a value much too 
great to permit resolution of the a doublet which has a separation of only 
A XU. 

Measurements of the breadth of the modified MoXa line scattered at 
large angles by graphite made with the multicrystal spectrograph show also 
breadths of the same order of magnitude at half-maximum, again about 22 
Xt/. The resolution was entirely adequate to separate the unmodified Ka 
doublet and the inhomogeneity of scattering angle less than one degree. This 
breadth is in agreement with the electron velocities to be expected in graphite. 

In view of the foregoing the authors of this paper were much astonished 
to read reports of three other investigators® each using a double crystal spec- 
trometer who found much narrower Compton modified lines in quite violent 

3 DuMond and Kirkpatrick, Phys. Rev. 37, 136 (1931). 

J. W. DuMond, Phys. Rev. 33, 643 (1929). 

5 Martin Soderman, Zeits. f. Physik 65B, 656 (1930). 

« Davis and Mitchell, Phys. Rev. 32, 331 (1928); J. A. Bearden, Phys. Rev. 36, 791 
(1930); M. A. Gingrich, Phys. Rev. 36, 1050 (1930). 
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disagreement with the above results. In one case the Ka doublet of molybde- 
num scattered at large angles by graphite appeared as two extremely sharp 
peaksin the modified position almost completely resolved. 

Some essential and hitherto unsuspected difference might exist between 
the methods of studying the Compton line with the double spectrometer and 
with the single spectrometer. The purpose of the present research was there- 
fore to reveal any such effect as well as to check the work of the above men- 
tioned investigators. 

Method 

Spectrometer. The double crystal calcite spectrometer with internal grid 
ion chamber and Hoffman type electrometer have been extensively described 
in another article^ and need therefore no further space. 





Fig, 1. Special x-ray tube for the study of x-rays scattered at large angles provided 
with scatterer in vacuum in close proximity to target. 

Special x-ray tubes. Two types of tube were tried. These are shown in 
Figs. 1 and 2. The tube shown in Fig. 1 is provided with a cylindrical copper 
housing carried on the front end of the target. This housing contains on one 
side the scatterer and on the opposite side an opening filled with thin steel 
sheets whose planes are parallel to the face of the target. 

These sheets are so spaced that the direct radiation from the focal spot 
cannot issue between them due to its obliquity. They however permit the 
scattered radiation from the scatterer to issue freely. The scatterer is trav- 
ersed by three fine slits parallel to the face of the target, one at the center, 
one at the side nearest the target and one at the side nearest the cathode. The 
tube was aligned with the spectrometer by sighting at the crystals through 
these slits and between the steel sheets. Without this precaution the tube 
might have been so positioned that the parallel rays demanded by the bi- 
crystalline reflection would be oblique to the steel sheets and considerable 
loss of scattered intensity would have resulted. 

^ DuMond and Hoyt, Phys. Rev. 36, 1702 (1930). 
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The, scatterer was wide enough so that the selective reflection could take 
place over nearly the entire area of the two calcite crystals. 

Considerable difficulty was encountered from gas gi\'eii off by tlie graj)liii e 
scatterer during the operation of the tube. After a gas discharge o(x:urred in 
the tube it became difficult to reproduce conditions of voltage, current and 
x-ray intensity accurately. A large number of observations must be made in 
order to distinguish between accidental fluctuations in the readings and real 
characteristics of the spectrum and the chance that a gas discharge might 
occur before a sufficient number of readings could be made was depl<n*al)Iy 
high. The best of a number of curves taken with this tube is shown in Fig. 3. 
In the others the accidental fluctuations were even more pronounced. That 
such fluctuations are accidental is evident from the fact that they are nut 
in the least reproducible. 


imirud/mL sccrm 


sfcrm Atom' 


A -3 



fopemtt wje 

Fig, 2. Special metal x-ray tube for the study of x-rays scattered at large angles provided with 
windows in close proximity to target to permit placing the scatterer outside vacuum. 

On account of these difficulties the tube illustrated in Fig. 2 was con- 
structed to permit a close approach of the scatterer to the focal spot while 
having the scatterer outside the tube. The windows in this tube are | inch 
inch away from the center of the target. At first mica windows were used on 
this tube but these were several times destroyed by puncture, probably by 
fast electrons rediffusing from the focal spot. A thin mirror surface of beryl- 
lium deposited on the mica window by evaporation and placed on the inward 
side to conduct away such fast electrons did not suffice to prevent puncture. 
Finally aluminum windows 0.003 in. thick were resorted to. The direct radia- 
tion has to pass once through the window nearest the scatterer and the scat- 
tered radiation passed through both windows. These three passages had the 
effect of reducing the intensity by about 30 percent. 
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The graphite scatterer is cylindrical in form, 25 mm in diameter and 48 
mm in length. It is completely enclosed in a lead housing 3 mm thick fitting 
closely about it. The front end of the graphite cylinder is turned down to such 
a diameter (18 mm) as to fit in direct contact with the entire x-ray window. 
The effect of the graphite alone could be ascertained by taking control read- 
ings with the graphite block removed. 

The face of the molybdenum target was bevelled at an angle of 13° with 
the axis of the tube to reduce the absorption of the characteristic radiation 
excited in the deeper parts of the target and also to prevent the direct radia- 
tion from falling on the spectrometer. 

The glass parts of the tube were jointed to each other and to the metal 
parts with de Khotinsky cement. The target was screwed into place and made 
tight with the same cement as were also the windows. For this reason the 
rather elaborate system of water cooling ducts shown in the drawing was 
provided. It was found entirely adequate to maintain all the joints cold 
enough to operate very satisfactorily. 

Vacuum was maintained in this tube by a two stage mercury diffusion 
pump hanging under the spectrometer table. This pump was supported from 
the same rotating false table top^ to which the x-ray tube was attached so 
that the pump and x-ray tube moved together as the spectrum was explored, 
and no flexible vacuum joints were necessary. An internal liquid air trap in a 
right angle bend in the vacuum line between the pumps and the tube was 
used instead of the more common type so as to minimize the obstruction 
offered to the issuance of gas from the tube. 

The two curves obtained with this tube are shown in Figs. 4 and S. It 
should be noted that much less power was used in this work than was used by 
two of the above mentioned experimenters. The x-ray tube ran at about 
60 K.V. c.p.d.c. and 10.6 and 14.6 ma. in the two cases. 

Results 

All three curves shown here exhibit deplorably large accidental fluctua- 
tions in the readings relative to the faint effects studied. For this reason as 
large a number of readings as possible were taken. In every case we have indi- 
cated the actual value of every single reading taken by plottmg it as one point. No 
readings taken have been omitted. In work of this kind there is grave danger of 
arriving at wrong conclusions by unintentional biased weighting of the ob- 
servations due to omissions. It was felt to be too misleading to publish only 
the averages of several readings as this gives no idea of the order of accuracy 
or reproducibility involved. 

Taken alone we do not feel that the curve in Fig. 3 made with the scat- 
terer in the vacuum has enough points to be conclusive. 

The other two curves seem to us to definitely indicate a broad diffuse 
structure for the Compton modified line from MoKa scattered at large angles 
by graphite in very satisfactory agreement with the curves obtained at large 
angles with the multicrystal spectrograph. The smooth curve which we have 
drawn is intended to guide the eye over the observed points on the steep 
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sides of the intense unmodified lines. We hope the reader will pardon our con- 
tinuation of these smooth curves through the modified region where they can 
only be taken as suggesting the general trend of the observations. 

' ,A few points .were taken with the graphite scatterer removed, the tadie 
running at the same voltage and current as before remo\'aL The nuKlified 
scattering disappears as would be expected but the unmodified lines are only 
partly diminished. The amount of this diminution indicated in hlgs. 4 and 5 
is to be taken as a measure of the unmodified scattering of tlie gra|)hite. The 
line intensity remaining in the unmodified position after remo\id of the gra- 
phite is due principally to (1) unmodified scattering of primary radiation at 
small angles (where it is strong) at the window nearest the spectrometer and 



Fig. 3. Spectrum of x-radiation (Mo Ka) scattered at large angles by graphite 
with scatterer inside vacuum. The tube shown in Fig. ! was used. 

(2) fluorescence of the molybdenum films unavoidably deposited on both win- 
dows by vaporization from the target. 

The unmodified lines have been plotted in Fig. 6 to a scale one fifth as 
high and five times as broad as in Fig, 4 to facilitate measuring their areas 
for the purpose of estimating the ratio of modified to unmodified intensity. 
The area thus obtained was multiplied by the ratio of the diminution in peak 
value of ai on removal of the graphite to the peak value with graphite in 
place in order to obtain the contribution of the graphite scattering alone. 
These curves in Fig. 6 give a clearer idea of the shape of the unmodified lines 
given by the double spectrometer here used and its resolving power. The 
vertical divergence or maximum obliquity of the rays with a plane normal 
to the dihedral angle formed by the two crystal faces did not exceed two de- 
g^rees. 

The maximum false broadening of the shifted radiation due to the in- 
homogeneity of scattering angle in these experiments is only 2 X.U. 
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Fig. 4. Spectrum of x-radiation (Mo-Ka) scattered at large angles by graphite 
with scatterer outside vacuum. The tube shown in Fig. 2 was used. 
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Fig. 5. Spectrum of x-radiation (MoiTa) scattered at large angles by graphite 
with scatterer outside vacuum. The tube shown in Fig. 2 was usecL 




Fig. 6. Unmodified lines of Fig. 4 replotted to one-fifth the scale of ordinates 
and five times the scale of abscissae. 
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Conclusions 

1. The Compton modified line due to M-oKa radiation scattered by gra- 
phite at angles of 165° + 10° and examined with the double crystal spectro- 
meter has a breadth of from 21 to 22 XU at half-maximum height. _ 

2. Under the above conditions there is no appreciable separation of the 
Ka doublet in the shifted position. 

3. No fine structure exists in the scattered spectrum of intensity greater 

than one fifth the modified line intensity. 

4. The ratio of modified to unmodified intensity is estimated at 7.3. 1. 

5. There appears to be no essential difference between the results ob- 
tained with the single crystal, multicrystal and double crystal spectrometers 
in the study of this problem. 

No explanation has been found for the discrepancy between the results 
of the three observers above referred to and the results here reported. Of the 
three the one who obtained the sharpest lines used far greater absolute x-ray 
intensities incident on his scatterer than were used in the present work. It 
seems quite out of the question however to suppose that his incident energy 
was sufficient so profoundly to modify the statistics of electron motion in 
the scatterer as to give a modified line so much sharper than those reported 
here. 
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THE OSCILLATING ARC: ELEMENTS OF GROUP VI 

By E. Z. Stowell 

University of Michigan, Arbor 
(Received April 21, 1931) 

Abstract 

A study of the behavior of sulphur, selenium, tellurium, chromiinri, molybrie- 
num, tungsten and uranium as cathodes in an arc in hydrogen reveals that ail of 

them permit radio-frequency oscillations to occur in a tuned circuit across the .arc. 

No magnetic field is required for these oscillations. The element.s of the sulphur 
group give unsteady oscillations, disintegrate rapidly and form hydrides with the 
arc atmosphere. The other elements yield steadier oscillations with no' chemical act ion , 
and allow the arc to operate at a high temperature. The character of the spectra of 
these arcs in both the oscillating and the non-oscillating states is described anrl com- 
parisons made. A mechanism is suggested whereby some elements will permit oscil- 
lations to occur and some will not. 

L Introduction 

mechanism of the oscillating arc in hydrogen is sufficiently obscure 
so that much more data are necessary before possible explanations may 
be intelligently dpcussed. For this reason, a detailed study of the individual 
groups of the periodic table seems of value, not only to verify previous work 
with different equipment and different samples, but to obtain additional in- 
formation regarding the character of the excitation when oscillating. In or- 
der to avoid duplication of work in progress in other laboratories, a study has 
been made of the behavior of the elements in the sixth group of the periodic 
table as cathodes in the arc in hydrogen. Group six was chosen because (1) no 
spectrograms have ever been taken of the elements of the sulphur group in 
such an arc, and (2) to check former results on the elements Mo, W, and T-f 
which are of exceptional interest. 

II. Apparatus 

The arc was that used in previous experiments^ and consists of a vertical 
ower electrode, used as the cathode, surrounded at its base by a coil to fur- 
ms^ a steady magnetic field when necessary; a detachable vertical upper elec- 
trode, used as anode; both being enclosed in a removable glass cylinder which 
permits the maintenance of an atmosphere of hydrogen around the arc flame. 
Ihe upper electrode, or anode, is usually of copper; its composition has little 
or no effectupon the behavior of the arc. The lower electrode or cathode, is of 
copper, and cup-shaped, m order to hold various specimens of other elements 
un er investigation. It should be stated that an arc cannot be struck between 
the anode and the unfilled cathode, in a hydrogen atmosphere. Both elec- 
trodes may be water-cooled if desired. Hydrogen is fed in from a standby 
^ Stowell and Huxford, Phys. Rev. 36, 1348 (1930). 
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tank, and the exhaust disposed of either by combustion or escape to the outer 
air. The supply voltage is 220 d.c. A 20 ohm resistance and a large choke coil 
are in series with the arc; a radio-frequency circuit adjusted to about 300 k.c. 
is connected across the arc, with a current indicator in series. Striking is ef- 
fected by a thumb screw which raises and lowers the anode. 

The spectral region from S500-3700A was covered with a double-prism 
glass spectrograph. This spectrum is about 3.5 inches long, and since usually 
but one element is worked with at a time, there is little ambiguity in line iden- 
tification. Exposures intended to be comparable with one another were taken 
on the same plate with identical exposure times, and as nearly the same arc 
currents as it was possible to obtain. 

III. Behavior of the Elements of the Sulphur Group 

In accordance with results expressed in former papers^ which indicated 
that elements of even atomic number when used as cathodes permitted the 
generation of radio-frequency oscillations, sulphur, selenium and tellurium 
all allow these oscillations to occur. These arcs are characterized by exten- 
sive formation of hydrogen sulphide, hydrogen selenide and hydrogen tellur- 
ide, as the case may be; and also by rapid disintegration of the cathodes. The 
latter phenomenon doubtless arises from the porous nature of the solid ele- 
ment, and the fact that some of it is continually being removed through the 
exhaust in the form of hydride. None of these arcs require a magnetic field for 
the production of oscillations. 

From the spectral standpoint this group is interesting because the degree 
of excitation of the cathode vapor seems to increase with atomic number. 
This will appear in the discussion of the individual elements. 

(1) Sulphur. Sulphur is decidedly the worst of the arcs from the stand- 
point of electrode disintegration; it is difficult to obtain a long enough expo- 
sure for spectrographic purposes. An additional difficulty is the settling of the 
sulphur on the walls of the glass cylinder, thus greatly reducing the light in- 
tensity and lengthening the exposure time. It was found necessary to fill the 
cathode cup with fresh material and to clean the glass in the optical path 
several times in order to get a single satisfactory exposure. 

In the non-oscillating condition (obtained by opening the tuned circuit 
across the arc) no trace of sulphur was observed in the spectral region cov- 
ered. Copper lines only were obtained, and the arc was to all intents and pur- 
poses a copper arc. Upon closing the oscillating circuit and allowing current 
to flow therein, the copper spectrum remained, with the addition of one Bal- 
mer line, H^, and one band of sulphur with head at X4285, degraded to the 
red. No sulphur lines appeared. A trace of A1 in the original copper elec- 
trodes indicated by the pair at X3944-3961, was greatly intensified in this os- 
cillating arc. 

(2) Selenium. Selenium does not disintegrate as rapidly as sulphur, and 
one filling of the hollow cathode is generally sufficient for an exposure. The 
settling of selenium upon the glass walls is not objectionable. The radio-fre- 

Stowell and Redeker, Phvs. Rev. 34, 978 (1929). 
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quency current is maintained at a somewhat steadier value than in the case of 
sulphur. 

The spectral differences between the oscillating and the non-osciilatiiig 
conditions are not great. Both spectra show copper, and and most of 
the Exner and Haschek lines of Se, Using the identification given by the 
Blochs,^ these lines belong to Se I. In addition, two bands of Se were ob- 
tained, with heads at X428S and X4006, both degraded to the red. The A1 im- 
purity previously referred to as existing in die copper was again intensified 
in the spectrum of the oscillating arc. An interesting feature is that the Ca II 
doublet at nearly the same wave-lengths, X3933-3968, was ml intensified. 

(3) Tellurium. Tellurium behaves electrically in a similar manner to sel- 
enium. The spectrum however shows a higher order of excitation than selen- 
ium, just as the latter is excited more strongly than sulphur. In both the os- 
cillating and non-oscillating condition the copper background, with and 

are obtained, together with a multitude of lines due to Te P and the fol- 
lowing lines due to Te II: XX4725, 4352 and 4120. These last three are the 
most intense lines in the spectrum, and are more intense when the arc is per- 
mitted to oscillate. No Te bands are found. The same phenomena concerning 
the doublets of AI I and Ca II that were mentioned in the case of Se are re- 
produced here. 

IV. Behavior of Cr, Mo, W and U 

(1) Chromium. Metallic chromium, inserted into the cup-shaped cath- 
ode, will not permit an arc to be drawn out in an atmosphere of hydrogen. 
There are however transients in the radio-frequency circuit at the moment 
the direct current circuit breaks. Evidently if an arc could be drawn, there 
would also be oscillations. 

(2) Molybdenum. Molybdenum, in the form of a spiral of the wire in- 
serted into the cup and projecting a trifle beyond, gives an unsteady arc, in- 
tensely white. No magnetic field is necessary for current to flow in the tuned 
circuit. Electrode disintegration is slow. 

A continuous spectrum is obtained with both the oscillating and non-os- 
cillating arcs, with lines of copper, Mo I, Mo 11,^ and as well as lines 
of Cr and Fe, superimposed. The latter are present as impurities in the Mo. 
Certain of the Cr lines appear to be reduced in intensity in the oscillating 
arc. They are: 

4698.49 
4652.16 (Cr I) 

4530.74 

4289.72 (sensitive line of Cr I) 

4274.81 (sensitive line of Cr I) 

4254.34 (sensitive line of Cr I). 

The iron lines are about the same intensity in both spectra. Both the Ca II 
and Al I doublets previously mentioned are intensified in the oscillating state. 

’ L. and E. Bloch, Ann. de Physique 13 , 233 (1930). 

‘ Meggers and Kiess, Jour. Opt. Soc. 12, 417 (1926). 
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(3) Tiingsteiio Tungsten furnishes probably the most interesting arc in the 
sixth group. A spiral of wire (10 mil) placed inside the cup and projecting 
beyond, gives oscillations of extreme steadiness and reproducibility. No mag- 
netic field or cooling are necessary. The arc is an intense white; since it runs 
at a high temperature, the electron emission from the cathode is high, the 
arc length and current are quite constant, and there is little to cause fre- 
quency fluctuations. With the arc running properly, its heterodyned note 
cannot be distinguished from that given by an electron tube oscillator. Elec- 
trode disintegration is extremely slow. The arc has the peculiarity that the 
radio-frequency output is increased, if, after the oscillations have started, 
the electrodes are made to approach one another slightly. 

The non-oscillating arc shows a very simple spectrum : a heavy continuous 
background, with H^, the Ca II pair X3933-3968, and X5006.17 of tungsten 
superimposed. No copper appears. 

The oscillating arc likewise produces a heavy continuous background with 

superimposed; but the Ca II pair is lacking, and instead there appear the 
following lines of tungsten: XX4294.62, 4074.37, 4008.76, and 5006.17. The 
last two, at least, are known to arise from W I. 

(4) Uranium. The uranium arc in hydrogen resembles the tungsten arc, 
but is not as steady, since the electrode is no longer a homogeneous piece of 
wire, but crushed metal placed in the copper cup. The arc is much brighter In 
the oscillating state, and is intensely white. 

The spectra obtained are exceedingly rich in lines. The majority of the 
uranium lines in Vol. 6 of Kayser’s Handbuch are found, together with many 
lines due to the iron impurity. Continuous spectra are obtained with the arc 
in both the oscillating and the non-oscillating condition; this continuous spec- 
trum is more intense in the former case. There are other marked differences 
between the two conditions, namely: 

(a) the uranium lines in general are intensified in the "oscillating” spec- 
trum. 

(b) a small amount of potassium impurity, indicated by the doublet at 
X4044"-47, is slightly intensified in the "oscillating” spectrum. 

(c) iron impurity, especially those lines due to Fe I, is much reduced in the 
"oscillating” spectrum. 

(d) Ca impurity, as indicated by lines of Ca I and Ca II, is reduced in in- 
tensity by the oscillations. 

(e) the trace of A1 I impurity in the original copper is reduced in intensity 
by the oscillations. 

Suppression of the iron impurity as in (c) is characteristic of these arcs, 
and may possibly be of service to spectroscopists, when chemical removal of 
such impurity in samples to be investigated would be unduly difficult or ex- 
pensive. 

V. Discussion 

All of the elements in Group VI. thus permit the generation of radio-fre- 
quency oscillations. The elements in the sulphur group have been seen to be- 
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have somewhat differently from the. other elements studied. They are char- 
acterized by comparatively rapid electrode disintegration with compound 
formation, and low excitation. The remaining elements of Group VL when 
used as cathodes disintegrate much more slowly, do not form hydrides, and 
operate the arc at a high temperature, resulting in the emission of a contin- 
uous spectrum. 

A mechanism whereby some elements will allow current to flow in a tiinecl 
circuit across the arc, and others will not, is suggested from fiiiidaniental con- 
siderations of such arcs. Provided certain secondary conditions as to circuit 
constants are satisfied, those arcs will permit oscillation which have a negati\X" 
slope to their dynamic characteristic. For those arcs with no accompanying 
oscillations, as with the alkali metals when used as cathodes, one may as- 
sume that the dynamic characteristic has become excessively flattened, to 
the extent of losing its negative curvature. 

Steinmetz® has shown how this may come about if there is a time lag in 
the reaction of the arc stream to the amount of current passing througii it. 
Consider the static characteristic of an arc, for direct current, to l>e repre- 
sented by 

b 

e = a H — ^ 

p/2 

where a is the potential drop at the electrodes, and the second term gives the 
potential drop across the arc stream. The slope of this characteristic, at any 
current A, is 



The fluctuation in potential, made available for the tuned circuit, by a small 
flutuation in current, Aii, about the mean current o, is 

h 

Aei = — - — • — Ail. 

If now Ail were periodic and equal to Aei would likewise be periodic, 

and current would flow in the attached circuit. 

Suppose however that the volume, and therefore the resistance (e-a)/i of 
the arc stream, cannot adjust itself immediately to new values of ciirreirt. 
Such might occur, for example, if the atoms of the cathode vapor remained in 
their excited or ionized states for a length of time comparable with the period 
of the attached tuned circuit. In this case let the potential fluctuation Aei lag 

behind the current fluctuation by an angle a; that is, 

b 



® Steinmetz, "Theory and Calculation of Electric Circuits,” p. 194. 
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Elimination of the time gives the shape of the new characteristic ; its equation 
is evidently 

b 

Air COS a. 

The potential fluctuation is thus reduced due to the time lag, and less cur- 
rent will flow in the tuned circuit. With a equal to 7r/2, the potential fluctua- 
tion will be 90° out of phase with the current fluctuation, and no power will 
be available for oscillations. For large angles of lag, the potential fluctuation, 
in this picture, would vanish, and no oscillations would appear. 

This hypothesis is defective in that it does not introduce the all-important 
hydrogen atmosphere. The latter may enter the discussion either by deter- 
mining the excitation and ionization times, or, as arc engineers have sup- 
posed, by furnishing a much steeper dynamic characteristic than other gases. 
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Abstract 

^An analogue for a uniformly ionized gas on the basis of the known formula 
= for its specific inductive capacity is found in a shunt-tuned circuit. 

In that formula coo^ =47riVeVw and u is the impressed angular frequency. This formula 
is extended to two simple cases of non-uniform ionization, with the conclusion that 
non-uniformity may be indistinguishable from large energy dissipation, insofar as re- 
active effects are concerned. Formulas have been derived for calculating the ccnuluc- 
hvity and specific inductive capacity of a cylindrical plasma (positive column of an arc t 
between parallel condenser plates from the measured impedance of this comienscr by 
using a modification of Mossotti’s Theory. The natural period of such a condenser 
occurs very nearly when isTp = - 1. For a fixed frequency the reactance of such a com- 
posite condenser was followed for varying arc current by observing the length of 
Lecher System connected to the condenser plates which W'as required to cause circuit 
resonance. Two and sometimes three resonances were found. They occurred in the 
neighborhood of the calculated plasma-electron resonance as determined from elec- 
tron density measurements, and varied with impressed frequency according to theory. 

The theoretical variation of K„ was checked in the range a.,;>2a.= by the hyper- 
bolic relation between change in condenser reactance and arc current there. Resistance 

measurements on the Lecher system, used in connection with a more detailed analysis, 
allowed mlculahon of relative electron density in the range from one-half to five times 
that giving resonance, checking the actual values. In the same range, the resistance 
to electron mohon varied considerably. The maximum value occurred near resonance 
and checked, roughly, the value calculated from free path considerations. The alter- 
nating fields in the plasma varied from 0.17 to 1.2 vcm-> and the maximum ampli- 

tude of electron motion was 2.1 X lO"'^ cm. 

A transverse magnetic field was found to double the resonance as H. Gutton has 
lound. ine separation of resonances accords with theory. 

I. Introduction 

reaction of an ionized gas to very high frequency electric wat'es has 
eb • L u j several investigations. Spontaneous oscillations in 

by Penning! have been further 
estigated by Tonics and Langmuir^ using the low pressure mercury arc. 

Jh f ^ observed high frequency oscillations corresponded to the 

theoretical value for plasma-electron oscillations® 


V = = 8980 X 


I 118, 301 (1926) and Physica 6, 241 (1926). 

3 xi,- f ^^“Smuir, Phys. Rev. 33, 195 and 990 (1929). 

ionized gasirtTaTh wiT bTV^ “ .“''^^‘'Sations of the high frequency behavior of 
frequency.” ^ definite name in this paper, namely, “plasma-electron 
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where 3 ^ is the oscillation frequency, w is the electronic mass, and N is the 
ionization density. This frequency, looked upon as the limiting frequency 
at which radio waves can be propagated in an ionized medium, has been 
discussed at some length by T. L. Eckersley.'* Since an ionized gas exhibits 
a resonant frequency, it is of interest to know the behavior of such a gas 
toward forced oscillations. W. H. Eccles^ has derived formulae which have 
been interpreted by Bergmann and During® as attributing a dielectric constant 

Z = Zo - ATcNe^mfimW + f) (2) 

and conductivity 

p”i = + /2) (3) 

to the medium, where / is a dissipation factor appearing in the equation of 
motion of the electron. 

H. Gutton and J. Clement^ have made a rather thorough investigation of 
the dielectric properties of ionized hydrogen extending through the plasma 
resonance.^ ® It was found that the natural period varied with the intensity 
of ionization roughly in the way that was theoretically expected, and they 
were able to obtain a fair numerical check between the ionization density 
calculated from Eq. (1) and that calculated rather indirectly from their re- 
sults. More recently, C. Gutton® has confirmed the existence of a natural res- 
onance period in an ionized gas by measuring the change in conductivity 
of ionized mercury vapor when a 2.76 meter wave was impressed on it. In his 
theoretical treatment of the gas reaction, however, H. Gutton introduces an 
elastic restoring force of unknown origin which seems to be not only unneces- 
sary but somewhat in contradiction with the actual experimental results, as 
has been pointed out by J. Rybner.^ Still more recently, Bergmann and Dur- 
ing® have measured the change in dielectric constant of a small condenser in 
high vacuum arising from the introduction of electrons between the conden- 
ser plates. They have been able to check the theoretical value as given by 
Eq. (2) roughly, but the electron densities used were so small (in the neighbor- 
hood of 10^ cm”®) that K was but little different from iTo, that is, unity. 
Their measurements give an apparent conductivity which is of the order of 
magnitude given by Salpeter’s^® interpretation of / as arising from the mo- 
mentum lost in electron collisions with gas molecules. 

4 T. L. Eckersley, Phil. Mag. 4, 147 (1927). 

® W. H. Eccles, Proc. Roy. Soc. A87, 79 (1912). 

® L. Bergmann and W. During, Ann. d. Physik 1, 1041 (1929). 

^ H. Gutton and J. Clement, L^Onde d’EIectrique 6, 137 (1927); H. Gutton, preliminary 
reports, Comptes Rendus 184, 441 (1927); complete report, Ann. d. Physique 13, 62 (1930). 

The term ^^plasma resonance” denotes the actual resonance of the system comprising 
the plasma and the condenser of which it forms part of the dielectric. This resonance occurs, 
in general, at a different ionization density from plasma-electron resonance. See the paragraph 
following Eq. (27) and the theoretical treatment in Section IX. 

® C. Gutton, Ann. d. Physique 14, 5 (1930). 

s J. Rybner, L’Onde d’Electrique 7, 428 (1928). 

J. Salpeter, Jahrb. der drahtl. Telegr. 8, 252 (1914). But see the criticism of S. Benner, 
Annalen der Physik 3, 993 (1929) regarding the application of Salpeter’s results to this experi- 
ment. Salpeter treats the case in which the free time of an electron is variable, whereas in the 
Bergmann-Dtiring experiment, the effective free time of every electron is the same. 
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The present investigation extends the work of H. Gutton with the aim of 
making direct measurements of electron density so as to be able to check 
theoretical formulas more directly. 

II. The Specific Inductive C.4p.4city of a Plasma 

The use of an ionized gas is necessary if high densities of electrons are to 
be obtained, but in a plasma the density of ionization is not uniform through- 
out the whole cross section. It therefore becomes of interest to know how 
non-umformity in electron density affects plasma-resonance behavior. 

The complex specific inductive capacity of a plasma can be found by di- 
rect substitution in the partial differential equation 


i4i 


d-Zfdx^ — tiKd^Zldt- -f- [47r/«iVe-/(/ -f jmui)\dZ/dt 
as given by Eccles." Substituting 

Z = exp - (,uA%)>/“.r]j 

where Kp denotes the complex specific inductive capacity and writing 

where is the local plasma-electron angular frequency and writing also 

S=f/m (5) 

we find that 

-|- JC0.S 


Kp = 


— -f- jwS 


0 ) 


Sked .So inductive capacity at each point of the ionized medium 

postbly ? ^ function of the electron density, since that enters co, and 

_ The response of the medium as a whole may be extremely complicated 
The simplest case is the one in which the electron density is a function of one 

Aat erf ^ impressed electric field lies in that same direction.' In 

mat case we may write 

dV = {4xQo/Kp)dx 

where V is the impressed voltage and Qo is the polarization of the medium 
This may be integrated to the form meaiuin. 


T = iirQoKp-^Xp 


for a plasma of thickness Xp where 

+jo,S) f 

ov 


(wx® — +-iw5)~*da;. 


( 8 ) 


(9) 


" Reference 5, page 87. 
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It is instructive to apply this formula to a hypothetical case. Neglecting the 
dissipation factor 5, let us assume a simple linear law of variation of N in the 
plasma, as for instance, 

N = Noil - x/2a) (10) 


from x = 0 to x=a. This leads to 


= 


where coq = (47riVo^Vw)^^^ is lir times the plasma-electron frequency where the 
the ionization is densest. 

The value of as a function of No is shown as Curve 1 in Fig. 1. 


RELATIVE 


REACTANCE OF THE 

hypothetical 

PLASMAS 


FOR VARIATION OF No 


PLASMA WIDTH 




o N a 3 4. 

Fig. 1. Theoretical reactance of non-uniform plasmas. 

Throughout the range l<coo^/to^<2 there is always a place in the plasma 
where local resonance occurs, giving rise to the middle section of the charac- 
teristic. The presence of resistance eliminates the infinities and leaves a 
curve resembling a resonance broadened by high dissipation, with the result 
that the width of the resonance region may only depend slightly upon the 
dissipative forces and may rather be a measure of the nonhomogeneity of 
the plasma. It was thought possible that a parabolic distribution of electron 

density ^ 

Y = Noil - x^/2a^) (12) 

might more nearly reproduce the assymmetry found in the actual resonance 
characteristics. Curve 2 was calculated with this in mind and although failing 
of its purpose, it may be useful in the appropriate case. Its equation is 
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Kf 


2r42(r‘ - [2(r' - 1)]-*'= 


rl8(l - In 


[2(1 r,-^) y‘ "+ V\^~ 
[2(1 roF*' -"t ' / 


(13) 


according as 17 < 1 or ?? > 1 . 

With the dissipative factor omitted, Eq, (7) takes the form 

Kp - 1 — 

which shows that each element of the plasma has a simple circuit analogue 
in a fixed condenser C shunted by a variable inductor L. The shunt admit- 
tance of such a circuit is 


2-1 = jo^KC = iwC + 

where K is the apparent specific inductive capacity of the coiiderisein Putting 
— we obtain 

Each elementary volume {dx dy dz, x being parallel to the electric field) in 
even a non-uniform plasma is thus equivalent to a vacuum parallel-plate ('ori- 
denser of capacity 

C = dydz/^wdx 

shunted by an inductor of inductance 

L = mdx/ NeHydz. 

If, for example, a plasma contains two layers, each of which is iiniforni in 
electron density, it can be represented by two shunt circuits in series* Siich a 
system shows double resonance provided that the separation of the two na- 
tural periods relative to the damping of the individual circuits is great 
enough. This double resonance could be observed either by increasing the 
electron densities proportionally (decreasing inductances in the circuit ana- 
logue) while the impressed frequency was maintained constant, or by varying 
the impressed frequency the keeping ionization densities unchanged. Blxten- 
sion of this reasoning makes it possible to understand how even a continuous 
variation in electron density, such as found in an actual plasma, may give 
rise to multiple resonance. 

Digressing slightly, it may be remarked that H. Guttonn arrives at a rela- 
tion essentially different from Eq. (14), namely, 

i? == 1 -T {4:wNe^/m )/ — ct)^) 

In this equation, wq/Itt is the resonant frequency of the electrons and is 
related to N by the empirical equation 

6 )0^ = 

These equations make decrease initially from unity as N is increased from 
zero, which is qualitatively the same as Eq. (14). When N is infinite, however, 
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these equations give K a weak positive infinity, whereas the strong negative 
infinity of Eq. (14) is qualitatively checked by H. Gutton’s curves (Fig. 9 
of Annales de Physique article) and by the measurements to be described be- 
low. 

Turning now to the case of uniform ionization, it is evident that an analy- 
sis of the response of the medium reduces to an analysis of the electrostatic 
field between condenser plates in the presence of a dielectric of specific in- 
ductive capacity Kp, The simplest case is, of course, that of the plane parallel 
condenser, but that form is not suited to the positive column of an arc. The 
shape that has been adopted is that of a cylindrical plasma parallel to and 
midway between two plane condenser plates. This form has the experimental 
advantage that it is a natural form for a positive column, and that the elec- 
tric lines of force in a uniform cylindrical plasma are straight and parallel so 
that there are no strong local fields at any point. 

III. The Effective Specific Inductive Capacity of a Plane Parallel 
Condenser Containing a Cylindrical Plasma 

Theoretically, a modification of Mossotti^s theory of dielectrics makes the 
arrangement just outlined quantitative. Mossotti’s theory in its usual form 
contemplates a vacuum containing suspended conducting spheres. The re- 
sponse of such a configuration to an electric field can be treated quantitative- 
ly.^^ For present purposes the conducting spheres must be replaced by dielec- 
tric cylinders. 

We consider then a large volume of dielectric (specific inductive capacity 
— K) made up of matter-free space in which are suspended infinitely long 
cylinders of specific inductive capacity Kp with their axes perpendicular to 
the uniform electric field Ee. The electric field tending to polarize any cylin- 
der is 

Ei ^ E, + (47r/2)P (15) 

where P is the polarization of the composite dielectric, and the coefficient 
47r/2 applies to cylinders as 47r/3 does to spheres. Within the polarized cyl- 
inder the field is 

Ep = 2Ei/iKp + 1) (16) 

analogous to Ep = 3Ei/{K+2) in the case of spheres. The polarization of the 
cylinders is then 

Fp == {Kp - l)Ep/47r = (Kp ~ l)Ei/2iriKp + 1 ) . ( 17 )^ 

If d denotes the fraction of the composite dielectric volume occupied by the 

cylinders, 

P = dPp = e{Kp - l)Ei/2ir{Kp +1). (18) 

H. Gutton’s analysis based on Fig. 12 of his Ann. de Physique article cannot be justified 
theoretically. See J. Rybner, reference 9. 

Livens, Theory of Electricity, p. 228; Jeans, Electricity and Magnetism, Fifth Edition, 
p. 131 arrives at a formula which is not valid for sufficiently high values of dielectric constant. 
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Also 

P = {K - l)E,/iTr = (K - l)Ei/2z(K + 1) (19) 

by using Eq. (15). Combining these two equations we find 

(K - 1)/{K + 1) = e{K„ - 1)/(A'„ + 1) (20) 

relating the dielectric constant, Kj,, of the cylinders to that of the composite 
parallel-plate condenser, K. When K is not very different from unity, we 

can write 

SK = 20(I<:p- l)/(Kp+ l). (21) 

This formula was checked by the method H. Gutton used to determine the 
capacity values in the “equivalent” system shown in his h'ig. 12. 'I'he tin: 
tube, of 3.0 cm internal diameter, projecting well beyond :uid centered be- 
tween two 7X7 cm condenser plates 7 cm apart was replaeeri by an o(H‘ii 
glass tube of thesame size. With this tube empty, the Lecher System ;ind con- 
denser resonated with the thermocouple bridge at 17,9 cm, filled with mer- 
cury (Kse='x>) at 16.3 cm, and filled with benzol (it/, = 2.26) at 17 3s cm 
From Eq. (21) / ■ . . 

5K„ = 2$ 

SKs = 20(2.26 - l)/(2.26 -i- 1) = 0.386 X 20 

whence 

5Kb/BK„ = 0.386. 

Since the changes in Lecher System length were small, they were proportion- 
al to capacity changes, whence 

SKb/5K„ = 8LbI5L^ = (17.9 - 17.35)/(17.9 - 16.3) = 0.34. 

This is a satisfactory check considering that the e.xperimenbil arnmgement 
was only a rough approximation to that assumed mathematically. Since 0 
has been eliminated in the course of this calculation, the question naturallv 
arises as to whether its value might not constitute an independent veriilca'- 
tion. The geometric capacity, Co, terminating a resonant length, .'r, of f.pclicr 
system is given by 

( 22 ) 
change m 


8 = — 2Tr5s/\ sin (47rSo/X) 


l/coCoAC — Zo tan (2«'/X) 

where Zo is the surge impedance of the system. It follows that the 
J required to retune after a slight change in K obeys the relation 

= - 2t5j/X sin (2 t5o/X) cos (2 tso/X) 

and using Eq. (21) 


since K=l. 


(23) 
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In the present case 5o = 27.2 cm (for the bridge at 17.9 cm) and X = 187 
cm whence 0 = 0.056. The tube cross-section is (7r/4) X3.02 = 7.07 cm^ while 
the condenser cross-section is 7X7=49 cm^ giving 6 =0.14. This large dis- 
crepancy is easily accounted for both by the large edge effect in a condenser of 
the proportions used and also by the individual capacity of each plate to 
ground. Under these circumstances it is permissable to treat d as an empirical 
constant in Eqs. (20) and (21). 

It is fairly obvious that Eq. (21) may not be applicable to plasma reso- 
nance since 8K becomes very large when KpKc nears ~ 1. In addition, a dis- 
sipative term must be included if the analysis is to be complete. From Eq. (7) 
(treating the plasma as if uniform by using coq instead of o)x) 


AT 


0)0^ — 0)2 + J0)5 7} — 1 +jS/cO 

— 0)2 -f- j(aS — 1 + jS/oO 


(24) 


if we put (jOQ^/o)'^ = N/No} = r}, being the electron density for which the 
plasma-electron angular frequency is o;, that is, = [a)/(2')rX8980) ]2. 
From Eq. (20), 


= 1 - 20(A, - 1)/[A^ + 1 + eiK, - 1)] 


Combining, we have 

= 1 +67]/ [I 


(1 + e)r,/2 - 2jS/o>] 


(25) 


(26) 


for calculating the complex dielectric ^^constant” of the condenser when dis- 
sipation is included. 

IV. Characteristics of a Tuned Circuit Made up of a Condenser 
Containing a Plasma and a Variable Inductor 

If we suppose the condenser containing the plasma to be connected in 
series with an inductance, L, and denote its capacity when 7^ = 0 by Co, the 
series impedance of the combination is 


Putting 


Z = j[wL - (wCois:)-»] 


L = Z-o T 


where Zo is the inductance which tunes Co, that is, Zo = (w2Co) b this equa- 
tion becomes 

Z = j[o3dL - - 1)]. 

Substituting from Eq. (26) and separating into real and imaginary parts we 
find 


Z = jo) 


hL-U 
+ 4 


— v'/ 2) 

(1 - v'/2y + 

(i}Ladr]S/oo 


(1 - 7,'/2y + s^/w^ 
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where.^ = l +0 and When L is adjusted so that the circuit is in res- 

' onance, the reactance is zero and SLr, the value of SZ at resonance, is given 
by.. 


hLr = Zo 


— 7]'/2) 


As N is increased from zero, 17 and increase proportionally and 6Zr increases 
from zero, at first proportionally to N but later more rapidly. If S were zero, 
SLr would approach + 00 as ??' = 2, to reappear at — 00, but the finite value of 
S causes SLr to vary rapidly from a positive maximum to a negative mioiniuin 
as rj' passes through 2. As A" becomes still larger, SLr increases once more ap- 
proaching 5Z^ == — 2dLol(j> 77— >co . This is just the type of beha\'ior approxi- 
mated to by the curve in H. Gutton’s Fig. 9. 

Obviously, the plasma resonance occurs at 77 ' = 2. The qualitative circuit 
equivalent of the plasma between its condenser plates, as shown in Fig. 2, 
makes it evident that the shunt resonance does not occur when the plasma 


LECHER 

SYSTEM 


SHU^T 


CAPACITY 


SERIES 

-CAPAC/TY 


PLASMA 
EC^iVALENT 


Fig. 2. Qualitative circuit equivalent of a plasma between condenser plates. 

itself is tuned to the impressed frequency. This would be true only when the 
shunt capacity is zero. For example, the infinite plane parallel plasma is a 
(rather ideal) case in which plasma resonance would lie at 77 == 1 . For a spheri- 
cal plasma between parallel plates, resonance would occur near 77 == 3. 

In the range where 77' is different enough from 2 for S/cu to be neglected, 
Eq. (27) can be written 

(1 - r,'/2)5U = - {r,'/2)SL^{64>Jej>) 

the ratio in the right member being introduced to allow for changes in d with 
W It follows that 


{e4>Je^<i>)5Lr-\+ hL-\2/n' 
and noting that rj' = (f>7] ~(f)N/Na we have 

(.&4>jL4>)SLr-^ = {2N./BL„){4>N)~^ 


1 ) = 0 




Now, changes in 0 can be neglected since the actual value of d is so small. It 

is thus justifiable to put = 1, whence Eq. (28) becomes 


(d/ejSLr-^ = (2N./dLJ{,i,^N)-^ ~ SL^ 


In the range of larger values of N (experimentally when 17' > 2), the variation 
of e with iV was appreciable, but small, and the values of 6/0^ could be calcu- 
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lated from the thickness of the wall sheath in the arc tube. For the smaller 
values of iV, however, the variation of B was not calculable and Eq. (29) could 
not be quantitatively tested in that range. 

V. Preliminary Experiments 

The plasma used in this investigation was the positive column of a mer- 
cury arc because the electrical methods for measuring ionization intensities 
have been applied most extensively to these arcs.^^ At first a tube containing 
an oxide-coated cathode was tried, but was found unsuitable on account of a 
conducting film which forms on the tube walls. This film appeared as a slight 
blackening, and its conductivity was made evident by the decrease in reson- 


anode 


AUXIL 


ANODE 


CATHODE 


Fig. 3. Experimental arc tube. 


ance current in the tuned circuit when the unexcited tube was placed between 
the condenser plates. That this film comes from the oxide cathode was proved 
by its absence in the next tube which had a hot tungsten filament. This tube, 
illustrated in Fig. 3, was a long cylinder of uniform internal diameter, 3.0 cm. 
The lower portion, containing a small quantity of mercury, was immersed 
in a water vath for pressure control. A short distance above the cathode was 
a ring electrode intended to be used as an auxiliary anode but soon aban- 
doned. Thirty cm above this were two probes. One was a tungsten wire of 
r ^127 cm diameter and 1,87 cm long placed in the axis of the tube. The other 

1. Langmuir and H, Mott-Smith, Jr., Gen. Elec. Rev., 27, 449, 538, 616, 762 (1924); 
H. Mott-Smith, Jr. and I. Langmuir, Phys. Rev. 28, 727 (1926); L. Tonks and I. Langmuir, 
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was a square molybdenum plate, 1.95 cm on a side, on the tul)e wall of)|)osile 
the probe and bent to fit the wall. These probes were intended to nn/asure the 
intensity of ionization in the arc by well-known methods.^ ' The inairi anode, a 
hollow cylinder, was 8 cm above these probes. The hi, eh frc‘queiu'\’ field was 
applied to the uniform column midway between the profies and the auxiliary* 
anode by external electrodes of various shapes and sizes. 

Initially a parallel wire system was connected with the externai electrodes, 
later a small single loop inductance with variable condenser in series was can- 
ployed, but finally a Lecher system consisting of two brass rods eac'h 0.422 
cm in diameter, spaced 3.90 cm on centers, and 180 i*m long, was iisc^d iLr 
most of the measurements. The complete arrangement is shown s{4n*nKUi<'aH\- 
in Fig. 4. The Lecher system was tuned with a mcnnable bridge which con- 
sisted essentially of a low-resistance vacuum thermocouple of 2.6 olnns d.r. 
resistance. To prevent reflection effects from the free end of t!ie Leclier s\’s- 


/kRC COLUMN 

. / THCRMOC OUPL £ 



CONDENSER 



GALVANOMETERS 


XV/SPLIT-ANODE 
MAGNETRON 

O^ \ N-OSCILLATING 
+ j 400 vK \/Vcircuit 



Fig. 4. Apparatus for observing ionized- mercury resonance. 

tem, a short-drcuiting bridge was attached to the thermocouple 1, ridge and 
some 16 cm back of it, so that the two moved together. Tliis 16 cm of con- 
ductor acts as a high impedance shunt to the thermocouple at all wave lengt hs 
used and eftectivey prevents any free-end oscillations without affecting the 
hermocouple ca ibration - Stray effects arising from bringing the hand near 
to the free end of the Lecher system were minimized by hv-pas.sing tlie capac- 
ity currents along the thermocouple-to-galvanometer ieLls direct to the 
shorting bridge through small condensers 

osdUaS'Cuolo rsr .f 

oscillations up to 4X10 herz^ was used as oscillation source. It was found 
more convenient to vary the arc current than to vary the frequenc- ■ ",e 

osciffator, .nee the e.m.f. in the Lecher system circuit then does not'vaiw 

In vTew two resonance frequencies in the plasma. 

In view of H. Gutton s single resonance, it was thought that this might arise 
m some way from the distributed excitation of the Lecher system together 
with Its distributed inductance and capacity. With this in mind, a circuit with 
Paper to be submitted to I. R.E. Proc. 

“ W. C. White, Electronics 1, 34 (1930), 
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lumped impedances was tried and as the same effect was observed, it was con- 
cluded that the double resonance was a property of the plasma itself. 

Too high an excitation of the plasma circuit-resulted, as pointed out by 
C. Gutton, in additional ionization in the vicinity of plasma resonance which 
was often evident visibly by increased light from the region of the arc be- 
tween the external electrodes. Such effects made measurements erratic and 
difficult of interpretation so that is was found best to work with very low 
excitation. 

For the higher arc currents the tungsten wire cathode had to be run very 
hot. When it happened occasionally that it was too cool, the arc changed its 
appearance and the oscillation readings were erratic and quite different from 
the other condition. Too cool a cathode gives temperature-limited instead of 
space-charge-limited emission, the cathode drop increases, and the primary 
electrons, instead of ionizing the gas and causing glow on the anode side of the 
cathode only, penetrate down the tube and cause glow there also. With a 
plentiful supply of primary electrons, the cathode drop exceeds the ionizing 
potential only slightly so that although the electron at the cathode sheath 
edge has sufficient energy to ionize, the normal decrease in plasma potential as 
the electron moves away from the cathode is sufficient to bring its energy be- 
low the ionizing value. Of course, toward the anode, the gradient in the arc 
speeds up the electrons, but in the opposite direction ionization will be pre- 
vented. If, however, the electrons have several volts excess energy, as they 
have with temperature-limited currents, they are able to maintain a plasma 
even in the absence of an accelerating field in it. The change in oscillation 
readings undoubtedly arises from the change in arc conditions, and the fluctu- 
ations may be caused by line voltage variations which here appear as a vari- 
able cathode drop of about the same magnitude as the voltage variation itself, 
whereas with a hot enough cathode they cause only a small fractional change 
in arc current. 

IV. Resonance Characteristic Measurements 

In taking a resonance characteristic, the oscillation frequency of the mag- 
netron oscillator was first fixed by adjusting the position of the bridge on the 
parallel conductors which, connected to the two anode sections of the mag- 
netron, form the resonant circuit of the oscillator. The oscillation amplitude 
was fixed at a suitable value by adjusting the anode voltage, anode current 
(through filament current) and magnetic field of the magnetron. These three 
quantities were carefully maintained constant. The half wave-length was 
. found from the separation of two successive nodes on a second Lecher system 
which could be coupled to the oscillator. This value agreed within 2 percent 
with the value found on the measuring system itself. The difference, which 
arises from the presence of the wood support in the measuring system, is 
small enough to be negligible in the present work. 

The appendix of the arc tube was then immersed in a Dewar flask contain- 
ing water at a temperature to give the desired mercury pressure. 

With no arc in the tube, the resonance position of the bridge on the meas- 
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Fig. 6. Electrode volt-ampere characteristics for determining the 
electron density in the arc* 


resonance. Excluding the immediate neighborhood of a resonance, the con- 
tinual increase in .y with increasing ionization intensity gives qualitative con- 
firmation of the continual decrease in with increase in N as required by 
Eq. (14). The variation in resonance current above 80 m.a. is not understood. 


uring system and the thermocouple galvanometer reading were recorded. I he 
arc was then started and the same readings were made at arc currents increas- 
ing roughly in a geometric ratio. 
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Fig. 5. Resonance characteristic of ionized mercury vapor. 

The results of such a series of measurements are shown in Fig. 5. The two 
resonance points at 7.5 and 21.5 m.a., to be denoted as a- and ^-resonances, 
respectively, are accompanied by the current minima expected at a shunt 
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In order to compare the experimental results with the theoretical, it was 
necessary to determine the ionization intensity as a function of arc current. 
It developed that the wall electrode, Fig. 3, was unsuited to this purpose 
since the wall sheaths were too thick over the greater range of arc current. 
Accordingly, the cylindrical electrode w was employed for this purpose. Fig. 6 
exhibits two plots of a typical volt-ampere characteristic. Fig. 6a is the semi- 
log plot which yields electron temperature and space potential. Fig. 6b is the 
plot, the "slope” of which gives the electron density. Bearing in mind 
the ideal shape of this curve as shown hyj^ Fig. 7,^^ it is possible to make a 


a.5 


zo 


/ 5 


AO 


.5 


-/ o / a 

Fig, 7. Theoretical if) volt-ampere characteristic and its approximation [4(14* i?)/’’"]. 

very good guess at the straight line whose slope is significant in the following 
way. This line intercepts the F-axis at the space potential less kTefe, the po- 
tential corresponding to the electron temperature. The space potential is 
-3.5 V, kTle=^2.S v, whence the intersection is at -6 v. The upward bend 
above zero volts is obviously due to ionization in the sheath. Very little lati- 
tude is thus left for drawing the asymptote of the ideal characteristic. As 
drawn, the slope is 4.3 X 10"^ amps^- v““^ which gives^^ 

Reproduction of Fig. 7 from 1. Langmuir and H. M. Mott-Smith, Jr., G. E. Review, p. 
617, Sept. (1924). 

Eq. (45) 1. Langmuir and H. M. Mott-Smith, Jr., G. E. Rev. 27, 455 (1924) or L. Tonks 
and I. Langmuir, Phys. Rev. 34, 913 (1929). 
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«/= 3.32 X = 3.32 X 10“ X 2.07 X IO-VO.080 

= 8.6 X 10® electrons- cm"® 

Like measurements at other arc currents and mercury pressures gave ad- 
ditional points on the curves of Fig. 8. Of course, at the higher pressures, 
special care was taken that the tube temperature at all points never fell be- 
low the appendix temperature. 



Fig. 8. Electron density in the arc as a function of arc current for 
different appendix temperatures. 

With these data it became possible to correlate the frequency impressed 
on an ionized gas with the ionization density. The results of several resonance 
characteristics have been incorporated in Table I and Fig. 9, The "^^Theoret- 
ical Curve — Plane Plasma” is a plot of the equation j/==8980 or 


Table I. Relation between plasma-resonance frequency and ionization density. 


Condenser 
plate size 
(cin^) 

Temp. 

CC) 

Frequency 

(X10"8) 

a-resonance 
ia (ma) 
2 VcX1S9 

b-resonance 
ia (ma) 
NeXm 

aa-resonance 
ia (ma) 
NeXm- 

Pkisma-re.^.ftnance 
density, cakulatcd 
23>/(8980V^ 

2, 5X2. 5 

13 + 

1.59 

7.2 

0.27 

22 

0.86 


U.o.-iXios 

2.SX2.S 

24 

1.59 

8.0 

0.34 

26± 

1.12 

4.1? 

.6,3 

1 X 1 approx. 

24.5 

3.66 

60. 

2.54 

145 + 

6.7 

30 1.28 

3, 30 

1X1 “ 

24 

1.60 

7.7 

0.32 

24 

1.03 

4.3 0.18 

.63 

1X1 “ 

24 

2.35 

21. 

0.91 

54 + 

2.28 

12. O.Sl 

1.36 

7X7 

24 

1.60 

7.5 

0.31 

22 

0.95 


.63 

7X7 

45 

1.60 

5.5 

0.60 

15.5 

1.66 


.63 


7J — 1 in other forms). It gives the theoretical relation between ionization and 
plasma-resonance frequency for a plane plasma. The ^Theoretical Curve- 
Cylindrical Plasma” is a plot of r} = 2 and gives the same relation for the 
cylindrical plasma. The fz-resonance and &-resonance curves show the ob- 
served behavior of the a- and J-resonance conditions in a 2.2-bar arc. It is 



HIGH FREQUENCY BEHAVIOR OF A PLASMA 


1473 


to be noted that the actual resonance frequency lies within 30 percent of the 
theoretical and that the slope of the straight lines is 0.42 and 0.45 compared 
to a theoretical 0.50. The aa-resonance is one which appeared at lower ioniza- 
tion densities in cases where the applied field was decidedly non-uniform. 
While it is possible to imagine that the 6-resonance may arise primarily from 
the response of the outer portions of the plasma, and the a-resonance from 
the axial portion, it is rather difficult to account for a third resonance cor- 
responding either to a still higher electron density or to a configuration ap- 
proaching more nearly to the plane case. 



Fig. 9. Comparison of experimental and theoretical plasma-resonance frequencies. 

The plasma resonance was found to be somewhat dependent on the gas 
pressure in the arc. Fig. 9 shows that a 14-fold pressure change caused a 2.2- 
fold change in resonant density. The resonance density thus varies roughly as 
the 0.3 power of the pressure. Compared to its variation with the square of 
the frequency, this is seen to be a small change which may arise from second 
order effects. It is probably significant that both a- and 6-resonances were 
affected in the same ratio. 

Although exact agreement of theory with experiment is lacking, it seems 
possible that the method used here may be useful in investigating electron 
concentration in cases where other methods fail. In recent unpublished work 
with Ne discharges, for instance, C. G. Found in this laboratory was found 
that the simple interpretation of probe characteristics fail, probably on ac- 
count of the specific action of metastable atoms, whereas the present method 
appears to be directly applicable. 

VII. Demonstration That «: 1 — cooV<^^ in the Range wo2>2co^ 

It has been remarked that Eq. (29) can give a direct test of the specific in- 
ductive capacity formula. The 6L’s refer to inductance changes but, in con- 
nection with the Lecher system, they may just as well apply to the small 
changes in tuning length which have been found. Again, since tests have 
shown that N is very nearly proportional to we may interpret Eq. (29) as 
requiring that the reciprocal change in Lecher system tuning length caused by 
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increasing the arc current from zero to Ia shall be a linear function of the re- 
ciprocal of insofar as d/doo is constant. The solid dots of h ig. 10 are plotted 
in this way from the same data as Fig. 5. At 40 amp*”^ the imaginary part of 
Kp is no longer negligible so that Eq. (29) no longer appliesj and at the lower 
values 'of the curvature of the plot indicates that a correction for varia- 

tion of 6 is necessary. 

This correction has been made in the following manner. If the plasma 
occupies a radius a-^xin the tube of radius a, then 6/6^ ~ (a — since x, 
the sheath thickness, approaches zero as iA approaches infinity. Thus, to a 
first approximation, 

A^/^oc = - U/^oo = - 2x/a. 
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Fig. 10. Analysis of the resonance characteristic in Fig. 5, 

Now X is related to Ip the positive ion current density to the wall through the 
space charge equation 

Jp = 2.34 X 
or 

= 6.25 X 

where F is the potential drop in the wall sheath and 600 is Now I. 

Langmuir and H. M. Mott-Smith, Jr., have found^® that and in 

the present tube I have found the relation to approximate 

Ip = 1,0SX1 Q-"Ha^^^ 

With u = 0.060 amp, it was found that Te = 28,600® whence^” 

1. Langmuir and H. M. Mott-Smith, Jr., G. E. Rev. 27, 764 (1924). 

L. Tonks and I. Langmuir, Phys. Rev. 34, 898 (1929). 
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F = 6jfereA = 6 X 28,600/11,600 = 14. 8» 

Assuming that F changes but little with changes but slowly) these equa- 
tions lead to 

= - O.OlQlii-o-F 
Substituting l-\-A6/0x> for 8/9^ in Eq. (29) we have 

(1 - 0.0191u-«-’)SZr' = {2NjSLJicl>N)-^ - 8L„-K 

Thus the bLr^ coordinate of each point should be decreased by an amount 
directly calculable from u. The fractional corrections were tabulated for a 
series of values of and these were applied in several cases to the smooth 
curve through the experimental points. As in Fig. 10, the resulting curve is 
always a straight line, the continuation of which intercepts the axis 

very near to the actual ^-resonance, thus confirming Eq. (14). Later Fig. 11, 
showing d/d„ as a function of u, was plotted and was found useful in subse- 
quent calculations. 
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Fig. 11. Fraction of tube cross-section occupied by plasma. 

The method here employed, by not requiring that the plasma fill the 
whole dielectric space, avoids the difficulties of interpretation encountered by 
Appleton and Childs^^ because of the formation of positive ion sheaths. 

VI 1 1. Detailed Analysis of Hg Resonance Characteristics 

The resonant Lecher system length as a function of arc current and the 
thermocouple current as a function of arc current are the two characteristics 
so far mentioned. Another characteristic which can be obtained is the equiva- 
lent series resistance of the composite condenser. 

It can be shown^^ that the resonance curve of a Lecher system readily 
lends itself to determinations of resistance. Let Jo be the maximum (reso- 
nance) current in the thermocouple on the movable bridge and let I be the 
current at any nearby position s. The values of [1“^ — plotted against .s 
give a straight line whose slope Si in amp."^ • cm"’^ is a measure of the resistance 
in the circuit. The relation is 

R cos^ (27r5r/X) = IttZ^ISiL^ Rt 

where Sr is the effective length of Lecher system at resonance, R is the equiva- 
lent series resistance of the composite condenser, and Ri is the thermocouple 
resistance, the distributed resistance of the system being neglected. 

Appleton and Childs, Phil. Mag. 10, 969 (1930). 
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Ri was determined with no current in the arc. The resonance curve at the 
first resonance, together with are shown in Fig. 12. Resonance 

occurred at 11.77 cm. The next resonance occurred at 89.39 cm, giving a 
wave-length, X, of 155.2 cm. This compares with 158 cm measured on a sys- 



Fig. 12. Lecher system resonance curve and its analysis. 

tern almost completely free of excess distributed capacity. The difference is 
too small to warrant detailed corrections, but in each case where X appears 
the value which seems to be the more appropriate will be used. 



From the figure *5^ — 143, Jo —0.020 amp., using Zo = 353, and X — 155.3 we 
have =4.98 0 ?. At 89.39 cm the resonance curve yields Rt-6M w. The 
differences arises from the distributed resistance of the system, but as long 
as measurements are confined to the neighborhood of the first resonance, it 
will doubtless be accurate enough to include this resistance in Rt. 
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Fig. 13 shows the resonance characteristic at this same frequency. For 
each value of arc current sufficient points (not less than 5) on the resonance 
curve were taken to permit the slope Si to be determined. The bridge shorten- 
ing had been determined by the double-hump resonance method^^ so that Sr 
could be found from the bridge position. Zero correction and bridge shorten- 
ing together amounted to +9.2 cm. R was then calculated from Eq. (30), 
and the values obtained appear in Fig. 14. 



Fig. 14. Analysis of resonance and resistance characteristics. 

Ranges: ^Ofrom 3.0X10-*^ to 2.1X10-3 cm. +2 from 0.51 to 6.2. iA/UR is on the same 
scale. R from 14 to 320 ohms. S/w from 0.02 to 0.33. 

It remains to interpret R and s.. in terms of the damping coefficient of the 
electron oscillations and the density of ionization. The specific inductive 
capacity Xo of the composite condenser can be found from readily since 

(wiCoCo)-' = ^0 tan ; 

(£oCo)“‘ = Zo tan lo 

where I = 27 rs./X and h is the value of / for iV = 0(iro = 1). It follows that 

ifo = tan /o/tan Z (32) 

Thus the problem becomes that of a condenser of a complex capacity C^K 
(Eq. (26) ) equivalent to the combination, Coi^o in series with i?; 





i 
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(jo>KCo)-^ ^ R + (j0KdCo)-K ( 33 ) 

Substituting from Eq. (26) and separating into real and imaginary parts we 
have 

(28'/co)(l - Ko-^) - (»?/2)coCoi?(l + 0) = - wCoK 

{2S/cc)a£oR + (r?/2)[l - 0- = 1 - Jm-' 

whence 

S/oi = ec^oR/D I34j 

r,/2 = [(1 - + a>^Co^R‘^/D] f35j 

where 

D == (1 ^ ^ ^ ea + Kf^^)] (36) 

The necessary data are all available. The calculations of R and Kq have 
been discussed, 6oo = 0.056, and coCo = 0.00250 by B3q. (31). The values of 
S/co and 7?/2 calculated in this way are shown in Fig. 14. Since theory re- 
quires that 

v/2^ N/Nr„,^ u/O.On 

very nearly, f^/0.031 has been plotted for comparison. The higher values of 
r]/2 for the larger values of {a may well be due to an error in 6^^- This failed to 
appear in Fig. 10 since there only relative values of d were involved. A change 
to 6oo = 0.053 would make tj/I coincide with u/Q-OSl at ^^ = 145 m.a. and 
would not spoil the present agreement near resonance. It thus appears that the 
experimental results confirm the oscillation theory, not only to one side of the 
resonance region, but even through this region. The check is surprisingly good 
in view of the non-uniformity of the plasma. 

It may be that this factor has more influence on the value of S/co» Sal- 
peteri*^ has shown that collisions of electrons with gas atoms introduce a 
damping factor in the electron equation of motion and S is then the number of 
collisions per electron per second. In the present experiment with an electron 
mean free path of about 3 cm^s and a speed of 1.22 X W cm/sec (j; '-^30,000®) 
5=4.1X10^ For a 158 cm wave, a^ = 1.19XlO^ whence 5/ca = 3.4X10”"“. On 
the other hand the electrons are reflected much more frequently from the 
sheath on the tube wall. Such reflections should, on the average, destroy the 
directed momentum just as collisions with gas atoms do. In the tube of 3.0 
cm diameter, the mean free path for wall collisions may be estimated at 1.5 
cm, and the effective speed at [1.22/(1.5)^^^] X 10^ cm sec, whence, due to this 
cause, 5/w = 0.056. Adding the two dissipation factors we obtain, finally, 
5/0) = 0.090, a value of the same order as found experimentally. Since the gas 
density and the electron temperatures change but little with a change in arc 
current, S/o should, theoretically, be constant. Aside from experimenta! 
errors, which undoubtedly affect the values when R becomes comparable 
with Rty that is, above = 50 m.a,, the non-homogeneity of the plasma may 
possibly account for a large part of the variation. The high 15-m.a. value 
may arise from the proximity to the a-type resonance. 

22 X. J. Killian, Phys. Rev. 35, 1238 (1930), Table I. 
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Expressed as a decrement, S, 

S = TT^/ci) 

whence, theoretically, 5 = 0.28 and the amplitude of a free oscillation would 
decrease by 24 percent per cycle. 

The analysis we have made makes it possible to calculate the electric 
field in the plasma and the amplitude of the electron motions. From Eqs. (16) 
and (19) 

EjEe ={K+ 1)/{K, + 1 ) 

from which, using Eq. (20), we find 

K - 1 - + 1) 1 - 


EjEe = 


- 28 


IdK-^ 


for the ratio of the field strength in the plasma to that in the composite con- 
denser. Substituting for K from Eq. (33) we have 


= 


1 - - 0(1 + go~^) ->Coj?(l + 8 ) 


26{Ka ^ jciiCoR) 


or, in absolute magnitude 




1 ( [1 - Kq -^ - 0(1 + 


2 'v 1/2 


+ {caCoRy 


} 


(37) 


(38) 


Now 


= V/d 

where V is the condenser voltage and d( = 7 cm) is the plate separation. Also 

V = icZo tan I (^^) 

where ic is the condenser current, and 

= it cos I 

where it is the thermocouple current, whence it follows that, 

Ee = (fi^o/d) sin ^ 

The equation of motion of an electron on which Eq. (4) was based is 

'k+S^ = {eZlrny-^ 

whence the amplitude of motion is 

go = 2^'HE^Irm\^ + 

on the understanding that £p is the r.m.s. value. In practical units 
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lo = 2.50 X 10">iiVto'-'(l + 
and for the present case (c«) = 1.194X10'') 

$0 = 1.75 X io-^''*(i + 

Only at ii = 15 m.a. does S/u make an appreciable contribulion (o tin- radical 
so that throughout most of the range is proportional (o E„. is plotted in 
Fig, 14 and it is interesting to note that the greatest amplitude was 1, 500 
cm. For this amplitude the maximum velocity is w/500 = 0.6X10" cm, sec 
corresponding to a voltage of 10“^a. 

The valley in the curve between 21 and 42 m.a. certainl\- arises iVoni the 
effect of the increased resistance near plasma re.sonance in decreasing the 
resonant current in the Lecher System. 

The values of S/u given in Fig. 14 are based on simulfaneous measure- 
ments of tuning length and resistance. But on the assumiitioii of a uniform 
plasma, the Lecher System characteristic is, by itself, cafiable of giv ing a 
value of S/oi by using either the maximum variation in L, (Lecher System 
tuning length) or the change in ia accompanying this variation. By .setting 
the derivative of Eq. (27) with respect to -q (assuming that variation.s in B 
and ^ are negligible) equal to zero, we obtain the condition for the extreme 
values of I/,.: 

v'=2\l+ 5Vco2 ± [(1 -f - (1 -f I . (42) 

The difference between the values of i?' at the extremes of L, is, therefore, 
An' = Ni)/N^ = 4[(1 + b'Vco")-’ - t1 -f 5'-/w=) jg"-' (43J 

Solving for 5/w, noting that A 5 ?'V 4 « 1 , 

S/o) = An'/ 4 . ( 44 ) 

At plasma resonance, theory (Eq. (17) ) requires that 


v' = 2 = <I^Nr/N^ 

where Nr is the electron density at plasma resonance 
(43), (44), and (45) we have 


Combining Eqs, 


or, in terms of arc current 


= (A» - Ni)/2Nr 


S/u - ({.,2 — ill )/ HaR 


where ur is the arc current at plasma resonance. The other relation men- 

tioned IS 

S/u = \pLj {Li — (4g) 

and is deduced by eliminating 1?' between Eqs. (27) and (42). 
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Applying these to the present case, Fig. 13 gives, 

5/co = (34.5 - 25. )/2 X 31 = 0.15 

in the one case and 

5/co = [1. 3/(15 - 6.5)] X 0.79 = 0.12, 

in the other. These values are roughly twice as large as the maximum values 
shown in Fig. 14. This fact together with the asymmetry of the resonance 
characteristic indicates that other factors may be important here. The 
analysis of Section II shows, for instance, that if frictional factors were ab- 
sent, the whole spread Ai?' could be due to a 30 percent variation in electron 
density. 



Fig. 15. Effect of transverse magnetic field on plasma- resonance. 


IX. The Effect of a Magnetic Field 

Appleton and Childs-^ have observed an absorption maximum arising 
from a constant magnetic field at right angles to the impressed electric field 
and Benner^® has observed an accompanying change in dielectric constant. 
In neither of these cases was the electron density involved as a vital factor. 
Gutton,’' however, observed a doubling of the resonance when he applied 
such a magnetic field to the ionized gas. 

Resonance characteristics have been made of the mercury vapor plasma 
at a succession of magnetic fields. The field used was that from a pair of 
Helmholtz coils so placed that the oscillating portion of the positive column 
was in the uniform part of the field. The field was calculated from the coil 
dimensions as 8.1 gauss- amp.-h The characteristics obtained for a frequency 
of 1.605X10® herz are shown in Fig. 15. The dashed portions of the curves 

2® S. Benner, Die Naturwissenschaften, 17, 120 (1929). 
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are those which are doubtful, either because experimental points were not 
obtained or because the points which were obtained were very uncertain on 
account of the flatness of the resonance curve. The splitting of the />**type 
resonance is clearly seen for magnetic field strengths from 20,2 gauss uf>, 
until at 48.6 gauss the curve begins to take on a more complicated frjrni, due 
perhaps to the approach to the purely magnetic resonance of Appleton and 
Childs and Benner. For the frequency used this WTiuld occur witli a mag- 
netic field of H^lrmcp/e- 56.8 gauss. 

The expectation is that the two resonances will lie one to either side of t he 
original. In the figure only the lower current resonance shows displacement 
for the smaller magnetic fields. This arises from the concentration <jf the arc 
by the magnetic field, which results in higher electron densities for the same 
arc current when the magnetic field is present. 

In analyzing these curves we might proceed along the lines already de- 
veloped, but more insight into the processes involved can be gained by exam- 
ining the whole phenomena from a less formal point of view.*‘^ 

Consider a uniform plasma bounded by the sheaths on two plane parallel 
non-conducting boundary walls. A uniform displacement of the electrons by 
an amount, throughout the plasma will develop a surface charge density of 

oTfi = Ne^ 

at the sheath edge which exerts the restoring force 

on each electron throughout the plasma. The electrons in the plasma are thus 
capable of free simple harmonic oscillations in accordance with the eqiiatiori 
of motion 

iirNe^^ + fn^ = 0 

whence the natural frequency is that found for plasma-electron oscillations, 
Eq. (1). 

If the plasma is bounded by a cylinder, and the uniform parallel electron 
displacements are perpendicular to the axis, the restoring force is only 

F« = F^/2 = ~ 47ri^e2^/2 
and if the boundary is spherical 

F, = F,/3. 

The natural frequency is lowered in these cases, as has already been seen in 
the analysis of Section IV. 

^ In proceeding to the case of superposed magnetic field, we may denote 
this shape factor by 9 ^, 

F = - 

J* J* Thomson, Phil, Mag., 11, 697 (1931) develops the same viewpoint along somewhat 
different lines. 
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This factor may be different in the ^-direction from what it is at right angles 
to both this direction and the magnetic field. For instance, taking ^ perpendic- 
ular to infinite parallel plane boundaries, <^>{ = 1, while, introducing f for the 
electron displacement perpendicular to both ^ and H, 0f = O. In general, 
then, both shape factors must be included in the treatment. We have, 

Fg = — {eHlc)i = 

Ff = — 47riV€Vrr + 

Putting ? = (^H^eH/mc=-l.l61Xl0m,c^,^=-4:TrNeym=^S,U 

XlOW and eliminating fo and ^o, we have 

(co^ — (^jcoo^)(co2 — <^fCOo^) = C*)2cOH^ 

as the condition for resonance. For a circular cylinder with axial magnetic 
field, — from symmetry, so that we may write 

(^2 __ (pOJQ*^)^ = CO^CO/f2. 

Since N was varied in the experiment to obtain resonance, we solve for the 
two values of say coi^ and 0 ^ 2 ^, which satisfy this equation. It is readily 
found that 

(aJ2^ — CoP)/ + top) = 6)jy/co 

so that, in terms of arc currents at resonance, tAi and iA 2 , 

(iA2 ““ Ul)/(i41 + ^12) == 

Table II based on Fig. 15 shows the agreement between calculated and 
observed resonance behavior. Columns 4 and 5 should agree. The bad discrep- 


Table II. Analysis of magnetic effect. 


JJ, (gauss) 

0 

10.1 

20.2 

24.3 

26.0 

1 

32.4 

40.5 

44.5 

48.6 

Uu (m.a.) 

25 i 

22? 

1 

13 

11 

9 

7 ? 

4.5? 

3.5? 

2. 

Ut, (m.a.) 

27 

22 

27 

32 

37 


i 37? 

ill 



0.35 

0.33 

0.50 

0.64 

0.78 


0.90 




0.35 

0.43 

0,46 

0.S7 

0.71 


0.85i 


ancy at 24.3 gauss is doubtless due to an erroneous determination of the 25- 
m.a. resonance on that curve, since this curve fails to fall in line with thetrend 
of all the others here. Otherwise the agreement is reasonably good. 
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THE ULTRAVIOLET ABSORPTION SPECTRUM OF 
SULFUR DIOXIDE 

By William W. Watson and Allan E. Pakkhr 
Sloane Physics Laboratory, Yale Univeksity 
(Received April 27, ! 931) 

■ Abstract 

Measurements of spectrograms of the ultraviolet SO-., alisorption haufls tak<‘n 
at different pressures, tube lengths and temperatures together with known infntred 
and Raman frequencies serve to locate the three fundamental vibrational senes. 
Tables giving the band assignments to these sequences are included. The t liree lower 
state frequencies for infinitesimal amplitude are 1369, 1164 and 610 cm' h while for 
the excited state the corresponding frequencies are 341, 387 and 290 cm’“b 1 he types 
of addition series are discussed. 

The excited state Avv^.v curves for r <4 have a positive slope, while for ii>4 there 
is a sudden reversal to the usual negative anharmonic coefficient. The three ground 
state frequencies indicate a value of 34*^ for the half-angle at the apex of the SO^ 
triangular model. Comparisons of the heats of dissociation estimated from the ex- 
tended areas under the Avv'v curves with thermal and spectroscopic data suggest the 
process S 02 ”^S-h 02 for the two symmetrical vibrations and Sth-^SO+O for the 
asymmetrical vibration. The dissociation products appear to be the same in the two 
electronic states. 

Introduction 

U p TO the present time there has been but very little inveBtigation of the 
details of the ultra-violet band systems of triatomic molecules. Ureat ad- 
vances have been made in the study of diatomic molecular spectra with the 
aid of the quantum theory, but owing to their quite evident comple-vity, the 
spectra of polyatomic molecules have been avoided. Many of the ideas ol 
molecular dynamics developed for diatomic molecules should be applicable to 
more complex molecules, however, and in addition there is now available 
much information on the fundamental vibrational frequencies of these mole- 
cules from their infrared and Raman spectra. Without this previous knowl- 
edge of the three fundamental frequencies of the ground state for molecules 
such as so, and CS,, the vibrational quantum analysis of their complex elecv 
tronic band systems would be all but impossible. 

The infrared vibration-rotation absorption bands of sulfur dioxide ha\ e 
recently been measured by Bailey, Cassie, and Angus.' Their work shows 
that the three fundamental bands are at 1361 cm"', 1 152 cm"', and 606 cm"', 
but since a sufficient number of harmonic bands were not observed, the funda- 
mental frequencies for infinitesimal amplitude of vibration could not be com- 
puted. The first and third of these frequencies correspond to a vibrating elec- 
tric doublet lying along the bisector of the vertical angle of the triangular 
structure, while the middle frequency corresponds to an effective electric 

1 C. R. Bailey, A. B. D. Cassie, and W. R. Angus, Proc. Roy. Soc. A130, 142 (1930). 
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'doublet in a direction perpendicular to this bisector and in the plane of the 
triangle. Both the existence of a rather large permanent dipole moment and 
the indicated structure and intensity of these infrared bands lead to the con- 
clusion that the SO 2 molecule is definitely triangular in shape with an acute 
angle at the apex. The Raman spectrum of gaseous SO 2 has been investigated 
by Bhagavantain*^ who found but one line at 1154 cm~b whereas for liquid 
S ()2 Dickinson and West"^ find the three lines 1145.9 cm^"^ (strong), 1340.1 
cm"“^ (medium, diffuse) and 524.3 cm~^ (weak, diffuse). The last line is ex- 
plained by Bailey, Cassie, and Angus as the difference 1152-606. 

The ultraviolet absorption bands of sulfur dioxide have been referred to 
by Flenri’^ and others. The apparent predissociation limit at about X 2525 
(112,000 cal.) has been assumed by HenrP to correspond to SO 2 — ^SO+0, and 
on this basis he develops an energy equation with other known data to give 
the heat of dissociation of Oo as 126,400 cal. (5.5 volts). This calculation has 
been discussed by Herzberg'q and we return to the question in our discussion 
below. 

Description of Spectrum 

The ultraviolet absorption band systems of sulfur dioxide have been 
photographed with a Hilger Ei quartz spectrograph, the gas being contained 
in a glass absorption tube 111 cm long, closed at the ends with quartz win- 
dows. The S ()2 was prepared by dropping HCl on to NaHSOs, and was dried 
by passing through a long P2O5 tube. The source of continuous radiation for 
the background was the usual hydrogen discharge tube. The spectrograms 
with this ill cm absorption cell were all taken with the gas at room tempera- 
ture and at pressures varying from 80 cm to less than 1 mm Hg. Spectrograms 
were also obtained with a 27 cm absorption cell with the SO 2 at 1 cm Hg pres- 
sure and at the temperature of a solid CDi-acetone mixture. 

Fig. 1 is a reproduction of a series of spectrograms taken at various gas 
pr€!ssures with the longer absorption tube. To be noted are the evident strong 
series of i)and groups in the main absorption region, and the appearance of 
new bands at the long wave-length end at the higher pressures. These latter 
bands do not form a separate band system, as has been suggested by Henri"; 
but are associated with the main absorption system and represent transitions 
from \’ibraiionaI levels with v = l, 2 and 3 of the ground electronic state. At 
the lower temperature the very weak band at 30961 cm“^ is clearly the band 
of longest wave-length, suggesting that it is a 0,0 band, and there is consider- 
a]>le simplification in the region of strongest absorption. At the high fre- 
(|uency end of this system, absorption ceases at the lower pressures at about 
X2500, the last I)ands being rather diffuse but with no continuous absorption 
In evicience. Another SO 2 band system which we have not investigated ex- 
tends from about X2350 farther into the ultraviolet. At pressures greater than 

- S. Bhagav'antann Nature 126, 995 (193D). 

" R. ( i)irkins()n an<i S. S. West, Phys. Rev. 35, 1126 (1930). 

Henri, Structure cles Molecules. 

•W’. Henri, Nature 125, 272 (1930). 

G. Herzberg, Zeitz. f. Physikal. Chemie BIO, 189 (1930), 
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1 cm these two band systems are fused together, the absorption being (‘(un 
tiniious from the limit of the discrete bands to be seen iti Ib'g. 1 in some point 
in the vacuum ultraviolet region. 

Some of the stronger and more isolated bands at about were fjhoto- 

graphed at high dispersion with a 21-foot concave grating, but tliest* spertro- 
grams fail to resolve any of the rotational structure. I'urt hermore these* St ). 
bands do not have a sharp head, but rather seem to fade out on both sides. 
In the measurement of the lower dispersion spectrograms, theti, we could only 
set the cross-hair on the estimated center of the !)and or, in the case of broa<l 
bands produced by overlapping, the overall width was measured. Hiis ol 





Fig. 1. Spectrograms of the ultraviolet SO 2 absorption l)ands taken with the Hiiger 
spectrograph. The absorption path was 1 m, and the pressures were as indicated. Ta he noted 
are the group of bands at the red end of the high pressure spectrograms and the evident excited 
state sequences proceeding tow'ards higher frequencies from 30961 at the lower pressures, 
Higher dispersion plates show that many of these apparently single l.)ands are in reality groups 
of bands. 

course limits the accuracy of the measurements, and entails a pcjssible error 
in the interval between any two successive bands in the series referred to be- 
low, of say, 9 or 10 cm“h 

Vibrational Analysis 

The regular and intense series of bands observalile in the region from 
X3200 to X2900 on the spectrograms for the lowest S( >2 pressures can onK' be 
vibrational sequences in the excited electronic state. These and other series 
terminate on the long wave-length end at about X323() in a region of bands of 
very low intensity, suggesting that the origin of the system is at about this 
frequency. Now in the high-pressure group to the red of this point the first 
strong band to appear with increasing gas pressure is at 28300 cm~>. Assuming 
that this represents a transition from a lower vibrational level other than i) 
of the symmetrical mode of vibration, another band is found at 29021, 1321 
cm-i to the high frequency side, from which the interval to 30961 , which is the 
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long wave-length end of the strongest excited state sequence, is 1340 cm-i. 
from these replarities as a starting point, the double array of bands origi- 
nating m this (ill', vx") mode of vibration as presented in Table I were found 
Measurement towards the violet from the 28,300 band with differences char- 
actenstic of the asymmetric mode of vibration (1150 cm-i), however, does 
not produce any correlation. 

Table I. Fundamental series corresponding to the 1369 cm"' vibration. 



0 

1 

2 

3 

Average 

A// 

0 

30961 

29621 

28300 

27002 


1 

31327 

29979 


27359 

360 

2 

31719 

30365 ‘ 

29043 


389 

3' 

32145 

30801 

29472 


430 

4 

32619 

31270 

29942 


471 

5 

33103 

31757 

30432 


487 

6 

33571 

32230 

30895 


468 

7 

34026 

32683 

31361 


458 

8 

34461 

33118 

31793 


434 

9 

34888 

33539 

32218 


424 

10 

35318 

33969 

32638 


423 

11 

35738 

34390 

33058 


420 

12 

36130 

34774 

33451 


390 

13 

36514 

35156 

33836 


384 

14 

36876 

35522 

34193 


362 

15 

37230 




354 

16 

37574 




344 

17 

37903 




329 


Average Av 


1348 


1326 


It was then to be assumed that the next strongest series of bands proceed- 
ing to the high frequency side of the origin is the D 2 " = 0 sequence belonging 
to the asymmetrical (1150 cm-i) vibrational frequency. There is indeed a 
band at about this interval on the red side of each of these bands of the na" = 0 
sequence, and in this way the fundamental sequences given in Table II were 
developed. Now it is impossible to have these two double arrays of bands pro- 
ceed from the same 0,0 band, although they must correspond to the same 
electronic energy change in the molecule. But if the two sets of frequencies 
are represented by an equation such as (1) with half-integral vibrational 
quantum numbers, they both yield the same electronic frequency >'« = 31468. 
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Table II. Fundamental series for the 1164 cnr'^ vibraiion. 



0 

1 

2 

Average 

Am 

0 

31074 

29932 

28802 

m 

1 ■ 

31498 

30343 

29208 

435 

2 

31928 

30779 

29648 

462 

3 

32393 

31241 

301(18 

475 

4 

32865 

31719 

30584 

434 

5 

33324 

32169 

31036 

456 

6 

33771 

32628 

31498 

433 

7 

34210 

33058 

31929 

.1, 1 ') 

8 

34634 

33491 

32367 

X*',Y dM 

413 

9 

35048 

33901 

32781 

401 

10 

35438 

34312 

33183 



Average Av 1148 1 130 


Table III. Fundamental series for the 606 cnf*^ vibration. 



0 

1 

2 

3 

A%’erage 
Ap ' 

0 

31308 

30700 

30103 

29490 


. 





m 

1 

31607 

30999 

30394 

29798 







303 

2 

31910 

31298 

30700 

30103 







308 

3 

32218 

31607 

31008 

30412 







298 

4 

32513 

31907 

31308 








285 

. 5 

32797 

32193 

31592 

30999 







272 

6 

33071 

32463 

31864 

31270 







254 

7 

33328 

32719 

32116 

31521 


8 

33578 

32977 

32367 


253 






228 

'.'9' ' 

33802 

33204 

32601 








221 

10 

34026 

33423 

32820 



11' ^ 

34242 

33640 

33037 


215 

12- ' 

34449 

33846 

33246 


■ ; 207 

13 

34634 

34026 

33423 


isi 

14 

34805 

34193 

33591 


, 169 






170 

15 

34971 

34367 

33759 



Average Ap 

605.5 601 

596 
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This affords experimental proof of the existence of zero-point vibrational 
energy. It is therefore not possible to represent these SO 2 bands by a double 
vibrational formula such as found by Henri and Howell^ for the ultraviolet 
absorption bands of phosgene. 

Knowing the Ve frequency and the third fundamental vibration frequency 
606 cm“b for the lowest electronic state, it was possible to predict the 0,0 
band frequency for this mode of vibration to within about 100 cm"”^ by as- 
suming that the corresponding excited state frequency must lie within the 
limits ISO to 350 cm^h Investigation showed that for but one band, 31308, in 
this predicted interval did another band lie 606 cm""^ to the red with still 
another spaced 600 cm-^ further to the red. Placing this 31308 in Eq. (1) with 
vz = () the excited state vibrational interval was computed to be very 
closely 300 cm~h This proved to be correct, and the other bands in this third 
double array as given in Table III were easily arranged. This =0 sequence 
is not obvious from inspection of the spectrograms as for the other two z;" =0 
sequences. However, this is in agreement with the fact that the 606 cm~^ 
fundamental absorption band in the infrared is much weaker than the other 
two.^ 

These three sets of fundamental vibration progressions can be represented 
by an equation of the type 

v = v,+ [a'iv' + i) + b'iv' + + |) + + i)=] (1) 

with 1 ^^ = 31468. For all three sets of progressions, however, the excited state 
differences first increase to a maximum at about z^'=4, after which they de- 
crease in the regular manner (see discussion below). It is therefore necessary 
to use different a' and &' constants for the low and high values of v\ The 
mean values of the a and b constants which fit the three sets of band progres- 
sions are given in Table IV. 


Table IV. Fundamental vibrational constants for SO>z (cm~^ units). 



Vi 

V2 

Vz 

a'^ 

1369 

1164 

610 


-1.1 

-9 

-2.3 

a' 

U 



+290 

a' 

b' 



+3i0}.3>3 


All of the sequences in Tables I to III could be extended farther towards 
higher frequencies, but our accurate measurements do not extend into this 
region. However, it is obvious that these series account for only some 20 per- 
cent of the observed bands of which there are well over six hundred. Now only 
three fundamental frequencies are possible for a triatomic molecule, but we 
know from the study of the infrared bands of polyatomic molecules that ad- 
dition frequencies occur. We have made plausible assignments of most of the 

^ V. Henri and 0. R. Howell, Proc. Roy. Soc. A128, 192 (1930). 
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remaining bands to various forms of addition series based on the three funda- 
mental series, but these assignments are not unambiguous in many ('uses be- 
cause of the density of bands and because of the lack of any guide such as 
the greater intensity of the v" = 0 sequences of the main series. Chir analysis 
shows however that there are addition bands present of the ty|)e for which 
addition of one or two quanta of any one of the three nudes of \'!!}ralir)n 
happens simultaneously in both electronic states to either of the other two 
main series. Some of the weaker bands are probably also dite to an S isotope 
effect, but we have not been able to make any assignments (ui this basis. 

Discussion of Results 

Fig. 2 is a plot of the course of the vibrational energy level differences in 
the three sets of excited state levels as a function of v. The unusual feature of 
these curves is the initial positive slope. During the accretion of these first 



Fig. 2. Diagrams of the spacings of the excited state vibrational levels for the three fun- 
damental modes of vibration. The interesting feature is the initial positive slope for each of the 
curves. 

quanta of vibrational energy, the molecule, as it were, increases in stability, 
and then some rearrangement occurs after which the usual negative anhar- 
monic term is operative. This phenomenon has been noted in only one in- 
stance for diatomic molecules, in the LiH spectruin^; but it is possibh^ of 
rather common occurrence for polyatomic molecules. 

In the ground electronic state of SO 2 the vibrational frequencies decrrease 
in the usual manner with increasing But since this spectrum originates in 
absorption by a cold gas, only the levels 1 and 2 are represented. The 

anharmonic coefficients b can therefore not be determined with great ac- 
curacy, but they do allow an approximate determination of the vibrational 

® G, Nakamura, Zeits. f. Physik 59, 218 (1930) 

9 Positive slopes of the Akv curves, but without the maximum and subsequent negative 
slope, have been reported by H. D. Smyth and T. C, Chow (Abstract, Phys. Rev. 37 1023 

(1931)) for CO 2 and by G. B. Kistiakowsky (Phys. Rev. 37, 276, 1931) for CjH... ' ’ 
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frequencies for injfinitesimal amplitude (the a" constant in Eq. (1)) which 
could not be computed from the infrared absorption data.^ Substitution of 
these three a" frequencies in the determinant equation for the vibrational 
energy of a symmetrical triatomic molecule as given by Dennison^ yields 
for a the half-angle at the apex of the isosceles triangle (cf. Fig. 3), the ap- 
proximate values of 34° and 51°, Owing to the intensity relations in the infra- 
red bands requiring an acute angle, ^ the lower of these two values is to be 
chosen. The vibrational frequencies a' of the excited state, however, give only 
imaginary solutions for this angle when placed in this equation. 

Some conception of the values of the heats of dissociation for the SO 2 
molecule can be obtained from the determination of the areas under the 
curves extrapolated to the convergence limit. The areas under the extrapola- 
tions are a rather large part of the whole energy, thereby limiting the ac- 
curacy of the calculation. This is particularly true of the lower electronic 


Fig. 3. Representation of the three fundamental SO 2 vibrations, a, the symmetrical 
1369 cm“^ frequency; h, the asymmetrical 1164 cm”^ frequency; c, the symmetrical 610 cm”^ 
frequency. These three frequencies indicate a to be approximately 34°. 

State values, but nevertheless the results of the computation are of some inter- 
est. One obtains the following heats of dissociation (excited state values are 
the sum of the areas under the curves of Fig. 2 and Ve — 3.9 volts) : 

Lower state: J/.,-S.3 volts (121,000 cal.) 

JJ., = 4.7 (107,000 cal.) 

Jf,, = 5.1 " (118,000 cal.) 

Excited state: Hvi = 3,2 (120,000 cal.) 

Ih, = 5,S (121,000 cal.) 

JJ ,3 = 4.3 ( 99,000 cal.) 
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102200 

SO 2 KSs) + O 2 - — y— 69260 - KSs) + 0. - 120360. 

The agreement with our lower state Hvi and Hv^ values is Ijctier tha.ri t-oulrl he 
expected. 

For the asymmetric mode of vibration the dissociation is prol)ahl\- inio 
SO+0. Now the heat of dissociation of SO has been determined for the nor- 
mal state of the ultraviolet SO band system by Henri and Wolfl'^ as 1 
cal. The value for O 2 should be approximately 5.1 volts. Therefr?re one can 
write the energy equation 

soa-^ SO + 0 - = s + 0 + 0 - m,(m) - //., 

102201 ) 

= KSa) + O 2 - 69260 - - 117300. 

This requires EIv^ to be about 90,000 cal. as against our value of 107,000 cal. 
The discrepancy may be in part due to the fact that the SO rarlical after the 
dissociation has a considerable amount of vibrational energy. In fact, the? 
distortion in the dissociation process should most certainly produc’C some \’i- 
bration of the SO, the energy of which should be subtracted from our extra- 
polated liv 2 value to give the true heat of dissociation 2^ 

Judging from the relative values of the computed heats of dissociation ffir 
the two electronic states of SO 2 involved, apparently the dissociation prod- 
ucts are in both states the same. But because of the possibility of a consider- 
able error in these values due to the large extrapolation, this statemeot should 
be made with reservations. 

A considerable amount of information may be expected from the study of 
the ultraviolet band systems of the simpler polyatomic molecules. Wlien the 
bands have sharp heads, as for example in the CS 2 system on the analysis of 
which we are now engaged, the accuracy of the measurements can be consid- 
erably improved. For absorption bands the rotational fine structure may not 
be resolvable even at the highest dispersion. But if obtained as emission 
bands, the theoretical resolving power of a large grating can be more nearly 
approached, and the rotational line pattern of some of the simpler poh'atomic 
bands may be obtained. In that event the needed test of the theoretical treat- 
ment of the rotator with three different moments of inertia as given by 
Kramers and Ittmann^^ and others may be made. 


V. Henri and F. Wolff, Jour, de Phys. et Rad. 10, 81 (1929). 

R. M. Badger and J. L. Binder, Phys. Rev. 37, 800 (1931) have suggested this explana*' 

tion for a similar discrepancy in the case of the HCN infrared bands. 

H. A. Kramers and G. P. Ittmann, Zeits. f. Physik 58, 217 (1929), 
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FURTHER STUDY OF THE ABSORPTION OF INFRARED 
RADIATION BY WATER VAPOR 

By E. K. Plyler and W. W. Sleator 
University of Michigan 
(Received April 8, 1931) 

Abstract^ 

Making use of a spectrometer with a salt prism and echelette gratings, and a Moll 
thermal relay, the authors have reexamined with increased resolution the four ab- 
sorption bands of water vapor whose centers lie near 1.87ju, 2.66ju, 3.15/^ and 6.26ju* 

The new study has greatly increased the number of measured lines. Near 6.26}x and 
3.1 7/i the number has been more than doubled. The new lines are mostly weak ones, 
but the work has resulted in a better determination of the wave-lengths of many 
strong lines, which now appear as sharp single effects freed from the former confusion 
in which several lines were taken for one. The center of the harmonic of the band at 
6.26/z is seen to be better placed at 3.168m than it was formerly at 3.11m. It also ap- 
pears that this band has no absorption at the center, and is of the same type as the 
fundamental. 

Introduction 

work to be described in this paper was done at the University of 
^ Michigan during the summers of 1928, and 1929, and the fall of 1930. 
It was found, after working over the atmospheric absorption near 2.66ju, that 
the apparatus now available, because of the higher resolution of which it is 
capable, permitted a more precise and complete analysis of the absorption 
spectrum of water than had been given in the papers by Sleator^ and Sleator 
and Phelps.^ A real advance may be claimed when what was formerly con- 
sidered to be, and measured as, a single line, proves, as the present work in 
many cases shows, to consist of three or four. Furthermore many of the lines 
now given in the charts and tables are very sharp, and many more lines show 
in these figures quite the same shape, and this indicates that they are single 
effects, and not likely to break up on more refined analysis. On account of this 
better identification, and on account of more accurate calibration now em- 
ployed, there is reason to think that the wave-lengths here given are more 
precise than the earlier numbers, which they should supplant. 

Of the bands here studied, those near 6.26ju and 2.66/i have been classified 
as fundamentals, with vibration frequencies and respectively, the latter 
having a zero branch, the former being double. The frequency at 1.87jLt repre- 
sents the combination P1 + P2 and that at 3.16jU is 2pi, so that this band is the 
first harmonic of that at 6.26ju. A classification of the known absorption bands 
of water has been given by Hettner.^ 

^ This abstract appeared in the Bulletin of the American Physical Society of November 
15, 1930, announcing the Chicago Meeting. 

2 \v^ \v. Sleator, Astrophys. J. 48, 125 (1918). References to earlier work are given in this 
paper. 

^ \V. W. Sleator and E. R. Phelps, Astrophys. J. 62, 28 (1925). 

G. Hettner, Zeits. f. Physik 1, 345 (1920). 
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Experimental Procedure 

The apparatus used was the compound spectrometer with sociiuni rhloricle 
prism and grating in series, of the type commoidy used for work in ihv iafno 
red, constructed and described by Meyer.^ The grating usetl for the hami at 
6.26/x had 2,880 lines per inch, that employed for the others Iiad 7,2UO, lliey 
were ruled by Barker. The thermopile was coiislrucled and has btHm dco 
scribed by Firestone.® By adjusting the lamp which illuminates ilic thernKj- 
couple in the Moll relay the amplification factor could l>e controlled, and 
could be brought up to 300 by using a current of .T5 amperes. At this ampli- 
fication Brownian motion could be observed, so that four or six, sfuiietirne^ 
eight, independent deflections of the galvanometer were takeii at eac'h setting 
of the grating. Small vibrations of the building due to the wind and othei* 
things affected the galvanometer. It was necessary to take most of the rea<!- 
ings at night. 

The spectrometer circle was set at a certain angle, then the deilections 
were read, then the circle was turned IS seconds, and deflections taken again. 
This was continued through the region— that at 6.26/x extended <n’er about 6 
degrees. The graph which revealed the absorption lines was plotted with av- 
erage deflection as ordinate, and angle or wave numl)er as abscissa. The deter- 
mination of the wave-length of a line depends in most cases upon three inde- 
pendent energy curves — in some cases more. 

The step by which the circle was advanced between successive gahaino- 
meter readings was less than the angular value of the slit itself. In Tal)Ie I, 
the data of which are given separately with the different figures, the degree 
of resolution used in the different bands is shown by giving the wave-ieiigth 
interval included in the second slit. Values used by Sieator and Phelps are 
shown for comparison. 


T.4BLE I. Effective resolving power. 


Region 

Slit width 
(A.U.) 

Slit width 
(cni""^) 

Slit width 
(Sieator ant I 
riielps) 
(A.U.) 

t.87ju 

4.1 

1.16 

8 

2.66ju 

3.1 

0.44 


3.1S/i 

4.5 

0.45 

32 

6.26jii 

17. 

0.45 

80 


The observations in this work were made upon the ab.sorption by the 
water vapor in the air of the room. For the bands at 1.87/x and 3.16/i the ab- 
sorption did not anywhere exceed forty percent, and it was not necessary to re- 
move any moisture. In the other bands, however, there were very strong lines 
which could not be separated. In order to reduce the amount of water pres- 
ent a rough box was built around the spectrometer and phosphorus pentoxide 
was exposed inside. The effect of such drying is shown, for example, by the 

5 Aaron Levin and Charles F. Meyer, J.O.S.A. and R.S.I. 16, 137 (1928). 

® F. A. Firestone, Rev. Sci. Inst. 1, 630 (1930). 
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inserted sections near line No. 177 in the curve of Fig, 5. Drying the air made 
it possible to separate and identify the lines. The pressure of water vapor in 
the undried air was 20 to 30 mm. In the dried air it was 2 to 3 mm. Fig. 3 also 
represents the energy curve near 2.66/x with dried air. Lines nos. 22, 23 and 24, 
for example, are better defined in this figure than in Fig. 2, which refers to the 
normal indoor atmosphere. 

Results and Discussion 

The measurements made during this work appear in the curves of the 
following figures, and in the tables. The tables show an arbitrary number for 
each line, and its relative intensity, wave-length, and wave-number. The rela- 
tive intensities represent estimates only, based upon the depth of the lines. 
In many cases this estimate has been difficult and uncertain, because a cer- 
tain line may represent only a weak absorption upon the side, so to speak, of a 
deeper and wider line, or it may represent a stronger effect if its neighbor is 
in fact a weaker one. Line number 35 in Figure 3, for example, has been as- 
signed a relative intensity of 50 percent. But if it is really only a nick in the 
curve which shows No. 36 it ought to be marked, perhaps, 15 percent. In all 
cases where two lines over-lap there is doubt about the intensity of each. This 
composite effect, which partly disappeared when the air was dried, made it 
impossible to use the criterion of the area of the notch for estimating inten- 
sity. Improvement of the present analysis of the water spectrum demands first 
of all an enclosed spectrometer and absolute control of the amount of the ab- 
sorbing medium. Second, it demands a resolution even higher than we could 
command. 

When the amount of moisture was reduced by the means described, many 
lines in all the bands were made more narrow and sharp. On advancing the 
circle 15 seconds, the galvanometer deflection changed in may cases by 40 
mm — say from 100 to 60. An error of 5 seconds in setting might affect the de- 
flection by IS mm. This unavoidable uncertainty of perhaps 5 seconds in set- 
ting may account for the difference in relative intensities of two lines as they 
appear in different curves, so that in one graph a is stronger than 6, in another 
not so strong. 

Figure 1 and Table II represent our study of the band at 1.87ju. Many new 
lines have appeared, for example line No. 48 in Fig. 5 of the paper of 1925 
seems now to be a composite effect of those numbered 81, 82, and 83. There 
is no wa}” of deciding what wave length, with the amount of water uncon- 
trolled, such a combination ought to have. Accordingly there is no satisfac- 
tory basis for comparison of wave-lengths. In general, however, the new 
values are larger. 

It may be remarked here that the numbers assigned to the lines are arbi- 
trary. Also we have omitted numbers from all the tables at places where there 
are faint lines of uncertain positions, to which we cannot assign definite wave 

lengths. 

In work done at Johns Hopkins University by Barnes^ the energy of a 

^R. Bowling Barnes, Phys. Rev. 36, 296 (1930). 
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source of radiation was mapped in the region between 3 and 4 ( 1 . It sjiows two 
bands of atmospheric absorption, one of them with center near \\ ifh 



Fig. 1. Energy curve, region of 1.87;t, middle part. Echelette grating, 7200 lines per incli. 
Slits 0.12 mm, 12.4 secs, 1.16 waves per cm, 4.1 A. 


Table II. Region of 1.87ju. 


Arbitrary numbers, relative intensities, wave-lengths, and \vave»iiuni!)ers r>f tlie 
stronger lines. 


Line 

No. 

Rel. 

int. 

Wave- 

length 

Wave- 

number 

Line 

No. 

Rel. 

int. 

W'ave- 

length 

\Ya\'c- 
nu ni!:jer 

20 

10 

18100 

5524.9 

57 

35 

18725 

5340.5 

21 

10 

18117 

5519. 7 

58 

20 

18747 

5334.2 

22 

10 

18146 

5510.8 

59 

20 

18769 

.5.527.9 

24 

5 

18174 

5502.4 

60 

10 

18801 

5318.9 

25 

15 

18194 

5496.3 

61 

10 

mil 

5316.0 

26 

15 

18209 

5491.8 

62 

IS 

18837 

5.508.7 

28 

5 

18229 

5485.8 

63 

10 

18851 

5304.8 

30 

15 

18255 

5477.9 

■ 64 

10 

18865 

5300.8 

31 

10 

18278 

5471.1 

65 

15 

18900 

529! .0 

32 

10 

18300 

5464.5 

66 

■ IS 

18920 

5285.4 

34 

5 

18318 

5459.1 

67 

15 

1S934 

5281.5 

35 

10 

18342 

5452.0 

68 

IS 

18974 

5270.4 

36 

10 

18352 

5449.0 

69 

25 

18994 

5264.8 

37 

25 

18370 

5443.7 

71 

25 

19025 

5256.2 

38 

20 

18392 

5437.1 

72 

25 

19048 

5249.9 

39 

25 

18412 

5431.2 

73 

30 

19063 

5245.8 

40 

5 ■ ^ 

18428 

5426.5 

/ 74 

15 

19112 

5232.3 

43 

15 

18459 

5417.4 

' 75 

■ 25 

19132 

5226.8 

44 

25 

18473 

5413.3 

77 

15 

19158 

5219.8 

47 

10 

18525 

5398.1 

80 

30 

19202 

5207,8 

48 

15 

18535 

5395.2 

81 

10 

19225 

5201.5 

49 

20 

18557 

5388.8 

82 

15 

19235 

5198.9 

51 

25 

18599 

5376.6 

84 

10 

19269 

5189.7 

53 

15 

18636 

5366,0 

85 

■ 15 

19279 

5187.0 

54 

30 

18672 

5355.6 

92 

10 

19360 

5165.3 

. 55 

25 

18688 

5351.0 

94 

10 

19391 

5157.0 

56 

30 

18703 

5346.7 

96 

10 

19412 

5151,5 
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i the prism-grating spectrograph we have carefully gone over part of this re- 

; gion, having the prism so placed that there was no deflection when the grating 

; was set for 1.9//. No absorption lines were to be found, though the slits were 

certainly narrow enough to show them. If certain wave-lengths given in 
Table II, beginning with No. 26, are multiplied by 2, the products agree re- 
markably well with many of the wave-lengths given by Barnes. Some of his 
numbers represent a good mean of adjacent wave-lengths, doubled. For ex- 
^ ample for line No. 26, 2X is 3.6418//. Barnes lists 3.642. Also if one compares 

; the graph under consideration with that for the region near 1.87// given in 

big. 4 of the paper of 1918 (reference 2) they appear very much alike. The 
work of Barnes was done with a grating and an infrared filter. It may be that 
the atmospheric absorption appearing at 3.75// in Figs. 4 and 5 of that paper 
is a second order effect due to an overlapping of spectra. 

In Figs. 2 and 3 and Table III are given our results for the region of 2.67^/, 
a fundamental band having a zero branch — showing at any rate strong ab- 
sorption in the middle portion. Of the two curves in Figure 2 there is less 
moisture represented in the lower. For Fig. 3 there is less vapor still, and there 
is less overlapping and general confusion of the lines. For example, line No. 70 


Table III. Region of 2.67/z. 

Arbitrary numbers, relative intensities, wave-lengths and wave-numbers of the 

stronger lines. 


Line 

No. 

Rel 

int. 

Wave- 

length 

Wave- 

number 

Line 

No. 

Rel. 

int. 

Wave- 

length 

Wave- 

number 

1 

15 

24714 

4046.3 

29 

60 

25806 

3875.1 

la 

5 

24795 

4033.1 

30 

80 

25838 

3870.3 

2 

10 

24834 

4026.7 

31 

70 

25869 

3865.6 

3 

6 

24871 

4020.7 

32 

20 

25892 

3862.2 

3a 

5 

24924 

4012.2 

33 

80 

25948 

3853.9 

4 

10 

24942 

4009.3 

33a 

80 

25959 

3852.2 

5 

12 

25027 

3995.7 

34 

40 

26010 

3844.7 

6 

12 

25055 

3991.2 

35 

50 

26031 

3841.6 

7 

8 

25103 

3983.6 

36 

80 

26049 

3838.9 

7a 

6 

25147 

3976.6 

37 

20 

26070 

3835.8 

8 

12 

25155 

3975.4 

38 

50 

26090 

3832.9 

9 

12 

25187 

3970.3 

39 

40 

26124 

3827.9 

10 

15 

25235 

3962.8 

40 

85 

26166 

3821.8 

ll 

6 

.25256 

3959.5 

41 

80 

26198 

3817.1 

12 

10 

25289 

3954.3 

42 

75 

26261 

3807.9 

13 

30 

25309 

3951.2 

43 

85 

26298 

3802.6 

14 

20 

25327 

3948.4 

44 

55 

26332 

3797.7 

!5 

40 

25356 

3943.8 

45 

55 

26415 

3785.7 

16 

12 

25379 

3940.3 

46 

60 

26454 

3780.1 

17 

40 

25427 

3932.8 

46a 

5 

26493 

3774.6 

18 

20 

25442 

3930.5 

47 

70 

26521 

3770.6 

■' 19 

5 

25479 

3924.8 

48 

70 

26550 

3766.5 

'■'20 

40 

25506 

3920.7 

48a 

10 

26570 

3763.6 

21 

55 

25527 

3917.4 

49 

75 

26594 

3760.2 

22 

50 

25610 

3904.7 

50 

50 

26612 

3757.7 

23 

65 

25624 

3902.6 

50a 

20 

26647 

3752.8 

24 

65 

■ 25644 

3899.5 

51 

85 

26667 

3749.9 

25 

70 

25694 

3892.0 

52 

85 

26700 

3745.3 

26 

60 

2S731 

3886.4 

53 

60 

26724 

3742.0 

27 

10 

25746 

3884.1 

53a 

20 

26746 

3738.9 

28' 

70 

25766 

3881.1 

54 

85 

26762 

3736.6 
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Table III. {Coni' d,) 


Line 

No. 

Rel. 

int. 

Wave- 

length 

Wave- 

number 

Line 

No. 

ReL 

int. 

55 

85 

26790 

3732.7 

81 

50 

56 

80 

26825 

3727.9 

82 

60 

57 

80 

26863 

3722.6 

83 

40 

58 

50 

26889 

3719.0 

84 

40 

S8a 

20 

26915 

3715.4 

85 

10 

59 

80 

26936 

3712.5 

86 

30 

60 

80 

26954 

3710.0 

87 

30 

61 

30 

26982 

3706.2 

88 

40 

62 

60 

27011 

3702.2 

89 

30 

63 

25 

27051 

3696.7 

90 

30 

64 

15 

27068 

3694.4 

91 

65 

65 

80 

27092 

3691.1 

92 

20 

66 

85 

27109 

3688.8 - 

93 

20 

67 

10 

27135 

3685.3 

94 

20 

68 

10 

27175 

3679.9 

95 

20 

69 

80 

27208 

3675.4 

96 

10 

70 

80 

27241 

3670.9 

97 

70 

70a 

40 

27251 

3669.6 

97a 

20 

71 

10 

27320 

3660.3 

98 

20 

72 

70 

27349 

3656.4 

99 

15 

72a 

80 

27398 

3649.9 

too 

30 

73 

60 

27415 

3647.6 

10 i 

30 

74 

20 

27452 

3642.7 

102 

30 

75 

30 

27486 

3638.2 

103 

25 

76 

50 

27517 

3634.1 

104 

10 

77 

80 

27557 

3628.8 

105 

30 

78 

20 

27575 

3626.5 

106 

30 

78a 

30 

27608 

3622.1 

107 

10 

79 

60 

27626 

3619.8 

108 

30 

80 

40 

27640 

3618.0 

109 

30 


length 

27660 

27670 

27700 

27720 

27757 

27771 

27780 

27810 

27828 

27mi 

27875 

27902 

27932 

27951 

21977 

28003 

28036 

28056 

28085 

28110 

28151 

28188 

28204 

28276 

28320 

28348 

28384 

28406 

28493 

28546 


Wave- 

lUiinber 

3615.3 

3612.8 

3610.1 

3607.5 

3602.7 

3600.9 

3598.6 

3595 . 8 

3593.5 

3588.5 
3587 . I 

3584.0 

3580.1 

3577.7 

3574.4 

3571.0 

3566.8 

3564.3 

3560.6 

3557.5 

3552.3 

3547.6 

.ms. 6 

35.36.6 

3531.1 

3527 . 6 

3523.1 

3520.4 

3509.6 

3503 . 1 


is separated in Fig. 3, into two lines some lOA apart. F'urther comparisori 
shows that the intensity of all the strong lines increases with the amount of 
water present. This change in intensity indicates that at least the strong lines 
in this region are due to water vapor, and not to carbon dioxide. The carbon 
dioxide band in the region of 2.73jU would probably not have strong lines be- 
low 2.69jit, corresponding to line No. 59. The effect of carbon dioxide in this 
region was studied by Sleator^ and it was found that the strong lines througii- 
out the region were enhanced by the use of steam (giving much more al.)- 
sorbing material) and reduced by drying the air. Figure 3 has l)een plotted 
with deflections on a scale of frequencies and is the reverse of the curx'es of 
Figure 2. Lines 22, 23 and 24 may be compared with the unresolved group 
shown as numbers 8 and 9 in Figure 5 of the paper of 1918, and this com- 
parison fairly indicates the advance represented in the present work. 

In Fig. 4 and Table IV are represented the results for the region of 3.16/i. 
It is perhaps here that previously published results are most inadequate. The 
table presents lines between 2.85 and 3.33^, and the lines at the beginning of 
the table probably belong to the series shown in the previous figures. All the 
lines are weak in this region, whose center we have placed at 3.1,68jLt, and 
which is probably the first harmonic of the band at 6,26ju. However, the se|;)a- 
ration of the two strong lines next the center on either side (Nos. 81 and 82) 
is 45.3 waves per cm, while the corresponding difference at the fundamental 





1502 


E. K, PLYLER AND W. W. SLEATOR 


Table IV, Region of 3 AS 

Arbitrary numbers, relative intensities, wave-lengths 

stronger lines. 


and wave-numbers of the 



1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 
18 

19 

20 
22 
26 

27 

28 

29 

30 

31 

32 

33 

34 
37 
39 

42 

43 

44 

45 

46 

47 

48 

49 

50 

52 

53 

54 

55 

56 

57 

58 


40 

5 

15 

25 

12 

25 

25 

15 

5 

15 

5 

15 

15 

5 

5 

35 

5 

20 

8 

15 

5 

8 

5 

12 

30 

5 

10 

12 

12 

15 

12 

5 

12 

8 

12 

5 

15 

12 

8 

12 

15 

4 

15 

12 

15 

15 


28546 

28561 

28588 

28655 

28672 

28702 

28714 

28762 

28801 

28828 

28844 

28861 

28873 

28901 

28919 

28992 

29013 

29032 

29066 

29128 

29161 

29176 

29194 

29206 

29219 

29265 

29318 

29366 

29437 

29457 

29528 

29687 

29703 

29736 

29789 

29880 

29961 

29979 

30050 

30175 

30218 

30269 

30317 

30366 

30377 

30401 


3503.1 

3501.3 

3498.0 
3489.8 

3487.7 

3484.1 

3482.6 

3476.8 

3472.1 

3468.9 

3466.9 

3464.9 

3463.4 

3460.1 

3457.9 

3449.2 

3446.7 

3444.5 

3440.4 

3433.1 

3429.2 

3427.5 

3425.4 

3424.0 

3422.4 

3417.1 

3410.9 

3405.3 

3397.1 

3394.8 

3386.6 

3368.5 

3366.7 

3362.9 

3356.9 

3346.7 

3337.6 

3335.7 

3327.8 

3314.0 

3309.3 
3303.7 
3298.5 

3293.2 

3292.0 

3289.4 


59 

60 
61 
62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 
100 
101 
102 
103 


12 

5 

25 

25 

8 

8 

8 

12 

5 

20 

12 

10 

15 

15 

25 

8 

25 

20 

5 

5 

20 

IS 

20 

20 

20 

25 

12 

25 

10 

15 

12 

20 

5 

12 

8 

25 

25 

20 

25 

20 

25 

5 

5 

12 

12 


30452 

30489 

30515 

30540 

30620 

30663 

30693 

30721 

30762 

30809 

30887 

30923 

30949 

30976 

31053 

31077 

31102 

31144 

31181 

31237 

31261 

31384 

31456 

31911 

31972 

32017 

32054 

32103 

32176 

32239 

32256 

32294 

32385 

32463 

32480 

32596 

32623 

32710 

32791 

32948 

32973 

32984 

33039 

33135 

33192 


3283.9 

3279.9 

3277.1 

3274.4 

3265.8 

3261.3 

3258. 1 

3255.1 

3250.8 

3245.8 

3237.6 

3233.8 

3231.1 

3228.3 

3220.3 

3217.9 

3215.2 

3210.9 

3207 . 1 

3201.3 

3198.9 

3186.3 

3179.0 

3133.7 

3127.7 

3123.3 

3119.7 

3115.0 

3107.9 

3101.8 

3100.2 

3096.5 

3087.8 

3080.4 

3078.8 

3067.9 

3065.3 
3057.2 

3049.6 

3035 . 1 

3032.8 

3031.8 

3026.7 
3018.0 

3012.8 


is 40. The wave-lengths of certain lines listed in Table IV are in good agree- 
ment with values given by Barnes in the work cited (reference 7) for this 
region. In some cases his numbers represent averages of the wave-lengths of 
adjacent lines. 

The results for the fundamental at 6.26ju are shown in part in Figs. 5 and 6, 
and completely in Table V. Hettner shows this band to extend from 4.5jU to 
8.5/t, but we have studied only the central part. In Fig. 6 are represented the 
most important lines of this region on a scale of wave-numbers, showing by 
the length of the lines the intensities of absorption. The advancement lately 
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TkbvbV. Region 0} 

Arbitrary numbers, relative intensities, wave-lengths, and wave-numbers of the 

stronger lines. 


Line 

No. 


Rel. 

int. 


Wave- 

length 


Wave- 

number 


58 

63 

65 

66 
67 

69 

70 

71 

72 

73 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 
87 

89 

90 

91 
93 
95 

97 

98 
100 
101 
102 

103 

104 
106 
no 
111 

113 

114 

115 

117 

118 

119 

120 
121 
122 

123 

124 

125 

126 

127 

128 
129 

132 

133 

135 

136 

138 

139 

141 

142 

143 


Line 

No. 


Rel. 

int. 


Wave- 

length 


Wave- 

number 


20 

60 

10 

40 

10 

10 

10 

30 

15 

5 

10 

50 

30 

65 

65 

25 

60 

15 

30 

20 

70 

50 

50 

5 

50 

70 

75 

25 

20 

50 

70 

12 

70 

60 

35 

90 

80 

35 

70 

70 

90 

15 

90 

30 

50 

30 

90 

40 

50 

70 

60 

75 

20 

75 

20 

70 

90 

30 

90 

20 

20 

30 


54413 

54644 

54673 

54774 

54839 

55005 

55159 

55211 

55288 

55385 

55487 

55541 

55661 

55762 

55814 

56004 

56142 

56184 

56295 

56396 

56439 

56533 

56739 

56832 

56898 

57082 

57169 

57219 

57250 

57338 

57457 

57526 

57663 

57784 

57999 

58204 

58287 

58452 

58588 

58653 

58813 

58894 

58958 

59151 

59216 

59356 

59400 

59504 

59524 

59683 

59817 

59886 

59918 

60131 

60162 

60444 

60496 

60682 

60738 

60864 

60942 

61046 


1837.8 

1830.0 

1829.1 

1825.7 

1823.5 
1818.0 

1812.9 

1811.2 

1808.7 

1805.5 
1802.2 

1800.5 

1796.6 

1793.3 

1791.7 

1785.6 

1781.2 

1779.9 

1776.4 

1773.2 

1771.8 

1768.9 

1762.4 

1759.6 

1757.5 

1751.9 

1749.2 

1747.7 

1746.7 

1744.0 

1740.4 

1738.3 

1734.2 

1730.6 

1724.2 

1718.1 

1715.6 

1710.8 

1706.8 

1704.9 

1700.3 

1698.0 

1696.1 

1690.6 

1688.7 

1684.8 

1683.5 

1680.6 
1680.0 
1675.5 

1671.8 

1669.8 

1668.9 

1663.0 

1662.2 

1654.4 

1653.0 

1647.9 

1646.4 

1643.0 

1640.9 

1638.1 


144 

90 

61128 

1635.9 

148 

70 

61414 

1628.3 

149 

80 

61570 

1624.2 

150 

40 

61602 

1623.3 

152 

90 

61841 

1617.0 

155 

50 

62117 

1609.9 

156 

40 

62202 

1607.7 

157 

40 

62358 

1603.6 

158 

35 

62435 

1601.7 

159 

30 

62625 

1596.8 

160 

45 

62693 

1595.1 

161 

20 

62804 

1592.3 

162 

30 

62880 

1590.3 

165 

90 

63425 

1576.7 

168 

75 

63693 

1570.0 

169 

80 

63706 

1569.7 

171 

60 

63884 

1565.3 

172 

90 

64115 

15,59.7 

173 

80 

64142 

1559.0 

175 

80 

64321 

1554.7 

176 

80 

64500 

1.550.4 

177 

70 

64706 

1545.5 

178 

70 

6476S 

1 , 544.0 

179 

80 

64833 

1542.4 

180 

80 

64916 

1540.5 

181 

85 

64960 

1539.4 

182 

90 

65193 

1533.9 

183 

30 

65261 

1532.3 

184 

20 

65396 

1529.1 

185 

70 

65451 

1527.9 

186 

85 

• 65537 

1525.9 

187 

60 

65656 

1523.1 

188 

80 

65718 

1521.7 

189 

70 

65755 

1520.8 

192 

60 

65913 

1517.1 

193 

30 

65977 

1515.7 

194 

80 

66107 

1512.7 

196 

20 

66226 

1510.0 

197 

90 

66344 

1507.3 

198 

80 

66385 

1506.4 

200 

20 

66575 

1502.1 

202 

60 

66711 

1499.0 

203 

65 

66829 

1496.4 

204 

80 

67119 

1489.9 

205 

60 

67220 

1487.7 

207 

30 

67499 

1481.5 

208 

60 

67736 

1476.3 

209 

20 

67866 

1473.5 

210 

80 

67928 

1472.1 

211 

10 

68070 

1469.1 

213 

65 

68259 

1465.0 

216 

20 

68559 

■ 1458.6 

217 

90 

68631 

, 1457.1 

218 

10 

68693 

1455.8. 

219 

50 

68848 

. 1452.5 

221 

65 

69052 

1448. ,2 

224 

10 

69318 

1442.6 

227 

90 

69595 

'■1436.9 

228 

15 

69753 

1433.6 

229 

10 

69816 

'1432.3 

230 

50 

69911 

1430.4 

234 

SO 

70219 

' :1424.1 
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made is shown definitely in this region. For what appeared in Fig. 2 of the 
paper of 1925 as uncertain ripples in the level plateau of the center has now 
become eight very definite lines, numbers 155 to 162, arranged in pairs. The 
old lines Nos. 69 and 80, the second from the middle region on either side, 
now appear as two close- lines each. Nos. 149 and 150 and Nos. 168 and 169 
of Fig 5 Line 159 which we have marked the center, because it is a geo- 
graphic mid point, is not a particularly significant line. Some lines separated 
here, for example, numbers 172 and 173 and 168 and 169, are less than one 
wave per cm apart. 

It may be well to compare some of the wave-lengths with those given in 
the previous papers from this laboratory. In many cases no basis for com- 
parison exists, for one of the former "lines” now appears as several. However, 
there are many lines in the region of 2.67/i as it appeared in 1918 which have 
persisted as single effects, and there are several lines near 1.87/x and 6.26/1 


100 


BO' 


"h.. r69 


Q. ! 

geo 


rigf 

‘ 190 


20 


186 




178 

Ml 

176 


} 166 


165 


152 144 I38i3fi 


123 119.. 


150 


- CENTER {?) 
i 155 
160 1 
157 156 


1500 


2'" 3 4 "5 6 7 


148 


143 


1391 


135 


128 


132 


127 


126 

;124 


|I20 


■ 9 1600 1 2 3 4 

WAVES PER Cm 


117 


115 114 


103 101 


104 


100 


■106 


102 


5 6 7 8 9 1700 i 2 3 4 1750 


F'ig. 6. Region of 6.26;:, middle part. Intensities of the absorption 
lines shown on a scale of waves per cm. 

which may be compared in the paper of 1925 and the present one. The com- 
parison shows that single lines in the band at 2.66/t are now assigned wave 
lengths from 3 to 7A greater than those of 1918. Perhaps the 
tion formerly neces.sary accounts for the systematic difference. S^dar d^er- 
ences appear at 1.87/t. At 6.26/i the difference is more ^uki and somewha 
larger. In many cases, however, no comparison is possible 
114 and 115 were formerly given as one. No. 54, and Nos. 120 and 121 as 

™”tme^Limate of the precision attained in the wave lengths listed here is 
necessary armav be maL as follows. The calibration of the 7,200 line grat- 
ing, used in all the work except for the band at 6.26/., was based on the mer- 
cur’v line whose wave-length was taken to be 10139.8A in air. This calibration 
has "been done by Meyer, and charts have been made from 
and wave number can be read directly m terms of angles. This calibration 
believed to involve no error greater than 1 part in 50,000. There exists always 
some uncertainty in setting the circle. If this amounts to 5 seconds, then the 
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location of an absorption line which depends at the tip upon perhaps four 
plotted points is also uncertain. Independently measured values of typical 
lines in two of the regions are shown in Table VI. 


Table VI. Typical values for the different angles and 

wave-lengths found for a single line. 

Line No. 

Angle 

Wave-length 

31 

24°31'55" 

292 I9A 

3i'55" 

29219 


3V5S'' 

29219 


32'0'' 

29221 

33 

24°37'25" 

29322 

15" 

29319 


10" 

29,317 


15" 

29319 

39 

24°44'42'' 

29457 

50 

29460 


40 

29457 


45 

29458 

128 

19‘’54'22" 

5989 1 

30" 

59897 


15" 

59885 

138 

20°10'37" 

60672 

45" 

60678 


45" 

60678 


50" 

60682 

148 

20'’26' 7" 

61416 

10" 

61418 


5" 

61418 


When there are extreme differences of 20" we have taken more than lour 
independent energy curves. It seems fair to affect the values of wave-length 
in these regions with a probable error of +2A. It is perhaps an even chance 
that the true value of the wave-length in air, based upon the value used here 
for the mercury line, is within 2 A on either side of the values given here. In 
order to guard against mistakes in reading the calibration charts, values of 
wave-length and values of wave-number were taken off independently, and 
afterward checked by looking up all the wave numbers in a table of recipro- 
cals. These considerations and this estimate of precision refer to the regions 
1,87/4, 2.66juand S.lSjLc. 

The band at 6.26/4 was studied with a grating having 2,880 lines per inch. 
Its calibration was based on the same value of the wave-length of the mer- 
cury line at lju, and also on work with visual lines. The spectrometer constant 
was 17S ,900A. There was no chart available, and our procedure was to com- 
pute independent values of X, one from each plotted curve, by the equation 
'X-K sixi d. First the wave numbers were looked up in the reciprocal tables, 
and then the wave numbers were independently computed by using cologs. 
Typical values in this region are given in Table VI. It does not seem that the 
spectrometer constant for this assembly is responsible for an error of 1 A in our 
results, and perhaps the wave-lengths in Table V should be written ± 3 A, To 
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reduce this uncertainty requires more observations, and more independent 
curves. The systematic difference between the wave-lengths given here, and 
those published in the paper of 1925, for such lines as may properly be com- 
pared, must arise from differences in calibration constant. The circle used in 
all this work, as well as in many other investigations made in this laboratory, 

has no appreciably eccentricity. . ^ , 

The advance over previous work represented here lies, first, m more reliable 
determinations of individual wave-lengths. Second, more lines have been 

measured, and this work should make possible a better classification, if it is 
demanded by theoretical study of the water molecule. Third, the lines meas- 
ured represent, in more cases than in previous data, single absorption effects, 
so that more of the wave numbers are of actual physical significance. 
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■THE DIFFUSION PROBLEM FOR A SOLID IN (X)NTACT 
WITH A STIRRED LIQUID 

By T. E. W. Schumann 
West Virginia University 
(Received April 21, 1931) 

Abstract 

A cylindrical solid of length a in a direction x and of arbitrary cross-secaion 
normal to x is in contact on its plane face x^a with a well-stirred FKiuid. ihe face 
X“0 of the solid and the lateral surface are impervious to heat. The li(|uid extends 
from x—d to x~(i~\‘h. At the licjuid is in contact with a source of he«it at the 

constant temperature B, the transfer of heat from this source being proixal i< mul io the 
difference in temperature between the outside source and the licjuid. If the initial 
temperatures of solid and liquid are given, the problem of the temperature distribu- 
tion at any subsequent time can be obtained by means of a modification of the well- 
known Fourier analysis. 

I N STUDYING practical problems concerning the one-dimensional flow 
of heat in a solid, boundary conditions are sometimes met which are not 
directly amenable to the ordinary Fourier analysis. This is due to the fact 
that the characteristic solutions of the differential equation suliject to the 
given boundary conditions do not form an orthogonal set of functions. This 
difficulty can be met in various ways. One method will be given in this paper. 

The problem here considered is that of the one-dimensiona! flow of heat 
in a solid slab which, at its face x=a, is in contact with a well-stirred Hquid 
extending from x=a to The liquid receives heat at the face x — a+b 

from an outside source kept at a constant temperature 0, the transfer of heat 
to the liquid being proportional to 0— where v is the temperature of the 
liquid. The slab is impervious to heat at the face .v = 0. The lateral surfaces of 
the slab and the liquid are supposed to be impervious to heat so as to insure 
the one-dimensional flow of heat.^ If the initial temperature of the liquid 
and the initial temperature distribution in the solid are known, then it is 
possible to determine the temperature distribution throughout the system at 
any subsequent instant. 

Let t) represent the temperature in the solid at any point x and at time 
t, and let 2 i(/) represent the temperature of the liquid at any time A The func- 
tion v{t) must be continuous for all values of L 

Now, according to the well-known Fourier equation of heat conduction 


du 

— = a3 j t > 0 

dt dx^ 


( 1 ) 


^ These conditions are approximately realized when a slab of low thermal conductivity is 
heated between two similar parallel plates of high conductivity, metal plates for example, the 
outer plates being heated by a hot gas. 
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where the thermal diffusivity of the solid, is the quotient of its thermal con- 
ductivity k by the product of its density p and its specific heat c. 

Also, since the face at x = 0 is impervious to heat 

diifdx = 0, a; = 0, < > 0. (2) 

Furthermore, the heat gained by the liquid must be equal to the heat it ac- 
quires from the outer source minus the heat which is conducted across the 
solid-liquid boundary. If K is the heat capacity of a prism of the liquid of unit 
cross-section and 7 is the coefficient of heat transfer from the outer source per 
unit cross-section, unit difference of temperature and unit time, then 

K—=- k(,du/dx)^a + yie - »), t> 0 - ( 3 ) 

(it 

The thermal contact of the solid and the liquid a.t x= a gives rise to the 
equation 

u{a, t) = v{t), t > 0. W 

If »o is the initial temperature of the liquid and uaix) that of the solid, then 
we have 

lim vit) — Do 
/=o 

lim u{x, t) = uo{x), 0 S X < a. (6) 

( = 0 

It will be noticed that we have restricted the validity of the last equation so 
as to exclude the point x = ci for the reason that it would be impossible to 
satisfy all the conditions imposed by Eqs. (1) to (6) if this point had been 
included, except for the special case when tioia)=vo. The same difficulty, 
however, is met in any Fourier expansion. Fourier’s theorem states that a 
function fix) which fulfills Dirichlet’s conditions in a given interval can be 
represented by a series of sines and cosines except at points of discontinuity. 
If therefore we express u in terms of a Fourier series we shall expect it at 
time ^ = 0, to satisfy the initial temperature distribution except at points of 
discontinuity including the point x = fl, lim uia, t) having some value different 

from tioia). From physical consideration it is possible to determine the value 
of lim u{a, t). 

'suppose that at any point .x there is a sudden change in the value of 
Unix) from iii to Ui. This means that the temperature gradient is infinite at 
xo. The heat conducted across unit area is proportional to the temperature 
gradient, and hence if the temperature gradient is still infinite after a snaall 
but finite time €, then the heat transferred across unit area will be infinite, 
which is clearly impossible. From this it follows that the temperature discon- 
tinuity must have disappeared after the time e, however small e may e. 
These considerations also hold at the point x = a, where there is thermal con- 
tact between the solid and the liquid. Hence 



1510 


T. E. W. SCHUMANN 


u(a, e) = afe) (<) 

however small € may be. 

Now let us consider the value of v(e) when e becomes ^■et•y small Since t!ie 
liquid IS kept stirred its temperature must be uniform at any instant of time. 
Therefore the change in temperature Vo-v(€) is proportional to tht^ iota! hc^ai 
conducted away from the liquid, and by choosing € sufficiently small we iini}' 
make this heat, and consequently vo—v(€) as small as we f)lease. f lenre it fol- 
lows that 

lim vie) = Vo 

e = 0 

and combining this result with Eq» (7) we have 

lim u(a, e) = Vo 

e=0 

or 

lim u(a, t) - ZJQ. i^) 

Eqs, (8) and (4) can now be combined into the single equation 

t) = vif) ( 9 ) 

for all time. 

Accepting (9), we can rewrite the equations of condition, siibsti tilting n(a, l) 
for v{t) 


du 

dHi 


: 

= a2 , t > 0 

(10) 

dt 

dx^ 

du 


(IJ) 

^ : 

II 

p 

11 

p 

V 

o 

dx 


du 

du 

= — — -f ^(0 — u), X == <7, 1 > 0 

(12) 

dt 

dx 



lim u{Xj t) = tio{x), 0 g < a 

(1-^) 


lim u{a, t) = ^0 

(14) 


and our problem reduces to the determination of u so as to satisfy conditions 
(10) to (14), 

On account of the rather unusual character of the analytical conditions it is 
perhaps advisable to demonstrate that this set of equations possesses a unique 
solution, and we proceed to show this briefly. If possible, let there be two 

independent solutions 2^1 and 2 ^ 2 - 
Let 

V = Ui — 

Then V must satisfy the following set of conditions 


(a) 
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dV ^dW 
dt dx^ 

(b) 

dV 

= 0, X = 0 

dx 

(c) 

dV dV 

= - k yV, x = 0 

dt dx 

(d) 

V = 0 , t = 0 , Q ^ x^ a 

(e) 


Ka^ 

J = — F 
2 k 


where Va is the value of V at x = a. 

Then 

dJ K(x\_ dVa dV 

dt k 


Ka- dVa dW 

i. 


Ka^ dl 
— F. 
k dt 


Therefore 


Put 


1 

■’ + Ti 


VMx 


by virtue of (b) 
. 2 


V — a 


by virtue of (c) and (d). 


< 0 . 


= 0+ E^nCOS — 


which is the type of expression to which one is led by the ordinary Fourier 
analysis. If this series is convergent, then u attains the value d when i! = co , as 


But since / = 0 when I = 0, it follows that 

J S 0. 

Also, according to the definition as given by Eq. (f), J is essentially positive. 
Hence from which it follows that there can be only one solution to the 

problem. 

We now proceed to find this solution. 

Let us set 

■X i-f 

(15) 
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should be the case from physical considerations. Eq.s. (lOj and 111 j are for- 
mally satisfied by this expression. Eq. (12) will also be satisfied pro\ ided the 
z’s are the roots of 


tan ; 


\z “h 


ya 

Jz 


ilOj 


where 


ak ape 


ill) 


There now remains the problem of determining the values (,)f K m as to satisfy 
conditions (13) and (14), namely that 


i(x, 0) = 0 -T 




ih{x)^ 0 ^ X < ii 


[I8j 


and 


i{a^ 0) == 0 


cos • 


(19) 


A difficulty is met here due to the fact that in (18) the characteristic fiinctions 
are non-orthogonal.^ 

To overcome this difficulty we assume for the time being that (18) can be 
differentiated termwise, the result being 


0 ) Zii'X 

— = - 2^— sin — 

dx a a 


( 20 ) 


2 The situation here encountered is entirely similar to that met b)’ iXIarch and Weaver in 
connection with a problem which is a special case of the one here consiclered (see Rev* 

31, page 1072). A somewhat simpler device than the one here used is, however, sufficient to 
meet the situation of the former paper. In fact, one sought there to develop a function uqIx) 
in a series of non-orthogonal functions cos ZnX where s» are the roots of tan Tills can 

be accomplished indirectly by expanding the integral of tiaix) in a series of the orthogonal fmiC'- 
tions sin ZnX, This procedure leads at once to the solution: 


u -T 

' 1 + V 




where 


1 

sc — I UQ{x)dx 
Ch a 


En = 


1 -f X + X%n‘ 


;[( - !)”(« - BoX)(l -I- wyn + 2(1 -1- X“2„‘)e„] 


and 


Qn - — COS^ — 

d Q d 

the notation being that of the paper referred to. 


dx 
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It will be shown that it is possible to obtain the values of E from (18) and (20) 
by the usual Fourier method. Multiply (18) by cos Znxia and (20) by pn sin 
Znxja, add and integrate with respect to x between o and a, and determine 
p„ such that the product terms vanish, i.e., such that 


^ ft 

I COS 
Jo 


Zn'^' pnZi 

— COS ax i 

a a a 


J ZnX . 

sin SI 

a 


sin dx = 0. 

a 


By making use of Eq. (16) it can readily be demonstrated that (21) is satisfied 

provided 


The equation from which the value of En is to be determined is 


' ZnX k\Zn’^ 

coS '^ dx En 

a ya 


I sin^ dx 

lo ^ 


XSn/e f “ du(x, 0) . . 

= 0) - B) cos dx + sin dx . (23) 

Jo ■ ^ ^ a 7 Jo dx a 

All the integrals in the above expression are perfectly straightforward except 
the last one which can be integrated by parts: 

dH(x,0) . f / m r“ 

sin dx = uix, 0) sin - I cos ax 

J . dx a L a Jo a a 


. s,. - - Cuoix) 
a do 


ZnX 

cos dx 

a 


by virtue of Eqs. (14) and (18). If the other integrations are performed it is 
found that 


.Hi -j- x) cos’* s,A 

Jtz,? } ) 


cos s„ + 


1 /•“ 

— I Uo{x) 

a Jo 


ZnX 

COS dx (25) 

a 


The problem has now been formally solved, the value of u being given by 
Eq. (15), where the values of s have to be determined from Eq. (16) and those 
of i’ from Eq. (25). The value of v, the temperature of the liquid, is the same 
as «(«. () according to Eq. (9). We know that the expression obtained for u 
will satisfy Eqs. (10) to (12) but it still has to be demonstrated that it also 
satisfies (13) and (14). If this can be proved, then we know that we have 
obtained the true and unique solution to the problem. A formal proof that 
(13) and (14) will also be satisfied would require a considerable amount of 
space and the inclusion of such a proof in a journal devoted entirely to p y- 
sics could hardly be justified. It may be stated, however, that a satisfactory 


Vm 


.i ; 




I'W 

I 

I 
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proof.has been, obtained, the method employed involving the use of (b'ceifs 
functions and being essentially the same as that employed b}* ( arslaw*^ in 
solving a- similar type of problem. In brief, the procedure is lirsl ifj find a sniu-* 
tion due to a point source of heat at the point where 0 <.v' <u, subjecl to 
the boundary conditions as expressed by Eqs. (11) and (12), with restrio 
tion that 0 is assumed to be zero. The result is expressed in the form of u ooiii- 
plex integral. By complex integration over a suitably chosen path it is t iuni an 
easy matter to show that the solution obtained satisfies the ec|ualicms of con- 
dition and also the initial condition of a unit point source at v = 

Now the sum of any number of such solutions will still lx* a solution. 
Hence, by choosing a suitable distribution of point sources we can build up 
the final solution corresponding to the initial temperature <listribution 
given by Eqs. (13) and (14). In building up this initial temperature distribu- 
tion it must be borne in mind that the distribution must be of strength 
U(i(x)pc per unit length of the solid, when we deal with unit cross- se<;t ion. At 
the point x = a, however, there is concentrated a point source of total strcmgth 
Kvq, corresponding to the heat initially contained in the liciuid. Tliis holds for 
the case when 9 = 0. The transition to the cavse when O^i) is easy aiul need 
not be elaborated here. Since the validity of the solution for a single point 
source has been proved the solution thus obtained for any distriinuion of 
point sources must also be valid. The result, which is in tlie form of a c<nnp!ex 
integral can be transformed into an infinite series by integrating over a suit- 
able path and applying Cauchy’s theorem to the poles of the integniiKi. In 
carrying out this transformation the resulting infinite series was found to be 
entirely in agreement with that already obtained by the Fourier metliod. 
Our problem has therefore been finally and completely solved. 

Numerical example. 

We give a numerical example which was worked out in connection with 
the heat conduction into a slab of coal bounded by two plates of steel The 
values adopted for the different constants are if = 2. 23; i^ = 0 . 01425 ;(i. = 1 . 27 ; 
7 = 0.0452; p = 0.8; C= 0.2775; 9 = 1; ?;o = 0.8; = where the centimeter, 

gram, minute, and degree Fahrenheit are the fundamental units (if length, 
mass, time and temperature respectively. 

It follows that X = 7.9 and 0:^ = 0.0645, and Eq, (16) takes the form 

4.03 

tan ^ =■ — 7.9z + — ~ • (17) 

z 

The values of z as determined graphically from this equation were z = 0.666, 
1.663, 4,74, 7.85. These values of z were substituted in Eq. (16) and the values 
of the £’s were found to be 

£ = - 0.703, - 0.428, 0.213, - 0.181. 

Furthermore the successive values of were 

3 Carslaw, The Conduction of Heat, p. 180. MacMillan and Co. 
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aV 

_ = 0.0178, 0.1105, 0.899, 2.464. 

Therefore the final form that Eq. (7) takes in this case is 

0.666^ 1.663x 

u = 1 - 0.703 cos- e-o.oi78« - 0.428 cos ^-o.iiosi 

a a 

4 74 1: 

+ 0.213 COS~-~^ g-0.899i ^ 

a 

The temperature u(o, t) at x = 0 and the temperature u{a, t) or v{t) were calcu- 
lated from this equation and the values are given in Table I. 

Table I. 


Time, t~~-0 

OJ 

O.J 

2.0 

4.0 

10. 

20. 

30. 

80. 

il((K t) =0 

0 

0 

0.013 

0.104 

0.360 

0.582 

0.7 S3 

0.883 

0.685 

0.683 

0.683 

0.685 

0.701 

0.739 

0.813 

0.908 


iM'oni the table we see that the temperature v{t) of the steel (or stirred 
liffiiid) sinks ra[)idl\" from its initial value of 0,8, stays practically constant for 
an a[)precial)le time at about 0.685, and then begins to rise steadily attaining 
its asymptotic \'a!ue of 1.0 after infinite time. 

From this example it is evident that numerical calculation for any prac- 
tical problem will in general not require an excessive amount of labor. 

My thanks are due to Dr. S. P. Burke, Chairman of the Industrial Science 
Di\'ision of this rni\'ersity for his interest in this problem, and to the Com- 
bustion rtilities (k>rporation for permission to publish the results. I also 
wisli to thank Professor Warren Weaver of the University of Wisconsin for a 
number of helpful suggestions concerning the form of presentation of the 
paper. 
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Abstract 

The temperature and pressure variation of the dielectric constant of formic an I 
propionic acid vapors has been studied experimentally. The behavior is similar to 
that previously found for acetic acid. For formic acid it is possible to calculate from 
Coolidge’s vapor density measurements the amount of association into double mole- 
cules, and to explain the apparent departures from Debye’s theory in terms of such 
association. It is then seen that the apparently linear pressure curves can be explained 
by the compensation of several factors in the measurements. By assuming that the 
optical part of the polarization is doubled on association and taking this value from 
refractivity measurements, values for the electric moment of the single and double 
molecules of formic acid are obtained, 1.51X10“^® and 0.99X10“^® c.g.s.e.s.u., re- 
spectively. Although no reliable vapor density measurements exist for acetic acid it is 
assumed that the anomaly in this case also is due to association rather than to the 
previously suggested effect of vibrational quantization. The previous data are re- 
interpreted accordingly. By using the optical refractivity as before a value is obtained 
from the high temperature measurements for the electric moment of the single molecule 
of acetic acid, 1.73X10”^®; and similarly for propionic acid, 1.74X10”’^® c.g.s.e.s.u. 

The electric moment of complex molecules is then discussed with reference to directed 
valence and to internal free rotation around single bonds. The possibility of the im- 
portance of interaction between external rotation and internal free rotation is sug- 
gested. The question of the interpretation of measured electric moments is raised for 
the case where free rotation causes a time variation of electric moment. In this con- 
nection the experimental values of electric moment are discussed. The values of the 
electric moment of these acids indicate that the OH group is tightly bound as sup- 
posed by Eucken and Meyer. A structure for the double molecule of formic acid is 
suggested, with the four oxygen molecules at the corners of a rectangle, the planes of 
the two constituent single molecules at an angle of about 120°, and the OH groups 
bound tightly in positions of minimum potential energy. This structure does not 
seem to be inconsistent with the observed electric moment. 

TN A previous communication^ measurements of the dielectric constant of 
A acetic acid vapor were published. These measurements indicated that 
there is a change of the electric moment of the acetic acid molecule with 
temperature, and it was suggested as a possible explanation that the effect is 
due to a transition in vibrational quantum state of the OH group. The 
possibility that the apparent change in electric moment could be due to asso- 
ciation was considered excluded by the fact that the variation of dielectric 
constant with pressure was linear within the limits of experimental error. 
The presence of association could not be further tested since there exist no 

1 C. T. Zahn, Phys. Rev. 35, 1047 (1930). 
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reliable measurements of the vapor density of acetic acid. It was decided to 
make a further study of this effect by making measurements of the dielectric 
constant of formic acid and propionic acid vapors. In the case of formic acid 
excellent vapor density measurements have been made recently by Coolidge,^ 
who has shown that his measurements can be explained by the existence of 
double molecules and has given satisfactory equations for the calculation of 
the degree of association. A study of these data shows that there is a con- 
sideiable amount of association in the region of temperature and pressure 
available for convenient dielectric constant measurements. This suggests 
that the anomaly in the previous acetic acid measurements might be due to 
association in spite of the apparently linear pressure curves. For example, 
this might be possible if the shape of the vapor density curve were such as to 
effect the linearity of the pressure curve only very slightly throughout the 
measured range of pressure, and particularly if the molecular polarizations 
of the .single and the double molecules were not greatly different. 

Formic Acid 

The present data on formic acid show the same general characteristics 
as those on acetic acid. The pressure curves are apparently linear and the 
electric moment apparently decreases with the temperature. This being a 
partial confirmation of the above suggestion of association, an attempt was 
made to explain the anomaly in formic acid quantitatively in terms of associa- 
tion and to calculate the electric moment of the single and double molecules. 
The percentage of associated molecules was calculated from Coolidge’s equa- 
tions for the points of maximum pressure on the curves and at the four differ- 
ent temperatures included by the data. At the highest temperature there was 
found 9 percent association and at the lowest temperature 58 percent- A 


Taejle I. Formic acid data. 


rK 

P 

cm Hg 

3(£-l)/(e-(-2)i; 

3U-l)/(i+2}vT 

P 

344.63 

18.62 

5547 

1.912 

41.43 

386.91 ' 

28.32 

5542 

2.144 

41.40 

403.10 

28.27 

5536 

2.23! 

41.34 

423.43 

28.36 

5525 

2.338 

41.26 


rough calculation from the data of Table I shows that if the effect is due to 
association the associated molecule cannot have zero electric moment as it 
would have in case the two associating moments were antiparallel. This also 
is in confirmation of the above suppositions. 

In Table I the data were calculated from the readings at the highest pres- 
sures only. An example of a pressure curve is shown in Fig. 1 . For economy in 
space the individual pressure data were not included in the table. In column 
3 of Table I the value of the specific volume was calculated from the ideal gas 
equation and refers therefore to the normal ideal value. Therefore the values 
in column 3 represent the apparent polarization referred to a normal ideal 

A. S. Cooiidge, JO'iir. Araer. Chem. Soc. 50, 2156 (1928). 
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number of gas molecules. The values in column 5 represent the molecular 
polarization, or the polarization referred to a mol of the molecules. The 
values in column 4 plotted against the absolute temperature would give a 
Debye line if the molecules were of one kind only. The absolute values of € 
used here are the values corrected as described later for the extrapolation to 
zero pressure under the assumption of association. 

In order to determine the molecular polarization of the single and double 
molecules individually, it was assumed that the constant, or so-called optical, 
part of the polarization is doubled on association. This is probably justified 
by the well-known principle of the additivity of refractivity, particularly 
since the energy of association is not great. In any case the optical part is the 
smaller part of the electric polarization under the available experimental con- 
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Fig. 1. Pressure Curve. 

ditions. The two molecular polarizations are set respectively equal to ^ + 
Bi/T and lA+B^/T according to the Debye theory. Hence the measured 
molecular polarization is 


P = ni(A + Bi/T) + n2{2A + B^/T) 

where fix and are the respective mol fractions. Bi and B^ are proportional 
to the squares of the two electric moments. An approximate idea of the 
magnitude of the effect of association can be obtained by assuming that the 
association is negligible at the highest temperature, and then calculating 
lA-^'B^/T from the data at the lowest temperature and maximum pressure. 
If the pressure curves are then corrected so as to correspond to the single 
molecule alone, it is found that these curves are still apparently linear. This 
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can be seen in Fig. 1^ where the uncorrected points are shown by crosses and 
the corrected points by circles. 

It can therefore be stated that so far as the linearity of the pressure curves 
is concerned the assumption of association is justified. It remains only to see 
whether the constants can be chosen so as to fit all the data satisfactorily. 
The more accurate calculations are slightly complicated by the fact that 
it is never possible in a pressure curve to measure accurately the vacuum 
value of the experimental condenser capacity. This is true because inequal- 
ities in the temperature of the condenser plates arise on evacuation.® It is 
therefore necessary to extrapolate to zero pressure in order to obtain absolute 
values of the dielectric constant. Fig. 1 shows that the extrapolated value 
differs slightly for the corrected and the uncorrected curves. (This shows that 
the greatest departure from linearity exists at the very low pressures and 
partially explains why it was not originally detected.) These curves were first 
corrected roughly as above stated in order to locate the zero, and then new 
absolute values of the dielectric constant and molecular polarization were 
determined. 

Because of the complicated nature of the calculations and the smallness 
of the association effect, no attempt was made to determine A, but it was 
taken from the molecular refractivity of formic acid in the liquid state as 
given in Landolt Bornstein, 8.53. This value is probably a jittle too small be- 
cause of infrared terms in the refractivity, and the resulting calculations are 
subject therefore to a small error. Appropriate values of Bi and were 
obtained by choosing the value of Bi which gives on subsequent calculation 
the most nearly constant value for the ratio BxjB^, The value chosen for Bi 
is 14160. Table II vshows the corresponding values of BifB^ with a weighted 


Table II. Formic acid: calculation of molecular consta?tts. 
^1 = 14160 .4=8.53 

iUi = 1.5lXi0“i»; iU2=0.99Xl0~is 


ric 

cm Hg 

Mol fraction 
association 

P 

Bi/B, 

344.63 

386.91 

403.10 

423.43 

18.62 

28.32 

28.27 

28.36 

0,580 

0.275 

0.171 

0,092 

41.43 

41.40 

41.34 

41.26 

0.45 

0.40 

0.37 

0.50 

0.43 mean 


mean of 0.43. From these values it can be seen that while the reduction in the 
electric moment is considerable the doubling of the optical term masks a con- 
siderable portion of the effect. Further, in order to show how nearly the data 
for the four different temperatures and maximum pressures are consistent 
with these constants A, and B^j the values of the electric polarization 
were calculated and compared with the experimental values. This is shown in 
Fig. 2. The upper straight line is the Debye line for single molecules, and the 
lower line, for double molecules. The product of the polarization and the ab- 
solute temperature is plotted against the absolute temperature. For con- 


C. T. .Zalin, Phys.,Rev. 35, 848 (1930). 
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venience the values of the polarization here refer not to a mol but to the ideal 
number of molecules per cc under normal conditions of a gas. The crosses 
represent the experimental values and the circles the calculated values for the 
maximum pressures. The deviations are seen to be of the order of one per- 
cent. This agreement is almost better than one could expect in view of the 
nature of the calculations and the possibility of small errors due to absorp- 
tion on the condenser plates. 

Finally it seems that the anomaly for formic acid can be satisfactorily 
explained by association and the values of the electric moment for the single 



and double molecules can be calculated. The above values of B, and B, cor- 
respond to electric moments of 1.51 and 0.99X10-^3 c.g.s.e.s.u.. respectively. 
In order to obtain a good specimen of formic acid for these tests Kahl- 

S^above" 

Acetic AND Propionic Acids 

In view of the above results of the calculations for formic acid it seems 

hJterDretH the previous data on acetic acid should also be 

interpreted in terms of association rather than the previously suggested 
temperature variation of electric moment. The same can be said for the data 

^rc^Thflfct^thTtr^'^/^'^- shows a similar but somewhat smaller 
ct. The fact that the effect is smaller in propionic acid may be due to a 

greater masking of the moment reduction by the doubling of thLptical term 
on association; or it may also be due to a smaller amount of assoclatTcm. 
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For these two acids the calculations cannot be carried out as in the case of 
formic acid since their vapor densities are unknown at present. Still if it is 
assumed that the effect is due to association the data can be used to obtain a 
fairly accurate value of the electric moment of the single molecules. 

In Table III are shown the previously published data on acetic acid and 
also the present data on propionic acid together with calculated values of the 
apparent electric moment, /x. The values of apparent molecular polarization 

Table III. 


Acetic acid Propionic acid 



.4 = 12.9 

M = l. 73X10-“ 



.4=17.4 
/:x = 1.74X10-18 



P 


T^K 

P 

11 

297.51 

55.0 

1.42 

356.12 

61.4 

1.59 

320.85 

50.7 

1.40 

373.42 

59.7 

1.60 

344 . 13 

50.8 

1.45 

374.41 

59.8 

1.61 

357.78 

51.2 

1.49 

389.86 

59.8 

1.63 

360.37 

51.6 

1.50 

404.64 

59.1 

1.65 

389.64 

53.7 

1,60 

418.44 

59.4 

1.69 

410.84 

53.5 

1.64 

429.57 

60.3 

1.73 

450.09 

53.3 

1.72 

455.37 

58.4 

1.74 

471.42 

52.3 

1.73 

485.81 

56.0 

1.74 

491.44 

50.2 

1.72 




493.86 

50.3 

1.73 





are calculated from the uncorrected pressure curves and are subject to small 
errors due to incorrect extrapolation to zero pressure. At the higher temper- 
atures this error is negligible since the association effect is very small. Values 
for A are taken as before from refractivity data. The values of ix should ap- 
proach a constant value as the temperature is increased since the association 
then becomes negligible. From Table III it is seen that in both cases ix be- 
comes practically constant above 440°K. The asymptotic values may be 
taken as 1.73 for acetic acid and 1.74X10~^® c.g.s.e.s.u. for propionic acid. 
Because of the danger of decomposition the highest safe temperature for 
formic acid was about 425 °K and there was still 9 percent association. Fig. 2 
shows, however, that the association should become negligible at approxi- 
mately the same temperature as for the other two acids, at 440 °K. 

In the previous article^ on acetic acid it was stated that there was evidence 
at high pressures indicating association in which the polarization is increased. 
This effect was noticed at pressure beyond the apparently linear portions of 
the pressure curves near to saturation, and is probably now to be considered 
as due to surface adsorption on the condenser plates. 

The purified propionic acid was obtained by fractional distillation of a 
specimen from the Eastman Kodak Company. 

Electric Moment of Complex Molecules 

In recent years a number of authors, chiefly Eucken and Meyer, and 
Wolf,^ have made attempts to calculate the electric moment of molecules, 

^ IL Sack, Ergebtiisse der Exakten Naturwissenschafteii, Band VIIT, 337 (1930). 
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assuming that the total electric moment can be obtained by adding vectori- 
ally electric moments characteristic of each chemical bond and directed 
approximately along the valence directions given by the tetrahedral theorv'. 
These calculations have in some cases been complicated by the fact that when- 
ever there is a single bond between two atoms there is a possibility of free 
rotation of two atomic groups relative to one another. In such cases the mole- 
cules cannot be regarded as rigid in the sense that the average relative posi- 
tions of the nuclei are practically fixed. In fact, atomic groups having their 
own characteristic vector electric moments can rotate relatively to one 
another and cause a time variation of the electric moment. (Hojcndahl fir.st 
used this idea to explain difficulties which had arisen from the fact that cer- 
tain molecules of the type CRi have an electric moment different from zero.) 
n these complicated molecules the question arises as to how one sinnild re- 
gard such molecules in interpreting the apparent measured values of eleclric 
moment. Various attempts have been made in this direction. First attempts 
were made by assuming that the electrostatic interaction between the two 
ro a mg groups is negligible and that the rotation is therefore truly free In 
m^rnTn? that the measured value of the square of the electric 

trZtfnlT.h^^ a «-andom dis- 

Dernpnr?tV I I ^ of free rotation. For example, two electric moments, ju, 

resultant momentli^/V*' apparent or 

truly °fiefbtt art' v'!; ™t^tions are never 

diDole intpra f ^ extcnt by electrostatic interaction; e.g., 

polSaatta Z Debye’s classical theory of the dipole 

elLSc n, "‘ “r Z'T “ temperature variation of apparent 

thai-iffh d- ^ ^hen the mnermolecular potential exceeds (1/I0)il'r- and 

over 1 moment is as if were avereged 

oblcdcL ryT.“°"°d'‘; “ “'ndoned above. Cert " 

en S were „Tt Z ' t .s “1 " the internal rotational 

tainlf braff«tL“ * ti' I P"ts would cer- 

tions of the moleculerp. centrifugal action due to the external rota- 

by electrostatic int ^ rotating parts might be deformed 

elergies of the various “e depending on the kinetic 

parts of the mow 1 Then the individual rotating 

tions might be inv^d.^AmidTa^ Meyer’s calcui;. 

be gotten from the ele r ’ ^ c importance of dipole deformation can 

dipole theorv are r m f deviations from the classical 

derived the classical Van Vleck has 

quantum-mechanical considerations^h approximation from general 

values of possible Lr^v rew? 'he relative 

_ ^ sitions m the molecules and spectroscopic 

L. Meyer, Zeits. f. Phys. Chem. (B) 8, 27 (1930). 
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principles. It is assumed that the energy levels of the molecule are such that 
hv is never of the order of kT, but is either much larger or much smaller than 
kT. Then the dipole term in fi^/T arises from possible transitions for which 
hp<^kT ; and the optical term from transitions for which hv':S>kT. There arises 
in the calculations a quantity iJp' which is interpreted as being associated with 
the fixed electric moment of the molecule. The theory is developed for the 
case of rigid molecules and has not been explicitly stated so as to include the 
possibility of internal free rotation. It seems probable that in this latter case 
there will arise a quantity which is to be interpreted as an average p? but just 
how this should be averaged would require further consideration of the 
theory. Whether this p? appreciably depends on temperature or not will 
probably depend on the magnitude of the interaction between the rotating 
parts, and possibly not in the same way as it would on the classical theory. 

Strictly speaking Van Vleck’s theory applies to the cases where all the 
transitions in energy can be separated into the above two cases relative to 
¥I\ When hv is of the order oi kT difficulties may arise. Actually this condi- 
tion may exist for some of the ordinary vibration states, but Van Vleck states 
that, under his assumptions of invariant fixed moment, these states, which 
correspond to linear oscillators would cause no temperature variation in the 
electric polarization. Now in complex molecules there may be certain other 
types of motion for which hv is of the order of kT and a temperature varia- 
tion does result. In this connection it is interesting to consider the internal 
rotation of the OH group in organic molecules. Since this group has a large 
electric moment there exists the possibility of strong electrostatic interaction, 
for example, with the C ==0 bond in the COOH group. The quantized motions 
of the OH group might be similar to those for the physical pendulum as de- 
scribed by Condon.^' The lower states correspond to vibration and the higher 
states to non uniform rotation. The motions of the OH group might be con- 
siderable and the corresponding changes in electric moment quite large. Then 
the assumption of fixed electric moment would be invalid and some kind of 
average should be taken. This average might depend upon temperature, as 
was originally suggested to explain the data on acetic acid vapor. ^ 

With regard to the interpretation of experimental values of p three 
possibilities suggest themvselves for the internal rotation here discussed. (1) 
If the interaction energy were sufficiently small the rotation could be re- 
garded as truly free. Then the corresponding energy levels would be closely 
spaced and according to Meyer^s classical derivation one would expect the 
apparent ju- to be an average over random internal rotational angle. (2) If 
the interaction energy were large, the lower states might correspond to oscil- 
lations of the rotator and have large energy separations. At ordinary temper- 
atures practically all the molecules would be in the lowest state and this 

« E. IJ. Condon, Phys. Rev. 31, 891 (1928). 

^ It seems now that such a temperature variation is not necessary to explain the data on 
acetic acid; still the effect may exist to an appreciable extent but be undetectable as a depar- 
ture from.. the linearity of a Debye line, for example if the deviations were approximately,. linear 
in temperature in the experimental interval. 
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oscillation would not contribute to the temperature variation of electric 
polarization, but would contribute a small. amount to the atomic, or infrared 
part of the constant polarization. In this ground state the corresponding mo- 
tions of the oscillator would be fast compared to the external rotations and 
the apparent fixed electric moment m should probably be regarded as a vector 
average over the oscillation as for the electronic motions, rather than a root 
mean square value as for the case of slow internal rotation. (3) The previous 
two cases are the extreme cases of Van Vleck’s theory, for which the Debye 
equation holds^In the intermediate case where the energy separations are of 
tne order of kT the temperature variation in electric polarization would be 
veiy complicated. This variation would now be due not only to the distribu- 
tion of states of external rotation but also to the distribution in the states of 
internal rotation. Further because of the combined centrifugal and electro- 
static interaction the perturbations of the individual states would no longer 
be like those of a simple dipole rotator. As regards the interpretation' of 
experimental data, if such an effect exists in any actual molecules, it might 
e regarded as an apparent variation of electric moment with temperature 
Such a variation with temperature will not necessarily be detectable as i 
deviation from the Debye equation P=A+B/T-, for it is easily seen that I 
variation in apparent B which is linear with temperature is equivalent to I 
different but constant B together with a change in the consint i If the 
effect is relatively small it may easily be such that the apparent B is approxi 
mately linear in the experimental interval. Then the experimental data^Luld 
lead to a spurious value of the optical part For example, this possibility 
may be of interest in connection with Sanger’s^ abnormal value^of A for 
ethylene chloride. Meyer« seems to think that a temperature variation in 
really exists in spite of the linearity of the Debye line 

There existe another serious difficulty in any quantitative treatment of 
free rotation in that the electrostatic interactiL cannot 
curately. Attempts have been made to consider this interaction as due to 
dipoles concentrated and located in various wavs hnt i f ^ 

roughest approximation to the fec^ts^sinTe^the 

produces a bending of the valence directions Tl ^ interaction 

® R. Sanger, Phys. Zeits. 32 , 21 ( 1931 ). 

® L. Meyer, Phys. Zeits. 32 , 260 ( 1931 ). 

J. C. Slater, Phys. Rev. 37 , 481 ( 1931 ). 
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connection. On the basis of the quantum theory it is suggested that in the 
carbon atom the valence directions tend toward tetrahedral symmetry, while 
in the nitrogen and oxygen atoms they tend to be mutually perpendicular. 
The case of oxygen is of special interest here since it has been assumed by 
Eucken and Meyer that the undistorted valence angle for oxygen is the 
tetrahedral angle of about 110°. This is of importance in the original determi- 
nation of the characteristic electric moments of the various chemical bonds. 

Structure of the Carboxyl Group 

From the previous calculations it is seen that the electric moments of 
acetic and propionic acids are of practically the same value, 1.73 and 1.74 
X 10“^^ but that of formic acid is smaller, 1.51 X 10~^^ It would be of interest 
to know whether this difference arises chiefly in the carboxyl group or in the 
alkyl group. If it arises in the alkyl group one could regard it as due to simple 
dipole induction which increases with the length of the carbon chain. Such 
an effect is well known in the series methyl, ethyl, propyl, to butyl chloride, 
where the moment increases by about 0.2X10~^^ This would indicate that 
the moment of the alkyl group changes from 0.4 to 0.6 XlO""^^ by induction. 
Since the observed change in moment from formic to acetic acid is 0.22 X 10”^^ 
it seems probable that this is also due to induction; particularly in view of the 
fact that the moment of COOH is not greatly different from that of C-Cl. The 
only observed difference in the two cases is that the transition is more abrupt 
in the fatty acid series. 

It is, of course, possible that the transition may be at least in part due to a 
motion of the OH group of the type discussed under the above case (3) of 
relatively small interaction energy; but the values of the electric moment 
seem to indicate that the OH group is bound relatively tightly, either oscil- 
lating or rotating nonuniformly as in case (2). This is suggested by Meyer’s 
calculated limiting values of the moment of the COOH group for the ex- 
treme positions of the OH group allowed by free rotation, 3.5 and 1.1 X 10”"^^, 
corresponding to maximum and minimum potential energy, respectively. Be- 
cause of the uncertainty in the calculations of electric moment, particularly 
in the valence directions, one cannot be certain whether these values indicate 
that the OH group has a considerable oscillation or not. The experimental 
values may be consistent with a very tightly bound OH group and a simultane- 
ous bending of the valence directions, for example. We can, however, say 
with some degree of certainty that the motion of the OH group is not free 
since the expected moment would be much larger than the observed moment, 
about 3X10”^®. This is in agreement with the chemical evidence responsible 
for the supposition of the existence of a chelate ring in the carboxyl group. 

The Double Molecule of Formic Acid 

As regards the structure of the double molecule of formic acid, of moment 
0.99X10”“^®, this value of the electric moment excludes the possibility of the 
antiparallel type of association. Taking into consideration the relative sizes 
of the C and 0 atoms and assuming tetrahedral symmetry for the carbon 


a r. zahn 


1526 

atoms, it is almost possible geometricaly to fit the molecules together in such 
a way that the four 0 atoms lie at the corners of a square and the C atoms 
on a line perpendicular to the square. The planes of the two associating 
HCOOH molecules would then be mutually perpendicular. If this is the 
approximate structure of the double molecule, the OH group of one of the 
original molecules of HCOOH would tend to be directed toward the doufjly 
bound 0 atom of the other molecule and would be attracted toward it, dis- 
torting the square into the form of a rectangle. The OH group would then be 
quite near to the C = 0 group and the interaction woud probably bind the OH 
group relatively tightly in the ground state. It is, of course, impossible to 
make an accurate calculation of the electric moment of the double molecule, 
but a rough estimate after the manner of Eucken and Meyer is perhaps of 
some interest. The sizes of the atoms permit of a distortion of the square by 
interaction such that the planes of the two HCOOH atoms subtend an angle 
a little less than 120°. In the position of minimum potential energy the OH 
groups would lie approximately in the plane of the oxygen rectangle and at 
an angle of 60° relative to one another. Using the values of Eucken and Meyer 
for the characteristic moments one obtains a value of about 1.1 X 10™^^ for 
the electric moment of the double molecule. Finally, one can say that the 
experimental value 0.99X10“^® does not seem to be inconsistent with the 
proposed type of structure so far as this rough estimate is concerned. 

At present it is not possible to calculate the electric moment of the double 
molecule of acetic or propionic acid. These values would be particularly inter- 
esting in connection with the interpretation of the transition in electric 
moment from formic to acetic acid. 



JUNE i, 1931 


PHYSICAL REVIEW 


VOLUME 37 


ON IMPURITIES IN METALS 

By Francis Bitter 

Westinghouse Research Laboratories, East Pittsburgh 
(Received April 27, 1931) 

Abstract 

In order to arrive at a satisfactory understanding of many of the properties of 
metals, especially ferromagnetic metals, it is necessary to take into account the dis- 
torting effect of impurities and of other irregularities in the crystal lattice. The present 
paper is an attempt to describe some of the corrections that must be applied to the 
usual model of a perfect crystal before it can be expected to reproduce the properties 
of actual substances. Starting with the usual law of force between any two atoms — 
repulsion for small distances, attraction for large distances — the distortion of the 
lattice in the immediate neighborhood of an atom of impurity is discussed, with 
especial reference to the significance of the formation of molecules. Phase distribu- 
tions in substances capable of allotropy are described, together with the influence of 
impurities on such distributions. The existence of diffusion makes it possible to apply 
statistical mechanics to solid solutions. It is shown that, in general, atoms of impurity 
in solids do not exert long range forces on each other by means of the distortions they 
produce in the lattice. This makes it possible to give simple formulae for the distribu- 
tion of concentration of the impurities. These distributions are sometimes far from 
uniform, and a phenomenon similar to opalescence in gases may occur. Applications 
of the above concepts to ferromagnetic solutions are pointed out, and it is suggested 
that the ferromagnetism of austenite containing in the neighborhood of 0.8 percent 
carbon may be due to the presence of small granules of oj-iron resulting from local 
fluctuations in the distribution of carbon atoms. 

I T IS an old story that small amounts of impurities are sometimes of great 
importance in determining the physical properties of a substance, but in 
spite of this, the mechanism of such actions is very little understood. The 
magnetism of iron is a good example of the magnitude and importance 
of these effects. Yensen^ has pointed out that in the interval between 1900 and 
1928 the maximum permeability of iron has been increased from 2,000 to 
61,000, chiefly by controlling small amounts of impurity. The most recent 
advance in this field is due to Cioffi,^ who produced iron having a maximum 
permeability of 130,000 by annealing at high temperatures in a hydrogen 
atmosphere. There is little hope of understanding such phenomena until our 
theories of ferromagnetism and of other structure-sensitive properties are 
based on models of solids in which allowance is made for the chemical and me- 
chanical effects of impurities. It is the purpose of this paper to describe such a 
model in some detail, 

1. Pure Perfect Crystals 

The substance to be investigated will be supposed made up of atoms be- 
tween which the usual simple law of force acts — repulsion for small separa- 

^ T. D. Yensen, Journal of the Franklin Inst. 206, 503 (1928). 

2 p. p. Cioffi, Nature 126, 200 (1930). 
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tions, attraction for large separations, and only one position of equilibrium 
for finite separations. Out of this law of force may be calculated^ the potential 
energy # of any given spacial arrangement of the atoms. Such calculations 
neglect a possible block structure as postulated by Zwicky,^ but they may 
be thought of as being applicable to a single block and as an approximation 
to an aggregate of blocks. Since, however, a knowledge of the free energy is 
necessary for the interpretation of the properties of crystals with temperature 
aggitation, and since this free energy is not calculable from our prcvsent knowl- 
edge of atomic physics, it is impossible to make any quantitative theory of 
distorted lattices. A few qualitatively applicable observations can, however, 
be made, and for these we will confine ourselves in the main to the above 
simple model, the object being to find which of the properties of actual sub- 
stances can be found in such a model, and which of the properties require the 
introduction of further assumptions regarding the atomic interactions. 

Beyond the above definition of the substance with which the further dis- 
cussion deals, there is only one point to be brought out before attacking the 
problem of the effect of impurities, and that concerns the mechanism of 
change of phase, and the associated problem of phase distribution throughout 
the volume of the substance. Let this substance be designated by and let 
it be assumed that A is capable of existing in two phases, a and /3. Let the 
potential energy in each of these phases be designated by where 

represents those parameters on which the potential energy depends. For 
the sake of definiteness let us think of p as being the pressure, and as p is 
varied the lattice expands or contracts uniformly, remaining geometrically 
similar to itself. If $ were thought of as the free energy, p might stand for the 
temperature. and satisfy the following conditions: 

for p < pc 
= <l>j3 for p = pc 
for P > pc. 

As p increases from a value just less than Pc to one just greater than pc, the 
whole substance may suddenly change from the a-phase to the /3-phase. The 
intention is to bring out that this change need not take place all at once, be- 
cause the substance may not be homogeneous, as is usually assumed. These 
inhomogeneities may be due to several causes. One such would be local spon- 
taneous fluctuations in p (this, of course, only if there is temperature ag- 
gitation). Another would be the presence of an atom of some foreign sub- 
stance B, or of an atom of A in an excited state. Such atoms would exert anom- 
alous forces on their neighbors, which would really be equivalent to local 
pressures. Or the material might,without the interference of any of these fac- 
tors, have its free energy a minimum for a mixture of the two phases.® For 
instance, suppose ^ is at a pressure and that due to some unspecified 

cause a small region R is already in the /3-phase. Suppose, further, that nor- 

Jones and Ingham, Proc. Roy. Soc. A107, 640 (1925) have done this for laws of force of 
the type for various cubic lattices. 

^ F. Zwicky, Helevetica Physica Acta 3, 269 (1930). 
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mally an expansion is associated with the a— j8 transition. It follows that the 
region R will be under compression due to its increase in volume while still 
surrounded by the unexpanded a-phase. In determining whether this local 
pressure is sufficient to maintain the region R in the jS-phase, and how large i? 
may be expected to be, it is necessary to consider the surface energy of R, 
the presence of other such regions, etc. A detailed discussion of these con- 
siderations cannot be given here, but the following points may be mentioned : 

1. That in solid solutions such phase mixtures do occur. 

2. That in some pure substances the transition from the crystalline to the 
liquid state probably involves such phase mixtures. 

3. That phase mixtures of purely crystalline phases may exist in pure sub- 
stances. 

4. That even under conditions far removed from the critical conditions, 
under wdiich a phase change a— jS takes place, small (ultramicroscopic) in- 
clusions of one phase in the other may be present. 

5. That such inclusions would have a considerable effect on structure sen- 
sitive properties. 

2. One Atom of Impurity 

An atom of a substance^ B in the lattice of a substance A will in, general 
produce very complex changes, especially if B is chemically very different 

^ A theoretical attack on this problem is possible following a procedure indicated by N. 
Rashevsky in an article on the size distribution of colloidal particles (Zeits. f. Physik 46, 300, 
1927). Instead of considering a substance B in another A , we can think of a phase ^ in another a, 
of the same substance. With this change of nomenclature, Rashevsky’s results are 

n{m) being the number of regions in the i3-phase having a mass m. K is the Boltzmann constant, 
X = log Wo; <l)==s — (u+pv)/T, the entropy s being defined by ds-{du-\-pdv)/T. The con- 

stant a is chosen to satisfy the equation 


d 0 


where M is the total mass of substance in the /3-phase. Further progress can only be made when 
the function u is known. Rashevsky show^s that with reasonable assumptions for u, the function 
n(m) may have a maximum either for m^O (a true solution), ?w = ?wo (a colloidal solution), or 
m = 00 (two distinct and separate phases). 

If such a phase distribution is wanted at temperatures which are not convenient for ob- 
servation, the following procedure may be found useful as a basis for extrapolation. Instead of 
speaking of an inclusion of mass m, it will be convenient to refer to an inclusion of radius R. 
Then w(R) + (3 /2)/l"r-f constant. The first term represents the energy required 

per unit mass to heat the /3-phase to the transformation temperature. I is the latent heat of 
transformation of a colloidal particle and may be written (G. Bakker, Handbuch der (Experi- 
mental) Physik 6, page 210) 

, , \^dip^ + poc) 2(v^ + Va)^dH 

J-T-^ 

II is the surface tension. From this equation a reasonable form for «(R, T) can be found, and 
hence the temperature dependence of the size distribution of the particles in the colloidal phase. 

® 5 may be an excited atom of the substance .4. 
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from A . For the sake of this qualitative discussion, however, it will suffice to 
assume that the potential energy between an atom of A and one of B, 
is the same sort of function as the function <j>AA which gives rise to the inter- 
atomic forces already specified in section 1. Typical curves are to be found in 
Fig. 1. In the simple case where 5 is a substitution atom, the effect of the sub- 
stitution is to add to the undistorted lattice a potential 4>ab~4>aa resulting 
from the excess forces exerted by the atom of impurity on its neighbors. This 
curve may have a maximum for finite values of r, or it may have a minimum, 
or it may be of a much more complicated nature, the important point being 
that even with the above simple assumptions a curve of the type shown in 
Fig. 1 for 0.15— is obtainable. 



Fig. 1. The potential energy of two similar atoms ^ -.4 and of two dissimilar atoms A-B 

j ^ ^ distance apart, and finally the difference between these two functions 
which IS used m Fig. 3. 

^ The most striking changes are brought about by the atom of impurity in 
Its immediate neighborhood, but these are not of primary importance in this 
paper and we shall discuss them only for the sake of their possible bearing on 
the phenomenon of thermal hysteresis. In Fig. 2 are shown two ways in which 
an atom of B may interact with its neighbors in accordance with the potential 
energy curve shown in Fig. 1. In both cases the impurity is in solution, but 
in order to distinguish between them, one might say that in case a, the atom 
B IS in solution, whereas in case b, the molecule A ,B is in solution. The exist- 
ence of a solution in two forms as described above is of interest in relation to 
emperature hysteresis. In Fig. 3 is shown a curve representing the potential 
energy of the atom A^ adjoining the impurity as it approaches its neighbors, 
^ and A^, the latter being considered fixed. Curve 1 would represent the con- 
ditions If no impurity were present. The presence of the impurity necessitates 



above described thermal hysteresis will give rise to a thermal hysteresis of 
other physical properties. 

The only influence of the atom of impurity on distant parts of the lattice 
to be considered here will be the elastic deformation. In the calculation of this 
effect, it is assumed that the medium is isotropic, and that the distortion 
produced is spherically symmetrical. Under these conditions the strains in the 

^ N, Rashevsky, Zeits. f. Physik 53, 102 (1929); 59, 562 (1930); 61, 511 (1930); 60, 237 

(im). 
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the addition of (j>AB~-4>AA, or curve 2, and the result is curve 3, which has two 
minima. As Rashevsky has pointed out,^ it is just such curves as 3 Fig. 3 
that give rise to hysteresis, and it is fairly obvious without further discussion 
that the relative concentration of atoms in the two minima will depend not 


Fig. 2. Two possible distortions of a crystal around an atom of impurity compatible 
with the potential curves in Fig. 1 and Fig. 3. 


only on the temperature and pressure, but also on the previous history of the 
sample. Since the physical properties of the substance A +B will surely de- 
pend to some extent on whether B is in solution in the form AaB or B, the 


Fig. 3. The potential energy of .4, as a function of displacement (1) when the atom B is 
identical with Ai and .<42, and (3) when B is an atom of impurity giving rise to the additional 
energy (2), deduced from Fig. 1. 
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lattice will diminish as some function of the distance from the impurity atom, 
and there will exist a sphere of radius i?o (see Fig. 4) around this atom such 
that the strains outside it may be considered small, and proportional to the 
stresses. i?o will, as a rule, be of the order of magnitude of a few atomic 
diameters. Unless the medium is very anisotropic the effect of the impurity 
at distant points may then be approximated by the strains set up in a homo- 
geneous medium within which a pressure p is exerted normally to the surface 
of a sphere of radius i?o. Let E represent Young’s modulus; v Poisson’s ratio, p 
the displacement of any given point, which will necessarily be radial; Sr and'et 



Fig. 4. Diagram to illustrate the symbols used in calculating distortions 
due to impurities in crj^stals. 

the radial and tangential elongations; and cr, and <r, the radial and tangential 
stresses. It then follows that (see appendix A) 

dp p 

€t = 

dr f 


’ dp 

E~ == (Xr — 2v(Tt 

dr 


( 1 ) 


For equilibrium jt is necessary that the radial forces acting on any volume 


E~ = — va-r + (1 — v)at. 

{r -f dr)He‘^ 


or Fr 4[Fi],.. But 

Fr = <yr{rddY - -f 
= (Ttfdddrdd/l 

which gives 

d(j, 


d(Tr 1 

dr 

dr \ 


dr 


2(crf — CTr) = 0 . 1 ^ 2 ) 

Solving Eq. ( 1 ) for c. and and substituting the result in Eq. (2), we obtain 


■ -f 2r- 2p = 0. 

dr 


( 3 ) 


The general solution of this is easily found to be 
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P = Cif + — 

^2 

(4) 

and since we are interested in the problem for which one boundary condition 
is p = 0 for f = 00 , we may put Ci = 0. Using for the other boundary condition 
that (fr = p for f = i?!o we find 

(1 - J- - 2y2) 

= - 2 1 R^3p 

2(1 - 2v)E 

(5) 

p 

^ ,,3 “ 2 

(6) 


and for the total energy of the distortion 

1 \ -v-2v^ 

E ,, = ^ (7) 

2 E 2(1 - 2v) 

These results^ describe the distortion of the lattice at points more than a 
few atomic diameters removed from the atom causing the distortion and will 
be used in part 4 in discussing the possible existence of long range forces be- 
tween atoms of impurity. 

3. Diffusion 

That diffusion and self-diffusion in solids exists has been known for some 
time, but the mechanism by which it proceeds is considerably in doubt. 
FrenkeP studied the phenomenon, first with the assumption that the atoms of 
a solid exchange places, and then^^ somewhat more elaborately with the as- 
sumption that some of the atoms occupy positions of “irregular equilibrium” 
in the interatomic spaces, and that diffusion proceeds by the movement of 
such atoms down the “aisles” of the lattice. Frenkel, and also Braunbeck^^ 
obtain expressions for the diffusion coefficients, of which the most interesting 
feature is that where h is essentially a measure of the work required 

of an atom to break through its potential walls and so change places with a 
neighbor. The diffusion process is perhaps best described in terms of wave- 
mechanics. A particle surrounded by a potential wall will eventually appear 
on the other side no matter what its energy, the probability w of getting 
through at a single impact being^^ essentially diffu- 

sion coefficient for particles having an energy W is then proportionaF^ to w. 
In the above expression F(x) is the potential energy of the particle at a point 
X, and the integration extends between values of x that make (F— W) vanish. 
These two formulae agree in predicting that D will increase rapidly with the 
temperature. Further, because h and V appear as exponents, it is to be ex- 

s I am indebted to Dr. A. Nadai for his advice and help in handling this problem. 

s J. Frenkel, Zeits. f, Physik 26, 137 (1924). 

J. Frenkel, Zeits. f. Physik 35, 652 (1926). 

W. Braunbeck, Zeits. f. Physik 44, 690 (1927). 

R. W. Gurney and E. U. Condon, Phys. Rev. 33, 132 (1929). 
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pected that the diffusion coefficients for different substances will vary greatly 
—even as to order of magnitude. 

4. More Than One Atom of Impurity 

The problem of impurities in solids is essentially that of studying the 
effects of inhomogeneities in a crygtal.^^ But aside from the irregularities pro- 
duced by the impurity because of its atomic character, there is a large scale 
eiffect if its atoms are not disposed at regular intervals. In ferromagnetic sub- 
stances, for instance, the magnetic quality is determined not by the individual 
atoms alone, but by their relationship to each other in the lattice. This rela- 
tionship involves groups of various sizes, such as the crystal grains ; the Bark- 
hausen^^ units; the individual blocks, if block structure, as has been sug- 
gested,^^ plays a part in ferromagnetic phenomena; and finally, each atom and 
its immediate^® neighbors. Therefore, in discussing the effect of an impurity, 
it is necessary to know how its atoms are distributed among these various 
groups. Even in the case of a perfect single crystal, fluctuations in the concen- 
tration of impurities will in general have the effect of varying its physical 
properties from point to point, and the macroscopic sample will have to be 
treated as a heterogeneous medium. 

The first case to be considered will be that in which the atoms are incap- 
able of moving through the lattice. Here any distribution whatever will be 
stable, but the only repeatable distribution will be a random one. In the 
second case, where diffusion takes place, we shall limit ourselves to stable 
distributions, namely those which set in after the substance has been kept 
under constant physical conditions for a sufficiently long time. The^se dis- 
tributions will depend on the existence of forces acting between the atoms of 
the impurity. 

Case 1. (see appendix B) 

Consider n cells or boxes in which iV” particles are arranged at random. We 
require the probability f{a) that a cell chosen at random contain par- 
ticles. This will be the fraction of the total number of arrangements of the N 
particles among the n cells in which one particular cell contains "a” particles. 
The total number of arrangements possible is If we put particular 
particles in a given cell, the number of arrangements possible is reduced to 
But the number of ways in which we can choose the particles is 
N\/a\{N—a ) !, so that the desired probability becomes 




N\{n - 1)^“« 


( 8 ) 


a\{N - a)\n^ 

We shall be interested in the case where N and n, but not necessarily a, 
are large. Applying Stirling’s formula for N and n we get 

Impurities along crystal boundaries and other surfaces are here neglected. 

1^ J. Frenkel and J. Dorfman, Nature 126, 274 (1930). 

13 F. Bitter, Phys. Rev. 37, 91 (1931). 

13 F. C. Powell, Proc. Phys. Soc. 42, 400 (1930) suggests that this last group may contain 
as many as 58 atoms in iron. 
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/iVWe(« - 1)V~“ 1 

lim /(a) = ( — ) (-^ — 

iV"+oo ,w~»oo \efi/ \ N — dj (i\ 


which, neglecting N ^ compared to unity, can be written 

lim /(«) = — (9) 

iV— >00 dl 

where ^ = N/n, and is the average number of particles per cell. This formula 
is not convenient for computation when § is large, and for this case it is pos- 
sible to derive^^ 


iini /(a) 

>«3 ,^—^00 




Curves for various values of ^ are plotted in Figs. 5 and 6. Eq. (10) was 
used for ^ = 1000 only; the other curves represent Eq. (9). 



Fig. 5, N particles are randomly distributed among 7t cells, both N and n being ^1. 
N/n — ^.f{a) is the probability of finding “a” particles in a cell chosen at random. This figure 
shows fid) for small values of 

Case 2. (See appendix B) 

If the particles are capable of motion, they may be considered as a gas 
exerting a pressure, and the fluctuations will evidently depend on the equa- 
tion of state. Fowler^^ shows that if Vo is the volume normally occupied by ? 
molecules at a pressure pa, then writing ((a/^)“l)= 7 , the fluctuations are 
determined by 


f{y)dy = p^dy exp- 


1 J dpo Vo^y^ d^po z^o'^7^ 

kt\ 21 TT TT 




See appendix B. 

Fowler, Statistical Mechanics, pp. 515-516. 
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For a perfect gas dp^/dv^^ —uaKT/v^, the terms involving etc. are 

negligible, and (11) reduces to (10). 

The problem of finding the fluctuations in concentration of impurities in 
solids is now reduced to that of determining the forces acting between the 
impurity atoms, and hence the equation of state of the impurity. Two im- 
purity atoms separated by only one or two atomic diameters may exert forces 
on each other arising from their electrons. But if they are separated by much 
greater distances, it seems reasonable to suppose that the only forces to be 
taken into consideration will be those resulting from the distortion of the lat- 
tice as given in Eqs. (4), (S) and (6). Thus it is necessary to determine the 
energy En{R) of the distortion produced by two atoms of impurity a distance 
apart, and then derive the forces by taking the gradient of En(i?). 


/r 

Fig. 6. For the meaning of the symbols see Fig. 5. In Fig. 6 /(a) is plotted 
for large values of 

Since the differential equations for small strains in an elastic solid are 
linear, we may add integrals provided the boundary conditions are still satis- 
fied. Referring to the problem treated in part 2, this means that the small 
distortion of a continuous elastic medium produced by pressures on the sur- 
face of two spheres whose centers are a distance R apart are equal to the sum 
of the displacements p as given in Eqs, (4) and (5). The boundary conditions 
give rise to the added energy 


where the integral is taken over the surface of both spheres, and pa is the nor- 
mal component of the distortion produced by the one sphere at a point on 
the surface of the other. As is evident from Fig. 4, pa = —p cos {d+4>), 
t^-R^+Rq^-IRRq cos 6, and since cos (i9+0) =cos d cos — sin 0 sin and 
cos 0 = (i2--i?o cos ^)/r, sin 0 =Eo sin 0/E, AEn niay be written 
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== — 2 I I Rq^ sin dddp 

Jo Jo « 

Rq — Rx 

= Awpc^R^^ I dx = ( 

J+i 


C 2 r cos 0(R — i?o cos 0) — sin 0a. sin0" 


— dx = 0. 


In the above the substitution ^c = cos 0 has been made for simplicity in inte- 
gration. This means that for dilute solutions to which alone the above con- 
siderations are applicable, the heat of solution per atom is independent of 
the concentration, and that the molecules of the solute or impurity exert no 
forces on each other over distances greater than a few atomic diameters. Thus 
the solute may be treated as a perfect gas and the fluctuations in concetration 
are correctly given by Eqs. (9) and (10) and Figs. 5 and 6. 

There may, however, be short range forces between atoms of impurity, 
such as cause precipitation . Near a temperature at which precipitation occurs, 





0.6 0.8 


Fig. 7. A volume containing N gaseous molecules is divided into n regions, both N and n 
being )$>1. N/n=^ f(a) is the probability of finding “a” molecules in a cell chosen at random. 
If the gas is near the critical point and | = 1000/(a) is given by the curve above. This should 
be compared with the curve for | = 1000 in Fig. 6, which represents the corresponding condi- 
tions in a perfect gas. 

these short range forces may cause very large density fluctuations, as they are 
in fact known to do in gases near the critical temperature, giving rise to the 
phenomenon of opalescence. As an example of the order of magnitude of the 
fluctuations to be expected under such circumstances, the fluctuations of a 
gas obeying Dietrici’s equation of state 

p(jj - b) = (14) 

at the critical temperature are plotted in Fig. 7 for ^ = 1000. The formula for 
this curve may be derived by substituting Eq. (14) and Eq. (11), and the re- 

f(a) = constant (15) 
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5. Applications 

The above ideas may be applied to the effect of impurities on various 
properties of metals, but we shall in this paper only point out their bearing on 
a few ferromagnetic phenomena. 

As a first example, consider platinum containing 1-10 percent cobalt, as 
has been studied by Constant.^® One of the questions of primary importance 
in attempting to understand the properties of such solutions will be that of 
determining how many cobalt atoms are adjacent to 1, 2, 3, . . . etc. other 
cobalt atoms. In this particular case interatomic forces will be of importance, 
but it seems clear that unless they are strongly repulsive, one can hardly ex- 
pect such solutions to be homogeneous. That is, the solution will consist of 
small regions which will behave like pure platinum, and small regions which 
will approximate pure cobalt, and all intermediate gradations. Since paramag- 
netism and diamagnetism are as a rule negligibly small compared to ferromag- 
netism, it may be a good approximation to treat the above solution as a group 
of ferromagnetic inclusions in non-magnetic material. In a future commun- 
ication on block structure and ferromagnetism I hope to return to a more 
detailed discussion of the properties of such solutions. 

One of the outstanding facts about ferromagnetism is its susceptibility to 
strains, and in the preceeding sections we have discussed the strains due to 
individual atoms of impurity. To these may be added strains due to fluctua- 
tions in concentration of impurities. Until more is known of the mechanism of 
magnetization it is useless to say anything about the effects of these strains 
on the hysteresis loop, magnetization curve, etc. beyond pointing out that 
strains do have large effects, that impurities do cause strains, and that con- 
sequently impurities may be expected to have large effects on magnetic prop- 
erties by virtue of these strains.^” 

As has been mentioned, an impure metal may be expected to behave like 
an aggregate of regions whose physical properties are dissimilar. A phe- 
nomenon which would show the effect of these small regions would be the 
change of phase, if observed under suitable conditions. Suppose that some 
pure substance A undergoes a transformation at the temperature T, and that 
addition of some other substance £ which dissolves in A lowers the trans- 
formation temperature. According to what has been said, B will distribute it- 
self over A m such a way as to produce varying concentrations of B. It is 
to be expected that those regions containing small concentrations of B will 
undergo transformation at higher temperatures than those regions containing 
larger concentrations. The conclusion is that solutions undergo transforma- 
tion gradually ovtv a finite range of temperatures, a phenomenon which is 
often observed. So many other factors enter into the rate of transformation, 
however, that it is not practicable to attempt here a detailed comparison be- 
between experimental facts and the above ideas. 

F. W. Constant, Phys. Rev. 36, 1654 (1930). 

493 (19?of article by T. D. Yensen, Metals and Alloys 1, 
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Lastly, let us consider a peculiar feature of the iron-carbon diagram as 
it is usually drawn. This concerns the magnetic transformation in iron con- 
taining between 0.6 percent and 0.9 percent carbon, which, at the tem- 
perature of about 770°C is in the form of austenite, or 7 -iron-!- carbon in 
solution. The significant point, as Honda and Takagi^"^ have pointed out, is 
that the A 2 point in 7 -iron -|- carbon is essentially the same as that of a-iron-f- 
carbon. This fact, for it has been observed so often as seemingly to leave no 
room for doubt, is not to be understood in the light of present concepts about 
the nature of ferromagnetism, and will necessitate fundamental changes, un- 
less it is found that what has heretofore been called 7 -iron -[-carbon actually 
contains small inclusions of a-iron which are responsible for the observed fer- 
romagnetism of austenite. In the light of the previous discussion one would 
expect to find small regions having low carbon concentration, and it is these 
regions that might form inclusions of cc-iron. Such regions should be capable 
of detection by means of x-rays, and an investigation is under way to deter- 
mine whether or not they are actually present.^^ 

Appendix A 

Calculation of small strains due to impurities, and the resulting 

LONG RANGE FORCES BETWEEN ATOMS OF IMPURITY 

Consider an infinite isotropic elastic medium in which a spherical hole 
has been excavated. A pressure p acts normally to the surface of the exca- 
vation, whose radius is i?o. What is the distortion and stress throughout the 
medium ? 

E = Youngs modulus ; p = Poisson ’s ratio ; p = displacement— which is every- 
where radial; €r= radial elongation; €t = tangential elongation; 0 -, = radial 
stress; and = tangential stress. 

Consider an element of volume bounded by two spherical surfaces \rdOY 
and [{r+dr)dd]^ and by the four plane surfaces {r-\-dr/2)d0dr 

dp P 

G = — «« 

dr r 

€r = —(cTr — 2vat) 

E 

1 . 

€( = — (o-f — vat — varj 
E 

21 K. Honda and H. Takagi, Sci. Rep. Tohoku Univ. 2, 203 (1914). 

“ See item 3 at the conclusion of the first section. Since completing this paper an article 
by F. M. Jaeger and J. E. Zanstra, Proc. Akad. Amsterdam 34, 15, 1931 has come to my atten- 
tion Among other things, the authors investigate the crystal structure of rhodium as a func- 
tion’ of temperature, and find (p. 19) that two phases co-east as a mixture, one phase being 
present in the other in the form of very small particles containing (33)’ or 36,000 atoms. Not 
only is the co-existence of the two phases of interest in connection with the previous discussion, 
but also the estimated size of the small inclusions, as having a possible bearing on the block 
theory of Zwicky.^ 


or 


E = CTr — 2vfft 

dl 




Vdr + (1 
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Fr and Ft are the forces acting on the various faces of the above volume ele- 
ment. For equilibrium 

Fr = (Trirdey - (f + dr)W 

d(Tr 

— Fr = (rr2rdrdd^ 4 drr^dd^ 

dr 

[Ff]r = (Ttrdddrdd/l 

and using the equilibrium conditions 

d(Tr 


From I eliminate (Tt 


r l{iJt — (Tr) = 0. 

dr 


F{p/r + vp') = art(l -- V — 2 p^) , 


II 


Eliminate crt 


ar = Fp' + ■ 


2pE 


1 — j; — 2v^ 


{fi/r + vp') 


or 


E 


fft = 


1 - r - 2x2 

E 


(fi! r 4 - vp') 

[2xp/f+ (1 -x)p']. 


Ill 


1 - X - 2x2 

Substitute III in II and get 

r2p" + 2rp' - 2 p = 0. 


IV 


Substitute p=r», and it is seen that « = 1 or -2 and the solution of IV there- 
fore is 


P = cir 4 - 


C2 


which in our case becomes p = ^ 2/^2 since p = 0 for r = 00 and therefore ci = 0. 
If the boundary conditions are put in the form 

<T, = p tox r = i?o, then 

(1 - X - 2x2) 


Cj = — . 


2(1 - 2x)E 
(Tr = pR{?/r^ 

= — p/la^fr^. 
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If the boundary conditions are given in terms of strains instead of stresses 

p = 5 for r = Ro, 


C2 = 

- 2(1 - 2v)c2E 1 

(7 y — ”■ " " 

1 — r — 2i'^ 


p = S/?oV2 

> = — drll. 


The energy of the distortion can be calculated in two ways 


En ^ ]^”^0 * 2 p '~ 

1 iTpmi 1 - r - 2p2 
_ _ _ 2(1 - 2v) 


■ (1 - r - 2v^) Ro^p 

2(1 - 2v)E R<P 


p r=oo 

~ 2" I (Cj'CTj* “f" '26t(Tt)dv 

iJ rs=a 

= |47r £ (^- 2c2pR,^ - 

iw r dr 

j — 3c2pRo^ -■ 

2 Ja 


2c2pRQ^\dr 


2 r 


47r Jr ^3 

— I — 3c2pR^ — 4:7rC2pRo^ 

2 Ja r‘^ 3i?c 


1 Arpm^^ 1-v- 2v^ 

T E 2(1 ~ 2v) 

in agreement with the above. 

For two spheres whose centers are a distance R apart (K^Rq) the total 
energy becomes 2En+AEn where 

dRoTcos e{R — a cos B) sin Ba sin 61 
AEn = — 2 J a^smddBp — ; — J 

see Eq. (13) of the text. Substituting cosd = x, we have 

x(R - Rox) - i?o(l ~ , 


AEn = — 4:TpdRo 


^TTphR^^ 


i?o ^ R^' 


dx = ATpdRo'^iRoA — RB) 


where 
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Let 


^3 — (oj + a — -j- j(3 = — 2RqR 


dx 


fr. 


2 r (a- iSx)-i/n 


B 


1 (a + I3x)^/^ ^ 

xdx 2 

1 {a -\- ^xy^^ jS^ 

2r 2a + |Sa; 1-1 


1-1 


-1 
’{a -\- 


2 

1 “ 

a 


1 


L {a — py^ (c 
■1 


1 


(a + j8a;)i/l 


_ 2r 2 
y _(a 


B = 


^'1 

But 


2a — ^ 2a -\- P 


.(a - py^ (a + pyU 


(a + py/^ = (J?2 - 2RRo + = R- Ro 

(a - j3)i/2 = i? + 2?o 

2 2i?o 


A = - 


B = 


- jSo') - Ry 

and therefore 

AE„ = 4Tp8Ro\RoA - RB) = 0. 

Appendix B 

Details of calculations of density fluctuations 
The derivation of Eq. (8) in the text 

A!(w - !)«■-“ 


/(«) = 


a\(N - a)ln^ 


is perhaps given in sufficient detail to be quite clear. Assuming A— » c 
we may write, according to Stirling’s theorem 


lim j&! = (27r^)i'2| 


A! 


]^m 


N\« 
e . 


(N - a)l {N ~ay^ m- a' 




— - = e-'‘m{N - 


Here limjv»o«2Vi^V (2V has been put equal to unity, and we get 

' N\^/e(n — 1 


lim f{a) = (-)7- 
jf->a ,«-.«> \en/ \ 


N - a 


o! 


1 

'^pyy 


, n—>'X! , 
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It is desired to put this in a form in which N and n appear only as a ratio, 
N/n—i, To this end we put 

e{n — 1) e{n — 1) 1 


N - \ N I - a/ N 


and hence 



But, simplifying, we find 




1 + 


TH 


1 a 

7+ 


a - ^ 


since 


N 


lim 

iV-»oo 


a - 


a - r 

N . 


1 + 


a - n-“ 


N 




1. 


Expanding [l+a-$/iV]^, and neglecting 1/iV compared to unity, we get 


1 + a - ^ 4- —(a — + — (« — ^ 


and finally 


and 


lim f(a) = e" 

iV — >00 >00 




N/ 0^1 al 


/ e 

lim f(a) = 

jy— ».oo 00 >00 yZ7r(tj \ O' 


II 


To find for what value of “a”, say a„,/(a) has a maximum, we require the 

formula 
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^ 

da { (Irayi^ 


lit' 

loge h loge^ - — 

a 4:7raJ 


and for 


loge CLm = loge ? 


For large values of ^ these formulae are not very satisfactory for numer- 
ical computations, and the following procedure leads to a more desirable re- 
sult. 

Given ^ = number of cells, iV = number of particles, N/n=^^ is the aver- 
age number of particles per cell, as = number of particles in cell 5 . 

n n 

Soa — Ns '^(a^ — N/n) = 0. 

1 1 

The fraction of the phase space occupied by this distribution is (see 
Jeans, Dynamical Theory of Gases, page 47) 

1 -A na., 

+ i) loge 

N 1 N 

This assumes the applicability of Stirling’s formula. Substituting a, 
=aa — N/n in the expression for Ka, we get 

h Q!s + — ) loge! 1 H ). 

N i\n 2 / V N / 

Neglecting 1/2 compared to N/n, we get 


— -v 7 

Nil N 1 
Whenever we can write 




and higher powers 
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1 « A , 
iV/Ca = — — s 

2 N 1 

Jeans shows (page 48) that the fraction, of the phase space which rep- 
resents distributions for which KaKK <Ko+dK is 


jy(n-l)/2 






In a similar way it can be shown that the fraction of the phase space for 
which Kn<K<Ka+dK and in addition for which an ap chosen at random is 
equal to some given number, say a, is 


dA 

0 „-l/2 dK 

dK 

where Qa and K have the values above and 

/2N~K 




in-2) 12 


Suhstltutingx-NK — na^/2N we get 

^{n-2)/2 /2 1\T \ in-2) 12 


A = 


< t ) 




dA dA dx 

— dK = —-JK 
dK dx dK 


or 


dA 

Ik 


-dK 




<?) 


1 ./2N \ 
-in - 2)(— a-) 

2 \ n / 


2N 2N 


\ n J 


<T-‘) 


dx 


and 


dA 

Qn-m — dK 
dK 


/ 2wN\ 

-nn+in/2irNV 

\ n / 

^ \ 7 w 


p— na2 / 2 
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or 


-a2/2f 


(2' 






In order to find the fraction of the phase space for which ap=a, the above 
expression must be integrated over all values of K from 0 to oo , or of from 
— na^/2N to <x> . 


C = r e-x^n/2-2^^. ^ f 

J—nc?W J a J Q 

= 1 + 11 


na‘il%N 




and the result is that the fraction of the phase space for which a given cell 
contains a~particles is 


/(a) = 


(2tQ 


1/2 


g~a2/2^ 


1 + ■ 


II 


-2 I 


But 


and therefore 


II 


V / n \ 

i ”1^ 1' 


hp+i' E--[ 

L \2 ) 

^ 1 p\} X 


lim 


II 


«->oo ( n \ 

(t-V 

and the complete result is 




1 


lim /(a) = 
iV->00 ,W->0Oj^->CO 


^~a2/2| 


IV 


the condition being intended to indicate that the assumption in Eq. 
Ill must be satisfied. 

It remains to be shown that Eq. II and IV are equivalent, 
lim 

{2Tay^\a / 

Omitting the cumbersome limits, we may write 


/£\a+l/2 

e|2-a2/2f ^ 
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Omitting 1/2 compared to a and taking the logarithm of both sides this 
becomes 


and expanding the logarithm for values of the argument near unity this be- 
comes 


.which is valid for 
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OH Bands and the Ultraviolet Line Spectrum of the Wehnelt 
Interrupter 


With an improved form of Wehnelt inter- 
rupter, equipped with a cooling coil and an 
electrolyte circulator, the spectrum of the dis- 
charge at the positive platinum point elec- 
trode has been investigated in the region 
X4000 to X2230. Solutions of hydrochloric, 
sulphuric, and nitric acid were used. 

The OH bands were particularly prominent. 
A continuous banding from head to head was 
present. The new lines observed have been 
analysed and rotational assignments made. 
Twenty-four new lines have been added to 
the analysis by Jack (Proc. Roy. Soc. A115, 
373 (1927)) of the band X2608, and 120 lines 
to the analysis by Watson (Astrophys. J. 
60, US (1924)) of the bands XX2811 and 2875. 
A few rearrangements of previous assignments 
were made in the case of the latter bands — 
particularly in the R branch of X287S, Seventy 
three new assignments were made in the 


analysis by Fortrat (J. de Physique 5, 20 
(1924)) of the bands XX3064 and 3122. A 
preliminary comparison of wave-lengths of 
the new lines observed in these bands with 
values given in Rowland’s table of solar lines 
showed good agreement with lines of unknown 
origin. 

The band X3428 is present on the plates but 
seems to present no new features. 

A new band in the region X3525 is being 
investigated in view of its possible relation- 
ship to the OH system. 

Up to the present only lines arising from 
the platinum anode have been observed be- 
tween XX2608 and 2230. 

R. William Shaw 

Department of Physics, 

Cornell University. 

May 6, 1931. 


An Infrared Band System of Iodine Bromide 


During an investigation of the absorption 
of iodine bromide in the visible, the writers 
recently observed an infrared band system 
due to this substance which, so far as they 
are aware, has not previously been reported. 
When an absorption cell 3 ft. in length was 
used, containing IBr at about 90 mm pres- 
sure at 50°, five band progressions of moder- 
ate intensity were observed in the region 
XX6850-8060. Due to the fact that there is a 
rather sudden change in the slope of the osv v 
curve for the upper state at ?;'==12 it is not 
possible to represent the entire system sat- 
isfactorily by one simple formula. However, 
those bands for which v' is less than 12 are 
well represented by the equation: 
i'(cm"i ==13,251 + (105.9 z;' -2.42 i)'2) 

-(266.5 v" -0.81 


The absolute numbering of the vibrational 
levels of the upper electronic state is still in 
some doubt as it has not as yet been possi- 
ble to make use of the isotope effect which is 
not very readily measurable. 

The upper electronic level of the infrared 
system is a state which yields normal atoms 
on dissociation. By means of a graphical ex- 
trapolation the energy of dissociation of the 
normal IBr molecule into normal atoms has 
been estimated to be 1.801 +0.007 volts 
(41,520 + 150 cal). The good agreement with 
the value 1.84 volts estimated by Cordes and 
Sponeri from fluorescence data of Loomis 


^ H. Cordes and H. Sponer, Zeits. f. Physik 
63, 334 (1930). 
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is possibly due to a compensation of errors in 
the latter case. 

Recent studies in this laboratory^ on the 
effect of temperature on the equilibrium be- 
tween iodine, bromine, and iodine bromide 
have given an accurate value for the heat of 
formation of iodine bromide {EmO given 
in the following equation: 

I 24 -Br 2 = 2 IBr + 2,540 cal (0.110 volts). 
Since the heat of this reaction is practically 
independent of temperature it may be com- 
pared directly with the energy change at the 
absolute zero, for the reaction, calculated from 
the spectroscopic determinations of the dis- 
sociation energies of iodine,^ bromine, and 
iodine bromide. This spectroscopic value is 
2,440 cal (0.106 volts), which checks with the 


thermal value well within the probable ex- 
perimental error. This agreement is good evi- 
dence for the self consistency of the spectro- 
scopic values of the dissociation energies of 
the three molecules in question. 

Richard M. Badger 
Don M. Yost 

Gates Chemical Laboratory, 

California Institute of Technology, 

May 7, 1931. 

2 D. M. Yost and J. McMorris, to appear 
shortly in the Journ. Am. Chem. Soc. 

3 We have used for the dissociation energy 
of iodine a value 1.535 volts received in a 
personal communication from Mr. W. G. 
Brown, at Berkeley, California. 


Thermionic Emission in Caesium-Oxide Photo-cells at Room Temperatures 

found by Roller (Phys. Rev. 33, 1082 (1929)) 


During an investigation of the suitability 
of some caesium oxide on silver photoelectric 
cells for astronomical photometric work at 
low intensities it was noticed that in some 
cases there was, in total darkness, a large, 
unidirectional leakage which increased rapidly 
as the cell was warmed and which could be 
decreased considerably by the application of 
a magnetic field. These facts indicated con- 
clusively that the leakage was of thermionic 
origin. Subsequently more careful tempera- 
ture measurements were made both above 
and below room temperatures which showed 
that the emissions were following the ordinary 
T^ equation with thermionic work functions 
in different cells varying from about 0.40 to 

0.80 volt. ^ 

The largest thermionic current which we 
have observed at 20°C and 22.5 volts is 
8Xi0“® amperes in a cell of about 88 citf 
cathode area, which is approximately the cur- 
rent given photoelectrically by exposing the 
cell to an illumination of 3X10 ^ lumens 
from tungsten light at 2848°K color tempera- 
ture. Observations were made on this cell as 
low as -5°C and could undoubtedly have 
been continued lower if we had shifted from 
our high sensitivity galvanometer to the elec- 
trometer. The thermionic constants deter- 
mined from a plot were 4 = 5 X 10 ^ ; &o = 8550. 
At 20®C an increase of one degree increases 
the thermionic current about 11.2 percent 
so that when such a cell is used for photo- 
electric measurements it might well be neces- 
sary to control its temperature. The value of 
^0 for this particular cell is very close to that 


for some caesium oxide on silver cells from 
100" up to 170X. 

Another cell of somewhat lower photoelec- 
tric sensitivity gave the values, 4 = 3.7 X 10 
&o=4290, the lowest that we have yet ob- 
tained. The cathode area of this cell was 19.4 
cni-^, and the total current at 20°C was about 
2.7X10"^® amperes, with only a 5.8 percent 
increase in a temperature rise of one degree. 
The largest thermionic current at room tem- 
perature was therefore not obtained with the 
cell of lowest work function due to the very 
great decrease in the value of 4. The measure- 
ments made so far on different cells do not in- 
dicate any precise relation between log 4 and 
&o which would enable one to predict definitely 
the emission at room temperature from the 
thermionic work function. If there is a large 
decrease in &o as shown above, it is of course 
reasonable to expect a decrease in 4 other- 
wise the emission would increase enormously. 

Measurements on some of the cells at con- 
stant illumination to tungsten light showed a 
decided drop in the photo current with con- 
siderable increase of temperature while on 
the other hand the effect of cooling did not 
seem to be nearly as great in producing an 
increase. This is opposite to what Roller 
found with cathodes much less sensitive photo- 
electrically than our own. 

We have purposely selected for this work 
cells with clean walls and stems which gave 
negligible ohmic leakage. The two kinds of 
leakage are present in many cells and it is 
difficult to separate them with certainty. If 
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the caesium oxide on silver cell is to be used 
for measuring very small light intensities, 
the area of the cathode should not be any 
larger than is necessary to intercept the ra- 
diation; that is, the photoelectric emission 
should be made as large as possible relative 


to the thermionic emission. 

E. F. Kingsbury 
G. R. Stilwell 
Bell Telephone Laboratories, 

New York, New York, 

March 30, 1931. 


In the fluorescence of mercury vapor with 
the addition of nitrogen and a trace of hy- 
drogen, Gaviola and Wood^ observed the band 
spectrum of the HgH molecule with an ab* 
normal rotation corresponding to an apparent 
temperature of 3000°, although the gas was 
at room temperature. This observation has 
been interpreted^ by the assumption of the 
following sequence of processes: formation of 
the HgH molecule, then excitation of this 
molecule with high oscillation and normal ro- 
tation according to the Franck-Condon rule, 
and finally change of oscillation into rotation 
during the life time of the excited state 
through collisions with N 2 molecules. In this 
interpretation, the high rotation observed in 
the band spectrum is therefore not directly 
excited but due to a secondary effect. 

An interesting similar observation has re- 
cently been described by W. Lochte-Holt- 
greven.8 He found in the electric discharge in 
acetylene the C 2 bands with an abnormal ro- 
tational energy corresponding to 4700° and 
the CH bands with 2000°. 

By varying the conditions, he found that 
these "rotational temperatures,” being much 
larger than the real temperatures, are not due 
to secondary effects such as collisions during 
the life time of the excited state. Instead he 
concluded they must arise from the elemen- 
tary process of excitation itself. Thus the 
interpretation must differ from that of the 
rotation of the HgH molecule just described. 
The present letter deals with this new obser- 
vation, thus supplementing the interpreta- 
tion of the HgH bands given in a previous 
paper. 

It seems possible to understand the high 
rotation of the C 2 and CH bands in the acety- 
lene discharge on the basis of the Franck- 
Condon rule dealing originally with oscilla- 
tion^ %-cording to Hedfeld and Mecke, the 
HCs^ H molecule in its normal state forms 
a straight line.'^ Let us assume that in its ex- 
cited state it forms a crooked line. Professor 
Slater has pointed out to me that such a pro- 


A Case of Abnormal Molecular Rotation 


nounced change in the shape of the molecule 
is not all an arbitrary assumption, but should 
be expected, if in the excitation process the 
carbon atom goes over from the quadrivalent 
to the divalent state. The same change of 
valence by excitation has been found e.g. in 
the CN molecule.^ According to Slater's new 
theory,® the straight line model of the normal 
state points to quadrivalent C atoms while 
the two valences of a divalent atom should 
always be at right angles, thereby forming a 
crooked molecule. 

This pronounced change in the shape of the 
molecule lends itself to an application of 
Franck’s idea. The change of electron con- 
figuration is fast compared with the motion 
of the nuclear masses. Immediately after the 
excitation process, the molecule in its new 
electronicstate has stillits old shape and there- 
fore a large potential energy leading to in- 
tense vibration. Contrary to the vibration of 
the diatomic molecule, the motion is essen- 
tially transverse.^ This vibration might pro- 
duce dissociation, if the potential energy ex- 
ceeds the dissociation energy. Any dissocia- 
tion process brought about by absorption of 
light can be recognized experimentally by the 
continuous absorption spectrum. In the case 
of the HCCH molecule, mainly continuous 
absorption has been observed as reported by 

1 E. Gaviola and R. W. Wood, Phil Mae 
6, 1191 (1928). 

2 H. Beutler and E. Rabinowitsch, Zeits 
f. physik. Chem. (B) 8, 403 (1930); 0. Olden- 
berg, Phys. Rev. 37, 194 (1931). 

^ W. Lochte-Holtgreven, Zeits. f. Phvsik 

67, 590 (1931); G. B. Kistiakowsky, Phys 

Rev. 37, 276 (1931). ^ ^ 

" K. Hedfeld and R. Mecke, Zeits. f Phv- 
sik 64, 151 (1930). ^ 

^ W. Heitler and G. Herzberg, Zeits. f Phv- 
sik 53, 52 (1929). ^ 

‘ LC Slater, Phy^Rev. 37, 481 (1931). 
(193^’ 17.1 
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Lochte-Holtgreven and by Kistiakowsky . It 
might be assumed that this absorption corre- 
sponds partly to the described process. 

This splitting up of the molecule by trans- 
verse vibration leads necessarily to strongly 
rotating molecules. (Fig. 1), The transverse 
vibration which splits up the centre bond of 
the HChsCH molecule leads to two Cli mole- 
cules strongly rotating in opposite direction, 



Fig. 1. Vibration of the excited HCCH 
molecule. 


while the total moment of momentum of the 
system remains unchanged or changed only 
by unity. In the other dissociation process 
mentioned by Lochte-Holtgreven, the H 
atoms might fly away in the direction of the 
arrows (Fig. 1) leaving an excited C 2 molecule. 
This must have high rotation as indicated 
again by the arrows. Dissociation in steps 
might take place too. 

In general any combination of increasing 
longitudinal and transverse vibration should 
lead to a dissociation resulting in a rotating 
and vibrating molecule, the energy of which is 
determined by the potential curves and not 
by the temperature of the gas. Thus we under- 
stand the observation reported by Lochte- 
Holtgreven, that the rotation of the excited 
molecules C 2 and CH is characteristic for this 
excitation process starting from HC ^CH and 
that its energy shows some deviation frcm a 
Boltzmann distribution.® 

Has this argument a bearing on the dia- 
tomic molecule? This might be the case, con- 
sidering the diatomic molecule in collision 
with an atom. When by impact of the second 
kind the HgH molecule takes over excitation 
energy from the Hg^ it is generally asssumed, 


that the rotation of the HgH does not change 
considerably, but that the vibration might 
change on the basis of the Franck-Con don 
rule. It must be taken into account, however, 
that after the excitation process the H atom 
starts its fast vibration in the close neighbour- 
hood of the colliding slow Hg atom. the 
same collision process, therefore, this might 
turn over the motion of the H atom from vibra- 
tion into rotation. No appreciable kinetic en- 
0 rgy of translation is produced due to the heavy 
weights of the Hg atom and the HgH mole- 
cule. In other words, the H atom starts its 
motion in a modified field of force detei mined 
by the new electronic state of the HgH mole- 
cule and at the same time the presence of the 
colliding Hg atom. This motion might be ro- 
tation as well as vibration. (If in the case of 
good resonance the transfer of electronic en- 
ergy by impact of the second kind takes place 
over an exceptionally large distance, this argu- 
ment might fail, because in this case the HgH 
molecule would become excited without being 
disturbed in its vibration by the close neigh- 
bourhood of a colliding heavy body.) 

The statement, therefore, that no appre- 
ciable rotation is produced by impact, holds 
for excitation by electron impact and for 
every thermal impact. However, it should not 
be supposed to hold for this type of impact of 
the second kind between heavy bodies. 

This process in addition to the process dis- 
cussed in the writer’s recent paper^ would be 
expected to play a part in Gaviola’s and Wood 
flourescence experiment. 

0. Oldenberg 

Jefferson Physical Laboratory, 

Harvard University, 

Cambridge, Massachusetts, 

April, 1931. 


8 R. M, Badger and J. L. Binder (Phys. 
Rev. 37, *800 (1931)). mention a certain diffi- 
culty in calculating dissociation energies of 
polyatomic molecules from band spectra, due 
to the fact the fragments might retain a con- 
siderable amount of energy in their electronic 
and vibrational levels. According to the pres- 
ent result, also the rotation is able to keep 
energy far exceeding the thermal value. 


On the Bfect of Resonance in the Exchange of Excitation Energy 

’^‘"Uhould like to add a few words to the letter tion of the Franck-Condon principle to tWs 

' recently sent to the Editor of the Physical problem brings out another point which sup- 

Tte °hl .bo» titl,. Th. .pplic.- pl.m»« .ho« ataad, con„d.,«l and *cl, 



1552 LETTERS TO 

will be of importance if the two curves shown 
in Fig. 1 of the above mentioned article reach 
their asymptotic values at something like the 
same value of r, which may often be expected 
to be the case. Then it is seen that, unless the 
asymptotic values are the same within the 
order of magnitude of the average relative 
translational energy of two at the temperature 
considered, the intersection of the two curves 
will occur so high up that it will be out of 
reach of an average pair of colliding atoms 
even though the initial state be represented 
by the upper curve; of course if the initial 
state is represented by the lower curve, the 
transition cannot occur with an average pair 
of atoms unless the curves are close enough 
together so that the difference in energy can 
be made up by conversion of the limited trans- 


THE EDITOR 

lational energy available to electronic. ene,rgy, 

■ but this consideration shows that transitions 
will often be prevented even when the con- 
version is in the other direction, from inter- 
nal to translational energy. It is of interest to 
note that in the cases considered by Kallmann 
and London (Zeits. f. physik. Che,ni,. 2B, 
226 ff. (1929)) the energy transferred from 
translational to internal or vice versa is, in 
the case of those transitions which occur with 
exceptional probability, of the order of magni- 
tude of the translational energy of an atom at 
room temperature. 

0. K. Rice 

Chemical Laboratory, 

Harvard University, 

May 7, 1931. 


Continuous Spectrum of Hydrogen Molecular Ion (FL'^) 


The negative glow is generally accepted as 
a good source of ionized spectra, due to the 
probable high concentration of ions at this 
portion. In hydrogen, therefore, there may be 
some hope to obtain some spectrum at the 
negative glow, which had, if any, Ha'*' as an 
emitter. The hydrogen molecular ion has been 
dealt with theoretically by a number of in- 
vestigators. Recently E. Teller^ has calculated 
the excited states produced when the ion is 
separated step by step into a proton and a 
hydrogen atom in the ground state. Accord- 
ing to him almost all the potential energy 
curves show no minima, except those corre- 
sponding to the l^cr and the 3 da. 

Following the interpretation of the ordin- 
ary hydrogen continuous spectrum, we can 
expect some continuous spectrum which can 
be explained by transitions to any one or all 
of the unstable states of the H 2 '‘' molecule. 
With such an expectation a spectroscopic 
examination of the negative glow in hydrogen, 
at a pressure of about 0.2 mm Hg was carried 
out. Although the ordinary continuous spec- 
trum is absent in the negative glow, an indi- 
cation of the continuous spectrum, even if 


not so intense, is observed between and 

The probable high concentration of the H 2 *^ 
molecule suggests that the above mentioned 
continuous spectrum may be due to the H 2 ‘^ 
molecule. The energy involved in this region 
of spectrum is not inconsistent with such an 
explanation. As the spectrum was not ob- 
served at so extremely low pressures as in 
the cases of Herzberg^ and Brasefield,^ it is 
not in danger of being confused with that of 
the fluorescence light on the walls of the tube. 
So that it will not be inadequate to ascribe 
this continuous spectrum to the H 2 ’^ molecule. 
Details will be published with reproduction in 
the Science Reports of the Tdhoku Imperial 
University, 20 (1931). 

Y. Hukxjmoto 

The Physical Institute, 

Imperial University, Sendai, Japan, 

May 4, 1931. 

1 E. Teller, Zeits. f. Physik 61, 458 (1930). 

2 G. Flerzberg, Ann. d. Physik 84, 560 
(1927). 

3 C. J. Brasefield, Phys. Rev. 33, 925 (1929). 


New Covariant Relations Following from the Birac Equations 


1. In an article appearing in this issue of 
the Physical Review the authors derive by 
means of the spinor calculus four invariant 
relations between the four wave functions 
which are independent of the potentials. (Eq. 
(6), (11), (12), (13) of Ch. III.) The first of 
these is 


where is the four-current. The second rela- 
tion with which we shall concern ourselves in 
this letter, may be|^ri^en, using ordinary 
tensor notation : 
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r‘r-^r^r' 


None of the mdices are allowed to t 
We assert th^ ' ?|uantities in t 
column are obtained by multiplying 


dk^ me 


where is also a four vector quadratic in the 
wave functions and defined by the equation 
preceding Eq. (17) of our article. In Eq. (142 
two complex quadratic invariants A and A 
were introduced; from these we form, the two 
real combinations:' 

i(A4-A) = J 

l-^XA - A) = /. (3) 

These quantities are identical with the invar- 
iants I and J of Darwin. We also prove in our 
paper that 

/j2= -p. (4) 

Further we proved (Eq. (17)) that: 

= -I-jrJ-, PMai ^ I- hr J. (S) 

me me 

Here Mki is the antisymmetric tensor of the 
polarization (Darwin, Gordon), whose com- 
ponents are again quadratic in the wave func- 
tions,. 

2. For the sake of a possible physical inter- 
pretation and to facilitate comparison with re- 
cent work of Fock, it seems desirable to ex- 
press the above relations in term of matrices. 
It is easily seen, however, that the original a 
matrices of Dirac are unsuited to express co- 
variance relations. We use instead the for.m 
of the Dirac equations 

(r^Px + = 0 (6) 

which is used by Weyl and Sommerfeld. (see 
our paper, Eq. (1), (2), (3), Introduction). 
The matrices satisfy the well known rela- 
tions: 

+ F^F^ = 2g^K (7) 

We, adopt now the first point of view men- 
tioned in the introduction of our paper, and 
regard the p as invariant and the F^ as a 
matrix four-vector. Using this and the rela- 
tions (7), we can now form the following co- 
variant quantities.^ 

' ,1 . 

F^* 

rw* , (8) 

V-O km 

. ■ ■ 

to be equal, 
in the right 
the cor- 


responding quantities in the left column with 
p' from the left and p from the right, ip' is 
the transposed p) see^). The relations (1) 
and (2) can now be derived independently 
from the Dirac equation (6); for (1) this is 
well known, whereas Eq. (2) becomes: 

A x - A H 

Bxi dX2 

= ^'rir^pr^. (9) 

h 

Relations (4) and (5) can now be derived 
immediately with the help of (7). 

3. One can also easily, though not so sym- 
metrically, express the quantities (8) in terms 
of the Dirac a and the Dirac-Darwin p. For 
j and M we refer to Gordon's- paper. For h, I 
and J one obtains the following expressions: 

= — ia<i.az ^2 =s — ia^ai 
/^3 — — iaia^i. k!^ = iaia^az 
J = a4 *7 = aia‘2.otzoti 

We see therefore that the spacial components 
of k are identical with the three-vector a- as 
introduced by Dirac® and further used by 
Foclri and that the time component of k is 
equal to pi (Dirac) or pa (Fock), whereas I 
is equal to ps (pc) and J to p 2 (p&). It thus ap- 
pears that from the view point of covariance 
neither o* nor p are true vectors. 

4. It follows from the equality of ^ 1 , 2,3 
with (Ti, 0 - 2 , <r 2 that the spacial components 
of the four-vector k are equal to the com- 
ponents of the magnetic moment of the elec- 
tron . On the other hand it is well known that 
the spacial components of the tensor 
represent the magnetic moment of the elec- 
tron also. When neglecting relativity (i.e. 
considering only the large Pz and p^ the 
ki, h, h become indeed equal to Myzr Mzx, 
Mxy respectively. Thus it .is seen that the 

^ For this systematization (without the 
above identifications) compare J. Schoiiten, 
Proc.' Amsterdam 32, 105 (1929); A. Proca, 
Journ. de Phys. 1, 235 (1930). F. Saiiter, 
Zeits. f. Physik 63, 803 (1930) used it very 
profitably for the solution of special prob- 
lems. 

2 Gordon, Zeits. f. Physik 50, 630 (1928). 

® P. A. M. Dirac, Principles of Quantum 
' Mechanics, page 242. 

4 V, Fock, Zeits. f. Physik 68, 522 (1931). 
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tion of the spin as angular nioniCi;a ..n o* 
magnetic moment. 

G. E. IIhlenbeck 
. Otto La PORTE' 
Department of Physics, 

University of Michigan, 

Ann Arbor, Michigan, 

May 16, 1931. 


three-<iimensional vector oi the magnetic mo- 
ment can be completed relativistically in two 
ways, either to a four- vector or to an antisym- 
metric tensor. In the corpuscular theory al- 
ready L. H. Th(|mas5 called attention to these 
two possibilities. What the exact physical 
meaning of this duplicity in character of the 
moment and especially of the fourth com- 
ponent of k is renfeins unclear to us. Perhaps 
it is connected with the two-fold interpreta- 


« L. H. Thomas, Phil. Mag. 3, 1 (1927) 
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X-RAY WAVE-LENGTH CHANGE BY PARTIAL ABSORPTION 

By J. M. Cork 

University of Michigan ’ 

(Received May 11, 1931) 

Abstract 

The attempt to repeat the experiments of Mr. B. B. Ray in which a change in 
wave-length occurred in an x-ray beam upon passage through an absorbing substance, 
has been continued. In the previously reported experiments CuJf radiation was 
passed through absorbers of boron, beryllium, carbon, nitrogen and oxygen. These 
same absorbers ha\’e been retried with tungsten L radiation wdth a spectrometer of 
greater dispersion. Although it should have been possible to observe a modified line of 
1/3000 the intensity of the unmodified, in no case has any trace of a modified line been 
obser^^ed. 

W HEN x-rays are incident upon matter they react with the electrons of 
the matter in various possible ways. One type of interaction, the photo- 
electric effect, in which the x-ray photon communicates ail its energy to the 
electron, ejecting it from the atom, the remainder of the energy of the photon 
appearing as the kinetic energy of the electron, is now well established. 
Equally well established is the Compton effect in which the photon interacts 
with the free electron giving a portion of its energy to the electron, which is 
ejected as a recoil electron. The emergent photon with lessened energy is 
consequently of longer wave-length. For electrons bound in definite energy 
states a fine structure of the scattered modified photon on the long wave- 
length side would appear as a possibility. Recent experiments^ indicate that 
this fine structure does not exist. ^ 

Observing the failure of these experiments, Mr. B. B. Ray^ examined the 
wave-length of the emergent photons for zero scattering angle. For this angle 
the Compton wave-length shift would be zero. A spectral photograph of the 
transmitted beam showed along with the strong line due to the unmodified 
inciden t wave-length, certain fainter companion lines displaced toward longer 
wav'e-lengths. The displacements of these lines as reported, were just as 
would be expected if in the passage through the absorbing substance the 
photon gave up some of its energy to elevate a bound inner electron to an 
outer energy level, passing on unchanged in direction but with less energy 
and hence longer wave-length. 

^ Ehrenberg, Zeits. f . Physik 53, 234 (1929) ; Coster, Nature 123, 642 ; Kast, Zeits.f . Physik 58, 
519 (1929); Bearden, Phys. Rev. 36, 791 (1930); Gingrich, Phys, Rev. 36, 1050 (1930). 

M^ay, Nature 125, 746 and 856; 126, 399; Zeits. f. Physik 66, 261 (1930). 
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Thus the energy equations may be shown : 

Photoelectric effect Aj' = hv,, + {\./2mv^) photoelectron (1) 

Compton effect hv = {i/2mv^) ttcoW electron + Iw mod. (2) 

Ray effect hv = hve + hv mod. (3) 

The existence of this last effect is thus of such importance that the ex- 
periments seemed worthy of repetition. 

Experimental 

To this end an attempt wiis made to repeat the work of Ray. The first 
experiments*^ using a copper target x-ray tube equipped wdth a Lindemanii 
thin glass window with a calcite crystal spectrometer were carried out in the 
laboratory of Dr. M. deBroglie in Paris. The investigation has been continued 
in this university using both copper and tungsten target tubes with a calcite 
crystal spectrometer having slit-crystal and crystal-photographic plate dis- 
tances of 54 cm. This gives a dispersion on the photographic plate of about 
5 x.u. per mm. 

The absorbing layer was in every case placed between x-ray target and 
spectrometer slit. Various thicknesses of material were employed although 
the thicker the material the more apparent the effect vshould be. The absorb- 
ing layers used by Ray were not well described in his reports, except that he 
mentions the use of lamp black for carbon^ absorption. Besides carbon, ab- 
sorbing layers of beryllium, boron, nitrogen and oxygen have been used. 
Screens made of various thicknesses of gold beaters skin have also been tried. 

In order to form an estimate of relative intensities a portion of the un- 
modified line was covered with a shield during most of the exposure. This 
shield for a twenty hour exposure was generally removed only for 2 minutes. 
The intensity of radiation was such that generally an exposure of 2 seconds 
was enough to render the main unmodified line visible. 

In these experiments the crystal was kept stationary during two ex- 
posures, first with and then without absorber in place. 

Results 

Using the various absorbers mentioned, no trace whatever of a modified 
line in the positions to be expected was observed. Typical spectrograms ob- 
tained are shown in Fig. 1. For these spectrograms the target was of tungsten, 
giving the strong line WLoji, and also the La^ line whose intensity is about 
one-tenth as strong. The copper K lines always appeared unintentionally on 
the same plate, due presumably to a copper focussing cylinder on the cathode. 
On certain of these prints even the very faint Cuifajj, ^4 line is observable, 
although its intensity is only about 1/600 that of the CuiTai line. 

The intensity of the modified line as observed by Ray was about 1/400 
that of the parent line. In these spectrograms shown in Figure 1 the intensity 

3 J. M. Cork, Comptes Rendus, Acad. Sci. Paris, 192, 153. 

4 In a letter to the writer Mr. Ray mentions that 4 or 6 thicknesses of gold beater’s skin 
gave equally good results. 
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of the WLa^ jline on the shielded part of the figure is about 1/6000 that of 
the unshielded WLau Now a line of the intensity of the Wia 2 line located 
in the region of general blacking on the plate might be somewhat obscured. 


x-ray line 

" CL 
O) 

X) 

L- 

0 

(O 

X) 

cd 

1 

none 


beryllium 


boron 


carbon 


gold beaters - 
skin 





O-i.'-'* 




WL CuK 
ccicc2ai^2 



expected position ^Be B C N 0 

r\ P mv-i i f 'i 


of modified line For- 

Fig. 1. Showing the absence of expected modified lines. 


■# 



t ' 




ky 

dr lai* 


Fig. 2. Showing superposition of WLai, 2 min. Exposure on general 
radiation exposure 20 hours. 

However, if the general blackening is not too strong it offers but slight hin- 
drance to the observance of relative intensities. This is illustrated in Fig. 2. 
In this figure after the e.xposure was completed with shield in place twenty 
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hours and then removed for two minutes, the wliole plate was shifted along 
and the lines allowed to fall in the region of general radiation tor a period of 
two minutes. One observes little loss in contrast. 

If the effect exists therefore, it must be of an intensity much less than that 
reported by Ray. Other experimenters^ ha\^e now likewise failed to observe 
the modified lines, although their existence has been conf]rme<l b\’ otliers.-’ 

This opportunity is taken to express appreciation to M. deBroglie for 
the generous facilities of his laboratory and to M. Thibaud and AI. I)u|)rcs 
la Tour for their kind assistance during the first part of this iin estigaiion. 


^ G, A. Lindsay, Nature 127, 305. J. H. Van der Tuuk, Naturwissenschaften 14 , 308 A I 
O’Leary, Phys. Rev. 37, 873 (1931). 

Majumdar, Nature 127, 92. Ray states in his letter that the effect has been observed by 
Prof. Saha at Allahabad University. 
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STRUCTURE OF THE HELIUM ARC LINE 3888^ 

By R. C. Gibbs and P. G. Kruger 
Physical Laboratory, Cornell University 
(Received April 24, 1931) 

Abstract 

The helium arc line (1^25 ^Si — \s3p ®P%,i,i})3888A, has been examined for struc- 
ture and has been resolved into the three components which are predicted by theory. 

The ls3# ’'’P®o,T ,2 levels are inverted which is in agreement with previous results for the 
I sip levels. The frequency differences in the present case are: 

^ 0.1 =0.192 cm-h z' 1,2 =0.165 cm“h 

Introduction 

I N 1927 Houston^ reported the structure of the 1^2^ ^P°o,i ,2 levels. Later in 
the same year G. Hansen and P. G. Kruger^ finished the analysis of the 
He arc lines 5876, 4713 and 4472, thus completing the term scheme for 
l52p and l.?3cZ No attempt was made at that time to determine 
the structure of higher terms. 

Experimental 

The line 3888A L?25 ^Si — IsZp ’^P^o,i ,2 is one of the strongest lines of the He 
I spectrum and was easily excited in a metal liquid-air cooled Schuler lamp, 
A Fabry-Perot interferometer with 5 mm, 8 mm, and 10 mm spaces between 
the mirror surfaces was used to analyze the line. Mirrors having a reflection 
coefficient of 92 percent were used so that the resolving power varied from 
0,775X10^* to 1.55X10'^ as the distance between the mirrors was increased 
from 5 mm to 10 mm. 


Results 

Table I. Components of the helium line 3888. 


Int. 

X 

AX 

V 

Lv 

10 

0.0000 A 

0.0247A 

0.000 cm”"^ 

0.165 cm“^ 

7 

-0.0247 

0.0298 

0,165 cni"i 

0.192 cm~^ 

3 

-0,0545 


0.357 cm~^ 



Table I gives, in column one, the relative estimated intensities of the 
components as obtained from several microphotometer curves made from 

*** The investigations upon wdiich this article is based were supported by grants from the 
Heckscher Foundation for the Advancement of Research, established at Cornell University by 
August Heckscher. Acknowledgment is also made of the use of spectroscopic apparatus which 
was in part purchased by a grant from the National Research Council. 

^ Houston, Proc. Nat. Academy 13, 91 (1927). 

2 Published by G. Hansen, Ver. Deut. Phy. Ges. 10 , 5 (1929). 
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various plates. The wave-lengths (assuming the strongest line zero), wave- 
length separations, frequency numbers and frequency separations are given in 
columns 2, 3, 4 and 5 respectively. 

Fig. 1 shows a microphotometer curve of one of the plates. 



Fig. 1. Microphotometer curve showing the structure of the He arc line 3888, 


I^3j> Pj: 






390 Ctn* 




uzf> r 


- li 1 14.2,4. % I I I 


XlO,8ES,OSA X38S8.646A 

Fig. 2. Term separations for the first two members of the Isnp series in helium, He 1. 

_ Fig. 2 shows the term scheme for the ls2p and ls3p ^P°o.i .2 terms 

with respect to the I 525 term. The relative separations of the two 3p= 
terms are drawn to the same scale. 
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Discussion 

It is interesting to note that the anomalous separations of the Islp 
terms are no longer so anomalous in the IsSp terms. In the latter case the 
separations are more nearly what would be expected if the Lande interval 
rule were obeyed. Thus if the term separations continue to become more 
normal in higher total quantum states the IsAp ®P° terms should have nearly a 
2: 1 separation. 

Resolution of the structure of the line 3187A {is2s ^Si'-lsAp ^P°o,i, 2 ) 
would show whether the separation of the 1^4^ ^P^ terms have a 2:1 ratio. 
Assuming that the rate of decrease of Az/ 0,2 between the first and second mem- 
bers of this series of terms is continued to the third member, a value of about 
0.120 cm“'^ is computed for for the 1^4^ '^P^o,i ,2 terms. Thus if the 2:1 
ratio exists in the third member, the components of the 3187 line would be 
0.0082 and 0.0040A apart. The complete resolution of components lying as 
close together as this necessitates cooling the discharge in liquid hydrogen or 
preferably In liquid helium. It is hoped that some other laboratory in which 
these low temperatures are available will undertake to study the structure of 
this line. 

In 1926 Heisenberg'^ calculated the separation of the is2p ^P'^ 0 , 1,2 term and 
obtained results which were later found to be in agreement with experimental 
results.^ It would be desirable now to have the ls3p^F° 0 , 1^2 term separations 
calculated by quantum, theory or wave mechanics to see if the agreement 
here is as good as in the previous case. 

A possible reason why the P° term separations in higher quantum states 
should approach the normal 2:1 ratio, is that in the higher quantum states 
the p electron is less tightly bound to the nucleus and thus the energy con- 
ditions in these higher states are more nearly like those in heavier elements. 
Furthermore the coupling of the np electron to the Is electron becomes 
weaker in the higher quantum states, — so that possibly with increasing n the 
interaction arising from the action of the orbital motion or the spin of one 
electron on the spin of the other becomes less effective in determining the 
internal ratio. 


W. Heisenberg, Zeits. f. Physik 39, 499 (1926). 
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RAMAN SPECTRA OF SULPHURIC ACID 

By Raymond M. Bell AND W. R. Fredrickson 
Pennsylvania State College and Syracuse University 
(Received May 11 , 1931) 

Abstract 

Concentrated H 2 SO 4 gives a series of Raman lines which, with the exception of 
the 4566A line, decrease in number and intensity with a decrease in concentration and 
finally disappear. At the point at which the above lines vanish, a broad line (481 7 A) 
appears and persists in dilute solutions. At low concentrations the water bands are 
present. The 4566A line is present at all concentations of acid and increases in in- 
tensity with a decrease in concentration, but is missing in pure water. A line with 
the same wave-length (within experimental error) and intensity variation is found in 
FINO3, and it is suggested that the two lines have the same origin. 

R aman spectra have made possible a new approach to the study of con- 
- ditions in acids at various dilutions. Rao^ found that the Raman lines 
obtained from HNO 3 could be classified into the three following groups ac- 
cording to their behavior as the acid was diluted: (1) those due to the HNO;* 
molecule, (2) those due to the NOs" ion, and (3) those due to the water 
molecule. The lines of the first group decrease in intensity as the concentra- 
tion is decreased and finally disappear. The lines in the second group increase 
in intensity as the concentration is decreased, reaching a maximum at the 
concentration when the lines of the first group vanish, and then these lines 
also decrease in intensity. The lines of the third group appear as bands which 
first appear faintly as the acid is somewhat diluted and gradually increase in 
intensity and broaden as the concentration is decreased. The purpose of this 
paper is to present similar data obtained from sulphuric acid at various dilu- 
tions. A preliminary account of data has previously been reported in a letter 
to Nature.^ 

The method used to obtain spectrum was similar to the general method 
described by R. W. Wood, using a mercury arc. Most of the photographs 
were taken with a prism spectrometer, but plates were also obtained with a 
plane grating on the spectrometer table in place of the prism. The latter 
arrangement gave greater dispersion, but the intensity was, indeed, greatly 
reduced.^ Definite traces of lines and bands were found at all concentrations. 
With the prism, most of the lines could be obtained with an exposure of three 
minutes and the strongest could be detected on plates of a minute exposure. 
The lines in Table I are all taken from plates with 30 minute exposure,— 

^ Rao, Proc. Roy. Soc. A127, 279 (1930). 

2 Beil and Fredrickson, Nature 125, 895 (1930). 

3 R. W. Wood, Phil. Mag. 6, 729 (1928). 

^ Attempts were made to obtain Raman spectra with a small concave grating of 120 cm 
focus, but without success. 
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with experimental conditions exactly the same throughout. A fifteen hour 
exposure with the grating gave the same intensity as the thirty minute 
prism exposure and those lines are listed in Table IL The concentrations are 
measured in mol percent. That is, SO percent concentration is one H2SO4 
molecule to one H2O molecule; 100 percent is the purest acid available, com- 
mercial 96 percent; and 0 percent is pure distilled water. The wave-lengths 
are accurate to 3A. The numbers in parentheses are eye estimates of the 
intensity of the lines. 


Table I. Raman spectrum of H<iSOA, {Prism). 


Iration 

(percent) 

Wave-length in Angstroms 

100 



4585 (1) 4566 (1) 

4542 (4) 

4470 (3) 

4438 (3) 

90 



4566 (1) 

4542 (3) 

4470 (3) 

4438 (3) 

80 



4566 (2) 

4542 (3) 

4470 (3) 

4438 (3) 

70 



4566 (2) 

4542 (2) 

4470 (2) 

4438 (2) 

60 



4566 (2) 

4542 (2) 

4470 (2) 

4438 (2) 

50 



4566 (3) 

4542 (1) 

4470 (2) 

4438 (2) 

40 

4817 


4566 (3) 

4542 (1) 

4470 (2) 

4438 (2) 

30 

4817 


4566 (3) 




20 

4817 

4750 to 4700 

4566 (3) 




to 

4817 

4750 to 4700 

4566 (2) 




0 


4750 to 4700 






too 

4276(0) 4252 (0) 4224(3) 4203 (4) 4171 (0) 

4142 (2) 


90 

4224 (3) 4203 (3) 4171 (0) 


80 ■ 

4224 (3) 4203 (3) 



70 

4224 (2) 4203 (2) 



60 

4224 (2) 4203 (1) 



50 

4224 (1) 4203 (1) 



40 

4224 (1) 4203 (0) 



30 




20 ■' 1 

4225 to 4175 



10 

4225 to 4175 



0 

4225 to 4175 



Notes. 

4817 was a broad line or band at all times. 

4566 became broad at iow concentrations. 




4750 to 4700 and 4225 to 4175, water bands, became sharper and less intense as 


concentration increased. 




Table II. Raman spectrum of TI^SO 4 , {Grating), 



Concen- 

tration 

(percent) 

Wave-length in Angstroms 

too 

14585 (1) 4566(1) 4540 (4) 4470(3) 4440 (2) 4279(0) 4225 (1) 

4203 (2) 

80 

4566(2) 4540(3) 4470(3) 4440(2) 

4225 (1) 

4203 (1) 

60 

4566(3) 4540 (3) 4470(3) 4440(2) 

4225 (0) 

4203 (1) 

40 

4566(4) 4540(2) 4470(3) 4440(2) 

4225 (0) 

4203 (0) 

30 

4566(3) 4540 (1) 4470 (1) 4440 (1) 

4225 (0) 

4203 (0) 

From Table I we see that the lines found in concentrated HgSO 

4 persist 


as far down as 40 percent. The lines given for 100 percent agree with the re- 


1564 


R, M, BELL AND W. R. FREDRICKSON 

suits obtained by Ganesan and Venkateswaran^ with concentrated FI 2 S 04 . 
The intensity of all lines except the 4566 line decreases in intensity with a 
decrease in the concentration. The 4566 line, ■ however, increases in in- 
tensity to a maximum and then broadens and decreases in intensity. The 
two water bands are in approximate agreement with the measiirenients given 
by others. It is interesting, however, to note the decrease in breadth and the 
sharpness of these bands at their first appearance at high concentrations. 
The origin of the 4817 line or band is uncertain. It makes its appearance when 
the other lines disappear and is always broad. The 4470 line is the only one 
which seems to indicate a shift in wave-length as the concentration is de- 
creased. On some of our plates there is a slight indication that this line has 
shifted slightly to the red. 

The lines obtained with the grating, as listed in Table II, are similar to 
those in the preceding one. Here even the 30 percent concentration shows 
some of the H2SO4 molecule lines. The most striking thing about the grating 
plates is the change in intensity with concentration. The 4540 line decreases 
considerably in going from 100 to 40 percent, while the 4566 line increases 
correspondingly. 

Comparing the above results with those reported by others we find two 
interesting facts. (1) Several experimenters® working with sulphates find in 
all cases lines at 4552 A and 4214A which they attribute to the SOr ion. Our 
plates fail to reveal these lines, not even the plates of very long exposure 
time, (2) Rao^ reports a line at 4567A which he finds at all concentrations of 
HNO3. We also find a line at 4566A which appeared at all concentrations. 
Ganesan and Venka\eswaran® give 21895 cm""^ as the measurement for the 
same H2SO4 line and 21893 cm-^ for the HNO3 line. Both of these lines in- 
crease in intensity with a decrease in concentration. Neither line appears in 
pure distilled water. We are inclined to believe that this close agreement in 
wave-length and variation in intensity with concentration is not fortuitous, 
but rather an indication that the two lines may have the same origin— per- 
haps a hydrated hydrogen ion. 

The experimental work described above was done in the Department of 
Physics at Syracuse University. 


5 Ganesan and Venkateswaran, Ind. Jour, of Phys. 4, 195 (1929). 

6 Mukherjee and Sen Gupta, Ind. Jour, of Phys. 3, 503 (1929). HoIIaender and Williams 
Phys. Rev. 34, 994 (1929). 

^ Rao, reference 1. 

* Ganesan and Venkateswaran, reference 5, 
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INVESTIGATIONS IN THE SPECTRAL REGION 
BETWEEN 20 AND 40m 

By John Strong* 

California Institute of Technology, Pasadena 
(Received May 5, 1931) 

Abstract 

An apparatus is described which is convenient for studying the optical properties 
of substances with reststrahlen having wave-lengths from 6 to ISOju. A vibrationless 
support is described, the essential features of which are copied from the design of R. 

M iiller but the construction is simplified. The transmission of several gases was studied 
with reststrahlen having wave-lengths 20 to 33 /a. SO 2 shows strong absorption at 
20.75/a. The reflectivity of SO 2 was tested and found to be zero at both 20.75/t and 
8.7/a where it has strong absorption bands. Gas absorptions from 20 to 33/a are com- 
pared with the Raman indications. Transmissivities and reflectivities of various ma- 
terials are given for the spectral region 20 to 33/a. — MgO was found to have a 

reststrahlen near 23/t. Potassium iodide was found to be transparent to wave-lengths 
greater than 33/a. 

T he region of the spectrum between 20 and 40m has not been as exten- 
sively investigated as the regions on either side, due to the lack of ma- 
terials having suitable optical properties for windows, dispersing prisms and 
filters. The use of various reststrahlen and gratings with open thermocouples 
(or microradiometers) has given us most of the knowledge we have of the 
optical properties of substances in this region. Recently, L. Kellner^ has stu- 
died the transmission of paraffin (Kahlbaum M.P. 68°"72°C) and found that 
layers of 1.2 mm thickness are sufficiently transparent beyond 20 m for use as 
thermocouple windows. This discovery materially decreases the difficulty of 
investigation in this region. 

Potassium chloride is transparent to 23m, potassium bromide to 30m, 
potassium iodide to wave-lengths greater than 33m. The technique for grow- 
ing large crystals of these materials was developed by the author^ at the 
University of Michigan. With these materials available the region now open 
for prism spectroscopy extends beyond 15m by more than an octave of fre- 
quencies. The purpose of this present paper is the extension of our knowledge 
of the optical properties of substances in this new region. 

Schaefer and Matossi''^ have prepared a table of the reststrahlen bands 
which have well established wave-lengths. Several of these bands fall in the 
spectral region 20“40 m and the present investigation was made with these 
bands. 

The reststrahlen bands are not as monochromatic as might be desired 
but this is compensated for by the abundance of available energy and the 

* National Research Fellow. 

^ L. Kellner, geb. Sperling, Zeits. f. Physik 56, 215 (1929). 

2 John Strong, Piiys. Rev. 36, 1663 (1930). 

8 Schaefer and Matossi, Das Ultrarote Spektrum, p. 60 (1930), 

1565 


1566 ^ JOHN STRONG 

wide range of wave-lengths which are obtainable with the one technique. 
Wave-lengths from 6 to ISOju are thus obtainable, corresponding to a fre- 
quency range of more than five octaves. 

The Apparatus 

A reststrahlen apparatus was devised for these experiments whicli was 
superior to older reststrahlen arrangements in the following ways. Idrst, the 
crystal reflectors needed were of small size and, consequently, easier to obtain 
than the large crystals required for the old arrangements. Second, the transfer 
of crystals in going from one wave-length to another was a simple operat ion 
requiring only a few seconds of time and this operation did not disturb the 
air through which the radiations passed and thus it was possible to keep the 
air dry at all times. 



Fig. 1. Diagram of reststrahlen apparatus. 

Fig. 1 is a diagram of the reststrahlen apparatus used for this research. 
Light from the Welschback mantle is reflected by the mirror, Mu into the 
reststrahlen apparatus through the circular hole, b4i, where it subsequently 
passes, after reflection from the concave spherical mirror, Mu to a second 
circular hole, Au A crystal mirror, Ru covers this hole and reflects the light to 
the concave mirror, ikfs, where it is returned for the second reststrahlen mir- 
ror, Ru After three (or four) successive reflections from reststrahlen mirrors 
and possibly one reflection from a metal mirror, the light is focused onto the 
receivers of the vacuum thermocouple, T. The thermocouple is a compen- 
sated two junction type, with one of the junctions covered by a rocksalt plate. 
This thermocouple was made for me by Dr. C. H. Cartwright. The window for 
the thermocouple was a 1 mm plate of potassium iodide. 

For studying the absorption of gases, an absorption cell may be intro- 
duced into the radiation path between the mirror, Mu and the circular hole, .4 1 . 
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The housing for the reststrahlen apparatus is made from brass sheet laid 
oA^er a framework of half inch square iron rod. This is mounted on a wooden 
support. The corners were sealed with beeswax to make the apparatus gas 
tight so the air might be dried with P2O5. The base of the housing was pene- 
trated by three adjusting screws (not shown) for each of the spherical mirrors, 
M 2 to Iff,. The outside of the housing was covered with a layer of felt and to 
protect further the apparatus from temperature fluctuation, it was encased 
within galvanized iron walls. The insert, A, in Fig. 1 shows a cross section of 
one of the small brass cylinders which fit over the holes At to A^,. This is 
drawn to a scale twice as large as that for the rest of the figure. The cylinders 
each have a lacquer window, L, stretched over their base. 

These lacquer windows are very transparent (96 to 100 percent) for waves 
longer than 20/x and permit the air within the apparatus to be kept dry, 
when the reststrahlen mirrors are being interchanged. A paper ring on the 
top of each cylinder protects the mirrors from being scratched. 

Because the silver mirrors are not used on their optical axes, there is con- 
siderable astigmatism. This results in. a large final image with smaller in- 
tensity than if there were no astigmatism. The illumination in the center of 
the final image will increase, however, as the size of the reststrahlen mirrors 
is increased. It is believed that since the reststrahlen surfaces used were each 
I inches in diameter, the illumination of the thermocouple receivers was not 
greatly attenuated due to astigmatism. 

In order to have the galvanometer free from microseismic vibrations, it 
was mounted on a vibrationless support. This support was a simplification 
of the one designed by R. Muller and was constructed in the following 
manner. Three triangular plywood boards, each thick and 11^'' on an edge 
were clamped and bored with sixf" holes, two holes in each corner. (See 
Fig. 2). The two upper triangles were separated 20" and bolted together at 
this distance with three |" brass rods, one at each corner, to form the swing- 
ing framework for the galvanometer. The top and bottom plywood triangles 
were fastened together by three 24" brass rods 3/32" diameter. These rods 
passed freely through the remaining |" holes in the middle triangle. The 
bottom triangle served for the base of the support while the 3/32" rods af- 
forded the necessary looseness of mechanical connection between the swing- 
ing framework and the earth. Three levelling nuts screw on the termini of 
the 3/32" rods below the bottom triangle. Four 10" pie pans are filled with 
transformer oil and stacked on top of the swinging framework to dampen 
oscillations. These pans were filled to the depth found by experiment to give 
maximum damping. The galvanometer was mounted on the middle triangle 
and above it on a tripod ballast was placed to make the period of oscillation 
of the support about two seconds. When this period is attained, the mechani- 
cal coupling is sufficiently loose to isolate effectively, the galvanometer from 
the horizontal components of microseismic vibrations. No protection against 
vertical components is necessary as these do not cause a spurious deflection 

^ R, Muller, Ann. d. Physik 1, 613 (1929). 
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of the galvanometer. In order to clamp rigidly the support for making ad- 
justments, tapered pins are dropped along the side of the 3/32'' rods in two 
of the holes in the middle plate. The swinging framework suffers a, slight 
parallel displacement when these pins are removed but this does not affect 
the galvanometer adjustment. This support is conveniently luiuscfl on a 
corner shelf to shield it from air currents. 



Fig. 2. Vibrationless support for galvanometer. 

In order to shield the Welschback mantle, IT, from air currents, a lacquer 
film, L, was stretched across the opening of the water-cooled chamber, C, 
which surrounds it. The radiations were taken off at nearly grazing incidence 
because the mantle was porous. Although the mantle material is quite opaque 
to waves 20-40/x, the mantle at normal incidence, showed an absorption of 
only 70 percent for these radiations due to its porosity. 

The thermocouple receivers were blackened with a paint made from pul- 
verized mantle material and colorless lacquer. Tests showed that these re- 
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ceivers absorbed as much as when coated with a mixture of soot and water 
glass but the paint did not cause the receivers to curl as water glass did. 

The Reststrahlen 

The table of Schaefer and Matossi is reproduced in part. This gives the 
method used for obtaining reststrahlen having wave-lengths of 20 to 33/^. 

Table I. 


Substance 

Number of Filter 
reflections 

X 

E 

Literature 

Quartz 

4 

2.5 mm AgCl 

20.75/. 

18.0 

H. Rubens and E. F. Nichols, 


8.7 /. 

12.0 

Wied. Ann. 60, 418 (1897). 

Fluorite 

3 

5 mm KCl 

22.9 fx 

6.0 

H. Rubens Berl. Ber., 1915, p.4. 

Calcite 

2 

3 mm KBr 

27.3 At 

8.0 

H. Liebiscii and H. Rubens, Berl. 

Fluorite 

2 




Ber., 1919, p. 876. 

Marble 

4 


29.4 fi 

14.0 

E. Aschkinass, Ann. d. Physik 



6.7 fi 

4.0 

1, 42, (1900). 

Fluorite 

3 

0.4 mm Si02 

1.2 mm KBr 

32 .8 /X 

0.75 

H. Rubens, Wied. Ann. 69, 576 


(1899). 


The numbers given in column E represent the observed galvanometer de- 
flection in centimeters for the various reststrahlen. A Leeds and Northrup 
high sensitivity galvanometer was used with the scale at 3 meters. In order to 
eliminate shorter waves as much as possible a soot filter was used and these 
values are for the energy transmitted by this filter. 

In the present experiments a 1 cm KCl filter was substituted for the 2.5 
mm AgCl filter recommended by Rubens and Nichols. This is justified by 
the transmission curves given by Rubens and Trowbridge® for AgCl and KCl. 

In the present experiments, the 27.3/it rays were not polarized as specified 
by Liebisch and Rubens and it was not possible to test the wave-length of 
the rays to find the effect of this omission. 

The 32.8ju rays were apparently homogeneous for the transmission of a 
KBr plate. 1.2 mm thickness was found to be 68 percent while Rubens states 
that it transmits more than | of the 32. 8p reststrahlen. 

Except for the 20.75jU and 29.4ju reststrahlen a rocksalt shutter of 3 mm 
thickness was used. For these reststrahlen both rocksalt and metal shutters 
were used. If Erwas the energyof both reststrahlen and Ar was the absorption 
of the sample for this energy, then if was the energy passed by a rocksalt 
filter, i.e., the energy of the short reststrahlen, and A, the part of this energy 
al)s<)rbed by the sample, then, allowing 9/10 as the transmission of the rock- 
salt shutter for the short waves, the long wave (i.e. the 20.75 and 29.4/x rest- 
strahlen) energy is iET—EjO.9) and the long wave energy absorbed by the 
sample is (At— As/0.9). 

H. Rubens and A. Trowbridge, Wied. Ann. 60, 724 (1897). 
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Measurements 

Gases. The gases used for the present measurements were not especially 
purified. They were drawn from stock cylinders or were the vapors of ('heini- 
cally pure liquids. The chief difficulty in obtaining consistent results was due 
to the variable concentration of vapor within the absorption cell. Benzene 
and CCI4 were observed to wet the lacquer windows at times and tliis gix es 
an indication that these liquids would, in all probability, be transparent. 
The values given in Table II are averages of four to eight indcf)endent runs 
taken on different days and are thought to be correct to about 2 percent. 
They are slightly different from some preliminary results published in a 
Letter to the Editor. These differences in some cases are due to ad<Jiti(uial 
data but for the wave-lengths 20.75 and 29 Ajjl the differences are due <'hi(*liy 
to corrections for the transmissivity of the rocksalt filter used. 


Table II. Percent trayismission. (Length of cell^ 4 inches). 


Material 

Pressure 

Millimeters 

6 . 7ju. 

8.7k 

20.7Sk 

22.9)U 

27.3k 

29 . 4/.t 


NHs 

760 

24 

26 

79 

93 

83 

82 

62 

N2O 

760 

102 

77 

90 

100 

101 

101 

102 

C2H2 

760 

95 

92 

99 

101 

101 

100 

98 

H2S 

760 

97 

98 

98 

97 

92 

90 

83 

SO2 

760 

98 

5 

7 

58 

100 

100 

96 

CeHe 

96 

65 

97 

102 

99 

100 

98 

95 

CCI4 

114 

95 

99 

97 

99 

99 

99 

91 

CS2 

361 

30 

98 

100 

86 

98 

99 

96 

CHCb 

200 

93 

90 

99 

98 

98 

97 

97 

(CoHOoO 

526 

17 

6 

61 

45 

69 

71 

61 


The gradual decrease of transparency for HoS and N 3 H at longer wave- 
lengths may be due to the short wave-length end of the pure rotation spec- 
trum. 

The only strong absorption band discovered in the new spectral region 
was for SO 2 at 20.75ju, This band agrees with Raman indications® and is 
possibly the third fundamental band for SO 2 . The strong absorption of SO 2 
for both the reststrahlen of quartz is quite striking. The absorption cell filled 
with SO 2 cuts off these radiations almost the same as a metal shutter. 

R. W. Wood^ has shown that the mercury line 2536 is reflected by hot 
mercury vapor at a high pressure. He states “It appeared highly probable that 
if the molecular resonators were packed closely enough together, the second- 
ary wavelets which they emit, having a definite phase relation would unite 
into a single wave, and the scattered light would disappear, regular reflection 
taking its place. ^’ Because of the strong absorption of SO 2 for the reststrahlen 
of quartz it was decided to test this hypothesis. High pressures should not be 
necessary on account of the long wave-lengths involved. Accordingly, a cell 
was fitted with a window of KBr and one of the quartz reststrahlen plates 
was replaced by it in such a way that there was reflection from the outer and 
inner surfaces of the window. The cell was connected to a vacuum pump and 

5 Q, Dickinson and S. Stewart West, Phys. Rev. 35, 1126 (1930). 

^ R. W. Wood, Physical Optics, p. 429 (1929). 
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a tank of S()2 by a three way stopcock so that it might be alternately evacu- 
ated and filled with SO2 at a pressure of two atmospheres. No change, what- 
ever, in, the galvanometer was observed when the cell was emptied and filled 
with S( )2. This seems to show that this gas does not reflect at either 8.7/^ or 
20.75ja. 

The results of Table II are in agreement with results of Rubens and von 
Wartenberg^ for the 22.9/i reststrahlen with the exception of CS2. For this 
gas, using a cell about 8" long, these authors get a value of 97.8 percent as 
compared with my value of 86 percent for a 4" cell. 

Coblentz^*^ observes absorption bands at or near 6.7ju for liquid CHCI3 
(0.16 mm layer) and CCI4 (0.1 mm layer) which are not observed for the 
vapor with the 6.7ja reststrahlen. 

For CCI4 there is a Raman line corresponding to an active infrared 
vibration at a wave-length of 31.6^ and for CHCI3 there is a line correspond- 
ing to 27.93jct. Also for (€2115)20 there is a line corresponding to a wave- 
length at 23/x, There is no corresponding absorption for the CHCI3 line but 
the low transmission of ether at 22.9ju and CCI4 at 32.8/x may be associated 
with the Raman indications. 

Optical properties of various substances. Lacquer films may be prepared 
by dropping a single drop of colorless brushing lacquer on a large water sur- 
face. The lacquer spreads out immediately and the amyl acetate evaporates 
leaving a tenacious film. These films are useful as windows for absorption 
cells and so their optical properties are of interest. Since the films are of the 
order of lju thickness, there is no total reflection on account of the destructive 
interference between the energy reflected from the front and back surfaces. 
The absorption of a typical film is given in the first row of Table III. These 
films are so transparent that the reststrahlen are not seriously weakened in 
passing twice through four films, besides the sooted film over the first hole 
in the reststrahlen apparatus and the film over the Welschback mantle 
chimney. Values for a film covered'with soot are also given in Table III. 


Table III. Percent transmission. 


Material 

Description 

6.7m 

8.7m 

20.75m 

22.9m 

27.3m 

29.4m 

32 .8m 

Lacquer film 

Thickness of order of 
wave-length of visible 
light 

96 

93 

97 

98 

99 

99 

100 

Mica 

lOjit thickness 

83 

22 

19 

00 

35 

42 

44 

Soot on 
Lacquer film 

Opaque to visible 

25 

22 

67 

53 

^ 60 

67 

60 

Amorjdius 
c|iiaiiz 
( dass 

10m thickness 

86 

02 

01 

03 

51 

55 

68 

3(x thickness 

93 

07 

12 

14 

48 

51 

56 

Cellophane 

25m thickness Ciga- 
rette wrapping 

33 

04 

04 

01 

20 

25 

26 

MgO 

Deposit of fumes from 
burning Mg ribbon 

88 

86 

04 

02 

90 

93 

87 

ZnO 

Deposit of fumes from 
Zn arc 

99 

80 

15 

05 

93 

79 

80 


''If. Rubens and H. \"on Wartenberg, Verb. d. D. Phys, Ges. 13, 796 (1911). 
^ \\’. \\\ Coblentz, Investigations of infrared spectra, part I pp. 180 and 182. 
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Other possibilities for windows in this region are mica, quartz, glass and 
cellophane. Their transmissions are given in Table III. 

In a MgO deposit, we have an interesting absorption at 22.9/i. It seemed 
from the results given in Table III that one might expect a reststrahlen for 
MgO near 23/i. The Vitrofrax Corporation of Los Angeles supplied the author 
with some beautiful synthetic crystals of i3-MgO with which experiments 
were made. There is no doubt but that this material showed a strong rest- 
strahlen near 23/r as will be observed from its reflectivity given in Table IV. 


Table IV. Percent reflection 

Description of reflector 

22.9m 

32.8m 

Deposit of MgO from burning Mg ribbon 

0 

0 

Reflection /3 — MgO 


80 

33 

Galena 


28 

24 

Stibinite 


>16 

— 

Mica 


32 

— 

Paraffin 


04 

— 

Pencil mark on paper 

09 



[Soot coating 

43 

48 

Silver covered with^ 

MgO coating 

08 

91 


1 ZnO coating 

01 

52 


[Optical black 

31 

— 

Gold foil blackened with bismuth 

>19 

— 

KBr 


04.3 

— 

KI 


05.5 

— 

KBr-|-l .Sjit CaF 2 deposited by evaporation 

10 


Kl-f 1 .5jLt CaF 2 deposited by evaporation 

13 



It was not convenient to measure the reflectivity of /3~Mg() for the other 
wave-lengths but it was possible to substitute the magnesia for one of the 
reststrahlen plates and determine the relative galvanometer deflections* This 
gives the ratio of the reflectivity of MgO to that of the reststrahlen plate. 
Assuming 0.7 for the reflectivity of the reststrahlen plates we get the approxi- 
mate values for the reflectivity which are^given in Table V. 


Table V, Percent reflection of ^ = MgO. 


6.7m 

8.7m 

20.75m 

22.9m 

27,3m 

29.4m 

32.8m 

5 ■ 

10 

49 

80 

42 

35 

33 


S. Tolksdorf^^ reported the fundamental for MgO at 14.2jL6 but since MgO 
has a cubic lattice and therefore only one reststrahlen, it does not seem pos- 
sible that the 14.2ju absorption that he reports can be the fundamental. This 
point requires further investigation. 

S, Tolksdorf predicts, from the absorption spectrum of ZnO, that this 
material has fundamental absorption bands at 22 and 2S}x. The data in. Table 
III give an absorption for one and not the other of these bands. An investiga- 
tion of the reflectivity of zincite is being made to clear up these points. 

Measurements on a KI crystal would indicate that a layer of this material 
2 cm in thickness would transmit 50 percent of the 32.8/x reststrahlen. 

S. Tolksdorf, Zeits. f. phys. Chem. 132, 161 (1928). 
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ON THE AXIAL ROTATION AND SPECTRA OF STARS 

By Ross Gunn 

Naval Research Laboratory, Washington, D. C. 

(Received April 30, 1931) 

Abstract 

^ Struve’s remarkable relation between high observed axial rotations of stars and 
their bright line spectra is considered theoretically. It is shown that the two phe- 
nomena are closely related to the same electromagnetic effects that account for the 
anomalous solar rotation. High electromagnetic winds, resulting from crossed electric 
and magnetic fields, account for the high apparent rotational velocity and transfer 
sufficient momentum to the star in the course of stellar time to account for the high 
true rotations necessary to produce fission. The large electromagnetic wind velocities 
require the presence of comparatively large radial electric fields and it is shown that 
these can add sufficient additional excitation energy to the atmospheric ions to pro- 
duce bright line spectra. Thus, high apparent axial rotations, high true rotations and 
bright line spectra in stars are intimately related and the existence of one, usually 
demands the presence of the others. An approximate expression is derived for the 
time rate of increase of angular momentum in a star. 

TN TWO recent papers/ Otto Struve has drawn attention to a remarkable 
A correlation between the spectra of stars and their apparent rotation as de- 
rived from measurements of Doppler displacements. Dr. Struve points out 
that emission lines are found principally in the O and B type stars and that 
in these “Excessive rotations, estimated at ...(.. . 250 km/sec or more), 
are frequent. Apparently bright lines occur preferentially in stars having 
rapid axial rotation.” The very high peripheral velocities indicated by his 
observational data suggest that certain stars are rotating so fast that they are 
on the ^'erge of division to form binary systems. This conclusion is in accord 
with statistical data on binary systems which show that most close binary 
systems are B type stars or later. In the following discussion we will assume 
that the internal constitution and atmosphere of a given star is not greatly 
different from that of our sun and show that Dr. Struve’s strange observed 
relations follow directly from a consideration of electromagnetic effects which 
we have shown to account for certain observed solar peculiarities. 

Superposed Electromagnetic Winds 

In a series of papers dealing with the electricity and magnetism of the 
sun- it has been shown that the observed variations of the apparent solar 
rotation with latitude, altitude, and time are readily explained in terms of at- 
mospheric motions superposed upon the body rotation of the sun proper. 
These systematic motions of the atmosphere result from the interaction of 

^ 0. Struve, Astrophys. J. 72, 1 (1930); 73, 94 (1931). 

= R. Gunn, Phys. Rev. 35, 635 (1930); 36, 1251 (1930); 37, 283 (1931); 37, 983 (1931); 37, 
1129 (1931). 
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crossed electric and magnetic fields with the atmospheric ions and we may 
express its magnitude u by^ 

EXB , 1 -, 

iHT+TR/m 

where E is the radial electric field of the star at the observed level and B is 
the magnetic field (both quantities being expressed m e.m u.), R ladms 
S thTspbal generated by the moving ion. and X the mean free path \Xe will 
lilreafter reffr to this systematic superposed atmospheric motion of the ions 

^The^de™afeimrgy dissipated in the solar atmosphere is an appreciable 
frac?on orAe total rSiated energy.^ This seems probably to be true in all 
stars having magnetic fields and indicates that stars wit i . " 

neratures (high radiation per unit area) are surrounded by a compdrdtivel> 
farge radial lectric field. Thus in 0 and B type stars with surface tempera- 
tures ranging from 35,000° to 12,000° electrical effects would be expected 1 1 
be very important. We have no knowledge of the magnetic field of a s ar and 
can only suggest that its magnitude and distribution is not unlike that of i\ t 
sun If this is the true situation then we would expect the ratio of the mag- 
nitudes of the electric and magnetic fields in early type stars to be large anc 
high velocity electromagnetic winds to result. Dr. Struve s observation that 
excessive rotations are common in 0 and B type stars is consistent with the 
above conclusions. 

Excitation of Radiation by Electric Fields 

Eddington* has concluded that bright line spectra in a non-nebulous star 
is evidence for the existence of “thunderstorms” in the atmosphere of the 
star but he was unable to make his suggestion quantitative. We proceed to 
calculate the electrical energy added to an ion during its free path as a result 
of the presence of an electric field. An ion in the atmosphere of a star having 
electric and magnetic fields does not move in the direction of the electric 
field, on the average, but describes a cycloidal path and progresses in a direc- 
tion at right angles to both the impressed electric and magnetic fields." Due 
to the presence of the magnetic field, an ion cannot acquire more than a 
definite amount of energy from the electric field, even if the ion describes an 
infinitely long free path. The mean energy W added to an ion by the electric 

field is given by* 

W = mvu[l + 

while the maximum energy is considerably more than twice as much or 

Wm = 2mm(l -f m/v) (^) 

where m is the mass of the ion, v the component of its initial velocity in a 
plane perpendicular to B the magnetic field and u the magnitude of the elec- 

3 Internal Constitution of the Stars, (1926). 
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tromagnetic wind given by Eq. (1), If we neglect the relatively less frequent 
case of successive collisions where an ion of initially large energy collides with 
another and starts it off with abnormally high velocity, we can express Eq. (2) 
in terms of the electromagnetic wind velocity u and the surface temperature 
of the star. Thus if we express W in terms of equivalent electron volts F, Eq. 
(3) becomes 


u(2mkTyi^ 


We 


1 +• 


JkT, 


1/2 


(4) 


where e is the electronic charge expressed in e.m.u., k the Boltzmann con- 
stant, and T the atmospheric or effective surface temperature. Table I gives 
the average increase in energy of an ion due to electrical fields in terms of 
equivalent electron volts, assuming that the initial energy of the ion when it 
starts its path is purely thermal. Many of the ions and electrons will have 
more than these energies and can produce additional excitation. 

It will not be necessary to discuss in detail the exact mechanism whereby 
bright emission lines are produced, for it should be clear from Table I that 
ions in the atmosphere of a star can absorb sufficient energy from the star’s 
electric field to excite bright line radiation. The table and Eq. (2) bring out 

Table I. Average increase in energy due to electric field. 



Hydrogen ion 



Electron 

u km /sec 

Surface Temperature 

Surface Temperature 

o 

o 

o 

o 

o 

20,000° 

10,000° 

20,000° 

10 

1 . 74 volts 

2 . 19 volts 

0.031 volts 

0 .044 volts 

25 

7.80 “ 

8.46 

0.079 « 

0.111 “ 

SO 

28.8 

29.4 « 

0.16 « 

0.22 “ 

100 

112. « 

113. « 

0.32 " 

0.45 « 


dearly that the electrical excitation energy and hence the prevalence of bright 
lines increases rapidly with increase in the magnitude of the electromagnetic 
wind which is proportional to the apparent rotational velocity. Thus the 
theory that has been developed to account for the observed anomalies of the 
sun’s rotation leads directly to a quantitative explanation of Struve’s ob- 
served relation between high rotational velocities and bright line spectra in 
stars. 

Added Angular Momentum and Body Rotation 

With the possible exception of close binary stars in which the axial and 
orbital periods are identical, it seems impossible to detei'mine the true rota- 
tional period of a star, either by observing the motion of its magnetic pole or 
by a determination of its departure from a true spherical form. We must have 
knowledge of the true body rotation in order to separate the various com- 
ponents of the motion and we are forced to assume that the initial rotation of 
a star is small and estimate the body rotation from the observed apparent 
motions, the physical properties of its atmosphere and its age. The directions 
of the electric and magnetic fields of stars are undoubtedly related to the 
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direction of their rotation in the same manner as those of the sun and earth. 
The electromagnetic winds therefore blow in the direction of the body rota- 
tion, but much faster, and add momentum to the star proper. Thus, we defi- 
nitely abandon the principle of the conservation of momentiini in an evolving 
star. In connection with the sun this effect was considered- and it was shown 
that since the sun was formed, sufficient angular momentum has been trans- 
ferred to the sun proper by its own electromagnetic winds to account for its 
present axial rotation. 

The superposed systematic momentum of an ion in a star’s atmosphere is 
derived entirely from the radial electric field, and the magnetic field serves 
only to change the direction of the moving ion. The mechanism is therefore 
one for converting radial momentum into angular momentum. There can be 
no reacting momentum transferred to the star’s magnetic field by the meeli- 
anism described, for the magnetic force on an ion is always at right angles to 
its motion and the magnetic field cannot transfer energy to the ion or the ion 
energy to the magnetic field. Momentum, therefore, cannot be transferred 
by this means and we are left to consider only the momentum transferred to 
a star by viscous forces between the star proper and its fast moving atmos- 
phere. This transfer of momentum is always in such a direction as to accel- 
erate the axial rotation and calculations indicate that in the course of stellar 
time the added momentum is adequate to increase the angular velocity until 
a star becomes rotationally unstable. 

The data available for a typical star are not sufficiently complete to war- 
rant a detailed calculation and in the following we shall make a rough calcu- 
lation which will serve to indicate only the approximate magnitude of the ef- 
fects. The electromagnetic winds of the star’s atmosphere transfer momentum 
to the star proper which we assume to be a semi-rigid gaseous body held to- 
gether by gravitational, radiative, and electromagnetic forces. The torque 7’ 
applied to the star as a result of the systematic motion of its atmosphere is 

du do 

T (5) 

dr dt 

where is the mean coefficient of viscosity of the transition layer between the 
atmosphere moving with a velocity u and the surface proper, vl the effective 
areas in contact, i?o the radius of the star, the radial velocity gradient 

and dO/d^ the time rate of increase of angular momentum. It is clear from 
Eq. (1) that the superposed electromagnetic wind velocity u drops rather 
abruptly when the ion pressure increases sufficiently to make the mean free 
path X as small as R, the radius of the spiral generated by the ion moving in 
the magnetic field. If the low lying regions of the star’s atmosphere are in 
gravitational equilibrium, then the difference in altitude Ar, corresponding to 
a fractional change in the ion pressure of unity, is given by 

kT 

Ar--— (6) 

zhg 
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where k is the Boltzmann constant, T the temperature of the atmosphere, z 
its mean atomic weight, h the mass of a hydrogen atom, and g the surface 
acceleration due to gravity. The fractional change in the superposed velocity 
ii in the interval given by Ar is also approximately unity so that we may write 


Lu zhyMuo 
Ar ^ kTR^ 


( 7 ) 


where Uq is the superposed electromagnetic wind velocity in the observed re- 
gions of the star’s atmosphere, y the gravitational constant and M the mass of 

the star. 

The coefficient of viscosity rj of the transition layer is 


(SzhkTyi^ 


( 8 ) 


where a is the diameter of the gaseous ions or molecules according to kinetic 
theory. We assume that the effective area in contact is a ring around the equa- 
tor of the star of width Rq. Combining the foregoing relations and making 
obvious substitutions we hcive that the rate of increase in the angular mo- 
mentum of the star proper is 


dQ f zhyuoRoM 


dt 




2kT. 




or if wj is the present value of the angular velocity 

/ 3zh\^'^ zhyRoUirr 


COt = Wo + 


/ 3zhy 

Kut) 




(9) 


( 10 ) 


where wo is the initial angular velocity of the star and will be set equal to 
zero, d is the radius of gyration of the star about its axis of spin and t is the 
age of the star. We have assumed a steady state and have made no attempt 
to allow for greater values of tio during the youth of the star or for its varia- 
tion with latitude. 

Now if Fo is the apparent or observed peripheral velocity of the star and 
oiiRa the peripheral velocity of the surface proper then Fo = 2io+wtJ?o and 


Vo 

Mo 


1 + 


/ 3zh\^^^ zhyRo^r 


/ 3zh\ 

Kut) 




( 11 ) 


Numerical data for calculating Va/uo from Eq. (11) are lacking and we must 
assume that the star is of uniform density, its atmosphere is not unlike that of 
the sun and its age approximates 2X10-" sec. or the mean indicated age of all 
stars. Substituting therefore 2 = 3.3; A = 1.67X10~^‘ gm; = 1.37X10“^®; 
o- = 10-® cm; 7 = 6.67X10-5; r = 2X102<> sec; d^ = QARo^ and for a typical B 
type star r= 15,000° we findFo/Mo = 4.1 and therefore the true rotational 
velocity is roughly 3/4 the apparent observed value. A similar calculation for 
the sun yields 6.2 while the observed ratio is 4.0. It is clear from the results of 
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our calculation that, unless B type stars are much younger in actual years of 
existence than their state of evolution indicates the true rotations are large 
fractions of the apparent rotations and therefore many of these types of stars 
are on the verge of division to form binary systems. It seems clear that high 
electromagnetic winds necessarily produce high speed axial rotations in a star 
of moderate age and the calculations of the present paper are not in disagree- 
ment with Dr. Struve’s conclusion that many B type stars are almost rota- 
tionally unstable. 

The observed high apparent axial rotations in 0 and B type stars, together 
with the well established fact that close binary systems with few exceptions 
are B type stars or later, seem significant, and strongly suggest that stars in 
this period of their evolution divide as a result of a tremendous increase in 
their angular momentum. The increase in angular velocity appears to be ac- 
counted for by electromagnetic effects rather than by an increase due to con- 
traction of the star. The contraction of the star may play an important part; 
but there is great difficulty in accounting for the original angular momentum, 
and a mechanism to add momentum to the system must be provided some- 
where in the plan of stellar evolution. It seems quite possible that the above 
mechanism for adding angular momentum to a star represents physical reality 
but further supporting evidence is desirable. 

Conclusion 

Dr. Struve’s values for the apparent peripheral velocity of type B stars 
(approximating 250 km/ sec) together with the present calculations suggest 
that the electromagnetic winds may have velocities of 50 km/sec or more and 
therefore in these stars the ratio of the magnitude of the electric and magnetic 
fields must be very large. The large electric fields are capable of adding con- 
siderable energy to the ions constituting the star’s atmosphere and emission 
lines should be observed. The very high superposed atmospheric motion of 
the star will, as well, transfer momentum to the star proper and we should ex- 
pect this stage of development of a star to be characterized by a large increase 
in angular momentum resulting ultimately in the formation of binary sys- 
tems. Statistical evidence supports this conclusion. We see therefore that high 
apparent axial rotations, high true rotations and bright line spectra in stars 
are intimately related and the existence of one usually demands the presence 
of the others. 
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THE NEUTRON 

By R. M. Langer and N. Rosen 
Massachusetts Institute of Technology 
(Received May 12, 1931) 

Abstract 

The writers point out that the postulation of the existence of the "neutron,” a 
combination of an electron and a proton, of small size and low energy would be very 
useful in explaining a number of atomic and cosmic phenomena. They find that a 
mathematical treatment based on existing theory leads to indications of such a state 
but no definite proof. 

I. Introduction 

TT is an attractive speculation to try to describe a process by which the 
various elements could be formed. In the present state of atomic theory it 
is really an anomaly that there are elements other than hydrogen; for no one 
has hitherto attempted to show that quantum systems could exist with the 
dimensions and energies appropriate to nuclei or constituents of nuclei. Our 
purpose here is to indicate how such systems may exist on the basis of wave- 
mechanics, and thus offer a way of describing the process of building up of the 
heavier elements. 

The present article is devoted to a discussion of a combination of an elec- 
tron and a proton of low energy and very small size which we shall speak of as 
the "neutron.” Such a particle, if it exists, must have a mass but slightly 
smaller than that of a hydrogen, a diameter of 10“^^ to 10“^® cm, and energy of 
the order of magnitude of moc^ (ISmoC^ is an upper limit; wo = electron mass) 
less than that of hydrogen in order to account for observed phenomena. It 
seems proper to begin by pointing out reasons for the assumption of the exis- 
tence of a neutron and to show how it might help to explain certain phenom- 
ena. 

II. Applications 

In most ordinary phenomena the effect of a particle like the neutron 
would be unobservable. It is small enough, for example, to penetrate material 
walls and therefore would not contribute to a gas pressure. Its only large 
scale property is its gravitational field. In atomic and cosmic processes how- 
ever, it can play an important role* 

L The process of the increase of atomic number. 

In a universe whose initial state was a mass of free protons and electrons 
it is natural to imagine that the most readily formed combination would be 
that of ordinary hydrogen. This. process has a large cross-section because the 
final state is comparatively large and because there is attraction at large dis- 
tances with the possibility of radiation always present to provide for the con- 
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servation of energy in the change of state involved. On the other hand, a sta- 
ble combination of two protons or two electrons would surely have to be of 
extremely small size because we know that down to very small separations 
the forces are repulsive. The latter fact decreases the probability of close 
collisions; and any radiation that might occur could only make the collision 
less intimate. The alternative process of simultaneous collision of at least six 
particles to form a complex nucleus is obviously unimportant even at high 
densities, as long as a suitable building process can be described which in- 
volvcs the collision of only two bodies at a time. 

Once hydrogen atoms are formed the way is now open for the building up 
process. The neutron as we describe it, is actually a low state of hydrogen so 
that in any hydrogen atom there is always a probability of transition into a 
neutron with emission of a high energy quantum. Due to its small size the 
neutron has a very small external electric field so that its long range influence 
is the gravitational attraction. At small distances there are of course further 
polarization attractions and possibly magnetic effects. Such systems will cob 
lide, readily in spite of their small size because they are electrically neutral. 
Resonance, polarization or magnetic forces may then hold them together 
until a complex system is formed which by expulsion of some of its electrons 
might rearrange itself into a stable atomic nucleus. A neutron being small 
and field-free could penetrate outer shells of electrons and enter nuclei. 
The tremendous initial velocity which must be assumed in the usual picture 
in which protons or a-particles are added to one element to form a heavier one, 
is no longer required. The resulting configuration could well be a stable one 
but need not be the most stable. The measured values of packing fractions in- 
dicate a remarkable degree of stability in the ordinary nuclei. It may there- 
fore be that a close cluster of neutrons could lose energy by the expulsion of 
electrons to form nuclei. 

2. Cosmic radiation. 

There are two ways of distributing the energy which is released in the 
formation of helium. Either most of the energy is given out in the formation of 
neutrons from hydrogen and a smaller amount accompanies the rearrange- 
ment of the four neutrons into helium or else the formation of neutrons lib- 
erates a comparatively small amount, the remainder of the packing energy 
being radiated in a single quantum as the rearrangement occurs. In either 
case the radiation might be of the type of cosmic radiation as observed by 
Millikan and others. The second alternative however is entirely in agreement 
with the conclusion of Millikan as to the significance of his measurements. 
However, the gradual gathering of neutrons with a subsequent sudden transi- 
tion to a stable nucleus is much more agreeable than the assumption of a 
multiple collision by means of which this process is ordinarily supposed to 
happen. 

3. High density matter in stars. 

The usual explanation of the white dwarfs involving a high degree of ioni- 
zation of the atoms is not the only one. There are in fact great advantages 
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from this point of view in favor of our neutron. Being small it has a great 
mean free path and is comparatively insensitive to light pressure. It there- 
fore goes easily to the center of a gravitating mass. Being neutral and having 
an extremely small external field, it permits high densities to build up before 
it deviates appreciably from perfect gas behavior. Further, the possibility of 
high densities is not dependent on having a high temperature or pressure nor 
is there much danger of violating the Pauli exclusion principle by exceeding 
the maximum electron density for a given pressure. 

HI. Theoretical Treatment 

If one naively examines the solutions of the ordinary Schrodinger equa- 
tion for hydrogen, one is inclined to wonder why, in addition to the ordinary 
states for quantum numbers, n = 1, 2, 3, • • • , there is no state for n = 0. Since 
in general the solutions (for / = 0) are of the form : 

^ e~^^^Pn{r) 

the wave function for this state, if normalized, would be a 5-function, zero 
everywhere except at the origin, so that this state would correspond to an 
electron which had fallen into the nucleus. Such a condition in view of the 
attraction between the two is by no means inconceivable. 

That this is unsatisfactory is at once evident. In the first place the energy, 
which is given by : 

. W = Rh/n^ 

would be infinite. In the second place, a simple calculation shows that the 
transition probability from a higher state to this one is zero in every case. 
From a physical point of view the state can therefore be considered as non- 
existent. 

However, the above considerations are too rough. The assumption of a 1/r 
potential must certainly be incorrect for small distances (for the infinity at 
the origin surely does not exist in nature). If then the potential deviates from 
1/r at small distances, it may well be that an atomic state exists correspond- 
ing to the one under discussion with low hut finite energy, of small hut not 
zero dimensions, and therefore with small hut non-vanishing transition prob- 
abilities. 

As a better approximation one can consider the electron in a Coulomb field 
modified by a small correction term, for example, of the form b / (the singu- 
larity still remains however). One can think of this as an actual potential, or 
one can consider the relativistic Schrodinger equation for a Coulomb field, 
thus bringing in a b/r^ term. 

If that is done, it is found without difficulty that for 5-states (^ = 0), in 
addition to the usual solutions, there exist solutions corresponding to the 
second root of the indicial equation with energies given by 

E, = moC^[l + J - (i - 
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where a is the Sommerfeld fine-structure constant. These energies differ very 
little from the ordinary energies given by : 

El = + aV(^r + i + (I — a‘'^)i/2)2j-i/2 

for the next smaller value of fir except in the case ^^ = 0* For this case £2 is 
very low : 

£2 ^ 0,073#^o^^. 

That is £2 is nearly below the energy of a normal hydrogen atom. 

The wave functions corresponding to E% have singularities for r = 0 . They 
are quadratically integrable and hence would be acceptable according to the 
views of many physicists. However, the variational integrals turn out to be 
infinite and for this reason we reject them,^ Incidentally these wave functions 
are not necessarily orthogonal to the usual ones of energy Ei. 

Another way of attacking the problem is to construct potential energy 
curves which differ inappreciably from e^/r for distances greater than 
cm, but which have much steeper slopes in the range to 10"^® cm and 
then flatten out and remain finite at the origin. With such potential functions 
one can obtain a low ^^neutron” state without appreciably changing the ener- 
gies of the higher hydrogen levels. However, setting up such a potential func- 
tion involves several arbitrary factors; and there are as yet no experimental 
data to determine them without ambiguity. Further development along this 
line is very intriguing but in their present state of uncertainty the authors 
feel themselves not bold enough to offer the results for publication. 


^ R, M. Langer and N. Rosen, Phys. Rev, 37, 658 (1931). 
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GROUP THEORY AND THE ELECTRIC CIRCUIT* 

By Nathan Howitt 

Naval Research Laboratory, Bellevue, Anacostia, D. C. 

(Received March 20, 1931) 

Abstract 

Electrical networks consisting of inductances, resistances, and capacitances form 
a group with the impedance function as an absolute invariant. That is, to a given 
impedance function there corresponds an infinite number of networks, any one of 
which can be obtained from any other by a special linear transformation of the in- 
stantaneous mesh currents and charges of the network. In this manner one may 
arrive at the complete infinite set of networks equivalent to a given network of any 
number of meshes. This is done by writing down the three fundamental quadratic 
forms of the network. Then a linear affine transformation of the instantaneous mesh 
currents and charges of the network results in the formation of new quadratic forms, 
the matrices of the coefficients of which represent a member of the group, i.e., an 
equivalent network. Instead of performing the substitutions, the three matrix multi- 
plications CVl C are used, one for each quadratic form, where A represents the original 
matrix, C the transformation matrix, and C' its conjugate. It may be possible to ex- 
tend this theory to include continuous systems where the quadratic forms become 
integrals or infinite series and one deals with infinite matrices and infinite transfor- 
mations. 

I N 1904, in an address before the Mathematics section of the International 
Congress of Arts and Science, Professor James Pierpont said, “The group 
concept, hardly noticeable at the beginning of the century, has at its close 
become one of the fundamental and most fruitful notions in the whole range 
of our science.”^ And now this abstract notion of groups finds application in 
an important branch of physics — electric circuit theory. 

Considerable has been written on electrical networks and the impedance 
function, 2 but it has hardly been suspected that electrical networks formed a 
group with the impedance function as an absolute invariant and that it was 
possible to proceed in a continuous manner from one network to its equivalent 
network by a linear transformation of the instantaneous mesh currents and 
charges of the network. 

Before proceeding with the general w-mesh network it will be instructive 
to construct the quadratic forms and the impedance function for the two- 
mesh network with all three network elements present, shown in Fig. 1- 
The elements X 12 , P12 and 0-12 are the elements common or mutual to 
meshes 1 and 2. Xu, pn and an are the total parameters of mesh 1, that is, 
they are, respectively, the total inductance, resistance and elastance of mesh 

* This is part of a dissertation presented to the Massachusetts Institute of Technology for 
the degree of Doctor of Science in 1930. 

^ J. Pierpont, Bulletin of the American Mathematical Society 2, 144 (1904). 

^ 0. Heaviside, Electromagnetic Theory, 1912, and Electrical Papers, 1925; J. R. Carson 
Electric Circuit Theory and the Operational Calculus, 1926; V. Bush, Operational Circuit 
Analysis, 19,29. 
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i. Similarly, P 22 and 0*22 are the total parameters of mesh 2. The quantities 
ii aiid i 2 d.xt th.t instantaneous mesh currents, the arrows indicating their direc- 
tions. Let and 52 be the corresponding mesh charges, so that 

= dqi/cit ■ (1) 

H — dq<^ldt. (2) 

The total instantaneous magnetic energy in the complete network is given by 
T = J(Xn “ + i-Xi2(ii + + |(X22 “™“ X 12 )^ 2 “ 

= i(Xuii^ + Tkniik + X^k^) • 

Similarly, the total instaManeous electrostatic energy in the complete net- 
work is given by 


(3), 


y = Ko'ii — <^ 12 )^ 1 ^ + I<ri2(gi + ^ 2 )^ + "I(cr22 — 

= + 2(Tnqiq^ + . 


(4} 


AirAiz 

iX 22 -Xl 2 

6^2’6ii 

|^A |2 6226^ 



I 

ftllH Z 


Fig. 1 . General two-mesh network. 

Fina,Ily, the total instantaneous power lost in the resistances of the complete 
network is given by 


R = (pii ~ Pi2)fi^ + Pi2(fi + ^ 2 )^ + (p22 PvYjh^ 

= piifi^ 4“ 2pi^iik + Pnk^> 

In more compact notation, T, V and R may, respectively, be written 


(5) 


2 

V == 2'^ jk~ia jkqjqk 
R “ jk^lP jh'i'jik 


,( 6 ) 

(7) 

( 8 ) 

Since Xjk-Xki, a^k — o'kh Pjk—pkj it is readily seen that by giving j and k all 
possible values from 1 to 2 in any manner, Eqs. (6), (7) and (8) reduce to Eqs. 
(3), (4), and (5). 

It might be well at this point to generalize Eqs. (6), (7) and (8) for n 
meshes. This is done simply by changing the upper limit of the summation 
from 2 to n. For n meshes, then, these equations become 

, r = (9) 

V = ^’^i^crikqNk (10) 

F = ^^i^Pikipk (11) 

where j and take on all possible values from 1 to n, in an^^ manner. 
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The quantities V and F are the so-called quadratic forms® which are 
positive and definite. That is, they are positive for all values of the variable 
i ov and they are zero when and only when all the variables are zero or 
when the corresponding parameters are all zero. The positiveness of these 
forms follows at once from physical considerations since the magnetic energy, 
the electrostatic energy and the power lost in the resistances of the network 
are positive quantities, and are zero when and only when all the currents or 
charges are respectively zero, or when the corresponding parameters are zero. 
These quadratic forms play an important role in dynamics, and significant re- 
sults are obtained from their positive and definite character. 

It is instructive to point out here that the coefficients of the quadratic 
forms (6), (7) and (8) may be obtained directly from certain matrices. Thus, 
the coefficients of the quadratic form (6) are contained in the matrix 

Xu Xi2 

^ X X 
A12 A22 

and the form is obtained at once by writing 

Xiifi^ + iXuilH + X22f2^ 

which is, of course, 2T. vSimilarly, the coefficients of the forms (7) and (8), 
respectively, are contained in the matrices 


(Tn 

12 

Pii P12 

(Tn 

O' 22 

P12 P22 


Also, in the w-mesh case, the coefficients of the quadratic forms T, V and F 
are contained, respectively, in the matrices 


Xn X 12 • 

X 12 

' ' Xiji 

> 

0*11 0'12 • 

0’12 

* <^ln 


Pll P12 • 

• Pin 

Xln 

'^nn 


O' In 

(Tnn 


pin 

Pnn 


From these matrices, the respective quadratic forms of the n-mesh net- 
work as well as the respective networks are readily constructed. 

The impedance function is obtained from the determinant of the network.^ 
Thus the determinant of the network of Fig. 1 is 

^ _ Xii;^ + pii + CTii/ p \i2p + pi2 + (Tu/p 

\up + pi 2 + <^u/p X 22 ^ + P 22 + 0-22/ P 

and the impedance function is obtained by dividing this determinant by the 
minor of the element in the first row and first column. Thus 


m = 


^22p + P22 + (y%%/p 


2 See M, Bocher, Introduction to Higher Algebra, 1927, p. 150. 
^ V. Bush, reference 2, Chapter III. 
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.'.It will be helpful first to'consider thesimple twn-nse<li network c'ontaiiiing 
only two kinds of network elements shown in a, hi^. 2 . 

, The parameters of the network are Xi i — 2 , = 1 1 X i a *= 1 ; p 3 j -- 2 , - 2 , 

P12 = 1 , ciiid thus the quadratic forms are 

" X ^ x{2i^ ir) <17ai 

/? = -T 2^12*2 *4" 2i2'^) H/bj 

and the matrices of the coefficients of these forms are 


|I8) 


2 

1 

1 

2 

1 1 

1 

1 

> 1 

1 

2 1 


Au-Aiz-l\ 1 

[ Pzz^M 

Aiiff pm\ 


Q P\\’P\i+ 

Nai2.| 

rf 



Vl2.| 



1 

2 

j 

Z 


An-Af2-1 j 

1 Pzz^Piz^Z 

^ hz-4^ 

6 

! ^ 

r 2 


Ar! I Az2-4 \ 
i‘ Pzz>'Piz*h 

' \ 1 Z 




Aii-Ai2*i \ j 




lJ 

1 2 




Some members of the group of 
networks having 
p^~{-4:PAr^ 


Zip) = ^ 


P + 2 


Fig. 2. 


ai2-2 

PZ2^i2r^ 9' Pi2-6 
2 


The minimal networks of the 
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Now perform the following linear transformations of the instantaneous 
mesh currents in the network 

= fr (19a) 

*2 = aaifi' + ffi22jV (19b) 

where the a s are any real numbers, positive or negative. Substituting these 
values for fi and ^2 in the quadratic forms (17a) and (17b), we have 

T = U(2 + 2an + a 2 i^)«V' + (2^22 + 2aiian)iiii! + (a 22 ^)iV‘^] (20a) 

= |[(2 + 202i + 2ff2i^)fi'^ + (2^22 + 4ff2ia22)fi'iV + (2022®)f2'^] (20b) 

Thus, the transformations (19) give the new quadratic forms (20). The two 

matrices containing the coefficients of these new forms are then 


( 21 ) 


2 + 2^21 + <^21^ 

^22 + ^2^2 1^3^22 


2 + 2^21 + 2^21^ a22 + 2a2ia22 

Cl22 "+ ^'21^22 

(222^ 

J 

^3^22 + 2^21^22 2^22^ 1 
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These two matrices determine an infinite group of networks equivalent to 
the network vshown in a, Fig. 2. The different networks are obtained by as- 
signing different real values to ^21 and ^ 22 . Thus, for example, by giving the 
values of +1 and —1 respectively to a^i and the matrices (21) become 
under these substitutions 


( 22 ) 


From these matrices the parameters of the network are readily obtained. 
They are 


5 1 


1 3 .11 

4 T 

1 

j 

0 

1 

— 1 

2 


0 2 


5 __ 13 

— 7 X22 == 1 , X12 = — ; Pn = — ? P22 


2, P12 — 0 


and the corresponding network is shown in 5, Fig. 2. It is a simple matter to 
verify the fact that the networks a and h of Fig. 2 have the same impedance 
function, namely, 

T“ “F 3 

Zip) = • (23) 

In the same way, by assigning different real values to <221 and ^ 22 , one can 
obtain the complete infinite group of networks having (23) for an impedance 
function. Thus, for example, all the networks shown in Fig. 2 have the same 
impedance function, namely, (23). These networks are some of the members 
of the infinite group of networks contained in the tensors (21). It is not diffi- 
cult to ascertain what values of a^i and a 22 in the transformation matrix will 
give these networks. 

Note that the networks a'-g' are, respectively, identical with the net- 
works a-g, except that the branches in mesh 2 are interchanged. The former 
networks may thus be considered images of the latter. Mathematically, two 
networks with their branches in mesh 2 interchanged, are considered different 
networks, and to exhaust the complete infinite group of networks, both net- 
works and their images must be included. 

Note also that the networks d-g and their respective images d^-g^ are 
minimal networks. That is, they are the networks of the group containing 
the least number of network elements. These can be easily obtained from the 
tensors (20). Finally, note that it is unnecessary to go through the work of 
substituting (19) in (17) to obtain the matrices (21) of the quadratic forms 
(20). We merely make use of an important theorem on matrices, namely, that 
if we subject the x's in a quadratic form with matrix 4 to a linear trans- 
formation with matrix C, we obtain a new quadratic form with the matrix 
CAC^ where C' is the conjugate of C.® In open form, the matrix of the new 
quadratic form is obtained by multiplying the three matrices 

® M. Bocher, reference 3, Theorem 1, p. 129. 
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^^11 ^*21 ' 

^12 


X 

<^‘11 * 

£221 

* a In 

X 

cn t 

12 ■ ' ’ ( 

|, 

} 

i 

cu • • • • ‘ 



dnl 



i 

* ■ ' * OlH l‘ 


(24j 


In cur problem, the linear transformation is (19), the matrix of which is 

1 0 

^21 <^22 


{25j 


which corresponds to the C matrix* Hence, using this matrix and the matrices 
(18), we obtain for the matrices of the transformed ffuadratic' forms 


f26ai 


1 1 

6^21 

X 

2 

1 

1 

! 

X 

1 

0 

1 0 

(222 


1 


an 


1 

0 

^^'21 

X 

1 ^ 

1 

X 

1 

0 

£^22 


1 1 

2 


£^21 

a*z2 


Performing the multiplication of the matrices in (26a), we hace 


2 4“ 2(^21 4" an^ i 

^22 Hh 

(2^22 4~ ££'21£^22 

C22" 


(26b) 


(27a) 


Note that this is the left-hand matrix of (21), which was obtained from the 
transformed quadratic forms (20). In the same way, performing the matrix 
multiplication in (26b), we have 


2 -h 2(121 2(Z2 i^ 

<^22 “h 2(2-2 i(Z22 


(Z'22 4“ 2(X2ia22 


(27b) 


which is the right-hand matrix of (21). 

Thus, however complicated a network may be, and however numerous its 
meshes, a transformation (24) will give the complete set of equivalent net- 
works. Some of the networks of this infinite set may contain negative as well 
as positive elements. To obtain networks with only positive elements, it is 
necessary that the transformation matrix be such that the elements in the 
main diagonal of the transformed matrix are p(3sitive and greater than the 
corresponding non-diagonal elements. 

The infinite group of networks with all three kinds of network elements, 
namely, inductance, resistance and capacity elements, which have the same 
impedance function, are obtained exactly in the same manner. Now, however, 
the transformations are 
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and we will have three matrices representing a network instead of two. Fig. 
3 shows some of the members of the group of networks having the impedance 
function 


Z{p) 


np^ + + 6()p + 40 

p{Ap^ + + 8) 


(29) 


As before, the number of arbitrary constants, namely ^21 and ^ 22 , tells us 
the number of network elements which may be eliminated from the network 
without disturbing the invariance of the impedance function. Thus, for the 
two-mesh network containing three kinds of elements, the minimal forms 
will have, in general, seven elements. 


„„„„ 30000' 

Aii"4 P\\-P\z’’S I SA22»j 




612-^ 


s Pii-Pi 2^^L Pzz-Pz-^-i 


’41V 

Aiz-^sh 



Aii-Ai2‘a I Ciii-S P!22’i (322*1 
e Pii’5 ‘ ■ ' 


Some members of the group of networks having 
np^ -H 32p^ -f 64/»2 + 60^ + 40 


Zip) 


Pi^P^ ■Y4:p + S) 
Fig. 3. 


For the general case, then, of networks of any number of meshes contain- 
ing all three kinds of network elements, namely, inductance, resistance and 
elastance elements, we have the following three matrices which represent or 
definitely fix the network. 


(30) 


^11 Xi2 * 

* Xin 


Pll Pl2 • 

Pin 


<y I n cr 12 ‘ 

(T in 

Xl2 


J 

Pl2 


1 

12 


Xin 

X/i/i 


Pin 

Pnn 


CTl n ‘ • 

' or n7i 


Making the following linear transformations of the instantaneous mesh cur- 
rents or charges in the network, we have 


ii = ii 


H = + ^22^2^ + 


in — (i'nlil + dn^i^ 4“ 
for the currents, and 


“f" ^2iiin! 
Hh ^nn in 


(31a) 
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«i = 

qi = fflai?/ “I" O22?/ H" • ’ ' 

?11 = flnl?/ + ®n 292 ^ + ' ' ‘ + O’nnQn 


(31b} 


for the charges. 

The three fundamental forms of the electric network of n meshes, whose 
coefficients are determined from the three matrices (31), are, respectively, 

r = (■^2a) 

F = (32b) 

7 = (32c) 

The substitution of the transformations (31) in (32), results in three new 

quadratic forms, namely, 

r = (33a) 

F' = k^F'Pik'ii'ik (33b) 

V' = iSiV;7g/gi'. (33c) 

The coefficients of these new quadratic forms, X/k', Pik and cr,j.' will of course 
be functions of the elements of the matrices (30) of the original quadratic 
forms (32) and of the a coefficients of the transformations (31). This has 
already been noted in the previous two-mesh example. 

The transformation matrix, which contains the coefficients of the trans- 
formations (31) may be written 


1 0 

^21 


0 


(34) 


Xu' • 

• Xi„' 


Pll • 

Pin 


o-ii • 

• (Tin 

xi„' • 

fs-nn 


pin ' 

■ Pnn 

y 

^In 

^nn 


^nl ' ’ ’ ^nn i 

The matrices containing the coefficients of the new quadratic forms (33) are 
of course 


(35) 


These matrices contain the complete infinite group of networks having for an 
impedance function the impedance of the network of (30). The impedance 
function is thm absolute invariant to a linear transformation of the in- 
stantaneous currents or charges of the networks in which the indicial current 
and corresponding charge are kept invariant.® The matrices (35) include 
within them the matrices (30), which are obtained by the identity transfor- 
mation, namely, 


^ See also the Appendix. 
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ti == ti 


= H 


^3 


^3 


(36) 


tji — tfi 

The C matrix corresponding to this transformation is the identity matrix 


1 

o 

0 1 


1 


• • O 

• • 1 


(37) 


As in the two-mesh example, the actual substitution of the transforma- 
tions (31) in the quadratic forms can be avoided by making use of the trans- 
formation theorem (24). Thus, the tensors (35) are obtained from the matrices 
(30), and the transformation matrix C (34) by the following matrix multi- 
plications: 


(38a) 


1 

(^21 ' ' 

1 


Xn • • 

• ^In 


1 

0 ’ • 

• 0 

0 

G'22 


X 



X 

^21 

<^22 ’ ‘ 

* (l2n 

0 

* * 

dnn 


^In * 

^nn 


XXni 

^n.2 * • 

* (^nn 





Pll • 

• Pin 




II 


(i 


X 

pin 

Pnn 

X 


a 






(Xn • ' 

■ ’ XX In ] 






U 


X 

<Xin * 

* ‘ XX nn 

X 


a 



(38b) 


(38c) 


The result of the matrix multiplications will be the three tensors (35) where 
the elements \\ p' and (x' are expressed in terms of the elements of the given 
network, X, p and ,cr, and the elements a of the transformation matrix C (34) J 

^ Tfie expressions for X', p' and cr' in terms of X, p and <r and the elements a of the trans- 
formation matrix C may be expressed by the following summations: 

\ik “ T7 (lri(^sk^rs 
r,swl 
n 

Pih ~ X) (^riO’skPrs 

r,S=ml 

n 

^ik ” T*. dri^skP'rst 

where the summation may be carried out in any order. 

I am indebted to Professor E. A. Guillemin for these compact expressions which give the 
transformed parameters directly in terms of the given parameters and the elements of the trans- 
formation matrix. V' 
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The above network transformations have been made for the purpose of 
preserving the invariance of the driving-point impedance function. These 
transformations need not be so limited. Transformations may be made 
whereby the invariance of the transfer-impedance function is preserved. T his 
giv<^.s rise to a new notion of equivalence, namely, equivalence with respect to 
di definite mesh. 

It has been noted that the number of arbitrary constants in the transfor- 
mation matrix determined the number of elements which could be eliminated 
from the network without disturbing the invariance of the impedance func- 
tion. Thus, the least number of elements necessary in any network to realize a 
definite driving-point impedance function, or a definite transfer-impedance 
function, can be readily determined. This is important because one can tell 
whether a communication network of any number of mCvshes has superfluous 
elements. ' 

Instead of imposing conditions on the a coefficients of the transformation 
to give minimal networks, it may be possible to obtain equivalence with re- 
spect to more than one mesh in a network; that is, to make the instantaneous 
currents in both the i^-mesh and f-mesh, for example, invariant for the com- 
plete infinite group of networks. Finally, we may obtain equivalence with re- 
spect to, say, j-meshes, by using a still more general transformation . 

In the foregoing theory, we have limited ourselves to networks of a finite 
number of meshes, that is, to networks with n degrees of freedom. There is 
no reason physically why this theory cannot be applied to networks of an 
infinite number of meshes, that is, an infinite number of degrees of freedom. 
Here interesting problems arise which bear intimately on mathematical 
theory, acoustics, electromagnetic wave theory, elastic waves, — In short, all 
branches of physics involving oscillations. This is also true for the finite prob- 
lem, since the theory explained above can be applied to any physical vibra- 
tional problem involving a finite number of degrees of freedom, not merely to 
electric circuit theory. The latter province, however, appears to offer the most 
fertile soil for further investigation, and to provide a physical picture of the 
phenomena which occur. 

In the problem involving networks with an infinite number of degrees of 
freedom, we have to deal with matrices and tensors containing an infinite 
number of elements as well as with quadratic forms which are power series 
or integrals. The matrices containing the coefficients of the three fundamental 
quadratic forms will contain an infinite number of elements, as will the trans- 
formation matrix and the resulting tensors. But for a physical network of 
an infinite number of degrees of freedom, we know physically that the total 
instantaneous magnetic energy, the total instantaneous electrostatic energy 
and the total instantaneous power lost, are finite quantities. Hence the three 
fundamental quadratic forms, which are now power series or integrals, are 
properly convergent. Likewise, the linear transformations, which are linear 
forms of an infinite number of terms, have meaning, as have the infinite trans- 
formation matrices which contain the coefficients of the transformations. 
Finally, the resulting tensors, which contain an infinite number of elements 
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have physical meaning. They represent the complete infinite group of net- 
works of an infinite number of degrees of freedom, discrete or continuous sys- 
tems, which are equivalent in one or all the ways defined above. 

The network with an infinite number of degrees of freedom may be merely 
a continuous system such as the smooth transmission or communication line. 
Thus, not only may there be an infinite number of different terminal net- 
works which may perform the same function in a communication or trans- 
mission system, but also an infinite number of communication or transmission 
lines, which likewise may perform the same function. That is, there exists an 
infinite group of lines all of which have the same impedance function. 

It will be recalled that this investigation has considered essentially two- 
terminal networks. By the principle of superposition, it should be possible to 
extend the theory to networks of any number of terminals. This extension is 
important, since by means of it any section of a communication network can 
be removed and replaced by an equivalent section. 

In conclusion, it may be useful to suggest problems for further investiga- 
tion. First, it should be mentioned that the conception that networks form a 
group in which the impedance is an invariant may prove useful in simplifying 
many problems in network theory. Thus, for example, the solution for the 
instantaneous currents of a network of the group at once results in the solu- 
tions for the instantaneous currents of all of the infinite number of networks 
in the group, since these currents are obtained from the former by a simple 
linear transformation. Furthermore, the solution for the instantaneous cur- 
rents in one network in the group may be much simpler than for another; 
and there may be one network in the group for which the computations are 
least complicated. Hence, if it is necessary to obtain currents and voltages in 
one network, it may be simpler first to transform the network to an equiva- 
lent one, for which the computations are much simpler. This is already recog- 
nized, for example, when we transform from F to A and vice versa in three- 
phase alternating-current network problems. Thus it is probable that sim- 
plification may result in operational circuit analysis by the above method. 

It should be noted that in the matrix multiplication which gives the tensor 
containing the complete infinite group of equivalent networks, the impedance 
function vanishes from the scene. This suggests the possibility that the notion 
of the impedance function^ which is a special creation of the electrical engi- 
neer, may perhaps disappear in the future. What we have to deal with are 
networks, currents and energies; and while the impedance function may be 
helpful for visualization, it may not be necessary to obtain the final important 
results. 

As has been indicated, the problem of currents and charges in an electrical 
network is identical with the problem of velocities and displacements in a 
dynamical system. Although this is generally recognized, there is much in 
classical dynamic theory that remains to be translated in appropriate lan- 
guage for electric circuit theory. Many questions suggest themselves. What 
in electric circuit theory corresponds to the principal or normal coordinates 
in dynamic theory? Is it possible to eliminate the cross product terms in the 
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fundamental quadratic forms of the electric circuit, thereby giving expres^* 
sions which are sums of squares of the currents or charges.^ If it is, can a 
physical network be built which realizes this? 

Problems of networks with an infinite number of degrees of freedom, ec|iiiv- 
alence with respect to transfer-impedance, equivalence with respect to more 
than one mesh, networks with more than two terminals— -these have been 
merely intimated. Furthermore, it appears that mathematics does not dis- 
criminate against negative network elements, which seems to indicate that 
perhaps they may be realized physically, though not, of course, by coils, re- 
sistors and condensers. 

Finally, in the study of an electrical network and its response to an im- 
pressed electromotive force, one continually encounters many seemingly un- 
related branches of mathematics, such as (1) continued fractions, (2) Cauchy 
residue theory, (3) asymptotic series, (4) fractional and irrational derivatives 
and integrals, (5) group theory, (6) Fourier series and transforms, (7) integral 
equations, etc. It seems almost as if something were there, inarticulately try- 
ing to make itself understood. But perhaps it must await a modern Euler. 
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Appendix 

Consider the pair of quadratic forms representing, respectively, the in- 
ductance and resistance quadratic forms of an ^-mesh network containing 
inductance and resistance elements: 


’ * * ^n) = (39a) 

Hh — ' in) = '^i^pjkijik (39b) 

and form the pencil of quadratic forms 

(l>p + ^ l;i^(k^kp + Pik)ijik- (40) 

The discriminant of this pencil is the determinant of the network: 

'^Inp + Pin ’ ' ‘ XinP + Pnn 

This is a polynomial which is in general of degree n and may be written 

8 Bell System Technical Journal, vol. 3, 1924, 

9 Ibid. 

Archiv. fur Elektrotechnik, Heft 4, Band 17, 1926. 

Elektrischen Nachrichtentechnik, Hoft 7, Band 6, 1929, 
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D{p) = A(X)p^ + A(X, p)p^ ^ + A2(X, p)P”' ^ 

+ • • • + A2{pj\)p^ + Ai(p,\)p + A(p) (42) 

where A(X) and A(p) are the discriminants of ^ and ^ respectively, while 
A/c(X, p) is the sum of the different determinants which can be formed by re- 
placing k columns of the discriminant of 0 by the corresponding columns of 
the discriminant of 0. 

Likewise, form the first minor of D(p), namely, 


\22p + P22 • • • ^2np + P2n 


Mii{p) — 


I ^2np "f" P2n * ‘ * ^nnP “f" Pnn 1 

This may be written as a polynomial in general of degree w-1, namely, 

Mnip) = Afu(X)^''"^ + ^)P + (44) 

Now it can be shown that the coefficients A (X)- • •A(X, p)- • •A(p) of D{p) are 
integral rational invariants of weight two of the pair of quadratic forms 0 and 
04^ Similarly, the coefficients Ifii(X)- • ‘ p)* • •Ifii(p) are integral ra- 

tional invariants of weight two. Thus it is that the linear transformations of 
the variables of the quadratic forms make the impedance function Z(p), which 
is the ratio of D(p) and Mnip); that is, the ratio of two relative invariants of 
the same weight, an absolute invariant. The foregoing is true also of w-mesh 
networks containing all three kinds of elements, where we now have in addi- 
tion to the inductance and resistance quadratic forms, the elastance quadrat- 
ic form. Thus 

Z(p) - D{p)/Mn(p) (45) 

becomes under a linear transformation with matrix 




10* 

• • 0 



^^21 * 

• * Ciln 

1 


^nl 

Clnn 

# i * 


10- * 

• 0 

■1 ■ 



Q>2n 



0>ril 

' (^nn 


Zip) = — 





^22 * * 

■ O'lZn 



^n2 

dnn 


= Dip)lMxi 

(i>). 


Mnip) 


»See M. Bocher, Introduction to Higher Algebra, 1927, p. 166. 
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Abstract 

Positive ions of argon, neon and helium produced in a low voltage arc were 
attracted to a spherical metal collector by regulated potentials up to 140 volts, I he 
resulting heating of the collector was measured by a thermal junction and found to 
be considerably less than the product of the current by the attracting voltage. After 
taking account of the energy scattering at collisions and of the effect of the secondary 
electron emission, the following values of the “accommodation coefficients” were 
obtained: argon 0.75+0.05, neon 0.65+0.05 (both betw^een 21 and 141 volts), and 
helium 0.35 ±0.05 between 21 and 51 volts and 0.55 +0.05 between 111 and 141 volts. 

W HEN an attempt was made to measure the amount of energy <j>+ de- 
livered to a metal electrode when a positive ion with no kinetic energy 
is neutralized at its surface,^ collisions between the ions and neutral mole- 
cules within the sheath, and comparatively large electron currents were 
thought to be the principal factors complicating the calculation and interpre- 
tation of the results. By making measurements of the heat generated when 
positive ions were drawn to the collector by fields so large that practically 
no electrons could reach the collector, and by working with such low gas pres- 
sures that very few ions would make collisions within the sheath it was later 
believed possible to make these complicating factors negligibly small. Under 
these conditions, since the positive ions reaching the collector are believed 
to start at or near the sheath edge with only a negligibly small velocity,^ 4>+ 
should be easily obtained from the observed heating of the collector at two 
different negative potentials, if due allowance were made for the kinetic en- 
ergy of the ions acquired in passing through the sheath. Thus the heating 
effect H of a. current of magnitude at a given accelerating potential V with 
respect to the space potential would be 

E=i+(F + (^>+) (1) 

and the difference between the heating effects at two different accelerating 
potentials F) and Vo would be given by 

Fo = (2) 

whence 

^ Van Voorhis, Phys. Rev. 30, 318 (1927). 

^ Tonks and Langmuir, Phys. Rev. 34, 876 (1929). 
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9+ = TT — rr 

Jf'^ - Jo^ 

All of the quantities on the right side of Eq. (3) could then be obtained experi- 
mentally by means of our apparatus. 

However, the results obtained from the application of this line of reason- 
ing led to the surprising discovery that the heat produced by the positive ions 
striking a collector and being neutralized at its surface, is muck less than the 
equivalent of the kinetic energy which they should acquire from the attract- 
ing field. Though this deficiency in heating effect has recently been observed 
by Found^ and Giintherschulze,^ they have ascribed it entirely to the effect 
which a large secondary electron emission would have upon the apparent and 
true values of the positive ion currents, and thus have assumed that the effect 
is only apparent and not real. 

Careful measurements over a considerable range of accelerating potentials 
and gas pressures in argon, neon and helium have led us to conclude that the 
deficiency in heating effect in these gases is entirely too large to be accounted 
for by secondary electron emission and consequently at least some of the 
neutral molecules and metastable atoms formed by the neutralization of the 
positive ions at a metal surface must have left it with energies much larger 
than would correspond to the temperature of the metal. This means that 
positive ions with fairly high velocities may be considered as having accom- 
modation coefficients less than unity just as the gas molecules have at much 
lower velocities or temperatures,® 

Some of our measurements have been made under gas pressure conditions 
such that the effects of collisions of ions with gas molecules within the sheath 
are no longer negligible; but when these results have been corrected by the 
use of Runge V theoretical values for the scattering of ion energy by collisions 
with neutral molecules, they become, in general, fairly consistent with those 
obtained at the lower gas pressures and may therefore be used in testing 
collision theories. 

Experimental Procedure and Calculation of Results 

The observations were taken with apparatus of the same type as was de- 
scribed in detail in the earlier paper.^ A schematic sketch of the parts in the 
discharge tube and of the electrical connections is given in Fig. 1. A low volt- 
age arc was maintained between the hot tungsten filament F and the anode A 
by applying a voltage from the battery B 2 , this voltage being from 5 to 10 
volts higher than the ionizing potential of the gas in use. The collector C 
was a metal sphere in which was imbedded a very small copper-constantan 

3 Found, Phys. Rev. 34, 1625 (1929). 

^ Guntherschulze, Zeits. f. Physik 62, 600 (1930). , 

s Knudsen, Ann. d. Physik 34, 593 (1911); 46, 641 (1915); Soddy and Berry, Proc. Roy. 
Soc. 84, 576 (1911); Langmuir, J. Am. Chem, Soc. 37, 425 (1915); Roberts, Proc. Roy. Soc. 
129,146 (1930). 

® Runge, Zeits. f. Physik 61, 174 (1930). 
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thermocouple. In the measurements with argon and neon the collector was of 
molybdenum, 3.1 mm in diameter and with helium it was a 3.0 mm platinum 
sphere. 

The gases were carefully purified by arcs between “misch” metal cathodes 
and iron anodes in glass reservoirs on the vacuum system, before being ad- 
mitted to the discharge tube. Observations were made on repeated fillings of 
a given gas until the results from different fillings were quite reproducible, 
which condition was taken to indicate that no appreciable impurity was com- 
ing from the walls or metal parts of the vacuum tight discharge tube. 

Of the quantities on the right side of Eq. (3) io+ and jy+ were obtained 
directly from the readings of the Cambridge Universal Test Set used as As 
in Fig. 1. To obtain Fo and V/ it was necessary to find F*, the space potential 



Fig. 1. Schematic sketch of apparatus and arrangement of electrical circuits. 

with respect to the anode, by the usual method^ and add this to the applied 
potentials as given by Fa (Fig. 1). The quantity Hf — H^ was obtained from 
the product of the heat capacity Q of the collecting sphere C and the rate of 
temperature change dTjdt of C immediately after its potential was changed 
from Fo to F/. Since the temperature, starting at 2"o when t = i), approached 
a final limiting value exponentially, 

T-To= (Tf- To){l ( 4 ) 

where T was the temperature at time e the Naperian base and a a constant 
dependent upon the existing experimental conditions. Then it follows from 
(4) that 

/dT\ 2.303 /Tf - TA 

The data for calculating a were obtained by first noting the electromotive 
force mFo of the thermocouple after the potential of the collector had been 

^Langmuir, Gen. Elec. Rev. 26, 731 (1923); Science 58, 290 (1923); Jour. Frank. Inst. 
196, 751 (1923); Langmuir and Mott-Smith, Gen. Elec. Rev. 27, 449, 538, 616, 762, 810 (1924). 
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held at Fo long enough for it to reach a steady temperature. Then simultane- 
ously the collector potential was changed to F/ and two stop watches started. 
As the temperature of the collector changed, the drum of the potentiometer 
was slowly turned so as to keep the galvanometer deflection as near zero as 
possible. At some instant when the deflection was exactly zero one watch was 
stopped and its time h and the corresponding mVi were recorded, after which 
mV^ was noted in the same way for time 1% obtained by means of the second 
watch. As soon as the temperature became practically constant, which was 
generally about 5 minutes after to, record was made of mVf. From these data 
two values of a could be calculated and their mean a was used in applying 
Eq. (5). 

In Table I are given typical sets of observations and the resulting quanti- 
ties obtained from various steps in the calculations. To obtain the tempera- 


Table I. Typical sets of observations and calculations for the molybdenum collector in argon 
fl/ 0. 1 mm pressure. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Fo 

jA 

h 

mVo 

Tf-T, 



MH or 



j^+ 

k 

mVx 

Tf-Ti 

ai 


d(Tf~T,)Q 



h 

mV 2 

Tf-Tt 

az 

, Q 

MHJEH 

V, 



mVf 


a 


EH 


Volts 

m.a. 

sec. 

millivolts 

“C 



milliwatts 


20.0 

0.354 

0 

7.653 

25.31 







19.79 

7.945 

19.77 

0.01248 

35.97 

: 11.39 


49.9 

.430 

.56.95 

8.149 

15.93 

.01254 



0.786 

1.5 



9.007 


.01251 


14.49 


49.8 

.432 

0 

8.990 

29.10 







32.70 

9.551 1 

18.80 

.01338 

36.18 

14.06 


81.0 

.496 

60.80 

9.875 

12.92 

.01336 



.751 

1.5 



10.594 


.01337 


18.73 


81.0 

.498 

0 

10.582 

30.18 







26.57 

11.111 

20.80 

.01401 

36.42 

15.32 


110.8 

.550 

50.11 

11.445 

14.89 

.01385 


20.70 

.740 

1.5 



12.299 


.01393 




ture differences given in column 5 the corresponding millivolt differences ob- 
tained from column 4 were divided by the millivolt differences per degree, 
of the electromotive force of the thermocouple at the corresponding tem- 
peratures, The temperatures and corresponding millivolt differences per de- 
gree were readily determined from two curves obtained by plotting against 
temperature on a large piece of graph paper, the values of mF and d{mV)ldt 
calculated at 20° intervals from the calibration equation of the thermocouple, 
nt Vt = 0.04007667>0.00004344r2 - 0.00000002244 P. 

In column 7 the values of Q ai'e the heat capacities in millijoules per de- 
gree for the corresponding mean temperatures. In column 8, MH is the meas- 
ured heating effect in milliwatts obtained from the observations and calcula- 
tions, whereas EH is the expected heating on the assumption that all of the 
kinetic energy gained by the ions from the accelerating field would be deliv- 
ered to the collector in the form of heat, being neglected for the present. 
Thus the value of EH is found from the equation 

EE = i/+(F/ -f F,) - io+(Fo + F,) . (6) 

In Tables II, III and IV are given the results obtained in argon, neon and 
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helium respectively... Column 1 of these tables gives the gas pressure and the 
assumed positive ion mean free path obtained by taking times the kinetic 
theory value for the neutral atoms at the temperature in the discdiarge tube. 
In column 2 are given the values of the applied potentials (with res|)ecU to 
the space) after slight adjustment to make the voltage intervals exactly 30 
volts, the actual intervals used ranging between 29 and 31 volts since the po- 


Table II. Results in arson. 


■ ,1 . 

2 

3 

4 

5 

. « 1 

7 1 

8 

9 

10 

II 

p 

X 

V 

m.a. 

S/X 

(L&B) 

S/\ 

(R&M) 

Measured heating 

E.xpected heating | 

If current varies 
as sheath area 

Unmodi- 

fied 

Corrected 

! ■ 

m.a. 

1 Mij/E/r 






20.6 

0.106 

0.068 

same 




0.061 + 



0.016 mmHg 





(0.84^b 

(0.84^') 

{0.76^b 

.045- 

(L45-^^j 

(i.3i^b 


50.6 

.142 

,117 





.097 + 








.81 

.81 

.76 


(1.02^'} 

(1.9#) 


80.6 

.169 

. 154 





. 124 



7.8 mm 





.81 

.81 

.78 


(.98^') 

( . 9 4 '^' ) 


110.6 

.191 

.187 





. 146 








.80 

.80 

.78 


( .95^' ) 

t ( .92^) 


140.6 

.211 

,217 





. 1 66 




20.6 

.261 

. 103 





.217 + 



0.040 





.81 

.81 

.74 

.044- 

.92 

.88 


50.6 

.329 

.184 





.285 + 








.80 

.80 

.76 


.88 

.84 


80.6 

.384 

.245 





i .340 



3.15 





.77 

.77 

.74 


.84 

,80 


110.6 

.431 

.297 





1 .387 








.76 

.77 

.74 

1 

.83 

. 80 


140.6 

.476 

.343 





.432 




21.5 

.340 

,235 





! .277 + 



0.10 





.77 

.77 1 

.71 

.063- 

.89 

.82 


51.5 

.416 

.411 

.410 




.353 + 








.74 

■ .75 

.70 


.84 

. 80 


81.5 

.476 

.546 

. .545 


I 


.413 



1.26 





.73 

.74 

.70 


.82 

,79 


111.5 

.530 

,662 

.661 




.467 








.72 

.75 

.72 


,81 

.78 


141.5 

.580 

.766 

.765 




.517 




21.3 

.250 

,680 

.679 




.200 + 



0,25 





.69 

.70 

.64 

.050- 

.82 ! 

.74 


51.3 

.310 

1.20 

1.18 




.260 + 








.68 

.71 

.66 


.80 

. 75 


81.3 

.362 

1.59 

1.55 




.312 



0.505 





.68 

.77 

.73 


.85 

.81 


111.3 

.409 

1.92 

1.87 




.359 








.67 

. .77 

.74 


.96 

.92 


141.3 

.450 

2.20 

2.14 




.400 




21.5 

.218 

1.47 

1.44 




.172 + 



0.50 





.69 

.77 

.70 

.046- 

1.00 

.90 


51.5 

.269 

2.60 

2.53 




.223 








.64 

.78 

.72 


1.00 

.92 


81.5 

.320 

3.41 

3.32 




.274 



0.253 

111.5 

.373 

4.05 

3.93 

.62 

( .87^) 

( .82^b 

.327'^ 

(1.01^) 

( .«") 


141.5 

.424 

4.56 

4.40 

.63 

( .92^) 

{ .87^b 

.378^ 

(1.00^) 

( .95") 


tential change was made by suddenly changing the position of the slider of 
a slide wire potential divider and the interval could not be exactly duplicated. 
The values of the measured currents in column 3 are adjusted to correspond 
to the potentials given in column 2. These adjustments were deemed advis- 
able in order to shorten the calculations involved in the corrections made as 
explained later, by making it possible to apply these corrections only to the 
mean values instead of to each individual result which was obtained under 
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conditions differing only slightly from those of the three to seven other similar 
results. However, the values of the ratios of the ^^measured heating^^ to the 
expected heating” given in column 6 are the means of the four to eight 


Table III. Results in neon. 


1 

2 

3 

4 

5 

« 1 

7 1 

_ « 1 

9 

1 1 

i n 

p 

X 

V 

m.a. 

.S/X 

(L&B) 

Si\ 

(R&M) 

Measured heating 

Expected heating 

If current varies 
as sheath area 

Unmodi- 

fied 

Corrected 

m.a. 

MH/EH 

o 

il 

4>j^ ~ Vi —tj>- 

o 

11 

04 - = Vi —(t>~ 


22.5 

. 166c' 

.314 

same 




.130 + 



0.13 mm Hg 





0.64 

0.65 

0.52 

.036- 

0.76 

0.61 


52.5 

.216 

.538 

.537 




.180 + 








.66 

.68 

.60 


.76 

.67 


82.5 

.259 

.696 

.695 


' 


.223 



1 , 68 mm 





.67 

.70 

.64 


.77 

.71 


112.5 

.298 

.830 

.828 




.262 



! 





.68 

.72 

.67 


.78 

.73 


142.5 

.332 

.951 

.949 




.296 




22.0 

.427c 

.425 

.424 




.370 + 



.30 





.65 

.66 

.56 

.057- 

.73 

.62 


52.0 

.527 

.738 

.736 




.470 + 








.66 

.68 

.61 

.73 

.66 


82.0 

.610 

.984 

.980 




.553 



. 752 





.65 

.67 

.63 


.72 

.66 


112.0 

.687 

1.174 

1.160 




.630 








.65 

.67 

.63 


.71 

.68 


142.0 

.755 

1.35 

1.33 




.698 




21.4 

.375 

1.08 

1.07 




.327 + 



.73 





.61 

.64 

.54 

.048 

.71 

.59 


51.4 

.468 

1.90 

1.85 




.420 + 








.60 

.67 

.59 

.73 

.64 


81.4 

.548 

2.51 

2.45 


(.74^) 

( .67-®) 

.500 

( .79-^) 

( .71^) 

.308 





.59 


111.4 

.631 

3.00 

2.92 


( .74^) 

.583 

( .78-^) 

( .71^6 






.57 

C .67^) 


141.4 

.718 

3.38 

3.29 



.670 




Table IV. Results in helium. 


1 

2 

3 

4 

5 

1 

7 1 

1 ^ 1 

9 j 

( 10 

1 






Measured heating 

If current varies 






Expected heating 

as sheath area 

p 



5A 

S/\ 

Unmodi- 

Corrected 


! M/I/ER 



fied 






X 

V 

m.a. 

(L&B) 

(R&M) 

«+=0 


I m.a. 

o 

i! 

4: 



21.4 

i 0.0585® 

0.616 

0.614 







. 16 mm Hg 


1 



0.36 

0.38 ! 

0.18 

Observed positive ion 

51.4 

.0949 

,980 

.970 

.44 

.48 

.34 

Currents were puite 
nearly proportional 


2.18 mm 

81,4 

.1248 

1.24 

1.22 

.44 

.49 

.38 


to calculated 
sheath areas 

111.4 

.1540 

1.44 

1.41 

.42 

.53 

.44 






141,4 i 

.181 

1.61 

1.57 







.40 

21.7 

.128® 

1.015 

1.003 

.36 

.40 

.22 

.089 + 
.039- 

.50 

.28 

51.7 

.178 

1.72 

1.68 

.42 

.51 

.38 

.139 + 

.61 

.46 


.870 

81.7 

.220 

2.25 

2.18 

.43 

.54 

.44 

.181 

.64 

.52 

111.7 

.259 

2.54 

2.47 

.42 

{ .66«) 

( .57®) 

.220 

( ,79^) 

( .67®) 


141.7 

.295 

3.09 

3,00 



.256 



1.0 

20.9 

.182« 

2.08 

2.01 

.37 

( .43^) 

( .25®) 

.117 + 
.065- 

( .64®) 

( .34®) 

50.9 

.244 

3.56 

3.46 

.38 

( .58®) 

(.43®) 

.179+ 

( .74®) 

( .55®) 

.348 , 

80.9 

.297 

4.48 

4.32 

.40 

( .70®) 

( .57®) 

.232 

( .88^) 

( .72^) 


110.9 

.344 

5.37 

5.12 

.39 

( .82®) 

( .70®) 

.279 

(1.00^) 

( .86®) 


140.9 

.386 

6.46 

6.10 



.321 
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ratios calculated from the actual observations and are not modified in any 
way. 

In columns 4 and 5 are given values of the collision numbers or the ratios 
of the sheath thickness 5 to the mean free path X. The sheath thicknesses 
used in column 4 were obtained on the assumption of no collisions within the 
sheath, i.e., by means of Langmuir’s equation,® and Langmuir and Blod- 
gett’s® tables, for spherical collectors. The collision numbers in column 5 have 
been obtained by correcting the sheath thickness for the slowing up of the 
positive ions by the collisions within the sheath, in accordance with some re- 
cent unpublished work of H. P. Robertson and P. M. Morse, assuming that 
the same fractional shrinkage in thickness takes place in the sheath around 
the spherical collector as would take place in the sheath of an infinite plane, 



Fig. 2. Potential distribution curves, B from space charge equation (no collisions), and 
S from assumption of kinetic theory collisions between elastic spheres. For the case of a large 
plane electrode. 

for which case the Robertson and Morse calculations have been made. In 
Fig. the solid line gives the distribution of potential for collision numbers 
up to five and the dashed line the potential distribution for the same sheath 
thicknesses if there were no collisions. Thus the difference in abscissas of 
points having the same ordinate on the two curves gives the shrinkage effect 
resulting from collisions of ions with neutral molecules within the sheath. 

In column 6 are given the mean values of MH/EH obtained in the manner 
described above in connection with Table I. The values given in column 7 
were obtained by correcting for the energy so scattered by collisions of the 
ions with gas molecules within the sheath that it would not be expected to 

^ Langmuir, Gen, Elec. Rev. 27, 449 (1924). 

® Langmuir and Blodgett, Phys. Rev. 24, 53 ('1924). 

Published here with the kind permission of Robertson and Morse. 
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be delivered to the collector. On the assumption of collisions between elastic 
spheres of equal masses, half of the scattered energy will be delivered to gas 
molecules on the average, and half will be retained by the ions.^^ All of the 
energy retained by the ions and part of the energy received by the gas mole- 
cules will reach the collector and be delivered in full to it if the accommoda- 
tion coefficient be unity. However, a part of the energy received by the gas 
molecules will be so directed as to miss the collector, i.e., if collisions take 
place at a distance PA, Fig. 3, from the spherical collector no neutral mole- 
cules receiving velocities directed at an angle from the normal PA greater 



than the grazing angle Q will deliver any of their energy to the collector (ex- 
cept as the result of further collisions, and it is assumed that this would just 
balance the loss of energy from within the grazing angle, resulting from the 
same cause). 

To calculate the fraction of energy, called hereafter P(P), which should 
not be expected to reach the collector, Runge’s^ theoretical results were used 
in the following way. Values of R sin 6 (from Rmige’s Fig. 3) were plotted as 
ordinates against Q, R being the energy radius vector and d the angle with 


Table V. Fraction of total energy directed outside of given angles with origmal 
direction after from 1 to 5 collisions. {Obtained from Runge' s results). 


Angle 

1 . 

Number of collisions 
2 3 

4 

: ' 5 ■ 

0" 

1.000 

1.000 

1.000 

1.000 

1.000 

10 

.941 

.968 

.973 

.980 

.988 

20 

.780 

.874 

.905 

.932 

.944 

30 

.558 

.734 

.799 

.855 

.872 

40 

.346 

.569 

.688 

.752 

.781 

50 

.176 

.410 

.531 

.636 I 

.674 

60 

.065 

.272 

.395 

.515 . 

.55 ■ 

70 

.015 

.164 

.278 ; 

.396 

. .45 

80 

.002 

.089 

.190 

.290 

.35 

90 

.000 

.043 

.120 

.200 

.26 ■ 


Compton and Langmuir, Rev. of Mod. Phys. 2, 211 (1930); Range, reference 6. 
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the direction of the electric field, i.e., with the direction of the energy at the 
time of the first collision. We then integrated with a planimeter the areas 
bounded by the zero ordinate, the curves and the 10° interval abscissa lines 
and from the integrated values found the F{E) directed outside of given graz- 
ing angles after from 1 to 5 collisions. The results thus obtained are given in 
Table V and plotted in Fig. 4, which has also a plot of the grazing angles from 
points up to 2 mm distant from our 3.1 mm diameter collector. 



Fraction of Ener^jj Directed outside a Given Angle with the Field 


Fig. 4. Curves 1, 2, 3, 4 and 5 show fractions of energy directed outside of given angles 
with the field direction after from 1 to 5 collisions respectively. Curve 6 is a plot of grazing 
angle against distance from the 3.1 mm collector. 

In applying these results we have followed Range’s assumption that it is 
legitimate to take account of the scattering of the total energy gained in the 
whole field between sheath edge and collector by considering piecemeal the 
energy gained in each X of distance and the scattering of this energy at sub- 
sequent collisions on the way to the collector and then taking the sum of the 
residual energies at the collector as being the total effective applied potential. 
Thus, for example, in argon at 0.25 mm pressure (see Table II) with 111.3 
volts applied potential the collision number was 1.87 and with 141.3 volts it 
was 2.14. To calculate the effective potentials (hereafter called EP) it was 
necessary to obtain from the curves in Fig. 4 the grazing angles recorded in 
column 2, Table VI, corresponding to the distances from the collector given 
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in column 1 and the F(£)’s directed outside of these grazing angles after col- 
lisions, as tabulated in columns 3, 4 and 5 of the same table. Then the poten- 
tials with respect to the sheath edge at the various integral X distances from 
the collector were obtained from the solid potential distribution curve of 
Fig. 2, the potentials found being tabulated in columns 6 and 7 of Table IV, 
whose columns 8 and 9 give the potential differences for the whole X’s and the 
outside fraction of X and also, in parentheses, the £P’s found by applying the 
values given in columns 3, 4 and 5 to the potential differences given in 8 and 9 
in the following way. 


Table VI. Quantities involved in the illustrator y example of the calculation of the 

effective potentials. 


1 

2 

3 

4 

5 

6 

7 

8 

[ 9 

Distance 

from 

collector 

Grazing 

angle 

Fra< 

dire 

8 

1 Col. j 

:tion of ei 
cted outsi 
:razing an: 
2 Col 

lergy 
de of 
gle 

3 Col. 

Potential! 
relative to 
sheath edge 

Potential 

difference 

1 (Effective P.D.) 

0 

90.0° 

000 

.043 

.12 

141.3 

111.3 

r (129.5) 

(104.5)1 

. 1.4X i 

73.2 


. .137 

.25 



I Total E.P. J 

.50\ : 

59.7 

.075 





81 . 1 ' 

71.8 

.87X ! 

50.6 

.169 

.399 




(80.4) 

(71.2) 

l.OOX 

48.9 

.205 

.434 


60.2 

39.5 


39.5 

1 . 14X 

46.8 

.224 

.457 




56.6 

(33.3) 

1 .87X 

38.5 

.376 




0.0 

(46.6) 


2.00X 

37.4 

.397 



3.6 


3.6 


2.14X 

36.2 

.422 



0.0 


(2.5) 



Consider first the potential difference in the first X distance from the col- 
lector. On the assumption that collisions are equally probable all along the 
path but that all the ions collide once and only once in the distance X, calcu- 
lations based on a ten-step division of the first X for several values of X, and 
the resulting potential distributions and energy directions as obtained from 
the application of the curves in Figs. 2 and 4, showed that the total F{E) 
received by neutral molecules so directed as to miss the collector is given very 
accurately by 1/9 the F{E) lost to such molecules at collisions at a point 
0,5X from the collector. Consequently 81.1 (1 — .075/9) or 80.4 and 71.8 
(1—0.075/9) or 71.2 are the EP differences in the first X of our examples. 
For the fractional loss of the energy applied in the second X, if the F{E) curve 
for first collision and the potential distribution curve were straight lines we 
would take 0.5 X0.5 the mean of the fractions at X and 2X, the one 0.5 factor 
to give the mean applied potential between X and 2X and the other 0.5 factor 
to take account of the fact that only half of this F{E) is carried by molecules. 
However, here again ten-step calculations showed that the factor 1/9 should 
be used instead of 1/8 because of the curvature of the above mentioned curves. 
For the fractional loss in a given X of the energy gained outside this X the frac- 
tion i was used because the F{E) curves for more than one collision do not 
differ so greatly from a straight line. Consequently 56.6 [l — (0.397 + 0.205)/9] 
[1 -(0.434 + 0.043)/4] or 46.6 was found to be the EP in the second X of 
our 141.3 volt case. To obtain the effective part of the potential applied in 
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the outer fractional X part of the sheath a slightly different method of calcu- 
lation was used as will appear from the following examples . 


_ ^(0.422 -1- 0.397) - ^(0.397 -H 0.224) 
3.07(1 - [1 - ^1:^(0. 25 + 0.12) 

, sj'l^ ^(0.376 -h 0.205) -^(0.205 + 0.169) 


36.8 1 1 ^ — (0.399 -f 0.043) 

4 


= 3.07 

= 2.5 

= 36.8 

= 33.3 


Thus the total £P’s whose energy may be expected to reach 
129.5 and 104.5 volts instead of the actually applied voltages 141 .3 and 1 1 1 .d 
respectively, and the use of the former instead of the latter to calculate t ie 
expected hLing changed the ratio of MH to EH from 0.67 to 0 77. By this 
method of correcting for the amount of energy to be expected to reach the 
collector all the results tabulated in column 7 of Tables II, III and IV weie 

When, instead of using the assumption that = the Schottky as- 
sumption that where V, is the ionizing potential of the gas, is 

taken into account the results are changed from the values of column / to 

those of column 8 (Tables II, III and IV). r , j 1 

After our experimental tube had been set up and most of the data taken, 
there came to our attention the work of Oliphant^^' and of Uyterhoeven and 
Harrington'^ which showed the presence of a fairly large secondary election 
emission from negative collectors under conditions somewhat similar to ours. 
The effect of the secondary electrons would be to make the heating of the col- 
lector less than would be expected if all the measured current were carried by 
positive ions. Since we were not able to measure the secondary emission from 
the collector directly, although measurements made with an auxiliary Mo 
plate and Ni collector (added to the discharge tube for this special purpose 
and not shown in Fig. 1) similar to those used by Uyterhoeven and Harring- 
ton'^ showed less than 1 percent secondary emission from the plate under the 
conditions of our experiments in argon and less than 2 percent in neon (no 
measurements being made in helium) we have thought it best to show what 
would be the effect upon our results of secondary electron emissions of about 
the same magnitude as reported by these investigators. In accordance with 
Found’s suggestion that for different negative collector potentials, other dis- 
charge tube conditions remaining the same, the positive ion currents to the 
collector should be proportional to the sheath areas while the secondary elec- 


12 Schottky, Ann. d. Physik 62, 143 (1920). 

1^ Oliphant, Proc. Roy. Soc. 124A, 228 (1929); 127A, 373 (1930), 
1^ Uyterhoeven and Harrington, Phys. Rev. 36, 709 (1930). 
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tron emission, since chiefly due to metastable atoms, should remain practic- 
ally constant, we found by the trial and error method, values of positive cur- 
rents quite accurately proportional to the sheath areas (recalculated for these 
smaller currents) when we subtracted some certain constant value from our 
measured collector currents, these constant values being in general fairly rea- 
sonable ones for the secondary electron current when compared with Oli- 
phant’s,^^ and Uyterhoeven and Harrington’s^^ results. In column 9 of Tables 
II, III and IV are tabulated the current values obtained in this way. The 
value followed by a negative sign and recorded between the first and second 
positive values is the assumed value of the secondary electron emission for the 
given discharge condition, since it was the necessary constant amount to be 
subtracted from the measured currents to give positive ion currents propor- 
tional to the corrected sheath areas. The last two positive ion current values 
in argon are slightly higher than they should be on this theory but this could 
be accounted for by the fact that under the existing conditions the secondary 
electrons would produce an appreciable amount of ionization within the 
sheath. To obtain results consistent with those for the higher accelerating 
voltages some of the measured currents in neon and helium for the lowest 
potentials used (about 21 volts) had to be increased by from 1 to 12 percent, 
amounts practically the same as those obtained by extrapolating the plots 
of the logarithm of the current against applied voltage, used in determining 
space potentials, and thus may be ascribed to the fraction of electrons having 
random energies greater than about 21 volts. The current values marked with 
a superscript c in column 3 are the ones so corrected. 

The calculations made as for the results given in columns 7 and 8, Tables 
II, III and IV but using the positive ion currents given in column 9 instead 
of those given in column 3 led to the ratios of measured heating to expected 
heating (or accommodation coefficients) given in columns 10 and 11 for = 0 
and < 5 ^> 4 .== — respectively. 

Discussion of Results 

Of the results given in columns 7, 8, 10 and 11 of Tables, II, III and IV the 
ones enclosed in parentheses are probably rather inaccurate, the ones with 
the superscript E being uncertain because of poor experimental conditions, 
the ones with superscript F are probably too high because the secondary 
electron current given by Found’s assumption is unreasonably high in this 
case, and the ones with superscript II being probably too high because an as- 
sumption used in determining the fraction of energy not to be expected to 
reach the collector leads to a value for this fraction which is increasingly too 
high as the mean free paths become shorter, and the collision number in- 
creases. The assumption in question is the one given in parenthesis on page 
1603 in connection with Fig. 3. Thus the nearer the point P is to the collector 
the greater will be the excess of molecules given direction outside of FT when 
struck by positive ions at P, but which later strike the collector as a result 
of collisions with other molecules, over those going outward across PT after 
being given directions inside PT when struck at P, since the distances which 



the former must go before getting completely away from the collectoi are 
considerably greater than the distances the latter must go to reach it.^ 

A study of the remaining values of the results shows that in helium the 
^^accommodation coefficient” (hereafter referred to as A) increases as the 
positive ions are given higher velocities. This is in accord with the obsei va- 
tions of Kingdon and Langmuir^^ that helium ions penetrate to a considerable 
depth into the metal which they are bombarding, an effect which would in- 
crease with increasing energy of the ions. In argon there appears to be no 
increase in A with increasing energy of the ions and in neon the effect is only 
very slight and we have neglected it in determining the mean values given 
for this gas in Table VII. 


Table VII. Summary of mean values of ''accommodation coefficients d' 


Column 

Argon j 

j Neon 

Helium 

Mean 

— 

Average i 
variation 

Mean 

Average 

variation 

21 to 51 V 

into 141V 

7 

0.770 

0.023 

0.674 

0.019 

0.40 

0.56 

8 

.725 

.029 

.591 

.038 

.20 

.47 

10 

.875 

.056 

.740 

.022 

.50 

.70 

11 

.825 

.047 

.659 ! 

.033 

.28 

.56 

Estimate 







of true 







value 

0.75±0.0S 

0.65+0.05 

0.35 ±0.05 

0.55 +0.05 


In this table are given the means of the undoubtful values given in 
columns 7, 8, 10 and 11 of Tables II and III along with the average variations 
from the means. These average variations from the means are given not be- 
cause we believe them to be a measure of the absolute accuracy of the results 
but because they give a concise method of showing the constancy of the re- 
sults obtained under the four different assumed conditions on which the cal- 
culations of the four columns were based. 

As judged by constancy, the results in argon would indicate that the ac- 
tual secondary electron emission from the collector under our experimental 
conditions in this gas was probably considerably less than the approximately 
25 percent given by Found V assumption, and thus are in accord with the 
finding of only about 1 percent by our direct measurements of the emission 
from the auxiliary plate. Though the assumption of positive ion currents pro- 
portional to sheath areas gives in general reasonable values for the secondary 
electron currents the following considerations indicate that it is probably only 
an accident that the assumption does give such results. That the positive ion 
current is not controlled by the sheath area as given b}^ the space charge equa- 
tion but by a much larger volume, is certain. First, it is easily vshowii that the 
electrons, which penetrate within such sheaths surrounding our collector, 
could produce at most only a very small portion of the positive ions which 

Kingdon and Langmuir, Phys. Rev. 22, 148 (1923). 
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are actually observed. Second, recent work of Langmuir, and Tonks and 
Langmuir^ has shown that, whereas most of the potential drop is within these 
sheaths, the positive ions which are collected are formed within a much^Iarger 
volume. Hence there is no reason for believing that positive ion currents 
should be accurately proportional to such sheath areas, and hence the as- 
sumptions which underlie columns 10 and 11 of Tables 11, III and IV appear 
to be unjustified. The values and discussion are included principally to illus- 
trate how moderately large secondary electron currents would affect the re- 
sults, if present. 

Though the actual boundary of the region from which positive ions are 
drawn to the collector, is shown by the above considerations to be far out- 
side of that given by the space charge equation, the latter value is not far 
from the boundary of the region into which any appreciable number of ex- 
ternal electrons penetrate, and the greater part of the potential drop is be- 
tween this boundary and the collector. Consequently we believe we are justi- 
fied in using the space charge equation values for the sheath thicknesses in 
our calculations of the deflections and energy losses at collisions. 

By carefully considering the various factors involved and the effect which 
changes in the assumed values of 0+ and secondary electron emission have 
upon the results, we arrived at the estimates given for the true values of A 
for argon, neon and helium positive ions given at th i bottom of Table VII. 
These values are of the same order of magnitude as the values of A found by 
Knudsen^ for cool gases striking a hot filament. 

The ^^Umladung” effect described by Kallmann and Rosen/’^ Penning and 
Veenemans,^® and others, i.e., the taking df an electron from a neutral mole- 
cule by a positive ion, the now neutralized ion retaining practically all of its 
kinetic energy and the new ion starting with negligible velocity, would in- 
crease the values of A slightly for the conditions giving the larger collision 
numbers but this effect would probably not be greater than the 0.05 possible 
error given in our estimates, particularly in argon for in this gas we have 
values for conditions under which collisions within the sheath are practically 
negligible. 

That the energy given up by positive ions which have been attracted to a 
metal collector by a field should be less than the total kinetic energy of the 
ions is to be expected from the explanation of the mechanism of cathode 
sputtering advanced by Kingdon and Langmuir, and from the observations 
of Oliphant^^ and others on the reflection of positive ions and metastable 
atoms, and the probability of the formation of metastables in the neutraliza- 
tion process. If all of the observed deficiency of energy transfer were due to 
the formation of metastable atoms all of which left the collector with the 
velocity of the positive ions from which they were formed, this deficiency 
would give a measure of the production of metastables in the neutralization 


Langmuir, Phys. Rev. 33, 954 (1929). 
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process. However, it is very improbable that the conditions are so simple as 

velocity of the positive ions from which they are formed, this dehciency would 
give a measure of the production of metastables in the neutralization process. 
However, it is very improbable that the conditions are so simple as this. 

In conclusion we wish to point out that although there is some uncer- 
tainty In the exact values of the accommodation coefficients for argon, neon 
and helium positive ions as found by us, our measurements seem to show con- 
clusively that they are all considerably less than unity and consequently con- 
clusions which have been reached on the tacit assumption of the unity value 
need revision to take account of the actual, smaller values. 

Since the values of the accommodation coefficient found for neutral mole- 
cules^ becomes more nearly unity as the molecular weight increases and since 
the values found by us for ions are of the same general order of magnitude as 
those found for the neutral molecules, it is suggested tentatively that the 
values for mercury and other heavy ions are nearly unity. Also the value of 
A is likely to depend somewhat upon the factors which affect the suiface con- 
ditions of the metal such as the gas pressure, purity of the gas, roughness of 
the surface, and kind of metal. 

Our thanks are due Mr. Donald C. Archibald for his help in thee.xpen- 
mental work of this paper. 
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Abstract 

The time interval between the time of appearance in a condensed spark dis- 
charge of the arc lines 4678 A, 4722A, 4811 A {V’Pm.-'PSD of zinc, 4680A, 4800A, 

5086A (2'^Poi 2 — 2^91) of cadmium, the air lines 4347A, 4631 A and 5001 A was measured 
visually, using the Kerr cell method developed by Beams. A photographic method 
was developed whereb}^ it was possible to determine from photometric measurements 
the variation of the intensity of an individual line with the time after the beginning of 
the spark. The time of first appearance, or zero intensity, is inferred from the extrapo- 
lation of the curves showing the intensity as a function of the time. The arc lines of 
zinc appear simultaneously. The arc lines of cadmium appear simultaneously but defi- 
nitely earlier than the zinc arc lines. The air lines appear simultaneously but earlier 
than the arc lines. The spark lines appear simultaneously but earlier than the arc 
lines and later than the air lines of the respective elements. The results of the visual 
and photographic methods do not agree. Neither method gives information that in the 
case of zinc or cadmium, an electron remains in the 2^5i state for a longer time before 
dropping to the PP^ state than before dropping to the 2^Pi or the l^P^ state. 

Introduction 

I N 1925 Beams and Brown, ^ making use of a modified form of the electro- 
optical shutter of Abraham and Lemoine,^ measured the time intervals 
between the appearance of spectral lines in the spectra of condensed dis- 
charges. This early work indicated that in the elements examined, the spark 
lines appeared before the arc lines. Since the appearance of this first paper, 
several experimenters*^ have extended the work to other elements. In the ele- 
ments that were examined in common by various investigators the numerical 
values for the time difference between the appearance of individual lines did 
not agree and in some cases the observed order was different. In the case of 
multiplets, Beams found different lines of the same multiplet appeared at 
different times, while Locher found that members of a given multiplet ap- 
peared simultaneously within the limits of error of the experiment in all cases 
examined except in the case of the arc triplet of zinc. 

The actual existence of these time lags in the appearance of spectral lines 
has since been questioned by Gaviola.*^ He believes that the basic assump- 
tions made by the experimenters, namely, that the Kerr cell discharges in- 

’ Beams and Brown, J.O.S.A. & R.S.I. 11, 11 (1925). 

“ .Abraham and Lemoine, Comptes Rendus 130, 245 (1900). 

3 ]. W. Beams, Phys. Rev. 28, 475 (1926). 

* Gordon Locher, J.O.S.A. & R.S.T. 17, 91 (1928). 

Gaviola, Phys. Rev. 33, 1023 (1929). 
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stantaneously a certain time after the beginning of the spark, that oscilla- 
tions, if present, have no appreciable effect on the operation of the shutter, 

and that the capacity in parallel with the spark gap does not modify the time 
at which the Kerr cell discharges, are incorrect and measurements based on 

them unreliable. . ^ 

The purpose of this investigation was to make a comparison of the results 

obtained by the use of a visual method similar to that emplopd by other 
experimenters’*^’^ and the results obtained by use of a photographic method, in 
which the order of appearance of the spectral lines is inferred from the ob- 
servations on the way in which the intensity of the individual spectral line 



varies with time. By use of the latter method it is possible to eliminate the 
sensitivity of the eye which is a controlling factor in the visual method. In 
order that the results might have a possible interpretation as atomic phenom- 
ena, the spectral lines, 4678 2^Po-2«5i, 4800 2^Pi-2^Si, 5086 2^P2-2^Suof 
cadmium and 4680 2’^Po-2^5i, 4722 2^Pi~2^6'i, 4811 2^P2-2^Su of zinc were 
selected for the major part of this investigation. In the above triplets the 
transitions are from the same upper level to different lower levels, so the 
difference in the length of time that an electron remains in the 2’'^5i state be- 
fore the transition takes place to the 2^Po, the 2^Pi or the 2 ^P 2 state could be 
measured. In addition to the above lines the spark doublet 5337 3-1) ,1/2 

— 42P5/2, 5378 321)5/2 — 42P7/2 of cadmium, the spark doublet 4912 3-Dzr> 

— 42P5/2, 4924 327)5/2— 42P7/2 of zinc and the air lines which were excited when 
the discharge takes place between metallic electrodes in air at atmosplieric 
pressure, were investigated. 

Apparatus and Experimental Methods 

Fig, 1 gives a diagrammatic representation of the apparatus used in the 
present experiment. It is essentially the same as that used by previous inves- 
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tigators. A fixed light, path of 14.69 meters was used. A spark gap F with a 
capacity in parallel was connected across a source of high voltage Ti. The 
electro-optical shutter consisting of the two Nicol prisms Ni and and the 
Kerr cell K, was placed between the spark gap and the spectrograph. The 
source of high voltage was a 25,000 volt 1 KW transformer. Electrodes of 
various shapes were tried in the spark gap, the shape finally selected being 
that of the frustrum of a cone, so that the discharge was actually taking place 
between two circular parallel faces. This type of electrode gave very steady 
spark conditions over quite long periods of time. The Kerr cell consisted of 
two parallel brass plates 12 cm long, 1 cm wide and separated at a distance of 
3 mm, immersed in carbon disulphide which had been carefully purified. The 
shutter ordinarily was closed except when sufficient potential was applied to 
the Kerr cell, then the liquid became doubly refracting and light could pass it. 

The circuit FC in Fig. 1 contains the condenser C, a certain amount of 
inductance in the lead wires, and the spark gap F, hence the discharge of the 
condenser C through the gap will be oscillatory. The circuit KF contains the 
Kerr cell, the trolley wires W and the spark gap F, this circuit being directly 
connected to the circuit FC, so oscillations are undoubtedly present in it. 
These oscillations if of sufficient amplitude, would reopen the shutter after 
having closed when the original voltage had fallen to so low a value as to make 
the shutter inoperative. The discharge of the Kerr cell will not be as sudden as 
was originally supposed, but its rate of discharge will be determined some- 
what from the superposition of the oscillations in the two circuits. The oscilla- 
tions can be critically damped by insertion of the resistance Fi, this reducing 
the rate of fall of voltage on the Kerr cell. Nevertheless it is possible to damp 
sufficiently these oscillations without delaying the closing time of the shutter 
appreciably, since it is well established that the relative difference in phase in 
the components of the ray vibrating parallel and perpendicular to the electric 
field is given by 

e = 2TrBlE^ 

where B is the Kerr constant and d the phase difference. Now the amount of 
light passing the prism at any given instant will be 

I = A sin^ 6/2 — A sin^ (rBlE ^) . 

Since the intensity of the light passing the shutter is proportional to the 
fourth power of the voltage, it is thus possible to damp sufficiently these os- 
cillations and yet not delay the closing time of the shutter. The value of 
was found experimentally using a method employed by Lawrence,*^ that of 
observing the smallest distances of migration of the metallic vapor from the 
electrodes. The value of the damping resistance thus found was 2800 ohms 
(1400 ohms being placed In each lead from the spark gap to the Kerr cell). 
The effect of this damping resistance was quite evident, for when values of 
several hundred ohms less than 2800 ohms were used, oscillations were pres- 

® Lawrence and Dunnington, Phys. Rev. 35, 396 (1930). 
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ent, when values of several hundred ohms greater than 2800 ohms were used, 
a noticeable decrease in the rate of closing of the shutter was observed* 

In Fig. 1 the light from the spark gap was rendered approximately parallel 
by the lens and was reflected from the concave mirror Mi, whose focal 
length was 7 meters, this converging beam was reflected by the right angle 
prism P through the lens L2, the Nicol prism Ni and focused between the 
plates of the Kerr cell. The lens Lz focused the beam after passing through the 
Nicol prism N2 on the slit of a constant deviation Gaertner spectrometer, so 
that the length of the spark was parallel to the slit. A number of diaphragms 
were placed along the light path and at each end of the Kerr cell so that only 
light which passed through the Kerr cell between the plates was focused on 
the slit. 

An important modification in the optical path was the introduction of the 
auxiliary light path PM2M3l4Pi,in order to adapt the apparatus to the photo- 
graphic method. The part of the converging beam which passed the prism P 
was reflected by the plane mirrors M2 and Mz and the right angle prism Pi 
and was focused on the slit of the spectrograph by means of the lens L,%, It was 
thus possible to have two spectra formed on the plate one directly above 
the other, the one formed by light which had passed through the Kerr cel! and 
the other formed from the light which came directly from the spark gap. This 
modification was of utmost importance in the intensity measurements for it 
was thus possible to determine whether or not the spark conditions had 
changed appreciably during the time that was necessary to obtain a complete 
set of exposures. 

Visual method. In the visual method in which a fixed light path was used, 
the time of closing the electro-optical shutter was regulated by changing the 
effective lengths of the four parallel wires which connect the spark gap with 
the Kerr cell, by sliding the trolley T along them by means of a string passing 
over a rather complicated pulley system and operated from the observer's 
position. AVhen the trolley T is adjusted so that the effective length of wire 
path is as long as possible the intensity of the line under investigation is at a 
maximum for this particular time of closing of the shutter. If the position of 
the trolley is now adjusted so that the length of the wire path is decreased, 
finally a position is reached where the spectral line is no longer visible; this 
position of the trolley is noted. In a similar manner when the direction of 
motion of the trolley is reversed, a point of first appearance of the spectral 
line is located, which will differ slightly from the first position. The mean of 
the two positions is taken as the position of first appearance of the line, where 
the appearance of the line as used here means the position at which the line 
has become visible through the observing apparatus. The fall of potential pro- 
duced by the passage of the spark is propagated along the wire to the Kerr 
cell at approximately the velocity of light, ^ so that the difference between the 
times of appearance of two lines is approximately the difference between the 
lengths of wire as determined above, divided by the velocity of light. 

^ Fred Allison, Phys. Rev. 30, 66 (1927). 
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Photographic method. In the photographic method the observing tele- 
scope was replaced by a camera attachment converting the spectrometer into 
a spectrograph. The optical path was modified as previously described. The 
exposures on the plate were obtained by setting the trolley at a definite posi- 
tion and taking an exposure, then moving the trolley a known distance and 
taking a second exposure, and so on until five or more exposures had been ob- 
tained on each plate. Since the lengths of trolley wire between the spark 
gap and the Kerr cell correspond to lengths of time after the break down of the 


Table I. Zinc^ cadmium and nitrogen. 

The nitrogen lines were obtained by a discharge between zinc electrodes in air. The zinc and 
cadmium lines were obtained from discharges between electrodes made from the chemically pure 
metals. 





Interval 

Limit of 

Element 

Wave-length 

Classification 

X 103 sec. 

error 




XIO® sec. 

Zn 

4912 

32 D 11 -42^21 




& 



Zn 

4924 

3‘D2i -4»F3i 

0.5 

.06 

Zn 

4680 

2^Pq-2^Si 

1.14 

.04 

Zn 

4722 

2^Pi-2^Si 

0.75 

.04 

Zn 

4811 

2^P2-2^Si 



cd 

5337 





& 



Cd 

5378 


0.43 

.05 

Cd 

5086 

2^P2-2^Si 

0.97 

.12 

Cd 

4800 

2^Pi-2^Si 

0.37 

.08 

Cd 

4678 

2^Pq-2^Si 



N2 

5001 

VDi'-VF/ 




5005 

IW-IW 




5007 

P^i'-PPs'" 




5011 

PPy-135/ 

1.20 

.15 

Nj 

4631 

13py_23P2 



& 





4643 

PP2'-23Pi 

1.92 

.08 

Ni, 

5676 

PPo'-PPy 



& 





5680 

PPi'-VDf 




gap, the position of the trolley can be plotted against the intensity of the 
spectral line and a curve obtained which will show how the intensity of an 
individual line varies with time. In the present experiment it was possible to 
obtain spectrograms of the light from the spark beginning at 3.9X10“^^ 
seconds after the beginning of the spark to 1.4 X 10”^ seconds after the begin- 
ning of the spark, the range being limited by the lengths of wire in the set-up. 
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Each plate was carefully calibrated by the use of neutral screens/_ The 
calibration curve was obtained by plotting the logarithm of the intensity ot 
the light transmitted by these screens against the reciprocal of the plmito- 
graphic density upon the plate. The reciprocal of the density (the logan l 1 nn 
of the transmission of the plate) was determined from the microphutometer 
record which was secured from the spectrogram. A Moll microphotometer 
which records automatically was used. From the measured transmission ot 
the metallic arc and spark lines and the air lines to be investigated, the inten- 
sity of the individual lines could be read directly from the calibration cur\'es 
in arbitrary units. 

Results 

Results by the visual method. Table I contains the data olitained on tlie 
spectral lines which were examined in this experiment. In the case of zinc the 
order of appearance of the lines obtained in this experiment was the same as 
that reported by Beams.* The magnitude obtained for the interval between 
the first appearance of the spark lines 4912A, 4924A and the arc line 4680A is 
thirty times smaller than the value obtained by Beams. In cadmium the re- 
sults for these corresponding lines differ by about the same amount, that is fui 
the interval between the appearance of the spark lines 5337A, 5v378A and the 
first arc line. However the order is not the same, for in this experiment 5086A 
was observed before 4800A, while Beams observed them in the revense order. 
The time intervals between the appearance of the respective arc lines as meas- 
ured by Beams show somewhat the same magnitude as those determined in 
this experiment, but the results are still far from agreement. Locher obtained 
no differences in the times of appearance of the cadmium arc lines. 

Results by the photographic method. The data obtained for the arc 
triplet of zinc 4680A, 4722A, 4811A are plotted in Fig. 2. The intensity which 
is plotted as the ordinate is expressed in arbitrary units. The lengths of trolley 
wire, plotted as abscissa, are measured from an arbitrary reference point 
which corresponds to a time 5XlO-“ sec., after the beginning of the spark. 
When the intensity curves for these lines are extrapolated backward they all 
intersect at a point on the time axis corresponding to a time 1.2 X lO""® sec., 
after the beginning of the spark, indicating that the members of this arc tri- 
plet appear at the same time. Fig. 3 shows the data on the unresolved ait- 
lines 5001A, 5005A, 5007A and 5011A, 4631A, 4347A which were excited 
when the discharge occurred between zinc electrodes in air at atmospheric 
pressure. Here as in the case of the metallic arc lines of zinc, when the inten- 
sity curve for each of these lines is extrapolated backward to zero intensity, 
these curves meet at approximately the same point, corresponding to a time 
5 X 10"*^ sec. after the beginning of the spark. This would indicate that these 
lines appeared simultaneously, but at a time 1.19X10“* sec. earlier than the 
metallic arc lines of zinc. 


■ s G. R. Harrison, J.O.S.A. & R.S.I. 18, 492 (1929). 
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Fig. 4 shows the curves plotted from the data obtained for the arc triplet 
of cadmium 4678A, 4800A, 5086A. The intensity curves meet at approxi- 
mately the same point corresponding to a time 0.5 X 10“^ sec., after the begin- 
ning of the spark when extrapolated backward to zero intensity, indicating 
again that the members of this arc triplet all appear at the same time. The 
time of appearance of the cadmium triplet is 0.7 X10“® sec., earlier than the 
zinc triplet. Fig. S shows the data on the air lines SOOIA, 5005A, 5007A, 
5011 A, 4631 A, 4347A, which are excited when the discharge takes place be- 
tween cadmium electrodes in air. When the intensity curve for each of these 
air lines is extrapolated backward to zero intensity these curves intersect at 
a point corresponding to the time 5X10"^^ sec., after the beginning of the 
spark, which is the same as that obtained for these same air lines which were 



Fig. 2. Intensity of zinc arc triplet (2''^Poi2 — 2*'*Si). 

excited In the zinc spark. This indicates that these air lines just as in the case 
of zinc all appear at the same time. 

In the upper part of Fig. 6 are plotted the data obtained for the unre- 
solved zinc spark doublet 4912A and A92AA, and in the lower part are plotted 
the data obtained for the cadmium spark doublet S337A and 5378A. The 
unresolved zinc doublet extrapolates backward to a point corresponding to 
0.5 X 10-® sec., after the beginning of the spark. The intensity curves for each 
of the lines of the cadmium doublet, when extrapolated to zero intensity, 
meet at a point corresponding to a time 0.32 X 10“® sec., after the beginning of 
the spark, indicating that each of the members of this spark doublet appeared 
at the same time. The time of zero intensity or the time of first appearance of 
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the spark lines is earlier than the arc lines of the same element, but is later 
than the air lines as shown in Figs. 2,3,4, and 5. 

Discussion of Results 

The photographic method in the case of the arc triplet of zinc 468()A, 
4722A and 4811 A, shows that all of these lines appear at the same time. The 
visual method when applied to this same triplet gives differences between the 
times of appearance of these same lines. Likewise in the case of the arc triplet 
of cadmium 4678A, 4800A and 5086A the photographic method gives the 
same time of appearance for each of these lines, but the visual method gives 
different times for each line, although the results of different observers using 
the visual method are not in agreement. 



Fig. 3, Intensity of the air lines 5001 A, 4631 A, and 4347A with zinc spark gap. 

The photographic method shows that the air lines SOOIA, SOOSA, 50()7A» 
and SOllA, 4631 A, 4347A whether excited in a zinc or cadmium spark, all 
appear at the same time, but at a time definitely earlier than the metallic arc 
lines of the respective element. The visual method on the other hand gives 
different times of appearance for the individual air lines and it also indicates 
that the air lines appear before the arc lines in the case of zinc and cadmium. 
Since in this case the observations were made on groups of lines rather than 
individual lines, the results are not as convincing as in the case where the 
observations are made on separate lines. 

The photographic method shows that the members of the spark doublet 
of cadmium 5337A and 5378xA appear at the same time and definitely earlier 
than the metallic arc lines of cadmium, but later than the air lines in the cad** 
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mium spark. The visual method gave no information on the separate spark 
lines as it was impossible to resolve them, so the observations were made 
probably on both lines, the times of appearance being earlier, however, than 
the arc lines. The result, indicating that the spark lines appeared before the 
arc lines, is the same for each method. The zinc doublet 4912A and 4924A was 
unresolved in both the photographic and visual methods so that the data 
obtained in each case are not satisfactory. However each method shows that 
this unresolved zinc doublet appears before the zinc arc triplet, hence again 
the two methods lead to the same result. 

There is an evident disagreement between the results obtained by the 
visual method and those obtained by the photographic method. This diver- 
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Fig. 4. Intensity of the cadmium arc triplet {2^Pm — 2^Si). 

gence of results is to be expected from the fact that the human eye is not 
equally sensitive to light of different colors, whereas the photographic plate 
when properly calibrated should give results on relative intensities which are 
independent of the sensitivity of the plate for light of different wave-lengths. 
Hence the zero of intensity inferred from the measurements on the photo- 
graphic plate would be different from the threshold of visibility detected by 
the human eye. In reality what one does in the visual method is to observe 
the line at some intensity considerably above the zero intensity. Examination 
of the curves, showing the intensity as a function of the time after beginning 
of the spark, shows that the times when the different lines have the same in- 
tensity is variable. The critical intensity which the eye could first detect would 
be influenced by the sensitivity of the eye for the particular wave-length. 
The lines which were examined were located in a region of the spectrum 
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where the sensitivity of the human eye changes quite rapidly with the wave- 
length. It would be impossible to extrapolate the intensity curves shown in 
Figs. 2, 3, 4, 5 and 6 in a reasonable manner and obtain values for the relative 
differences in the times of appearance that were obtained visually, i he cali- 
bration of the photographic plate made the results obtained by the photogra- 
phic method independent of the sensitivity of the plate for different colors. 
The fact that the air lines appeared before the spark and arc lines of the re- 
spective elements is probably a result of the natural sequence of e\'eiits in 
breakdown of the spark gap. One might suppose as Gaviola^^ suggestech 
that the discharge was initiated by ionizing the air between the electrodes. 
This was followed by evaporation of the metal from the electrodes which was 
then ionized and excited by collisons. This observed difference between the 
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Fig. 5, Intensity of air lines 5001A, 4631A, and 4347A with cadmium spark gap. 

times of first appearance of the air lines in the zinc and cadmium spark and 
the metallic arc lines of the same elements may be explained as a characteris- 
tic of the spark discharge. Hence if the results of the photographic method are 
accepted, the data obtained in this type of experiment give no evidence that 
an electron in the 2'^Si state of zinc or cadmium remains there a longer time 
before the transition takes place to the 2‘^Po state, than to the TPi or the 
2 ®P 2 state. 

Conclusions 

1. The results obtained by the visual and photographic methods are not 
in agreement. 

2. The results obtained by the photographic method indicate that the 
members of the arc triplet of zinc appear simultaneously. They also indi(‘ate 
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that the members of this same triplet of cadmium appear simultaneously but 
not at the same time as the members of the arc triplet of zinc. These results 
therefore seem to verify Gavidla’s contention that the apparent time differ- 
ence between the appearance of spectral lines in such condensed discharges is 
not an atomic phenomenon. 

3. The differences’ in times of appearance between the air lines which are 
excited in the spark gap, the spark lines of the element and the arc lines of 
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“Fig. 6. (a) Intensity of unresolved zinc doublet (3-Dzi2—A^P&n) and 
(b) Intensity of cadmium doublet {S^D^n—^^Pm) and 

the same element, can probably be attributed to the way in which the dis- 
charge is formed in the spark gap, i.e. the manner in which the molecules of 
air or vapor of the element begin to be ionized. 

The writer wishes at this time to express his appreciation of the constant 
help and encouragement he has received from Professor Alpheus . Smith 
under whose direction this work was carried out and of the valuable sugges- 
tions and criticisms received from Dr. M. L. Pool during the course of this 
work. 
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THE EFFECT OF PIEZOELECTRIC OSCILLATION ON 
THE INTENSITY OF X-RAY REFLECTIONS 
FROM QUARTZ 

By Gerald W. Fox and Percy H. Carr 
Physics Laboratory, Iowa State College 
(Received May 1, 1931) 

Abstract 

In an attempt to determine the amplitude of vibration of the ions in a quartz 
lattice brought about by piezoelectric oscillations, a series of Lane photographs liave 
been made of both Curie and thirty-degree-cut plates, using the white radiation from 
a Coolidge universal tube. This tube had a tungsten anode and carried a current of 
four miiliamperes at 95 kilovolts. Eastman duplitized x-ray film was used with no 
sensitizing screens. On examination, the patterns produced by each plate, oscillating 
and non-oscillating, appear identical except in one respect; the pattern of the oscil- 
lating plate is several times as intense as that of the non-oscillaling. A four-hour ex- 
posure of a non-oscillating plate to radiation of the above mentionerl tirudiu'es 
but the rudiments of a pattern, whereas, the same plate oscillating |)roduces a \ery 
beautiful intense pattern for the same time of exposure. The effect does not deiiend on 
the mode of vibration but does depend on the amplitude. Further work is in progress 
which it is hoped will establish the cause of this peculiar intensity difference. 

Introduction 

P IEZOELECTRIC quartz plates used as frequency controllers for vacuum 
tube oscillators have a visible vibration^ when in mechanical resonance 
with the electrical circuit. Such mechanical oscillations must be accompanied 
by considerable internal movement of the ions of the cry^stal lattice. It was 
proposed to investigate this internal motion by shooting a beam of x-rays 
through a quartz plate both when oscillating and when not oscillating and by 
observing whether there was any difference in the appearance of the Lane 
diffraction patterns. 

If there was considerable motion of the crystal planes, it might be ex- 
pected that the spots on the Laue pattern would be altered. Upon first con- 
sideration, one might think that this alteration would occur either as a 
linear smearing of the spots or as a diminution in the intensity of the pattern. 
The first hypothesis seemed reasonable because of the experiments of Profes- 
sor Joffe^ in which a linear smearing of the spots was produced by a mechani- 
cal distortion of the crystal. The second hypothesis appeared reasonable from 
temperature consideration. The usual result of raising the temperature of a 
crystal is that the reflection slowly decreases almost linearly with increase in 
temperature. BackhursP gives some data on graphite and ruby, finding a 
fifteen percent decrease in reflecting power for a rise in temperature of 500 ° 
Centigrade. 

1 H. Osterberg, Nat. Acad. Proc. 15, 892 (1929). 

^ Joffe, The Physics of Crystals, p. 38. 

3 Backhurst, Proc. Roy. Soc. London 102, 340 (1922). 
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Gibbs‘S called attention to the unusual increase in reflecting power of cer- 
tain planes in crystal quartz which took place at the transition temperature 
(57S°C) when the so-called a form changed over to the j8 form. Since this large 
increase was attributed to a relative movement of the ionic planes of only 
0.02S Angstrom unit, it seemed possible that oscillations in quartz might pro- 
duce a change in the relative intensity of the Laue spots. 


Apparatus and Methods 


Eastman diiplitized x-ray films were used throughout. Sensitizing screens 
were tried at first but were soon discarded for fear they might influence re- 
sults. The film was placed in a box made of 1/8^^ lead sheet closed except for a 
small 1/2" hole in the top. Directly above this hole was mounted in intimate 
contact, the lower contact plate for the crystal, made of brass and polished 
flat.* In its center was a 1/4" hole. The upper contact plate of the crystal was 
also made of polished brass. In its center was drilled a 1/8" hole. Radiation 
from a Coolidge universal tube was delimited by a number 60 drill hole in 
each of two lead screens mounted approximately five inches apart. Attached 
to the lower screen and in line with the hole was a two-inch narrow tube of 


Fig. 1. Schematic diagram of x-ray tube and crystal circuit. 

brass also having a number SO drill hole in its end. This was merely to facili- 
tate pointing the x-ray beam at the hole in the upper electrode. 

The driving circuit is shown in Fig. 1, together with a schematic drawing 
of the whole layout. The vacuum tube was of the UX210 type employing a 
filament voltage of 7.5 volts. Plate voltages from 50 to a maximum of 350 
volts were used at various times. Resonant conditions in the circuit were de- 
termined by observations of the D.C. plate milliameter Ai or the radio fre- 
quency ammeter 2 . In this type of circuit using a resistance bias, oscillations 
are indicated by a large drop in the D.C. plate current and a corresponding 
increase in the reading of the high frequency ammeter. 


^ Gibbs, Proc. Roy. Soc. London A107, 561 (1925). 
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^ Results 

A preliminary run with the non-oscillating crystal siKJwed that at 65 
kilovolts peak and 4 milliamperes x-ray tube current at least a fourdionr ex- 
posure would be necessary to get even a visible pattern. With tin* same (‘xpn* 
sure, however, this same plate, oscillating, gave a \'ery beautiful]}’ de\ e](xp(‘(I 
Laue pattern. This was curious, and since the ex|)osure on tiie oscillating cry- 
stal had been made in two parts with a lapse of several hours between, and 
since the film had been developed at a dififerent time and with a different solu- 
tion than that of its non-oscillating mate, it was assumed that some (liffererice 
in technique had produced the decided change in intensity. 1\) test this point 
three different diffraction patterns were made of the same cpiart/. plate; the 
first, with the plate not oscillating; the second with the plate oscn’llating; and 



a . b 

Fig. 2. (a) Curie-cut. In use the applied electric field is parallel to an electric axis of die 
crystal. The optic axis is normal to the plane of the figure, (b) 30-degree-ciit. In use I he iipplied 
electric field makes an angle of 30° with an electric axis of the crystal, 

the third with it not oscillating again. In each instance, a four-hour continu- 
ous exposure was made at 95 kilovolts and 4 milliamperes. Over a four-hour 
period slight voltage-current fluctuations were bound to occur but an at'erage 
current of four milliamperes over the necessary twelve-hour period is prob- 
ably very close to the truth. All three exposures were then simultaneously 
developed in a single large tray and were fixed at the same time, b^xaminatiou 
of all three films showed beyond doubt that the pattern made b}’ the oscallat- 

A___ ^ Table I 


Curie-cut 

Frequencies (kilocycles) 
3590 
1900 
320 


30-degree -cii t 
F ret] u e n i es ( k i I oc \ ' 1 1 , • .s) 
3850 
.1875 
325 


ing plate was decidedly more intense than either pattern made l)y tlie non- 
oscillating plate. This discovery made it necessary to go into tlie phenomenon 
in more detail. 

Six plates were cut from a speGimen of optical quality crystal tpiartz, 
three of each type^of cut-as shown in Fig. 2. These plates were then ground 
down to the following approximate frequencies, as shown in Table I. 
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The Curie-cut plates have an average wave-length of about 105 meters per 
millimeter thickness and the 30-degree-cut, about 145 meters per millimeter 
thickness. 

Two four-hour exposures were then made for each plate. Simultaneous 
development and fixing were carried out. In each case, the same result was 
obtained, viz.; an exposure which gave but the rudiments of a pattern with the 
plate not oscillating, gave an intense pattern when the plate was vibrating. Visual 
examination shows the patterns to be identical with the same spots occurring 
but the intenfiity is decidedly different. Fig. 3 shows a reproduction of the 
patterns produced by a 30-degree-cut plate, oscillating and not oscillating. 
This plate had an approximate frequency of vibration of 1875 kilocycles. It 



Fig. 3. (a) oscillating; (b) not oscillating. 

was not possible to note any smearing of the spots as was suggested might 
happen though the method is too crude to detect small changes. 

To test the possibility that the effect was due to some sort of an electric 
strain set up by the applied electric field, a test was run on the same plate 
who.se pattern is shown in Fig. 3. Again two runs were made, the first with no 
ai)[)lied field and the second with the line voltage of 120 volts, 60 cycles, ap- 
Iilied to the crystal. Both exposures were identical. The two exposures proved 
to be no different showing that the effect is definitely a resonance phenomenon. 

To test this conclusion further, the same piezo-plate was used in a series of 
three four-hour exposures. The x-ray energy was kept constant and the am- 
plitude of viliration was changed by increasing the plate voltage on the 
vactium tul)e. The voltages used were 50, 150, and 300 volts, respectively. 
I'lie three exposures show definitely that the intensity of the spots on the 
piitterns depends on the amplitude of vibration of the quartz plate. The 150 
\-olt exjKJSure is decidedly stronger than the 50 volt one and the 300 volt ex- 
posure is much stronger than either. 
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CRYSTAL STRUCTURE OF LITHIUM lODA'I'K 

By W. H. Zachariasen and F. A. Barta 
Ryerson Physical Laboratory, University of Chicago 
(Received April 22, 1931) 

Abstract 

The structure of lithium iodate was determined by using the oscillation and {loa- 
der methods. Lithium iodate is hexagonal with 2 molecules per unit cell of h - l 
0 G03A c = 5.155A±0.005A. The space group assigned is Demand the atom positions 
are: 2Li in (001/4) (003/4), 21 in (1/3 2/3 1/4) (2/3 1/3 34) and 0 () in o/hO) d)aO) 

(wOO) (mi) (Oui) (uOi) with zi=l/3. The structure is based on hexagonal closest 
packing, with the lithium and iodine atoms both lying within oxygen oc-lahedra. The 
atomic distances are Li — O and I-0 = 2.23A with lithium octahedra sharing ^ace^ 
with each other, one lithium and one iodine octahedra sharing onh' edges and two 
iodine octahedra only corners. 

L ithium iodate is the only member of the alkali ioclates, whose struc- 
ture has not yet been determined.^ In searching the literature no informa- 
tion was found regarding its crystallographic properties. A microscopic exam- 
ination of the fine crystalline material of chemically pure LilO;; as furnished h\' 
Kahlbaum, showed that the crystals were short hexagonal prisms. Though 
LilOs does not crystallize in very large crystals, two crystal splinters were 
found sufficiently large to be used for the oscillation method. Both crystals 
were hexagonal prisms and photographs were taken using the principal direc- 
tions as axes of rotation. In view of the fineness of the material a large iiumber 
of powder photographs were taken using MoKa, CuKa, and heKa^ radiatioii. 
The photographs were worked out in the usual manner and lead to the 
following dimensions of the hexagonal cell. 

a = 5 . 469A ± 0 , 003A c = 5 . 155 A + 0 . 005 A c/a = 0 . 9427 

A rough density determination of LilOa gave 1.9 molecules equivalent to 2 
molecules per unit cell. The calculated density is 4.48. The greater part of the 
observations is compiled in Tables I and II. From the tables it is (‘learly 
seen that a rhombohedral cell is impossible because of the obser\^ed reflec- 
tions. (The number of molecules in the hexagonal cell also exclude a rlium- 
bohedral lattice.) Since the oscillation photographs did not show an\’ 
deviation from full hexagonal symmetry, consideration of the space gnmp 
was limited to the following classes: Cgu" and Of these Dir 

and A® were ruled out because they have no 2-fold (or 1-foIdj positions. 

Tables I and 11 show that whenever is divisible by 3, except ionalK' 

strong reflections are observed if I is even; whereas the intensity is weak or 

1 V. M. Goldschmidt, Vid. Akad. Skr. Oslo 2, 79 (1926) KlO:i, RblO,; W. IL Zaiduiriasern 
ibid. 4, 100, 106 (1928) NalO,, CsIOg. 
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nil if IM odd. This observation can only be accounted for by putting the two 
iodine atoms in positions corresponding to a hexagonal closest packing of 
these atoms. The only available space groups compatible with such an 
arrangement are Auh C6y^ W, and The space groups i96A^ Cerb 


Table L Oscillation photographs. 


hk. 1 

sin B 

kl 

Int. 

hhl 

sin B 

kl 

Int. 

00 . 1 

0.0087 

nil 

nil 

22.0 

0.2590 

60.8 

m 

10.0 

.0748 

43.6 

m 

30.2 

.2629 

53.0 

m 

10.1 

.1015 

78,7 

vs 

22.1 

.2679 

13.5 

nil 

11.0 

.1295 

72.1 

vs 

31.0 

.2695 

30.4 

vw 

00 . 2 

.1373 

55.4 

s 

00.4 

.2746 

73.8 

m 

11.1 

. 1466 

25.5 

w 

31.1 

.2781 

53.7 

m — 

20. 0 

. 1496 

37.4 

m 

21.3 

.2856 

54.6 

m 

10.2 

.1564 

36.9 

m 

22.2 

.2932 

68.0 

m 

20.1 

.1645 

65,4 

s 

31.2 

.3024 

28.0 

vw 

11.2 

.1877 

86.6 

s 

11.4 

.3036 

56.0 

m 

•21 .0 

.1977 

33.8 

vw 

32.0 

.3258 

27.0 

vw 

20.2 

.2030 

33.8 

w 

32.1 

.3330 

49.5 

w 

00.3 

.2061 

nil 

nil i 

41.0 

.3343 

53.4 

w 

21.1 

.2093 

64 .2 

m 

31.3 

.3392 

49.2 

w— 

10.3 

.2192 

61.5 

s 

41.1 

.3413 

9.4 

nil 

30.0 

.2244 

90.8 

s 

32.2 

.3536 

26.4 

vvw 

30 . 1 

.2345 

nil 

nil 

41.2 

.3614 

61.1 

w 

21.2 

.2408 

31.2 

w 

32.3 

.3854 

46.0 

w 

11,3 

.2433 

14.6 

nil 

41.3 

.3926 

7.3 

nil 

20.3 

.2545 

57.1 

m — 






Table II. Powder photographs. 


M. 1 

sin 6 

\F\^xf 

Int. Obs. 

Mo Cu 

hk. 1 

sin B 

Int. Obs. 

\F\-xf Mo Cu 

00. 1 

0.0687 

nil 

nil 

nil 

21.2 

0.2408 

3.9\ w+ 

w 

10.0 

.0748 

1.9 

w -f- 

w 

11.3 

,2433 

•4/ 


10.1 

.1015 

12.4 

vs 

s 

20.3 

.2545 

6.5 

ni 

il.O 

.1295 

5.2 

ms 

m 

22.0 

.2590 

3.7 

w + 

00.2 

.1373 

1.0 

vw 

vw 

30.2 

.2629 

5.6 

m 

11.1 

.1466 

i.3\ 

w 

vw 

22.1 

.2679 

•9 

vw 

20.0 

. 14% 

1.4/ 



31.0 

.2695 

1.9/ 


10.2 

.1564 

2.7 


w 

00.4 

.2746 

1.8 

nil 

20 , 1 

.1645 

8.6 

ms 

ni 

31.1 

.2781 

11.5 

s 

11.2 

.1877 

15.0 

s 

s 

10.4 

.2847 

1.7\ 

s 

21 .0 

.1977 

2.3 

vw 

w 

21.3 

.2856 

12.0/ 


20.2 

.2030 

2.3 

vw 

w 

22.2 

.2932 

9.2 

111 

00.3 

.206! 

nil 



40.0 

.2992 

.8] 


21.1 

.2093 

16.5 

s 

s 

31.2 

.3024 

3.U 

ms 

10.3 

.2192 

7.6 

m — 

m — 

11.4 

.3036 

6.3J 


30.0 

.2244 

8.2 

m 

m — 

30.3 

.3045 

nil 


30 . 1 

.2345 

oil 

nil 

nil 

40.1 

.3069 

5.4 

w 


Table III. F Curves (MoKa). 


sin 0 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

Li 

2.0 

1.9 

1.8 

1.6 

1.3 

1.1 

.85 

.7 

1 

50 

45.5 

41 

37 

33.5 

31 

28 

26 

■0 

8.0 

7.S 

4.9 

3.0 

2.7 

2.1 

1.6 

1.3 


The F-curve for iodine was calculated by Thomas* method, the one for oxygen is the ex- 
perimental one found by J. .West in I<H2P04. 
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and are ruled out because they require that the odd order reflerl ions from 
all planes 7^ where 2h-^k = Sn and ^ odd shall be missing’, aiul wiiile i!ian\ 
of these reflections are not found, there is evidence in the photogrn.i)hs that 
some of them are definitely present. This limits the spare gmu]) seh-rtion to 
Dsd and Dq\ 

In in order to have hexagonal closCvSt packing the necessity for UU” 
equivalent iodine atoms arises. The possibility that all oxygen a, toms Vw. in f hr 
same plane is unreasonable as that would give too small oxygen to ox>'gen 
distances. Likewise this rules out the possibility that they all lie (m 3dnld or 
6-fold axis of symmetry. The only possible arrangements of the 6 ox\-gens arc* 
therefore: Sj-\-3k or 6n with 2 ; = l/4. None of these pussil)ilities leads to 
reasonable structures. 

In case the 6 oxygens are put in 3j + 3fe and the required ox>'gen to oxygen 
distance is greater than 2.50A, the iodine to oxygen distance is smaller than 
L72A. It seems improbable that the oxygen to oxygen distance is smaller 
than 2.50A, and that the iodine to oxygen distance is as small as 1.72A. This 
arrangement must therefore be ruled out and for similar imf>n)l)abilities plac- 
ing the 6 oxygens in positions 6n can not be considered. 

As an additional support for ruling out the considerations of the pnn’ious 
paragraph are the intensity considerations. With the oxygen in 3j~f-3k u is 
impossible to explain the weak 00.2 reflection. Similarly if the oxygens lie in 
6^ the parameter?; must be 1/4 in order to explain the absent odd orders from 
the basal plane, which would necessitate the absence of reflections 11.1, wliicli 
as the tables show are definitely present. 

The only remaining space group is De®. 

The 2 iodine atoms are put in positions (1/3, 2/3, 1/4) (2/3, 1 '3, 3, 4i in 
accordance with the required hexagonal closest packing. Since all the atoms 
can not lie on the 3-fold axes of symmetry, the only positions for the oxygens 
are (muO) (QuO) (uOO) (uu^) (0z^|) (^/OI) or {uii 1/4) (2Hu 1/4) (m2u 1/4) 
{uu 3/4:) {2uu 3/4) {u2u 3/4). The latter arrangement does not account for 
the relative weak 00.2 reflection and therefore the first set is the correct one. 

An accurate determination of the oxygen parameter cannot be made due 
to the small scattering power of these atoms in comparison with that of iodine. 
The powder photographs show that 30.0 and 30.2 occur with nearly the same 
intensity although the latter form has twice as many faces as the former. In 
order to explain this ratio the oxygen atoms must give a large positive contri- 
bution to the structure factor for both reflections. This requirement neces- 
sitates u — 1/3. The value 1 /3 is very probable as that gives us hexagonal cfi ese 
packing of the oxygens, A close packed arrangement of the oxygens (using 
oxygen to oxygen distance = 2. 7A) would give us a cell of dimensions a — 
4.68A, r = 4.42A with an axial ratio of 0.944. The fact that the experimental 
cell is larger than the theoretical one must be attributed to an expansion of 
the close packing due to the circumstance that both iodine and litliium are 
too large to fit in the interstices. 

The lithium atoms are so light that their positions cannot he determined 
from the intensities of reflections. There are three sets of available positions 
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for lithium: (2a) (000) (OOi); (2b) (00 1/4) (003/4) and (2d) (1/3, 2/3, 3/4) 
(2/3, 1/3, 1/4). The set (2a) will put lithium inside of an oxygen triangle 
with lithium to oxygen distance = 1.83A. Using (2b) or (2d) lithium will be 
within an octahedron of oxygens; the lithium to oxygen distance being 2.23A. 
The triangular arrangement of oxygens around lithium has never been found 
in other structures. Lithium either goes inside a tetrahedron of oxygens 
(L!20, KLiSO^i, Li 2 Mo 04 ) or within an octahedran (LiNOs). Of the latter 
t¥/o arrangements (2b) is the most plausible one, because this results in a 
lithium to iodine distance of 3.16A whereas (2d) would give 2.58A. 

The complete structure thus determined is 2 Li in (00 1/4) (00 3/4), 21 in 
(1 '3 2/3 1/4) (2/3 1/3 3/4) and 6 O in {uuO) (OuO) (^00) (uu^) (0w|) (w0|) 



Fig. t, Projection on the r-face of the structure of LilOs. The large circles represent oxy- 
gens at height 0. The large shaded circles represent oxygens at height c/2, The small solid 
circles represent iodine. The sniall solid centered circles represent lithium at height r/4, 3r/4. 

with « = l/3. The intensities calculated on the basis of this structure agree 
well \cith the observed ones, as will be seen from the tables. 

Discussion of the Structure 

In Fig. 1 is given a projection of the basal plane. The arrangement is a 
typical coordination lattice, of the hexagonal closed packed type met with in 
so many cases. 

Almost perfect octahedra of oxygen atoms surround the iodine and lith- 
ium at(.)ms. The lOe-octaliedra share only corners with each other. Sharing 
of the octahedral edges occur between lOg and LiOe-polyhedra; while the 
LiO^-uctahedra share faces with each other. This result is in perfect agree- 



ment with what one should expect: The higher charges the cential cations 
have, the fewer are the number of shared corners between two pol^'hedra. 

Although the lithium positions have not been determined from inlcnsiiy 
considerations, there is not much doubt about the positions assigned to these 
atoms. In LiNOs, where Li also lies inside an octahedron of oxygens, it was 
found that the lithium to oxygen distance = 2.15A. In LilOs the liihiuin to 
oxygen distance is 2. 2 3 A. 

The distance iodine to oxygen is also 2.23A. For compari.son the iodine to 
oxygen distance in other crystals of the same coordination luimliei is gi\ en. 
KIO3-2.23A: RbI03-2.26A, CSIO3-2.33A. 

The shortest oxygen to oxygen distance is 3.16A. In a pre\-ious jiaper liy 
W. H. Zachariasen® it was shown that groups (XOs)-"* have an iinsyminefn- 
cal structure if ti = 3X8+2(z) being the total number of valence electron^ in 
the group). In the (lOe) group there are 50 = 6X8 + 2 electrons. So that troin 
reasons of analogy it would not be astonishing to find asymnu‘tr\- in the K 
group. This asymmetry probably would result in a .sliglil di.spiaceinent of 
iodine away from the center of the octahedron in the direction of mie face. 
However no observations pointing in that direction were observed. 'I'lie pos- 
sibility of detecting very small displacements is only pos.sih!e with extremely 
accurate intensity determinations. 

Summary 

Lithium iodate was examined by the oscillation and powder mei!i(.)dri. The 
crystals were found to be hexagonal with 2 molecules in the cell u =5.4oy.'\ 
+ 0.003A: c = 5.155A+ 0.005A, c/a = 0.9427. The calculated density is 4,48. 

The space group was found to be 77/ with 2 Li in (001/4j (003/4). 2 1 in 
(1/3 2/3 1/4) (2/3 1/3 3/4) and6Oin(MM0) (OmO) (mOO) (MJ) (OK.Jj (tiO^i 
with m = 1/3. 

The structure is based on the hexagonal closest packing. The lithium and 
the iodine atoms are both lying within oxygen octahedra. The distances Li-l) 
and I-O are both 2.23Ah 2 lithium octahedra share faces with each other, one 
lithium and one iodine octahedra share only edges, two iodine octahedra 
only corners. 


2 \Y^ Zachariasen, Phys. Rev. 37, 775 (1931). 

2 It is probably that a value of u slightly less than 1/3 is more correct:, say u -0.314 w Iiich 
gives Li -”0 2. ISA and 1—0 — 2. 28A. 
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THE APPLICATION OF THE GEIGER-MtJLLER ION COUNTER 
TO THE STUDY OF THE SPACE DISTRIBUTION 
OF X-RAY PHOTOELECTRONS 

By J. a. Van den Akker and E. C. Watson 
Norman Bridge Laboratory of Physics, California Institute of 
Technology, Pasadena, California 

(Received May 4, 1931) 

Abstract 

The photographic plate in the apparatus for the magnetic analysis of x-ray 
pilot oelectrons has been replaced by a Geiger-Mtiller ion counter and the magnetic 
sjiectrum of the photoelectrons ejected from a thin film of gold by primary x-ray 
from molybdenum has been studied. Very great resolving power is obtained and con- 
siderable precision in determining the exact position of the lines (i.e. the energies of 
the photoelectrons). The numbers of Liu electrons of gold ejected by the Kai x-ray of 
molybdenum have been plotted as a function of the angle of ejection and compared 
with the theoretical longitudinal distribution predicted by Schur. 

Introduction 

I N THEI past many investigators^ have observed the space distribution of 
x-ray photoelectrons in cloud expansion chambers. This method is power- 
ful because one may observe directly the path taken by an individual photo- 
electron after ejection from the parent atom. In actual practice, however, the 
method has several shortcomings,^ one of which is that except in a very few 
special cases the electrons coming from one level of the parent atom cannot 
be differentiated from those coming from another level.^ 

The method developed by one of the writers^ enabled the longitudinal 
distribution of the photoelectrons to be studied as a function of both the 
energy of the incident photons and the level from which the electrons are 
ejected. While the change in relative intensities of ‘dines” in the “magnetic 
spectra” taken at various angles by this method yielded valuable information, 
the actual longitudinal distribution of a given group of photoelectrons could 
be obtained only qualitatively, because the photoelectrons were recorded 
photographically. With the aim of obtaining distribution curves of a more 
accurate nature, a new magnetic spectrograph has been constructed, in which 
the photographic plate has been replaced by a small Geiger-Mtiller tube.^ 

Apparatus 

In Fig. 1 is shown the horizontal section through the centers of the slits 
of the new spectrograph. The photoelectrons are ejected from an exceedingly 

1 For a bibliography of work in this field see, e.g., Watson and Van den Akker, Proc. Roy. 
Soc. Ai26, 138 (1929). ^ 

“ Williams, Nuttal and Barlow, Proc. Roy. Soc. A121, 611 (1928). 

W'atson and Van den i\kker, reference 1. 
nVatson, Phys. Rev. 30, 479 (1927). 

" For a liibliography of work done on this extremely sensitive detector of ions see, e.g., 
\au cien Akker, Rev. Sci. Instr. l, 672 (1930). 
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thin film of the element studied, which is deposited on a strip of celluloid 2 
mm wide. This strip is supported with its length vertical, and so arranged at 
the axis of rotation of the apparatus that the electrons always lea\-e the Idtu 
normally to its surface. The width of the x-ray beam at the axis of rotation ts 
about 4 mm, so that the film is included in the beam at tdl tiiigular set t iiig^ (»t 
the spectrograph. Each of the slits shown is 1/64 inch wide and 1 4 inch long. 
The slits Si and Si are 3 inches apart, and thus p, the radius of curs atnre oi 
the electron orbits, is fixed at 1.5 inches. The slit Ss and the windows II - and 
Wa in the Geiger-Muller tube aid in setting the angular dial shown in Mg. 2. 
Once this setting has been made, the Geiger-Muller tube i.s shilted to a iiew 
position, axis at O', where the entrance window Wi is more directly behind 
S.. 



Fig. 1. Horizontal section of apparatus, showing arrangement of slits. 


Rotation of the spectrograph from outside the chamber may be an‘oin- 
plished by means of a large brass taper, which is shown in Fig. 2. The lead-in 
5 is a small brass pipe which connects the chamber of the Geiger-Muller 
to a gas system, while A is an electrical lead-in to the anode wire of the tub<o 
A pointer fastened to the top of the taper enables one to read 0 , the angle 
between the x-ray beam and the initial direction of the photoelectrons which 
enter Si. 

The entrance window Wi is a set of five holes, each of 0.8 inrn diameter, 
and arranged in a vertical line. A small disk fits into the wall of the tube, and 
this disk possesses five holes which fall over the five holes in the wall of llie 
tube. This is shown in Fig. 3, in which is given a cross section of a tulie of 
design later than that of the tube depicted in Fig. 2. A film of celluloid of the 
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ordc^r of 10 cm thick covers the holes of the small disk. This film must satisfy 
two requirements: It must be sufficiently thin to pass an appreciable fraction 
of the slowest photoelectrons, and yet it must be sufficiently strong to with- 
stand the difference in pressure which exists between the interior and exterior 
of the tube (approximately 5 cm of mercury). 



Fig. 2. Vertical section of apparatus. 

A description of the specialized form of Geiger-Miiller tube used in this 
research and of its operation has been given elsewhere.^ The most important 
detail is the limitation of the active volume by the use of hard rubber plugs. 
This limitation of volume results in a very low ^Tesidual count;” and, when 
the anode wire is satisfactory, the electron count is independent of the 
potential of the anode over a range of about 50 volts. (When the whole of the 

^ Van den Akker, Rev. Sci. Instr. 1, 672 (1930). 
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volume of the chamber is active the effect of the ends of the tube is to make 
the residual count a function of the potential of the anode). 

The wiring diagram for the Geiger-Miiller tube is given in f ig. 4. I he t ube 
is earthed, while the anode is connected to a source of high potential through 

anode wire 

I 

^ hord rubber 




To gas 
system 


thhn - 

celluloid film 


'I . Hard 
rabber 


^hase plate 


Fig. 3. Diagram of small electron counter, showing limitation of active 
volume by means of solid hard rubber plugs. 

a resistance of 5 X 10® ohms. Since the spectrograph is placed at the center of 
a long, vertical solenoid, the connector between the anode and the amplifier 
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Fig. 4. General scheme of electrical connections for the Geiger-Muiler tube. 

is necessarily long. The strong electrical disturbances which come from the 
x-ray outfit make it necessary to shield this connector carefully; to satisfy 
this requirement, and an additional restriction on the total capacity lo (?artl 
of the connector, the shielded connector is a very fine wire strung llirouglt r 
large lead pipe. 

The results given in this paper were obtained when the x-rays were tlu 

tube 
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driven at 30 kv and 20 m,a., and the electrons were ejected from a barely 

visible sputtered film of gold. 

The Nature of the Magnetic Spectra 

The results of two exploratory runs at 0 = 80° are given in Figs. 5 and 6. 
In Fig. 5 is shown a small part of the whole spectrum which includes the 
double peak due to Lm electrons ejected from gold by MoKai, 2 > In each 



Fig. 5. A smaii part of the electron ^spectrum” taken at 80°, showing the double peak due to 
Lm electrons of gold ejected by MoiiTai.a. 

figure the number of impulses occurring in the Geiger-Muller tube per minute 
is plotted against the solenoid current. The spectrograph was calibrated with 
respect to the position of the Kai ; Lm peak, the Up value being that given by 
Robinson and Cassie.^ All other positions indicated by vertical dashed lines 
were calculated. Where the precision measurements made by Robinson and 

^ Robinson and Cassie, Proc. Roy. Soc. A113, 282 (1928). 
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Cassie have been used, the letters “R-C” have been appended . In l he caicula- 
tion of the remaining positions, level values given in \ ul. XX! dI the 1 iaiid- 
buch fur Physik were used. In all cases the v/R values of the emission lines 
of molybdenum and gold and the values of the fundamciHai conslants were 
those selected by Robinson and Cassie. 

The sharpness of the peaks in Fig. 5 indicates good resohitifm, ;ind slunvs 
that few electrons lost appreciable energy in getting out of the sinittered 
film. Each point shown was obtained by a ten minute period of eouiil ing. am! 
hence the probable error for each point was not small, being one electron [ler 
minute for points in the neighborhood of 25 per minute. Tlie heavy vertical 
dashes at the extreme right of Figs. 5 and 6 represent twice tin; probable 
error of individual points. The probable error of the cur\ es drawn is in general 



Fig. 6. The low velocity end of the electron “spectrum” showing peaks due to 
electrons from the Li and in levels of gold. 


somewhat smaller, being as small as 0.4 electrons per minute at certain points. 
The count obtained at zero magnetic field, the “residual count,’’ was about 
4.5 per minute. This count was not noticeably changed when the source of 
x-rays was cut off, showing that the effect of scattered x-ra\’s was negligible 
The small peak at 2.555 amp can be attributed to electrons ejected from 
the iiin levels of gold atoms in which the transition (d/i~»Lin) may occur. 
Thus, while the Mm level in the normal gold atom has the value V/ R = 202.8, 
the value of this level in an atom in which the above transition may occur i.s 
206.7. The two peaks at 1.900 and 1.930 could not be attributed to’electrons 
coming from gold. The sputtered film of gold had been exposed to mercury 
vapor at room temperature, however, and hence one might reasonaldy espect 
to find peaks due to electrons from mercury. The calculated positions of 
electrons ejected from the mercury Ln level by MoZa, 2 were, resp(>ctivelv 
1.931 and 1.899 amp. 
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The Longitudinal Distribution of the Lm Electrons 

In an attempt to measure the longitudinal distribution of electrons 
ejected from the im level of the gold atom by Ka^ the i?ai „2 • Tin peaks were 
obtained at various angles. The difference between the ordinate of the peak 
at 2.528 amp and the ordinate of the valley at 2.551 amp was taken as a 
measure of the number of electrons ejected from the Lm level. This difference 
is plotted against the angle of ejection, 0, in Fig. 7. The deviation of the ex- 
perimental curve from the points at 60° and 80° is a correction due to the 
loss of Ka rays in pUvSvSing through the celluloid strip which supported the 
sf)unered film. This correction is negligible for all angles excepting those 
slighlh' less than 90°. It should be noted that this correction is not accurately 
known, and that an error in this correction will shift the maximum of the 
experi mental curve through several degrees. 



0^ 2d" w" 8(f 100" izo*" m" m" i80*‘ 

Fig. 7. The longitudinal distribution of Lm electrons of gold ejected by MoKai. 

Schtir^ has recently given a theoretical expression for the longitudinal 
distribution of the L electrons taken collectively. This expression is divided 
into two parts, one giving the distribution of the Li electrons, and the other 
giving the distribution of the Ln and Lm electrons combined. The latter part 

is 
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where J(5, 4>) the probability per unit solid angle that an electron will leave 
the parent atom in a direction making an angle d with the forward direction 
of the x-ray beam, and the angle with the direction of the electric vector, 
^ being measured in a plane perpendicular to the beam of x-rays. The quan- 
tities Jl, V, and v are respectively the mean energy of binding of the Ln and 
7^111 electrons, the frequency of the incident radiation, and the speed of ejec- 
tion of the photoelectrons. Since unpolarized rays were used, we integrate 
with respect to from 0 to tt, and obtain 


®'Schur, Ann, d. Physik 4, 433 (1930). 
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This function is represented in Fig. 7 by the dashed curve. 1 he wide def);u l- 
lire of the experimental curve from the theoretical at small and large anglers 
can be explained in part by nuclear scattering of the electrons in the spin t eix-il 
film. Scattering can not explain the larger part of this departure, howei er, as 
spectra obtained in the past^ reveal the important fact that certain lines, 
strong at 80°, fall to nearly zero intensity at 0°. On the other hand, the theo- 
retical distribution is that of the Ln and Lin electrons combined, and it may 
be that the distribution of the Lu electrons is less isotropic than that of tin* 
Liii electrons. The maxima of the curves are both well forward of 90°, being 
at about 70°, and the ratio of the ordinates at 0° and 180° of the experimental 
curve is nearly the same as that of the theoretical curve, ihe experimental 
value of this ratio is 1.60, while Schur’s function gives 

P(0)/P(7r) = (1 + 2v/c)/[\ - 2i}/c) - 1.82. 


^ Wats(?ii and Van den Akker, reference 1. 
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ON THE PROBLEM OF THE ENTROPY OF THE 
UNIVERSE AS A WHOLE 

By Richard C. Tolman 

Norman Bridge Laboratory, California Institute of Technology 
(Received May 6, 1931) 

Abstract 

I1ie well-known problem of the entropy of the universe as a whole arises from the 
difiiculties enc'ountered by classical thermodynamics — first in failing to account for 
t he presumed fact that the entropy of the universe has always been increasing at an 
enormous rate and nevertheless has not yet reached its maximum value — and second 
in failing to allow an emotionally satisfactory feeling towards our universe whose ulti- 
mate fate would be the stagnation of *‘heat-death.” The purpose of the present article 
is to examine this problem from the point of view of the extension of thermodynamics 
to general relativity which has previously been made by the author. 

A number of earlier contributions to the solution of the problem, which have been 
made frtnn the standpoint of classical thermodynamics or statistical mechanics, are 
first Ijriefiy described in order to emphasize the ver^^ different character of the contri- 
!>ution to the problem made in the present article. It is then pointed out that the 
problem of the entropy of the universe arises in the classical thermodynamics because 
of the presumption that thermodynamic processes cannot take place both reversibly 
and at a finite rate, and that the general nature of the contribution to the problem 
offered by relativistic thermodynamics consists in showing the possibility of thermo- 
dj’namic changes which could take place at a finite rate and at the same time re- 
\’ersibly without increase in entropy. 

The principles of relativistic thermodynamics are then reviewed, and this differ- 
ence between the classical and relativistic thermodynamics is shown by considering 
the possibilities of carrying out reversible changes at a finite rate in the properties of a 
thermodynamic fluid. In the classical thermodynamics it is found that no change in 
the thermodynamic properties could be allowed to take place at a finite rate, the 
entropy density of the fluid necessarily remaining constant in accordance with the 
equation 

dtpo ^ 
dt 

On the other hand, in relativistic thermodynamics it is found possible to allow changes 
to take place at a finite rate in the proper volume of the fluid, due to changes in the 
gravitational potentials gup, and still maintain reversibility provided the changes 
satisfy the relation 



To exhibit the nature of the reversible changes at a finite rate thus permitted in 
relati\Istic thermodynamics, consideration is given to the highly idealized model of a 
non-static universe filled with black-body radiation as a thermodynamic fluid, and it 
is shown that the radius, total proper volume, and entropy density of such a universe 
could be clianging at a finite rate and yet reversibly without increase in entropy. 
Furthermore, in the case of an expanding model of the kind considered, it is shown 
that an ordinary observer, who marks out with rigid meter sticks a small region of 
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this universe in his immediate vicinity for study, would find the energy density, energy 
content, and the temperature of this region decreasing with the time, and would find 
the number of quanta leaving the region per second greater than the numbei entei ing, 
and the average frequency of the quanta that leave greater than that of those thal 
return. These phenomena would be interpreted by the observer, from a (dassicad ijoint 
of view, as due to radiation from his neighborhood into the colder siirroundings of 
space and hence as leading to an increase in entropy, in spite of the fact that all the 
processes taking place in such a model would actually be reversible fioni the point ot 
view of the relativistic thermodynamics which should be applied to such a problem. 

In conclusion remarks are made concerning the disparity between the above 
model, which was chosen for purposes of illustration because of its mathematical 
simplicity, and models which would be more suitable to serve as representations of 
the actual universe. And some indication is given of the further developments that 
should be undertaken. 

Part I. Introduction 

§1. Purpose of present article. 

I N A number of previous articles I have endeavored to present the prin- 
ciples for an extension of thermodynamics to general relativity hand to 
consider some of the applications of the new system of relativistic thermo- 
dynamics based on these principles.^ The purpose of the present article is to 
examine the bearings of relativistic thermodynamics on the well-known 
problem of the entropy of the universe as a whole. It will be found that this 
extended thermodynamics provides new possibilities for thermodynamic pro- 
cesses to take place at a finite rate without increase in entropy. And it will be 
shown that the recognition of these new possibilities not only appears to be 
essential for a true understanding of the problem of the entropy of the 
universe, but may even provide to a greater or lesser extent the basis for its 
solution. 

§2. The nature of the problem of the entropy of the universe. 

In accordance with the views of the classical thermodynamics all thermo- 
dynamic processes, actually taking place in the universe at a finite rate, were 
regarded as accompanied by an increase in entropy. Among these processes 
appeared a wide variety of immediately appreciated terrestial occurrences of 
a meteorological, biological or technological nature in which the increase of 
entropy depended for the most part on the degradation of energy originally 
received as radiation from the sun, — in addition, various tidal actions in 
which the increase of entropy resulted from the degradation into heat of 
mechanical energy of astronomical motions; — and quantitatively nK)st im- 
portant of all, the continuous flow of radiation from the stars witli a great 
increase in entropy due to the presumable drop in temperature in passing 
from the hot interior of the stars to the cold depths of intergalactic space. 

In general the view was held that entropy was everywhere increasing at an 
enormous rate and that this would continue until the entropy of the universe 

1 Tolman, Proc. Nat. Acad. 14 , 268 (1928) ; ibid. 14 , 701 ( 1928) ; Phvs. Rev. 35, 875 (1930) ; 
ibid. 35, 896 (1930). 

2 Tolman, Proc. Nat. Acad. 14 , 348 (1928) ; ibid. 14 , 353 (1928) ; ibid. 17, 153 (1931) ; Phys. 
Rev. 35, 904 (1930); Tolman and Ehrenfest, Phys. Rev. 36, 1791 (1930). 
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had reached its maximum —the sun and stars cold, all of creation dead and 
unchanging. 

Such a view, however, carries with it two difficulties. The first difficulty 
has genuine intellectual validity and can be expressed by the question: Why 
has not the entropy of the universe already reached its maximum value in the 
infinite past time which has presumably been available? The second difficulty 
has perhaps only emotional validity and can be expressed by the question: 
What significance can we ascribe to a universe whose ultimate fate is merely 
the “heat-death” of maximum entropy? These are the difficulties which con- 
stitute the problem of the entropy of the universe. 

§3. Nature of earlier contributions to the solution of the problem. 

Various suggestions have been made with regard to the solution of the 
problem. It will be profitable to consider some of them briefly in order to 
emphasize the very different nature of the suggestion which will be made in 
this article. 

a. Finite time since creation. The most obvious treatment of the problem 
is to assume that the universe was indeed created at a finite time in the past 
with sufficient available energy so that the entropy has not yet reached its 
maximum value. In the future this maximum would be reached and all 
significant changes would cease. A modification of the treatment could be 
made by assuming an infinite past during which the universe was in a qui- 
escent metastable state of large available energy, and a disturbance at a finite 
time in the past which initiated the process of degradation. 

ThCvse suggestions depend too greatly on special ad hoc assumptions to 
be scientifically satisfying. 

b. Conimuous regeneration. A second type of suggestion depends on the 
assumption of the existence of regenerative processes of such a nature as to 
maintain the universe in an approximately steady condition. Thus Millikaffi 
has suggested the four-step cycle: (1) Matter in the stars is transformed into 
radiation which flows out into intergalactic space; (2) the radiation in inter- 
galactic space is transformed into electrons and protons; (3) the electrons and 
protons combine to form helium and other elements, giving rise to the produc- 
tion of the observed cosmic rays; (4) the matter thus formed drifts back into 
the stars, thus completing the cycle. The evidence for step (2) is completely 
lacking at present; steps (2) and (3) assume the occurrence of processes of 
synthesis under the theoretically unfavorable conditions of extremely low 
{'fmcentration ; and the cycle contradicts the principle of microscopic reversi- 
l>ility.‘‘ The evidence for step (1), however, is very strong, the evidence for 
step (3) cannot be dismissed as trivial, and there is no inherent improbability 
in Stef) (4). 

c. Continuous approach to maximum entropy. A third type of suggestion 

Millikan and ('anieroo, FVoc. Nat. Acad. 14 , 637 (1928). 

‘ tor a partial historical account of this principle, see Tolman, Proc. Nat. Acad. 11, 436 
* Ut]5c tor a disc'ussion of the principle, see for example Tolman, ‘^Statistical Mechanics” 
Chap. 15, Cheinica! Catalog Co., New York, 1927. 
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would be to assume an infinite past for the universe, coupled with ever de- 
creasing values for the entropy of the universe as we examine backwards in 
the past and a continuous asymptotic approach to the maximum of eritropy' 
in the future.® If such an assumption were allowable, it would a\oid the 
difficulty of a limited past time for the existence of the universe, but the 
difficulties of a practical exhaustion of the energy available for human needs 
within a finite time in the future would not appear to be avoided. I he as- 
sumption would perhaps not be a possible one for a finite universe of finite 
energy content, for which we have some evidence. 

d. Fluctuations in entfopy in accofdance with its stcitistical-niecluiniial 
interpretation. A fourth of type of contribution to the problem deiiends on tlie 
statistical mechanical interpretation of entropy, as given most clearly l>y 
Boltzmann’s famous iJ-theorem. In accordance with this theorem it is lound 
that, although there is a great probability for the entropy of a system to in- 
crease when it has less than its maximum value, it is not certain that this will 
take place and fluctuations away from the maximum of entropy will occur. 
This furnishes the possibility that the universe has existed for an infinite time 
in the past and that we are now experiencing a return of the uni\’erse or of 
that portion which is within our range of observation towards a condition of 
maximum entropy after a major fluctuation away from that value. 

This important possibility was clearly presented by Boltzmann'* over 
thirty years ago. The enormous improbability of a major fluctuation of the 
kind assumed does not necessarily furnish a valid argument against the ex- 
planation, since, as pointed out to me in conversation by Mrs. Ehrenfest- 
Afanassjewa, the existence of sentient beings to observe the rare phenomenon 
could presumably only occur at the time of decay of such a fluctuation, Froin 
the point of view of human wishes, however, the explanation is not entirely 
satisfying, since it implies that man himself is a transitory and improbable 
phenomenon, that our surroundings are now headed with almost complete 
certainty towards a condition at least close to that of maximum entropy, and 
that the conditions under which life, as we know it, is possible are almost 
never present. Nevertheless, these objections have emotional rather than 
intellectual validity and the part played by the theory of statistical fluctua- 
tions in a relatively complete solution of the problem of the entropy of the 
universe may prove to be no mean one. 

§4. Nature of the present contribution to the solution of the problem. 

The present contribution to the problem of the entropy of the universe is 
based on the system of relativistic thermodynamics which I hax'C de\'elo|)e<L 
The general nature of the contribution depends on an extension given by this 
relativistic thermodynamics in our ideas as to the kind of processes which can 
occur at a finite rate without producing any increase in entropy. 

As an illustration of this extension in our ideas, it would be impossible 

s This possibility was suggested to me by some remarks of the late Professor William 
James which were told me in conversation by Professor Gilbert N. Lewis. 

c Boltzmann, Wied. Ann. 60, 392 (1897). 
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from the point of view of classical thermodynamics to carry out an actual 
expansion of a thermodynamic fluid reversibly and at a finite rate, since the 
friction of moving parts and the deficiency between the actual pressure ex- 
erted by the fluid and that which could be exerted with an infinitely slow rate 
of expansion would lead to an increase in entropy. Nevertheless, in rela- 
tivistic thermodynamics we shall find that the proper volume associated with 
a thermodynamic fluid could increase at a finite rate, owing to a finite rate of 
change in the gravitational potentials without involving any increase in 
entropy. 

In further illustration, it appeared impossible in the classical thermo- 
dynamics for a flow of heat to take place reversibly and at a finite rate, owing 
to the increase in entropy connected with the finite temperature drop neces- 
sary to maintain the finite rate of flow. Nevertheless, in relativistic thermo- 
dynamics, we shall find that the reversible increase in proper volume, men- 
tioned in the paragraph above, would make it possible for heat radiation to 
be regarded by an ordinary observer as flowing out of a given region of inter- 
CvSt at a finite rate, without any increase in the entropy of the system as a 
whole. 

It is evident from these examples, that relativistic thermodynamics in- 
creases in an important manner the variety of changes which could be taking 
place in a universe which is actually in a state of maximum entropy, and 
makes it necessary to re-examine processes which we have formerly taken as 
evidence that the entropy of our own universe is actually increasing at an 
enormous rate. 

In Part II, we shall first consider the general bearing of relativistic thermo- 
dynamics on changes in thermodynamic condition without increase in en- 
tropy. In Part III, we shall then apply relativistic thermodynamics to the 
very special model of a non-static universe filled solely with radiation. Such 
a model ignores very characteristic features of the actual universe, but math- 
ematically is relatively simple to handle and will present some features which 
appear analogous to phenomena in the actual universe. Finally in Part IV, 
we shall try to give some criticism of the role that the new ideas might play 
in the general solution of the problem of the entropy of the universe. 

Part II. Relativistic Thermodynamics 
|S. The first and second laws of relativistic thermodynamics. 

The extension of thermodynamics to general relativity can be based on 
two principles which may be regarded as the relativistic generalization of the 
first and second laws of classical thermodynamics. 

In accordance with the first of these principles, any thermodynamic pro- 
cess occurring in the universe must take place in such a way as to agree with 
the principles of relativistic mechanics as given by the tensor density equa- 
tion 

1 

dXy 2 dXfx 


0 


( 1 ) 
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or 


the equivalent non-tensorial yet nevertheless covariant equation 


dXy 


m 


where 2^ is the tensor density of material energy and momentum, the 
pseudo tensor density of potential energy and the gai3 the gravitational poten- 
tials. 

Since these equations reduce to the ordinary energy-momentum principle 
in flat space-time where the gravitational field is negligible, the analogy 
this first principle to the ordinary first law of thermodynamics is evident. In 
applying the principle to thermodynamic considerations, the system iiu'ohiHl 
will of course be treated from a macroscopic point of view, and this is an ad- 
vantage since the applicability of these equations to microsco|)ic phenomena 
would certainly not be in accord with the development of quantum niechan- 
ics, which has taken place since their formulation . 

The second principle of relativistic thermodynamics may be stated in the 
form 

d / dx^ 

(ffQV—g ] dxidx^dX'AdxA^ (>|) 


dXn 


\ uO'o 

— ) dxidx->dxsdx.i S 
ds / I {) 


where is the proper density of entropy as measured by a local obser\'er, us- 
ing Galilean coordinates which are at rest with respect to the mass motion of 
the thermodynamic fluid at the point of interest, the quantities dx^/ds are the 
macroscopic ^^velocities’’ of the fluid at the point of interest as measured in 
the coordinate system Xu ^2, ^^3, *^4, the quantity dQn is the heat flowing 
through the boundary into the infinitesimal region and during the infinites- 
imal time, denoted by dxidx^dxzdx^, as measured in proper coordinates, aiKl 
To the temperature of the boundary also measured in proper coordinates. 

The justification for the principle lies in the fact that it has been shown to 
be a natural covariant generalization of the ordinary second law of thermo- 
dynamics valid in flat space-time, Eq. ( 3 ) being a tensor equation of rank 
zero which reduces in flat space-time and Galilean coordinates to 


‘dcj) d d d 

.j 

.Of ox ay dz 


dxdydzdt ^ 


T 


f 4 ) 


where 0 is the density of entropy, UyV and w are the component x elocihies of 
the fluid, J(2 is the heat flowing into the region dxdyds in the time df, and 7' is 
the temperature, all these quantities now being measured in the particiilaj' 
set of Galilean coordinates y, z, t which is being used. 

§6. Application of the relativistic second law to a finite adiabatic system. 

^ Let us now apply our new form of the second law as given by E(|. (3) to a. 
finite T-hermodynamic system, by taking as being the s|)ac‘e-lik€ 

coordinates and carrying out an integration over the spatial region of inter- 
est. If we carry out such an integration, using coordinates such that the limits 
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of intej^ration necessary to include the system fall on the boundary which 
se})a.rates the system from its surroundings, it is evident that the summation 
(4 (IQi)/ I'w o\'er the interior of the system will cancel out, since any heat enter- 
ing a gi\ cn element of volume is abstracted from neighboring elements. Hence 
flix'iding E(|. (3) by writing out the separate terms corresponding to the 
dillenait \ailues of /x, and performing the integration we obtain, with some re- 
arrangement in order, 


/// 
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dx, 


dxA 

(t(\V — I? ""T” I dxidxodxs 


ds 
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/// 


dX' 


+ -■■■{ daV 
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</>oV 


dx 


- 3 


d>[ 


dx2 

ds 


( 5 ) 


ds 


dxidx^dx^i + ^ 


1 ^ 

Tq dXi/BOmDARY 


The Iasi term on the right hand side of the above inequality is the total 
value of the quantity (l/TQ)(dQn/dxA) taken over the boundary which 
separates tlie s>'stem from its surroundings, and by performing the indicated 
integrations the other terms on the idght hand side of the expression can also 
1)0 seen to depend solely on conditions at the boundary. We obtain 


/// 






ff\ 
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■ g — ] dxidx2dxs 
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dxi 
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ds 


//I 

dxi dx2 + E 


V'' — g 


dX2 

ds 


dxidxz 


( 6 ) 


^3 
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wliere the limits of integration at the boundary are denoted by Xi, xi etc. 

This expression (6) may be regarded as a general statement of the relativ- 
istic second law of thermod 3 mamics as applied to finite systems. Defining the 
entropy of tlie system as 


Iff 


^ dxA 

</)o V — g ~ — ) dxidx2dXo 
ds 


( 7 ) 


it gives the relation which must hold between the rate at which the entropy 
of a finite system is changing with the time X 4 and those conditions at the 
boundary which determine the flux of matter and the flow of heat between 
the system and its surroundings. 

For an adiabatic system with no flux of matter or flow of heat between the 
system and its surroundings we shall have the quantities dxi/ds, dx^ds, 
dxs/ds, and dQo/dxt equal to zero at the boundary and the expression will 
then reduce to 
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dS 

dxi 


/// 


— f ^-^dx^dx^dx, ^ 0. 

3X4 V ds 


(8) 


In accordance with this expression the entropy of an adiabatic sy^lt•n! c aniidl 
decrease with the time but can only increase or remain constant. .\s in tiic 
classical thermodynamics, adiabatic processes in which the enl.ropv' increases 
with the time may be called irreversible, since neglecting Improbable iluctua- 
tions the system after such a process could not of itself return to the original 
state of lower entropy; while processes in which the entropy remains constant 
may be called reversible. 

§7. Increased possibility for reversible processes in relativistic thermo- 
dynamics. 

With the help of the foregoing considerations we may now compare the 
conditions which would be imposed by classical and by relatix'istic thermo- 
dynamics on the occurrence of reversible processes. In the present section we 
shall show that the new thermodynamics offers the possibility for a kimlof 
thermodynamic change which was not contemplated in the classic'al tliernio- 
dynamics, and which might take place at a finite rate without increase in 
entropy, in contrast to the conclusion of classical thermodynamics that re- 
versible thermodynamic processes could not take place at a finite rate. And in 
later sections we shall show by a simple specific example that such rex ersible 
processes taking place at a finite rate might actually be realized, and play «a 
possible part in cosmological happenings. 

a. Classical treatment of entropy changes in a thermodynamic Le^t us 
first illustrate the kinds of classical considerations which have formerly lead 
to the conclusion that thermodynamic processes could not take place both 
reversibly and at a finite rate.^ To do this we may consider the conditions 
which would be imposed by classical thermodynamics on reversible changes 
in the condition of a thermodynamic fluid. 

In the classical thermodynamics we could evidently write for the entropy 
of a finite portion of thermodynamic fluid enclosed in a suitable container the 
expression 


-/// (j) dxdydz 


(9) 


where (j) is the density of entropy as measured in the particular set of (C kili- 
lean) coordinates x, y, z, / which the observer uses, and the integration is to !>e 
taken over the whole volume of the container. 

If now we consider the possible reversible changes which eould take place 
in this thermodynamic fluid, it is evident in the first place that we could per- 
mit no relative motion between different portions of the fluid, since the de- 
cay of this motion would lead to an increase in entropy, and we iiia\‘ herua^ 

7 Of course the classical thermodynamics permitted ideal mechanical i)n>('esses t(.» take 
place at a finite rate without increase in entropy, but the distinction between mechanifail ami 
thermodynamic processes was clear enough so that this did not prove to be a source of confusion. 
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use a set of coordinates in which the thermodynamic fluid as a whole would 
be at rest and rewrite our expression for the entropy in the form 


5 


Iff 


4>o dxdydz 


( 10 ) 


where </>o is the proper density of entropy. In the second place, it is evident 
that we could only permit adiabatic changes, since if we allowed heat flow in 
our system at a finite rate we should have increases in entropy arising from 
the finite temperature gradient which would be necessary to maintain this 
flow. Hence in accordance with the classical thermodynamics the condition 
for our contemplated process to be reversible would be that of constant en- 
trof)y as given by the equation 


d 

dt 


/// 


dxdydz = 0. 


( 11 ) 


In the third place, it is evident that our process could not involve a change 
in volume at a finite rate, for example by the withdrawal of a piston, since this 
wfnild inx'olve mass flow of portions of the fluid which would lead to an in- 
crease in entropy that could be calculated from the difference between the 
pressure actually exerted by the fluid on the moving piston and that which 
would be exerted at an infinitesimally slow rate of expansion. Hence the con- 
dition given by Eq. (11) for our contemplated reversible process might now 
be rewritten with the differentiation inside the integral sign in the form 


/// 


d4>n 

dt 


dxdydz = 0. 


( 12 ) 


This final condition, moreover, could evidently be satisfied in our case only by 
taking 

d<j>f) 


dt 


= 0 


(13) 


at all points of the fluid, since for a stationary fluid with no flow of heat there 
would be no possibility at any point for negative values of the quantity 
d4>i)/dt. 

This, however, completes the considerations necessary for the classical 
conclusion that there could be no thermodynamic change at all in our fluid 
which takes place both reversibly and at a finite rate. Indeed we see that no 
changes could take place in the system as a whole through interaction with its 
surroundings, since we have found that its volume could not be allowed to 
change at a finite rate and heat could not be allowed to flow through its 
boundary at a finite rate, and no changes could take place in the interior con- 
dition of the fluid since we have found that it could have no macroscopic 
internal motions, no internal flow of heat, and no changes in local entropy 
density which take place at a finite rate. 

b. Relativistic treatment of entropy changes in a thermodynamtc fluid. We 
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must now compare this conclusion with that which we would obtain i)y apf)ly- 
ing relativistic thermodynamics to the same system, namely a finite ]>nrtion 
of thermodynamic fluid. In this case in accordance with expression ( 8 ) in t he 
preceding section §6, the condition for a reversible adiabatic change in the 
condition of the fluid would be 


/// 


dx-idx^dxs 

dXiX ds J 


(14j 


where x^is the time like coordinate and the integration is to be taken n\'er t fu* 
whole range of spatial coordinates Xi, necessary to include the fiiiid. 

And this condition can evidently be satisfied if we have the equality holding 
at each point in the fluid 

a / / dxA 

or 

1 900 1 9 / dxi\ 

— ). nab) 

(#>o dXi ^ dxi dXi\ ds . 


(1 5;g! 


V- 


ds 


This expression gives a relation between the percentage rate at whicdi llie 
proper entropy density 0o is changing with the time at a given point and 
the percentage rate at which the quantity (V —gdx^/ds) is changing witli the 
time at that same point. The value of this latter quantity, however, is deter- 
mined by the gravitational field at the point in question, and by the kinci of 
coordinate system xi • • • Xi which is being used. 

If now we assumed the gravitational field negligible, as is tacitly done in 
the classical thermodynamics, and had a fluid with no relative motion be- 
tween its parts, we could choose a system of Galilean coordinates x, y, s, I in 
which the fluid as a whole would be at rest. In this system of coordinates the 
quantities \/Tr^ and dx^/ds would have the constant value unity and the con- 
dition given by Eqs. (15) would reduce to the result 


dt 


0 


( 16 ) 


which we have already found to be characteristic of the classical thermody- 
namics. It is thus by a neglect of the gravitational field and its possible cltange 
with time that the classical thermodynamics has been led to the coiu'hision 
that no reversible processes can occur at a finite rate. 

On the other hand in relativistic thermodynamics we must not assume 
that the gravitational field is necessarily negligible but must specifically v(n\- 
sider the part which it plays in thermodynamic processc^s. Hence in relativ- 
istic thermodynamics we must consider the condition for reversibiHt}' gi\'en 
by Eq. (15) in its full form, and retain the possibility of mutual changes in 
gravitational field and entropy density taking place together at a finite rate in 
such a way as to satisfy this condition for reversibility. 
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In Part III we shall consider a definite model which exhibits such a 
inutiia! change in gravitational field and entropy density taking place at a 
finite rate and satisfying the condition for reversibility. To conclude the pres- 
ent section, however, we may first investigate somewhat further the general 
nature of the reversibility requirement given by Eq. (15), 

Consider the case of a thermodynamic fluid which is at rest with respect 
to the spatial coordinates Xi, xo, which are being used. Since the macroscopic 
velocities dx\/dSy dx^/ds, and dx-^/ds are everywhere zero by hypothesis, it is 
evident that the amount of fluid in any given coordinate range dxidx^dxz 
would not l)e changing with the time since there is no flow across the bound- 
ary. fn accordance with the principles of relativity, however, we can then 
write for the proper volume dFo of the small element of fluid in such a coordin- 
ate range the well-known equation 


dV Q ™ \/ — gdxidx^dxz 


dx^ 

ds 


(17) 


and substituting this expression into the condition for reversibility, as given 
1 a’ lu] . ( 1 5a), we can rewrite this condition in the new form 


ci / ^ dx 

1 — g dxidxodxz 

dx^K ds 


r) = 


dXi ' 


~{<I>Q dV o) = 0 


(18) 


since the coordinates Xu x^ and are independent of the coordinate X 4 . 

This equation, however, states that the total entropy for each given small 
eieineii t of fluid shall be constant as measured by a local observer, and this is 
merely the condition for a change in the proper volume of the element with no 
flow of heat and with balance between internal and external pressures. Hence 
if we had a. fluid with no flow of heat and constant proper pressure through- 
out, a finite rate of alteration in the gravitational field which produced no 
flow of heat and changed the proper pressure at the same rate throughout the 
lluitl would satisfy the condition of reversibility. This alteration in gravita- 
tional field, however, would lead to an alteration in proper volume and thus to 
aUeratiuii in the entropy density, so that the thermodynamic state of the 
fluid would be changing reversibly and at a finite rate. It is this dependence 
of pffjper volume on gravitational field, which was quite outside of the con- 
siderations of the classical thermodynamics, which leads in relativistic ther- 
modvmamics to the possibility of reversible processes which take place at a 
finite rate. 

Part III. Application TO A Specific Model 
| 8 „ The general nature of the model. 

\\T‘ may now apply the foregoing considerations to a specific model. For 
this |)urpose we shall take a non-static universe^ filled with a uniform density 
of blac'k-hody radiation. The choice of this model is not made because it is 

* For an account of various treatments which have been given to the non-static line ele- 
ment for the universe, see Tolman, Proc. Nat. Acad. 16, 582 -(1930). 
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thought to give a close approximation to the actual state of the universe hut 
because the mathematical treatment will be relatively simple. The mode! 
neglects the presence of matter and its agglomeration into stellar systems 
which are very characteristic features of the actual universe. Nex'ertheless, we 
shall find that the behaviour of the radiation in such a universe lurnishes a 
surprizing possibility of insight into the flow of radiation from the stars wfiici* 
is such a puzzling feature of the actual universe. 

§9. The line element for the non-static universe. 

The line element for a non-static universe filled with a uniform cHstribu- 
tion of matter and energy can be derived^ by treating the contents oi llu* 
universe for the purposes of large-scale considerations as though filkni with a 
perfect fluid, on the basis of the two requirements, (a) that the fluid shall at 
all times be uniformly distributed spatially, and (b) that particles {nclmlae; 
which are stationary in the coordinate system used shall iulfill tin* stability 
requirement of not being subject to acceleration. 

The line element so obtained can be written in a variety of forms dei)end- 
ing on the choice of coordinates, and for the purpose of the discussions in tlie 
present article it will be most convenient to write it in the fornd * 


+ r^dd^ + sin^ ) + di' 


where r, 6 and (f> are the spatial coordinates, / is the time coordinate, R is a 
constant, and the dependence of the line element on the time is given by the 
exponent g(^). 

§10. Certain general properties of the non-static universe. 

Before proceeding to our special model, it will be desirable to recall certain 
properties which are implied in general for the non-static universe by the 
form of the line element and which will be needed in our later discussion. 

In accordance with the requirement (a) on which the line element was 
derived, the proper macroscopic density poo and the proper pressure pa of the 
fluid which fills the universe will be independent of the position f, 6, (j), but 
may be changing with the time /. And indeed working out the components of 
the energy-momentum tensor TJ, which correspond to the line element fl9) 
and equating to those for a perfect fluid we obtain as the oniy non-\ aaisiflng 
components'^ 

1 1 3 
StTi — StTz = — Swpo = q- | q- . |2 _ ^ (2()^ 


SwTi = 8xpo 


3 3 

^ Q~g 4 . — 

4 


8 Tolman, Proc. Nat. Acad. 16, 320 (1930). See also Ibid. 16, 409 (1930), and note that the 
five assumptions mentioned in §2 of that article can be included under the headiiig of the two 
requirements (a) and (b) given above. 

Tolman, Proc. Nat. Acad. 16, 511 (1930). Eq. (5). Note that the f of that article is our 
present r, 

Tolman, Proc. Nat. Acad. 16, 409 (1930). Eq. ( 2 ). 
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where A is the cosmological constant; and these equations give the depend- 
ence of pressure and density on the exponent g and its time derivatives g 
and g, and thus on the time itself. 

W'ith the help of these expressions for the components of the energy-mo- 
mentum lens<H' we can now easily apply the principles of relativistic mechan- 
ics in the well-known form 


dXv 


1 




dXa 


= 0 . 


( 22 ) 


\\1tli 1 , 2, 3 we merely obtain identities, but substituting into this equa- 
tion for the case /x=4 we can easily obtain after dividing through by a con- 
stant factor^'" 

d d 

--(poo + ^0 — = 0. (23) 

di dt 

This important result can evidently also be obtained directly by combining 
l*>|s. r2t)) and *21). 

hi acoordance with the requirement (b) on which the line element was 
flcri\ed, particles which are at rest with respect to the coordinate system r, 
ih 4> will not be subject to acceleration but will remain at rest. And this can be 
directly verified by calculating the Christoffel three-index symbols which 
correspond to the line element (19) and substituting in the geodesic equation 
whic'h go\-erns the motions of particles in general relativity. 

As a result of the foregoing, observers who are at rest with respect to 
the c'oordinate system will remain permanently so. And in accordance with 
the form of the line elemen t (19), for such observers, the proper time as meas- 
ured by local clocks will evidently agree with the coordinate time t. On the 
other hand, for the proper distance ci/o as measured with rigid meter sticks we 
shall evidently have 

= Vl - 

for points at the coordinate distance dr in the radial direction, and 

dlo — and dh - r sin de^^^d4> (25) 

for tiie 0 and directions. For the proper volume associated with a given 
small range of coordinates we shall have 


iFo == — V - drddddi. 


Vl - 


(26) 


Although particles which are at rest in the coordinate system f, 6, will 
remain so, iieverthekvSs it is evident from Eqs. (24) and (25), that the proper 
distance between such particles as measured with rigid meter sticks will. in 
general be changing with the time, since the exponent g is itself a function of 


See reference 11, Eq. (4). 
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the time. Thus for the proper distance between a partic'le lo<'al eel aJ I he origin 
f = 0 and a particle permanently located at the coordinate* distaiuT t - \\v 

shall have 

L = f — =. = pj!-R an~'- ~ 'i‘i 

“ Jo Vl - R 

and this will be increasing or decreasing with the time in accordance with the 
dependence of g on the time. Also in accordance with Eci- (26), (li<‘ jn-oper 
volume associated with a given coordinate range will be a funclinn ot the 
time, and for the proper volume of the universe as a whole wc shall ha\ v 


Fo 


Jo Jo Jo 


drdSd4> “ 


{'28 1 


In accordance with this result it is natural to consider ^ as the radium 
of the universe and to speak of an expanding universe if g is inc’reasing wiih 
the time and of a contracting universe if g is decreasing with the time. 

The change with time in the proper distance between olijects in tlie uni- 
verse leads to a shift in the observed wave-length of light coming from distant 
objects, a shift towards the red in an expanding universe and a slufl towards 
the violet in a contracting universe. The magnitude of this shift is given l>y 
the formula^"* 

Xo + 5X 

■|29j 

Xo ■ , , 

where go is the value of the exponent occurring in the genera! expression for 
the line element at the time when the light was emitted with the original wa\“e- 
length Xo, and g is its value at the time the light is received and ol)ser\ ed f r» 
have the wave-length Xo+SX. 

In accordance with this formula we may regard the wave-length, which 
would be found by a local observer for any given quantum of light , as a f|uan- 
tity which is changing with the time in accordance with the change of g will) 
the time. And, indeed, differentiating Eq. (29) with respect to the time we can 
evidently write 

1 d\ 1 d 1 dg 

_ _ _„cXo -p 5X) ■ -- (3(11 

X dt Xn -f 6X dt 2 dl 

as an expression for the fractional change in the wave-length of any gi\*en 
quantum with the time. Or in terms of frequency we can write 


1 dv 
V dt 


ydt 

■ 2 ■ dt 


(' 31 ] 


as an expression for the change in the frequency of radiation with tiu* time, 
V being, of course, the frequency as measured by proper ol)ser\'ers who are a t 
rest with respect to the fluid in the universe and hence also at rest with re- 
spect to the coordinates f, 0, < 5 f>. 


See reference 11, Eq. (21). 
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This completes the statement of general properties of the non-static uni- 
verse which we shall need in discussing our special model. 

§1L Properties of non-static universe filled with black-body radiation. 

W'e may now turn to the discussion of the special model in which we take 
the thermodynamic fluid filling the universe to be a uniform distribution of 
!)iack-body radiation of the same proper density throughout, a proper observ- 
er being one who finds no net flow of radiation. 

llmler these circumstances we can obtain a great simplification in treat- 
ment since it: is evident that the proper macroscopic density of the fluid poo 
and its pnjper pressure po will be related by the well-known expression con- 
necting liie density and pressure of radiation 

poo = 3/>o. (32) 

And this |)ermits us to obtain an immediate relation between the pressure of 
radiation in such a universe and the time variable g, since by substituting in 
the general Ivp (23) we have 

dd 

3 — + ^0 — = 0 (33) 

dt dt 

and this can at once be integrated to give 

pQ = and poo = 3/1^“^^' (34) 

where ^4 is the constant of integration, the pressure and density of radiation 
thus being quantities which decrease as the radius of the universe in- 
creases. 

As an important consequence of this result it now becomes possible to 
obtain a sffiution for g as a function of t. Substituting the expression for 
proper density given by Eq. (34) into Eq. (21) we obtain after some rear- 
rangement 

/ 4 4 

—Uo) = + 4/ 32irA e‘' + — Ac-" (35) 

di V 3 

as a <lilTerential equation for the dependence of g on t, where the plus sign 
corresponds to an expanding universe and the negative sign to a contracting 
uni\erse. icq. (35) can itself then easily be integrated to give an explicit solu- 
tion for j!,' as a function of t. The form of the solution will depend on the sign of 
the cositiological constant A, and it is merely of interest for our present pur- 
poses to remark that for the case of a universe containing nothing but radia- 
tion there appears to be no solution, having physical reality, which would 
makt> ,1,' a periodic function of A 

As the most important consequence, however, of the expression for den- 
sity gh en hy Eq. h-t), we can now show that the changes taking place in 
sitrh'a universe on account of the changing value of g are thermodynamically 
re\ ersible. In accordance with Eq. (34) and the well known relation of Boltz- 
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mann connecting the density of black-body radiation with its temperature, 
we can write 


poo = Ue-^” 


all 


(•^hj 


where a is the Stefan-Boltzmann constant and i o is the proper temperatuie. 
Solving this for the temperature and substituting in the known expression 
for the entropy density of black-body radiation, we obtain 


4 3 /aN*''* 

<^0 = jaro = 4(^-^j 


»/4 g - 3^/2 


(37) 


as an expression for the proper entropy density of our fluid 3'^ On the other 
hand in accordance with Eq. (26) we have 


sin 6 


i.hS) 


as an expression for the proper volume associated with the coordinate ran.ee 
drdddcj). Hence combining the two expressions (37) and (38), we can e\’ideiu! v 
write 

-- {(l>odVo) = 0 (39) 

dt 

since g is the only quantity involved which depends on the time aiicl this is 
seen to cancel out from the product. 

The final result, however, is the very expression which we obtained in 
Part II (§7, Eq. (18)) as a general condition for a reversible process in relati- 
vistic thermodynamics. And since g and hence <?5>o will in general be changing 
in such a universe at a finite Tate, we have thus actually illustrated by a 
specific example the possibility provided by relativistic thennodynamics 
for reversible processes to take place at a finite rate. 

§12. Interpretation by an ordinary observer of phenomena in an expanding 
universe filled with radiation. 

Turning our attention now in particular to the case of expansion, witli the 
radius increasing with the time, we can show that the special nmdel of a 
universe, filled with black-body radiation and expanding reversibly without 
increase in entropy, would nevertheless exhibit important phenomena whirh 

The relations connecting energy density and entropy density with temperature, uHed in 
(36) and (37), presuppose that the frequency distribution of the radiation remains that ftir 
black-body radiation for all values of g. This introduces no difficulty, however, siiiee e\en it 
there were a tendency for the frequency distribution to change away from that for black-lxxiy 
radiation, as the size of the universe changes, this could be prevented by the introdurtion of a 
small amount of material to act as a catalyst; and in actuality there is of course no such tend- 
ency since it would involve a decrease in entropy. In addition it can be shown in detail that 
the dependencies of frequency and energy density on g given by Eqs. (31) and (34) are sucli as 
to preserve the black-body distribution of frequency for all values of g, if we ha\'e such a dis- 
tribution for one value of g. 
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would be interpreted by an ordinary observer as similar to phenomena in the 
actual universe which have been regarded in the past as important evidence 
for an increasing entropy of the universe. To obtain a description of these phe- 
noiiiena, we shall consider that the observer in question marks out a small 
region of the universe in his immediate vicinity, using rigid meter sticks, and 
then studies the changes taking place in this region. We shall then show that 
the observer will find the density of energy in this region and the total energy 
content of the region continually decreasing with the time, its temperature 
dropping, the number of light quanta leaving the region always greater than 
the number entering, and the average frequency of the quanta which leave 
greater than the average frequency of those that enter. Evidently our ordi- 
nary unsophisticated observer would interpret these findings as evidence 
that his immediate neighborhood was cooling off by radiation into the colder 
depths of space, and with a knowledge only of the classical thermodynamics 
he would conclude that the entropy of the universe was increasing at an enor- 
mous rate, in spite of the fact that the relativistic thermodynamics, which 
must be used under the circumstances, actually shows that there would be no 
increase in entropy in such a universe. The analogy between the phenomena 
inleiqjreted by this unsophisticated observer as leading to an increase of en- 
tropy and phenomena in the actual universe which have hitherto been inter- 
preted in a similar manner is close enough so that we must certainly be cau- 
tious lest we draw too hasty conclusions as to increases in entropy in our 
actual universe. 

To proceed now to the detailed exposition, let us consider that the ob- 
server in our idealized model of the universe is located for convenience at the 
origin of the 8^ <p system of coordinates and is provided with a rigid scale of 
proper length (Uq. With the help of this scale he marks out a small sphere 
around the origin of constant proper radius /o, which gives him a small region 
of the universe in his immediate vicinity to serve as the subject of his studies. 

For the relation between the constant proper radius of this sphere and the 
(‘oordinate r of its boundary we may evidently write in accordance with Eq. 
( 24 ) 



Qoi^dr T 

— r ;; : = = sin"^ — 

V 1 •“ r^/R^ R 


(40) 


and for the case in hand where the sphere considered is very small compared 
with the whole universe, so that r is small compared with obtain from 

this the approximate relation 

r « fo e-^'K (41) 


Since the proper radius of the sphere k is constant by hypothesis, we note 
that, the coordinate r of its boundary is a quantity which is decreasing with 
the time in an expanding universe owing to the increase in g with time. 

For the proper volume of this sphere contained within the radius h we can 
evidently write in accordance with Eq. (26) 
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( 42 ) 
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Developing this in the form of a series in r/R and neglecting higher powers, 
we obtain 


Vo 


Aire^oimn - 


r 1 

i? 4 


1 [_ 

16 R^ 


+ 


1 


r 1 
i? ^ 12 


5 3 

+ 




80 /d’ 


+ 




i 44 1 


And substituting the value of r given by Eq. (41), we obtain tor tlu‘ jintper 
volume of the sphere in terms of its proper radius /o, as a ('lose ainiroximai ion, 
the result which might be expected 

43 

Fo = ■ — TT h 

3 

which is a constant independent of the time. 

We may now consider the nature of the observations wliicii our ol)ser\ er 
would find in studying this sphere of constant measiired radius wliicli lu; lias 
marked off. 

As a result of Eq. (34), the proper energy density at every j>oini in nur 
special model of the universe would be changing with tlie time / in accordaiife 
with the expression 

dpQQ dg 


1 

Poo 


dt 


dt 


( 45 ) 


Moreover, the measurements of energy density which our obsemer would 
make in his immediate neighborhood would actually be measurernerUs of 
proper energy density, and from the form of the line element Ihj tlu;* pnqwr 
time which he uses would agree with the coordinate time /. Hence it is e\ idenl 
that our observer would find the energy density in his x’icinils’ to be deoreas- 
ing with the time in accordance with Eq. (45). 

Furthermore, in accordance with Eq. (44), the proper vnlunie of hi^ spluan* 
of constant measured radius is itself independent of the time. Henrc^ it is e\i“ 
dent that our observer would find the total energy content Jin nf his spheie 
decreasing at the rate 

1 dEo „ dg 


Eq dt 


2 - 


dt 


^‘461 


In addition, owing to the relation between energy density and tempera- 
ture for black-body radiation given by Eq. (36), it is evident that our ob, -ca - 
ver would find the temperature in his vicinity to be dropping at the rate 
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Still fiirther, since the total number of light quanta in the universe would 
be independent of the time, and the proper volume of the universe as a whole 
\v<niid l)(^ increasing with the time while the proper volume of the observer’s 
sphere remained constant, it is evident that the observer would find a larger 
nnin])er ul light quanta leaving his sphere per second than entering. To calcu- 
late this excess we may evidently write for the number of quanta n inside the 
S|)l]ere in terms of the total number of quanta N in the universe 


u 


-x/S 

3 


N 


(48) 


wlnn-c tin* nunierator of the fraction is the proper volume of the sphere as 
gi\ en i>y fxrp (44) and the denominator is the total proper volume of the uni- 
wu'se as gix’en l)y Eq. (28). And carrying out a logarithmic differentiation of 
this wit li nrspect to the time we obtain 


1 dn 3 dg 

ft dt 2 dt 


(49) 


which g,i\es the net loss per unit time in the number of quanta within the 
f)l»server s sphere. The result so obtained, when combined with the rate at 
which, the frequencies of the quanta are decreasing with the time as given by 
Ixq. (31), is just siifiident to account for the rate of decrease in the proper 
energy (4' tlie oi)server’s sphere as given by Eq. (46). 

Iditally, we may point out a curious circumstance which would reinforce 
our unsc jphisticated observer in his interpretation of the above phenomena as 
rridiatiem into surroundings of lower temperature. Let us suppose that our 
ohiseiwer, ewer acti\*e in his .scientific investigations, stations one of his assist- 
ants (ill the boundary of his sphere at the fixed distance U from the origin as 
meii^iived with rigid meter sticks, and instructs him to observe the average 
frequency of the light entering and leaving the sphere through its surface. 
This assistant will not be at rest in the coordinate system r, 6, <p, but in accord- 
am'i* with Eq. (41) will have the coordinate velocity 


dl 2 ^ dt 2 dt 


(50) 


Hence, sirn^e it is evident that the average frequency of the radiation would 
lie inde|)endcnt of direction for an observer at rest in the coordinate system, 
this assistant will find the average frequency of the radiation entering the 
sphere less than that of the radiation leaving the sphere, as a result of the 
Doppler effect corresponding to the velocity given by Eq. (50) . 

This completes a considerable chain of evidence which would lead an or- 
dinary ol-)ser\XT, unfamiliar with the expansion of the universe, to conclude 
that the region in his immediate neighborhood was cooling off by radiation 
into surroundings of lower temperature, in spite of the fact that the changes 
taking place in the model actually involve no increase in entropy. The analogy 
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between the findings of this observer in the hypothetical model and those of 
the classical thermodynamist in the actual universe is ver}^ striking. 

Part IV. Conclusion 

§13o Summary. 

In the foregoing article an attempt has been made to show the bearing of 
relativistic thermodynamics on the well-known problem of the entropy of the 
universe as a whole. The origin of this problem lies in the difficulties encoun- 
tered by the classical thermodynamics, — first in failing to account for the pre- 
sumed fact that the entropy of the universe has always been increasing at an 
enormous rate and nevertheless has not yet reached its maximum value, — 
and second in failing to allow an emotionally satisfactory feeling towards our 
universe whose ultimate fate would be the stagnation of ^dieat-death.’’ 

In the present article a brief description was first given of various older 
contributions to the solution of this problem, wffiich have been based on the 
standpoints of the classical thermodynamics and statistical mechanics. This 
was done in order to show the very different character of the new contribu- 
tion proposed in this article. A summarized account of the nature of this 
contribution may now be given. 

The problem of the entropy of the universe arises because of the com- 
monly accepted conclusion that the entropy of the universe is actually in- 
creasing at an enormous rate, and this conclusion is in turn based on the pre- 
sumption, familiar in classical thermodynamics, that thermodynamic pro- 
cesses cannot be taking place at a finite rate, as observed, and at the same time 
reversibly without increase in entropy. The general nature of the contribu- 
tion to the problem offered by relativistic thermodynamics lies in showing 
that there can be thermodynamic processes which take place both reversibly 
and at a finite rate. 

To illustrate this difference between the classical and relativistic thenno- 
dynamics, we may consider the possibility of carrying out a reversible change 
in the thermodynamic properties of a finite portion of thermodynamic fluid. 
In the classical mechanics it is found that no internal motions of the fluid, no 
flow of heat, and no change in volume can be allowed to take place at a finite 
rate and hence that no change at all in the thermodynamic properties of the 
fluid can take place at a finite rate, the entropy density of the fluid remaining 
constant in accordance with the equation 



On the other hand, in relativistic thermodynamics it appears possible to al- 
low changes in the proper volume of the fluid, due to changes in the gramha- 
tional potentials, to take place at a finite rate and still maintain re\'ersibi]it>a 
Indeed, the condition for reversibility is found to be satisfied If we have at 
each point in the fluid the relation 
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^ dx^ \ d 

dxidx^dxz ) = {4>dVd) = 0 

BxA ds J dxi 

and this permits a finite rate of change in the proper entrop}^ density with 
the time X4, provided it satisfies the equation 



dxA d^Q 
ds / dx^ 


+ 00 


0X4 




= 0. 


To exhibit the nature of the reversible changes at a finite rate thus per- 
mitted in relativistic thermodynamics, we may consider the highly idealized 
model of a non-static universe filled with black-body radiation as our thermo- 
d^mamic fluid. It is found that the radius and total proper volume of such a 
iini\erse cuiM be ('hanging at a finite rate with the time and yet reversibly 
without iiu'rease in entropy. 

Idirthernn)re, if we take tlie case of an expanding universe and consider 
an r)bser\'er win* marks out with rigid meter sticks a small region of the uni- 
verse in his \a('init\-, it can be shown that he would find the energy density, 
the energy content, and the temperature of this region decreasing with the 
time, and in addition would find the number of light quanta leaving the region 
per second greater than the number returning and the average frequency of 
those passing f)utward through the boundary greater than that of those re- 
tiirning. He would thus lie led to interpret the phenomena taking place in 
such a iimb’crse as a fhnv of radiation from his immediate neighborhood out 
into the colder regions of space, in spite of the fact that the changes in the 
universe would in reality fie taking place without any increase in entropy. 

The general nature of the contribution to the problem of entropy made 
in this article has thus been to show that phenomena which have hitherto 
been regarded from the point of view of classical thermodynamics as furnish- 
ing unmistakable exidence for an increasing entropy in the universe are not 
necessarily leading t(^ any increase in entropy at all, and to emphasize the 
necessity for analyzing* the phenomena of the universe from the more accept- 
able point of x'iew of rdatix'istic thermodynamics before conclusions are drawn 
as to what extent the entropy of the universe is increasing if at all. 


§14. Critique, 

Finally a few words of criticism will not be out of place. The foregoing 
statement as to the nature of the contribution made in this article carries with 
it at least the possilfie implication that an analysis of the phenomena of the 
actual unix'crse from the standpoint of relativistic thermodynamics would 
show tfiat there are in reality no important changes at all taking place in the 
entropx’ of the universe. 

I feel, however, that although the article has clearly demonstrated the 
necessit}” of using relativistic thermod3mamics in analyzing the entropy 
changes of the unix'erse as a whole, it would be premature to assert too pre- 
cisely what is to be expected as the result of such an analysis until it has been 
applied to a model of the universe which is not so over-simplified as the one 
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employed in this article. This model of a universe, containing nothing but 
radiation, neglects two of the most characteristic features of the actual uni- 
verse, namely the presence of matter and its high degree of concentration into 
stellar systems. At a later time I hope to give more consideration to these 
properties of the universe. They appear, however, greatly to increase the 
mathematical complexity of the problem and for this reason I have contented 
myself for the present with a very simple model, which can nevertheless give 
us considerable insight into the problem of the entropy of the universe. 

One feature of the model which was mentioned in §11 should perhaps be 
emphasized, namely that there appear to be no periodic solutions of Eq. (35) 
for g as a function of I which would have physical interest. Hence if we had 
an expanding model of the kind considered it would continue to expand, rever- 
sibly to be sure, but without actual return to its original condition. Our model 
is so over-simplified, however, that we must no conclude therefrom that 
periodic solutions would not be of interest for the actual universe. 

Further it should perhaps also be emphasized again that the theory of 
fluctuations may play an important part in a relatively complete treatment of 
the entropy of the universe. At the present time, however, we cannot say just 
how large this part may be. 

In conclusion then, it has apparently been definitely demonstrated that 
the problem of the entropy of the universe as a whole must be treated with 
the help of relativistic rather than classical thermodynamics, and it has been 
shown that the application of relativistic thermodynamics to a highl}^ over- 
simplified model of the universe gives results of great interest. It remains for 
the future, however, to consider the application of relativistic thermodynam- 
ics to more complicated models which would give a better approximation to 
the actual universe. 
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ON THE RESOLViNC. POWER OF A PRISM SPECTROMETER 

FOR THE INFRARED 

By John Strong* 

CALiFORNrA Institute of Technology, Pasadena 
(Recei\^ed January 15, 1931) 

Abstract 

The resolving power of a spectrometer in the infrared is limited by the rate at 
which energy passes through the exit slit of the spectrometer. Calculation of the 
energy available for activating a thermocouple, under condition that the exit slit 
embrace the same frequency range Lv of spectrum at all times, gives information on 
the attainable resolving power at various wave-lengths and with various prisms. The 
best dispersing angle for a sylvine prism to be used from 8 to 22/a is from 70° to 75°. 

A lamellar prism construction is described. 

Introduction 

I N THE spectra! region where a photographic plate, which measures the 
energy receit'ed during the time of exposure, is used, the resolving power 
of a spectrometer is limited by interference effects. HoweA'^er, in the infrared 
where a thermocouple or radiometer is used one does not measure the energy 
receiA’ed over an arbitrary period of time but the rate at which energy is re- 
ceived. This available energy rather than interference effects places the limit 
on the resolving poAver of the spectrometer. 

It was the purpose of this investigation to make calculations of the energy 
aArailable for activating a receiver (such as a thermocouple). The energy of a 
continuous spectrum passing through the exit slit, with both slits equal, is 
proportional to the square of the slit width, so that if the value for the avail- 
able energy at any particular wave-length and for a particular dispersing 
prism is greater, by a factor a, than the energy necessary to give a definite 
response of the receiving device, then the spectrometer slits may be closed by 
a factor and still give a practical deflection. The available energy is 

therefore a measure of the resolving power which is attainable under varying 
conditions as long as the limit set by interference effects is not exceeded. 

The calculation of available energy is instructive on account of the infor- 
mation that it gives regarding the resolving power attainable in various re- 
gions of the spectrum. The determination of the absorption spectrum of a 
gas in the infrared consists of a study of the heat radiations emitted from 
some con venient source and the changes in spectral energy distribution which 



result from the introduction of the gas into'the radiation path. The spectrum 
emitted from a heated body possesses very little energy at long wave-lengths 
since the emission cannot exceed that from a black body which varies in- 
versely with the fourth powder of the wave-length. This scarcity of available 
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energy at long wave-lengths would seem to place a serious limitation upon 
the character of experimental work that might be done at long wave-lengths. 
However, the results of Robertson and Fox^ with a rocksalt prism on the 
oscillation-rotation spectrum of ammonia and similar molecules shows a defi- 
nite improvement in resolution at the longer wave-lengths. These calculations 
will show in a quantitative way that similar improvement at long wave- 
lengths is to be expected for a sylvine prism. 

The calculation of available energy for various prisms shows the best 
prism to use for a particular spectral region. For the entire spectral range for 
which sylvine is a useful prism material, it is best to have as the dispersing 
angle of the prism 70 to 75 degrees. Usually a 60° prism is considered best 
but this is neither obvious nor a consequence of the classical works of Picker- 
ing^ and of Wadsworth.* These authors made calculations of the best dimen- 
sions for prisms made from materials having values for the refractive index 
varying between 1.5 and 1.8. Their calculations do not hold because sylvine 
has refractive indices below 1.5 in the infrared, also the formula used by 
Pickering and Wadsworth for the transmission of a prism is invalid except 
when the absorption is very low. 

Priliminary Considerations 

When a band system In the infrared is plotted with wave number rather 
than wave-length as the abscissa one gets a more natural picture, since the 
fineness of structure is then approximately the same throughout the spectrum. 
On the other hand, if wave-length is used as abscissa, the structure appears 
coarser at longer wave-lengths and in fact if Av is taken as a measure of the 
fine structure of the band system the corresponding AX becomes greater at 
longer wave-lengths according to the formula 

X^A;^ 

AX 

c 

This means that if the slit of the spectrometer is adjusted so that the wave- 
length interval in the slit is increased proportionally with X^ it will embrace 
the same frequency range of spectrum. The energy passing through the exit 
slit is proportional to the spectral energy density of illumination of the slit, 
E\, multiplied by the square of the slit width. For a black body at long wave- 
lengths Ex is proportional to X‘“‘^ while for an ideal spectrometer having con- 
stant dispersion and constant efficiency the slit width, s, would be propor- 
tional to X- and Exs^, the energy passing through the exit slit, would be inde- 
pendent of X. By constant efficiency it is meant that the same fraction of the 
energy of various wave-lengths is lost by reflection at the various surfaces in 
the optical path and by absorption in the prism. This means that the resolv- 
ing power measured by the rational magnitude Ap will be the same through- 
out the spectrum. 

1 R. Robertson and J. J. Fox, Proc. Roy. Soc. A120, 128 (1928). 

2 Pickering, Phil. Mag (4), 36, 39 (1868). 

3 F. L. O. Wadsworth, Astrophys. J. 2, 264 (1895). 


RESOLVING POWER OF A PRISM SPECTROMETER 


1663 


For a spectrometer which is not ideal the energy passing through the exit 
slit increases as the dispersion increases and decreases as the efficiency de- 
creases. 5n /SX for the materials transparent in the infrared increases at longei 
wave-lengths while the transparency decreases. The dispersion factor pre- 
dominates at first and so the available energy (when the slit width is constant 
as measured by Av) increases and greater resolving power is attainable at 
longer wave-lengths. This for sylvine is a result similar to the experimental 
results of Robertson and Fox. The available energy passes through a maxi- 
mum and rapidly decreases as the transparency factor becomes predominate. 
When the dispersing angle of the prism increases the dispersion increases, 
at first slowly, then rapidly, while the light lost by reflection increases. It was 
for the purpose of arriving at the best compromise between these varying 
factors that the following calculations were made. 

Energy Available to Activate Receiver 
For a simple prism spectrometer the energy, e, passing through the exit 
slit is given by the following expression 


The symbols are defined by the following formulas: ^ 

Ex is the spectral energy density of illumination of the entrance slit and 
for long wave-lengtlis this is given by the Rayleigh-J eans formula. 

4:7rki 

&=— • 

Si and h, are width and length respectively of the entrance slit. 

A is the effective area of the collimating mirror of the spectrometer. For 
a large collimating mirror this is the area of the prism face {hXb if h is the 
heighth of prism face and b the length) projected on the plane of miiror 
fact. If / is the angle of incidence of the light on the prism face, A is defined by 

'“'/“Si" " SiSu., re.pec.ive.y o. „.e cOlima.ing and .e.eacope 

mirrors. 

is the width of the exit slit* , . ' 

de/d\ is the dispersion of the prism and it may be broken up ° 
factors (dQ ’bn) Xdn;d\. For a prism at minimum deviation dB dn is giver by 
2 sin ((t); 2). cos i where ^ is the dispersing angle of the prism, \ alues o ^ A 
are defined by the empirical formula given by Rubens or tie in ex o 

fraction of sylvine. ■ . ^ i r i... 

T is the transmission of the prism. This is given y t e ormu 

1 


T 


-(1 


A 


‘ Rubens, Ann. d. Pliysik 54, 476 (1895); 60, 724 (1897). 
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The absorption coefficient is represented by k and the width of the prism 
opposite the dispersing angle is represented by r. For values of kt less than 
0.1 the values of T are given approximately by the formula used by Pickering 
and Wadsworth in their work, T For values of kt greater than 5 the 

values of T are given approximately by l//cr. Table I gives values of T for 
various values of kt. 

Table I . 


KT 

T 

KT 

T 

KT 

T 

KT 

T 

0.01 

0.995 

0.11 

0.946 

0.1 

0.952 

1 

0.632 

.02 

.989 

.12 

.943 

.2 

.906 

2 

.432 

.03 

.985 

.13 

.938 

.3 

.864 

3 

.317 

.04 

.980 

.14 

.934 

.4 

.824 

4 

.245 

.05 

.975 

.15 

.929 

.5 

.787 

5 

.198 

.06 

.970 

.16 

.924 

.6 

.752 

6 

.166 

.07 

.966 

.17 

.919 

.7 

.719 

7 

.143 

.08 

.961 

.18 

.915 

.8 

.688 

8 

.125 

.09 

.956 

.19 

.911 

.9 

.659 

9 

.111 

.10 

.952 

.20 

.906 

1.0 

.632 

10 

.100 


F is a factor which takes account of the loss of light due to reflections at 
the two prism surfaces and is represented by the following formula, 


F 


1 


sin^ {i — r)' 
sin^ {i + r). 


+ • 


2 L 


1 - 


tan‘^ {i — r)' 
tan^ (z + f). 


where r is the angle of refraction at the prism face. 

R is the total reflectivity of all the spectrometer mirrors and is considered 
constant. For eight normal reflections from polished silver the loss of light is 
8 percent at 10/x and 4 percent at 20/i. 

If/i =/2 and if the spectrometer slits are equal and always adjusted so that 
the frequency interval they subtend is constant then si and .jg may be sub- 
stituted for by the expression 


^2 — Si — fi 


dd X^Avq 


d\ 


where Avq corresponds to the constant frequency interval embraced by the 
slits. 

Substituting in the formula for e gives 

STktAvQ^hbR dn 6 

^ == sin ~ 

c^ii dX 2 


or 


e oc e 


dn 6 

TF — sin — 
dX 2 


Values of F for various prism angles, 0, and various wave-lengths are 
given in Table II. For the calculation of e given in Table III, r was given the 
value 10 centimeters. 
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Table II. Values of F for various 4> and X. 


4 > 

10. 02m 

14.14m 

17.68m 

20.6m 

22.5m 

0° 

0.931 

0.936 

0.942 

0.947 

0.971 

60“ 

.910 

.917 

.925 

.934 

.966 

70“ 

.873 

.885 

.898 

.901 

.957 

75“ 

,799 

.847 

.846 

.886 

.950 

80° 

.727 

.768 

.805 

.840 

.937 

85“ 

.419 

.563 

.662 

.735 

.915 

90“ 

— 

— ■ 


.244 

.877 




Table III. Values of 

e for various <f> and X. 




8 . 84 m 

10.02m 

11.79m 

12.96m 

14.14m 

15.91m 

17.68m 

20.6m 

22.5m 

15“ 

4.0 

4.1 

4.3 

5.4 

6.8 

7.4 

7.9 

6.5 

5.1 

30“ 

7.9 

9.1 

10.8 

11.9 

12.9 

13.5 

13.5 

8.1 

5.4 

45° 

11.6 

13.0 

15.8 

17.2 

18.8 

18.4 

17.7 

8.2 

5.6 

60“ 

15 .0 

17.2 

20.3 

21.7 

23.0 

22.1 

19.6 

8.2 

5.6 

70° 

16.5 

18.9 

22.4 

23.6 

24.8 

23.6 

19.9 

8.1 

5.5 

. 75“ 

16.0 

IS. 4 

22.2 

23.5 

25.0 

23.5 

19.6 

8.0 

5.4 

80“ 

14.0 

17.7 

21.2 

22,5 

23.6 

22.7 

18.5 

7.5 

5.4 

85“ 

8.2 

10.7 

14.6 

16.5 

18.1 

18.9 

15.5 

5.4 

5.2 


It would seem impractical to narrow the slits narrower than the frequency 
interval Ap' corresponding to the theoretical resolving power of the spectrom- 
eter. For a prism spectrometer this is given by the Rayleigh formula. 

— r 

A/ = — - • ' , 

\(dn/d}C)r 

If the absorptirjii coefficient is high only the apex of the prism will transmit 
radiation and the value of r to be substituted in the formula is much less than 
the actual valiie of r. In order to get an idea of how this limiting frequency 
interval, Ap% varies as one goes deeper into the infrared it may be calculated 
using a value corresponding, for that wave-length in question, to a prism 
having a transmission of 95 percent. The values of rr =.95 are given in Table IV 


Table IV. Values of and Sp' for various wave-lengths. 


X 

1.1 

. 79m 

12.96m 

14.14m 

15.91m 

17.68m 

20 . 6m 

22.5m 

H 

0. 

004 

0.0175 

0.0270 

0.065 

0,135 

0.515 

1.00 cm"i 


! 23 


5.12 

3.71 

1.54 

.74 

.19 

. 10 cm 

A;*' 

i 

75 

2.6 

3.4 

6.2 

9.9 

26.4 

38.4 cm~^ 


together, with corresponding values of A/, It .is inte,resting to compare these 
limiting frequencies with the resolving power successively realized by Bur- 
meister, Eva von Bahr, Brinsmade and Kemble, Imes and Randall, and 
Meyer and Bronk in their classical investigations of the fundamental oscilla- 
tion band of HCl. Their slit widths reduced to the same units used in Table 
IV are respectively 40, 10, 7, 4 and 3 cni""^. 

When only the apex of the prism transmits appreciably and it is not pos- 
sible to realize the limiting resolving power on account of the insensitivity of 
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the receiver one may double or quadruple the energy passing through 
the exit slit by using two or four identical prisms side by side which are tall 
compared with r. Such an arrangement is shown in Fig. 1. Since it is much 
easier to make a plane parallel plate than to make a prism whose faces make 
a prescribed angle with each other, an alternative arrangement is illustrated 
by Fig. 2. The back of each parallel plate is silvered by evaporation, the plates 


siluered sunfacP 

Fig. 1. 


silvered surfaces-^ 
Fig. 2. 


are waxed together and the ensemble cut and polished along the dotted line 
so as to give a lamellar prism with dispersing angle 35° to 37.5°. This will 
form a Littrow half prism into which the light will not need to penetrate 
deeper than the thickness of the parallel plates used. It is, however, more ad- 
visable to use a prism which is more transparent in the desired spectral region. 

Conclusion 

From the values of e given in Table III and the values of tt=..k and Ar' 
given in Table IV, we may draw the following conclusions. 

1. A dispersing angle of 70“ to 75“ is best for a sylvine prism to be used 
from 8 to 22^. Table III shows the available energy for these prism angles to 
be greater for all wave-lengths out to IS/i. Beyond 18^, there is so little differ- 
ence in the available energy that the construction of a special 15“ prism for 
this region is not justified. 

2. A sylvine prism with a 10 cm base is useful to 18/i. In spite of the fact 
that the energy for illuminating the entrance slit of the spectrometer de- 
creases with the fourth power of the wave-length, it will be observed from 
Table III that the energy available for activating a thermocouple increases. 
This means that the resolving power increases at longer wave-lengths as long 
as the available energy, rather than interference effects, places the limit on 
the resolving power of the spectrometer. 

3. Values oi in Table IV show that only the apex of the prism 

transmits radiations. The available energy may be increased several fold by 
the use of a lamellar prism construction. This should make it possible to re- 
alize approximately the theoretical resolving power of one of the lamella. 
Such a lamellar prism would be particularly useful when the radiations are to 
be further dispersed with a grating. It is possible that the use of another prism 
material, such as potassium iodide (transparent to wave-lengths greater 
than 33/x) would be better. However, since no material is yet known which is 
more transparent than potassium iodide it may be advisable to use a lamellar 
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prism of this material in order to extend the region open to prism spectros- 
copy as far as possible. The optical properties of potassium bromide and 
potassium iodide are being investigated by the author so that a set of values 
of £ for all the infrared prism materials may be compiled. 

4. An examination of the proportionality factor between e and e shows the 
available energy is inversely proportional to the focal length of the spectrom- 
eter collimator. This result indicates that a spectrometer of the Pfund type 
would give the best resolution. 
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Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 

The Effect of Meteors on Radio Transmission Through the 
Kennelly-Heaviside Layer 

A consideration of the available data on reasonably consistent with the number which 


meteor trains indicates (1) that meteors ex- 
pend the larger part of their energy in the 
Kennelly-Heaviside layerd that is, in that 
region of the upper atmosphere which con- 
trols the propagation of all long distance radio 
waves; (2) that a large fraction of the energy'- 
of a meteor goes into ionization of the air 
around its path;^-* (3) that this ionization 
extends to a considerable distance from the 
actual path^in some cases, several kilo- 
meters or more — and (4) that it lasts for some 
minutes after the meteor has passed.'^ 

It is interesting to calculate the order of 
magnitude of the ionic concentration which 
may be produced and to compare it with the 
concentration which is generally assumed in 
order to explain short wave radio phenomena. 
Meteors are believed to vary in mass from a 
few milligrams to several kilograms and 
larger, according to different estimators. If the 
mass of a meteor is taken as one gram, its 
velocity as 40 km/sec., its length of path as 
200 km and the range of ionization around the 
path as 1/2 km, the concentration of ioniza- 
tion on the above assumptions would be of the 
order of 10® ions per cc. The maximum ioniza- 
tion deduced from radio data is of the order of 
10® electrons per cc. It is therefore apparent 
that transmission of radio signals might be 
markedly affected by the presence of meteors 
along the path. 

Data taken during radio measurements of 
the heights of the ionized layer, furnish evi- 
dence for such an effect. Thus. Heising® finds 
that the deflecting layer seems to experience 
very sudden drops as though a large amount 
of ionization suddenly appeared, accompanied 
for a moment by turbulence, after which the 
layer gradually returns to the normal height. 
The frequency of such sudden variations is 


would be expected for the particular length 
of path used, on the assumption of 10® meteors 
of random direction per day for the whole 
earth.® 

The orbital motion of the earth increases 
the relative velocity of the meteors which are 
observed after midnight and it is an observed 
fact that the number of meteors has a max- 
imum between 2:00 and 3:00 a.m. Both of 
these facts would increase the contribution of 
ionization which is due to meteors and might 
even result in a lowering of the Kennelly- 
Heaviside layer after midnight. A number of 
investigators have observed such a drop after 
midnight. Moreover, on the basis of the above 
calculations and assuming that the ions pro- 
duced have an average life of one hour, the 
total ionization produced by meteors is of the 
correct order of magnitude to produce the 
effect observed. 

The foregoing evidence, while admittedly 
sketchy, indicates that the ionizing effect of 
meteors in the Kennelly-Heaviside regions 
may be an important factor in short wave 
radio propagation through the upper atmos- 
phere. It is planned to make tests during 
future meteoric showers in order to obtain 
further information on the subject. 

A. M". Skellett 

Bell Telephone Laboratories, Inc., 

New York, New York, 

April 7, 1931. 

^ Humphrey, Physics of the Air, p. 23. 

2 Lindeman and Dobson, Proc. Roy. Soc, 
of London, A4n, 102 (1923). 

® Maris, Terrest. Mag. and Atmos. Elect. 
34, 309 (1929). 

^ Olivier, Meteors, p. 147. 

® Heising, Proc. I.R.E. 16, 75, (1928). 

® Shapley, Harv. Circ. No. 317, May, 1928. 
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Raman Spectrum of the Hydroxyl Ion with High Dispersion 


The Raman spectrum of a lOiV aqueous 
solution of potassium hydroxide was photo- 
graphed with a Hilger El large quartz spectro- 
graph, using for excitation a hot-cathode hel- 
ium arc of length 45 cm. The Pyrex tube 
which contained the solution was surrounded 
by a filter tube of nickel oxide glass, and the 
light was focused on it by an elliptical re- 
flector. An exposure time of 100 hours was 
required.' 

The spectrum obtained consists of a single 
broad line having a fairly well defined inten- 
sity-maximum which corresponds to a fre- 
quency shift of 3603 ±4 cm”k This is in good 
agreement with the value of 3615 ±25 cm“^ 
recently reported by Woodward.^ It is some- 
what lower than the shift of 3630 cm“^ found 
by Krishnamurti'^ in crystalline sodiuni hy- 


droxide. The line has a width of about 30 
cm“h That it must be attributed to the hy- 
droxyl ion is beyond doubt. 

It was observed that the presence of dis- 
solved sodium or potassium hydroxide greatly 
influences the structure and the intensity of 
the water band. We have studied this effect in 
solutions of various concentrations, using a 
spectrograph of smaller dispersion. The re- 
sults will soon be reported in detail. 

J. L. Thompson 
J. Rud Nielsen 

University of Oklahoma, 

May 27, 1931. 

^ L. A. Woodward, Phys. Zeits. 32, 261 
(1931). 

^ P. Krishnamurti, Indian J. Physics 5, 
651 (1930). 



The Relative Abundance of the Oxygen Isotopes, and the 
Basis of the Atomic Weight System 


Mecke and Childs,^ as the result of a de- 
tailed quantitative investigation of the A and 
A' bands of oxygen, And the relative abund- 
ance of the oxygen isotopes 0^^’ and O^** to be 
630:1, in sharp contrast to the value 1250:1 
found by Babcock" and 1075:1 found by 
Naud4.® We have made a careful study of 
Mecke and Childs’ paper, and And several 
rather doubtful theoretical assumptions. We 
have accordingly recalculated a portion of 
their data, using a method that appears to 
us to be more reliable. Their final result is, 
however, not essentially changed, and it there- 
fore seems unnecessary to publish the details. 
We have also examined Babcock’s assump- 
tions, and find two sources of possible error, 
one due to the fact that the rotational energy 
levels of the molecule differ from those 

of the molecule, and the other due to 

the fact that, in Babcock’s work, the mean 
temperature of the molecule (in the 

atmosphere) differs from the temperature of 
the • 0^® molecule (in the laboratory). Both 
the energy and the temperature affect the 
Boltzmann factor, but fortunately the two 
errors thus introduced by Babcock's neglect 
of this factor tend to cancel. We find that for 
the lines used by Babcock,^ the maximum re- 
sulting^error is not more than about ten per- 
cent, and so is quite negligible. 


Mecke and Childs suggest several possible 
sources of error in the work of Naude, but 
we do not have the information necessary in 
order to discuss these suggestions. As far as 
the work of Babcock and of Mecke and Childs 
is concerned, it would appear that the dis- 
crepancy must be due mainly to experimental 
and not to theoretical errors. It would also 
appear that the Mecke and Childs result is 
entitled to much greater weight. 

Assuming for the sake of argument that the 
abundance ratio is really 630 to 1, it follows, 
as noted by Mecke and Childs, that atomic 
masses based on should be 2.2 parts 

in 10‘^ greater than those based on the chemi- 
cal system O == 16. It is accordingly of im- 
portance to test Aston’s mass-spectrograph 
results-^ on this new basis, Aston Birge,^ and 
Naude^ have previously considered this mat- 

^ R. Mecke and W. H. J. Childs, Zeits. f. 
Physik 68, 362 (1931). 

2 PI. D. Babcock, Proc. Nat. Acad. Sci. 15, 
471 (1929). 

3 S. M. Naude, Phys. Rev. 36, 333 (1930). 

^ According to a personal communication 

from Babcock, only the first few lines of the 
P branch were used. 

6 F. W. Aston, Proc. Roy. Soc, A115, 487 
(1927), 

® F. W. Aston, Nature 123, 488 (1929). 
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ter, but the conclusions depend markedly on 
the values adopted for the chemical atomic 
weights. One of us^ has already found that the 
rounded values ordinarily published in atomic- 
weight tables are not sufficiently accurate for 
a discussion like this. 

Nearly all of Aston’s precision measure- 
ments are concerned, unfortunately, with ele- 
ments that are known to consist of a mixture 
of isotopes. In such cases it is necessary to 
know the relative abundance of the isotopes 
of the element in question, as well as of oxy- 
gen, in order to compare Aston’s result with 
the chemical atomic weight. For elements like 
carbon and nitrogen, the two resulting correc- 
tions (for oxygen, and for the element in ques- 
tion) tend to cancel, so that Aston’s result 
should agree closely with the chemical atomic 
weight. Thus in the case of carbon the most 
probable atomic weight^ is 12.0025. Aston’s 
mass is 12.0036, which becomes 12.0010 
on division by 1.00022 in order to reduce to 
the chemical scale. Then to obtain an atomic 
weight of 12.0025, the relative abundance 
Ci2/C^^ should be 650. King and Birge® give 
400 for this figure, but their discussion shows 
that 650 is an equally possible value. 

The best atomic weight of nitrogen® is 
14.008. Aston finds — 14.008. To bring the 
two results into agreement requires a relative 
abundance N^VN^^ = 320. Naud6 found that 
the abundance N^VN^®=6.65 of Us- 
ing Mecke and Childs’ value of one 

obtains a very satisfactory 

agreement. 

The best atomic weight of helium appears 
to be^ 4.0018. Aston obtained 4.00216, or 
4.00127 on the chemical scale. The discrep- 
ancy is only 1.1 parts in 10^, which is within 
the published limits of error. The most ac- 
curate atomic weight of fluorine is due to 
Moles and Batuecas^®, from the molecular 
weight of FGH 3 . Using the present best values 
for C and H, their result is 18.995+0.005. 
Aston obtains 19.000, or 18.996 when reduced 
to the chemical scale. The agreement is en- 
tirely satisfactory. In the case of iodine, 
Aston’s result is identical with the best chemi- 
cal value. The connection with oxygen, in the 
mass-spectrograph work, is rather indirect, 
and it is therefore doubtful if this result can 
be considered to furnish independent evidence 
on the question. In the case of phosphorus it 
is the chemical value that is uncertain. 

Of the elements that permit an accurate 


comparison of the chemical and mass-spectro- 
graph results, there remains only hydrogen. 
The chemical value"^ is 1.00777+0.00002 
(probable error), as compared with Aston’s 
1.00778+0.00015 {limit of error). Aston’s 
value, reduced to the chemical scale, is 
1.00756 and the discrepancy appears to be 
outside the limits of error. It could be re- 
moved by postulating the existence of an 
isotope of hydrogen of mass 2, with a relative 
abundance HVH^ = 4500. It should be pos- 
sible, although difficult, to detect such an 
isotope by means of band spectra. 

The above discussion shows that, with the 
exception of hydrogen, the new Mecke and 
Childs’ abundance ratio gives a satisfactory 
agreement between the mass-spectrograph 
and the chemical results. The agreement is in 
fact somewhat better than that obtained with 
an assumed abundance ratio of 1250 to 1, or 
of 1070 to 1. The case of hydrogen, however, 
distinctly calls for further investigation. 

Aston^^ has asked for suggestions as to the 
best basis for chemical atomic weights and 
atomic masses. We believe that the facts pre- 
sented in this letter indicate that, from the 
experimental standpoint, the quantitative 
relation between the mean atomic weight of 
oxygen, and the mass of the atomic species 
0^® is rather uncertain at the present time, 
and is likely to remain so for the present. It 
should also be pointed out that there is as 
yet no proof t\iz.t the relative abundance of the 
oxygen isotopes, in different sources, is strictly 
constant.^^ The possibility that the relative 
abundance is not constant is the most com- 
pelling argument for a change in the basis of 
the atomic-weight system. What that change 
should be can best be decided by chemists, but 
we believe that further data are needed before 
any change is seriously considered. The one 
point we wish to emphasize here is that there 

^ R. T. Birge, Phys. Rev. Supplement 1, 
1 (1929). See pp. 19-26 and 69. 

+ A, S. King and R. T. Birge, Astrophys. J. 
72,19 (1930). 

® G. P. Baxter and C. H. Greene, J. Am. 
Chem. Soc. 53, 604 (1931). 

E. Moles and T. Batuecas, J. Chim. Ph^^s. 
17,539 (1919). 

^VF. W. Aston, Nature 126, 953 (1930). 

The mass-spectrograph is perhaps the 
most reliable method for investigating this 
question. 
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now exist two systems for the measurement of 
atomic masses, connected by a relatively un- 
certain factor. For that reason it seems best, 
for the present, not to convert results ob- 
tained on one system into the other system, by 


the use of some assumed conversion factor, 
R. T. Birge 
D. H. Menzel 

University of California, 

May 27, 1931. 


The Masses of 


The writers have recently built a new ac- 
curate apparatus, in order to obtain, among 
other values, more exact masses for the nu- 
cleus of since they had concluded that 
additional data were needed in order to estab- 
lish definite relations. Urey,^ however, con- 
siders that the data already available demon- 
strate the existence of three quantum states 
for this nucleus. 

The purpose of this letter is (1) to give, as a 
minor change, a different set of values for the 


ranges of the protons; (2) what is more im- 
portant, to point out that while we do not dis- 
agree with Urey’s conclusion above, it seems 
to us that the few available data should be 
classified in a slightly different way; (3) and 
to add a calculation, omitted by Urey, of an 
inelastic collision between an a-particle and a 
nitrogen atom as obtained by Harkins and 
Shadduck.2 

The data given in this paper lead to the 
following calculated values: 


Mo (nucleus) 

Table I. 

Mo (atom) 

AMiXlO^ 

AifsXlO® 

16.99891 

17.00328 

1 

12 


Here Mo represents the rest mass of the oxy- 
gen, A Ml is the error of Mo introduced by a 
1 percent error in the energy of the a-particle, 
and AM 2 that due to an error of 10' in the 
angle « between the track of the a-particle 


and that of the oxygen nucleus. In the cal- 
culation, the value 14.00800 (Aston) is taken 
as the rest mass of the nitrogen atom, as was 
presumably done also by Urey. The values 
are collected as follows: 


Table II. Ma55 of O^b 


Track ■ 

Mo (atom) 

Average ifo (atom) 

B4 

17.00508 

High level 17.00508 



\ 

B5 

17.00330] 

/0. 00189 

H4-S 1 

17. 00328 [ 

Middle level 17.00319 

B3 

17.00300] 

\ 



/0. 00171 

B2 

17.00148 

Low level 17.00148 


The values differ somewhat from those of culated values for the following four tracks as 
Urey, who omits track H-f S 1. not having a sufficient bearing upon the divi- 

We have excluded from this table the cal- sion into the above three groups. 




Table III. 

Track 

Mo (atom) 

Reason for rejection from Table II 

H+S 3 

17.0050 

Agrees well with the value 17.00508 for the B4 track, but one of 
the pair of photographs of the event was not clear 

.B7 

17.00402 

Tracks curved (rejected by Urey) 

B6 

17.00293 

Angle 03 too small to give accuracy in Mo 

Bl, 

17.00370 

Probably as accurate as those listed in Table II, but deviates too 
far from mean of other three in middle level to offer evidence in 
favor of the existence of this level 


^ Urey, Phys. Rev. (2) 37, 923 (1931). 2 Harkins and Shadduck, Proc. Nat. Acad. 

Sci. 12, 707 (1926). 
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Thus, according to our classification , 

(1) the lowest level is represented by only 
one value, 

(2) the middle level by three values, and 

(3) the high level by only one value. 

The ranges of the protons emitted are given 


in Table IV. Urey assumes that the range 
varies as the cube of the initial velocity, but a 
closer approximation is probably given by use 
of the 3.5 power, as is done by Chadwick, 
Constable and Pollard.'"* On this basis, the 
ranges in cm at 15° and 760 mm are: 


B4 

17.3 


B6 

18.8 


H+S 1 
20.4 


Table IV. 

B3 BS 

25.0 25.0 


B1 

31.9 


B7 

38.6 


B2 

59.7 


Except for the highest values, this change of angle between the extension of the track of the 
power does not give a great increase of range, cc-particle and that of the oxygen nucleus, is 
It may be noted that the values of o), the always small. The observed values are: 

Table V. 


B6 

r 54 ' 


PI+S 1 
15° 21' 


B4 

19° 24' 


B7 

21 ° 


B3 

21° 13' 


B1 

22 ° 0 ' 


B5 

22 ° 12 ' 


B2 

28° 51' 


This angle is always small because (1) the 
initial velocity of the proton is limited, (2) 
the mass of the oxygen is relatively high, and 
(3) no disintegration has as yet been observed 
with certainty by the photographic method 
were the velocity of the a- particle at impact is 
less than 1.83X10® cm per sec. 

Some additional evidence for the validity 
of the three levels in the 0^^ nucleus seeras to 
be given by the fact that the differences be- 
tween the average masses are moderately 


nearly equal, as shown in Table II by the 
values 0.00189 and 0.00171. However, addi- 
tional experimental evidence is needed for the 
definite determination of the energy levels. 

William D. PIarkins 
David M. Cans 
University of Chicago, 

May 21, 1931. 

^ Chadwick, Constable and Pollard, Proc. 
Roy. Soc. Ai30, 477 (1931). 


The Electrical State of the Sun. A Correction 


Dr. H. B. Maris of this laboratory has 
kindly brought to my attention an error in the 
above entitled paper (Phys. Rev. 37, 983 
(1931)) which effectively nullifies the para- 
graph containing arguments and calculations 
purporting to show that the sun is electrically 
neutral. In Eq. (3), Q represents the free 
electrical charge per unit length of the equi- 
valent circuit rather than the total free elec- 
trical charge. On making the correction we 
find that, although other evidence indicates 
that the sun is electrically neutral, our mag- 
netic calculation, alone, is quite incapable of 
establishing that fact. 


The corrected calculated value of the gal- 
actic magnetic field accoi'ding to Anderson’s 
hypothesis of the annihilation of po.sitive 
electrical charge is still so large (10* gauss) as 
to be impossible and our original conclusion 
is therefore unchanged. The incorrect as- 
signment of the value of Q did not affect the 
detailed calculations in other sections of the 
paper. 

Ross Gunk 

Naval Research Laboratory, 

Bellevue, Anacostia, D. C., 

May 25, 1931. 
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RADIATION OF MULTIPOLES 
By Karl F. Herzfeld 

Department of Physics, The Johns Hopkins University 
(Phys. Rev. 37, 253, 1931) 

In a paper which appeared under this title there are unfortunately some mistakes, the 
correct formulas are given below : 

On page 256 the following formula (9) 

i/- “ZcAe"-*™ 

Same page, before fqniiula (10) 

‘•-('■'ll (nr) )■ 


1 /47rT/i^\l/Hi/2 


Instead of formula (16) on page 258 


kl 


(-r)'. 


■ for k — i even. 


At the bottom of page 258 and on top of 259, 
= 0 if ^ — w odd 

(4/;! 






( _ ] )i+(a’nn/222/'ia4 




(2j 4- A? T- 5 - n) I 


JL (4/) ! 1 

^i/ 2 ( ~ -j: (2j s)l 


(2/)l^ 4^ 

1 1 


(2i + A— y)i 

with 

Finally for the formulas which occur in the middle of page 259 

a + 2)1 




m 


(^)i/22A-(/,^2)! 


If »=3 (tetraeder) there are possible two transitions 
.s=«l, frequencv 

{{k-Yl)\ 4! 1 (/e + 3)! 


5 = 3 frequency 3p 


= + 




ii 


(/i-l)! (2\y i {k+l)\ 

(ir)*^"2*““ 2)(^: + 3) — k{k + 1) |a’! 

kKh + 3)1 


kl 


In general, we have for i = «, frequency «*< 


/i„w = (x)«“2*- 


kl 
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(7r)i'=(/t>+ 3)!2*. 


= (x)‘«2»>(A +j)\ 


(16) 


(17) 


as) 
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HYPERFINE STRUCTURE IN IONIZED BISMUTH 

By Russell A. Fisher and S. Goudsmit 
Department of Physics, University of Michigan 

(Phys.Rev.37, 1057, 1931) 

The photograph of the hyperfine structure of Bi II 4705 (Fig. 2b) was unfortunately in- 
verted. The complete Fig. 2 should appear as follows: 



Fig. 2. Diagram for transition /==2 to /=! compared with Bi II X470S. ju = +0.457, tota 
Ax' = 2.71 cm~^ The arrow indicates where the line pattern fits the diagram. 


THE SCATTERING OF UNPOLARIZED X-RAYS 

By G. E. M. Jauncey and G. G. Harvey 
Washington University, St. Louis, Missouri 

(Phys. Rev. 37, 698, 1931) 

The denominator of the right side of Eq. (12) should be raised to the fourth power. The 
corrected equation is 

/«nm=4I,/(l+0.022x2)4 (12) 

SURFACE TENSION OF MERCURY 
By Marie Kernaghan 

Department of Physics, The Saint Louis University 
(Phys. Rev. 37, 990, 1931) 

The ordinate of Fig, 3 should read “Surface tension (dynes) Corrected values”. 
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V eroff entiichiingeii D es Wissenschaftlichen Zentral-Laboratoriums der Pbotographisciieii 
Abteilung-Agfa" Band 1. Pp. 155, figs. 94. S. Hirzel, Leipzig, 1930. Price RMIO. 

The photographic divisioii (Agfa) of the 1. G. Farben Industrie has inaugurated an annual 
publication in which the results of technical and theoretical photographic investigations of that 
laboratory are gathered together. In general each volume will consist both of articles which 
have appeared in other places and of some which have not been previously published. The 
annual should prove a great benefit to the photographic research world by helping to keep 
important photographic knowledge collected. 

The first volume contains an article on the existing theories of the latent image, several 
papers on sensitometry with special reference to color sensitivity, an announcement of new" 
sensitizers for the extreme red and infrared photography. An article on the testing of sound film 
is particularly good in that clear and complete picture of the physical problems involved in 
photographic sound recording is given. Articles on x-ray photography and on cellulose and its 
derivatives complete the volume. M. E. Russell 

Molecular Spectra in Gases. Report of the Committee on Radiation in Gases and Bulletin 
57 of the National Research Council. E. C. Kemble, R. T. Birge, W. F. Colby, F. W. Loomis, 
L. Ft\GE. Second printing 1930, Pp. 366. Price $3.50 (paper binding). 

Tiiis bulietin originally issued in December 1926 has been reprinted with minor corrections 
and the addition of an index. Separate copies of the index are available for distribution. 

E. C. Kemble 

An Outline of Wave Mechanics. N. F. Mott. Pp. 156, figs. 21. The Macmillan Company, 
NewYork, 1930. Price $2.80. 

New sciences are complicated when they start, and grow simpler as we understand them 
better. Wave mechanics is no exception. The first papers, the first books, on the subject were 
mathematics and not much else. But now, wdth increased understanding, it is possible to dis- 
pense with more and more of the detail, and yet to become continually clearer and more com- 
prehensible. Mott’s admirable little book is an excellent illustration of this tendency. To the 
reviewer it seems singularly successful in its attempt to present enough detail to enable the 
principles of the subject to be accurately understood, and yet not enough to burden the reader. 
After reading it, one does not have the too common feeling that it could not be understood ex- 
cept by one who knew the whole subject beforehand. 

It should not be supposed that Mott’s book is intended for the general reader. It is dis- 
tinctly for physicists, advanced students and research workers. It presupposes a considerable 
background of physics and mathematics. But it can honestly be recommended, for example, to 
the experimental physicists who ■want some idea of w^ave mechanics. The examples and illustra- 
tions are of a physical sort, and of a remarkable variety for such a small book. Particularly 
good, as one would expect from Mott’s research, are the sections on collisions, scattering and 
such problems. Questions of stationary states, of atomic and molecLiIar structure, are treated, 
but not in any great detail, as must be obvious from the small compass of the book. No prob- 
lems, of course, are carried through in a complete manner, and yet one feels that the funda- 
mentals are so adequately presented that the reader will be set thinking along the right line. As 
an elementary and readable account of wave mechanics, the reviewer feels that the book can be 
highly recommended. An idea of the actual contents can be obtained from the chapter headings: 
Waves and Particles, The Wave Equation, Croup Velocity and the Uncertainty Principle, The 
Theory of Stationary State, The Absorption of Radiation, The Helium Atom and the Hydrogen 
Molecule, Dynamics of Systems containing many Electrons, The Spin of the Electron and the 
Exclusion Principle. J.C. Slater 

Principles of Electrical Engineering (Second Edition). W. H. Timbie and V. Bush. Pp. 595, 
figs. 270. John Wiley and Sons, New York, 1930. Price $4.50. 

We regret that in the review^ of this book which appeared in the May 15 issue of this journal, 
page 1374, the name of the publisher was erroneously given. 
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PROCEEDINGS 

OF THE 

AMERICAN PHYSICAL SOCIETY 
Minutes of the Washington Meeting, April 
30, May 1 and 2, 1931 

The 170th regular meeting of the American Physical Society was held in 
Washington, D.C., at the Bureau of Standards on Thursday and Friday, 
April 30 and May 1, and at the National Academy of Sciences on Saturday, 
May 2, 1931. The first session began at ten o’clock on Thursday morning. 
The presiding officers were W. F. G. Swann, PrCvSident of the Society, Paul 

D. Foote, Vice-president, Joseph A. Becker, Lyman J. Briggs, Arthur H. 
Compton, Karl K. Darrow, Henry G. Gale, Enoch Karrer and L. P. Sieg. 
At the Bureau of Standards on the first and second days of the meeting the 
registration was 388. K fair estimate of the total attendance at the sessions 
was between four and five hundred. 

On Thursday afternoon the Society omitted its regular sessions from one- 
thirty to three-thirty o’clock to meet with the newly formed American Asso- 
ciation of Physics Teachers. At this session Dr. A. W. FIull of the General 
Electric Company presented an invited address on ^^Qualifications of a Re- 
search Physicist.” 

On Thursday evening a public forum was called at the National Academy 
Building to discuss methods of promoting interest in all branches of physics. 
This meeting was called by L. W. McKeehan, chairman of the Committee on 
Sections and was presided over by F. K. Richtmyer. 

On Friday evening the Society held a dinner at the Hotel Washington. The 
President presided at this dinner and the after-dinner speakers were George 
K. Burgess, Arthur H, Compton, Charles Darwin and F. Henning. R. H. 
Fowler was also a guest of the Society at the speakers table. The attendance 
at this dinner was 243. 

On Saturday afternoon at the National Academy Building there was held 
a special colloid program. The papers at this session were invited. The presid- 
ing officer of this meeting was Enoch Karrer of the B. F. Goodrich Company. 

Meeting of the Council, At its meeting held on Thursday, April 30, 1931, 
sixteen persons were transferred from membership to fellowship and thirty- 
seven were elected to membership. Transferred from Membership to Fellow- 
ship: James H. Bartlett, Jr., David G. Bourgin, V, L. Chrisler, S. Goudsmit, 
Robert J. Havighurst, Paul Kirkpatrick, W. W. Nicholas, Linus Pauling, 
Shirley L. Quimby, Richard Ruedy, A. G. Shenstone, Ernest C. G. Sttickel- 
berg, George E. Uhlenbeck, N. H. Williams, Mark W. Zemansky and R. V. 
Zumstein. Elected to Membership: B. Baker, M. C. Banca, William 

E. Berkey, Margaret F. Blackford, Robert L. Boyer, Percy H. Carr, Nickoia 
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Chako, Thomas A. Elkins, David W. Epstein, Richard Evans, 0. Rex Ford, 
Gladys M. Francis, Garret A. Hobart 3rd, Cleveland B, Hollabaugh, Howard 
B. Holroyd, Jun Koana, C. M. Lewis, Walter G. Marburger, A. T. McPher- 
son, Paul C. Mitchell, George C. Munro, Robert J, K. Murray, Leon S. Ner- 
gaard, Paul A. Northrop, Syoten Oka, Allan E. Parker, Clifford M. Potter, 
Norman A. Shepard, William B. Shockley, Leland B. Snoddy, Daniel S. 
Stevens, G. R, Tatum, vSigeo Uneno, Forrest Western, John A. Wheeler, E. 
P. Wigner and Robert L. Womer. 

The regular scientific program of the Society consisted of 163 papers, 
numbers 11, 25, 34, 40, 44, 47, 48, 49, 50, 68, 71, 95, 108, 120, 127, 131, 144, 
152, 153, 155, 157, 158 and 163 were read by title. The abstracts of these 
papers are given in the following pages. An Author Index will be found at the 
end. 

W. L. Severinghaus, Secretary 

1. Dissociation of water vapor in electrical discharge. Ernest G. Linder, Cornell Univ- 
versity. — By luse of Townsend’s ionization equation and Aston’s result for the potential distri- 
liution in the Crookes dark space, the number of electrons produced at each point in the dark 
space can be obtained. From this, may be calculated the total energy of all the electrons gener- 
ated by each primary electron, i.e., Jn^iVi — Vjdn, where 5'“ length of dark space, Fi = cathode 
potential drop, F = space potential, « = number of electrons. Using experimental values of S 
and Fi and Townsend’s constants, it is thus found that for discharge currents of 1-25 m.a. the 
average energy per electron runs from 53.8 to 79.2 volts, these values being from 17.8 to 14 3 
percent of the corresponding total cathode drop energies The amount of dissociation in the 
dark space and negative glow for the above currents is from 4.78 to 5.90 molecules of water per 
electron, which gives an almost constant value of 11 volts per dissociation. The results suggest 
that dissociation is due to excitation of the molecule. Probe measurements in the positive 
column give an electron density of 7.4X10^ electrons per cnF, and a mean energy of 3.71 volts. 
If a probability of dissociation by electron impact equal to 0.0024 be assumed, the dissociation 
in the positive column can be accounted for. 

2. The electro-optical shutter and spark breakdown. Frank G. Dunnington, Ufiiver^ 
sUy of California, (Iniroduced by Er^iest 0. Laivrence ), — ^The use of the electro-optical shutter 
in investigations of rapidly varying phenomena necessitates knowledge regarding its manner of 
functioning and limitations. Using a typical experimental set-up as an example, theoretical 
cut-off curves have been calculated: 1st, assuming an instantaneous drop of the controlling 
voltage (i.e. spark gap), and 2nd, assuming the controlling voltage decays according to a definite 
law. These indicate an effective cut-off time (90% to 10% transmission) of from 2.5 to 4X10“» 
sec. and a total lag of 4 to 9 X 10“^ sec. Experimental results show a complete change in the ap- 
pearance of the spark in 5X10'"^ sec., thus indicating an effective cut-off time somewhat less 
than this value. Other results set a lower limit on the total lag of about TXIO""® sec. The effec- 
tive working of the shutter is dependent on the following major factors: (1) purity of nitroben- 
zene used in Kerr cell; (2) resistance of leads to cell; (3) voltage applied; (4) capacity of cell; 
(5) steepness of voltage wave used to control shutter. Contrary to previous beliefs, theory and 
experiment show the best control voltage is only slightly under that giving 100% transmission. 
A graphical survey giving the step by step development of the breakdowm of a gap in an initially 
homogeneous field has been made for pressures from 20 to 76 cm and gap lengths from 1 to 10 
mm. 

3. The effect of pressure on the rate of fall of potential in condensed discharges. J. C. 
Street ant> J. W. Beams, University of Virginia. — The experimental method was essentially 
the same as one recently described (Street, Bulletin American Phys. Soc. Feb. 1931) and some- 
what similar to Toepler’s (Archiv fur Elektrot, 14, 305, 1925) though different in important 
essentials. Electrical impulses produced by the discharge under investigation traveled along two 
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parallel symftietrical lead wires to their open ends where they were reflected. The maximum 

potential across the two ends when measured as a function of the length of lead wires gave a 
curve from which the rate of fall of potential across the discharge was determined. Our results 
show that in the first part of the breakdown the resistance can best be represented as a function 
which decreases exponentially with time. When the potential was very slowly applied (static 
breakdown) the following are some of the results obtained for the decrease of potential with 
time: 


Pressure in 
cm of Hg 

Time of fall from 

100 to 20% 

38 

4.7X10-8 sec. 

54 

2.5 

75 

1.7 

95 

1.1 

115 

.8 

139 

.8 


The results are in general accord with the calculations of Schilling (Archiv fiir Elektrot. 25, 97, 
1931). Incidentally they indicate how to obtain a maximum rate of discharge for Kerr cells 
and illustrate how they are damped when used with short leads. 


4. On the formation of an arc or spark on interrupting an electric circuit. Thomas J. 
Killian, Massachusetts Institute of Technology. — There seem to be two possible sources of the 
spark or arc which results when a physical circuit, carrying unidirectional current, is opened. 
J. Slepian (J.A.I.E.E., Oct., 1926) has suggested that the initial ionization is due to the tempera- 
ture rise of the last contact point of the separating electrodes. i\t high breaking speeds this 
theory is subject to certain theoretical and experimental difficulties. If no conduction current 
flows immediately after the contacts are opened the charging current will cause the potential 
difference and the electric intensity between the contacts to increase. It is shown that the 
electric field may attain 10® to 10^ volts cm~^ at which values “field” currents may flow. When 
the potential difference between the electrodes is such that the electrons, which have been 
drawn from the metal by these intense fields, may produce ionization an arc or spark results. 
An analysis of oscillograms taken at various current densities and opening speeds seems to 
show that this mechanism may initiate the discharge. This may indicate a method of studying 
“field” currents at high densities which until now have only been studied at extremely low 
densities. 

5. Vacuum spark discharge. L. B. Shoddy, General Electric Co. {Introduced by A. W, 

Impulsive breakdown between pure copper electrodes in high vacuum has been in- 
vestigated by means of the cathode ray oscillograph and the rotating mirror. (See J. W. 
Beams, Review of Scientific Inst. 1, 667, 1930). The mirror photographs of the discharge show 
a luminous spot at the anode lasting from 1 to 4X 10~^ sec. and luminosity at the cathode start- 
ing slightly later (1 to 2 XIO"''^ sec.) than that at the anode and continuing throughout the dis- 
charge. The anode does not remain luminous unless the current is very large. The breakdown 
has two stages; the first a pure electron discharge, lasting less than 5X10”^ sec., followed by a 
low voltage copper vapor are. The volt-ampere characteristic of the high voltage stage follows 
the well known law for auto-electronic emission. From the volt-ampere curves the area of 
emission at the cathode can be computed (Stern, Gossling and Fowler, Proc. Royal, Soc. 124, 

1929). For two gaps investigated the areas were approximately 3 XIO""® cm^ and IXIO"® 
cm^. Using these areas and the rate of potential rise as determined by the oscillograph it is 
shown that in each case the anode spot at the time of breakdown reaches a temperature of 
approximately 2600'^C. Photomicrographs of the anode show craters of area agreeing well with 
the computed areas. Current densities, determined from the circuit constants and measured 
areas of the_cathode craters, range from 10® amps/cm^, at 5X10“^ sec. after breakdowm, to 
8 X 10® amp/cm^, at which value the arc goes out. 
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6. Oe tlie temperature of cathode in vacuum arc. R. Tanberg and W. E. Berkey, 
Westinghouse Elec. Mfg. Co., East Pittsburgh. {Introduced by Thomas Spooner. )"-PyTomtttic 
and spectroscopic tests show that the metal cathode spot in a vacuum arc is not at an extremely 
high temperature. The temperature of a copper cathode is measured by an optical pyrometer 
and found to be about 3000'’K in a 20 ampere arc. Spectroscopic examination of the cathode 
spot shows only a faint continuous spectrum indicating that the temperature of the cathode is 
not high. A temperature of the above magnitude is shown to be sufficient to give the rate of 
vaporization required under extreme assumptions. The results show that the high speed of the 
vapor stream issuing from the cathode region cannot be due to high temperature of the cathode 
itself. 


7. The cathode fall of an arc, R. C. Mason, Westinghouse Elec. ^ Mfg. Co„ East PtUs^ 
burgh.— To explain the mechanism of a mercury-pool arc, in which the cathode is at a relatively 
low temperature, Langmuir has suggested that electrons are extracted from the cathode by a 
very high field. Presumably, the same theory will apply to all arcs in which the cathode is not 
hot enough for appreciable thermionic emission. An analysis is presented in this paper showing 
that, under the same conditions, an arc in which the high field is operative should have a 
cathode fall several volts greater than an arc with a thermionic cathode. Upon either the 
classical Schottky theory, or the quantum mechanical theory of high field emission, the energies 
of electrons at the boundary of the cathode fall space will be several volts less in the high field 
arc than in the thermionic arc; so, to produce sufficient positive ions for space charge purposes, 
the cathode fall of the former must be greater than that of the latter. A test is thus suggested 
for the Langmuir theory of an arc. 

8. Measurements on the vapor stream from the cathode of a vacuum arc. W. E. Berkey 
AND R. C. Mason, Westinghouse Elec. & Mfg. Co., East Pittsburgh —The velocity of the vapor 
stream issuing from the cathode region of a vacuum arc between copper electrodes is calculated 
from (1) the energy received by a vane 3 cm in front of the cathode, as measured by the rate of 
rise of temperature; (2) the momentum imparted to the vane, as determined by the deflection 
of the vane. The mass used in the calculations is that of the copper deposited on the vane. The 
average velocity of the vapor, computed from data obtained by either method, is over 10® cm 
per second, confirming Tanberg’s momentum measurements. There is some evidence that the 
vapor is ionized to a considerable degree. Radiation from the arc, or energy of recombination 
on the vane, can account for only a small part of the total energy received by the vane. 

9. A method for the comparison of magnetic susceptibilities of feebly magnetic salts. 
L. G. Hector and Albin N. Benson, The University of Buffalo.— A method depending upon 
induced current phenomena may be employed for comparing the magnetic susceptibilities of 
substances whose electrical conductivity is small. The present method depends upon the com- 
parison of the alternating electromotive forces developed in two coils each of which is coupled 
to a field coil. A tube filled with the salt to be examined is then placed in one of the pick-up coils 
and a change in the coupling between the pick-up coil and the field coil is thereby produced. By 
means of a variable resistor shunted about one field coil a balance between the induced e.m.f. 
is restored. Comparison of the two induced alternating e.m.f. w’'as first attempted by means of a 
vacuum tube voltmeter, but slight irregularities in wave form and shifts in phase resulted in 
uncertainty in the readings. In the latest method, current from each pick-up coil is rectified by 
thermionic tubes and the rectified current is further smoothed out by filters. The potentials 
developed across the last condenser bank in each filter are then compared by means of a direct 
current galvanometer. 

10. Block structure and magnetic viscosity. Francis Bitter, Westmghouse Elec. & Mfg. 
Co., East Pittsburgh.— As a result of the work of Becker (Zeits. f. Physik 62, 253, 1930) and 
Powell (Proc. Roy. Soc. 130, 167, 1930) it is now possible to write the expression for the poten- 
tial energy of a single crystal as a function of the direction of magnetization in the crystal, say 
^>(0, H). This expression depends on the crystalline field, or {s, 1) interaction, and on the distor- 
tion of the lattice, and has, in general, several minima as a function of e. If the crystal is made 
up of regions of spontaneous magnetization, the equilibrium distribution of orientations is 
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given by an expression of the form exp. (-$.(0, H)/KT) where represents the potential 
energy of such a region. This distribution cannot in general be established in a reasonable time 

because of the existence of several maxima of If, however, we know the distribution of orient- 
ations,/, at a time ^ = 0 (say complete demagnetization, or saturation) then the distribution at 
a time t resulting from a change in H is given by the diffusion equation 

This equation has not been solved except for special and simple forms of A closer inspection, 
however, shows that a gradual "creeping” of magnetization will not, in general, occur unless the 
depth of the minima is comparable with KT. Since the depth of these minima depends on 
the volume of a region, magnetic viscosity phenomena in single crystals may eventually be 
used to determine the volume of the regions of spontaneous magnetization and so check the 
hypothesis (Phys. Rev. 37, 91, (1931)) that they are identical with Zwicky’s blocks. 

11. Magnetic proprties of magnetite crystals at low temperature. Ching-Hsien Li, Uni- 
versity of Illinois.—Thm circular plates cut parallel to the 100, 1 10, and 1 1 i planes of the magne- 
tite crystal were prepared. Both the perpendicular and parallel components of magnetisation at 
low temperatures down to that of liquid air were investigated by the method of torsion. It was 
found that the magnetic property of the crystal was abruptly changed at about —160 degrees 
centigrade. It seems that the elementary magnetic elements within the crystal are very easily 
rotated m the magnetic field at that particular temperature. This particular temperature corres- 
ponds exactly to the temperature at which the heat capacity of magnetite is suddenly increased 
to a maximum point as was found experimently by R. W. Millar two years ago. Weiss’ theory 
of the molecular field as applied to this change of specific heat and the corresponding change of 
magnetic property is in the process of investigation. 

. of heating on residual magnetism. R. L. Sanford, Bureau of Standards, Wash- 

tngton, D. C.— Experiments with a 0.63 percent carbon steel show that if the structure is 
amellar pearlite, consisting of alternate plates of iron and iron carbide, the residual induction 
reverses sign at a temperature of approximately 200°C and regains part of the magnetisation in 
the original direction upon cooling. If the temperature is raised to 800°C, the residual induction 
disappears and does not reappear on cooling. If the material is remagnetised in the original 
direction while at a temperature of approximately 26S°C, the residual induction decreases upon 
cooling and finally reverses at a temperature of about 30“C. Hardened steel does not reverse 
but the presence of very fine lamellar pearlite produces a reversal. Precipitated carbide pro- 
duced by reheating a hardened specimen does not cause the reversal. The lamellar structure 
appears to be necessary for the reversal. The first reversal can be satisfactorily explained as 
the result of the thermomagnetic transformation of the carbide plates which first reverse the 
magneH^tion m rte adjacent iron plates and then become nonmagnetic at the so-called 
point. The reversal after remagnetization at the high temperature is not so easy to explain. 

13. .^ual variations in magnetic storms. H. B. Maris, Naval Research Laboratory, 
Bellecm, Amcosha, D C.~A new list of magnetic storms for the years 1839 to 1930 shows an 
annual variation in the frequency of disturbances with two equal maxima about a week follow- 
ing the equinoxes and two equal minima at the solstices. The ratio of the maximum to the 

bv distribution of frequency Eis given approximatelv 

y the equation, E-.^(3 -f cos 2e), where 0 is the position of the sun on the ecliptic. Three groups 
recurrence interrupt the normal distribution curve. The first, 1840 to 
about February 20, the second group started April 10, 1854, and was in- 
19 iT «nd Pysistant with a two year period till 1875 and the third group started May 16, 
ieti/n ° ^"broken since then. The change from maximum to minimum frequency 

wMchIL ■•esult of three effects. The ultraviolet flair! 

which IS assumed to come from the solar latitude where sun-spots are observed, should increase 
m intensity as the earth increases its solar latitude. This would be expected to give a ten percent 
MuXrt t™ Expansion of the upper atmosphere as it is heated by the solar flair 

with f dvnTm^rff'^f TT Heaviside layer across the earth's magnetic field 

^ ith a dynamo effect which will decrease by about fifteen percent from equinox to solstice. 
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Winds blowing from day toward night will have a maximum dynamo effect in driving atmos- 

pheric electric currents at equinox. 

14. Magnetic properties of copper-nickel alloys. E. H. Williams, University of Illinois. — 
The magnetic susceptibility of alloys of copper and nickel in proportions ranging from 0.1 to 
70 peicent nickel have been studied. Although copper is only weakly diamagnetic it requires 
0.8 or 0,9 peicent nickel to neutralize this diamagnetic effect and 56 percent nickel is required 
before the alloy shows ferromagnetic properties at ordinary temperatures. For amounts of 
nickel from one percent up to 30 percent the alloy, while paramagnetic in most respect, does 
not obey any law of paramagnetism with regard to temperature. As the temperature is in- 
creased the susceptibility first increases and then decreases, the maximum occurring in the 
neighborhood of the Curie point for nickel. In the case of alloys containing more than 30 percent 
nickel the susceptibility decreases with increase of temperature for temperatures above 20°C. 
So far as the phenomena of increasing paramagnetic susceptibility are concerned there is at 
present no explanation. It has been suggested that a few atoms or molecules of nickel do not 
lose their magnetic identity in the alloy and that these atoms with their spinning electrons 
become more mobile as the temperature is increased. One objection to this is that the suscepti- 
bility is independent of the field. 

15. The origin of thermionic electrons from oxide coated filaments, R. W. Sears and 
J. A. Becker, Bell Telephone Laboratories, /nc.—The following experiments show that the emis- 
sion is determined by the condition of the oxide surface and not the core-metal surface as pro- 
posed recently by Lowry (Phys, Rev, 35, 1367, (1930)) and also Riemann and Murgoci (Phil. 
Mag. 9, 440, 19v>{|). (1) W hen barium is deposited on the oxide surface either by evaporation 
from an external source or by electrolysis of the oxide itself, the emission changes even though 
the temperature is so low that the barium could not diffuse to the core surface. (2). A removal 
of the oxide coating while the filament is at room temperature causes the emission as deter- 
mined at low temperatures, to decrease by a factor of 6000 or more. (3). When space charge 
limited current is drawn to a plate, the potential of a point in the oxide is always positive with 
respect to the core surface by an amount directly proportional to the current. If the current 
were cietermined by the core surface this potential should be negative and should not vary 
linearly with the current. The experimental facts adduced to prove a limitation by the core 
surface are not conclusive and can be explained on the view proposed here. 

16. Theoretical interpretation of experimental Richardson plots. W. ii. Brattain and 
J. A. Becker, Bell Telephone Labor atories, Inc., New York. — The theoretical equation for the 
saturation current is 

In/ - 21nr = !n.'l + f ^dT - = In.4 - ~ (1) 

A -4(1 —r'jnmk'Af; Irh is defined in terras of Lp, the total heat of evaporation per mole at 
constant pressure, b - (Lp^'R) — (ST/2) "a"’ is defined by Eq, (1). It is related to the free energy 
If ‘hP’ and “/>■* are functions of T, an experimental plot of \m ~2lnT vs. 1/7' will, in general, not 
be a perfect straight Hne. At any value of l/T a tangent can be drawn. Its slope is or 
[-~a-rT da/dT\ and the intercept is [\nA—da/dT] or [inA +(6“<z)/r]. Actually, db/dT is 
usual!}' so small tluit the mean straight line through the experimental points is practically coin- 
cident with the 1 angent at the mean value of 1/7’. If, as Herzfeld suggests, “fi” —hvo/k;the slope 
of the kichanlson plot equals ~(h/k) [po — T dpo/dT] where the slope, j'o, and dv^/dT all refer 
to Willies taken at the same temperature; the logarithm of the universal constant ^4 is equal 
to the intercept 'Y{h/k){dv^/dT ) ; also, the term ^‘work function” cannot, in general, be used for 
botii the slope of the Richardson plot and /ij'G. 

17. Influence of space charge on current fluctuations. E. W. Thatcher and N. H. 
Williams, University of Michigan. '—Cuxmnt fluctuations of two fundamental types are recog- 
nized in a circuit containing a thermionic element: (1) Those due to the discreteness of the 
carriers, go\'erned by probability relations applied to their departure from the cathode and col- 
lection at the anode. (2) Those due to thermal agitation of electricity in the circuit, analogous 
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to the Brownian fluctuation of particles in colloidal suspension. The influence of electron space 
charge on these fluctuations has been investigated with especially designed tubes. Precise meas- 
urements in this region have hitherto been unattainable on account of the inherent "mixed” na- 
ture of the emission from metal surfaces. Abnormalities arising from this source in tungsten and 
thoriated tungsten have been studied and controlled, A new treatment of the shot effect as 
applied to pure electron emission yields an expression for the ratio of the mean square value 
of the fluctuation voltage under given space charge conditions to that under strict temperature 
limitation of the current : 


II 




lo is the space current, i the saturation current associated -with a particular emitter tempera- 
ture, and their ratio characterizes the space charge situation. The influence of the frequency 
term has been shown to be vanishingly small over a range of frequencies from 50,000 pps. to 
500,000 pps. The function has been experimentally determined for various situations of 
current limitation. 


18. Supersonic satellites. W. H. Pielemeier, Pennsylvania State College. — As the path 
length in a Pierce acoustic interferometer was increased, satellites, or minor peaks, became more 
prominent in the curves which correlate theaic<:m of plate current over bias current. (Ip — Ib) , and 
the mirror position, (x). With the exception of the satellites these cuiv^es have a striking resem- 
blance to the curves which correlate the calculated sqiiare of the pressure amplitude in the air at 
the crystal surface and the mirror position, A wave velocity independent of intensity was as- 
sumed for the calculation. If it is assumed that the velocity of the waves decreases to the 
imiting value, V^{'yp/dft‘^^ with diminishing intensity, not only the shape of the satellites, 
but also their position is thereby explained. Measurements were made with several crystals. 
For each of the frequencies tested the acoustic velocity as determined by the satellite positions 
differed by less than 0.06 percent from the above limiting value. In every case the velocity, as 
determined by the major peaks, exceeds the theoretical value by more than O.S percent. Such a 
large shift could scarcely be a frequency shift as the resonance positions are approached. 

19. Canonical transformations and the vibrations of a loaded string. R. B. Lindsay, 
Brown University. — ^The classical method of discussing the transverse motion of a finite string 
of negligible weight fastened at the ends with tension r and loaded with particles of equal mass 
m and equally spaced at distances is that in which the Lagrangian equations for a system of n 
degrees of freedom are set up and integrated by means of determinant analysis. It is here 
shown that if we denote the coordinate and conjugate momentum of the .yth particle by p^ 
and perform the transformation to the new system Qs, Ps defined by the transformation func- 
tion 

6' = X) W2)W cot Qk r 

jfeaal L. J 

where = 2 sin and the form a set of parameters, the Hamil- 

tonian 

n n+1 

3 = l/2mr J^pk^Ar T/2aYjf,iqk-' 

'■ . ' kml , 

(with ffo—Yn+i transforms into iC sin The ca- 
nonical equations now lead to Pk = const, Qk = and the usual solution is at once obtained 

from = in the form 

' ' ^ ' ' ' ' ' 

sin 4- 
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. , ktml 

the Oik appear as the characteristic frequencies (multiplied by 2x). The generalization to the 
continuous string is immediate. The transformation = sin Q*- 



AMERICAN PHYSICAL SOCIETY 


1683 


sin kvx/l where I is the length and M the mass of the whole string, carries the Hamiltonian 
functional into H where now The energy fluctuation and quant- 

ization of the loaded and continuous strings are investigated, 

20. The elastic constants and the thermal expansion of a sample of rubber between room 
temperature and -30°G. W. W. Stifler, Amherst College, and Paul C. Mitchell, Missouri 
Valley College— A method has been developed by which the coefficient of linear expansion, 
Young’s modulus, and the coefficient of rigidity can be measured on the same sample of rubber 
at any temperature from that of the room down to -~30°C. For a particular sample, the thermal 
expansion proceeds quite regularly in this range but the coefficients of elasticity increase rapidly 
as the temperature is lowered. For example, at 22®C, Young’s modulus is 1.30X108 dynes per 
cm^ and at -~30°C it is 3.56 X 10® dynes per cm.^ 

21. Columns with variable end restraints. L. B. Tuckerman and Wm. R. Osgoot), Bu- 
reau of Standards . — Because of its importance in aircraft construction, the Bureau of Aeronau- 
tics of the United States Navy has supported an investigation of the strength of columns with 
variable elastic end restraints, the investigation covering the range of lengths for which the 
failure is partly elastic and partly plastic. A theoretical analysis led to the conclusion that satis- 
factory corrections could be made for a rigid end mounting, which greatly simplified the test 
apparatus. The test results are found to be expressed advantageously in terms of the dimension- 
less variables 

«r = P/{FcA), X = [l/{7rr)]{FjEyi\ « = l(2K)APl)] + 2s/l, 

where P = the maximum axial load which can be carried by the column. A =the cross-sectional 
area of the column, /'c^the short-column strength of the material, 22 = the modulus of elasticity 
of the material, /=the length of the column, r = the radius of gyration of the cross-section with 
reference to the gravity axis perpendicular to the plane of bending, /C = the coefficient represent- 
ing the end restraint, 5 = the length of the rigid portion at each end of the column. The dimen- 
sionless variables cr, X, and k render comparable test results on materials with different but affine 
stress-strain curves. Only by the use of these variables has it been found possible to coordinate 
all the test results which have been obtained. The variables X and <r have been used previously 
in other column investigations. (L. B. Tuckerman, S. N. Petrenko, and C. D. Johnson, “Strength 
of Tubing under Combined Axial and Transverse Loading,” N.A.C.A. Technical Note No. 307, 
pp. 3, 4, June, 1929.) 

22. Methods for measuring the coefficient of restitution. Lyman J. Briggs, Bureau of 
Standards . — A comparison is made of the following methods for determining the coefficient of 
restitution of elastic spheres, such as golf balls, when subjected to large deformations: 1. Bal- 
listic method, in which the ball is struck by a flat-nosed projectile, and ball and projectile are 
caught in separate ballistic pendulums (Thomas). 2. Normal rebound of a ball dropped from a 
knowm height onto a massive flat plate, correction being made for air resistance during both fall 
and rebound. 3. Photographic method, in which the relative speed of ball and projectile after 
impact is determined from two spark photographs. 4. Rebound from a smooth inclined plate, 
involving measurement of the angles of incidence and reflection. 

23. Velocity of sound in metal rods by a resonance method. Lehman C. Shugart, Lehigh 
University {Introduced by C, C. BidwelL)—A small coil is fastened to the end of the test rod and 
placed in a strong radial magnetic field. The coil is connected to the output of an audio-fre- 
quency oscillator. To the other end of the rod is fastened a carbon microphone button. At 
resonance frequencies corresponding to the fundamental or any overtone of the rod very sharp 
peaks are obtained in the microphone current. A correction must be made for the effective length 
of the rod due to the attachment of the driving coil and the microphone button. To get this 
correction, observation of the first overtone for a rod of twice the original length is made. The 
slight change in frequency enables the computation of the effective length. The equation is 
t? = 2«7-F4 Ai 2^, Value of velocity of sound for brass, steel and aluminum check very closely with 
the best published data. The method is being used for the determination of values in other 
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materials where data are lacking and especially for liquid metals. These may be contained in 
thin steel tubes, the peak for the resonance frequency in the liquid being easily distinguishable 
from that for the steel tube. 

24. The vibrations of a plate with fixed center. Robert Cameron Colwell, West Vir- 
ginia University. — A Chladni plate clamped at the center is usually set in vibration by bowing it 
at the edges. The sand figures formed in this way have been known for many years. If, however, 
a mechanical oscillator actuated by a vacuum tube is applied at different points on the plate, 
many new figures are formed. A few of these will be shown and a brief mathematical treatment 
given. 

25. The arc spectrum of nitrogen. 0. E. Anderson and K. R, More, University of 
British Columbia. {Introduced by G. M. Shrum.) — The arc spectrum of nitrogen has been excited 
with low voltage, hot cathode arcs in mixtures of nitrogen with helium, neon and argon. Duffen- 
dack and Wolfe (Phys. Rev. 34, 409, 1929) have used helium for the excitation of this spectrum, 
but it has usually been assumed that the lines could not be excited in argon. Since in these ex~ 
pei'iments the lines were observed in argon with an intensity of the same order as with helium, 
it has been necessary to revise the usual explanation of the excitation processes. When currents 
of the order of 1.5 amperes were used, the best results were obtained with 0.1 mm of nitrogen in 
1.5 mm of argon. The spectrum has been examined in the region 3400--6000A. As some of the 
weaker lines were obscured by the nitrogen band structure, which varied with the nature of the 
admixed gas, it has not been possible to show that all the lines excited by helium were present in 
the argon mixture. A comparison of the intensities of the lines carried out with a Moll register- 
ing microphotometer showed that the strong NI lines were as intense as the moderately intense 
argon lines. 

26. Activation of N 2 — Hg mixtures by illumination with light from a quartz Hg arc. B. L. 
Snavely and Louis A. Turner, Princeton University. — Illumination of a mixture of nitrogen 
and mercury (5 mm No, 0, 001 mm Hg) in a quartz bulb containing a 0.6 mil tungsten filament 
produces a lowering of the resistance of the filament if it is originally at 400 ®C. This is the same 
effect which Kenty and Turner (Phys. Rev., 32, 799 (1928)) found to be produced by active 
nitrogen and is presumably attributable to atomic nitrogen. Apparently the excited mercury 
atoms activate the nitrogen in some way. The effect is obtained only with the water-cooled arc, 
showing that the absorption of the 2537 line is involved. The effect is not obtained in similar 
helium-mercury mixtures. Rough preliminary measurements indicate that the magnitude of the 
effect is proportional to the first power of the intensity of the light. 

27. The dissociation of excited iodine molecules by collision with argon atoms. Louis A. 
Turner and E. W. Samson, Princeton University. — By means of the absorption of the reso- 
nance line of the iodine atom (X = 1830A.) it has been shown that iodine atoms are produced 
upon illumination of an iodine-argon mixture (0.3 mm I 2 , 5 cm A) with continuous light of 
wave-length greater than 5100A., from a carbon arc. Absorption of such light should produce 
excited iodine molecules and not lead to direct optical dissociation. Apparently the excited 
molecules dissociate upon collision with argon atoms, as we might infer from the quenching of 
the iodine fluorescence by argon, as observed by Franck and Wood. 

28. On the excitation of continuous spectra by bombardment of gases and vapors with 
cathode-rays. Willi M. Cohn, University of Berlin. {Introduced by Otto Glasser.) — It has been 
observed that gases or vapors which are bombarded by cathode rays, will emit under certain 
conditions a blue light the spectrum of which is continuous and has a maximum of intensity 
(photographically determined) at 4500A. The spectrum has been observed from 6200 to 3000 A. 
The spectra received are not dependent on the kind of the ions generated. The light emitted 
is not polarized, but x-rays are generated. A working hypothesis is given in which is shown that 
the emission of the continuous spectrum may be produced by a mechanism similar to that of the 
continuous x-ray “Bremsspectrum.” 
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reported a continuous spectrum from metals bombarded by 1000 volt electrons (J. 0. S. A. 9, 
541, 1924). Preliminary measurements have been made of the intensity distribution of this 
radiation in the ultraviolet, from tungsten at voltages from 500 to 1200. At 800 volts the inten- 
sity J{\) increases regularly with decreasing wave-length, being about 3 times greater at 2800A 
than at 3 700 A. Between 500 and 1200 volts, the intensity distribution remains much the same 
and the intensity increases 2-fold. These results may be subject to an uncertain correction for 
electrons striking the stem instead of the target face. 

30. Radiation from metals bombarded by low speed electrons. F. L. Mohler and C. 
Boeckner, Bureau of Standards.— A paper presented at the New York meeting (No. 28) de- 
scribes continuous spectra emitted by metals bombarded by large electron currents at low volt- 
age, using the metal in the form of a small probe surface in a caesium or helium discharge 
Measurements have been made with Be, Al, Cu, Ag, W, Pt, and Th in caesium discharges! 
Above 5 volts all except Ag and Cu give a spectrum of nearly equal energy per unit wave-length 
range. Ag is abnormally bright for wave-lengths longer than 3300A and Cu has a minimum in 
the green and yellow. Absolute intensities remain of the same magnitude with the same excep- 
tions. The curves of isochromatic intensity versus voltage are very different. For Ag the inten- 
sity increases almost linearly from the threshold to 10 volts and more slowly beyond; for IT it 
increases at an accelerated rate to 7 volts, is nearly constant to 12 and increases beyond. The Al 
curve has a high maximum at 12 volts and increases again above 16 volts. These variations 
(notably the Al maximum) are more pronounced at shorter wave-lengths. The intensity differ- 
ences between Ag and W remain qualitatively similar in Cs and He discharges. 

31. The blue-green fluorescence of mercury vapor. Paul D. Foote, Arthur E. Ruark 
AND R. L. Chenault, Gulf Research Laboratory and University of Pittsburgh. —VimoX photo- 
metric measurements were made on the blue-green fluorescence of Hg vapor excited only by the 
core of 2537. At the temperatures employed (21 and 33X) the green glow cannot be seen in the 
absence of foreign gas. On adding a few millimeters of nitrogen to bring sPj atoms down to 

it is bright. The intensity of the fluorescence increases to a maximum at 13 millimeters of 
nitrogen and then slowly fades as the pressure is increased. Using calibrated wire gauze screens 
to vary the intensity I of the exciting light, it was found that the fluorescent intensity Pis 
definitely not a linear function of J. It obeys the equation j+aj^’^^bf where j=^J/Jo and i 
« 1/ h; J 0 and h are the values obtained wdthout screens; and a and b are constants for a given 
temperature and nitrogen pressure. Whatever be the molecule involved in the emission of the 
4850 band, these experiments indicate that a =^Po atom is essential to its formation. The observed 
dependence of j on i can apparently be explained by assuming the active molecule contains two 
nietastable atoms. 

32. Direct measurement of r. H. D. Koenig and A. Ellett, State University of Iowa . — 
Ever since the well known experiments of Dunoyer (Le Radium 10, 400, 1913) there has existed 
the interesting possibility of measuring the time between absorbtion and subsequent remission 
of radiation by an atom by observing the displacement taking place in this period because of 
thermal agitation. And it is equally well known that for such thermal velocities as are available 
in the laboratory the displacement in secs, (the order of magnitude of the time usually in- 
volved) is too small to be measured. The depolarization of cadmium resonance radiation by 
very weak magnetic fields shows that r for the 2^Pi state of Cd is unusually large. A beam of 
cadmium atoms was shot through a narrow perpendicular beam of X3 261 radiation. The illu- 
minated part of the beam was screened from the camera. Atoms excited in the light beam and 
radiating after they had passed beyond the screen produced a blackening on the film densest Just 
beyond the screen and perceptible for a distance of four millimeters. No blackening appeared 
below the screen showing that the spread above it was not due to secondary resonance. Photo- 
meter curves of the blackening are not yet available, but it is evident that r is of the order of 
magnitude of 10”® secs. 

33. The average life for the line 2733A of ionized helium. Louis R. MiVXWELL, Bartol 
Research Foundation, Swarthmore, Pa . — ^The line 2733 A. (6~>3) of ionized helium is made up of 
five lines (negiecting spin) whose average lives have been calculated according to the method of 
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Sugiura. The results obtained using Kupper’s (amplitudes)^ are: 6i-»3o(2.S9X10“5 sec.), 6i-^32 
(2.S9X10-* sec.), 6o-^3i (9.06X10-8 sec.), (1.52 XIO"® sec.) and 6.-^3! (7.44X10-® sec.). 

The experimental method used by the writer for determining the average life of excited ions has 
been applied to this line (2733A) and it is found to exhibit a displacement under the action of 
the transverse electric field which is slightly greater than would be calculated on the basis of the 
above values for the mean lives of the fine structure lines. This difference is probably caused by 
transitions into the sixth quantum state from higher excited states which would produce an 
apparent longer mean life and hence give too great an experimental displacement. However the 
experimental results obtained agree approximately with the above calculated values for the 
average life. 

34. Mean life of the mercury line X2537. Paul H. Garrett and Harold W. Webb, 
ColuMhia University . — ^Themean life of the mercury line X2537 was measured by the alternating 
voltage method previously described (Phys. Rev. 24, 113, (1924)). The radiation was excited in 
a quartz tube by impact with electrons from a hot cathode. The photoelectric system was con- 
tained in a separate tube also of quartz. The surface was zinc evaporated on a nickel plate. 
Measurements of the apparent life were made with diminishing mercury vapor pressures until 
further reduction of pressure produced no change in the measured rate of decay of the radiation. 
At these low pressures (below 3 X10“'^ mm for the geometry used) the absorption and re-emis- 
sion of the radiation was negligible and the true life of a single excitation process was measured. 
This was found to be 1 .08 X 10"^ sec. with an estimated precision of one percent. 

35. Life of the nitrogen molecule in its first excited vibrational state. M. L. Pool, Ohio 
State University . — Curves showing the rate of decay of the metastable 2®Po state of the mercury 
atom in a quartz resonance cell, containing carefully purified nitrogen at room temperature, are 
not accurately exponential. The rate of decay in the neighborhood of 10 ^ sec. after terminating 
the optical excitation is more rapid than later. A high concentration of nitrogen molecules ex- 
cited to the first vibrational state of the zero electronic state might be expected, due to collisions 
of the second kind with the 2^Pi state in mercury. It is assumed that in addition to usual diffu- 
sion and dissipative impacts with unexcited nitrogen, the decay of the number of metastable 
mercury atoms may be influenced by dissipative impacts with these excited nitrogen molecules 
whose number decreases with time by diffusion and by dissipative impacts. An equation for the 
number of metastable atoms is then obtained of the form exp [Q:^-|-i4(exp ^^ — 1)]. Evaluation 
of the constants from experimental data gives the following: Life of in first excited vibra- 
tional state, 1.2 to 1,9X10"^ sec. depending upon pressure; probability of dissipative impact, 
1.5 XIO-^ maximum life of 2^Pq state of Hg, 30X10“^ sec; probability of dissipative impact, 
3.5X10-® 

36. High dispersion in the near infrared. J. D. Hardy, National Research Fellow, Uni- 
versity of Michigan.— Using a Pfund type of spectrometer, with a five inch 1500 line grating and 
especially long focus mirrors, it has been possible to obtain an experimental resolving power of 
20,000 in the region between one and two mu. Using the grating in the first order, the 10830A 
helium line was resolved into two distinct components, of separation I.IA. The effective slit- 
width in the l.Sju region could be made as small as 0.2 A and due to the excellence of the optical 
system the grating remained completely filled with light. Several other helium doublets have 
been resolved and the relative intensity of the two components compared. While testing out 
sources for hollow-cathode-exitation several lines in the neon spectrum were discovered. For the 
most part they have been classified as belonging to already established series. 

37. Polarized fluorescence studied by means of a nicol, photocell and amplifier. D. R. 
Morey, Cornell University. {Introduced by C. C. Murdock.)— It becomes a difficult matter to 
measure the percent of plane polarized light in weak radiations by means of visual devices. This 
is a serious disadvantage in the study of fluorescence, for polarization measurements yield valu- 
able information on the fluorescent process. A high quality nicol, with ends perpendicular to the 
length, rigidly fastened to a photoelectric cell may be made to analyze radiations too weak for 
visual instruments. The types of cell and amplifier to be used are somewhat dependent on the 
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nature and intensity of the source. Using such an instrument, the effect of inhibitors (KI, KCN, 
NaBr, etc.) on the polarization of fluorescent bands has been studied. The results strengthen the 
present view on the nature of fluorescence. 

38. Total emissivities at low temperatures and departures from Lambert^s cosine law« 
E. R. Binkley, Lehigh IJnmrsUy. {Introduced by C, C. Bidwell, )—Emhsivity of oxidized copper, 
nichronie, brass, cold rolled steel, and of aluminum were measured with a special form of total 
radiation pyrometer which had a slit opening and linear thermopile, permitting observations 
at nearly grazing angle. (Observations were made at temperatures 100®C, 200°C, 300°C, 400®C, 
500 °C, on each surface and at each temperature at angles ranging from 0® to 85°. The instru- 
ment was calibrated on a camphor blacked surface assumed at 98% black body, Lambert’s 
cosine law is found to hold at angles of observation above 60° but an increasing deviation is 
found for all surfaces when the angle is reduced below 69°, the deviation at 85° becoming as 
much as 30% for copper, 39% for rolled steel, 56% for nichrome. The value of normal emissivi- 
ties for the various surfaces at 500° were as follows: copper 0.74; nichrome 0.95; brass 0.68; cold 
rolled steel 0.93; aluminum 0.29. There was found to be a rise in emissivity with temperature. 

39. Absorption and temperature emission of neodymium in various solvents. R. W. Wood, 

Johns Hopkins University, -A solid solution of neodymium oxide in fused quartz was drawn 

out into fibres about 0.3 mm in diameter, and a fiber mounted vertically in a bunsen flame. It 
glowed brilliantly and when viewed through a direct vision prism exhibited a spectrum consisting 
of a green, yellow and red band with perfectly dark regions between them. (Experiment shown.) 
This is undoubtedly the best example of a highly selective temperature radiator ever observed. 
Seven bands have been photographed between the blue and 0.9/^. An interesting study has been 
made of solutions of various colored salts in liquid anhydrous ammonia. The rather wide band 
in the yellow of neodymium ammonium nitrate splits up into five narrow bands. These have 
been compared with the bands shown by the crystals at liquid air temperature and in solid 
ammonia. Some results of interest in connection with ray filters have been secured with the 
ammonia solutions and it seems possible that a suitable filter for giving a comparison spectrum 
in stellar spectra made with the objective prism may be constructed along these lines. Exhibi- 
tion of stereoscopic photographs illustrating the orbital motion of the electron in the Stark effect. 

40. Pascheii-Back effect and hyperfine structure of Bi II. J. B. Green, Ohio Stale UnU 
versify, (John Simon Guggenheim Memorial Fellow, Univ, of Tubingen .) — The Zeeman effect in 
Bi II has been studied in a field of 34,000 gausses. The hyperfine structure of Bi II shows some 
very large separations and the Zeeman patterns yield very interesting results, since the field 
strengths available give separations that are about midw^ay between “weak” fields and “strong” 
fields. In particular, X5719, a l->0 jump inj, gives a completely resolved pattern in the perpen- 
dicular polarization, consisting of twenty components, twelve for Mj — l and eight for nij^ —1, 
thus verifying the nuclear moment of f ~4 1/2 for Bi. Fisher and Goudsmit’s results for the 
hyperfine structure in Bi II were used. 

41. Effect of combined electric and magnetic fields on the helium spectrum IL J. S. 
Foster, McGill University, —In electric and magnetic fields crossed at right angles, the diffuse 
and fundamental series of helium show a fine structure which is sensitive to changes in the 
electric fielci. Effects are similar for members of a single series and differ little from the normal 
Zeeman effect in the sharp and principal series. The splitting has been found to be less than 
iiormai in the p — p combination series. A full account of this research will soon appear. 

42. The Stark-effect in xenon. H. W. Harkness and J. F. Heard, McGill University. 
{Introduced by J, S. Foster .) — ^Earlier results with complex spectra have been interpreted to show 
that displacements of spectral terms by electric fields are inversely proportional to the corre- 
sponding hydrogen difference provided the latter are not too small. This view^ altogether fails 
to account for the present observation. Instead, a qualitative explanation of most displace- 
ments is afforded through the separations of the xenon term from its neighbor in the manner 
indicated in the approximation made by Pauli. Some of the red lines show more complex pat- 
terns than have been found in the other rare gases. In contrast with helium and neon these pat- 
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terns indicate that the m values are determined as components of the j, which is retained as a 
unit. For example, the line 2pi~-6d^ (j :4— >3) shows four tt components and five o- components, 
i.e. all that could be observed if the separations in the 2pa state are small. 

43. Asyimnetry observed in the Stark-components of Ha. D. R. McRae, McGill Uni- 
versity. {Introduced by J. S. Foster.)— A special grating, with a dispersion of 3.8A/mm., having 
a very intense first order spectrum on one side, has been used to resolve the Stark components 
of Ha as seen from a Lo Surdo source. An asymmetry is observed in the displacements of the 
components, which is in general qualitative agreement with the calculations of Schlapp. There 
are certain discrepancies, however, which have not been explained. An asymmetry in the rela- 
tive intensities of the components has also been observed. This asymmetry decreases with lower 
gas pressures, or with increasing proportions of helium, neon, or xenon in the discharge tube, 
until there is agreement with theory when traces of hydrogen are present in these gases. It may 
be shown that altering the number of atoms in the initial states does not explain completely the 
observed asymmetry. Since the probabilities of transition agree with expeiiment in the cases 
mentioned it seems that the presence of neighboring hydrogen atoms or molecules may in some 
way alter the intensities by an action such as collisions of the second kind; but it is difficult to 
see how this could be carried out in the selective manner required to explain the observations. 

44. The electric field, atmosphere and effective temperature of the sun. Ross Gunn, 
Naval Research Laboratory, Washington, D.C.— The study of important electromagnetic effects 
in the solar atmosphere undertaken in previous papers is continued. It is shown that the large 
observed spread of effective temperatures of the sun’s radiation can be accounted for by the 
presence of electric and magnetic fields in the solar atmosphere. The magnitude of the electric 
field at a level where the magnetic field is 25 gauss, calculated from the observed spread of tem- 
peratures, is found to be 0.015 volts/cm and agrees well with 0.013 volts/cm calculated earlier 
from the observed anomalous motions of the solar atmosphere. Gravitational equilibrium is 
found to be unnecessary in all regions of the atmosphere and it is shown that the “support” 
and stability of the chromosphere and its anomalous eastward motion are evidences of precisely 
the same electromagnetic mechanism. An electric field of the value given above is shown to 
account qualitatively for certain bright line spectra of the sun. The strange observed relation 
between bright line spectra and rapid axial rotation of stars, just announced by Dr. Struve of 
the Yerkes Observatory, confirms in a striking manner some of the conclusions of this and earlier 
papers. 

45. Some new relations in tlie photographic effects of alpha-rays. T. R. Wilkins and 
R. Wolfe. Institute of Applied Optics, University of Rochester. — Jacobsen has recently shown 
that the number of grains made developable in a photographic plate is proportional to the den- 
sity provided this number does not exceed 200,000 per sq. mm. The number of developable 
grains was assumed equal to the number of alpha-particles. In the present work alpha-rays of 
various speeds have been used with Eastman Slow Lantern plates. For a given exposure time 
the density is found to be proportional to the number of alpha-rays at least up to 1.5 X 10® per 
sq. mm determined by a direct scintillation count (density 1.39). It would seem that the lack of 
linearity in previous work has been due to a variable exposure time. The slopes corresponding 
to increased exposures are a linear function of the exposure time up to 40 hrs. Thus there is a 
very marked reciprocity defect in the density amounting to approximately 50% for a 60 hr. ex- 
posure. Equations connecting the number of grains per cc of the emulsion with the number of 
alpha-particles have been obtained. Provided that the reciprocity correction for a given emul- 
sion has been determined, the photographic plate offers a splendid quantitative means for alpha- 
ray counting. 

46. Continuous ultra-7 spectrum explaining cosmic-ray ionization-depth curve data. 
Charles M. Olmsted, Buffalo, N.Y. — It is shown that the ultra-7 cosmic-radiation data pub- 
lished by Millikan and Cameron, (Phys. Rev. 37, 235 (1931)) may be completely explained by a 
continuous spectrum of energy falling off suddenly on the short wave side of 0,OOOOi3A (as 
determined by the Klein-Nishina formula; iu=0.03) and extending on the long wave-length side 
with evenly varying intensity to beyond O.OOOSTV. Tables of values of intensity of ionization 
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for different values of ju and X are given. Tables comparing the computed values of ionization at 
various depths with the values observed by Millikan and Cameron are given. It is shown that 
the absorption curve coinpiited from the continuous spectrum coincides with the observed curve 
as closely as does the curve computed by Millikan and Cameron from a group of four bands 
having frequencies corresponding to the formation out of hydrogen of helium, oxygen, silicon, 
and iron. The location of the short wave end of the spectrum at a fi'equency corresponding to the 
union of electron and proton, together with the shape of the intensity curve, is discussed from 
the point of view of astrophysics. 

47. Wave packets. D. G. Bourgin, University of Illinois. — (I) The formal character of 
wave packets follows from the equivalence of harmonic and damped waves in representing dis- 
turbances. Real integrals are thus replaced by equivalent complex contour integrals. A true 
‘^stationary phase” principle depends on certain "sattel-punkt” contours and is described phy- 
sically as tlie resultant of a group of damped harmonic waves of varying amplitudes but identi- 
cal fdiases. The “Kelvin stationary phase” principle is misnamed since there, amplitudes, not 
phases, are constant. Huyghen’s principle for odd, non-isotropic negligibly absorptive spaces 
may be generalized by correlating “paths,” extensions of rays, with classes of spatially damped 
waves. (II) Flarnm, Phys. Zeits. Dec. 1928 and others attempt to construct permanent atom 
parkctsof the form 

Hx,l) = z”("0 (1) 

witli independent X’s (considered atomic characteristic values). This procedure is incorrect for 
not only is ./;;/# infinite but, under some convergence restrictions (1) in its space dependence 
is an ■•almost periodic function” i.e. each set of regional values is almost reproduced an infinite 
number of times contrary to the assumption “nur in einem beshrankten Bereich . . . merklich 
von Null vershieden.” 

48. Wave mechanics of electrons in uniform crossed fields. Milton S. Plesset, Yale 
UnwersUyr-We consider the motion of electrons in a uniform magnetic field H in the s-direction 
and a uniform electric field E in the y-direction. We take for the vector potential A = -illy and 
for the scalar potential -Ey. With these potentials the wave equation does not contain x 
explicitly, and the solution may be written as where ^n{u) is the orthogonal 
function of Hermite (tlie characteristic function for the simple harmonic oscillator) ; 

u - {2kY^‘^[y — TvlkViKwmeE — akh)]\ k ~ 'KeEjlic. 

The energy is related not only to the values of the fields E and H and to the integral values w, 
but to the arbitrary constant a as well. The component of the current density in the y-direction 
vanishes identically; and for the component of the current density in the a:-direction we have a 
function of y alone which is 

Thusjx vanishes at the n roots of and at y = -Tta/kh; for this latter value the current reverses 

its direction. 

49. Oscillations due to corona discharges on wires. R. E. Taepley, J. T. Tykociner and 
E. B. Paine, University of Illinois. — An experimental arrangement was used in which the elec- 
tric constants of the circuit containing a corona tube corresponded to much higher frequencies 
than could be recorded by a reflecting mirror oscillograph. By amplifying the corona currents 
300 to 3000 times it was found with this oscillograph, which was insensitive to circuit oscilla- 
tions, that corona discharges produce a new type of oscillations whose chief characteristics are 
as follows: The frequency (2000-10,000 cycles) is independent of circuit constants. The ampli- 
tude decreases with increasing applied potentials. The ivave has a complex form of distinct 
ripples superimposed upon the charging a.c. or upon the steady part of applied d.c. The wave 
form depends on the pressure and nature of the gas and on the polarity of the wire. The wave 
form varies for different gases but the character of the oscillations remains the satne for air, 
CGj and Nj. The wave form becomes simpler with decreasing gas pressures especially with 
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CO 2 . At high pressures the oscillations appear superimposed on the corona humps of the charg- 
ing current at moments when the wire is the cathode, but at lower pressures oscillations ap- 
pear only when the wire is the anode. No oscillations are obtained with oxidized or corroded 
wires. Details of the investigation will be published in a bulletin of the Eng. Exp. Station, Uni- 
versity of Illinois. 

50. Detection and comparative measurement of ionization in dielectrics by means of os- 
cillations. J. T. Tykociner and E. B. Paine, University of Illinois. — In the study of dielec- 
trics subjected to high potentials, minute voids and adsorbed gas bubbles give rivse to ioniza- 
tion. The latter causes a redistribution of the electric field with the result that impulses of vary- 
ing intensity are produced in the adjacent circuit. These impulses are made use of in a method 
for determining the potential at which ionization sets in and for comparing its intensity at vary- 
ing applied voltages. If the circuit which contains the dielectric is aperiodic and is coupled to an 
amplifier supplied with a detector and current indicator, the impulses may be separated from 
the charging a.c. A more sensitive arrangement is obtained by tuning the circuit to a con- 
venient frequency. Impulses in form of damped oscillations are then produced which are en- 
tirely free from the a.c, component of the charging source. With four stages of amplification, a 
thermionic detector and a thermionic voltmeter early stages of ionization in various dielectrics 
and the dependence of the ionization in various dielectrics on the applied voltage was studied. 
It was found that oscillations of any chosen frequency (100 to 30,000 k.c.) can be produced in a 
circuit by corona discharges in condensers, paper cables and rubber insulated conductors and 
their intensity measured by this method. The complete investigation will be published in a bul- 
letin of the Eng. Exp. Station of the Univ. of Illinois. 

51. Some properties of foreign and domestic micas. A. B. Le wis, E. L. Hall and F. R. 
Caldwell, Bureau of Standards, Washington, D.C. — -A number of samples of mica, fairly repre- 
sentative of the major sources of the world’s supply of mica, have been tested for their dielectric 
constant, power factor, dielectric strength, and ability to withstand elevated temperatures. 
Average values are given for the dielectric constant and power factor at radio freciuencies, and 
for the dielectric strength at 60 cycles. The data indicate the deviations from these average 
values which must be expected in commercial lots of mica. It is shown that stains and inciusions 
seriously affect the power factor of a sample, but have much less effect on the dielectric strength. 
Most of the samples were unaffected by exposure to temperatures up to 600°C, but above that 
temperature only the phlogopites can be said to have successfully withstood the elevated tem- 
peratures. On the basis of these data it was not possible to distinguish between micas of like 
commercial grades obtained from different geographical localities. 

52. Cathode sputtering in a commercial application. H. F. Fruth, IFesfer??. Electric Com- 
pany, Hawthorne Statmi, (Introduced by 0. S. Duffejidoch.) — Three sputtering units, each one 
having six cathodes were designed and operated by one man. These units are used to produce the 
gold contact surfaces on broadcasting microphone diaphragms. In order to get good continuity, 
adherence, and uniformity a special method of preparing and cleaning the surface was de- 
veloped, To produce a uniform quality surface and sputtering rate a bleeder valve to control the 
vacuum to ±0.05 mm was developed. Sputtered gold surfaces on duralumin microphone dia- 
phragms proved to be more free from pinholes, blisters and corrosion and gave better service 
than those made by electrolytic plating. On account of a lighter coat possible the diaphragms 
can be stretched to a higher natural frequency and show less fatigue. 

53. Wave form of pulsating D.C. currents produced by FG-67 thyratrons. Wayne B. 
Nottingham, Bartol Research Foundation.-— k cathode ray oscillograph has been used to study 
the wave form in different parts of an "inverter” circuit using two General Electric FG-67 Thy- 
ratrons. (For the simple inverter circuit see Fig. 41, Hull, Gen. Elec. Rev. 32, 398, 1929). With 
the cathodes heated by independent 60 cycles, A. C. windings an "output ” can be taken from 
the lead between the cathode and the negative terminal of the D. C. plate supply. The current 
flowing in this lead can be made of the "square-top” type up to a frequency of about 6000 cycles 
per second. The circuit conditions including the plate potential are critical at the highest fre- 
quencies while at 500 to 1000 cycles, it is easy to obtain the desired wave form with a wide range ' 
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of current and potential conditions. Under the best conditions the time required for the current 
to rise from zero to its full value was probably not more than 30 microseconds and a slightly 
shorter time was required for the current to fall from full value to zero. The exact wave form 
depends on the inductance, capacity and resistance of the D. C. supply. This system has been 
developed to heat a filament for the investigation of thermionic emission with low accelerations 
and retarding fields, but undoubtedly has other possible applications. 

54. The starting-time of thyratrons. A. W. Hull and L. B. Snoddy, General Electric 
C 0 nipany.--Startlng~tlme is flefmed as the time between the application of grid or plate voltagCj 
and the attainment of full arc current. This time has been studied by means of high frequency 
alternating voltage, condenser discharge, and cathode ray oscillograms. The observed times 
depend upon vapor {iressiire, and upon anode and grid voltages, and lie between one-tenth (0.1) 
microsecond and 4 microseconds under practical conditions for all commercial thyratrons. Times 
of the onler of one thousandths (0.001) second, as reported by Nottingham, (Journal Franklin 
Institute 211, 271 , March 1931) have not been observed, 

55. Magnetic induction in a projectile shot into a steady field. L. Thompson and N. 
RiFFoi/r, Naval Proving Ground, Dahlgren, Fa.~For the solution of the equation of interior 
ballist ics it is essential to define the powder burning and bore dissipation functions appropriate 
to the system. 'Hiese f'an he identified by experimental firing which obtains pressure and dis- 
placement of projectile as time distributions. The present experiment measures projectile dis- 
placement by use of gun coils, mounted at intervals along the bore. A steady current is estab- 
lished in the coils before the. round is fired. As the base of the projectile passes from a coil the 
transient elect roinoii\'c forces de\’elop a small change in the primary current, the oscillographic 
record of tlie serr<ndar)' impulse having a form facilitating accurate time evaluation. Absolute 
position at the instant of current maximum, can be checked for new conditioning by means of 
external screens times of contact being superposed on the record. The coils are the basis, also, for 
an empirical method of measuring ejection velocities at high angles of projection, and aboard 
ship. Magnet ii: lag measurement for this cycle of short duration, .001 second or less, may be 
practicable with a coil set external to the gun, utilizing difference between flux values for pro- 
jectile at rest and in motion and with compensation for eddy current. 

56. A method for precise speed control developed in connection with an absolute measure- 
ment of resistance. h'KANK Wknner and Chester Peterson, Bureau of Sia 7 idards, Washing- 
ton, /2.(7. -"Any absolute measurement of resistance inherently involves a measurement of 
length and of time. In one of the methods on which we are working in the Bureau of Standards 
time enters as the speed of rotation of a direct-current motor. It is not necessary that the speed 
over very short periods of time be highly constant, but over periods of about 10 seconds and 
longer the average speed should be constant and known to within one part in 200,000. On the 
shaft of the motor there is a 1000-cycle generator whose electromotive force is synchronized with 
a 1000-cycle electromotive force obtained from a piezoelectric oscillator. Synchronization is 
secured by rectifying and amplifying the instantaneous sum of the tw^o electromotive forces. 
The amplifier output current has an average value depending upon the phase angle betw’^een the 
two electrical systems. This current actuates a relay controlling power applied across a heavy 
inductance in one of the armature leads. As a consequence, the average speed of the motor is 
constant to the same precision as the oscillator frequency, which is stable to within a few parts 
in ten million. Tlie method of control requires an oscillation of the speed about the average. 
This oscillation is of short period and small amplitude. 

57. Resistance-temperature law for oxides. J. A. Osteen, Lehigh University. {Introduced 

by C. C, BidweU.y—Bidwdl showed that the resistance temperature law for certain variable 
conductors (oxides, etc.) was of the form Plotted in the form ( — l/p)(dp/dJ') 

= {Q/{RT-) ] -a he obtained for Fe 203 straight lines with a break near the recalescence point, 
the two lines having the same y intercept but different slopes. This law was also followed by me- 
tallic germanium. The present paper extends this work to zinc oxide and beryllium oxide. Beryl- 
lium oxide yields two straight lines showing a transition at 750°C. Zinc oxide yields two straight 
lines with a transition in the interval 250*^0— 500°C. The two zinc oxide lines have different 
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slopes but the same y intercepts. With successive heatings to 1050 °C there occurs continued 
decreases in the slope of the line for the 500°C — 1000 °C range but no change in the y intercept. 
The line for the range 0®C— 250°C changes on successive heatings to 1050°C and finally stabi- 
lizes to a value of slope and intercept which repeats on succeeding runs. On the suggestion that 
the indicated transformation was due to impurity, new material of special purity prepared by 
the New Jersey Zinc Company was studied. The behavior of this material was found to agree 
closely with that of the earlier specimen but gave a more clean cut transformation. 

58. High resistances made from metallic oxides. E. R. Mann and D. R. Morey, Cornell 
Univ, {Introduced by C. C. Murdock.) — ^The object has been to find a simple and rapid means 
of making high resistors (10^ to lO^^ ohms) of good quality. Resistors are made by mixing metallic 
oxides in suitable binders of an insulating nature. In all specimens, an ageing procCvSs occurs. 
In certain cases, most of the ageing occurs within a few hours and the resistors show but small 
and slow changes thereafter. In this there is the advantage of the use of the resistor within a 
short time after it has been made. A further advantage lies in the extreme ease of making. In the 
matter of size and ultimate constancy these resistors are not superior to some other types made 
by more painstaking and laborious methods, yet they will serve excellently for many purposes. 
A large change with temperature is present in most specimens. They have been tested for devi- 
ations from Ohm’s law and for small fluctuations under working conditions. 

59. A new theorem concerning temperature-compensated millivoltmeters used with shunts 

for the measurement of current. H. B. Brooks, Bureau of Standards, Washington, D. C. — 
Millivolt meters are essentially permanent- magnet moving-coil galvanometers for laboratory or 
switchboard use. The moving coil is of copper or aluminum wire of high temperature coefficient, 
hence for a given applied voltage the resulting current and deflection will vary greatly with 
changing temperature. Millivolt meters are partly or wholly compensated for temperature by 
connecting a manganin coil in series with the moving coil. To obtain complete compensation 
in this way requires, on the average, about 200 millivolts at the millivoltmeter terminals for 
full-scale deflection. This is undesirably high, and the Swinburne method is therefore used to 
get complete compensation with about 50 millivolts for full-scale deflection. Either kind of com- 
pensated millivoltmeter, used with a shunt for current measurements, is compensated (as an 
ammeter) only when the resistance of the shunt is small relatively to the resistance of the man- 
ganin coil in the millivoltmeter. One maker of high-grade compensated millivolt meters does not 
care to supply shunts with a rating of less than 30 times the full-scale current of the millivolt- 
meter. A simple theorem has been found which applies to either type of compensated millivolt- 
meter and removes the limitation against low-range shunts. 

60. An experimental study of the natural widths of the x-ray lines in the L-series spectrum 
of uranium. John H. Williams, University of California. — The rocking curves of ULai in 
three different anti-parallel positions of the double x-ray spectrometer give a natural width 
which is practically independent of the dispersion. The natural widths of ULai and VL^i have 
been observed as a function of voltage and no significant dependence was noted. The half widths 
at half maximum of twelve lines in the uranium L-series spectrum were studied and the results 
are: 

Line ai ^2 ftz ^4 /?5 jSe 7 i 72 7 s 71 

AXinX.U. 0.439 0.494 0.299 0.369 0.382 0.726 0.252 0.487 0.242 0.57 0.47 0.233 

AFin volts 6.56 7.20 7.17 8.04 9.40 16.1 5.94 9.71 7.96 19.7 16.2 8.18 

Possible correlations with the electron transitions are suggested and the predominance of nu- 
clear effects are evident from the greater widths of lines involving the elliptical orbit Lj. The 
large natural widths of the lines excludes the possibility of observing the effects of nuclear spin 
suggested by Breit, The actual shape of the line C/Loji has been investigated and found to ap- 
proximate that predicted by the classical theory. 

61 . The width of soft x-ray lines. William V. Houston, California Institute of Tech- 
nology.— The most direct experimental evidence as to the distribution of energy levels in a solid 
crystal comes from the observations on soft x-ray lines. The work of Soderman and others in 
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the extreme ultraviolet shows that while spark excitation gives sharp lines, excitation of a solid 
target by electron bombardment gives very broad lines. The shape of these lines, when proper 
account is taken of the transition probabilities, gives the distribution of the upper, occupied 
energy levels of the solid. Although it is difficult to infer the energy level distribution from the 
observations, because of the unknown transition probabilities, it is easy to determine the line 
shape to be expected from various models. The simple Pauli-Sommerfeld model of perfectly 
free electrons, gives the correct order of magnitude for the width of the lines, but does not give a 
very good approximation to the observed shape. If Bloch’s method of starting with the functions 
of the individual atoms is used, the agreement in both shape and width is rather good. The lines 
of those elements whose outer shells are incomplete, show the sharp falling off on the short wave- 
length side which is characteristic of the Fermi statistics. 

62. Crystal structure of lithium iodate. F. A. Barta and W. H. Zachariasen, University 
of Chicago —Tht structure of lithium iodate was determined by using the oscillation and powder 
methods. Lithium iodate is hexagonal with 2 molecules per unit cell of u = 5,469A±0.003A, 
c = 5.155A ±0.G05A, The space group assigned is W and the atom positions are: 2Li in (OOi) 
(OOf ), 21 in ( J I i) (1 1 1) and 60 in (u u 0) (0 u 0) (w 00) (u u |) (0 u i) {u 0 |) with u = The 
structure is based on hexagonal closest packing, with the lithium and iodine atoms both lying 
within oxygen octahedra. The atomic distances are Li ~0 and I -0 = 2.23 A with lithium octa- 
hedra sharing faces with each other, one lithium and one iodine octahedra sharing only edges 
and two iodine octahedra only corners. 

63. The refractive indices of potassium chlorate crystals, and the structure of the CIO 3 
group. W. H. Zachariasen, Unmrsity of Chicago, — The method developed by W. L. Bragg 
(Proc. Roy. Soc. London 105, 370 and 106, 346 (1924)) has been used in order to calculate the 
refractive indices of KClOa crystals from the atomic arrangement. The C1+® dipole of the CIO 3 
group was given one degree of freedom, along the trigonal axis of the radical. The calculations 
give agreement with the observed birefringence if the height of the dipole above the plane 
of the oxygens is .99A. X-ray determination gives a displacement of .49 A. The scattering power 
for x-rays depends almost entirely upon the K and L electrons. The x-ray method therefore gives 
us the position of the core, whereas the optical calculations fix the position of the dipole. 
We must suppose the dipole to be formed by a displacement of the core and the two outer elec- 
trons. The observations thus indicate that the two valence electrons of C1+® are displaced with 
respect to the core, in a direction away from the oxgyen plane. This result is in agreement with 
the picture of the ClOa group given by the author in different publications. The calculated and 
observed birefringence and refractive indices are : 

Observed Calculated 

« 1.410 1.420 

d......... 1.517 1.535 

7 .. 1.524 1.535 

[0+7)/2]-a 0.111 0.115 

64. The structure of the NO 2 group. G. E. Ziegler, University of Chicago , — The structure 
of NaNOa was determined in order to test W. H. Zachariasen’s prediction (in press, Jour. Am. 
Ghem. Soc.) that the NO 2 group would be angular with 120® between the N —0 bonds. Powder 
crystal, rotating crystal, and Laue data were used. The lattice is body-centered, orthorhombic, 
space-group C2v — 20, with a unit cell u==3.55A, 6 = 5.56,, r=5.37 containing 2 molecules. From 
visually estimated intensities the positions of the atoms are: 

Na 0, «,0; i i WNa = 210® 

N 0, 7^, 0; I, i, I u^~ 30® 

O 0, 0, u] 0, 0, -“111 I, w+l; 'L i? ^:^o = 70® 

(360® = 6, or r respectively) 

Distances between atoms: iV— 0 = 1.13A, 0 — 0 same group = 2.09, 0—0 different groups 
>3.3, Na— O two O’s 2.53, Na — 0 four 0’s = 2.46. = displacement of N from 0—0 line=0,46 
A* The angle between the N — 0 bonds — 130®. The observ^ed data definitely disagree with a co- 
linear'NOa'group; , 
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65. Precision wave-length, measurement with the double crystal x-ray spectrometer. 
Arthur H. Compton, University of Chicago , — An x-ray spectrometer was designed with the 
first crystal mounted on an auxiliary table supported by the frame of the spectrometer, and 
with the second crystal mounted on the central table of the instrument, whose position is read 
from a precision circle. The ionization chamber (of 25 cc capacity, filled with krypton) is on an 
arm whose position is read by a second precision circle. The instrument was built by the Societe 
Genevoise de Physique. The first crystal was adjusted to throw the Kai line of molybdenum 
over the main axis of the spectrometer, and measurements were made with the second crystal 
in the (1, —1), (1, +1), (1, —4) and (1, +4) positions (Allison’s notation). The reflection max- 
ima from calcite (corrected to 18°C) occur at 0i = 6°42'35.5" and 04“27°5i'32.9" with a prob- 
able error of 0.25’' due chiefly to errors in reading the circle. Using an apparent grating space 
for the first order of 3.02904A at 18®C,we get X — 707.832 ±0.002 mA. Larsson obtained 707.831 
±0.003 mA using Siegbahn’s photographic method. Comparison of 6i and 04 gives for the index 
of refraction in calcite, 1 = (2.10 ±0.15) X10“®, in good accord with Hatley’s more direct 
measurement of 2.04X10“®. 

66. Absolute wave-lengths of the copper and chromium K series. J. A. Bearden, 
Johns Hopkins University . — A consideration of the objections to the measurement of x-ray 
wave-lengths by ruled gratings shows that the method should be reliable if the apparatus is in 
precise adjustment and the gratings of good quality. In the present experiments 5 gratings were 
used which were ruled on two ruling engines. The method of the experiment was similar to that 
given by the writer in the Proc. of the Nat. Acad, of Sci. 15, 528, (1929). The results from differ- 
ent gratings on the same wave-length agree very satisfactorily. The final results of 172 plates 
are given in the following table. 


Spectral 

Line 

Crystal X 

Grating X 

Limiting Error 

Grating X 
—Crystal X 

Cm Kg 

1.38914A 

1.39225A 

±0.00014A 

+0.224% 

CnK^ 

1.53838 

1.54172 

± .00015 

+ .217 

Ci Eg 

2.08017 

2.08478 

± .00021 

± .222 

Cv K, 

2.28590 

2.29097 

± .00023 

+ .222 


From these results, the grating constant of calcite is J = 3.0359 ±0.0003A, and Planck’s 
constant h as determined by Duane, Palmer and Yeh is = 6.573 ±0.007 X 10“^'^ erg sec. The 
mean value of the dispersion of x-rays as determined by Stauss (Phys. Rev. 36, 1101, (1930)) 
and Larsson (Inaugural Dissertation, Uppsala, 1929) gives a/w = 1.769 X tO^ e.m.u. g"*L The 
values of these constants are independent of any imperfection in the crystal grating. If the crys- 
tal lattice is assumed “perfect” then we have, Avogadro’s number jV = 6.019 X 10*’® mol. per mol. 
the charge on the electron 6=4.806X10“^® e.s.u. and /j = 6.623X10”^^ erg. sec. 

67. Absolute measurement of the Cu La line. Carl E. Howe and Mildred Allen, 
Oberlin College. — Two photographic plates at different distances from a plane glass grating of 
600 lines/mm are exposed simultaneously to the radiation from a copper target. Wave-lengths 
are computed from the plates and the constants of the apparatus. Over sixty determinations 
indicate for the wave-length of the La line of copper a value close to 13.326A ±0.01 (mean devi- 
ation) ±0.001 (probable error). This differs by 0.15% from 13.306A as obtained by Larsson 
from crystal measurements. 

68. Theory of the diffuse scattering of x-rays by solids. G. E. M. Jauncey, Waskington 
University, St. Louis. — ^The classical theory of x-ray scattering has been applied to the scattering 
of x-rays by the electrons in the atoms of a solid. The case in which the solid consists of atoms 
of one kind has been considered. The interaction of the waves scattered by each electron with 
these scattered by every other electron in the solid has been considered. The analysis is simpli- 
fied by the fact that the orbital periods of the electrons in the atoms are very much shorter than 
the vibrational periods of the atoms, due to thermal agitation. The final formula obtained is 
S— 1 + (Z — l)(f'2/ Z®) -±(FV-^iV)X where S is the scattered intensity per electron relative to the 
scattered intensity from a single isolated electron, Z is the atomic number, F the atomic struc- 
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ture factor including the effect of thermal agitation/' is related to / the true atomic structure 
factor (without thermal agitation), N is the total number of atoms, and X is a certain double 
summation. The value of X has not been obtained for an amorphous substance, but it has been 
evaluated for the case of a simple cubic crystal by Jauncey and Harvey in another paper (No. 
153). 

69. Hyperfine structure and width of x-ray spectral lines. F. K. Richtmyer and S. W. 
Barnes, Cornell University . — In a recent letter to the Physical Review (Sept., 1930) we re- 
ported measurements which seemed to indicate that the Kai line of W(79) has a hyperfine struc- 
ture of the type predicted by Breit. The measurements were made with a two-crystal spectrom- 
eter of special design. It now appears, after further critical and extensive study, that the appar- 
ent separation must have been due to some (as yet) unknown instrumental peculiarity. The 
numerous measurements made in connection with this study permit a determination of the 
width of WKai. The average of several measurements in second, third and fourth order, after 
applying corrections for rocking curves of the crystals in the parallel position, gives a half width 
of 0.154 X.U.' 

70. Survey of the satellites of the doublet, the K^i and lines. 0. Rex F ord, 
Virginia University. {Introduced hy R. C. Colwell .) — In a paper on the satellite structure 

of the x-ray diagram lines Lai L^i and L^z for the elements Rb (37) to Sn (50) Richtmyer and 
Richtmyer, by a careful timing of exposures, were able to show that the number of satellites 
were more numerous than previously reported. These results called for a survey of the satellite 
structure of the X-diagram lines. Such a survey extended the range of the elements over which 
the satellites Ka^ and Ka' could be measured. An entirely new satellite of the diagram 
line K^i, designated by X/S®, was found for the elements Ca(20) to Cr(24). The satellite Kaz 
was found to consist of two components over the range of elements Al(13) to Cl(17) instead of 
a singlet as previously supposed. Microphotometer records of the spectrograms show a very sig- 
nificant reversal in the relative intensities of the Kaz and ira 4 satellites at the element P(15). 
That the square root of the difference in frequency between a satellite and its parent line is a 
linear function of the atomic number is shown to be approximately true for satellites of the 
Kaifi doublet. This relation is not valid for satellites of and Xj32. 

71. Effect of piezoelectric oscillations on the Lane patterns of quartz. G. W. Fox and 
P. H. Carr, Iowa State College . — In an attempt to determine the amplitude of vibration of the 
atoms in a quartz lattice brought about by piezoelectric oscillations, a series of Laue photo- 
graphs have been made of both Curie and thirty-degree cut plates, using the white radiation 
from a standard Coolidge tube. This tube had a tungsten anode and carried a current of four 
milliamperes at 95 kilovolts. Eastman standard x-ray film was used with no sensitizing screens. 
On examination, the patterns produced by each plate, oscillating and non-oscillating, appear 
identical except in one respect : the pattern of the oscillating plate is several times as intense as 
that of the non-oscillating. A four-hour exposure of a non-oscillating plate to radiation of the 
above mentioned type, produces but the rudiments of a pattern, whereas, the same plate oscil- 
lating produces a very beautiful intense pattern for the same time of exposure. The effect is quite 
independent of the piezoelectric frequency and does not depend on wdiether the plate vibrates 
according to the shear mode or the transverse mode. It is hoped that the work in progress will 
establish the cause of this peculiar intensity difference. 

72. Calculation of the resolving power attainable in x-ray spectroscopy by photographic 
methods. Samuel K. kixiso^.Ummrsity of Chicago.— li Wc, the (half) range of glancing angle 
over which a crystal will reflect monochromatic x-rays has been determined by the double spec- 
trometer method, it is possible to calculate what resolving power is attainable from this crystal 
by photographic methods. Equations are set up giving the resolving power in terms of a, the 
slit width, and R, the distance from slit to photographic plate. Some results are: (1) No appreci- 
able increase in resolving power is obtained by making a/2R<iwe. (2) If a/2R>2.5wo the re- 
solving power does not involve Wc. (3) The resolving power attainable in the first order by 
photographic methods is 172^/2 of that attained in a double spectrometer in the (1, 1) position 
with crystals of equal perfection, as stated by Valasek (Phys. Rev. 36, 1523 (1930).) (4) The 
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resolving power of the instrument used by Valasek in his experiments on the molybdenum K 
spectrum m the first order was about 5350, whereas that of a double spectrometer in the (1 1) 
perfection of those used by Allison and Williams (Phys. Rev. 35 
1476 (1930)) IS about 8100. The calculations are extended to include measurements of widths 
oi spectrum lines by photographic methods. 

73. Indices of refraction and absorption in the case of soft x-rays. Elmer Dershem 
University of a^rflgn.—Measurements of the absorption of the Ka line of carbon lo carbon' 
nitrogen, oxygen and neon indicate that for elements such that <44.6A <Xi,j the atomic ab- 
sorption coefficient is given by the following equation : ixa ~ The linear absorp- 

tion coefficient of fused quartz may be calculated from its density and the absorption coefficients 
ofjts constituents and is found to be 47,200. The index of absorption .,isfound from the equation 
1.68X10 I The Drude-Lorentz dispersion formula yields the value, 5 = 1 -^=4 8 
X 10~ . Reflected intensities computed from these values are somewhat higher than those found 
experimentally. Good agreement is secured if « is assumed to be 2.5 X 10“3. The results indicate 
t at the value of 5 computed from the Drude-Lorentz formula is the correct one but that sur- 
face films or imperfections reduce the reflected intensity in much the same manner as an increase 
ot absorption. Other measured values of atomic absorption coefficients for the Ka line of carbon 
are as follows: A, 30.lXl0“i^: Kr, 43.4X10-^^: Xe, 14.5XlO“^'b Au, 40.7X10""^^. The bearing 
of these results upon x-ray absorption formulas is discussed. 

74 Change in x-ray wave-lengths by partial absorption. J. M. Cork, Unwersily of Michi- 
Zan. Experiments have been earned out to duplicate those of Dr. B. B. Ray, in which a beam 
ol x-rays traversing an absorbing medium gave in the direction of transmission a modified line 
0 longer wave-length. The shift in wave-length corresponded to the x-ray photon elevating an 
electron to an outer atomic level and passing on unchanged in direction with diminished energy 
and hence a longer wave-length. Using the lines of copper and the La line of tungsten with 
absorbing screens of beryllium, boron, carbon, oxygen and nitrogen under a variety of condi- 
tions, it has been impossible to show the existence, in any case, of a modified line. 

r„rf' .^-^7 “fasurements in mercury vapor. Fred M. User, University of 

Cahfarnm. (Introduced^ by Robert B. Brode.)-Th^ mass absorption coefficients, m/p, of mercury 

las ilTw determined by an ionization method. The absorbed 

was in the form of superheated vapor, whose density was calculated on the assumption of per- 
ect gas behavior The absorption chamber was entirely of pyrex glass, and was combined lith 

obtaTned Tk ® deflections of several millimeters per second were 

obtained with the tube currents ranging from 6.5 to 17.5 m.a. and with the voltage low enough 

wereTklnT*" wave-lengths corresponding to the second order reflection. Readings 

lih h positions of the crystal before removing the absorbing vapor from tte 

P th of the beam. The magnitudes, S, of the three L absorption discontinuities, where S is de 
fined as the ratio pf m/p on the short and long wave-length sides of the limit, are 3Zi = l 18 
mass absorption coefficient can be expressed by the relation 
rah constant 4 assumes a different value for each branch of the curve but the 

value of c does not vary from 2.6 by more than 0.1 for all four branches. The value oi X at 
.4A IS in accord with what one would expect from Allen’s values for gold and lead which indi 

76. Lattice parameter of copper by a precision instrument. C S B ihkftt Avr, it i? 
Kaiser, Naval Research Laboratory, Washington. D. C.-A precision IrayXXraiXllrZ'X 

g diffraction, a modification of the instrument of Sachs (Phys. Zeit 60 481 19301 Inl’l 

constructed. A photographic plate is used, avoiding film shrinkage A spllmenR . I. f I 
.urtac i. pla.., p.„„e, ...p. ph„,.g„pM, p,„4„, p.,™X' * ST " 
distance from specimen to plate is measured by a micrometL. The instrument is 
sTudieTThfr"''/" examination, and is convenknt for h gKtmnpetu, e 

studies. Theparameterofeopperwasdeterminedformaterial from AdamHilgerydaSlbg 
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Oxygen 0.040%, Nickel 0.002%, Iron 0.003%, Arsenic 0.004%, Lead 0.001%, Calcium 0.001%, 
with spectroscopic analysis indicating in addition only slight traces of magnesium, caesium, and 
sodium. 1 he specimen was prepared with a polished surface, annealed two hours in vacuum, and 
etched lightly. Copper and brass anticathodes were used. Wave-lengths assumed were Cu 
AiG:! = 1.53739A, Cu i?"ai2~1.54126A, Zn iirai=5l.43206A, Zn itQi2== 1.43587A. The mean value 
of 18 observations of <2o for copper at 20°C was 3.6078+0.0001. This value agrees closely 
with that of Ageew, Hansen, and Sachs, (Phys. Zeit. 66, 350, 1930), 3. 6081 A and yields a calcu- 
lated density of 8,93 in accord with measured densities, 8.94+0.01 (I.C.T. Vol. II, p. 456). 

77 Lattice parameters of solid solutions of silicon in copper. H. F. Kaiser and C. S, 
Barrel T, Naval Research Laboratory, Washington, D . C.— Measurements of for a-Cu-Si alloys 
containing less than 0.06% total impurities were made on the precision instrument described 
above. The alloys were homogenized by a 48 hour anneal at 750°C in vacuum, terminated by a 
quencli in water. After a polish, they were given a 3 hour anneal at 725°C in purified hydrogen 
and again quenched in water. Subsequent polishing and etching was done with great care to 
provide a surface free from cold work, and exposures were made within 24 hours; these precau- 
tions were taken to avoid decomposition of the solid solutions. Alloys containing 5.91% and 
6.36% Si, however, showed by their diffraction patterns and by their values that there was 
precipitate present. The parameters found were as follows in A.U. at 20°C: 1.09% Si = 3.6103; 
3.01% Si=3.6128; 5.02% Si = 3.6150; 5.91% Si = 3.6151; 6.36% Si=3.61S7. Densities calcu- 
lated from these parameters and compared with densities as measured by Norbury (Trans. 
Farad Soc, 19, 586, 1923-24) indicate that the solid solution is of the simple substitutional type, 
and agree well with Norbury’s densities when calculated on this theory. That the silicon atom 
expands the copper lattice in spite of its smaller radius is not regarded as an anomaly, since the 
elements differ in crystal structure. Studies of orientation of the precipitate are being conducted. 

78. The x-ray analysis of vesuvianite. B. E. Warren, Massachusetts Institute of Tech- 
nology, — Vesuvianite H2CaioAl6Si9038 is a complex, tetragonal silicate with a = 15. 60 A c = 11.83A 
space group and four molecules in the unit cell. The cell contains 260 atoms and involves 
44 parameters. The analysis is of particular interest as an extreme case of a complex structure, 
and illustrates the extent to which our present knowledge of the physical chemistry of the sili- 
cates has progressed. The structure is determined by means of a close relationship which is dis- 
CG^^ered between vesuvianite and the cubic crystal garnet CasAl2Si30i2. Two quadrants in the 
vesuvianite unit cell are identical in structure to the corresponding two quadrants in garnet ex- 
cept that they are rotated 45° about c. Quantitative measurements of the integrated reflexion 
with a Bragg ionization spectrometer for 40 planes give structure amplitudes in good agreement 
with those calculated from the structure. The structure contains Si04 and Si207 groups, and the 
coordination numbers are Si-4, Al-6, Ga-8. 

79. Atomic scattering power of copper and oxygen in cuprous oxide. G. A. Morton, 
Massachusetts Institute of Technology, Rockefeller histitute for Medical Research. {Introduced by 
B. E. IVarren.) — The atomic F-curves for copper and oxygen for the K oc radiation of copper have 
been determined from cuprous oxide, and are compared with the Fcu-curve from metallic copper 
and Fo-ciirve from NiO. Measurements were made on samples of finely powdered CU2O pressed 
into suitable briquets, using an x-ray powder spectrometer to measure reflected intensity. The 
structure factor F for the reflecting planes is calculated from the power of reflexion. The atomic 
scattering factors as a function of sin <9/X are found from these F values. The Fcu-curve and 
Fg-curve as obtained from CU2O and those from metallic copper and oxygen in NiO are found 
to be the same over the overlapping portions of the curves. 

80. An x-ray determination of crystal orientation in nickel, copper and aluminum, pro- 
duced by cold rolling. C. B. Hollabaugh and W. P. Davey, The Pennsylvania State College. 
— High purity nickel, copper and aluminum, free from all preferred orientation, were cold 
rolled in such a way as to produce no appreciable temperature rise and the orientations were 
determined after each pass using the method of Davey, Nitchie and Fuller (Mines and Met. 
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Tech. Pub., 243, E88). Nickel and copper showed identical orientations both as to limits of 
ranges of preferred orientations and mean positions. The number of passes through the rolls 
determines the probability that a crystal fragment will be within the preferred range, but does 
not affect the limits of the preferred range. Aluminum shows a related preferred orientation, 
but with widely different angular limits which depend on the number of passes through the 
rolls. This work, with similar work on silver previously reported, shows, contrary to the ac- 
cepted belief, that except for copper and nickel, the common face-centered cubic metals show 
differences in preferred orientation both with respect to the limits of preferred range and with 
respect to the mean position of orientation. The preferred positions are similar only in that 
they all show one face diagonal of the cube always in a plane parallel to the direction of roll- 
ing and perpendicular to the rolling surface. 

81. X-ray evidence as to the size of a gene, Oswald Blackwood, UnwersUy of Pitts- 
burgk~~To explain certain facts of heredity, geneticists postulate the existence of bodies 
called genes in the chromosomes of living cells. The diameter of these bodies in the cells of 
the fruit fly (Drosophila) is roughly estimated to be 600A. The writer has computed the 
approximate number of ions produced in such a gene when exposed to x-rays of known in- 
tensity for a known time. Using Patterson’s experimental value for the percentage of exposed 
flies showing a certain mutation about one per cent of the atoms in a gene are found to be 
sensitive,” (i.e. their ionization is assumed to be accompanied by mutation). If the sensitive 
material were concentrated in a spherical nucleus, its diameter would be about one-fifth that 
of the gene. The hypothesis that natural mutations are caused by cosmic or natural gamma- 
rays seems improbable since the ionization produced in this manner is about three billion 
times smaller than that due to the x-rays as used by Patterson. The period for one per cent 
mutation would therefore be about one million years instead of a few weeks. 

ot, stereoscopic x-ray pictures. Kenneth S. Cole, Columhia 

Shadow parallax “stereograms” and ‘'panoramagrams” can be made with visible light or 
x-rays by several types of relative motion of a point source of radiation, the object, a suitable 
grating, and the photographic plate. Viewed with a similar grating, either a stereoscopic or 
pseudoscopic effect may be obtained, also, small movements of the object can be followed in 
the panoramagram.” Stereoscopic x-ray “vision” can be obtained with a fluorescent screen 
and two gratings. 

A/r intense x-rays on the organism colpidium colpoda. Harry Ci ark 

Morden Brown, and John Thomas, Stanford Umversity.-Several single cell organisms have 
been studied by various investigators. The curves showing the relation between the number 
of survivors of a group and the time of radiation have been fitted usually by the use of Pois- 

required lying between 1 and 8 with one e.xcep- 
tion. The results are generally interpreted as statistical evidence of a definite lethal number of 
quantum-hits, which must fall inside a small “sensitive volume” within the cell, although nor- 
ma biological variation IS sometimes considered. Although Crowther, working with colpidium 
wide 'u’ terms for immediate death, the range of individual lethal doses was still very 

vude. Usmg silver radiation at SO kv, several times more intense than Crowther’s and weH 
trolled, we have found evidence of an approach to a critical lethal dose, the same for all 
CrtwtW*’ ^ biological variation. To reconcile this result with 

are less processes to recuperation, which are known to be very rapid 

by ilTur^ to thTsers-r'‘'‘T radiation produces death 

the cell * intense rays operate predominantly on other parts of 

phasff ? equation to dissociation within the gaseous 

StwL^i?auidVlo^r’ A thermodynamic aLlogies 

that the assockted caspml dissociation occurs. It is noted 

cnat tne associated gaseous component corresponds to the saturated liquid and that the dis 

m ed gaseous component is the analogue to the saturated vapor. By means of a hypothetical 
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mechanism, consisting of a piston and cylinder, which contains the gas, and two semi-per- 
meable membranes, it is possible to separate the gas into two phases, one containing the asso- 
ciated component and the second the dissociated component. This permits dissociation to 
take place by an isothermal-isopiestic process, analogous to the evaporation of a liquid. By 
means of this hypothetical process it is shown that Clapeyron-CIausius equation must take 
the form k=^6{vf-vi) (6p/dd)x, where A is the heat of dissociation, Vi and the specific volumes 
of the associated and dissociated components, each taken at p, 0 , and is the degree of disso- 
ciation. Calculations based on experimental data for NFI3, H 2 O, and CO 2 gases check the 
experimentally determined values for A to 1 percent and less. Some remarks are made with re- 
gard to superheated and supercooled states. 

85. The mechanics of effervescence. C. J. Craven and Otto Stuhlman, Jr., University 
of North CaYolina.SmBW bubbles of gas rising through a liquid originating at various depths, 
great compared to their dimensions, arrive along a spiral path, at the surface with the same 
terminal velocity. They roll under the surface film, come to rest and burst, projecting frag- 
ments of liquid into the air. These fragments rise to different heights. For a given radius of 
bubble, temperature remaining constant, the separate fragments follow a near Maxwellian dis- 
tribution when distribution in height is examined as a function of diameter of bubble. After 
the maximum height is passed the above distribution becomes less regular, probably due to 
distortion in shape of the larger bubbles. Bubbles rising through water at 21°C, having diame- 
ters up to 0.16 cm burst into three fragments, from 0.16 to 0.20 cm they burst into two frag- 
ments. Bubbles larger than this burst irregularly. 

86. The absorption of audible vibrations in the air. Vern O. Knudsen and L. P. Del- 
SASSO, Ufliversiiy of California at Los Angeles. — Recent measurements on the absorption of 
high pitched sound in air show (1) that the absorption is several times greater than that ac- 
counted for by viscosity, heat conduction and radiation losses, and (2) that the absorption 
decreases as the amount of water vapor in the air increases. By making reverberation measure- 
ments in two rooms which have the same boundaiy material (painted concrete) but different 
*‘mean free paths,” it is possible to eliminate the surface absorption, and thus determine the 
absorption in the air only. Measurements obtained to date, both in the two room experiments 
and in the free atmosphere, indicate that at a frequency of 4096 cycles, for example, the at- 
tenuation constant at 2i°C and 20% relative humidity is about 0.00009 and at 70% relative hu- 
midity is about 0.00005 C.G.S. units. In a mixture of air and CO 2 (4% by volume) there was 
evidence of a slight increase in absorption owing to the presence of CO 2 . The data have a bear- 
ing upon problems in sound signaling and in architectural acoustics, and may have a bearing 
upon the absorption of energy within the molecule. 

87. The flow of gases through porous materials. H. G. Botset and M. Muskat, Gulf 
Research Laboratory^ Pittsburgh, Pa.— -An experimental study has been made to establish 
quantitatively the characteristics of and laws governing the flow of gases through consolidated 
and unconsolidated porous materials of fine texture. Experiments vrere performed with columns 
of glass beads, homogeneous and heterogeneous unconsolidated sands, as well as with samples 
of actual sandstones. With the sandstones linear flows were made both perpendicular and paral- 
lel to the bedding plane. Radial flows through annular sections of the sandstone were also made. 
In all cases it was found that the gradient of the squares of the pressures is proportional to a 
power of the mass velocity. In the various cases the exponent was found to lie between the 
limits 1 and 2 corresponding respectively to completely viscous and completely turbulent flow 
in straight cylindrical tubes. For a given sand however it remains fairly constant over a con- 
siderable range in the mass velocity. On the basis of these results a theory was developed for 
the production from and pressure decline in a closed sand reservoir of uniform thickness pro- 
ducing into a well under conditions of radial two-dimensional flow. The theoretical predictions 
check qualitatively with the limited field data that are available. 

88. Molecular flow and the formation of beams. A. Ellett, State University of Iowa. 
—The streaming of air at low pressure through short circular tubes is shown to give rise to 
an angular distribution of the molecules emerging from the tube in fair agreement with the cal- 
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culations of P. Clausing (Zeits. f. Physlk 66, 471, 1930). Measurements were made by means 
of a Pirani gauge. 

89. Tlie Brownian motion of strings and elastic rods. G. A. Van Lear, Jr., and G. E. 
Uhlenbeck, University of Michigan.— The method introduced by Oriistein is applied to cal- 
culate the Brownian-motion mean-square deviation for strings and for elastic rods, the sur- 
rounding medium being a gas. For the string, a vaiying tension and elastic binding at the ends 
are supposed, and a formula is obtained for the mean-square deviation of any point at time t, 
having started with a given deviation of that point; the result contains infinite series. This 
result is specialized to: (1) the string with fixed ends and constant tension, and (2) the string 
hanging under gravity. In case (1), for the mid-point, and for a limited time interval, the series 
are summed; for ^-^oo , the result is given for all points, agreeing with that given by Ornstein 
for the mid-point. Elastic rods are treated similarly ,(and similar results are obtained. The effect 
of gravity, when the rod is vertical, is introduced by a simple and consequent perturbation 
method, and a formula is obtained for the mean-square deviation of the lower end; this agrees 
closely with Houdijk’s experimental results. The time dependence given by the complete for- 
mula cannot yet be tested, for Houdijk gives only limiting values in his publication. 

90. Pirani gauge applied to the measurement of small pressure changes. R. M. Zabel 
AND A. Ellett, State University of Iowa. — ^The application of the Pirani gauge to the measure- 
ment of small pressure changes is discussed. Both nickel and tungsten wires are used as fila- 
ments in the gauge. Nickel wire not only has the greater sensitivity but possesses several other 
advantages. The theory of the gauge is developed so that it is possible to predict the affect of 
change in length or diameter of the gauge wire upon the sensitivity of the gauge. To obtain 
maximum sensitivity the wire should be made as long as convenient and its diameter adjusted 
so that its resistance is approximately equal to the resistance of the galvanometer. Both theory 
and experiment indicate that the sensitivity of the gauge is increased by increasing the area of 
the wire or by decreasing the temperature of the walls of the gauge. The theory also predicts 
that there is an optimum temperature to which the wire should be heated for maximum sen- 
sitivity of the gauge. The observed and computed values of the optimum temperature are com- 
pared. The maximum sensitivity attained is a galvanometer deflection of 1 mm for a pressure 
change of air equivalent to 5 ± 1 X 10“®mm of mercury. 

91. Application of transient network theory to gas flow in vacuum systems. Donald S. 
Bond, University of Chicago. {Introduced by Harvey B. Lemon.) — With complex vacuum systems 
employing connecting tubing of only moderate diameter, the instantaneous pressure at any 
point may be calculated with considerable simplicity by employing the electrical analogy. 
Resistance is defined (by Knudsen’s equation) in terms of tube dimensions; capacity (both 
lumped and distributed), in terms of volume. The network which simulates the most general 
type of closed vacuum system consists of n T-mesh circuits with resistance and capacity only. 
The solution of the n mesh equations gives the potential drop (or pressure) across each capacity 
of the form ei=I:a^k ^^pi—bkt). The solution can be carried out numerically for any number 
of meshes. Using curves of this form, which check with experiment at low pressures, it has been 
possible to correct McLeod and ionization manometer readings to give true pressures at any 
part of the system. These have been used in the evaluation of true pump speeds. The agree- 
ment has given a check on the region over which Knudsen’s low-pressure equation is valid. 

92. Time-pressure characteristics of some diffusion and molecular pumps. Peter J. 
M.JL 1 LS, University of Chicago. {Introduced by Harvey B, Lemon .) — Observations on various 
pumps were made of the time rate of change of pressure during the evacuation of a 4 liter volume 
and of the equilibrium pressure reached when this same 4 liter volume was leaking at a meas- 
ured rate. The high vacuum pumps included single and multistage, air and water cooled, glass 
and steel diffusion pumps; and molecular pumps. Most of the diffusion pumps were mercury 
filled but several were tested with a filling of oils of low vapor pressure. Various backing pres- 
sures were obtained from several types of force pumps. Pressures, read on a pair of McLeod 
gauges and on an ionization manometer, gave apparent speeds from which true pump speeds 
were calculated by the method outlined in the preceding abstract. 
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93/ The theoretical presstire distribution on wing sections. Theodore Theodorsen, 
National Advisory Conmiittee for Aeronautics, Langley Field, Virginia. {Introduced by J. S, 
Ames.}— This paper presents a simple and exact method of calculating the lift distribution on 
thin wing sections. The angle at which the flow enters the leading edge smoothly is shown to 
play an important rdle in the theory, and is termed the ideal angle of attack. The lift distribu- 
tion at this particular angle, termed the “basic distribution,” is shown to be a characteristic 
property of the section. It is shown that the lift of a wing section may be considered to con- 
sist of (a) the basic distribution and (b) the additional distribution, the latter being identical 
for all sections. It is further shown that the additional lift intensity in potential flow of a non- 
cornpressible liquid is infinite at the leading edge, and the conclusion is made that the present 
theory of thin wing sections is applicable only at the ideal angle of attack. The theory is adapted 
to describe some of the properties of the actual or thick wing sections, and it is established that 
the essentia! parameter occurring in this analysis is the radius of curvature at the leading edge. 
The approximate magnitude and location of the maximum lift intensity is determined. 

94. The etect of the presence of a grid upon certain characteristics of the airflow at the 
surface of an airfoil. IMjuut Scott, Cornell Unimrsity, — In a previous paper it was reported 
that the heat dissipation per unit area from the surface of an airfoil, as measured by resistance 
strips mounted parallel to the span and flush with the surface, is a characteristic of the airflow. 
An integral relation was set up from which it was shown that the coefficient of heat dissipa- 
tifui is proportional to the velocity gradient at the surface of the airfoil and hence to the viscous 
resistance. The effect of the presence of a grid, whose position wdth respect to the airfoil is 
varied, upon the above mentioned characteristics, has now been observed. It is found that sys- 
temat ic changes in these quantities may be followed as various parameters in the problem are 
altered. .Mathematical treatment appears to be too involved for the present; but qualitative 
explanation is being attempted in terms of types of flow, the Prantl boundary layer, the Ray- 
leigh surface of separation, etc. 

95. Some examples of dimensional analysis. Jakob Kunz, University of Illinois. — The 
dimensional analysis has been applied to the following cases. (1) A solid body moves in a vis- 
cous medium, so that the motion is essentially determined by the viscosity, a characteristic 
length of the body, and the velocity, but independent of inertia, i.e., the density. The analysis 
leads to the formula F^Rn-vC, Stokes analysis gives C— 67r. For higher velocity we assume 
that the viscosity has very little influence and that on the contrary the forces are .determined 
by vortices and waves mixed up, or on the density p. The analysis leads to F— v^pPC, Jonkowski- 
Ciitta found F—v-pA sin for the lift of an airplane. (2) When the velocity of a projectile 
approaches that of sound, then the force depends probably on the compressibility of the me- 
dium. The force of resistance appears in the form F^pP{v/cYCi, where c is the velocity of 
sound. (3) In an analogous way we proceed to study the motion of a fluid in a tube under a 
pressure gradient P. For a slow laminar motion under the influence of viscosity ju we obtain 
P ^{v./r“)iiC, which is Poiseuille’s law. In the case of turbulent motion we obtain P — vh'~^pC, 
where C is a dimensionless constant. Finally if the velocity is very large, approaching that of 
sound, P appears in the form: P -p/r{vlcYC. 

96. The Auger effect in atomic spectra. A. G. Shenstone, Prmceton U7iiversity.~~~ln 

most complex spectra there are two distinct series limits, the corresponding ions being of 
different structure. A term built on the ion of higher energy may be above the lower of the two 
limits. It is then possible for the atom to dissociate spontaneously into an ion plus an electron 
if there is a correct relationship between the qauntum numbers of the term and those of the 
ion and electron. The transition probabilities may be expected to be governed by rules similar 
to those which are applicable in predissociation of molecules. The effect is shown in the terms 
from the structure d^s,s in GUI. The terms are AP and the lines due to all the com- 

ponents with J=* or 2| are absent or extremely weak in low-pressure sources, and very diffuse 
under high pressure. The ionization transition must be to the ion plus a (f-electron. The 
fact that the coupling is not completely Russell-Saunders accounts for the presence of the 
effect in ^D. The structure d^s, d also shows the same type of effect, but the observations are 
as yet incomplete. In Bel, the lines due to the negative term 3s2p^P are absent in the spectrum 
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from the Schuler tube but present in high-pressure sources. The negative terms of Cal should 
show the effect but there are no observations in proper sources. 

97. Intensity relations in complex spectra. George R. Harrison and M. H. J ohnson, Jr,, 
Massachusetts Institute of Technology ^ and Harvard University , — A correlation is found between 
anomalous intensities in multiplets and the presence of neighboring states having the same J 
values as the perturbed terms. This indicates that the extension of the sum rules ordinarily 
assumed, in which all lines arising from a given state are summed, is incorrect, and that all 
similar terms having identical J values and lying near one another must be summed together. 
A general quantum-mechanical proof has been found that the following rule holds: The rela- 
tive total intensity of all lines arising from transitions between all states J\ and J<> in two config- 
urations is constant for any coupling. Where several configurations overlap the rule must be 
extended to include the new terms of similar J. Where relatively small departures from LS coup- 
ling exist only close-lying terms of similar J need be grouped together. Experimental verifica- 
tion is difficult as generally a large number of lines must be summed, but fragments often serve 
to test the rule. Confirmatory intensity measurements are presented which prove the interde- 
pendence of neighboring terms of common J, and it is shown that intensity anomalies are more 
sensitive indicators of departures from LS coupling than are the other anomalies associated 
with it. 

98. Electrostatic interactions in (jj) coupling. D. R. Inglis, University of Michigan. — A 
method is developed for calculating the energy of electrostatic electronic interaction for the 
various states of an atom in {jj) coupling. The largest perturbation of spin-orbit interaction 
is first taken into account by using single-electron wave functions stabilized for this interaction. 
Antisymmetric combinations of products of these form the fundamental wave functions in 
the perturbation calculation of the electrostatic interaction. The energy is exprevssed in terms 
of the same integrals that Slater (Phys. Rev. 34, (1293)) met in the case of {LS) coupling, and 
one new integral. Of this latter, the angular integrations are carried out and are presented in 
tabular form. Its radial integrals are the same as those of Slater. In addition to giving interval 
relations in {jj) coupling, the results help to solve the problem of determining the levels of a 
configuration for general coupling. 

99. Many electron transitions. S. Goudsmit and L. Cropper, University of Michigan. — 
First and higher order perturbation terms of the spin-orbit and electrostatic interaction in the 
eigenfunctions of many-electron configurations explain the occurrence of many-electron tran- 
sitions. By considering which terms can occur in first order perturbation the following selec- 
tion rules were obtained. No more than three electrons can jump at a time, {a) When three 
electrons jump all can change their n by an arbitrary amount, one changes its I by ±1, the 
others by 5 and e, 5 + e being even, {h) When two electrons jump both can change their n 
arbitrarily, one changes its I by 5 + 1, the other one by e. Breaking off the series expansion for 
i/ra in the electrostatic interaction after the second term gives for 5 and € only the values 
0, ±1. The Heisenberg two-electron selection rule is therefore to be considered as a special case 
of (5), Qualitative rules have been derived to tell when many-electron transitions may be strong. 
Special selection rules were found for (j,y) coupling. The first order terms also cause anomalies 
in the intensities of one-electron transitions. 

100. The arc spectrum of rhenium. William F. Meggers, Bureau of Standards. 

arc spectrum of rhenium has been photographed from 2 100 A in the ultraviolet to 8800 A in the 
infra-red; it has more than 3,000 lines in this interval. About 25% of the lines show hyperfiiie 
structure of 2 to 6, or more, components. The centers of gravity of complex lines have been 
determined and are assumed to represent the effective wave-lengths for purposes of analysing 
the gross structure of the Rei spectrum. About 500 lines, including nearly all of the stronger 
ones, have been classified as combinations of terms belonging to quartet, sextet and octet 
systems. The normal state of the neutral Re atom is represented by (5d¥)52)a«52|. Series-forming 
terms have been identified which indicate that the ionization potential is approximately 7.8 
volts. 

101. Evidence regarding the structure of the arc and spark lines of nitrogen. P. G. Kruger 
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AND R. C, Gibbs, Cornell University. arc (NI) lines (X’s 6484, 4151 ,4109, and 4099 A) 
have been excited in a liquid air cooled condenser type discharge. These lines were photo- 
graphically examined with the aid of a Fabry-Perot interferometer whose resolving power, de- 
pending on the spacing of the mirror surfaces, was 10® or better. With the resolution and dis- 
persion thus obtained, the above lines were found to be sharp and lacking in any evidence of 
structure. The total line widths have been found to be 0.015, 0.011, 0.010 and O.OlOA respec- 
tively, Nitrogen spark (N II) lines (X’s 3995, 4601, 4607, 4614, 4621, 4630, 4643, 5666, 5675. 
5679, 5686 and 57 10 A) have been excited in a liquid air cooled electrodeless ring discharge. 
The microphotometer curves of the interference patterns from these lines show evidence of 
structure, although the components are so near together that they have not been clearly sepa- 
rated. The total line widths of these lines are three or four times as large as the widths of the 
arc lines. This gives added support to the conclusion that the spark lines are definitely complex. 

102. The spectrum of Li III. H. G. Gale and J. B. Hoag, University of Chicago.— In 
accordance with the simple Bohr theory, the spectrum of Li III should show lines analogous 
to the Lyman series at 135,0, 113.9, 108,0, 105.5, 104,2 etc., and lines analogous to the Balmer 
series at 729.1, 540.0 Angstroms, etc. We have succeeded in photographing and measuring 
on several plates five lines of the first of these series and the first line of the second. The line 
at 135 A has been measured in three orders. The first two lines of the first series were previously 
measured by Edl6n and Ericson. The third, fourth and fifth lines of the first series and the first 
line of the second series have not been previously reported. The Ka line of lithium (199. 26A) 
is very strong on many of the plates and has been measured in four orders. The vacuum spec- 
trograph is the .same as that first used by Hoag. (Astro. Jr. LXVI, 225, 1927). An electric fur- 
nace was used at first to produce lithium vapor between metallic poles. Better success has 
l)eeri obtained recently by using poles of lithium stanide and also metallic lithium in nickel 
holders. 

103. Hyperfine structures in the first spectra of krypton and xenon. C. J. Humphreys, 
Bureau of Standards^ Washington, D. C. — ^The stronger arc lines of krypton and xenon have 
been examined for hyperfine structures. Methods of observation include the use of a Hilger 
Fabry-Perot interferometer having quartz plates of 6 cm aperture, a number of fixed etalons, 
and two quartz Lummer-Gehrke plates. The results obtained by different methods show very 
satisfactory agreement. Structures of the following lines have been measured: Krypton, 
5570.2890, 7685.2472, 8059.5053, 8104.3660, 8281.11, and 8508,8736A; Xenon, 4193.5296, 
4500.9772, 4734.1524, 8231.6348, 8409.190, and 8819.412A. No definite numerical regularities 
in the spacing of components, such as have been reported in the case of neon, have been ob- 
served, although with one exception the xenon lines showing structures are due to combinations 
with the low ^P 2 level and the pattern consists of four components. The satellites of neon lines 
are supposed to be due to Ne isotope, 22. Krypton and xenon are reported to have 6 and 9 
isotopes respectively and the fine structure might be expected to be more complicated. The ex- 
istence of a reported satellite of the krypton line, X5570,2890A, has been confirmed. It is hoped 
that, by use of some cooling agent such as dry ice, additional structures may be resolved. 

104. On the spectra of singly ionized rubidium and caesium. Otto Laporte and George 
R. Miller, University of Michigan. — ^The spectra of Rb II and Cs II were investigated by 
means of a hollow cathode tube and a hot spark in the visible and ultra-violet regions. The data 
obtained were compared with the analyses of Reinheimmer (Ann. d. Physik 71, 162, 1923) and 
Sommer (Ann. d. Physik 75, 163, 1924) respectively. The classifications of these authors were 
found to be essentially correct though lacking greatly in completeness. The present analysis 
established the configurations 4;^®, 4:p^5s, 4:pHd, 4:p^5p, Ap^6s and 4^®Sd in Rb II and of the cor- 
responding configurations in Cs 11. Spectrograms of the hollow cathode discharge of Rb II in the 
visible region are of special interest because the limit of excitation furnished by metastable 
helium falls exactly between the various levels caused by ^p^Sp, thus providing a check on the 
interpretation of the classification. The energy diagram of Cs II shows as a characteristic 
feature the decomposition of the levels of the above mentioned configurations into two distinct 
groups clue to the large separation of 5p^^P of Cs HI. The value of the ionizing potential of Rb 
II is 27.3 volts and that of Cs II 23.4 volts. Both values are about two volts larger than those 
given by Mohler (Phys. Rev, 28, 46, (1926)), 
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105. Term values in the arc spectrum of selenium^ Se L R, C, Gibbs and J. E. Ruedy, 

Cornell University.— A partial analysis of the arc spectrum of selenium has been given by Runge 
and Paschen (Astrophys. Jour, 8, 70, 1898) in the region 4700-7 lOOX, and by McLennan, Me- 
Lay, and McLeod (Phil. Mag. 4, 486, 1927) in the region 1400-2300X. The present work is an 
extension of the data throughout the region 1300-9100X, with the classification of a number of 
new lines. It has been found possible to determine the term values of certain levels built on the 
lowest level of Se II, and to relate them to this limit. The ionizing potential between 

the lowest level of Se 1, 4/>^^P2, and this limit has been computed as 9.70 volts. 

106. Series in the spectrum of Germanium 11. C. W. Gartlein, Cornell University . — 

High excitation of the first spark spectrum of germanium, Ge II, lias been obtained in a Schuler 
lamp with circulating helium gas and a quantity of metallic germanium of high purity in a 
carbon cathode. The spectrum was photographed in the region 500A to 2S00A with a vacuum 
spectrograph, from 2500A to 4000A with a 75 cm focus quartz spectrograph, and from 4000A to 
9000A with a Zeiss 3 prism glass spectrograph. The series 4:s‘^4:p‘^P\,lX—^s^nd'^D^^^ has been 
obtained for values of n from 4 to 11, and five members of the series 454 ^^ 2 £)j^^ 2 ^ —^sh^PF^ 2 x,^^ 
have also been obtained. From these data the series limit has been calculated to be 128,535 ± 

50 cm“i above isHp'^P\ and gives about 15. 86 volts as the second ionization potential of ger- 
manium. Many new intercombination lines have been obtained. This work confirms the assign- 
ment of the low terms made by R. J. Lang (Phys. Rev. 34, 696, (1929) ) and shows the ioni- 
zation potential to be slightly lower than the estimates of Lang and of Rao and Narayan 
(Proc. Roy. Soc. A119, 607, 1928), 

107. A study of the vanadium I iso-electronic sequence. Helen T. Gilroy, Cornell Uni- 
versity. — A study has been made of most of the spectra in the vanadium I iso-electronic sequence 
due to the possible electronic changes between the following configurations, — Zd^^s, 3fi’^4p, 3#, 

Zd^^s'^, Zd^4:Sp. Application of the regular and irregular doublet laws to this sequence 
indicates that a five-electron system, giving quartets and sextets may be added to the systems 
studied by Bowen and Millikan and Gibbs and White, all of which obe}?' these laws. To illustrate 
the regular doublet law one Az' between sextet or quartet levels has been selected from each 
electronic configuration and {Av/Kyt^ calculated. The increase in is nearly linear 

with increase in atomic number. Screening constants obtained from these same ‘doublets’ 
vary from 16.18 to 15.05 through the sequence from vanadium to cobalt. Moseley diagrams 
have been drawn for sextets and quartets from each configuration. Utilizing the values of the 
vanadium I and chromium II limits as estimated by Russell, square roots of term values 
(z')i /2 ^ere computed and plotted against atomic number for sextets and quartets. Wherever 
the electron change did not involve a change in total quantum number A(pyi^ was found con- 
stant through the sequence to Ni VI. 

108. Possible direct reading methods for measuring the current in the electrodeless dis- 

charge. Chas. T. Knipp, University of Illinois. — An inductive method is described for measur- 
ing the magnetic component of the electrodeless discharge. In this the gaseous electric current 
circulating through a reentrant discharge tube was piped, so to speak, aside where it made a v 

loop of one turn and then returned. A low resistance coil of one turn of heavy braid copper wire 

was placed in the maximum inductive position about this loop. Its terminals were connected to 
a radio ammeter. With this arrangement the ammeter, on excitation of the electrodeless dis- 
charge, read 3 amperes. Further, replacing the ammeter by a 5 cm bridge of No. 38 Ni wire, the 'i 

wire instantly was fused; and, finally, an aluminum disc suspended within the loop, by a thread 
attached to its edge, and with its plane parallel to the gaseous current set itself briskly at right 
angles to same. The magnitude of these effects came as a surprise. The energy was supplied by a 

25 kv., 800 kc motor-generator set, which gave highly damped waves. 

109. Electrodeless discharge characteristics of hydrogen and nitrogen. Otto Stuhlman, 

Jr. and Henry ZurBurg, University of North Cdrolind. — Electrodeless arc discharges were ob- 
tained by means of a predominant electrostatic field in a spherical bulb placed in a long solenoid 
excited by undamped high frequency oscillations. Critical minimum potentials to strike the arc 
were obtained as a function of gas pressure for frequencies between 1.5 and 4.5 million cycles. 
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The characteristics conformed closely to Pashan’s law. The critical points defined by the mini- 
mum values of Xm. and Pm for a given frequency of excitation showed that the Log (Z /p)m was 
a linear function of the frequency/, between discontinuities, interpreted as critical points of 
ionization. These critical ionization points were found to be interpretatable as arising through 
successive impacts. The results show that here as in Towsend’s work at higher pressures X/p 
increases with decreases in p. Xm was found to decrease with increase in / except where the 
relation passed periodically through sharp maxima, indicating by their shapes differences in 
elasticity of impact between the two gases, nitrogen behaving like an inelastic gas and hydrogen 
like an elastic gas. Pressure-frequency relations indicated the existence of the same ionization 
discontinuities. 

110. The ionization by electron impact and extra ionization potentials of nitrogen and car- 
bon monoxide. John T. Tate and P. T. Smith, University of Minnesota,-— The total positive 
ion current in nitrogen and carbon monoxide has been measured as a function of the | energy 
of the impacting electrons out to 750 volts. The number of positive charges per electron per cm 
path at 1 mm pressure of Hg and 0°C was calculated. The efficiency curves for the two gases 
are almost the same and are very similar to those obtained for the inert gases (Phys. Rev. 36, 
1293 (1930) ) and Hg vapor (Phys. Rev. 37, 808 (1931) ). Nitrogen has a maximum efficiency 
of 10.25 ions at about 100 volts and carbon monoxide a maximum of 10.87 at 105 volts. Extra 
ionization potentials in nitrogen were found at 15.80 (first ionization potential), 16.01, 16.30, 
16.45, 16.55, 16.68, 16.79, 16.88, 16.96, 17,08, 17.20 and 17.44 volts. In carbon monoxide they 
were found at 14.20 (first ionization potential), 14.36, 14.49, 14.61, 14.71, 14.82, 14.91, 15.36, 
and 16.38 volts. 

111. Mobilities of Na+ ions in Ha as a function of time. Leonard B, Loeb, University of 
Calif or 7iia.— The mobilities observed for Na*^ ions from a Kunsman source in H2 (Phys. Rev. 36, 
152 (1930) ) lead to a study of the square wave-form oscillations used. These were shown to be 
unreliable above 5000 cycles. The previous observations were substantially confirmed with the 
square waveform tube oscillator and by commutator at low frequencies and by sinusoidal 
oscillations from two different sources and with two different approaches from 2000 to 40000 
cycles. For times of ion transit greater than 5X10““* seconds the mobility uncorrected for 
temperature wtis 16 cm/sec per volt/cm. From lO"”^ to lO”® seconds mobilities of 21 were ob- 
served. Between these times intermediate values were found depending somewhat on the purity 
of the gas. The density correction for gas temperature in the path is slightly uncertain. The 
average temperature lay between 115°C and 60°C, the best value being 80°C. The mobility 
constants for the values above are therefore 13.5 and 17.5 respectively. The normal values ob- 
served in Hg from ionization processes are 8.4 cm/sec. The latter value has no significance as the 
nature of the positively charged molecular nucleus of the ion is not known. The 17.5 value 
possibly corresponds to the Na*^' ion, while the 13.5 cm/sec value corresponds to a Na"^ ion with 
an attached molecule. 

112. Evidence of energy exchanges accompanying scattering of atoms by crystals. H. A* 
Zahl and a. Ellett, State University of Iowa. — The distribution of mercury atoms scattered 
from NaCl, KCl, KBr, KI has been studied by means of an ionization gauge as a function of 
angle of incidence and temperatures of scatterer and incident beam. The direction of maximum 
intensity makes an angle with the crystal normal not equal to the angle of incidence but always 
slightly less. The distribution can be well represented by A cos O-hB cos m{a—d) (B =0 when 
jm(a:— 0) I >7r/4). The departure from specular reflection r = (angle of incidence—o:) is great- 
est for high incidence, being 16“ to 4° at an angle of incidence of 70° and about 5° at 45°. The 
values of A/B,m And y depend on temperatures of crystal and beam. For rock salt at least, 
7 is less (more nearly specular) the colder the crystal and hotter the beam. Since any incident 
beam gives rise to diffuse scattering (A cos 0) plus directed scattering { B cos m(ai —6 ) } centered 
about a line making a greater angle wnth the crystal surface than does the incident beam it 
follows that the scattering is accompanied by an energy exchange. 

113. The dependence of reaction velocity on temperature. R. M. Langer and B. G. Gal- 
vert, Massachusetts Institute of Technology, — In a reaction which goes according to the law 
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NE(t) -NE(0)e-' where \(E) is an increasing function of the energy E, and Ne(0) is the 
number of systems in state E given by Boltzmann’s Law, there are three characteristic types of 
temperature dependence. (1) For low temper^ures there is a range in which the temperature 
coefficient defined by Tolman’s formula (B-E)/kT^ is constant and exceedingly small Then 
conies a region (2) where the temperature coefficient rapidly increases with temperature. For 
higher temperatures (3) the curve again flattens out and the reaction rate K which is an aver- 
age of \(E) can be expressed in the form where r is of the order of the period 

of oscillation of the system. Enough is known about the function X(E) to show for example that 
m the case of ordinary chemical reactions the region of (3) has already set in far below room 
temperature and that r is of the order of 10~i^ sec. For the typical radioactive processes on the 
other hand the region of (1) extends above W degrees. The temperature coefficient at ordinary 
temperatures is about 10» times smaller than in the chemical case so that regardless of the 
closeness of energy levels in the nucleus and even if the nucleus were in thermal equilibrium 
which is not the^case until very much higher temperatures) the difference in radioactive decay 
rate between 0° absolute and ten thousand degrees would be inappreciable 

even if there were no experimental difficulties in its determination. 

z. 114. Improved apparatus for temperature control. E. J. Workman, National Research 
Fellow, Bartol Research Foundation of the Franklin Institute, --Tem^emtme regulators in volving 
the use of a grid controlled arc (thyratron) with a photoelectric cell and galvanometer light spot 
usually suffer from the effect of “hunting.” This effect is inherent in the thermal capacity of the 
heated unit and is not reduced by increasing the galvanometer sensitivity. Such effects may be 
elirpinated by placing in front of the photoelectric cell a rotating diaphragm having the form of 
an Archimedes spiral [f (inches) = 1+0.080 ]. The rotating spiral is placed in such a position 
that the light from the galvanometer mirror falls intermittently on the photoelectric cell, and 
Its duration of transniission is proportional to the galvanometer deflection. With the light 
beam intercepted in this way, the photoelectric cell causes a thyratron to give pulses of current 
of duration appropriate to the conditions of balance in the galvanometer circuit. This apparatus 
reduces the temperature fluctuations by a factor of from 10 to 50 times in comparison to the 
fluctuations obtained when the stationary diaphragm is used. Applications other than temper- 
ature control are discussed. 

lithium, sodium and potassium. K. T. Bainbridge, National Ee- 
search Jellow, Bartol Research Foundation, Swartkmore, Pa.—Magnetic analysis of the positive 
rays o lithium from a spodumene source shows no change in the relative abundance of W 
and Li with temperature. This is in agreement with Aston and xVI orand but at variance with the 
^sults of Dempster, Thompson, and the similar work of Hundley. A possible explanation of 
undley s results appears when the effects of space charge and the geometry of the tube are 
considered. In the prpent work, the ion currents were not limited by space charge, the ions 
when brought successively to the receiving slit described exactly the same path throughout, and 
the resolution was great enough to secure complete separation of the ion beams with freedom 
strays If or Na“ exist at all they are present to less than 1/3000 
o Na . No evidence is secured of K« or K« to 1/300 to 1/1500 respectively of K^. The presence 
o these isotopes has been predicted or suggested by Beck, Fournier. Kossel and othL from 
uclear regularities among the elements or to account for the radio-activity of potassium. The 

complete paper will appear in the Journal of the Franklin Institute. 

116 . The absorption coefficient for electrons in phosphorus and arsenic vapors. Robert 
B. Brode and Metta Clare Green, University of CaZifomfo.-The absorption of electrons 

oToolorffil ‘ T"' “’Tr ■■ ^ electronlebcltfro^^^^^ 

to 100 volts in phosphorus and from 4 to 200 volts in arsenic. In the phosphorus curve a has a 
minimum of about 345 cmVcm^ at 2 volts, a maximum of about 380 at 4 volts, shows a definite 
ecrease of slope around 16 volts and becomes about 150 at 100 volts. The actual magnitudes 
a_re not definite, due to uncertainties in vapor pressure data, to thermal effusion, and ta transi- 
tions between yellow and red phosphorus during the measurements. No maxima or minima were 

observed m the arsenic curve. The values of „ ranged from about 800 cmVcm» at 4 vdtTrabou^ 
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250 at 200 volts. These values were taken using pressures from 1 to 3 XIO"^ mm of Hg. because 
outside these limits there were consistent departures from a linear relationship between log I/Io 
and pressure. At the temperatures and pressures used the molecular formulas are indicated 
by available data to be P 4 and /ii' 4 . 

117. Neutralization and ionization of high velocity helium particles. Philip Rudnick, 
UftiversUy of Chicago. {Introduced by A, J. Dempster.)— A low voltage hot cathode arc and an 
accelerating potential were employed to produce high speed helium particles of homogeneous 
velocity corresponding to 7 to 22 kilovolts, which were then allowed to pass through helium 
gas. The equilibrium proportion of positive to neutral particles was found to increase with 
voltage in this range from 0.08 to 0,23. The mean free path for ionization of the high velocity 
neutral helium atom was found to vary approximately inversely as the square of the velocity 
from 19 X i0”‘^ cms to 6.5 X 10~^ compared with the kinetic theory mean free path of 17 X 10”® cm. 
This is in agreement with Ruchhardt^s hydrogen canal-ray measurements but differs from the 
behaviour of oc particles where free path for change from single to double charge increases with 
the velocity. The mean free path for neutralization of the positive ions was computed to be 
1 ,4 X t practically independent of the velocity. The probability of capture of electrons by a 
rays has been found to depend very strongly on the velocity, in contrast to the approximate 
independence shown by these slower helium ions. These measurements were made by the 
method of Wien, with transverse electrostatic fields, using a thermocouple to detect the rays. 

118. A method for producing high speed hydrogen ions without the use of high voltages. 
Ern{’:st O. Lawrence and M. Stanley Livingston, University of California. — A method for 
pnjducing high speed hydrogen ions without the use of high voltages was described at the 
.September meeting of the National Academy of Sciences. (Science 72, 376 (1930).) The hy- 
drogen ions are set in resonance wdth a high frequency oscillating voltage between two hollow 
semicircular plates in a vacuum, and are made to spiral around in semicircular paths inside 
these plates by a magnetic field. Each time the ions pass from the interior of one plate to that of 
the ol her they gain energy corresponding to the voltage across the plates. This method has now 
been tried out with the following results: Using a magnet with pole faces 10 cm in diameter and 
giving a field of 12,700 gauss, 80,000 volt hydrogen molecule ions have been produced using 
2000 volt high frequency oscillations on the plates. A voltage amplification (the ratio of the 
equivalent voltage of the ions produced to the high frequency voltage applied to the plates) 
of 82 has been obtained. These preliminary experiments indicate clearly that there are no 
difficulties in the way of producing one million volt ions in this manner. A larger magnet is 
under construction for this purpose. 





119. Photoelectric fatigue in cobalt. George B. Welch, Marshall College. — The rate of 
photoelectric fatigue in cobalt, as a function of the incident radiation, is greater when a quartz- 
to-Pyrex graded seal is used on the apparatus than it is when the quartz window is attached with 
de Kholiusky cement. Sealing a side tube containing de Khotinsky cement into the apparatus 
causes the rate of fatigue to decrease. With nitrogen in the cell, the customary fatigue effects 
were obser\’ed. These experiments w^ere made with pressures ranging from lO”^ to 10"® mm of 
mercury, using the method described by the writer (Phys. Rev. 32, 657 (1928)). Within these 
limits, an increase in pressure increases the rate of fatigue, an observation which receives some 
confirmation in experiments performed with electrolytically deposited sodium cells. An explana- 
tion is made on the basis of the “patch” theory. (Acknowledgment is made to the National Re- 
search Council and to Cornell University for material assistance in this work.) 

120. Photoelectric effect of caesium vapour. F. W. Cooke, Unimrsity of Illinois. — The 
measurements reported by Mr. E. M. Little, (Physical Review 30, 109, (1927)), have been con- 
tinued with a view to explaining the difference between the results of Little and F. L. Mohler. 
No effect has been found on the long wave-length side of the critical wave-length 318.4mm- The 
effect is a maximum at this con vergency frequency, decreases with increasing frequency, reaches 
a minimum and begins to increase again. The order of magnitude of the effect is the same as 
that of Mohler. Several disturbing effects had to be eliminated and the final effect was only ob- 
tained as a difference betw^een a dark current and the current due to light. 
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121. Intensity of infrared absorption bands. Lorne A. Matheson, University of Michi- 
gan.-— 'Tht intensity of absorption bands of gases in the near infrared has been determined by a 
new method. A beam of radiation of known spectral intensity is passed through the absorbing 
gas and the absorbed energy found by its resulting heat production causing a measurable ex- 
pansion of the ps. Readings for various concentrations of absorbing gas are extrapolated to 
zero concentration. From the results one may calculate the matrix component of the electric 
moment corresponding to the vibration transition causing the band and the line width of the 
individual lines. Preliminary results have been obtained with CO. 

122. Infrared absorption bands in formaldehyde vapor. Harold H. Nielsen and John 
. Patty, Oho State University. — Two of the principal regions of absorption in Formaldehyde 

vapor reported earlier at 3.5/z and 4.7/^ have been further investigated with an echellette grating 
with a spring of 3600 lines to the inch. The region at 3.5ju, earlier thought to be a band consist- 
ing of P, Q and R branches has been found under higher dispersion to consist of three overlap- 
ping bands with centers at 3.61m, 3.52^ and 3.37m. Two of these (3.61m and 3.37m) show P, Q 
and R branches. The average spacing between lines in these bands is about 3.5 cm-~K The third 
band (3.52m) has only one branch which constists of groups of closely spaced lines. The spacings 
between these groups is about 14.0 cm“i or about four times that of the other bands. The region 
at 4.7m is similar to those at 3.6m and 3.37m in spacing and structure. Due to better resolution in 
this region, what at 3.37m appeared as a single line here appears as a group of very closely 
spaced lines incompletely resolved. Calculations on molecular models of slight asymmetry show 
very good agreement between theory and experiment for the case where the principal moments 
of inertia have the values: ^.-2.7X10-« d:,==21.0X10"-« gm-cm^. 

123. The visible and ultraviolet absorption spectra of certain amino acids and their signifi- 
cance. Gladys A. Anslow and Mary Louise Foster, Smith Colkge.-The absorption spectra 

cysteine, aspartic acid, glutaminic acid, and cystine have been 
studied from 650 to 200 ?mm with a rotating sector photometer. Aspartic and glutaminic acids 
whose molecules are nearly symmetrical about the bond between the a and ^ carbons, gave 
broad, structureless bands m the visible region with maxima at 526 and 495 niM, respectively 
probably caused by vibration in this bond. Cystine showed a narrower band with maximum 
at 251 mM, which is ascribed to vibration in the 5-5 bond, about which it is symmetrical. 

ontmuous absorption started in all the acids between 225 and 200 him, due to dissociation in a 
common group, the least energy being required to dissociate the heaviest molecule. The energy 

“ 7 f “ glutaminic acid, aspardc 

Tr ^m-r This dissociation probably occurs in the carbo.wl 

g o_up, for similar compounds, lacking the amino group, give continuous spectra in the same 
egion as was also found by Ley and Hunecke (Ber. Deut. Chem. Gesel. 59, SIO, 1926). .Since 
the water solutions give like spectra except for a slight shift to shorter wave-lengths the car- 

mteeri7nThe“ry! solutions, contrary to the 

-77 ^“>Ki“iental vibration bands ot COj. P. E. Martin and E. F. Barkfr Um'- 
vers^ly ofMuh^gan.~^ke absorption bands of CO. at 4.3. and 14.9. have been e7mhied with 
a grating spectrometer of resolving power sufficient to separate the rotation lines The 4 3. 

andthr"‘ negative branches only, with rotation lines about l.S cm-i apart 

and shows considerable convergence. The spacing is the same as in the long wave band and h 

This ndlcate ’tto tL°7r7 '^7" "'ay the doublet separation, 

in atotr In '"“h the carbon atom midway between the7vo oxy- 

gen atoms In the low frequency band a strong zero branch appears at 14.9., with twenty or 

ore rotation lines on either side, about equally spaced. The motion associated with this bind 
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these yield precisely the Raman frequencies observed by Dickinson, Dillon and Rasetti, inter- 
preted as transitions of two in the vibrational quantum number which are required by the selec- 
tion rules for this isotropic vibration. 

125. The vibration spectrum of the NoO molecule. E. K. Plyler and E. F. Barker, 
Unwersity of MicMgan, Three very intense infrared bands which apparently correspond to the 
fundamental vibrations of the N2O molecule have been observed at wave lengths of i6.9jLt, 7.7/^ 
and l-.S/x. AH three have been resolved under high dispersion, the rotation lines in each case 
being spaced about 0.8 cm~^ apart. The band at 16.9/i has a strong zero branch, while the other 
two are of the doublet type. The three first harmonics have also been found, and the one at 8.6/i 
resolved. This latter is a doublet type band although its fundamental has a zero branch. In addi- 
tion to these, five combination bands have been studied, all but one being of the doublet type. 
Several of the bands are complicated by the superposition of absorption due to molecules al- 
ready excited to the first or second vibration state for the lowest frequency. 

126. The band spectrum of germanium sulfide. C. V. Shapiro, R. C. Gibbs and J. R. 
Johnson, Cornell University. — A band spectrum of germanous sulfide (GeS) has been observed 
in absorption at temperatures between 450 and 550°C, in the region X3300 to X2400. Two elec- 
tronic transitions have been observed, originating from the same normal state of the molecule. 
The equations for the band heads are: 

I. = iv(I) + 378. 2(/ + 1/2) ~ 1.55(0' -f 1/2)2 530.2(0" + 1/2) + 3.2(0" + 1/2)2 

II. ^ = Pem + 309.6(0' + 1/2) - 1.3(0' + 1/2)2 ^ 580.2(0" + 1/2) + 3.2(0" + 1/2)2 

0' progTessions of 13 and 9 members respectively have been followed in these systems, while 0" 
takes on values from 0 to 4. The intensity distribution is normal. There are indications of an 
isotope effect, as most of the heads are accompanied by two satellites, whose intensity is com- 
parable to that of the main head, corresponding to the fact that germanium consists chiefly of 
three isotopes. These satellites are being investigated further. Extrapolation of the vibrational 
series of the two upper levels indicates that the products of dissociation are the same for the 
two. Assuming that normal atoms are produced by dissociation from the normal state, 3.7 volts 
are obtained as the upper limit for the energy of one or both of the atoms resulting from dissoci- 
ation from the excited state of the molecule. This value is of the order of magnitude to be ex- 
pected for the (still unknown) level of the basic configuration, of sulfur. 

127. Zeeman effect in the 2s —22 cyanogen bands. E. L. Hill, University of Minnesota. 
— Interpreting the doublet separations in the lower state of these bands as due to a molecular 
magnetization by rotation, as suggested by Kemble, preliminary calculations have been made 
of the expected widths and intensity distributions of the Zeeman patterns of some of the doub- 
lets for various strengths of the magnetic field. The results indicate that for fields of about 8500 
gauss a representative doublet such as X3796. 104 —0.184 should be unobservable as two lines, 
which seems at variance with the experiments of A. Bachem (Zeits. f. Physik 3, 372 (1920)). 
For somewhat lower fields there may be complete or partial separation of the doublets. Further 
experiments are being conducted by Dr. Crawford at Harvard to determine with greater ac- 
curacy the form of the components of the doublets in the field. Assuming a suitable doublet 
separation in the upper state it seems possible that the rapid convergence of the predicted 
patterns might be checked, but there is at present no estimate of the magnitude of the no-field 
doubling for this state. If the experimental data seem to justify the effort, a more complete 
study of the Zeeman effect for S states will be undertaken. 

128. Interpretation of the spectrum of BaF. A. Harvey [Commonwealth Fund Fellow) and 
F. A. Jenkins, University of California. —Observed in the fiirst order of the 21-foot grating, the 
absorption spectrum of BaF presents some 200 bands heads in the region 3 600-9000 A. These 
represent all of the band systems previously known in emission, and two additional ones. The 
electronic levels, and the vibration frequencies, coi/2, (in parentheses) are as follows: X, 0 

(465.4) ; A, 11,630 (434.2); B, 12,260 (433.8); C, 14,040 (420.7); D, 19,990 (452.5); E, 20,190 

(454.5) ; F, 24,170 (504.6); G, 26,240 (501.8). The systems A<-X and B^X, discovered in 
emission by Querbach, are evidently the components of the 2ll<— 2S system analogous to that in 
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SrF and CaF, while the C^X system represents the system also found for these mole- 

cules. and X probably form a doublet system, which, by analogy with the Cs atom, 
would involve a more excited ^ll level. The new systems F<-~X and G<^X each consist of single- 
headed bands. New sequences in the D<—X and E<—X systems confirm Johnson’s vibrational 
analysis, but Querbach’s assignments in the infra-red system are corrected in important re- 
spects. All the bands resemble closely those of the isoelectronic molecule LaO, and here also 
the normal state must be the common low^er level of all the known systems. 

129. Boron hydride bands. R. F. Paton and G. M. Almy, University of lUinois.-^Two 

bands due to boron hydride have been photographed in the spectrum of a 110-volt d.c. arc in 
hydrogen with amorphous boron contained in a nickel or copper cup as one of the electrodes. 
The bands obtained are those recently reported by W. Lochte-Hoitgreven and E. S van der 
Vleugel (Nature, Feb. 14, 1931) as the (0, 0) and (1, 1) bands of a transition in BH. 

They consist of P, Q, and R branches degraded to the red. The conspicuous Q heads are at 
X4331 (0, 0) and X4367 (1, 1). From the P and R branches the molecular constants obtained 
are = 11.920, Po" = 11.808, Pi' = 11.21, -0.00143, Do''- -0.00118, 

-0.0017, -0.00145. These values indicate that the (0, 1) band should degrade 

rapidly to the violet. A careful search on our heaviest exposures failed to give definite evidence 
of such a band. The isotope band due to BioH was observed through the greater part of the 
P and R. branches of the (0, 0) band and establishes the identity of the carrier. Microphotometer 
comparisons on three plates of the intensities of the 7 best lines in the R branch gave the 
abundance ratio of Pu to Pio as 4.86 + .15, indicating an atomic weight of 10.841 + .005 in 
good agreement with the chemical determination. ■ * - » 

130. A further study of the emission spectrum of CO.. H. D. Smyth and T C Chow 
Princeton University.--The analysis of the CO 2 bands reported at the New York meeting has 
been considerably extended. We have now found combinations between the set of vibration 
terms previously reported (. = .o+1101.7z;+1.72;^) and eight or more levels of a different elec- 
tronic state. This second set of levels seems to be made up of a double vibration set and seven 
01 them can be fitted by a simple quadratic formula of the type 

P Vo + CLihi + biVi^ -f- a2V2 + + hi2ViV2 

where the constants a., and are of the same order of magnitude as the Raman frequencies of 
CO 2 . Though nearly a hundred bands have now been fitted into the scheme there remain numer- 
ous anomalies which we hope may be removed by further adjustment of the numerical con- 
stants. We are also endeavoring to get in emission the bands observed by Leifson in absorption 
and for this purpose are setting up a small fluorite vacuum spectrograph separated by a fluorite 
window from the excitation chamber previously described. 

131 Band spectrum of bismuth chloride. Paul G. Safer, UniversUy of Chicago. (In- 
IM hy RoUrt S. Mumken.)-A band system of BiCI in the region frL about 4300 to 
SSOOA was excited by introducing vapor from heated BiCl, into active nitrogen. The bands are 
vW T" No other bands were found besides this system. The 

lSs“ rndr^om 2 were measured and a vibrational 

ffl ^ obtained for the wave numbers of the BiCl» 

if tJeR the BiCpv heads were computed from theory from those 

of the BiCl“ equation. These equations are given below. 

BiCF: . = 21802.1 + [221.2(i,' + |) - 308.6(»" + i)] - l2.65(.' + i)= - O.PSfr" + *)»] 
BiCF: . = 21802.1 + [216.0(.' + J) - 301.4(." + J)] - [2.53(.' + - 0.9ll" ^ 1)=] 

The average difference between calculated and observed frequencies was +1.7 cm-> The iso- 
topic displacement was calculated for the heads in the cases where the effect was evident and a 
ose agreement was found with corresponding observed values of the displacement. 

132 Perturbations in the helium band spectrum. G. H. Dieke, The Johns IIoMns 
Umverstty.-A large number of electronic terms of the He^ molecule is known, and ther^ore 
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its spectrum is especially suited to test the theory of perturbations developed mainly by 
Kronig. Two levels which lie close together perturb each other if they have: 1. The same /, 
2. The same inversion symmetry, 3. The same exchange symmetry, 4. A different by at most 
±1, 5. The same multiplicity, 6. Approximately the same internuclear distance. The and 

levels of the lle 2 molecule satisfy conditions 1. to 6. Rotational levels having the same J 
lieclosetogcther for .7=17 if w=4, for J=9 if for /==5 if ?z = 6. [#, total quantum num- 
ber. ] All these levels show marked perturbations which show in the spectrum by a displacement 
of the lines in question and sometimes by abnormal intensities. The two levels involved are 
shifted in opposite directions as required by the theory. There are numerous cases in which 
levels of the I le-i molecule come close together which do not satisfy the above conditions. Then 
there is no trace of any perturbation, 

133. The effect of temperature upon the ultraviolet band spectrum of ozone and the struc- 
ture of this spectrum. Oliver R. Wulf and Eugene H. Melvin, Bureau of Chemistry and 
Soils, Washington, D. C.™The ultraviolet absorption of ozone in the region 3400 -”2300 A con- 
sists of a large number of bands appearing against a background of continuous absorption. The 
effect of temperature upon this spectrum has been studied over the range —78° to 250°C. A 
flefinit.e though small effect has been observed. Grossly it manifests itself as an increase in con- 
trast with decreasing temperature. Photometric results show this to be chiefly a decrease in 
absorption !)ct ween the band edges, all of the bands appearing to come from normal vibrational 
levels of very low if not the lowest energy. Though somewhat diffuse, the bands tend to de- 
grade to the red. The oliserved influence of temperature can be explained as the decrease of in- 
tensity in the higher rotational absorption of the bands, and possibly also in the continuous 
background, with decreasing temperature. Discontinuities in the intensity relations and the 
regular spacing of certain of the bands have led to a partial vibrational analysis indicating two 
active vibrational degrees of freedom in the excited electronic state. The observed change in the 
absorption with temperature may affect somewhat the estimates which have been made of the 
amount of ozone existing in the upper atmosphere. 

134. Rotational analysis of the first negative group of oxygen (02'’') bands. Daniel S. 

Stevens, University of Chicago. {Introduced hy R. S. MuUiken.) — The bands were produced by 
a hollow cathode discharge and photographed in the second order of 21-foot Rowland grating. 
The following bands were used in the analysis: 1”6; 0~6; 1”7; 0-7. As was expected these 
bands correspond to transition like the double headed ^ bands of NO, the two molecules 

being alike in their electron configurations. The lower ^II is case a as in NO. Unlike the case of 
NO, however, the upper 'TI is case b. The lower is regular, with a doublet separation (cor- 
rected to zero rotation) of 195 cm-h Each band consists of eight branches (four P and four R) 
together with some indications of four weak Q branches. This is in agreement with theory. 
Alternate levels in each A-type rotational doublet are missing in both the upper and lower 
states. This is as predicted by the quantum theory of homopolar molecules, since it is known 
that the nuclear spin of the oxygen atom is zero. The constants of the molecule in the two 
electronic states are given by; = 1.043 —0.027z>' cm^b = 1.583 —0.009z;^' cm~^, r/ = lAi 
X 10 “^ cm, = 1.15 X cm. 

135. Electronic energy levels of neutral and ionized oxygen, Robert S. Mulliken, 

University of Chicago. —The normal state of O 2 is known to be a probably corresponding 
to an electron configuration • • • 3da^2pTr^SdTr^ hereafter called A, The upper state of the Schu- 
mann-Runge bands is a probably derived (Herzberg) from • • • 3d<P2pT^Zdr^ , hereafter 
called B. Configuration A should also give two metastable levels and and B a set of 
metastable levels and one non-metastable level The upper level of the 

atmospheric bands, previously identified as the metastable is more probably the If it 
were the bands would be an intersystem quadrupole transition and probably much weaker 
than they are. fThat of B should be below as here assumed, is indicated by considera- 
tion of the wave-functions.) The numerous bands observed by McLennan and others in liquid 
oxygen probably represent transitions to various metastable levels mentioned above. Or possi- 
bly some of these and the may belong to some other configuration, e.g. 3d(P2pw^3dTr3pTr. 
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The normal and excited ^ ft states of O 2 + (cf. preceding abstract) probably result from the re- 
spective removal of a Zdw or a Ipir electron from Existing data on O 2 and O 2 + bands indicate 
1 1.7 volts as the most probable value of the minimum ionizing potential of O 2 . 

136. Magnetic rotation spectrum and heat of dissociation of Li.. F. W. Loomis and R. E. 
Nusbaum, Umversity of Illinois.— The green magnetic rotation spectrum has been obtained 
from lithium contained in a nickel tube which was heated to about 1200X by a low voltage 
stepped-down current. The tube was mounted in a solenoid which produced a field of 1300 
gauss. The phenomenon can be seen in greater detail than in the previously studied spectra of 

a 2 and Kg. In addition to the strong line at the head of each band caused by the piling up of 
the R branch lines, one can see the first few lines of the P branches of the strongest bands. 
Bands due to the lighter isotope are also visible. The spectrum extends to much higher values 
of z;' and v" than Wurm or Harvey and Jenkins report in absorption. It has consequently been 
possible to deduce a much improved value for the heat of dissociation. The frequencies of the 
magnetic rotation lines are represented by the following formula: 

= 20398.4 4- (266.90z>' - 2.SW^ - 0.0637z;'3) 

- (349.00z»" - 2.605z;"2 - 0.0097t»''3). 

The heat of dissociation deduced by extrapolation of the upper set of levels with a slight cor- 
rection, due to the deviation of the highest observed levels from the formula, is 1.14 volts. 
Since the upper levels have been followed to within 0.1 volt of convergence this figure can hardly 
be m error by more than about 0.03 volt. 

137. Valence forces in lithium and beryllium. J. H. Bartlett, Jr., and W. H. Furry 
University of Illinois.— By methods similar to those used by Heitler and London, an in vestiga- 
tion has been made of the interaction of two normal lithium atoms, and also of the interaction 
of two normal beryllium atoms. In the first case, two states, one attractive and the other 
repulsive, are possible for the molecule. The influence of the K shells has been neglected, and a 
nodeless wave function such as used by Guillemin and Zener (Zeits. f. Physik 61, 199 (19v30)) 
has been employed. The heat of dissociation of Lh is calculated to be 1.12 volts and the equi- 
libnuni mternuclear distance to be 2.4A as against the experimental values of 1,14 volts 

respectively (Harvey and Jenkins, Phys. Rev. 
35, J1930)). No stable state is possible when two normal beryllium atoms interact with each 

be formed to ascertain under what conditions stable beryllium molecules wifi 

138. Evidence against the existence of a chlorine isotope of mass 39. Muriel Ashley 
and t . A. Jenkins, Umversity of California.— Yxom results on the infrared spectrum of HCI, 

to a» -,^rri37‘ concluded that CI»» exists in small amounts, in addition 

o Cl and p • A favorable opportunity for confirming this result is found in the ultraviolet 
a ^sorptwn bands of AgCl analysed by Brice. The region adjacent to the AgCF' head of the 
0.1 band IS exceptionally free from structure, and the AgCP» head should appear at high vapor 
densities, if this isotope exists. The bands have been photographed with the 21.foot grating 

1°“®. at which the first appreciable absorption of the .-VgCB’ 
ead begins (550 C), to that for practically continuous absorption (850°). No trace of the 
predicted band was found. Using the vapor pressure data of VartenbU and Bosse th^den! 
sities at the above temperatures are in the ratio 1/1000, and hence Cl” cannot be present to a 

Td ATb^A r investigations of the AgBr 

j elements involved possess heavier isotopes in quantities 

pressure data of Jellinek and Rudat yield 

1/2500 as the Upper limit for a Br isotope of mass greater than 81. 

, ^ band of NH. R. W. B. Pearse, Commonwealth Research Fellow, Unmrsiiy 

of Cahfor„M.~The band at X3360 emitted by the molecule NH (so-called “ammonia” bIndV 
nose o/ "jV® second order of the twenty-one foot concave grating for the pur- 

pose of remeasurement. The source used was a water-cooled discharge tube of IrgLcurJ^t 
carrying capacity containing a mixture of hydrogen and nitrogen. With the dispersion 'of 
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t.3 A/mm which was obtained the closely crowded line structure of the central maximum of 
intensity could be to a large extent analysed into the three components of a triple ^-branch. 
The band shows the three P, three Q and three R branches appropriate to a transition 

where the TI state is near Hund’s case b. The rotational term differences are obtained from these 
branches and used to evaluate the molecular constants. The improved wave-length data giving 
rise to improved values of these constants. 

140. On the resolving power of the concave grating. J. E. Mack and J. R. Stehn, Uni- 
versity of Wisconsin , — An expression for the resolving power of the concave grating has been 
obtained, taking into account the fourth order effect upon the phase, of the departure of the 
grating from the plane. The result is expressed in terms of the "effective width” of the grating; 
i.e., the width of plane grating which gives the same resolving power as the concave one under 
consideration. This effective width is equal to the actual width, for narrow gratings. It in- 
creases to a maximum as the width of the grating is increased, then it decreases again and oscil- 
lates about a constant value, so that there is an optimum width, depending on the radius of the 
grating p, the angle of incidence </>, the wave-length X, and the order of the spectrum. Of special 
interest is the case of grazing incidence (which has recently become important in extreme ultra- 
violet spectroscopy), where the effective width can never be greater than 2.3 [p*X cos and 
approaches a value 20 per cent less, as the width of the grating is increased. In actual cases the 
optimum width may be as small as 1 cm. 

141. Reflecting power and grating efficiency in the extreme ultraviolet. H, M. O'Bryan, 
The Johns Hopkins University . — By using a lightly ruled concave glass grating with a water- 
cooled vacuum spark between tungsten electrodes, enough intensity has been obtained to make 
quantitative measurements of grating efficiencies and reflection coefficients for various angles 
of incidence between lOOOA and 280A in a vacuum spectrograph. To obtain the reflection 
coefficients, a mirror of the substance to be examined was rotated about the axis of a cylindrical 
oil-coated film on which the reflected spectra was photographed. Small gratings were inserted 
in place of the mirror with their rulings perpendicular to those of the concave grating and the 
spectra of the crossed gratings examined. Lightly ruled glass gratings, which were good at nor- 
ma! incidence, gave only extremely faint spectra near grazing incidence. Glass gratings etched 
with hydrofluoric acid were of little value at normal incidence but surprisingly efficient near 
grazing incidence. A grating of the echelette type, with the angle between the incident light and 
reflecting face of the groove made small enough to utilize the increased reflecting power at small 
angles will be the most efficient grating for the extreme ultraviolet and soft x-ray regions. The 
etched glass gratings approximate an echelette with a wide V-shaped groove. 

142. Three methods of studying capillary structure as applied to wood. Alfred J . Stamm, 
Chemist Forest Products Laboratory, U, S. Department of Agriculture . — Three different physical 
methods for studying the capillary structure of porous materials are developed and applied to 
the study of the fine effective continuous capillary structure of wood. The three characteristic 
capillary properties measured are, (1) the ratio of effective capillary cross-section to the effective 
length, (2) the average effective capillary radius, and (3) the maximum effective capillary 
radius. Some of the important characteristics of the porous structure of wood are briefly pre- 
sented in order to show that the major part of the void structure, the fiber cavities, have very 
little to do with the permeability of w^ood. The pores in the pit membranes which connect the 
adjacent fiber cavities are shown to be the structure effective in controlling permeability of 
wood. These pores in the pit membranes in general, are below microscopic visibility, thus neces- 
sitating other means of study. 

The ratio of the effective capillary cross-section to the effective capillary length is deter- 
mined from electrical resistance measurements of strong salt solutions filling the void structure 
and from the specific resistance of the salt solutions in bulk. Stx'ong salt solutions are used in 
order to make the surface conductivity negligible as well as the conductivity of the swollen cell 
wall. The average effective capillary radius is determined by combining the results of the 
preceding measurements with results obtained from hydrostatic flow studies of a continuous 
water phase extending through the section. Poiseuille's law is used for the caiculations. A 


differential pressure drop apparatus was devised for these measurements in which the flow of 
liquid through a standard capillary tube and the test specimen connected in series is determined 
by measuring the pressure drop through each. The maximum effective capillary radius is deter- 
mined by measuring the gas pressure required to overcome the effect of the surface tension of 
water in the capillary systems. The data show the large differences between the fine capillary 
structure of heartwood and of sapwood. 

143. The electric conductivity and dielectric constant of disperse systems. Hugo Fricke, 
The Biological Laboratory, Cold Spring Harbor, Long Island . — This report refers in particular to 
suspensions of biological cells. The interior of a biological cell is a well conducting salt solution, 
but at its surface polarization or the presence of a non-conducting membrane obstructs the 
passage of an electric current with a resulting low conductivity and high dielectric constant of 
the suspension. The theory for the passage of an alternating current through a suspension of 
this type is dealt with and experimental work with various kinds of suspensions such as cream, 
wet sand, blood, and animal tissues, is described to show the applicability of the theory. The 
determination of the volume concentration of suspensions, of the form factor of the suspended 
particles, of the thickness of surface membranes, and of the interior conductivity of living cells 
are instances of practical applications. 

144. Three component emulsions. P. G. Nutting, U. S. Geological Survey. — A quartz 
sand grain, wet with water, tends to ding to oil but tends to remain on the water side of an 
interface. A glass plate, such as a microscope cover glass, may readily be floated on water if the 
water is first covered with gasoline. Muddy water, shaken with gasoline, is cleared, the par- 
ticles of silt collecting in a tough skin at the interface. Muddy gasoline shaken with dear water 
gives the same result. Emulsions form whenever a dielectric fluid (air or an insulating oil), solid 
particles and a second fluid containing OH (water, alcohol, glycerine, linseed oil) are thor- 
oughly mixed and allowed to stand. Two components give solutions and suspensions but never 
emulsions. The solid particles are supposed to adsorb OH ions on one side thereby acquiring an 
induced charge on the other which clings to the dielectric. 

145. The electric mobility of proteins. Mar old A. Abramson, Harvard University. — 
1. The electric mobility of microscopic quartz particles covered with egg and serum albumins 
(crystallized 3X) is, between pH^^S.S to 5.5 (1) equal to the mobility of the dissolved protein 
molecules, and (2) proportional to the combining power of the proteins for acids and bases. 
This indicates that the amino and carboxyl groups of the adsorbed protein molecules are practi- 
cally all oriented toward the aqueous phase. The method of mobilities, therefore, is a valuable 
means of studying the orientation of polar molecules at solid-liquid and liquid-liquid pliase 
boundaries. This is further demonstrated by the behavior of crystals of tyrosine, cystine and 
aspartic acid. The electric mobilities of these particles indicate that the anipholytic nature of 
these substances is not simply responsible for the values of mobility. All these crystals are 
negatively charged at the isoelectric point calculated from the dissociation constants. All three 
have an isoelectric point at about pH ^2 A, with reversal of sign in more add solutions. The 
mobilities of the amino-acid crystals are, therefore, somewhat like those of inert surfaces, 
differing however in important respects. It seems likely that the amino and carboxyl groups 
at the surface of the crystal are not oriented toward the liquid, 

II. The change in electric mobility of egg albumin with pH is proportional to the change 
in specific rotation. A method is available, therefore, for the comparison of change in potential 
with change in the rotation of the plane of polarized light. 

146. The application of the ultracentrifuge to some colloid physical proMems. J. B. 
Nichols, E, I. duPont de Nemours df Company.— AJntil recently there existed no very reliable 
method for determining particle-size distribution curves of colloidal material, especially iyophi- 
lic colloids. Accordingly a study was undertaken of the conditions required for uiidisturbed cen- 
trifugal sedimentation of fine-grained colloids and for the accurate determination of the sedi- 
mentation-velocity and diffusion relations. The present ultracentrifuge, as developed in Sved- 
berg's laboratory, enables us to exert a centrifugal force 100,000 times that of gravity on a 
solution and thus to determine the particle size of a great variety of colloidal material and even 
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molecular weights of complex dyes or proteins. Valuable information can be obtained on pheno- 
mena such as the interaction of particles in solution , the effect of the environment on the state of 
aggregation^ and Donnan potential effects. 

147. The limitations and adaptability of ultramicroscopes to the study of colloid systems. 
L. V. hosTER, Bausch and Lomh Optical Co, — -Ultramicroscopes are of two distinctly different 
types. The best known is the cardioid ultramicroscope in which the illuminating portion pro- 
duces a hollow cone of large angular aperture with its apex at the object. The observing system 
is a microscope consisting of a high aperture objective of angular aperture slightly less than 
that of the hollow cone and a high power eyepiece. The other is the slit ultramicroscope. The 
illumination system in the slit ultramicroscope is perpendicular to the observing system. Both 
systems are of high numerical aperture, but no direct light can enter the observation system. 
Details of construction of both types of ultramicroscopes and their sensitiveness of adjustment 
will be discussed. Expressions for their limitations in colloid microscopy will be given. 

148. Physics in the study of pigment dispersions. F. A. Steele, The New Jersey Zinc Co „ 
Palmerton, Pennsylvania, — The study of colloids has reached the point where many important 
contributions are coming from physicists. Even more attention from physicists will be required 
if this science is to progress as it should. A suitable dispersion of zinc oxide in kerosene has a high 
yield value and marked plastic properties. A few drops of a dispersing agent added to this 
mixture largely destroys its plastic properties and greatly increases its fluidity. It is well es- 
tablished that the dispersing agent accomplishes this result by decreasing the interfacial tension 
and thereby destroying the flocculation of the pigment. In certain cases in paints, however, 
there is reason to believe an entirely different phenomenon is responsible for yield value and 
plasticity. Much work with the tools of the physicist is indicated in the solution of this problem. 
There is much to be done in the study of solid-liquid interfacial tension, adsorption layers, 
interfacial potentials, and the di-electric properties of colloids before these problems are to be 
solved. The behavior of pigments in rubber is also discussed. 

149. Some theoretical aspects of the biological applications of physics of disperse systems* 
N, Rashevsky, Westinghouse Research Laboratories, East Pittsburgh, — ^A review of the author’s 
recent theoretical work on the properties of small liquid drops and more generally of systems 
with very large specific surface, is given. When such a system interacts chemically with the 
surrounding, in such a way, that the mass of the substances, of which the system is constituted, 
slowly increases, the system will possess, under very general conditions, properties remarkably 
similar to those found in living organisms. Thus it is found that such a system may possess a 
positive rate of growth, when its size exceeds a certain critical one. Below this critical size the 
rate of growth is negative. Such a system therefore can never be formed spontaneously, al- 
though all substances necessary for its formation may be present. Under certain very general 
conditio!is such a system will, under the influence of osmotic and other forces, divide into two 
halves, when reaching a certain size, each half again growing and dividing, and so forth. In 
many cases the system will possess a very definite geometrical form, which will tend to be 
restored, when the system is deformed by some external disturbance. ' 

150. Some colloidai properties of bentonite suspensions. H. A. Ambrose and A. G. 
Loomis, Mellon Institute of Industrial Research and Gulf Research Laboratory, Pittsburgh, Pa.-— 
A study of the swelling and gelling properties of bentonite dispersions has been made in connec- 
tion with the increasing use of this mineral for drilling oil wells. It is shown that the emulsoid 
type of colloids present responds to changes in the pH o( the dispersion medium with respect 
to rate of settling, viscosity and swelling, thus behaving as a typical hydrophilic colloid. The 
curve for per cent of solid matter settled in a definite time as ordinate against the pH shows a 
maximum at the isoelectric point, with minima on each side of this point, corresponding to the 
points of maximum adsorption. As the pH is further increased or decreased flocculation begins 
with increased rate of settling. The viscosity curve is closely related to the rate of settling curve,- 
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showing maxima and minima corresponding to the electro- viscous effect. Maximum swelling 
occurs at approximately the point of maximum viscosity. Methods are given for controlling the 
swelling of bentonites. Relaxation curves are given for bentonite suspensions and utilized to 
explain the suspension qualities of these sols for heavy mineral dispersions, such as barite or 
amorphous silica. A few applications of bentonite sols to the drilling of oil wells are given. 

151. The theory of electrophoretic mobility. M. Mooney, United States Rubber Co,, 
Passaic, New Jersey, — The Helmholtz theory of electrophoresis is modified, in the case of a 
spherical particle, to take account of ionic diffusion, ionic mobility and the motion of the water. 
The effect of these factors on the charge distribution in the double-layer and on the electro- 
phoretic mobility is calculated. The principal term in the resulting mobility formula applies to 
a sphere whose radius is infinitely greater than the mean thickness of the electric double-layer. 
It agrees with the Helmholtz mobility formula. A second term gives the first order correction 
for the curvature of the spherical surface. The Debye-Hiickel theory of electrophoresis, the 
Helmholtz theory and the modified Helmholtz theory are compared; and it is shown that the 
different value for the numerical factor in the Debye-Hiickel mobility formula results from a 
different assumption concerning the electric field in the immediate neighborhood of the particle 
when subjected to an external field. It is also argued, as a further consequence of this assump- 
tion, that the use of the Debye-Hiickel formula is justified only at the other extreme in particle 
size, that is, for particles whose radii are small in comparison with the mean thickness of the 
double-layer. The experimental results of several investigators are considered in their connec- 
tion with these theoretical deductions. 

152. Wave motion and the equation of continuity. R, B. Lindsay, Brawn. IJniversUy. 

•—■The motion of a compressible fluid medium slightly disturbed from equilibrium is described 
by means of the two fundamental relations between 4>, the velocity potential, and s, the con- 
densation, viz., (ri), the equation of motion-. and (B), the equation of continuity- 

Ym The elimination of either <f)ors between {A ) and (B) leads to the usual wave equation 
for propagation with velocity c. Now it is interesting that (ri) focusses attention on the motion 
of a part of the medium which is considered to move as a whole (i.e., as a single particle), 
while {B) is the expression of the fact that a continuous medium is involved. Both ideas are 
thus implied in wave motion. The present paper studies several other cases where the combi- 
nation of equations of type (.4) and {B) leads to the wave equation. Such are, for example: 
(a) longitudinal waves in solid rods, {h) transverse waves along a flexible string (wherein, as in 
(u), the equation of continuity appears in the guise of Hooke’s law), and (c), electromagnetic 
waves. As an allied matter of interest it is shown that equations of type (4) and (B) for a one 
dimensional continuum may be expressed in the form of generalized Hamiltonian canonical 
equations of motion where the Hamiltonian is replaced by a functional of representing the 
total energy in the medium. This further emphasizes the fundamental nature of equations of 
type (4) and (B). 

153. Diffuse scattering of x-rays by simple cubic crystals. G. E. M, Jauncey and G. G, 
Harvey, Washington University, St. Louis, Mo.~~~The value of X in a previous paper by 
Jauncey (No. 68) has been determined for the case of a simple cubic crystal consisting of atoms 
of one kind and the formula obtained by Jauncey reduces to: S-lA-{Y~-l)(f'^/Z^) — iF^/Z). 
There are no experimental results for a crystal consisting of atoms of one kind, but Jauncey 
and May (Phys. Rev. 23, 128 (1929)) have obtained values for the diffuse scattering of x-rays 
from a crystal of rocksalt. Assuming rocksalt to consist of atoms of atomic number (11 -f 17)/2 
or 14, we have calculated values of f using values of F given by James and Firth (Proc. Roy, 
Soc. A117, 62 (1928)). These calculated values of /' are' found to be only slightly greater than 
the values of F at absolute zero. Also Jauncey (Phys. Rev. 20, 421 (1922)) has measured the 
effect of temperature on the diffuse scattering from crystals. From the above formula calcu- 
lations of the ratio of the scattering at temperatures of 568“ and 290°K have been made, using 
F values given by James and Firth. The theoretical and experimental values of this ratio in 
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one case are 1.29 and 1.33 respectively, and in another case are 1.13 and 1,18, thus showing 
good agreement between theory and experiment, 

154. An experimental test of the ionization chamber method of measuring relative in- 
tensities of x-ray spectrum lines. Samuel K. Allison and Victor J. Andrew, University 
of Chicago . — A two-compartment ionization chamber has been constructed with the following 
properties (1) The fraction of the x-ray energy in the direct beam absorbed in the front com- 
partment could be directly measured, (2) The volume of gas from which the ionic saturation 
current was drawn was sharply defined, (3) Fluorescent radiation or photoelectrons produced 
in the chamber could not reach the walls (4) The direct beam entered and left the chamber 
through thin windows and encountered no other parts of the chamber. The relative ionization 
currents produced in methyl iodide, methyl bromide, argon, sulphur dioxide, and air by the 
di, yi, lines of the tungsten A-series were measured and the ratios obtained after correction 
for fraction absorbed were found to vary not more than 1 per cent in the first four gases. In 
air a correction (Compton, Phil. Mag. 8, 961 (1929)) must be made for scattering; if this is 
done, ratios agreeing with the first four gases were obtained. The results give strong support 
to the following hypothesis: The saturation current obtained from a given volume of any gas 
is proportional to the power of the fraction of the x-ray beam transformed into /3-rays within 
it, providing the iS-rays come to the end of their ionising range within the volume. Similar ex- 
periments on the uranium X-series are being completed, 

155. Effects of ground faults and ground connections of the Wheatstone bridge. Frank 
Wenner, Bureau of Standards^ Washington, D. C . — The insulation outside the bridge proper 
may not be perfect, and with an alternating test current there may also be displacement cur- 
rents between the source and detector leads. Either results in ground faults and requires 
that a correction be applied to the usual bridge equation or that certain auxiliary adjustments 
be made, and usually these adjustments involve some type of ground connection. Ground 
faults in each of the source and each of the detector leads increase the number of arms of the 
bridge from 4 to 8. While the equation for the 8-arm bridge is easily determined, usually a 
part of the data required for its use are lacking. It is shown, however, that the correction to the 
usual bridge equation necessary to take account of the effect of these ground faults can in most 
cases be determined from two additional balances of the bridge. One of these is made with one 
terminal and the other with the opposite terminal of the bridge grounded. Effects of other 
types of ground faults, and the effectiveness of various adjustments and ground connections in 
reducing the magnitude of the error resulting from ground faults in case a correction is not 
applied, are considered. 

156. A new principle of sound frequency analysis. Theodore Theodorsen, National 
Advisory Committee for Aeronautics, Langley Field, Virginia. {Introduced by J. S. Ames ,} — 
A new method of sound frequency analysis has been developed by the National Advisory Com- 
inittee for Aeronautics in connection with a study of aircraft noises. The method is based on the 
w^eli known fact that the ohmic loss in an electrical resistance is equal to the sum of the losses 
of the harmonic components of a complex wave, except for the case in which any two compo- 
nents approach or attain vectorial identity, in which case the ohmic loss is increased by a defi- 
nite amount, even though the total current remains the same. This fact has been utilized for 
the purpose of frequency analysis by applying the unknown complex voltage and a known 
voltage of pure sine form to a common resistance. By varying the frequency of the latter 
throughout the range in question, the individual components of the former will manifest them- 
selves, both with respect to intensity as well as frequency, by changes in the temperature of the 
resistance. No difficulties exist as to distortions of any kind. The fidelity of operation depends 
solely on the quality of the associated vacuum-tube equipment. An automatic recording instru- 
ment embodying this principle is described in detail. 

157. The blackening of photographic plates by positive ions of the alkali metals. K. T. 
BkmBmDGE, National Research Fellow, Bartol Research Foundation, Swarthmore, Pa.— The 
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blackening of Eastman x-ray plates has been measured as a function of the energy of the ions of 
Li, Na, K, Rb and Cs. The current density in the ion beam in the mass spectrograph was main- 
tained at 1.32X10-S amp/cm2 for the most abundant isotope of each element. With exposures 
of one minute and for a density L>=0.3 the energy of the ions ranged from 1440 electron-volts 
for Cs to 850 electron volts for Li^. For a threshold density, D =0.04, the energy ranged from 
approximately 750 to 450 electron-volts for Cs and Li^ respectively. A discussion is included of 
the probable mechanism of rendering a silver bromide grain developable, results with Schumann 
and Process plates, and blackening as a function of time and the intensity of the ion beams. 
The ion sources used, which are unsurpassed for steadiness, purity, and ease of manipulation, 
are described. The complete paper will appear in the Journal of the Franklin Institute. 

JLS8. The angular distribution of photoelectrons ejected by polarized ultraviolet light in 
potassium vapor. Ernest 0. Lawrence and Milton A. Chaffee, University of California 
— Light of wave-lengths in the region of 2400A selected by a monochromator and polarized by 
a pile of quartz plates illuminated a jet of potassium vapor. The lateral directions of emission 
of the photoelectrons relative to the electric vector were studied. Though the electi'ons were 
ejected with less than one equivalent volt velocity, the experiments were definite in establishing 
that the most probable direction of ejection is that of the electric vector and moreover that the 
angular distribution varies as the square of the cosine of the angle between the electric vector 
and the direction in question. This result is in accord with predictions of the wave mechanics 
for a spherically symmetrical atom and incidentally therefore constitutes additional evidence 
that molecules do not play an appreciable part in the observed photoionization of potassiuirt 
vapor. 

159. A-type doubling and electron configurations in diatomic molecules. Robert S. 
Mulliken and Andrew Christy, University of Chicago. — Van Vleck’s equations for the A-type 
doublet widths in states, for all intermediate coupling cases betw^een cases a and have been 
found to fit excellently the data on CH, OH, SiH, Call, ZnH, Cdll, HgH, etc. (Incidentally 
this had made possible a revision of the hitherto doubtful assignment of J values for the Q 2 
lines in the bands of CaH, and has permitted identification of the branch.) From the 
constants of these equations and similar constants for and states, determined from em- 
pirical data, further confirmation of Van Vleck’s theoretical results is obtained, also interesting 
information concerning electron configurations of molecules. In this way it is found that the 
n and I values previously assigned to outer electrons in hydrides have almost the same well- 
defined significance as they would in an atom formed by uniting the H nucleus with the heavier 
nucleus. For example, in the normal (^S) and first excited (‘-^11) state of CdH, wdth configurations 

• • • 5s(r^5pcr and • • • Ssa^Spr, the present evidence show^s that the last electron really be- 
haves like a 5p atomic electron, even though the normal (^S) state is formed with a small 
energy of formation from a normal Cd atom ( • • * 5s% ^S) and a normal H atom (Is, ^S). 

160. Colloid physics in latex technology. Andrew Szegvari, American A node Inc. , Akron, 
Ohio. Latex, a suspension of rubber hydrocarbon (latex particles) in an aqueous solution, flows 
from the rubber tree in an extremely unstable state. When stabilized by raising the pll with 
ammonia it may be stored and becomes available for commercial purposes. The concentration 
may then be increased by centrifuging, creaming, or evaporation until 60 percent or more is 
rubber. Rubber goods may be made directly from such stabilized latex by eiectrodeposition, 
coagulation, ultrafiltration, evaporation, etc. The controlling factors in the deposition processes 
are the colloid physical conditions of dispersed systems and most eminently, the electrokinetic 
characteristics. The eiectrodeposition of latex gives an interesting colloid physical analogy to 
eiectrodeposition of ionic dispersed metals. The most striking difference between these systems 
with particles of such widely varying size, is the rate of deposition. This is considerably larger 
in colloid dispersed than in ionic dispersed systems. For most technological purposes the liquid 
latex systems must be compounded with conditioning ingredients. In this compounding the 

physical properties of suspensoid-dispersed systems are again concerned. 
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161 . Dirac’s spinning electron and Barnett’s gyromagnetic effect. Otto Halpern, New 
York University,— Tho, paper contains a treatment of the influence of a constrained rotation of 
the Dirac electron which may be free or bound to a nucleus. The proper values in the rotating 
system are changed as in the old quantum theory, the sum of spin and orbital angular momen- 
tum enteiing instead of the orbital momentum alone. There appear small additional terms of the 
order of fine structure separation times angular velocity of rotation. 

162 . On the design of high-tension condenser leads. Harry Clark, Stanford University , — 
A condenser was built for use at 50 kv on direct current consisting of several large glass plates 
coated with tinfoil and stacked together almost in contact in air. The leads were tinfoil strips 
1 inch wide. Although each plate withstood a long test at 80 kv, the assembly sparked over at 
50 kv. The discharge occurred opposite a lead where the minimum spark-length was 9 inches 
and was caused by the inductive effect of the lead and proximity of the plates. The defect was 
remedied without separating the plates by using leads of thick wire so bent as to cross the mar- 
gin of the plate at a 30-degree angle. This apparently causes the leakage along the glass oppo- 
site the lead to proceed as a very long narrow salient with a smaller potential-gradient. 

163. Air-cooled electromagnet for Zeeman effect. 1. Walerstein and A. I. May {D. E. 
Ross Research Felloiv), Purdue University, {Introduced by K. Lark-Horowitz) . — An air-cooled 
electromagnet for work in Zeeman effect has been constructed due to lack of a “soft” water sup- 
ply for cooling. The pattern of the instrument follows the Boas type, but includes a number of 
improvements. The yoke is made of a wider cross section, thus eliminating the narrowing of the 
pole gap upon application of the field. The current is carried by 2000 turns of flat bare copper 
ribbon wound in 24 pancake coils which are cooled by a forced draft of air circulated between 
the coils by a fan. Temperature equilibrium is reached throughout the instrument in less than 
an hour, and in half an hour in the pole-gap where the temperature rise is about S°C for an in- 
ducing current of 20 amps. Using ferro-cobalt pole caps with pole face of 8 mm diameter fields 
of 39500 gauss and 43500 gauss were obtained respectively for gaps of 4 mm and 2.4 mm with a 
current of 25 amps. For a gap of 1 mm and a current of 33 amps a field of 48500 gauss was 
reached. Zeeman patterns were produced corresponding to nearly full strength of the magnetic 
field with no loss in sharpness, due to thermal fluctuations even during the first hour of applica- 
tion of the field. 
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Canal rays 

Doppler effects in hydrogen, H. F. Batho, A. J. 
Dempster— 100(A) 

Capillary action (see also Surface tension) 


Rise in sands of uniform spherical grains, W. 0 
Smith, P. D. Foote, P. F. Busang— 1015(A) 
Structure study as applied to wood, A. J Stamm 
. —1713(A) 

Chemical reactions 

Dependence of reaction velocity on temperature, 

^R. M. Langer, B.,G. Calvert— 1705(A) 

Collision diameter of atoms and molecules. 

Collision processes involving no radiation of 
energy, theory, P. M. Morse, E. C. G. Stueckel- 
berg— 449(L) 

Of Hg by scattering of electrons, J. M. Pearson, 
W. N. Arnquist— 970 

Interchange of energy in collisions, theory, C, 

. Zener— 459(A), 556 

Of P and As for electrons, R„ B. Erode M C 
Green— 1706(A) 

Of Hg and He, effect of resolving power on absorp- 
tion coefficient, R. R. Palmer— 70, 101(A) 

Of Tl, for slow electrons R. B. Brode— 231fA) 
570 ‘ ' 

Colloids 

Electric mobility of proteins, H. A. Abramson— 
1714(A) 

Physics in latex technology, Andrew Szegvari — 
1718(A) 

Physics in the study of pigment dispersions, F, A 
Steele— 1715(A) 

Physics of disperse systems, biological applica- 
tions, N. Rashevsky— l7l5rA) 

Some colloidal properties of bentonite suspensions, 
H. A. Ambrose, A. G. Loomis— 1715(A) 
Structure study as applied to wood, A. J. Stamm 
---1713(A) 

Study of colloid systems by ultramicroscopes, L. 
V. Foster— 1715(A) 

Three-component emulsions, P. G. Nutting 

1714(.^) 

Ultracentrifuge; some colloid physical problems, 
J.B. Nichols— 1714(A) 

Compton effect, (see X-rays diffraction, scattering) 
Conductivity, Electrical, (see Electrical conductiv- 
ity and resistance) 

Constants, physical 

From absolute wave-lengths of x-rays, J. A. 
Bearden— 1210, 1694(A) 

e/m, by deflection, G. E. Uidenbeck and L. A. 

,, Young— 99(A) ■ 

Contact potentials 

■Between iron and nickel,. G. N. Glasoe— 102(A) 

Corona discharge 

Oscillation on wires, R, E. Tarpiey, J. T. Tyko- 
ciner, E. B. Paine— 1689(A) 

Cosmic radiation 

Atmospheric ionization, E. O. Ilulburt- 
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Cosmic radiation (continued) ' 

Continuous ultra-7 spectrum explanation, cosmic- 
ray ionization, C. M. Olmsted — 1688(A) 

Energy of the cosmic electrons by magnetic de- 
flection, L. M. Mott-Smith — lOOl(L) 
Ionization-depth curve, and the present evidence 
for atom-building, R. A; Millikan, G. H* Cam- 
eron — 235 

Least-square adjustment of cosmic-ray observa- 
tions, L. D. Weld— 1368(L) 

Residual ionization in air at high pressures, J. W. 
Broxon— 468(A), 1320 
Crystals and crystal structure 
Of anhydrous sodium sulphite, W. H. Zachariasen, 
H. E. Buckley — 1295 

. Black structure and ferromagnetism, F. Bitter — 
91(L) 

Of the CIO3 group, W. H. Zachariasen — 1693(A) 
Cold roiling and recrystailization in steel, C. Nus- 
baum — 458(A) 

Density and conductivity of Bi single crystals, 
grown in magnetic fields, A. Goetz, A. B. Focke 
—1044 

Mosaic structure, diffraction of H atoms, T. H. 

Johnson— 87(L), 99(A), 847 
Extra lines in x-ray diffraction patterns, R. W. 
Drier— 712 

Of stibnite, J. G. Albright — 458(A) 

Of copper, C. S. Barrett, H. F. Kaiser — 1696(A) 
Of lithium iodate, W. H. Zachariasen F. A. Barta, 
—1693(A), 1626 

Mosaic structure, J. A. Bearden — 1210, 1694(A) 
Of the NO2 group, G. E. Ziegler — 1693(A) 
Orientation in Ni, Cu and Al, C. B. Hollabaugh, 
W. P. Davey— 1697(A) 

Parameters of solid solutions of Si in Cu, H. F. 

Kaiser, C. S. Barrett — 1697(A) 

Of potassium permanganate, R. C. L. Mooney — • 
474(A), 1306 

Properties of single crystal Mg, P. W. Bridgman — 
460(A) 

Specific resistances of Zn single crystals, E. P. T. 

Tyndall, A. G. Hoyem — 101(A) 

Transparency of sodium fluoride and lithium 
fluoride, E. H. Melvin — 1230 
Valence pairs and structure of group, W. H. 
Zachariasen— 105(A), 775(L), M. L. Huggins — 
447(L), 1177(L) 

: , Of vesuvianite, B . E. Warren — 1 697 (A) 

Transverse heat effect, H. P. Stabler — 461(A) 
Cybotactic state 

Molecular association in water, G. W. Stewart — 9 
Dielectric constants 

Air at high pressure, J. W. Broxon— 473(A), 1338 


Castor oil, linseed oil and tung oil, W. N. Stoops 
—103(A) 

Complex molecules, formic, acetic, and propionic 
acids, C. T. Zahn — 1516 

Amines, electric moment, P. N. Ghosh, T. P. 
Chatterjee — 427 

And intramolecular field, F, G. Keyes, J. G. 
Kirkwood — 202 

And molecular association, J. A. Wehrle — 1135 
Organic compounds, W. R. Pyle — 463(A) 
Polarization of electrets, M. Ewing — 463(A) 
Rubber time lag, A. H. Scott — 1186(L) 

Tung oil, A. A- Bless — 1149 
Dielectrics and dielectric properties 

Dielectric loss, variations with temperature andfre^ 
quency, H. H . Race — 430, 463(A) , erratum — 137 1 
Of foreign and domestic micas, A. B. Lewis, E. L. 

Hall, F. R. Caldwell— 1690(A) 

Ionization in dielectrics, J. T, Tykociner, E. B, 
Paine — 1690(A) 

Orientation of hydrocarbon crystals by an electric 
field, R. D. Bennett — 103(A) 

Diffraction of atoms (see Atomic and molecular 
beams) 

Diffraction of elections (see Election, diffraction) 
Dimensional analysis 

Body moving in viscous medium, J. Kunz— 
1701(A) 

Discharge of electricity in gases (see also Arcs, 
Spark discharge) 

Accommodation coefficients, of 4- ions, C. C. Van 
Voorhis, K. T. Compton — 1596 
Collisions of the second kind, L. B. Headrick, O, 
S. Duffendack — 736 

Electrodeless, frequency variations resulting from, 
J. T. Tykociner, J. Kunz — 100(A) 

Electronic velocities in the positive column at 
high frequency, E. Hiedemann — 978 
High frequency behavior of a plasma, L. Tonks— 
1020(A), 1458 

High frequency discharges in Hg, He and Ne, C. 
J. Brasefield — 82 

Negative volt-ampere characteristics of neon 
positive column, C. G. Found — 100(A) 

Mobility of elections in argon, H. B. Wahlin— 
101(A), 260 

Oscillations in the glow discharge in argon, G. W, 
Fox— 815; T. C. Chow— 574, 1020(A) 
Discharge of electricity in high vacua (see Thermi- 
onic emission, High voltage tubes) 

Dissociation 

Of excited iodine molecules, L. A. Turner, E. W. 
Samson: — 1684(A) 

Of water vapor in electrical discharge, E. G. 
Linder — 1677(A) 
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Dissociation, heat of (see also Spectra, molecular) 

Of Li 2 , F. W. Loomis, R. E. Nusbaum— 1712(A); 

J. H, Bartlett, W. H. Furry-~1712(A) 

From predissociation spectra, L, A. Turner— 
1014(A) 

Of zinc, cadmium, and mercury molecules, J. G. 
Winans— 107(A), 897, 902, erratum, 1371 
Doppler effect 

In hydrogen canal rays, H. F. Batho, A, J. Demp- 
ster — 100(A) 

Dynamics (see also Mechanics, quantum) 
Vibrations of a loaded string, R. B. Lindsay— 
1682(A) 

Wave motion and the equation of continuity, R. 
B. Lindsay— 1716(A) 

Efficiency of ionization 
Mercury vapor. P. T. Smith — 808 
Ni and CO, J. T. Tate, P. T. Smith — 1705(A) 
Elasticity 

Coefficient of restitution, L. J. Briggs — 1683(A) 
Columns with variable end restraints, L. B. 

Tuckerman, Wm. R, Osgood — 1683(A) 
Determination of principal stresses from crossed 
nicol observations, R. V. Baud — 111(A) 

Of rubber, W. W. Stifler, P. C. Mitchell— 1683(A) 
X-ray measurements of the elastic deformation, 
W. P. Jesse— 1017(A) 

Electrical conductivity and resistance 
Of Bi in alternating magnetic fields, W. W. Macal- 
pine — 624 

Of bismuth single crystals grown in magnetic 
fields, A. Goetz, A. B. Focke— 1044 
Changes, due to magnetism and hardness, S. R. 

Williams, R. A. Sanderson — 309 
Of contacts, J. Frenkel — 102(A) 

Of disperse systems, H. Fricke— 1714(A) 

Hall effect and resistance, F. W. Warburton, J. W 
Todd— 775(L) 

High resistances made from metallic oxides, E. R, 
Mann, D. R. Morey— 1692(A) 

Of insulating oils, K, F. Herzfeld— 287 
Of Ni and Fe wires in magnetic field, 0. Stierstadt 
—1356 

Of oxide cathodes, N. H. Williams, W. S. Hux- 
ford— 463(A) 

Potential due to a buried sphere, J. H. Webb— 292 
Resistance-temperature law for oxides, J. A. 
Osteen— 1691(A) 

Specific resistances of Zn single crystals, E. P. T. 
Tyndall, A. G. Hoyem— 101 (A) 

Electrical circuits 

Ground faults and ground connections of the 
Wheatstone bridge, F. Wenner— 1717(A) 


Group theory, applied to, N. Howitt— 1015(A) 
1583 

Linear time scale for voltage, , C. K. Stedman 

474(A) 

Mutual impedance of grounded wires, J. Riorden 
E. D.Sunde — 1369(L) 

Non-linear circuits, C. G, Suits— 462(A) 

Wave form of pulsating D.C., W. B. Notting- 
ham — 1690(A) 

Electrical oscillations and waves 
Effect of meteors on Heaviside layer A. M, Skellett 
— 1668(L) 

Frequency and damping of resonating circuits, J. 
T. Tykociner— 461(A) 

Position of the moon in the observer’s sky and 
radio reception, H. T. Stetson— 1021(A) 
Travelling striations in an argon discharge tube, 
T. C. Chow— 574, 1020(A) G. W. Fox, 815. 
Electrical moment, (see Dielectric constant) 
Electrodeless discharge 
Current in, C. T. Knipp— 1704(A) 
Decomposition of organic vapors, D. M. Cans, 
W. D. Harkins — 107(A) 

Frequency variations, J. T. Tykociner, f. Kunz 
—100(A) 

In LL and N 2 , 0. Stuhlmaii, Jr., H. ZurBurg 

1704(A) 

In mercury vapor, H. Smith, W. A. Lynch, N, 
Hilberry— 1091 

Relative intensities of the magnetic and electro- 
static illumination components, C. T. Knipp— 
756, 1020(A) 

Electrolytic cells 

Electro-motive force of paraffin, membranes, K. 

Lark-Horovitz, J. E. Ferguson— 101(A) 
Photovoltaic effects in Grigoard solutions, R. T. 
Dufford— 102(A) 

Electrons 

Capture by alpha-particles, B. Davis, A. H. 
Barnes — 1368(L) 

Charge, from wave-lengths of x-ravs, J. A. Bear- 
den— 1210, 1694(A) 

e/m by cfeflection experiments, G. E. Uhlenbeck, ■ 
L.A. Young— 99(A) 

Pictorial representations, of the electron cloud for 
hydrogen-like atoms, H. ,E. White— 1416 
Electron diffraction 

By a silver crystal, H, E. Farnsworth — 10i7(,A) , 
By a single layer of atoms, M:. v. Lane— 53, 99(A) 
Electrons, photoelectric (see Photoelectric effect) 
Electrons, scattering 

Resolving power, effect on, measurements of ab- 
sorption coefficient, R. R. Palmer— 70, 101 (A) 
Nuclear scattering, H. V. Neher— 229(A), 
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Electrons, scattering (continued) ' 

Reflection from solid surfaces, H. V. Neher — 
6S5(L) 

of high velocity electrons in hydrogen, H. C. 
Wolfe~-231(A), 591 

In mercury vapor, J. M. Pearson, W. N. Arnquist 
■—970 

Of slow electrons in thallium vapor, R. B. Erode— 
231(A) 570 
Electrons, secondary 

From molybdenum, L. J. Haworth — 93 (L) 
Electrons, thermionic 

Adsorbed films on tungsten in active nitrogen, 1. 
Langmuir — 1006(L) 

Barium films on W, H. Nelson — 1018(A) 

Dual work function, A. H. Warner— 233(A) 
Fermi-Dirac statistics, space charge, R. S. 
Bartlett— 959 

Origin of, from oxide-coated filaments, R. W. 

Sears, J. A. Becker — 1681(A) 

Patch sizes, on a thoriated tungsten filament, L. 
B. Linford— 1018(A) 

Photoelectric and thermionic properties of Rh, 
E. H. Dixon — 60 

Temperature dependence of the work function, J. 

A. Becker, W. H. Brattain — 462(A) 

Thermal fluctuations of surface of cathode, K. H. 
Kingdon — 89 (L) 

Theoretical interpretation, W. H, Brattain, J. A. 
Becker— 1681(A) 

Time changes, E. F. Lowry, W. T. Millis — 
1019(A) 

Electro-optical effects 

Deviations from Kerr’s law, J. W. Beams — 781(L) 
Electro-optical shutter, F. G. Dunnington — 
1677(A) 

Kerr effect in gases, E. C. Stevenson, J. W. Beams 
— 10'2i(A) 

Kerr effect in the infrared spectrum, L. R. Inger- 
soll— 1184(L) 

Electrophoresis 

Theory of electrophoretic mobility, M. Mooney 
— lh6(A) 

Electrostatics 

Potential due to a buried sphere, J . H . Webb — 292 
e/m 

From absolute wave-lengths of x-rays, J. A. 

Bearden— 1210, 1694(A) 

Of Fe and Cu ions, L, L. Barnes, — 218(L) 

Value by deflection experiments, G. E. Uhlen- 
beck, L* A. Young — 99(A) 

From the Zeeman effect, J, S. Campbell, W. V. 
■Houston— 228(A) 

Elements ■ 

Detection of element 85, F. Allison, E. J. Murphy, 


E. R. Bishop, A. L. Sommer— 11 78(L) 

Neutron, R. M. Longer, N. Rosen — 1579 

Energy states of atoms (see Spectra, atomic) 
Entropy 

Energy and entropy, T. C. Huang — 1171 
Of hydrogen, W. H. Rodebush — 221(L) 

Of universe, Richard C, Tolman — 1639 
Errata 

Book review — 1675 

Dielectric loss in a viscous, mineral, insulating oil, 
H. H. Race— 1371 

Electrical state of the sun, Ross Gunn — 1672(L) 
Energy of dissociation of Hg molecules, J. G, 
Winans — 1371 

Hyperfine structure in ionized Bi, R. A. Fisher and 
S. Goudsmit — 1674 

Magnetic susceptibility of gases. Part I, pressure 
dependence, F. Bitter — 222 
Radiation of multipoles, K. F. Herzfeld — 1673 
Field currents, (see Thermionic emission, High vol- 
tage tubes) 

Fine structure (see also Spectra, hyperfine structure 
and x-rays) 

Ferromagnetism, (see Magnetic properties) 
Fluorescence 

Blue-green, of Hg vapor, P. D. Foote, A. E. 

Ruark, R. L. Chenault — 1685(A) 

Studied by means of a nicol, photocell, D, R. 
Morey — 1686(A) 

Galvanoluminescence 

Further study, R. R. Sullivan, R. T. Dufford — 
1019(A) 

Gamma-rays (see also Radioactivity) 

Absorption coefficient of, C. S. Barrett, R. A. 
Gezelius— 105(A) 

Biological effects, W. G. Whitman, M. A. Tuve 
— 330(L) 

Wave-length measurement, resolving power of 
spectrometer, L. T. Steadman— 447(L) 

Gases (see also Kinetic theory) 

Clapeyron-Clausius equation, Extension of, J. L, 
Finck — 1698(A) 

Deposition of dust on walls, W.J. Hooper — 111(A) 
Energy and entropy, T. C. Huang — 1171 
Equation of state of He, J. G. Kirkwood, F. G. 
Keyes — 832 

Flow through porous materials, H. G. Botset, M. 
Muskat— 1699(A) 

Intramolecular field and the dielectric constant, 

F . G . Keyes, J . G . Kirkwood — 202 
Persistence of molecular rotation and vibration, 

O. Oldenberg— 194 

Physical properties of compressed N 2 , W. E. Dem- 
ing, L. E. Shupe— 110(A), 220(L), 638 
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Gases (continued) 

van der Waals forces, H. Margenau — 10i4(A), 
1425, J, C. Slater, J. G. Kirkwood — 682 
Gravitation ■ 

Field produced by light, R. C, Tolman, P. Ehren- 
fest, B. Podolsky — 602 
Group theory 

Applied to electrical circuits, N. Howitt — 1015 
(A), 1583 
Heat conduction 

Diffusion problem for a solid in contact with a 
liquid, T. E. W. Schumann — 1508 
Heat of dissociation, (see Dissociation, heat of) 
High voltage tubes (see also Ions, high speed) 

Cold emission from unconditioned surfaces, «W. H 
Bennett — 582 

Experiments with high-voltage tubes, M. A. Tuve, 
L. R. Hafstad, 0. Dahl-»469(A) 

Problems in the design, W. H, Bennett~469(A) 
Hydrodynamics 

Air resistance of high velocity projectiles, P. S. 
Epstein — 233(A) 

Dimensional analysis, J . Kunz — 1 701 (A) 
Hyperfine structure 

Of A1 lines, R. C. Gibbs, P. G. Kruger — 656(L), 
H. E. White— 1175(L) 

Anomalies, G. Breit — 1182(L) 

Of Bi II and Bi III, R. A. Fisher, S. Goudsmit — 
1013(A) 1057; J. B, Green— 1013(A), 1674(A). 
In Cu spectrum, A. G. Shenstone— 1023(A) 
Derivation of, formulas for one-electron spectra, 
G. Breit — 51 

Interval rule and patterns of Bi II, S. Goudsmit, 
R. A. Fisher~107(A) 

Of Li II, S. Goudsmit, D. R. Inglis— 328(L) 

Of Kr and Xe spectra, C. J. Humphreys— 1703(A) 
Eg resonance radiation, A. Ellett 216(L) S. Mro- 
zowski—845(L) 

Nuclear spin, J. H. Bartlett, Jr.— 327(L) 

Test of a linear wave equation, D. R, Inglis— 795 
Theory of separations, S. Goudsmit— 663, 
1014(A) 

Of x-ray spectral lines, F. K. Richtmyer, S. W. 
Barnes— 1695(A) 

Zeeman effect of T1 II and III, R. F. Bacher— 

. 226(A) 

Instruments (see Methods and instruments) 
Insulators 

Dust figures in liquid insulator, Y. Toriyama— 
619 

Intensities in spectra 

Band spectrum intensities for symmetrical di- 
atomic molecules. II, E. Hutchisson — 45 
/3 and y band systems of nitric oxide, O. R. Wulf, 
E.J. Jones— 471(A) 


Effect of on spectra of Zn, Cd and lig, J. G. 

Black, W. G. Nash— 468(A) 

Of He with voltage, J. Razek — 1252 
Intensity data from Laue photographs, M. L. 
Huggins — -456 

Of Hg, M. J. E. Golay— 821, E. W. ^ McAlister— 
1021(A) 

Relations in complex spectra, G. R. Harrison, M. 

H. Johnson, Jr. — 1702(A) 

Of Mn, R. S. Seward — 344 
Ionization by impact 

A, Ne and He by various alkali ions, R. M. Sut- 
ton, J. C. Mouzon — 229(A), 379 
Of H 2 by positive ions, M. E. Hufford — 468(A) 
Hg vapor, ultra-ionization potentials, W. M. 
Nielsen— 87(L); C. R. Haupt — 229(A)'; P. T, 
Smith— 100(A), 808 

Of N 2 and CO, J. T. Tate, P. T. Smith— 1705(A) 
Velocities of ions formed in N 2 , W. W. Lozier — 
101(A) 

Ionization potentials (see also Ionization by impact) 
Of Hg vapor, W. M. Nielsen— 87(L) 

Of O 2 , R. S. Mulliken— 1 71 1 (A) 

Of Sc I, R. C. Gibbs, J, E. Ruedy— 1704(A) 
Ultra-ionization in Hg vapor, C. R. Haupt, — 
229(A); W. M. Nielsen— 87(L) P. T. Smith— 
100(A), 808 

Of N. and CO, J. T. Tate, P. T. Smith— 1705(A) 
Of Xe II, C. J. Humphreys, T. L. de Bruin, W. F. 
Meggers— 106(A) 

Ions, high speed 

Experiments with high-voltage tubes, M. A. Tuve, 
L. R, Hafstad, 0. Dahl — 469(A) 

Ions without the use of high voltages, E. 0. 
Lawrence, M. S. Livingston — 1707(A), E. 0. 
Lawrence, D. H. Sloan — 231(A) 

Problems in the design of high voltage tubes, W. 
H. Bennett^ — 469(A) 

Ions in gases 

Coefficient of recombination, 0. Luhr, N. E. 
Bradbury— 998 

Neutralization and ionization of high velocity 
helium particles, P. Rudnick— 170761) 

■ Residual ionization in air at high pressures, J. W. 
Broxon — 468(A), 1320 
Ions, mobility 

■ Aged ions in air, N. E. Bradbury— 23CI(A), 1311 

. Electric mobility of proteins, H. A. Abramson— 
1714(A) 

Electrons in argon, H. B. Wahlin— 101(A), 260 
In 'insulating oils, K. F. Herzfeld— 287 

■ Of Na+ ions in Ha, L. B. Loeb— 170S(A) /.■■ 

Isotopes 

Absorption bands of atmospheric oxygen, H. D,' 

■ B^abcock, W. P. Hog.e— 227(A)' 
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Isotopes (continued) 

Be® from band spectra measurements, W. W. 

Watson, A. E. Parker—167 
Of Cl, mass 39, negative evidence, M. Ashley, F. 
A.jenkins"--1712(A) 

Of Li, Na and K, K. T. Bainbridge — 1706(A) 

Mass defects, R. T. Birge — 841(L) 

Masses of 0'^ H, C. Urey— 923, 1023(A), Wm. D. 

Harkins; D. M. Cans — 1671(L) 

Mass ratio of oxygen 18 and 16, H. D. Babcock, 
R. T. Birge— 233(A) 

Mass ratios from band spectra, R. T. Birge — 
227(A) 

Neutron, R. M. Langer, N. Rosen — 1579 
Of 0, relative abundance, R.T. Birge, D.H. Menzel 
— 1669(L) 

Principle of continuity and regularity of series of 
atom nuclei, W. D. Harkins — 1180(L) 
Joule-Thomson effect 

In He, J. R. Roebuck, H. Osterberg — 110(A) 
Kerr effect (see Electro-optical effects) 

Kinetic theory of gases (see also Gases) 

Characteristics of some diffusion pumps, P. J. 
Mills— 1700(A) 

Molecular velocities, direct measurement, I. F. 
Zartman — 383 

Gas glow in vacuum systems, D. S. Bond — 
1700(A) 

Life of excited states 

Direct measurement of t, H. D. Koenig, A. Ellett 
—1685(A) 

For 2733A of ionized He, L. R, Maxwell — 1685(A) 
Of the Hg line X2537, P. H. Garrett, H. W. Webb 
—1686(A) 

Of the N 2 molecule in first state, M. L. Pool — 
1686(A) 

Liquids (see also Hydrodynamics) 

Flow through porous mediums, L. A. Richards — 

461(A) 

Mechanics of effervescence, C. J. Craven, 0. 
Stuhlman, Jr,— 1699(A) 

Molecular association, nature of, G, W. Stewart 
. —9 

Structure factor, by x-rays, G. W. Stewart, R. D. 
Spangler— 472(A) 

Water, x-ray diffract ion and molecular association, 

. G, W, Stewart— 9 , , ' ■ 

Magnetic properties 

Block struct ure,F . Bitter — 9 1 (L) , 1 1 76 (L) , 1 679(A) 
Crystals at low temperature, C, Li — 1680(A) 
Cu-Ni alloys, E, H, Williams— 1681(A) 
Fundamental assumptions, ferromagnetism, F. 
' .. Bitter— 1175 (L) 

Hall effect and resistance, F.W. Warburton, J.W. 
Todd— 775(L) 


Heating and residual magnetism R. L. Sanford 
—1680(A) 

Impurities in metals, F. Bitter— 10i5(A), 1527 
Magnetic lag at low flux densities, L. W. Me- 
Keehan— 1015(A) 

Magnetostriction measurements, A. B. Bryan, C. 
W. Heaps— 466(A) 

Magnetic doublet, nature of, G. W. Stewart — 
455(A) 

Propagation of large Barkhausen discontinuities, 
K. J. Sixtus, L. Tonks — 930 
Resistance of Bi in alternating magnetic fields, W. 
W. Macalpine — 624 

Resistance of Ni and Fe wires in longitudinal mag- 
netic fields, 0. Stierstadt — 1356 
And strain of Ag and Cu, H. E. Banta — 634 
Susceptibilities and ionic moments in the Pd and 
Pt groups, A. N. Guthrie, L. T. Bourland— 303 
Susceptibilities of salts of the Fe group, J. H. Van 
Vleck— 467(A) 

Susceptibilities of some binary alloys, F. L. 
Meara — 467 (A) 

Susceptibility of gases, pressure dependence, er- 
ratum, F. Bitter — 222 

Susceptibility, variation with temperature, A. 
Frank— 467(A) 

Mass defects 

Atmospheric oxygen, H. D. Babcock, W. P. Hoge 
—227(A) 

From band spectra, R. T. Birge — 841 (L) 

Measurements (See also Methods and instruments) 
Knowledge of past and future in quantum me- 
chanics, A. Einstein, R. C. Tolman, B. Podol- 
sky— 780(L) 

Mechanics (see Dynamics) 

Mechanics, quantum-atomic structure and spectra 
Hyperfine structure as a test of a linear wave equa- 
tion, D. R. Inglis— 795 
Hyperfine-structure formulas, G. Breit — 51 
Hyperfine structure separations, S. Goudsmit — 
663, 1014(A) 

Pictorial representations of the electron cloud for 
hydrogen-like atoms, H. E. White— 1416 
Wave-functions of the state (D) {2syS, J. P. 
Vinti— 448(L) 

Mechanics, quantum — ^general 

Collision processes involving no radiation of 
energy, P. M. Morse, E. C. G, Stueckelberg— 
449(L) 

Diffraction of electron waves, M. v. Laue— 53 
Dirac's equation, tensor form, B. Podolsky— 
1398 

Directed valence in polyatomic molecules, J. C. 
Slater— 459(A), 481, L. Pauling— 1185 (L) 
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Mechanics, quantum— general (continued) 

Discrete and continuous theories in physics, A 

Riiark— 315 

Of electrons in uniform crossed fields, M. S 
Plesset— 1689(A) 

elm by deflection experiments G. E. Uhlenbeck, 

L. A. Young — 99(A) 

Interchange of energy in collisions, C. Zener — 
459(A), 556 

Inverse-cube central force field, G. H. Shortlev— 
1014(A) 

Knowledge of past and future in quantum me- 
chanics, A. Einstein, R. C. Tolman, B. Podol- 
sky~-780(L) 

Mass absorption coefficient, the AC shell, Dirac rel- 
ativistic electron, L. C. Roess--455(A), 532 
Mean value theories, G. Breit — 90(L) 

Neutron, R. M, Langer, N. Rosen-~1579 
Orbital valency, J. H. Bartlett, Jr.— 459(A), 507 
Polarizabilities, of hydrogen and helium, J. G. 
Kirkwood— -459(A) 

Quantum postulates, logical relativity, W. Band 
—1164 

Resonance and exchange of excitation energy, 0. 

K.Rice— 1187(L), 1551(L) 

Scattering of alpha-rays, M. Muskat--4 73(A) 
Scattering of high velocity electrons in hydrogen, 
H. G. Wolfe— 231(A), 591 
Schrodinger \i'-function, conditions imposed on it, 
R. M, Langer, N. Rosen— 658(L) 

Spinning electron and gyromagnetic effect, 0. 
Halpem— 1719(A) 

Uncertainty principle, A. W. Stern— 1186(L) 
van der Waals forces, H. Margenau— 1014(A), 

1425, J. C. Slater, J. G. Kirkwood — 682 

Wave-mechanical theory of radiation, E. H. Ken- 
nard— 458(A) 

Wave packets, D. G. Bourgin— 1689(A) 
Mechanics, quantum— molecular structure and 
spectra 

Spectrum intensities for symmetrical diatomic 
molecules. II, E. Hutchisson— 45 
Statistics of nuclei, P, Ehrenfest, J. R. Oppen- 
heimer— 333 

Valence forces in Li and Be, J. H. Bartlett Tr 
W. PL Furry— 1712(A) 

Mechanics, quantum— of solid bodies 
Electrical resistance of contacts, f. Frenkel— 
102(A) 

Problem of crystals, E. L. Hill— 785 

Transformation of light into heat in solids J. 

Frenkel— 17, 459(A), 1276 
Mechanics, statistical 

Fermi-Dirac statistics, thermionic emission, R. S 
Bartlett— 959 


Statistics of nuclei, P. Ehrenfest, J, R. Oppen- 
heimer — 333, J. R, Oppenheimer— 232('\) 

Metals 

Distribution of electricity near surface, A. T. 
Wat erman— 1 0 1 8 (A) 

Impurities in metals, F, Bitter— 1015(A), 1527 
Metastable atoms and molecules 
Glow discharge in mixtures of the rare gases, L. 

B. Headrick, O. S. Duffendack~736 
In Nz, J. Kaplan— 226(A) 

Negative volt ampere characteristics of Ne posi- 
tive column, C. G. Found— 100(A) 

And quenching of Jig resonance radiation, O. S. 
Duffendack — 107(A) 

Meteorology 

Annua! variations in magnetic storms, 1 1. B. 
Maris — 1 68()( A) 

Atmospheric ionization by cosmic radiation PL 
0. Hulburt — 1 

Weather forecasting, R. C. Colwell— 464(A) 
Methods and instruments 
Absorption of x-rays, E. Dershem, M. Schein— 
104(A) 1238 

Air-cooled electromagnet, I. Walerstein A I 
May— 1719(A) ' ' 

Airfoils, automatic generation of, D. E. Olshev- 
sky— 401 

Amplification of small direct currents, L. A. Du- 
Bridge— 392, 461(A) 

Barkhausen efiect, E. J. Sixtus, L. I'^uiks -930 

Coefficient of restitution, L. J, i3riggs "1683ri\) 

Cp, \Lriation with pressure, E. f. Workman 3016 
(A), 1345 

Current measurement in electrodeless discharge 
C.T.Knipp— 1704(A) 

Diffraction of hydrogen atoms, T. H. Johnson— 
87(L), 99(A), 847 

Diffusion puifips, Characteristics of, P. J. IMills 

1700(A) 

Direct measurement of molecular \’'eIocities, L F. 
Zartman — 383 

. Electro-optical shutter, F. G, Diinnington- 

(A) ^ 

Errors in pln'sicai measurements, PL O. AdaiiiS'— 
'458(A) 

Evapoiation of various materials in \"arut)y |. 

Strong, C. PL Cartwright '• 228 i:A) 

Flight, maintaining direction of, f. D. 'Fear - 
464(A) 

Fluorescence studies by means of a nicol, photo- 
cell, D. R. Morey— 1686(A) ' 

Frequency and damping of resonating circuits, J. 

Tykocinski-Tykociner— 461(A) ' * ■ 

Galvanometer or radiometer deflections, masked, • 
■ by Brownian movement, S. Smith— 229(A) 
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Methods and instruments (continued) 

Geiger-Muller counter and magnetic analyser, J. 

A. Van den Akker; E. C. Watson—* 1631 
High dispersion in the near infrared, J. D. Hardy 
—1686(A) 

High resistance made from metallic oxides, E. R. 

Mann, D. 'R. Morey: — 1692(A) , 

High speed ions without the use of high voltages, 
E. 0. Lawrence, D. H. Sloan— 231(A), E. O. 
Lawrence, M. S. Livingston— 1707(A) 
High-tension condenser leads, H. Clark — 1719(A) 
Hs, laboratory source, G. W. Sargent, W. P. 
Davey- — 111(A) 

Intensity of infrared absorption bands, L. A. 
Matheson — 1708(A) 

Intensity variations of the helium lines with volt- 
age, J.Razek — 1252 

Ionization chamber method of measuring relative 
intensities of x-ray spectrum lines, S. K. Allison, 
V.J. Andrew — 1717(A) 

Ionization in dielectrics, J. T. Tykociner, E. B. 
Paine— 1690(A) 

Kundt’s tube dust figures, E. Hutchisson, F. B. 
Morgan — 1155 

Latent image at low intensities, F. E. Poindexter, 
L. E. James— 106(A) 

Lens for use with the concave grating, J. B. 
Green — 473(A) 

Linear time scale for voltage, C. K. Stedman — 

474(A) 

Magnetic susceptibilities, companion of, L. G. 

Hector, A. N. Benson — 1679(A) 

Molecular beams, measuring the intensity of, A. 

Ellett, R. M. Zabel— 99(A), 1112 
Multicrystal x-ray spectrograph, J. W, M. Du- 
Mond, H. A. Kirkpatrick— 136, 232(A) 
Non-linear circuits, C. G. Suits — 462(A) 

Oscillating arc, E. Z. Stowell — 1452 
Photoelectric cell in a magneto-optic method of 
analysis, F. Allison, J. H. Christensen, G. V. 
Waldo— 1003(L) 

Photoelectric currents, D. Ramadanoff — 464(A), 
884 

Photoflash lamp, W. E. Forsythe, M. A. Easley — 
466(A) 

Photographic spectro-photometry, B. O'Brien, E. 
D. O’Brien— 471(A) 

Photometric study of appearance of spectra lines, 
H.V.Knorr,— 1611 

Photometry in the Schumann region, G. R. Harri- 
, son, :P*A’. Leighton — 470(A) 

Pirani gauge, small changes of pressure, A. Ellett, 
R.M.Zabel— 99(A), 1102, 1700(A) 

Potential in condensed discharges, Kerr cells, J. C. 
Street, J . W. Beams— 1 67 7 (A) 


Projectile velocity, L. Thompson, N. Riffolt— 
1691(A) 

Raman effect, improved technique, R. W. Wood — 
1022(A) 

Reciprocity law and alpha-ray blackening, T. R. 

Wilkins, R. Wolfe— 1 688(A) 

Resolving power, prism spectrometer in infrared, 
J. Strong— 1661 

Resonance radiometer, J. D. Hardy, S. Silverman 
—176 

Reststrahlen, region 20 to 40/i, John Strong— 1565 
Siegbahn x-ray vacuum spectrograph accessories, 
F. K. Richtmeyer — 472(A) 

Simultaneous dispersion and refractive index, G. 
E. Bennett — 263, 474(A) 

Source of -p ions, blackening of photographic 
plate, K. T. Bainbridge — 1718(A) 

Spark breakdown, visual study, F. G. Dunning- 
Aon—23p(A), 1677(A) 

Spectrograph slit irradiation, D. C. Stockbarger, 
L. Burns — 920 

Speed control, F. Wenner, C. Peterson — 1691(A) 
Supersonic interferometers, E. Klein, W. D. 

Hershberger — 109(A), 760 
Surface tension, M. Kernaghan — -990 
Temperature control improved apparatus, E. J. 
Workman — 1706(A) 

Temperature-compensated millivoltmeters, H. B. 
Brooks— 1692(A) 

Time lag in the formation of the latent image, L. I. 
Zimmerman — 106(A) 

Velocity of sound in metal rods, L. C. Shugart 
1683(A) 

X-ray powder diffraction, T. M. Hahn — 475(A) 
Mobility of ions (see Ions, mobility) 

Molecular beams (see Atomic and molecular beams) 
Molecular structure and constants (see Spectra, 
molecular) 

Multiplets (see also Spectra, atomic) 

Separations and Zeeman effects, Sn, Pb and Sb, 
J.B. Green — 469(A) 

Nucleus 

Mass of 0^^, H. C. Urey — 923, 1023(A) 

Nuclear abundance and stability, W. D. Harkins 
—105(A) 

Nuclear spin, J. H. Bartlett, Jr.— 327(L) 

Spin in Al, R. C. Gibbs, P. G. Kruger — 656(L), H. 
E. White— 1175(L) 

Statistics of nuclei, P. Ehrenfest, J. R. Oppen- 
heimer — 333, 232(A) 

Optical constants and properties 

Dispersion of He, H. Margenau- — 1021 (A) 
Dispersion and refractive index of nitrogen, C. E. 
Bennett — 263, 474(A) 
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Optical constants and properties (continued) 

Effect of pressure, upon some optical properties, 
T. C. Poulter — 112(A) 

Emissivites at low temperatures, Lambert’s cosine 
law, E. R, Binkley— 1687(A) 

Nd of CSrgasoline, L. E. Dodd — 226(A) 

Optica! instruments 

Lens for use with the concave grating, J. B. Green 
—473(A) 

Prism spectrometer resolving power, J. Strong — 
1661 

Reflecting power and grating efficiency in the ex- 
treme ultraviolet, H. M. O'Bryan— 1713(A) 
Resolving power of the concave grating, J. E. 

Mack, J, R. Stehn— 1713(A) 

Transparency of sodium fluoride and lithium fluo- 
ride, in ultraviolet, E. H. Melvin — 1230 
Ultramicroscopes, limitations and adaptability of, 

L. V. Foster—l 715(A) 

Photoelectric effect 

Angular distribution of photoelectrons in K vapor, 

M. A. Chaffee — 1233, E. 0, Lawrence, M. A. 
Chaffee— 1718(A) 

of Ag, outgassing and temperature effects — R. P. 
Winch — 1269 

of Au, outgassing and temperature effects, L. W. 
Morris — 1263 

Of Cs vapor, F. W. Cooke— 1707(A) 

Composite surfaces at various temperatures and 
potentials, D. Ramadanoff — 464(A) 

And contact potential Fe and Ni, G. N, Glasoe — 
102(A) 

Dual work function, A. H, Warner — 233(A) 
Fatigue in Co, G. B. Welch — 1707(A) 

K on a Ag surface, J. J. Brady— 230(A) 
Photographic images on cathodes of alkali metal 
photoelectric ceils, A. R. Olpin, G. R, Stilwell 
—473(A) 

Properties of oxide cathodes, and effect of applied 
fields, W. S, Huxford— 102(A) 

Properties of Rh, E. H. Dixon — 60 
Radiation from low speed electron bombardment, 
F. L. Mohler, C. Boeckner— 1018, 1685(A) 
Selective photoelectric effect and the selective 
transmission of electrons, A. R. Olpin— 464(A) 
Spatial distribution of photoelectrons, J. A. Van 
den Akker, E. C, Watson— 1631 
Temperature and fields, effects, of, D. Ramada- 
noff— 884 
Photography 

Blackening of photographic plates by positive 
ions, K. T. Bainbridge — 1718(A) 

Latent image at low intensities, F. E. Poindexter, 
L.E. James — 106(i\) 

Time lag in the formation of the latent image, L. L 
Zimmerman — 106(x^) 


Photometry 

■Intermittent exposure, B. O’Brien, E. D. O’Brien 
—471(A) 

Photographic , photometry in the Schumann re- 
gion, G. R. Harrison, P. A. Leighton — 470(A) 
Variations of intensity of He lines with voltage, J. 
Razek — 1252 
Photons 

Collisions of, A. K. Das — 94(L) 

Plasmoidal discharges (see also Discharge of elec- 
tricity in gases) 

High frequency behavior, L. Tonks — 1020(A), 
1458 

Piezoelectric effect 

And Laue patterns of quartz, G. W, Fox, Pi H. 
Carr— 1695(A), 1622 _ 

Polar molecules 

Debye’s theory, H. H. Race— 430, 463(A), erra- 
tum — 1371 

Polarization, electrical (see Dielectric constant) 
Polarization of radiation 

Hyperfine structure of Hg 2537 A, A. Ellett — 216 
(L), S. Mrozowski— 845(L) 

Scattered by H-atoms, B. Podolsky— 231(A) 
Potentials, critical (see also Ionization potentials, 
Ionization by impact) 

Ionization of A,Ne and He by + ions, R, M. Sut- 
ton, J. C. Mouzon— 229(A), 379 
Mercury vapor, C. R. Haupt— 229(A), W. M. 

. Nielsen— 87(L), P. T, Smith— 100(A), 80S 
Of nitrogen and carbon monoxide, J. T. Tate, P. 
T. Smith— 1705(A) 

Proceedings of the American Physical Society 
Chicago Meeting, November 28 and 29, 1930 — 98 
Los Angeles Meeting, December 12 and 13, 1930 — 
225 

Cleveland Meeting, December 30 and 31, 1930 — 
453 

New York Meeting, February 2'6~28, 1931. Joint 
Meeting with the Optical Society of America— 
1010 

Washington Meeting, April 30, May 1 and 2, 
1931—1676 
Projectiles 

Air resistance, P. S. Epstein — 233(A..) " 

Quantum mechanics (see Mechanics, ■quantum),, , . , 
Radiation 

Of . multipoles, K. F, .Herzfeld — 25.3,' 'erratum— 
1673 ■ 

'Properties of materials .for region '20“40/4, John,' 

■ Strong — 1565 

"Quenching of mercury .resonance. radiation. 0.,S, 
Duffendack— 107 (,A) 

Selective te,n,iperature ' radiator. ,R. W.. Wood— 
1687(A).:' 
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Radiation (continued) 

Ultraviolet energy S-1 lamps in quartz, 6. T. 
Barnes — 466(A) 

Radio (see Electrical oscillations, and waves) 

Radioactivity 

Luminescence, theory of, D. H. Kabakjian— 1120 

Raman effect 

In ammonia solutions. A. Hollaender, J. W. Wil- 
liams~1367(L) 

Asymmetry of the C and N atoms, R. T. Duf- 
ford™-1013(A) 

Carbon dioxide, W. V. Houston, C. M. Lewis — 
227(A) 

In cyclopropane and the valence properties of 
some organic compounds. R. G* Yates — 616 
Hydrogen halides as liquids and gases, E. 0. 
Salant, A. Sandow — 373 

Of hydroxyl ions, J. L. Thompson, J. R. Nielsen — 
1669(L) 

Improved technique, R. W. Wood — 1022(A) 
Organic halides, C. E. Cleeton, R. T. Dufford — 
362, 1013(A) 

Rotational fine structure, E. F. Barker — 330(L) 
Silico-chlorOform, H. C. Urey, C. A. Bradley, Jr. 
— 843(L) 

In sulphuric acid, R.M. Bell, W.R. Fredrickson — 
1562 

Recombination 

Coefficient for gaseous ions, O. Luhr, N. E. Brad- 
bury — 998 

Effect on mobility, N. E. Bradbury — 230(A), 1311 
In mercury vapor. H. W. Webb, D. Sinclair — 
469(A) 

Reflection of corpuscles (see Atomic and molecular 
beams) 

Relativity 

Dirac’s equation, tensor form, B. Podolsky — 1398 
Entropy of the universe, Richard C.Tolman — 1639 
Gravitational field produced by light, R. C. Tol- 
man, P. Ehrenfest, B. Podolsky- — 602 
Michelson-Morley-Miller experiment, N. Galli- 
Shohat — 460(A) 

Projective relativity and the quantum field, B. 
Hoffman — 88 (L) 

Quantum postulates, logical relativity, W. Band — 
1164 

Rotating fluid in the relativity theory, E. L. 
Akeley-™109(A) 

Resistance, electrical (see Electrical conductivity 
and resistance) 

Scattering of electrons (see Electrons, scattering, 
Electron diffraction and Collision diameter) 

Scattering of light (see also Raman effect) 

Change of spectral composition, 0. Halpern — 112 
(A)' 


Polarization of light scattered by H-atoms, B. 
Podolsky — 231(A) 

Selection rules 

And the angular momentum of light quanta, J. R. 
Oppenheimer — 231(A) 

Shot effect 

Space charge and current fluctuations, E. W. 
Thatcher, N. H. Williams — 1681(A) 

Solutions 

Particle size in solutions, W. P. Davey, K. B. De 
Vore— 111(A) 

Spark discharge 

Diffusion of metallic vapor, H. A. Zinszer — 217 

(L) 

Fall of potential in condensed discharges, J. C. 
Street — 1020(A) 

Spark breakdown, F. G. Dunnington— -1677(A) 
Spectra, condensed discharges, J. W. Beams— 
470(A) 

Spectral lines in a condensed spark, H. V. Knorr — 
470(A), 1611 

Vacuum spark discharge, L. B. Snoddy — 1678(A) 
Specific heat 

Of methane, P. C. Ludolph — 110(A), 830 
Variation (Up) of O 2 , N 2 and H 2 with pressure, E. 
J. Workman — 1016(A), 1345 
Spectra, absorption (see also Absorption of light) 

Of acetylene, ultraviolet, G. B. Kistiakowsky — 
276 

Of amino acids, G. A. Anslow, M. L. Foster— 
1708(A) 

Of BaF interpretation, A. Harvey, F. A. Jenkins — 
1709(A) 

Of blood and its relation to rickets, R. C. Gibbs, 
J. R. Johnson, C. V. Shapiro — 1012(A) 

Of Br, W. G. Brown— 1007(L) 

Of CaF, A, Harvey— 228(A) 

Of CO 2 , fundamental vibration bands, P. E. Mar- 
tin, E. F. Barker — 1708(A) 

Of gases from 20 to 40/^, J. Strong — 1003 (L) 1565 
Halogen derivatives of benzene, F. S. Brackett, 
U. Liddel— 108(A) 

Hydrogen cyanide gas in the near infrared, R. M. 

Badger, J. L. Binder — 800 
Hydrogen halides in the liquid state, E. 0. Salant, 
W. West— 108(A) 

In hydrogen sulphide and interpretation, H. H. 
Nielsen, E. F. Barker — 727, H. H. Nielsen, A. 
D. Sprague — 1183(L) 

Infrared bands, asymmetric molecules, H. H. Niel- 
sen— 472(A) 

Infrared bands in formaldehyde vapor, J. R, 
Patty, H. H. Nielsen— 472(A), 1708(A) 
Intensity of infrared, L. A. Matheson^ — 1708(A) 
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Spectra, absorption (continued) 

Of I 2 by atoms from optically dissociated mole- 
cules, L. A. Turner, E. VV. Sanison~1023(A) 
Of Hg vapor, J. G. Winans— 107(A), 897, erra- 

turn— 1371. 

Of S 2 , A. Christy, S. M. Naude~~903 

SO 2 , ultraviolet spectrum, W. W. Watson, A. E, 

Parker~-1484; of CS 2 — 1013(A) 

A'ibration spectrum of the N 2 O molecule, E. K. 

Plyier, E. F. Barker—l 709(A) 

Water vapor, infrared, E. K. Plyier, W. W. Sleator 
~-108(A), 1493, E. D. McAllister, H. J. Unger-- 
1012(A) . 

Of Zn, Cd and Hg, J . G, Winans — 902 
Spectra, atomic (see also Hyperfine structure) 

As VI, D. Borg, J. E. Mack— 470(A) 

Auger effect, A. G. Shenstone— 1701(A) 

Cb I and 11, A. S. King, W. F. Meggers — 226(A) 

Cs II, resonance lines, 0. Laporte, G. R. Miller, 
R. A. Sawyer— 845 (L) 

Electrostatic interactions in (jj) coupling, D R 
Inglis— 1702(A) 

Of Ge II, C. W. Gartlein— 1704(A) 

He arc line 3888, structure of, R. C. Gibbs, P. G. 

Kruger— 1559 
He 10830A, 


components of, J. D. Hardy— 1686 

Hg, Near-infrared, H. J. Unger— 844(L) 

Intensity, manganese lines, R. S. Seward— 344 
Of Li III, H. G. Gale, J. B. Hoag— 1703(A) 

0 I terms, nebular and coronal lines, I. T Hod- 

rieId -160 ; 

Order of appearance of spectral lines, H. V. Knorr 
—1611 

Of Rb II and Cs H, 0. Laporte, G. R. Miller — 
1703(A) 

Relative intensities of Hg lines, M. L E Golav— 
821 

Resonance lines of Rb H, G. R. Miller, 0. Laporte, 
R. A. Sawyer— 219(L) 

Of Rhe, arc spectrum, W. F. Meggers. 219fL) 
1702(A) ^ ^ 

Of Se I, R. C. Gibbs, J. E, Ruedy— 1704(A) 

Of Xe H, C. J. Plumphreys, T. L. de Bruin, W. F. 
Meggers— 106(i\.) 

Selection rules for many electron transitions, S. 

Goudsmit, L. Gropper— 1702(A) 

Structure of the arc and spark lines of N, P. G. 

Kruger, R. C. Gibbs— 1702(A) 

Theory of complex spectra II, E. U. Condon, G. H. 

Shortley— 1014(A), 1025 
Of \T, PL T. Gilroy— 1704(A) 

Spectra, continuous 

By bombardment of gases and vapors with cath- 


CO bands, 'X2220 to X3300, H. P. Knauss 471(A) 

Of CO 2 , electron impact, H. I). Smvth, T. C Chow 
—1023(A) 

Directed valence in poI\-ntoniic molecules, J. C. 

Slater— 4S9( A), 481; L. Ikiuling — 1 185iL) 

Fine structure measurements in the Bei l bands, 
W . W. Watson , A. E. Parker- -167 
A-type doubling and electron conhgurations, R. S. 

Muliiken, A. Christy— 17l8fA) 

Of germanium sulfide, C, V. Shapiro, R. C. Gilriis, 

: J.R. Johnson— 1709(A) ' ' 

Halogen bands, R.S. 'Mullikem- ^'1412' , 

Intensity distribution and repulsive energy levels, 
J. Kaplan— 1406 , . ' ' 
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Spectra, molecular (continued) 

Intensities for symmetrical diatomic molecules II, 
E. Hutchisson — ^45 ■ 

Magnetic rotation spectrum of Lig, F. W. Loomis, 
R. E. Nusbaum-™-1712(A) 

Mass ratios from band spectra, R. T. Birge — 227 
(A) 

Mass ratio of oxygen 18 and 16, H. D. Babcock, 

R. T. Birge— 233(A) 

Of N 2 , 0. E. Anderson, K. R. More— 1684(A) 

Of NH, X3360 band, R. W. B. Pearse— 1712(A) 

Of 02'’‘, analysis, D. S. Stevens — 1711(A) 

-’“Of O 2 and electronic levels, R. S. Mulliken — 
1711(A) 

Persistence of molecular rotation and vibration, 
0. Oldenberg — -194 

Perturbations and predissociation in S 2 , A. Christy, 

S. M. Naud6— 903 

Perturbations in the He band spectrum, G. H. 
Dieke— 1710(A) 

Rotational analysis of the S 2 bands, S. M. Naude, 
A. Christy — 490 

Rotational Raman effect in carbon dioxide, W. V. 

Houston, C. M. Lewis — 227(A) 

Of scandium-, yttrium-, and lanthanum mon- 
oxides, W. F. Meggers, J. A. Wheeler — ■106(A) 
Of S 2 ,P. Huber— 47i(A) 

Of SiH, interpretation of bands, R. S. Mulliken — 
733 

Of SO, ultraviolet band, E. V. Martin, F. A. Jen- 
kins— 226(A) 

Statistics of nuclei, P. Ehrenfest, J. R. Oppen- 
heimer — 333, J. R. Oppenheimer — 232(A) 
Strontium and barium hydride, W. R. Fredrick- 
son, A. L. Warntz — 472(A) 

Temperature effect upon ultraviolet bands of 
ozone, O. R. Wulf, E. H. Melvin— 1711(A) 
Zeeman effect in cyanogen bands, E. L. Hill — 
1709(A) 

Zeeman effect and uncoupling phenomena in he- 
lium bands, J, S. Millis — 1005(L) 

Spinor analysis 

Application to the Maxwell and Dirac equations, 
0. Laporte, G. E. Uhlenbeck — 1022(A), 1380 
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